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ABSTRACT

Motion planning is an important problem in many contexts of robotics. Heterogeneous computing

systems in robots are able to run tasks on different processing units in varying orders, but with different

impacts on the robot’s state and performance. Currently existing sampling-based motion planning

frameworks explore a state space through typically random sampling to create a path to a goal region, but

only consider physical obstacles in their way such as walls, and do not consider the constraints of

computational requirements on the path or the impacts of choosing different schedules for computation.

We introduce a novel system which uses Petri nets as a modeling system on the computational

requirements, and uses constraint solvers to find computation schedules for the motion planning tasks.

This allows us to select motions based not only on their physical validity, but also computation-related

parameters. We subdivide a space of constraints on the system into regions, enabling schedule reuse in

order to improve the algorithm’s efficiency. We also discuss the use of Petri nets to model another aspect of

computation in a heterogeneous environment, memory contention. Our system enables us to consider

physical dynamics such as heat and power in a way that prior systems are not capable. We demonstrate

that our system can handle a variety of constraints of different severities, and can avoid computational

obstacles more effectively than naïve planning systems which do not consider computational constraints

and instead disallow regions as though they are physical obstacles.
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CHAPTER 1

INTRODUCTION

Motion planning problems are well-known and well-studied in robotics, but motion plans rarely take

computational restrictions into consideration when composing plans for robots or other autonomous

devices. A computational restriction is a constraint on the system relating to its ability to run computation

and the effect it has on the state, such as a constraint on battery life or maximum temperature.

Computational restrictions are important for solving motion planning problems, as even a plan that obeys

all physical constraints, such as not colliding with obstacles and moving in a physically possible fashion,

may still be impossible to execute if it places undue stress on the computational devices during the process.

While naïve solutions are possible, they may dismiss valid plans due to being overly conservative in

avoiding certain motions.

We demonstrate the following: By using Petri nets to model the requirements and effects of computation

on mobile robots, we can find shorter solutions to motion planning problems and avoid new types of

obstacles such as overheating the device and dynamic velocity constraints.

As an example, consider a robot looking for civilians in a burning building. The robot must determine

a plan to navigate each room without colliding with obstacles or running out of battery. Different parts of

each room are different temperatures, and the high ambient temperature of the location may result in the

robot’s processing units being throttled due to overheating when too close to heat sources. As such

throttling is unacceptable in such an environment due to it being unpredictable in its degree of slowdown

of computation, a plan to navigate the building must take into account proximity to heat sources. A plan

that draws closer to a heat source should shift computation to lower-heat-generating processing units even

at the cost of computation speed, until such a point that the computation becomes too slow and the plan is

rejected in favor of one which avoids the heat source. Naïvely avoiding any areas near heat sources is

sufficient to avoid overheating, but may disregard much faster solutions that are near such areas briefly.

Another case is the self driving car and constraints on stopping. Vehicles have a maximum deceleration

and finite friction with the environment, which are dependent upon the velocity of the vehicle, but there

are also constraints upon how quickly the computation must be completed. Even if there is adequate time

to halt the vehicle before colliding with an obstacle, if the image recognition cannot recognize an obstacle

in the road quickly enough to begin braking, the obstacle may still be hit. As the velocity of the vehicle

increases, not only does the stopping distance required increase, but so does the speed of this computation

and the distance at which it may be performed. This is exacerbated by conditions such as nighttime and
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heavy fog, where image recognition may be further slowed. As the velocity increases, greater pressure is

put upon time completion of the computation, up until certain velocities under certain circumstances will

be barred entirely. A naïve maximum on velocity does not sufficiently capture the nuance of the situation.

We must be able to consider these dynamic requirements on our plans.

Further, consider that modern computing systems are typically heterogeneous, containing multiple

processing units with distinct designs and performance characteristics. A common system-on-chip (SoC)

design will include a central processing unit (CPU) often with multiple cores, a graphics processing unit

(GPU), and a deep learning accelerator (DLA).

When a mobile robot is executing plans, it must also complete various computational tasks in order to

update its state and avoid colliding with obstacles [1]. Examples of computational tasks are object

detection, updating the internal state representation, and computing corrections to the path if the motion

plan could not be followed precisely (such as if an unknown obstacle was present). A given computational

task may be able to be executed on more than one of the processing units, though the requirements for

time and power may vary. It is useful to use slower, but more energy-efficient processing units in cases

where energy is limited or heat generation should be restricted — or, contrarily, where computation speed

is of the essence and power not a concern, to use faster processing units when necessary. We see from [2]

that efficient energy usage is important for the robot’s performance. Current systems often make

worst-case assumptions about energy usage, heat, and time required to complete tasks [1], which disallows

many plans which may be faster or more energy-efficient. It is therefore desirable to have a motion

planning system which takes into account different possible computation schedules and incorporates their

effect, as well as the effects of the environment, into the motion planning. We present such a system below.

Our contributions are as follows:

• We create a new Petri net-based system for determining computational feasibility of a plan.

• We show that this may be used in a planning system to generate more sophisticated and efficient

solutions to motion planning problems, and create a new system to do so.

• We demonstrate our work on several problems. We also discuss the early elements of using Petri nets

for interprocessor interaction in the form of memory contention.
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CHAPTER 2

RELATED WORK

Our work incorporates elements from motion planning, scheduling on heterogeneous computing

systems, and the formal language model known as the Petri net.

2.1 Motion Planning

Motion planning is a well-studied problem, with many varied algorithms for different scenarios or

requirements [3, 4]. One of the most influential papers on randomized motion planning is

Rapidly-Exploring Random Trees (RRTs) [5, 6]. RRTs are a sampling-based approach to exploring the

space [7], of which many variants such as RRT-Connect [8].

The RRT is an example of a geometric sampling-based planning problem. The RRT grows a tree from

an initial location to the goal state. Nearby locations to current points on the tree are sampled, and a path

found from the tree to the new point. If the path is found to collide with obstacles, the new point is

discarded, and it is otherwise added to the tree. As the RRT is probabilistically complete [5], it will find a

solution if one exists with probability 1 in the limit as time increases.

Many variations of the RRT exist. RRT-Connect samples starting from both the start and goal states

of the space in order to improve the speed at which a solution is found. An example of an RRT may be

seen in Figure 2.1. Other versions of RRTs include Anytime RRTs [9], the RRT* [10, 11], the

Rapidly-Exploring Random Belief tree for planning under uncertainty [12], the sparse stable RRT [13], and

the ikRRT and BkRRT [14].

RRTs have been used for varied contexts, including hybrid planning [15], replanning mid-execution [16],

and even molecular dissassembly [17]. Related methods that are not RRT-based include KPIECE [18], the

Fast-Marching Tree [19], and PDST-EXPLORE [20]. An example of an RRT path may be seen in

Figure 2.1, sourced from [21] (see appendix B for copyright).

Especially important to our work is the control-based RRT (CRRT) [6], on which our algorithm is

based. The Sparse Stable RRT [13] is a variant of the CRRT with asymptotic optimality, which could be

used in tandem with our presentation. Asymptotic optimality is the property that the plan will converge to

the optimal (that is, shortest) path with probability 1 in the limit of time.

Control-space planning is a variation on geometric-space planning which does not allow the selection of

arbitrary nearby points. This is useful in cases where the constraints are non-holonomic, so that paths

between points may be complicated to compute. An example of a control is selecting the robot’s velocity,

3



Figure 2.1 A Rapidly-Exploring Random Tree (RRT) simulation demonstrating how a path that avoids
obstacles is found.

rather than its exact position. In our case, the computational constraints may not be directly controlled or

moved to, and so are best handled with control-space planning.

The Control RRT is an example of a control-space planning algorithm and is a variation on the

geometric RRT described above. Instead of randomly selecting nearby locations in the state space and

determining the path to get there from the current tree, an external control is applied to a given state

space location, causing an indirect change to the state. The control is then applied through a differential

equation or other propagator function, which determines the new position in the state space. Similar to the

geometric RRT, the new point is discarded if obstacles were collided with along the path and otherwise

added to the tree.

Improvements to navigational algorithms such as the RRT, or alternative versions of it, could be used

to solve the computational constraints problem. This could be done by biasing the RRT in the direction of

desirable computation plans or creating an entire new RRT structure. Our approach is extensible and may

be used in tandem with any of the above RRTs as desired by the user and the problem in question.
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Sampling-Placed Motion Planning with Temporal Goals [22] uses temporal logic to discuss motion

plans with temporal goals, such as a condition being required “at all times”, “eventually”, or “followed by”

another. This is accomplished by creating a discrete approximation to the system, making high-level plans

with temporal logic, and using traditional motion planning techniques to accomplish those plans. Linear

temporal logic could also be used to encode our computational constraints, and so this presents an

alternative approach for our problem.

Our system is used only for simple navigational goals, though the algorithm presented could be used in

more complex scenarios or as the low-level motion planning within the larger temporal framework as long

as the communication back to the discrete layer were implemented as part of the search algorithm. In

addition, the motion planning done by [22] is geometric, making the assumption that position can be

specified precisely, whereas our work uses control planning instead. Expanding our system to more

sophisticated goals such as those shown is a promising direction for future research.

In the case that multiple goals are anticipated, rather than just one, another method is the probabilistic

roadmap. The probabilistic roadmap does additional preprocessing so that replanning may be done, as well

as changing goals partway through execution or solving multiple goals in an initially unknown order [23].

Much research has been done on probabilistic roadmaps and their various algorithms,

including [24–29, 29–32]. Combining our work with an underlying probabilistic roadmap, rather than

assuming a singular goal, is another possible direction for future work.

2.2 Hardware Performance Characteristics

When a computing system is running, it is affected both by its environment and the tasks being

executed. Keeping track of parameters such as the amount of power remaining in the system, how quickly

computation can complete in certain cases, and other permformance characteristics is thus important to

create an accurate model. The Sky is Not the Limit [33] uses a form of the roofline model, common in

high-performance computing contexts [34]. The roofline model is a type of log-log scale plot which shows a

straight-line increase followed by a flat line at a “critical point” where the intensity of computation no

longer leads to improved operations per time unit. These are frequently used as a diagnostic tool,

determining which of various performance improvements will be significant. The Sky is Not the Limit uses

such a model to show how operational intensity affects computation speed in the context of a flying drone

and its maximum acceleration. Similar to our work, The Sky is Not the Limit determines the maximum

velocity of a device according to computational considerations of a heterogeneous computing unit.

However, its primary goal is diagnostic, and it does not attempt to schedule tasks in order to maximize this

performance. Nevertheless, it demonstrates useful results and its modeling system can be used for our
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work, using their system’s results to determine appropriate parameters of our model.

Systems that do incorporate scheduling include [35–41]. Each uses a unique modeling system for

optimal scheduling, but none are used explicitly in a motion planning context or take into account our

considerations.

The literature of systems which dynamically consider computational constraints on a mobile robot is

sparse. One notable example is RoboRun: A Robot Runtime to Exploit Spatial is Heterogeneity [1], which

dynamically chooses maximum permissible velocities depending on system constraints and the current

position and conditions of the environment. RoboRun takes into account the proximity of the mobile robot

to obstacles and the current velocity, and adjusts the precision of its environment model as well as the

portion of the environment being modeled.

This is done mid-execution, rather than during planning as in the below presentation, and does not

possess formal guarantees. The work also does not take into account dynamic heat constraints, but only

limitations on velocity. Unlike our system, RoboRun updates its constraints throughout the execution in a

continuous manner, and allows for multiple versions of the required computations. Compared to RoboRun,

our system is able to create motion plans before exection, as well as handle more differential constraints

rather than only velocity. However, we do not have the ability to adjust computation on the fly. Allowing

for multiple forms of possible computation is a direction for future work.

2.3 Petri Net Related Work

Petri nets are a type of discrete event system and are treated in depth in [42]. They are discussed in

more detail in the background section of this work (subsection 3.1). Petri nets are a system that models

resources as tokens in places, and transitions which consume or create more resources. They are a useful

and compact way to represent concurrent and parallel systems, which is the manner they are used in our

work. Many variants exist, including the timed Petri net in which transitions take a deterministic amount

of time to fire [43].

First-Order Hybrid Petri Nets: A Model of Optimization and Control [44] formalizes a hybrid Petri net

model, which allows for continuous transitions in addition to the discrete ones used in the following

presentation, and solving their systems with sensitivity analysis.

The context under which their model is tested, application and manufacturing systems, is different from

our use case, though we believe that our system could be used in other domains with some modifications.

In addition, the method by which the Petri net is solved is unlike ours, which uses a discretized

approximation to the underlying continuous structure. Using their system or a modification of it in our

problem domain could lead to significantly improved performance of the schedule generation in our work
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(see section 5), opening the door for other possible optimizations and techniques.

One system which does use Petri nets in a similar context is Petri Net Models for Single Processor

Real-time Scheduling [45], which does task scheduling with a Petri net model on single-processor systems.

While it takes into account some aspects our current model does not, such as shared resources across

several tasks, it is only usable for single-core systems. It would therefore be insufficient for a modern

heterogeneous computing system with multiple processing units with unique performance characteristics.
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CHAPTER 3

BACKGROUND

Our work is an augmentation of a motion planning algorithm with a Petri net for scheduling, which we

treat as a constraint solving problem. We provide a brief overview of these topics here.

3.1 Petri Nets

Petri nets are a formal language on infinite-length strings [42], useful for describing systems with

discrete states. They are particularly useful for describing parallel or concurrent systems, as they can easily

represent shared resources or two independent systems working simultaneously. They are used in our

system to represent computational tasks.

A Petri net is a directed graph composed of two types of vertices: places and transitions [42]. Places

have edges only to transitions, and transitions have edges only to places, and the graph is thus bipartite. A

place contains a nonnegative number of tokens. A transition may fire or activate to decrease the token

count at all places connected via incoming edges and increase the token count at all places connected via

outgoing edges. Edges have weights, which denote how many tokens are removed or placed when a

transition fires. The tokens that are required for a transition to occur are known as preconditions and the

tokens placed after a transition fires are known as postconditions.

A marking is defined as the current state of the Petri net. A marking mi permits another marking mj if

there exist a set of transitions that may be applied to mi that results in mj . We denote this as mi → mj .

More than one transition may be applied to a marking to reach another by this definition. A given

marking may permit multiple other markings.

A Petri net has a starting marking, referring to the marking at the beginning of its execution. A trace

is a sequence of markings m0, . . . ,mn, such that m0 is the starting marking, mn is a marking, and for each

pair mi,mi+1,mi → mi+1. A trace is defined by which transitions fire between each pair of markings.

In our work, we use Petri nets that vary from the typical model in two main ways. The first is the use

of real-valued tokens, enabling places to take on any nonnegative value, rather than only nonnegative

integers. This allows a generality which is useful in our model. An example may be seen in Figure 3.1.

The second difference in our formulation is the introduction of a goal marking. We allow Petri nets to have

one or more goal markings, defined by a specific range of tokens on each place. These may require places to

have an exact number of tokens, a range of values, or an arbitrary value, that is, the range (−∞,∞).

Execution ends when a goal marking is reached.
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P0
t0

t1

P1

P2

t2 P3

2 2

Figure 3.1 A basic Petri net. The circles are places and the bars are transitions. The starting marking has
two token at P0. All unmarked vertices have a weight of 1. If a goal marking is to have one or more tokens
at P3, then a trace for this Petri net is to fire transition T1 followed by T0, followed by T2.

3.2 Constraint Solvers and Constraint-based Planning

Constraint solving is a common approach for finding satisfying parameter values in robot planning in

order to accomplish some particular goal. Our work uses constraint solvers to find traces of Petri nets.

A constraint solver is a program to find values for all parameters so that various constraints are

satisfied. Examples include the famous SAT problem, subgraph modulo theory solvers, and mixed integer

linear programming (MILP). Various powerful constraint solvers exist that can handle linear and quadratic

constraints, such as Gurobi [46]. The system is organized in terms of actions, the preconditions and

postconditions of those actions and how they affect the world space, the starting and goal configurations,

and other constraints upon what actions may be taken under which conditions.

Constraint-based planning uses constraint solvers in order to create task plans for a system to execute.

In this case parameters represent actions taken at certain times and their effect on the world. For instance,

we may have one parameter describing a robot picking up an object at some given time, and others to

describe the state of the world (such as the cup being on the ground or picked up by the robot).

As we do not know before beginning execution how many actions may be required to complete the plan,

it is typical to describe the actions and world state without specifying the number of steps, and unroll the

actions to increasingly large time steps. For each possible action and parameter, and over each time step

from 0 to n, the problem state is unrolled over increasingly long time horizons. A maximum time horizon is

selected, after which the problem is deemed unsolvable (or at least taking too long to find a solution).
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CHAPTER 4

PROBLEM DEFINITION

Before a robot moves through a space, it determines a path through the state space to follow, known as

a plan. We must create a motion plan that avoids both physical obstacles and avoids violating any

computational constraints.

Computation must be scheduled. This refers to determining which processing units (henceforth PU, i.e.

CPU, GPU) compute each task, at what times, and in what order. Scheduling tasks across heterogeneous

systems is a relatively new problem, and considerations extend beyond those seen in operating systems such

as fairness and response time. Further, we also have extra information to leverage that a typical operating

system does not, due to the predictability of the tasks to run and their computational requirements.

Not every schedule may be performed at some arbitrary time, as there exist constraints that render

some schedules impossible due to overheating the robot, running out of battery, or other such issues. We

must, then, determine a schedule that is valid for each motion. A motion for which no schedule can be

found is considered to be in the obstacle region. For instance, the mobile robot may not be able to move

next to a heat source if the mobile robot is already quite hot, as it may overheat, but may be able to do so

briefly if the core is currently cool, thus resulting in a more nuanced type of obstacle region.

Our problem is the tuple Ω = {C,B, τ, λ, C, κ, q0, q1, ε}, where:

• C is a set of constraints on the system, such as maximum permissible core heat or starting energy.

These are of the form ci ∈ [xmin , xmax ].

• B is a finite set of β PUs, P0, . . . , Pβ , which the robot possesses (henceforth chip, core). Each Pi,

when operating, has some effect on the robot’s motion in the state space.

• τ is a finite set of γ tasks τ0, . . . , τγ , along with the length of time each task τi requires on a given

PU.Note that some PUs may be more suited to certain tasks than others, and so tasks may not be

uniformly slower or faster on one PU over another.

• C is a state space through which the robot is to navigate, including a free region Cfand an obstacle

region Co as defined in [23]. The state space includes the dimensions in the physical space in Rn, as

well as additional dimensions corresponding to C such as the robot’s remaining battery capacity.

While parameters such as battery capacity do not correspond to physical space, it is a dimension in

the state space. Henceforth, position and location will be used to refer to the location in the state

space, so that the same physical space but different parameters lead to different positions, unless
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otherwise specified. Locations where it is impossible to create an assignment of tasks to processing

units and complete all computation within constraints is considered to be within Co.

• κ is a control space, representing controls that may be applied to the mobile robot.

• λ : C × κ 7→ C maps from a position in the state space and a control applied to a new state. It is

henceforth called the propagator or propagator function.

• q0 and q1 are starting and goal states. q0 is a single state, but q1 may be a set.

• ε is an error tolerance for goal proximity.

Given these inputs, the output is a continuous path σ[0, 1] ∈ Cfree such that σ0 = q0, σ1 ∈ q1, ∀iσi ∈ Cf .

Intuitively, this refers to a path that traverses from the start state to the goal state, and never enters the

obstacle region — in this case, both physical and computational obstacles.
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CHAPTER 5

METHOD

We extend the state space so that each of the computational constraints is a new dimension. A motion

is now defined not only in terms of the device’s physical movement through space, but also in terms of the

physical effects of computation. The state space must grow to account for this and the obstacle region

gains new obstacles. Our work integrates control-space motion planning with constraint-based scheduling

of heterogeneous computing, and allows us to map discovered schedules to new locations in the state space.

We incorporate a scheduling step into the propagator of the control space planner. Figure 5.1 shows the

general structure of our program.

Motion Planner

Region Checker Petri net Creator

Region CreatorStart

Path Found

Param Space InfoReturn found region

No region found

Solve MILP

return new region

Figure 5.1 A block diagram demonstration of the method layout. The motion planner calls the region
checker, which determines whether a currently existing region exists which satisfies the current constraints.
If such a region exists, control is returned to the motion planner. If not, the Petri net creator/translator is
called, which creates the relevant Petri net for the simulation and translates it to a satisfiability problem.
The satisfiability problem is then solved, and the answer is used to create a new region.

5.1 Scheduling

We use Petri nets to determine valid schedules. We create a model of the computation systems the

robot possesses, with its various PUs with different performance characteristics, and the tasks that must be

completed. A trace of the Petri net corresponds to a valid schedule where all tasks were completed within

the time limit and without constraint violation, as it describes when to execute each task and on which

PU. If no trace can be found, then we consider the motion to be computationally infeasible. We use the

same Petri net for all motions, but change the starting marking depending on the state and control spaces.

The Petri net is composed primarily of task subunits, along with a few additional places and transitions.

A task subunit represents a task throughout its execution, from being not yet started to running to

completed. We have one task subunut for each task. Additional places represent each PU. We also have
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some resource places. A task subunit represents a computational task, which at any given moment is either

not started, completed, or currently being executed by exactly one PU. If the core has n PUs, then each

task subunit contains n+ 2 places. One place corresponds to a task not having been started, one for its

having been completed, and n for it being partway through its computation on one PU. Each PU has a

place denoting whether it is free, and all such places contain one token in the starting marking. Only free

PUs can begin to execute a task, and the PU is not freed until the task is finished. Transitions are added

so that when a task is not started and a given PU is free, it may begin executing the task. When the PU’s

active-time place is sufficiently full, another transition frees the PU and sets the task to complete. A goal

marking is any in which all task-completion places contain a token.

Figure 5.2 shows a task subunit for some task i for two PUs, along with the PU places. The tokens

shown are in the starting marking. Exactly one of t0, t1 will fire, resulting in task i being executed on that

PU. After some time and changes to the resource places (transitions relating to resource places are not

shown here), one of t2, t3 fires to mark task i as completed and the PU place is returned its token to

complete another task.

τi not started

ϕ0

ϕ1

t0

t1

τiϕ0

τiϕ1

t2

t3

τi completed

Figure 5.2 An example task subunit for a 2-PU case. Tasks are denoted with τ and processing units with
ϕ. τiϕj represents task i executing on processing unit j.

The resource places are used to track the various parameters. A PU draws from different parameters

while executing, and possibly replaces them upon completion of a task or while execution on a

per-parameter basis (this depends on the nature of what the parameter represents, and so the precise

behavior of each parameter is a modeling question).
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If a valid schedule is found through the Petri net, then this schedule may be used in the computation

while satisfying the constraints. We then use the equations of the previous section to maximize the size of

this region for future use.

Schedules impact resource use, and therefore position in the state space. For instance, different

schedules may use different amounts of energy. Thus, selecting appropriate schedules is important for

performance of the plan. To find the optimal plan, we wish to return to points which already have schedules

and search for additional ones, so that the space is explored more fully. We leave this to future work.

A trace of the Petri net corresponds to a scheduling of tasks on PUs. As the trace concluded in a goal

marking, the schedule ensures that all tasks were completed and no constraints were violated. The schedule

computed is used to determine the new value of parameters, and therefore new the position in the state

space, when a control is applied. We therefore compute traces as part of propagating the control, and use

the resultant schedule to determine the new state upon taking this action. If no schedule could be found,

the state is set to an impossible value that will guarantee rejection.

The goal of our constraint satisfaction problem is to find a set of times to begin execution of tasks on

different processing units so that all computation is concluded within the time limit. The decision variables

include actions that may be taken at a given time step, and the value of various parameters (which may be

real numbers, integers, or Booleans). The constraints include that the status of a given item only changes if

an event occurs to change it, and define the way that a given action affects the world space. In modeling a

Petri net, this means that the number of tokens at a given place can only change between time steps

j, j + 1 if a related transition fires, and it must change by the amount defined by the transition or

transitions that fire.

We have various constraints on the fluents, so that they reflect the execution of a Petri net rather than

assuming arbitrary values. These include precondition constraints, transition exclusivity constraints, and

flow constraints. Places’ values are constrained so that they reflect the firing of transitions over time and

transitions are constrained to represent firing.

Formally, places are mapped to fluents of real type:

φi : R

We denote φi at time step j as φij .

If a transition ξ requires, in order to fire at time step j, places φ0, . . . , φk to have token counts at least

θ0, . . . , θk, we generate the following constraint, where ξj refers to xij activating at time step j:

(¬ξj) ∨ (∀i ∈ {0, 1, . . . , k} (φij ≥ θi))

We may equivalently write this as
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ξj =⇒ (∀i ∈ {0, 1, . . . , k} (φij ≥ θi))

In most constraint satisfaction contexts, only one action may occur at a single time step. However, as

more than one transition may fire in a Petri net at once, we generally allow multiple transitions to fire at

once. However, we do have this restriction for places which may only have token counts of 0 or 1. This is to

avoid cases where the same task might be launched by both processing units simultaneously. If at time step

j, both PUs are free and task i is not started, it would be possible to fire both transitions at once without

this restriction. With task_i_not_started being set to 0 at time step j + 1.

As such, for a place with these restrictions, which is affected by transitions ρ0, . . . , ρk, we have the

following constraint for each ρi ensuring it is affected by only one event. Here, ρij refers to the firing of

transition ρi at time step j.

ρij =⇒ (∀rhok 6= ρi(¬ρkj))

All places φi have their new values at time j +1 as the sum of all affecting transitions at time j. This is

a flow constraint, ensuring that resources are not added to the Petri net without a relevant transition. If

the possible transitions affecting φi are η0, . . . , ηk, which have the value of 1 if the transition fires and 0

otherwise, and the transition firing affects the quantity of tokens at φi by ζ0, . . . , ζk, we have the following

constraint:

φi(j+1) = φi + η0jζ0 + · · ·+ ηijζj

When finding a new schedule, we set the starting marking of the Petri net and translate the Petri net

into a mixed integer linear problem (MILP). The solution to the MILP is a trace of the Petri net, from

which we find a schedule and its impact on the state space. We may solve the MILP with any constraint

satisfaction program which supports problems of this type.

5.2 Regions for Schedule Validity

A naïve approach would compute a valid schedule for each call to the propagator function, and such an

approach would indeed result in a working algorithm. As computing a schedule is very computationally

intensive, doing so would mean even simple motion plans would take hours or days to complete. Instead,

upon finding a new schedule, we determine the maximum set of positions in the state space and control

space for which the schedule remains valid, henceforth region, and cache the schedule along with this region.

In order to determine if the schedule exists, we need to know certain aspects of the current state and

control, but not in its entirety. For instance, in order to calculate the new temperature after executing a

specific motion, it is necessary to know the ambient temperature, but not the exact position. As such, we
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maintain a parameter space, a q < n-dimensional space corresponding to only that information which is

necessary to compute a schedule. There exists a surjective mapping from the state space and control space

to the parameter space.

We write the constraints in terms of finite resources, and consider a schedule valid if it does not require

more of any parameter than is present. In the case that a parameter upper bound is required, it may be

trivially added to the constraints. No upper bound was required in our work.

Upon finding a valid schedule, we wish to find a region containing the current point in which that

schedule is valid. For any future motions, we check if the motion’s position in the parameter space is in a

region with a valid schedule. If it is, we reuse the schedule, thus avoiding any recomputation.

In the case that multiple regions overlap (that is, more than one discovered schedule is valid), we

greedily select the first schedule we find when enumerating each region. A method to select the optimal of

several schedules is left to future work.

Similarly, if a particular point in the configuration space has no valid schedules, it follows that any

point for which we have even lower parameter values, is lower for all resources, this point will also have no

valid schedules. We may thus construct a different type of region, called a reject region, within which no

schedule exists.

We constrain our system. Each parameter xi has a constraint of the form xi ≥ αi.

The larger the region, the more cases in which we may reuse the schedule. Since we want to reuse

schedules as much as possible, we want the regions to be as big as they can be. As each parameter is

independent of each other, and when modeling as finite resources we use the constraint xi ≥ αi, the region

therefore is trivially of the form

xi ∈ (αi,∞)

for all xi. More complicated formulations such as optimization problems could be used for more

complicated regions, but it is unneeded in our approach.

Note that, while the constraints must be in the inequality form seen

in (5.2Regions for Schedule Validitysubsection.5.2), this limit is only for maximizing the size of the

schedule and is not reflective of how the parameter behaves in the Petri net. They may be anything from a

finite resource that is used once and cannot be restored, to a resource that returns over time, to a

complicated model.

In the case of a reject region from an evaluated point p = p1, p2, . . . , pq, the region is trivially the region

defined as all points z such that each coordinate zi ≤ pi, which is the region defined by

xi ∈ (0, pi)
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for each xi.

5.3 Motion Planning

We use control-based planning to explore the state space. The CRRT (see subsection 2.1) is used for its

ability to effectively explore a space with controls while maintaining the simplicity of the RRT. On each

iteration of the algorithm, new point is added to the tree by applying a control. We map the current state

space and control space to the parameter space and check the region list. If we are in a region with a

known schedule, we use that schedule. If we are in a reject region, we discard the motion. If neither case is

true, we create the starting marking for the Petri net, attempt to find a trace, and add a new region to the

region list according to our optimization problem. The new region is a standard region if a trace could be

found, and a reject region otherwise.

Algorithm 1 describes our core algorithm. We use line 7 to check our known regions if the motion and

location has a known schedule. If no region currently exists, on line 9 we set the Petri net’s starting

marking. We create and solve the resulting constraint satisfaction problem on line 10. If a schedule is

found, we create the standard region on line 14, and if not, we create a reject region on line 12. As we just

created the region, we can guarantee that it exists. Online 18, we determine whether the motion enters the

obstacle region before adding the motion to the tree, including a check for whether the schedule was

rejected or not.

1 t← startingPosition ;
2 ρ← ∅ ;
3 φ← createPetriNetFromTaskFile();
4 g ← goalPosition() ;
5 while dist(t, g) < ε do
6 m← generateNewMotion(t) ;
7 r ← findRegionContainingMotion(m) ;
8 if nil(r) then
9 setPNStartingTokens(φ,m) ;

10 s← solveForSchedule(φ) ;
11 if nil(s) then
12 addRejectRegion(ρ,m)
13 else
14 addMaxSizeRegion(ρ, s)
15 end
16 r ← findRegionContainingMotion(m);
17 end
18 if motionValid(m, r, t) then
19 addMotionToTree(m, t)
20 end
21 end

Algorithm 1: Motion Planning with Computation Constrants
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We use pre-existing methods to check for invalidity of our resultant position in the state space, such as

the Flexible Collision Library [47]. Invalid points in the state space include those with zero or negative

remaining resources, as well as points that collide with obstacles such as walls. With this system, we may

explore the search space and find a path from the start to the goal state that avoids physical obstacles and

satisfies all computational constraints.
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CHAPTER 6

EXPERIMENTS

Our experiments cover several simulated environments, and are designed to test constraints which are

applicable to a wide range of types of robot and use cases. The constraints which we consider include:

• temperature

• energy usage

• power usage

• computation time

As our target architecture, we use an Nvidia Jetson AGX Orin Developer Kit [48], henceforth Orin. It

has an NVIDA Ampere architecture with 2048 CUDA cores and 64 tensor cores and a 12-core

ARM-Cortex A78AE v8.2 64-bit CPU with a 3MB L2 cache and 6MB L3 cache, as well as two deep

learning accelerators (DLAs) and a vision accelerator. The target robot is the Clearpath Robotics

Jackal [49]. Motion planning was done with the Open Motion Planning Library (OMPL) [50] using

Amino [51] and TMKit [52], with Z3 [53] as the constraint solver. The algorithm was implemented in a

combination of C, C++, and Common Lisp, and executed with Steel Bank Common Lisp (SBCL) [54] and

the Common Foreign Function Interface (CFFI) [55] in an Emacs execution environment.

6.1 Tasks

Our task load runs on the GPU and Deep Learning Accelerator(DLA). We run three tasks, namely the

neural networks Resnet, MobileNet, and GoogLeNet. We use these to represent semantic segmentation,

object detection, and short-term navigational/correctional decisions respectively. We discretize motion into

segments of length 1/5 seconds, such that all tasks must complete in this time period, and run MobileNet

and Resnet five times in sequence on the same PU, but not the more time-demanding GooLeNet. Due to

implementation constraints, rounding to the next highest integer of the time unit required was necessary

for our system. With this rounding, the GPU always completed all computation in one unit, with the DLA

being equally as fast on ResNet and three and four times slower on MobileNet and GoogLeNet respectively.

The power and heat requirement was 1/16 on the DLA compared to the GPU. The data may be seen

in Table A.1.
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6.2 Scenarios

Our scenarios include:

1. A mobile robot in a burning building. There is one heat source between the start and goal locations.

The naïve solution is to avoid all areas with an ambient temperature greater than some threshold,

avoiding the heat source entirely but possibly foregoing an otherwise useful solution. Our work

determines the core temperature of the PUs throughout plan execution, enabling the robot to get

potentially very close to the heat source as long as the core processor temperature does not exceed its

threshold.

2. A robot with a short distance to travel, but minimal remaining energy. Our system is able to detect

this and use slower, but less power-intensive PUs, without ever being explicitly instructed to do so.

3. A mobile robot at night with limited visibility and obstacles in the way. Given the reduced visibility,

the maximum permissible velocity to avoid running into obstacles is much lower than the robot’s

maximum. Our system is able to determine the maximum allowable velocity while still having

enough time to complete all computation, without having an arbitrary maximum velocity imposed on

it by a user.

Our state space exists in Rn and includes two values for the R3 coordinates x, y, θ, as well as other

information that varies depending on the specific constraints and their relevant values. This may be

trivially expanded in various ways, such as using R3 for problems involving a device that may move in a

third dimension.

The regions, parameter space, and Petri nets have no awareness of or dependence upon the propagation

algorithm. As such, the propagator may be customized on a per-problem or per-robot basis without

affecting the Petri net. For our simulations, we use the Unicycle Model [23], which allows for moving

forward and backward and turning, including turning in place. This model is accurate to the movement

capabilities of our robot, which are differential drive platforms. We assume that instantaneous changes in

velocity are possible for simplicity of the model, but more realistic models or models for different types of

robots would require no changes to the Petri net.

6.3 Physical constraints for schedule validity

Here we discuss the various physical constraints which our experiments test. We provide a brief

overview of the underlying physical nature of each constraint and provide the equation or equations used to

determine it.
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6.3.1 Temperature and Heat

the temperature and heat of our system depends on the heat of the device and the heat of the

surrounding air. We use Newton’s Law of Cooling, a simplified system for simple cooling in constant

temperatures without considering radiation [56], defined below.

Q̇ = k∆T (6.1)

The constant k is related to the size of the exposed area of the chip and the materials the robot is

composed of, and must be determined experimentally for each robot and device. ∆T is the difference

between the system’s current temperature and the surrounding environment. pdotQ is the instantaneous

rate of change of temperature of the object in question.

If our chip exceeds its critical temperature, it will begin to throttle. We found experimentally that for

our computation device, unpredictable throttling occurred at a core temperature of 100◦C. We found that

the system would switch between different throttling modes many times per second, so that it was hard to

predict its exact computation speed when throttling. As such, performance was sufficiently hard to predict

that it became untenable for real-time computing to allow any degree of throttling.

We used a heat generation unit to test the Orin’s cooling capabilities. The setup may be seen

in Figure 6.1. Our experiments showed that throttling occurred almost immediately after exposure to

external temperatures of 70◦C, and so our naïve comparison system avoids these temperatures

unequivocally. For our algorithm, when a computation schedule is selected, we determine by what degree

that schedule will increase the core temperature, and use the above heat dissipation equation to determine

the new temperature at the motion’s end. A valid schedule avoids overheating the device, but if the

device’s temperature is very hot and the ambient temperature does not permit fast cooling, no schedules

may exist so that the motion is rejected. As attested in [57], the Jackal robot itself is rated to (a

surprisingly low!) 45◦C.

Constraint Equation: T < Tmax

To test this parameter, we used a simple hallway containing a fire in the middle, with a heat of 800◦C.

We used two models — our computationally aware model, as well as a naïve models which treats any

region with a temperature greater than Tmax as part of the obstacle region with no sensitivity to core

temperature. The second model was run with Tmax = 100, 70, 45, corresponding to the Orin’s critical

temperature limit, the point of our experiment where intense computation would lead to almost immediate

throttling, and the Jackal’s maximum rated safe operating temperature.
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Figure 6.1 The heat generation unit used for testing performance of the Orin at different external
temperatures.

6.3.2 Power Limits

At any given instant, the amount of power being used may not exceed a certain threshold due to

physical limits on the battery and system in question. The maximum amount of power able to be used will

be constant across all parts of the plan, as it is a physical constraint on the system’s design. This

constraint is constant across all locations in the parameter space. This constraint is of the form rp > sp,

that is, the power drawn by the schedule s must be less than what is available anywhere in the region r.

For a given motion and schedule, the power depends on various subparameters, including which PUs

are active and for how long, and which actuators for the movement of the device are active and to what

degree (i.e., propeller rotation speed). Let p represent a PU and a represent an actuator.

Constraint Equation: rp > sp,

rp =

(∑
p

p power draw × p time active

)
+

(∑
a

∫ atf

ati

a power draw

)
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While this restriction is implemented in our system, we did not find that the robot, PUs, and battery in

question approached a point where this limit became relevant.

6.3.3 Energy Capacity

Unlike other constraints we discuss, this follows through the entire motion plan and cannot be reversed.

The system may not use the entirety of its energy capacity by the end of the plan execution. For one given

motion, this decreases the energy by some amount, and so the requirement is that that amount of energy is

available at that moment. Let µ represent a motion and µe the energy required by that motion. Let ν

represent the total amount of energy stored in the system’s power source, such as battery.

Constraint Equation:
∑
m

µe ≤ ν

We use our algorithm in a “long hallway with obstacles” scenario with increasingly low battery to see

that it automatically assigns its tasks to slower, but lower-power PUs, so that it may complete its task

without running out of energy.

6.3.4 Time and Velocity

The velocity during a motion influences how quickly the computation must complete. If moving more

quickly, it takes longer to brake in case of an unforseen obstacle, and so it is required to finish computation

more quickly so that emergency braking can be done faster (and thus avoid collision). In general, the time

constraint is inversely proportional to velocity. Given a schedule which takes time st, we may thus find the

maximum velocity that is permitted with this time requirement. st ∝ s−1
v , that is, the schedule’s time is

inversely proportional to the velocity. The constraint, written in terms of time, is rt > st, that is, points

where the time required to complete the motion is larger than time required for the schedule to complete.

Let st, rt be the time requirement of the schedule and the portion of the region respectively, sv be the

velocity at the point the schedule is being executed, and k ∈ R be some constant.

Constraint Equation: rt > st,

st = ks−1
v

To test this parameter, we used the long hallway with obstacles in a nighttime environment, and

increased its parameter k accordingly to suggest that it must complete its computation faster, as many

visual sensing devices work at reduced capacity at night. In cases where the system becomes unable to find

the goal, we brought the goal closer to the start state and repeated. We see that this automatically reduces

the device’s maximum permissible velocity while still finding a solution, without any explicit programming

to do so.
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All tests were conducted with a 10 minute timeout. See Figure 6.2 for visual representations of the

planning regions.

Figure 6.2 The test case areas. In Scene 1 (top), the red cone represents the heat source, and nearby parts
of the scene are increasingly hot. In the second region (bottom), the different green squares are
increasingly close to the start position to allow for changing the distance for the velocity test, but most
tests enabled the robot to reach the final green square on the far left end of the space.
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6.4 Results & Analysis

The plans and locations visited may be seen in Appendix A. We proceed through each of the three tests

types, and end with some qualitative discussion of the plan results overall.

6.4.1 Heat Test Results

We find that the plans generated by our system can pass very close to the heat source without concern.

The resultant plans are relatively jagged and require more steps than those created by the naïve planner,

but the solution is found consistently. Curiously, all three systems were able to pass through the heat

source, even with the stringent 45◦C restriction. This does not match with expectations, where systems

with stronger constraints would have to give the fire a significantly wider berth than we observe. It is

unclear whether this is a property of the system itself or if the parameters lead to this occurrence. Using

the heat measurements from our system, however, it becomes clear that all naïve systems would have

overheated . Our planning system avoids this by its design. The others pass too close to the heat source

and spend too long there. Meanwhile, our system is much more deft at avoiding it, and when in the heat

source moves through very quickly to avoid overheating. This shows that naïve plans can be risky, and in

some clear sense “inferior” to our plans. The plans are shown in Figure 6.3.

6.4.2 Energy Test Results

When energy is not a concern, the long hallway is solved quickly and without concern in a

straightforward fashion. When the amount of energy available decreased substantially, the plans had a

roughly 50% rate of failing to find a solution within the timeout (of the tests reported below, each was run

twice for this reason). However, the number which were successful and the number which failed did not

vary with the severity of the power restriction! That is to say, as long as a reasonable solution existed,

whether the system was required to switch to power-saving schedules early or late in the plan did not make

the solution any more difficult. This shows the flexibility of our system, in that while the problem does

increase in difficulty when energy grows scarce, that difficulty increase is constant and so our planner has

essentially arbitrary scalability in terms of the power constraint severity.

The reason this behavior is seen is because, as soon as the energy reaches the “critical value” where a

schedule is no longer viable because it will use more power than is available, the next fastest schedule will

always be found in the very next motion plan deterministically. This is a property of the region checker,

which is not probabilistic in nature even if the motions themselves are. In this sense, it contrasts with

trying to get through an arbitrarily narrow hallway where clearance approaches 0. In that case, the

required motion to make it through the passage can only be found probabilistically, but here, the finding of
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Figure 6.3 The heat avoidance plans are shown here. They are: 100 degree avoidance (top left), 70 degree
avoidance (top right), 45 degree avoidance (bottom left), computation-aware (bottom right). Note that the
computation-aware plan waits by the edge of the fire for an extended period of time before moving through
in few motions.

the new schedule is guaranteed. Further, even if the motions initially selected will not lead to the goal, once

the new schedule is found once it is usable by the motion planner for the entire remainder of the planning,

so that future motions using it will be nearly as fast to plan as in a standard control motion planner.

Our planner is thus shown to be robust to even very severe power constraints, able to plan with similar

levels of success with heavy power constraints as with light ones.

6.4.3 Velocity Test Results

The velocity tests show that our robot slows down smoothly, and planning difficulty increases only very

slightly. The time required to plan generally did not increase, and failure was rare. The maximum range of

even a 10% visibility decrease was noticeably shorter than that of full visibility, but afterwards there was a

smooth decrease in maximum velocity without affecting planning time, with the goal consistently
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remaining at the same distance. While various regions were created and then rejected, the system was

typically able to proceed without difficulty. Planning became unduly difficult and ceased to result in

successful plans even at a close range at an 80% visibility decrease, which resulted in a velocity near zero.

The reached locations may be seen in Table 6.1.

Table 6.1 The visibility changes, maximum velocity, and obtained goal distance for the robot in the
velocity tests.

20 100 7.0
18 90 5.0
16 80 5.0
14 70 5.0
12 60 5.0
10 50 5.0
8 40 5.0
6 30 3.0
4 20 0.0
2 10 0.0

6.4.4 Current Limitations and Future Work

• In general, the plans were not meaningfully slower to compute using the Petri net system when only

one region was required. This suggests that the overhead of the more complex algorithm is negligible.

Despite this, plans were often, and somewhat randomly, slow to compute. OMPL’s planner

documentation notes that it will occasionally attempt to move directly toward the goal with a

configurable bias parameter, but this is unused in the case of control plans. Its default CRRT

behavior is to move in completely random motions with no bias, which led to us being somewhat “at

the mercy of probability”. The same plan could occasionally take a few seconds or a few minutes. A

better/more specialized variant of the CRRT or a custom sampler could alleviate this.

• Another performance bottleneck was the region generation. Longer plans could often take over 60

seconds to compute, a troublesome amount when the timeout is merely ten times that. Compressing

the PN representation, using a more powerful solver, a stronger computer to calculate the plans, or

similar, would help, but ultimately this only delays the inevitable when the underlying problem is

NP-hard, especially if we wish for the planner to keep track of more systems. An entirely different

method for finding the PN’s trace may be called for.

• When a motion is selected, a single schedule is utilized. This is usually greedily selected to be the

fastest schedule, though if multiple previously discovered schedules overlap one is selected at random

(in our implementation, the latest to have been found, though this is merely due to implementation
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rather than a deliberate design choice). This, however, leads to certain cases where the algorithm

may fail to find a path when one does exist, especially in the case of a power constraint.

Consider a long hallway, where the device has barely enough power to reach the end, but only if it

conserves energy and uses the slowest, least power-intensive schedules possible at all points. Our

algorithm will instead greedily select the fastest schedule available at all times until its power is so

low that it is no longer even possible, and only then switch to a power-conserving schedule out of

necessity. Such a plan will never be able to reach the goal, as too much power is wasted on fast

computation at the start. At no point will the previously identified points be revisited to solve for

additional schedules, thus locking in the robot to this flawed approach. To resolve this issue would

involve recomputing previously found points to look for additional schedules to use, thus exploring in

more directions than our planner currently does. However, to do so would require much more use of

the constraint solver, bringing us back to the previously mentioned performance bottleneck.
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CHAPTER 7

AN ALTERNATIVE PETRI NET SYSTEM: MEMORY CONTENTION

One notable omission from our simulation is consideration of memory contention. In a system on a chip

like the Orin, there is only one memory for all PUs, meaning that two PUs requesting memory

simultaneously will result in one, or both, being delayed. As such, when two PUs are active at once both

will slow down by an amount that varies depending on the system and tasks in question. This is not

accounted for in the simulation above, but unlike the other weaknesses discussed above, this one has a

known solution. In addition to the Petri net system discussed above, we created another system that keeps

track of a PU’s external contention, referring to all memory requests not being made by that same PU and

which will slow it down. It uses a specialized Petri net where certain places may take one of several

enumerated modes based on the number of tokens in certain other places. This maps a continuous place to

one of a few discrete values, while having more flexibility than simply integer tokens. For instance, an event

may decrease the number of tokens in the continuous place, but by an amount not sufficient to change the

mode of the enumerated place, or may change it by several at once. While this may be expressed in regular

Petri nets as well, this proved a much simpler encoding that was also much faster in SMT solvers.

These modes change the speed at which computation proceeds. In our presented model, a computation

takes the same amount of time on the same PU under all circumstances. In the memory contention model,

each task on each PU has a known amount of data requested each time unit, and the amount that the PU

obtains is the requested amount multiplied by an amount based on its external contention mode (typically

less as the contention increases). As such, a task that proceeds quickly alone may be much slower when

executed while other PUs also executing, such that it may be better to have only one active PU, or to

begin one task on one PU partway through the execution of another. Models and analysis for slowdown

due to memory contention are relatively uncommon, though there are some examples [58–61].

The model only concerns itself with memory contention, and does not keep track of In principle, these

could be done together, and doing so would result in a much more detailed model. However, the

substantial increase in the number of places and transitions in the Petri net would substantially decrease

the speed of solution finding. Such a combination is contingent upon finding ways to improve the speed of

schedule finding.

Difficulties in obtaining appropriate data means that this model has not been sufficiently tested as of

this writing. It nevertheless remains a promising direction for future research.
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CHAPTER 8

CONCLUSION

In this work, we have shown the utility of considering computational constraints when doing robot

planning with heterogeneous computational devices. We show the use of Petri nets as a computation

modeling and scheduling system, and demonstrated that our system can handle a range of constraints and

scenarios without changing the system. The results are promising and indicate many directions for future

work and improvements to the system.

There are several avenues for future work. We wish to add new considerations to the model, such as

adding memory contention and simulating throttling at certain temperatures rather than simply avoiding

those regions. Another possibility for expansion is searching with multiple regions rather than using just

one, or having a better algorithm to decide a region’s size (such as one using sensitivity analysis). We are

also interested in improving the speed of the schedule generation so that more schedules (and more detailed

schedules) can be generated, preferably with timed [62] or hybrid [44] Petri nets rather than the current

discretized model.

Our key contribution is the introduction of a new system that incorporates constraint satisfaction for

heterogeneous computation as part of a motion planning system. Our results are formally veriable and able

to be extended to any kind of rapidly-exploring random tree.
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APPENDIX A

RAW OUTPUT FROM ORIN POWER TESTING

Table A.1 Table of Data for time and power requirements on GPU and DLA for tasks

Name Time Sys CV GPU Total
Mobilenet- DLA 4.3ms 3680.0mW 1121.5mW b 2572.0mW 7373.5mw
Mobilenet- GPU 0.4ms 2305.5mW 858.0mW 15936.0mW 19099.5mw
Resnet152- DLA 67.0ms 2370.5mW 975.0mW 1408.0mW 4753.5mw
Resnet152- GPU 2.9ms 3872.0mW 726.5mW 26658.0mW 31256.5mw
Googlenet- DLA 11.4ms 2008.0mW 1033.5mW 1760.0mW 4801.5mw
Googlenet- GPU 0.9ms 1921.5mW 1299.5mW 12592.5mW 15813.5mw
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APPENDIX B

COPYRIGHT PERMISSIONS

B.1 Wolfram Alpha

Figure 2.1 is licensed under CC BY-NC-SA, and adaptations or collections are permitted for

non-commercial use. See section 3 of the Creative Commons Legal Code [63]. This figure has been

modified by cropping the borders of the image showing path generation parameters.
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