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A B S T R A C T

Spray deposition processes are an efficient method for the production of net-shape 
products. During spray deposition processes the final m ateria l properties and quality 
depend significantly on the phenomena involved in the spreading and solidification of 
ind iv idua l droplets im pacting the target substrate. I t  is therefore necessary to build a 
thorough understanding o f the phenomena involved in ind iv idua l droplet impacts to 
understand the overall spray deposition process. The focus o f the present study is the 
development of analytical and numerical tools for the prediction of droplet spreading 
and solid ification after impact on a solid substrate. Simple analytical models, while 
generally less accurate than numerical simulation, typ ica lly  provide physical insight 
more readily than numerical simulation. Furthermore, when control and optim ization 
strategies are sought, numerical simulation is too com putationally intensive, and an­
alytica l models are required. However, due to greater accuracy and detail, numerical 
sim ulation may be used to evaluate, and make improvements to analytical^ models. 
F irst, a thermal energy solver, using a fin ite  volume/ difference approx im ation 's .de ­
veloped and incorporated in to an existing Navier-Stokes solver for interfacial flows 
(R IPPLE). This thermal energy solver is based on an enthalpy form ulation of the 
therm al energy conservation equation, which is preferred to  a temperature formula­
tion, because i t  does not require exp lic it tracking of the solid front. The numerical 
procedure is detailed, and verification and validation cases are presented. Next, an 
analytical model for droplet impacts is developed using an integral method. The 
model includes the influences of the impact angle, therm al contact resistance and 
rapid solidification. Finally, results from numerical simulations, the analytical model, 
and available experimental data are compared.
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C H A P T E R  1

IN T R O D U C T IO N  A N D  B A C K G R O U N D

Currently, ingot metallurgical ( I /M ) processing is the most w idely used method for the 
production of aluminum strip, accounting for 70% o f domestic production. However, 
I /M  processing is capital and energy intensive, because of the need to  elim inate casting 
flaws through hot working.

T w in -ro ll casting is an alternative method for the production of alum inum strip, 
often viewed as offering the greatest potential in the production o f alum inum  strip. 
T w in -ro ll casting combines solidification and hot ro lling into a single step by feeding 
liqu id  metal between water-cooled m ill rolls. However, tw in -ro ll casting is not w idely 
used because of the technical hurdles tha t must be overcome: improving m icrostruc- 
tu ra l quality, process re liability, and production rate. Furthermore, alloy choices in 
tw in -ro ll casting are lim ited.

Spray deposition offers many potential benefits to the production of alum inum 
strip, both in terms of cost, and improved material properties. Cost reductions result 
from process simplification, the elim ination of hot ro lling, and homogenization-unit 
operators, and improved energy efficiency. In  terms of m ateria l properties, spray de­
position offers improved metallurgical homogeneity w ith  equiaxed grain structures, 
and reduced levels of segregation due to rapid solidification. Furthermore, spray 
deposition may be used for the development of h ighly alloyed alum inum for high- 
temperature and high-strength applications, and the production of alum inum alloys 
w ith  increased form ability. Also, spray deposition has the potentia l to accept higher 
contaminant levels, increasing recyclability. Technical hurdles to the commercial v i­
ab ility  of spray deposition for the production of alum inum strip  include reduction of 
porosity at the deposit substrate interface and un ifo rm ity  of the strip profile.

Spray ro lling is a promising technology currently being developed for the pro­
duction of alum inum strip. Spray ro lling involves atom ization of molten aluminum, 
quenching droplets in-flight to a semi-solid state, deposition onto consolidation rolls,
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and ro lling the deposited material into a strip  while s till in  a h ighly formable state. 
Spray ro lling offers the benefits found in trad itiona l spray deposition processes com­
bined w ith  the e lim ination of porosity at the deposit substrate interface, and a uniform  
strip  profile. Furthermore, i t  has recently been shown tha t spray ro lling allows the 
production of alum inum alloys tha t can not be tw in -ro ll cast due to construits on the 
solidification temperature range.

The successful development and commercialization of the spray-rolling process 
requires a thorough understanding of the various physical mechanisms tha t influence 
the final materia l quality. The overall spray-rolling process involves phenomena w ith  
vastly different length and tim e scales. I t  is, therefore, im practical to model the 
process as a whole; rather, the process is broken down in to d is tinct sub-processes 
and modeled in a piecewise fashion, w ith  the eventual goal of model integration, 
and overall process characterization. The spray-rolling process can be divided into 
several stages: m elt atom ization, in -fligh t quenching of droplets, droplet deposition, 
and consolidation rolling.

The focus of the present study is the development of numerical and theoretical 
tools to predict the spreading and solidification of a droplet im pacting a solid sub­
strate, w ith  application to the deposition of droplets during the spray-rolling process. 
Numerical sim ulation gives a great deal of detail and accuracy in the study of droplet 
impacts. However, because numerical sim ulation is com putationally intensive, i t  does 
not lend itse lf well to process control and optim ization. Furthermore, the influence 
of ind iv idua l physical mechanisms may be concealed by the complexity of the anal­
ysis. Through a simplified perspective, simple analytical models readily offer insight 
into the ind iv idual physical mechanisms influencing droplet spreading and solidifica­
tion, and are not hindered by excessive com putational time. An accurate analytical 
model is therefore desired for the study of droplet impacts, w ith  the higher accuracy 
and detail found in numerical simulation used as a tool to  evaluate and improve the 

analytical model.

In  order to simulate droplet impacts, an algorithm  capable of modeling interfacial 
flows must be used. Two approaches are taken for the simulation of interfacial flows: 
Lagrangian deforming grid methods; and Eulerian fixed grid methods. In  Lagrangian 
deforming grid methods the mesh deforms w ith  the m otion of the flu id , and tracking
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of the free surface is accomplished by merely locating one of the mesh lines on the 
free surface [1]. However, Lagrangian methods are com putationally intensive, and do 
not lend themselves well to large flu id  deformations, due to the frequent remeshing 
required. In  Eulerian fixed grid methods, an interface tracking, or reconstruction 
procedure is required. The location of the interface may be either tracked by markers 
placed on the interface [2], or reconstructed from a scalar function. In  level set 
methods the scalar function corresponds to the distance from  the free surface [3, 4], 

while in  the volume of flu id method, the free surface is reconstructed from  a scalar 
function describing the fractional volume of flu id [5, 6, 7].

Waldvogel and Poulikakos [8] have extensively studied the spreading and solidi­
fication of droplets in solder je tting , a process to dispense small solder droplets for 
the mounting of micro-electronic components. During this process, ine rtia l effects 
are small, and droplets undergo relatively lit t le  deformation. Consequently W ald­
vogel and Poulikakos were able to apply a Tagrangian deforming grid approach to 
the problem. However, during spray deposition processes, droplets undergo severe 
deformation, and the Lagrangian approach is not practical.

A  more suitable approach to the simulation of droplet im pact problems is the vol­
ume of flu id  (VOF) method. The VO F method accepts large flu id  deformation and 
calculates coalescence and breakup seamlessly. The VO F method is used extensively 
in the simulation of droplet impacts. Delplanque and Rangel [9], and later Zhang [10] 
used the VO F method to model droplet spreading and solidification. In  both cases, 
solidification was modeled using the Neumann solution to  the Stefan solid ification 
problem. Pasandideh-Fard et a l  [11] also used VO F method, but included an energy 
solver to model solidification, in a study on the spreading and solidification o f tin  
droplets on a steel plate. The implementations of the VO F method discussed above 
are for two-dimensional modeling of droplet impacts; however, Bussmann et al. [12] 
have also extended the VOF method to three-dimensions, allowing for inclusion of 
three-dimensional aspects of droplet impact: splashing, angled impact, and impact 
on irregular surfaces. However, solidification was not included in the three dimen­
sional model. A  three-dimensional VOF code including solidification, TRUCHAS, is 
currently under development at Los Alamos National Laboratory.

In  the present study, an energy solver is added to an existing Navier-Stokes solver
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for incompressible free surface flows, R IPPLE  (developed a Los Alamos National Lab­
oratory [7, 13]). The energy solver is based on an enthalpy form ulation of the thermal 

energy conservation equation, preferred, because i t  does not require exp lic it tracking 
of the solid front, and the effect of solidification on the flow field is modeled using an 
artific ia l drag force [14]. This modified version of R IPPLE w ill allow validation and 
evaluation of an analytical droplet im pact model, discussed below.

Simple analytical models tend to be less realistic in the ir assumptions than nu­
merical simulation; however, they readily allow investigation of ind iv idua l physical 
mechanisms, which influence droplet spreading and solidification. This facilitates a 
greater understanding of the relative importance of these physical mechanisms. Fur­
thermore, because of the ir com putational efficiency, analytical models are well suited 
for process control, and optim ization, m ajor necessities in the development and com­
mercialization of spray deposition processes. Many algebraic and differential droplet 
impact models have been developed based on a mechanical energy balance. Healy et 
al. [15] reviewed several of these models and found tha t they typ ica lly  over predict 
the maximum droplet spread by roughly 45%. Among the models reviewed by Healy 
et al. was an integral model proposed by Madejski [16].

Madejski [16] devised an integral model for predicting the spreading and solidifi­
cation of a molten droplet after im pacting a solid substrate. He used a mechanical
energy balance to describe droplet deformation:

—  {Ek +  Ep +  E d) =  0, (1.1)

where E k is the kinetic energy of the droplet, Ep is the potentia l energy associated 
w ith  surface tension, and E d is the mechanical energy lost through viscous dissipation. 
For M adejski’s integral model, the shape and velocity field o f the spreading droplet 
were prescribed. The droplet is assumed to take the shape of a cylindrical disk after 
i t  comes in contact w ith  the substrate, and a simple velocity field was chosen w ith  
the requirement tha t i t  satisfy the continu ity equation and the no-slip condition at 

the solid front:
ujx =  —2C 'x2, ujr — C 'x r,  (1.2)

where ujx , and ujr are the axial and radial velocity components, respectively, b is the
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uniform  liqu id  thickness, and C  is a tim e dependent quantity. To model so lid ifi­
cation of the spreading droplet, Madejski used the Neumann solution to  the Stefan 
solidification problem [17], which is s tric tly  valid for one-dimensional solid ification 
w ith  the solid front at the equilibrium  m elting temperature, and does not account for 
thermal contact resistance at the substrate surface. Madej ski’s integral model was an 
inventive approach to the droplet impact problem, and provides the basis for many 
droplet impact models tha t followed. However, there were some shortcomings in his 

analysis.

The velocity field used by Madejski [16] was chosen w ith  the only requirements 
being tha t is satisfy the continuity equation and the no-slip condition. M arkw orth and 
Saunders [18] recognized tha t a further requirement for the prescribed velocity field 
should be to satisfy the no-shear condition at the free surface. W ith  this additional 
requirement they devised an improved velocity field:

u)x =  2C' ^ —  bx2̂  , cjr =  C 'r  {2xb — x 2') . (1.3)

Evaluation of Madejski’s velocity field showed tha t mechanical energy was effectively 
being transm itted to the splat at its free surface, because the no-shear condition was 
not satisfied.

Furthermore, the derivation of the viscous dissipation term  in Madejski’s mechan­
ical energy balance was incorrect [16]. Madejski gave the rate o f viscous dissipation 

to be
dEd rRv , fit

— =  2'KTujr rd r .  (1.4)
V Jodt'

where dEd/dt' is the rate of viscous dissipation, Q is the radial velocity averaged over 
the thickness of the spreading droplet, and

duJr ,  r  \r - z i — . (1.5)

Delplanque and Rangel [19] presented an accurate derivation of the viscous dissipation 

term, which is
dEi

(1-6)
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where V  indicates integration over the volume of the spreading droplet, and for Made­

js k i’s velocity field, and the improved velocity field

where r  is the viscous stress tensor.

Delplanque and Rangel [19] performed a detailed comparison of M adejski’s model 
[16] and an improved model incorporating M arkworth and Saunders’ improved ve­
loc ity  field [18], and the accurate derivation of the viscous dissipation term. They 
found tha t the errors in Madejski’s model contributed to a over estimate of droplet 
spreading, and tha t the discrepancy became even more pronounced as the influence 
of viscous dissipation increased.

There are also physical phenomena tha t significantly influence droplet spreading 
and solidification, which were not accounted for in Madejski’s model [16]. F irst, the 
previously discussed models assume tha t the droplet is im pinging norm ally to the 
substrate. However, droplet impacts are rarely normal to the target substrate. Also, 
during droplet impacts, the droplet-substrate interfacial energy may have a significant 
influence on droplet spreading, and i t  is unlikely tha t there w ill be perfect thermal 
contact between the droplet and substrate. Finally, because of the high cooling rates 
found in spray deposition processes, droplets may undergo significant undercooling.

The models discussed above are concerned w ith  droplets im pinging norm ally to 
the target substrate; however, in real spray processes, droplet impacts are rarely nor­
mal. This may be due to dispersion in the spray cone, or due to a moving substrate, 
which is im portant in the spray ro lling process. The influence of the im pact angle 
on droplet spreading has been studied extensively by Sobolev and Guilemany [20] 
using an integral model sim ilar to tha t discussed above. However, many problems 
arise in the analysis presented by Sobolev and Guilemany. F irst, despite claims to 
the contrary, the velocity field they impose on the spreading droplet does not satisfy 
the continu ity equation. Furthermore, the velocity field is given an exponential tim e 
dependence w ith  no physical explanation or connection to mechanical energy conser­

vation. The assumptions and errors made by Sobolev and Guilemany undermine the 
re lia b ility  of the ir results, and the ir work w ill be discussed no further.
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W hile the prescribed shape of the splat in the previously discussed models lim its  
the contact angle to 90°, actual contact angles may be very different form  90°, and 
significantly effect droplet spreading. Therefore, the interfacia l energy should not be 
lim ited  by the imposed droplet shape. Zhang [10] adopted the improvements made by 
Delplanque and Rangel [19] and modified the potentia l energy term  of the mechanical 
energy balance to include an equilibrium  contact angle, which may be different from 
90°. However, during droplet impacts, the contact angle may deviate significantly 

from its equilibrium  value. Advancing contact angles are larger than the equilibrium  
contact angle, and may vary significantly during droplet spreading. Zhang did not 
include the dynamic effects of the contact angle in his analysis.

The Neumann solution to  the Stefan solidification problem [17], used extensively 
in droplet impact models, assumes perfect thermal contact between the droplet and 
substrate. A  thermal.contact resistance typ ica lly  exists between the droplet and sub­
strate, which is an im portant factor in droplet cooling and solidification [21]. This 
resistance is the result of surface roughness, surface im purities and gas entrapment. 
W hile thermal contact resistance plays a significant role in  droplet spreading, i t  is 
not a well-quantified parameter. Wang and M atthys [21] studied the therm al con­
tact resistance for molten copper droplets im pacting various m etallic substrates by 
matching model calculations w ith  experimental data. They found tha t the thermal 
contact resistance m ight vary by several orders of magnitude during the solidification 
of a droplet. Because thermal contact resistance is so poorly quantified, i t  can, at 
best, be seen as a fitt in g  parameter in analytical models.

Due to high cooling rates, droplets may also undergo significant undercooling. The 
influence of undercooling has been studied extensively for the quenching of droplets in ­
fligh t [22], and for surface m elting [23], but has not been given enough attention w ith  
respect to droplet spreading and solidification on a solid substrate. Wang and M atthys 
[24] presented a numerical technique for rapid solidification using a control volume 
integral approach, w ith  applications to splat cooling, but did not include th is analysis 
is the modeling of droplet impact dynamics. The effects of undercooling and thermal 
contact resistance where included in a droplet impact model presented by Chung and 
Rangel [25]. They adopted the improved model used by Delplanque and Rangel [19] 
and included a numerical approximation to the therm al energy conservation equation
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to determine solid growth. W hile the assumptions used are more realistic than those 
accompanying the Neumann solution to the Stefan solidification problem [17], the 

complexity o f the model is significantly increased, reducing the benefits obtained 
through s im plic ity  in analytical models.

In the present study, an analytical model is developed to predict the spreading and 
solidification of droplets. This model, based on the improvements made by Delplanque 
and Rangel [19], includes the influence of the droplet im pact angle, and presents 
improvements to the solidification model. The solidification model has been adapted 
to include therm al contact resistance, and the influence of rapid solidification. The 
influence of the im pact angle, thermal contact resistance, and rapid solidification are 
then studied. Finally, a brie f comparison is made between the analytical model, the 
numerical model, and available experimental results [26].
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C H A P T E R  2

N U M E R IC A L  SIM U LA TIO N  OF D R O P L E T  IM P A C T S

Numerical simulation provides a valuable too l in  the analysis of droplet impacts. 
W hile i t  is com putationally intensive, and not suitable for process control or op ti­
m ization, numerical simulation offers a great deal o f detail and accuracy w ith  regard 
to  the dynamics of droplet spreading and solidification.

The simulation of droplet impacts requires calculation of the velocity field w ith in  
the droplet as well as the ab ility  to accurately locate the free surface o f the droplet. 
In  Lagrangian deforming grid methods the grid moves and deforms w ith  the motion 
of the fluid, and no further models are required to locate the free surface. However, 
breakup and coalescence phenomena are d ifficu lt to model. The Lagrangian method 
is also very com putationally intensive, due to the frequent remeshing required w ith  
large grid deformations. Waldvogel and Poulikakos [8] developed a code using the 
Lagrangian deforming grid method to simulate droplet impacts. They have applied 
the code to the study of low-inertia droplet impacts typ ica l o f the solder je ttin g  pro­
cess. This process is well suited to the ir code, because the droplets undergo relatively 
lit t le  deformation. However, this is a special case; droplets in  most manufacturing 
applications undergo severe deformations for which the Lagrangian approach would 
not be well suited.

Eulerian fixed grid methods are better suited to the droplet impact problem. 
In  Eulerian fixed grid methods, the location of the free surface must be tracked 
or reconstructed. In particular, the volume of flu id  (VO F) method uses a scalar 
function, F ,  the fractional volume of fluid, to locate the free surface. The VO F 
method is well suited to the droplet impact problem because i t  accommodates large 
flu id  deformations very easily, and incorporates breakup and coalescence seamlessly. 
The VOF method has been extensively used to simulate droplet impacts [9, 10, 11, 12].

To accurately simulate the droplet impacts, the influence o f solidification on the 
flow field must be evaluated. Efforts to simulate the solid ification and spreading pro­
cesses of droplet impacts have been presented in  litera ture, and different approaches
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have been taken w ith  regards to solidification. Rather than evaluating heat transfer 
w ith in  the droplet, Delplanque and Rangel [9], and later Zhang [10] used a locally 
one-dimensional solidification model, based on the Neumann solution to the Stefan 
solidification problem [17], to evaluate solid growth. Waldvogel and Poulikakos [8] 
used the temperature form ulation of the therm al energy conservation equation, re­

quiring the application of a heat balance at the solid-liquid interface, and explicit 
tracking o f the solid front. Finally, Pasandideh-Fard et al. used an enthalpy formula­
tion  o f the thermal energy conservation equation. From a numerical perspective, the 
enthalpy form ulation is very attractive, because i t  does not require exp lic it tracking 
of the solid front.

The work discussed herein is dedicated to including an energy solver into an 
existing Navier-Stokes solver for free surface flows (R IPPLE) in order to  allow detailed 
evaluation of droplet impact, spreading, and solidification. An enthalpy form ulation 
o f the thermal energy conservation equation is used, and a numerical approach is 
taken, which is consistent w ith  the existing flow solver. The numerical procedure is 
detailed, and several test cases are presented.

2.1 A n alysis

To accurately describe droplet spreading and solidification, both the flow field and 
the thermal state o f the droplet must be know. To this end, the therm al energy 
conservation equation must be evaluated, in addition to momentum conservation and 
continuity.

2.1.1 G overning E quations

The flu id  flow aspect of the droplet impact problem is solved using R IP PLE  [7]. This 
code is suited for two-dimensional and axisymmetric flow w ith  surface tension acting 
on free surfaces. F lu id  flow w ith in  the droplet is governed by the incompressible 

continuity equation
V - V  =  0, (2.1)
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where V  is the velocity of the fluid, and the transport of flu id  momentum,

—— h V  • (V V )  =  — V p H— V  • t  +  g H— F — A^V, (2.2)
ot p p p

where p is the pressure, g is gravitational acceleration, F b is a volum etric body force 
used to model surface tension, and —K V  is an a rtific ia l drag force used to  model the 
effect of solidification on the flow field.

Heat transfer in the droplet is governed by an enthalpy form ulation o f the therm al 
energy conservation equation. The viscous dissipation term  has been neglected giving

§ £  +  v , (h F V )  =  - V  • q, (2.3)

where h is the volumetric specific enthalpy. The heat flux, q is given by Fourier’s law:

q =  - fc V T , (2.4)

where k is the thermal conductivity and T  is the temperature.

To model droplet impacts, the location o f the free surface must be determined. 
R IPPLE  uses a VO F method to locate and reconstruct the free surface. The VO F 
method uses a scalar function F , the fractional volume of the flu id, to locate the free 
surface. The transport equation for F  is

^  +  V  • (FV ) =  0, (2.5)

where F  — 0 in the void, F  =  1 in the flu id, and 0 <  F  <  1 at the free surface.

R IPPLE  uses a continuum surface force (CSF) model to calculate surface tension 
at the free surface. The CSF model treats surface tension as a local volum etric body 
force acting at the free surface:

F s =  ctavV F ,  ( 2 .6 )

where a  is the surface tension, assumed constant, and k is the curvature o f the surface. 
The effects o f surface tension on the flow field can then be modeled by including the
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volumetric body force in  the momentum transport equation (Equation 2.2):

F h =  F. (2.7)

The effect of solidification on the flow field is modeled using an a rtific ia l drag force 
( - IC V )  [14], where the drag coefficient, K ,  is related to the enthalpy

K  =

0 h >  hi

^max hi} I  (/z-5 hi} hi <c /z <c hs , 
oo h <  hi

where h i is the liquidas enthalpy and hs is the solidus enthalpy.

(2.8)

2.1.2 N u m e r ic a l P ro c e d u re

In R IP PLE  [7], a two-step projection method is used to  approximate the continuity 
and momentum equations. This method has been expanded to three steps to accom­
modate the a rtific ia l drag force. The first step calculates the incremental change in 
the velocity field due to viscous effects, gravitational acceleration, and surface tension,

V  — V n 1 1
=  - v  • ( V V ) "  +  - v  • r "  +  g " +  — F ".

The second step applies the a rtific ia l drag force used to model solidification,

(2.9)

V ' =  V e - K ô t (2.10)

Finally, the th ird  step, combining the incompressibility condition and the pressure 
term, projects the solution onto a zero-divergence velocity field,

Vpn + l V  • V '
St

(2.11)

Excluding the addition of the artific ia l drag force, the solution o f the momentum and 
continu ity equations remain unchanged in the modified version of R IPPLE  [7].

A  two-step approximation, designed to be consistent w ith  the method used for
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momentum and VOF transport in R IPPLE [7], is made to  the thermal energy con­
servation equation. The first step computes the incremental change in the enthalpy 

due to conduction,
h — hn
—  =  - V . q". (2.12)

The second step approximates the incremental change in the enthalpy due to advec­
tion,

un-\-\ —_ l
 _ -----=  - v  • [ h F V ) . (2.13)

Finally, because the divergence of the velocity field is not zero, but a small value
dependent upon the convergence criteria, a divergence correction may need to be
calculated.

The conduction and advection equations are calculated using a fin ite  volume/ difference 
approximation. Equation 2.12 is expressed numerically as

h i , j  —  %  ~  r ôi ï r  ( r * > V 2 , j 9 x ? + l /2 j  “  r i - l / 2 Q x i - l / 2j )
(2:14)

~Jÿ~j ( ^ L + i /2  “  Qylj-1/2) y 

where the heat flux in the x-direction is computed

'Tn _ n~>n
n _  -Lt,j (r, r \

Qxi+l/2,3 — on »

and

=  P  +  P ± 1 - (2-16)
Ki J  Ki + l , j

The heat flux in the y-direction is computed sim ilarly.

The conduction term  is computed explicitly, and consequently, w ill be only con­
d itiona lly  stable. Furthermore, the s tab ility  criteria  may be much lower than tha t 
required for momentum transport, necessitating the use of very small tim e steps. To 

avoid this problem, sub-cycling is implemented in the solution of the conduction term.
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Figure 2.1: Cell heat flux schematic.

Equation 2.13 is discretized by integrating over the cell faces, giving

— h i , j  _  ( r z > l /2 ^ r + l /2 J  h R — ( F ) L  ^ Z ,)
_  (2.17)

(y*"y+1/2 ~h T  -  y*"y-v2 <f )b ab)

where is the radial distance, and 5 is zero in  Cartesian coordinates, and un ity  in 
cylindrica l coordinates. The quantity <  F  > R is the fraction of flu id  on the righ t face 
in the upwind cell (s im ilarly for the other faces), where the subscripts i?, L , B , and 
T  denote the right, left, bottom , and top faces, respectively.

2.2 R esu lts  and D iscussion

Several test cases were run to verify various aspects of the numerical procedure and 
validate its application to droplet-im pact problems. F irst, conduction is evaluated by 
comparison w ith  an analytical solution for steady-state conduction in  a un it square. 
Then, solidification is compared to the Neumann solution to the Stefan solidification 
problem, and enthalpy advection is included for finite-gap stagnation flow. Finally, 
results are compared to experimental data for droplet impacts in very different spread­

ing regimes.
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Figure 2 .2 : Enthalpy advection schematic.

2.2.1 T w o-d im ensional S tead y-stâ te  C on du ction

Consider steady-state conduction in  a un it square subject to the boundary conditions

T  (0 , ?/) =  T  (1 , %/) =  T  (%, 0 ) =  0 , T  (a, 1 ) =  1 . (2.18)

There exists an analytical solution, obtained through the method of separation of 
variables [27]. This series solution is expressed as

T ( , ,  y) =  |  g  ( = 1 Ç ± 1  sin ( n « )  (2.19)

The analytical solution is compared w ith  results from the modified version of R IPPLE. 
The numerical procedure used is for transient analysis; i t  was, therefore, necessary to 
allow the case to run for sufficient tim e (t =  4s) to reach a steady-state solution. In 
Figure 2.3, the steady-state analytical solution is compared to  the temperature profile 
calculated at 4s. I t  is seen tha t the results from the modified version of R IP P LE  and 
the analytical solution (Equation 2.19).
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1

Analytical Solution 
Present Study

Figure 2.3: Numerical and analytical solutions to steady state-conduction in the un it 
square.

2.2.2 O ne-d im ensional Solid ification

Consider a sem i-infinite medium in it ia lly  liqu id  at the equilibrium  m elting temper­
ature. The left boundary (x =  0) is suddenly brought to a temperature T0, below 
the equilibrium  m elting temperature and solidification begins. The position of the 
solid-liquid interface is found to be proportional to the square root o f time:

y (t) =  2A (ast ) 1/2 , (2.20)

where a s is the therm al diffusivity, and A is a function of the Stefan number (see 
Appendix B).

The analytical solution to the solid front position is compared w ith  results from the 
modified version of R IPPLE. The simulation was run for solidification of aluminum: 
cp =  1086 J /kg  — K, k =  94.13 W /m 3K, p =  2357 kg /m 3, Tm =  933 K, w ith  a 
substrate temperature T0 =  298 K. In Figure 2.4 the sim ulation results show very 
good agreement w ith  the analytical solution.
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Figure 2.4: Numerical and analytical solutions to  the Stefan solid ification problem.

2.2.3 F in ite-gap  S tagn ation  Flow

Consider steady flow between a parallel manifold and plate o f in fin ite  extent, sep­
arated by a distance L, w ith  a manifold in let temperature Tin and velocity V,  and 
a plate surface temperature Ts. For constant density and transport properties, flow 
and heat transfer w ill be governed by the finite-gap stagnation flow equations [28]:

where the dimensionless variables are 6 =  (T — Tin) /  (Ts — Tin) , vz =  vz/ V ,  and 
Vr =  Lv r / r V .

Results from the modified version of R IPPLE where compared to  a numerical

(2.21)

(2.22)

. de 1 d2(9
dz RePr dz2

(2.23)

solution of Equation 2.21, Equation 2.22, and Equation 2.23 (Figure 2.6). Again the 
simulation was run for sufficient time to reach a steady-state solution. The simulation
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Figure 2.5: Stagnation flow schematic.

results from the modified version of R IPPLE  were taken near the axis of symmetry 
to avoid any edge effects. The comparison shows a very good agreement between the 
results obtained from the modified version of R IPPLE and the numerical solution to 
Equation 2.21, Equation 2.22 and Equation 2.23.

1.0

0.3
0.8

0.1

0.6 0.03

9 (nd)
Pr=0.001

0.4  SFE• Ripple
0.2

0.4 10 0.2 0.6 0.8

z* (nd)

Figure 2 .6 : Comparison of solutions to steady-state finite-gap stagnation flow.

2.2 .4  L ow -inertia D rop let Im pact

Solder je ttin g  is process whereby small solder droplets are dispensed for the mounting 
of micro-electronic components. Solder je ttin g  involves low inertia  droplet impacts,
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which are dominated by surface tension effects. This process has been studied exten­
sively by Waldvogel and Poulikakos [8 ] both experimentally and numerically.

Property Value
Density
Surface Tension

8218 k g /m 3 

0.345 N /m
Kinem atic Viscosity 
Latent Heat

3.2 x 10 7 m 2/s

Liqu id  Conductiv ity 
Solid Conductiv ity 
L iquid Specific Heat 
Solid Specific Heat

4.2 x l( f f  J /kg  
25 W / m -  K  
48 W / m  — K  
238 J /k g  -  K
176 J /kg  — K

Table 2.1: Physical properties of a eutectic lead-tin solder droplet.

A  simulation was computed for a single molten solder droplet im pacting a cold 
substrate and solidifying. The droplet spreads, and recoils repeatedly as i t  solidifies. 
This process leaves ripples on the final solidified solder bump. The modified version of 
R IPPLE was able to capture this phenomenon, as can be seen in Figure 2.7. Results 
from the modified version of R IPPLE agree well w ith  experimental results obtained 
by Waldvogel and Poulikakos [8 ].

£ =  0 £ =  19 ns t  =  44 us £ — 64 us

Figure 2.7: Simulation of a 50 /m i solder droplet solid ifying under conditions typ ica l 
for solder je ttin g  applications [8 ].

t  =  79 fis t  =  94 fis £ =  109 fis t  =  199 fis
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2.2 .5  H igh -in ertia  D roplet Im pact

Aziz et al. [26] have experimentally studied molten tin  droplets im pacting and so­
lid ify ing  on a stainless steel surface. Photographs were taken for 2.7mm tin  droplet 
im pacting at velocities between 1 and 4m/s, and substrate temperatures ranging from 
298 to 513K. A  simulation was run for the case of a 2.7mm tin  droplet w ith  a ve­
loc ity  o f 2m/s, and a substrate temperature of 298K. The results from the modified 
version o f R IP PLE  were compared w ith  the experimental results obtained by Aziz 
et al. (Figure 2.8). The simulation shows excellent agreement w ith  the experimental 
results, even capturing the recoil of liqu id  from the edge of the droplet back over the 
solidified portion in the center.

Property Value
Density 7000 kg /m 3

Surface Tension 0.544 N /m
Kinem atic Viscosity 2.6 x 10~ 7 m2/s
Latent Heat 5.9 x 104 J /kg
L iqu id  Conductiv ity 30 W /m  — K
Solid C onductiv ity 6 6 .6  W /m  — K
Liqu id  Specific Heat 242 J /kg  — K
Solid Specific Heat 227 J /kg  — K

Table 2.2: Physical properties of a tin  droplet.

t  =  0.4 ms t  =  0.8 ms t =  2.4 ms t  =  6.0 ms

Figure 2 .8 : Spreading and solidification of a 2.7 mm tin  droplet impacting a cold 
substrate at 2.0 m /s, Aziz et al. [26].
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2.2.6 D iscussion

An enthalpy-based thermal-energy solver has been implemented into an existing 
Navier-Stokes solver for incompressible free-surface flows (R IPPLE). Several test cases 
were successfully run including: steady-state conduction, one-dimensional solidifica­
tion, finite-gap stagnation flow, and droplet impact cases in very different spreading 
regimes. The results in each case showed very good agreement w ith  the corresponding 
analytical solution, or experimental observations.

The spreading dynamics seen in the high-inertia droplet im pact case (Figure 2.8 
are very different than those observed in  the low-inertia droplet impact case(Figure 
2.7). In  the high-inertia case (Re =  2045, We =  139) droplet inertia  plays a dom inant 
role, resulting in a th in  solidified splat, while in the low -inertia case (Re =  156, We =  
1.2) surface tension dominates the spreading process. The results from both cases 
where in  very good agreement, indicating a wide range of va lid ity  for the modified 
version of R IPPLE.

However, there are many phenomena, which influence droplet spreading and so­
lid ifica tion tha t have not been included in the current analysis. Droplet impacts 
often involve three-dimensional phenomena, which can not be modeled w ith  the two- 
dimensional code presented above. These phenomena include: angled droplet im ­
pacts, splashing, and impact on a non-uniform surface. There are also aspects of 
solidification, which have not been considered; droplets often undergo significant un­
dercooling, due to high cooling rates. Furthermore, R IP PLE  uses a very basic contact 
line model, which does not account for the dynamic aspects of contact line motion.
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C H A P T E R  3

M O D E L IN G  OF D R O P L E T  IM P A C T S

Spray deposition is an efficient method to produce net and near-net shape prod­
ucts. However, spray deposition is not a mature technology. A  m ajor issue in the 
development of spray deposition processes is the development o f adequate process 
control. This requires a thorough understanding of the various physical mechanisms 
involved, as well as the ir relative importance w ith  respect to  the characteristics of 
the final product. Simple analytical models, while generally less accurate than nu­
merical simulation, typ ica lly  provide physical insight more readily than numerical 
simulation. Furthermore, i f  the eventual goal is the development of a process control 
strategy, analytical models are necessary for the ir com putational efficiency. During 
spray deposition processes, the final m aterial quality depends significantly on the 
spreading and solidification of ind iv idual droplets im pinging on a target substrate. 
Consequently, significant attention has been given to the development of analytical 
models for droplet spreading and solidification.

Madejski [16] presented an integral approach to the droplet impact problem. He 
derived an expression for the splat deformation, using a global mechanical energy bal­
ance, and assuming a cylindrical splat shape and axisymmetric velocity field, which 
satisfied the continu ity condition, and the no-slip condition at the solid front. The 
Neumann solution to the Stefan solidification problem was used to evaluate solid 
growth. That model has since been improved; M arkworth and Saunders [18] pro­
posed an improved velocity field, which satisfied the no-shear condition at the free 
surface, as well as the continu ity equation. Delplanque and Rangel [19] incorporated 
the improved velocity field and presented an accurate derivation of the viscous dissi­

pation term, and Zhang [10] included the influence of contact adhesion. Many other 
droplet impact models have also been presented in the literature; however, relatively 

lit t le  attention has been given to the influence of the impact angle, therm al contact 
resistance or rapid solidification.
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The models discussed above are concerned w ith  a droplet im pinging norm ally to 
the target substrate; however, droplet impacts are seldom normal to  the target sub­
strate in actual spray processes. Off-normal impacts may occur because of dispersion 
in the spay cone, or due to a moving substrate. Furthermore, There is experimen­
ta l evidence tha t the impact angle may affect porosity d is tr ibu tion  in the resulting 
material; Annavarapu et al [29] observed an increasing porosity in spray deposited 
materials away from the spray centerline, and at increasing substrate velocities (F ig­
ure 3.1).

CD|
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0
0.5 0.6 0.7 0.8 0.9

Substrate Surface Velocity (m/s)

Figure 3.1: Porosity d is tribu tion  in spray deposited material [29].

The analysis described herein expands upon the improved integral model proposed 
by Delplanque and Rangel [19] to include the effects of an off-normal impact. A  three 
dimensional velocity field is adopted, which satisfies the no-shear condition at the 
free surface and the continuity equation. Furthermore, a non-axisymmetric shape is 
chosen for the resulting splat and a mechanical energy balance is used to descibe splat 
deformation.

The Neumann solution to the Stefan solidification problem assumes perfect contact 
between the droplet and substrate; however, a therm al contact resistance w ill typ ica lly  
exist between the splat and substrate. Furthermore, Wang and M atthys [30] found 
tha t thermal contact resistance may play a dominant ro ll in droplet spreading and
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solidification. This contact resistance is the result of gas entrapment tha t lim its  the 
actual area of contact, and is influenced by the substrate roughness and the substrate 

material. Wang and M atthys [21] studied the thermal contact resistance by fitt in g  
experimental data to  a solidification model to determine the coefficient of heat transfer 
between the droplet and substrate. The present study uses a linear approximation 
to the solid thickness as a function of tim e to evaluate the effects of therm al contact 
resistance on droplet spreading and solidification.

Due to  the high solidification rates present in spray deposition processes, solid ifi­
cation may be kinetica lly driven. Wang and M atthys presented a numerical technique 
for rapid solidification using a control-volume integral approach, w ith  applications to 
splat cooling, bu t did not include the ir model in the analysis of droplet spreading 
dynamics. Chung and Rangel [25] have presented an orig inal approach to the rapid 
solidification of a droplet, incorporating a numerical approximation to  the thermal 
energy equation to evaluate the solid fraction in  the model presented by Delplanque 
and Rangel [19]. The present study develops a simplified method for evaluating the 
solid growth in a spreading droplet, which is consistent w ith  the level of accuracy 
o f the splat deformation model and includes the effects of droplet undercooling. A  
global therm al energy balance and a linear law for the kinetic solid growth rate are 
used.

The analysis of an integral energy-conservation model for off-normal droplet im ­
pacts, and methods for determ ining the splat solid fraction are presented, w ith  or 
w ithou t the influence of thermal contact resistance and undercooling. The analysis 
is followed by a study of the influence of the droplet impact angle and a comparison 
of solidification models.

3.1 A n alysis

The configuration of interest for this study is tha t o f a liqu id  droplet (diameter D)  im ­
pinging on a fla t solid substrate at an angle, 7 , measured from the substrate normal, 
w ith  a velocity, w (Figure 3.2). A fte r impact, the droplet spreads and may solidify. 
An integral approach, based on a mechanical energy balance, is used to  model this 
scenario. Consequently, a velocity field and splat shape are prescribed in a manner
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allowing for an accurate representation o f an angled impact. Furthermore, so lid ifi­
cation is modeled w ith  or w ithout the influences of therm al contact resistance and 
undercooling.

y(t,R,0)
b,

Figure 3.2: Problem schematic.

3.1.1 M echanical E nergy

A  mechanical energy balance is used to describe the behavior o f the deforming splat 
after impact [16]. The mechanical energy balance is given by

—  (Ei- Ep +  Ed) =  0, (3.1)

where E^ is the kinetic energy, Ed is the mechanical energy lost through viscous 
dissipation, and Ep is the potential energy associated w ith  surface tension. Delplanque 

and Rangel’s [19] derivations of the kinetic, potential, and dissipative terms of the 
energy balance are expanded here to accommodate the three-dimensional velocity 
field and the non-axisymmetric shape of the splat.

The to ta l kinetic energy is found by integrating over the volume o f the splat. I f  
x, r  and 9 are the axial, radial and circumferential coordinates, respectively, and pi

25



is the liqu id  density, the kinetic energy is defined

dxdrdO (3.2)

where <jjx , cor , and ujg are the axial, radial and circumferential velocity components, 
respectively. The liqu id  thickness, b, is a function of time, and the splat radius, R : is 
a function of tim e and the circumferential coordinate (see §3 .1 .3 ).

The potentia l energy associated w ith  surface tension is found to be proportional 
to the sum of the vertical and horizontal surface areas [19]. The potentia l energy 
associated w ith  the splat-substrate interface is neglected in the present study. Con­
sequently, the potentia l energy term can be expressed as

where a denotes the surface energy between the liqu id  and gas, the first integral in 
the Equation 3.3 is the horizontal portion of the surface area, and the second integral 
is the vertical portion.

In  general terms, the rate of viscous dissipation is

where f i is the viscosity and f  is the viscous stress tensor. For the three-dimensional 
velocity field used in the present model, $  may be expressed in  terms of the velocity 
components:

Ep — o rd rdO+ b

dxdrdO, (3.4)

$  =  2

+
(3.5)

26



3.1.2 T hree-d im ensional V elocity  F ield

The mechanical energy balance presented above (Equation 3.1) can be solved using 
an integral method. This requires tha t the velocity field inside the splat be pre­
scribed. Adequate representation of an off-normal droplet im pact requires a three- 
dimensional velocity field; furthermore, the velocity field chosen for droplet im pact 
problems should satisfy the no-shear condition at the free surface, the no-slip condi­
tion  at the solid-liquid interface and the continuity equation. In  addition to the above 
criteria, the velocity field chosen should be physically relevant to  the droplet im pact 
problem.

The velocity field used in the present study is the result o f weighted superposition 
of the two-dimensional velocity field proposed by M arkw orth  and Saunders [18], which 
accounts for the normal component of the droplet impact velocity, and a velocity 
field parallel to  the target substrate,which accounts for the parallel component of the 
droplet impact velocity. The weighting of. the two velocity fields is expressed in terms 
of the impact angle:

where C'  is a time-dependent quantity and the coefficients, a  and /?, are the cosine 
and sine of the impact angle, respectively. For a normal im pact ( 7  =  0 ), the present 
velocity field reduces to the two-dimensional velocity field proposed by M arkw orth 
and Saunders [18].

3.1.3 Splat M orphology

The deforming splat is assumed to have a uniform  liqu id  thickness, b, which varies 
w ith  time, and a limaçon perimeter. A  limaçon is a curve given by the equation 
r  =  A-\- B  cos 0, where A  and B  are constants. The limaçon was chosen to describe 
the shape of the spreading droplet because i t  is a simple, non-axisymmetric shape, 
which requires only one additional parameter (the impact angle) and resembles the

(3.6)

(3.7)

(3.8)
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Figure 3.3: Cross sectional and top views of the imposed velocity field w ith  a 20° 
impact angle.

shape o f experimentally observed splats resulting from an off-normal droplet impact 
[12]. Consequently, the perimeter o f the spreading droplet is expressed as

where / '  is a time-dependent quantity.

The geometry o f the area enclosed by the limaçon remains convex up to  an impact 
angle roughly equal to 26°. A  concave geometry is an unphysical result, which w ill 
define an upper bound for the impact angle tha t can be evaluated using the present 
model. The limaçon used in the present model reduces to a circle in  the case of a 
normal impact, regaining the disc-shaped splat used in Madejski’s orig inal model [16].

The size of the splat can be expressed in terms of an effective radius, jReff; the 
radius o f a circle tha t would encompass the same area as the limaçon used in the 
present study. The effective radius is introduced to enable the evaluation of the splat 
deformation in terms of a single dependent variable, and to be consistent w ith  existing

(3.9)
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Y = 0 0<y<tan-|(l/2 ) tan"1 (1/2) <y

Figure 3.4: Limaçon w ith  circular convex and concave geometries.

lite ra ture on droplet impacts. The effective radius is defined

i ^ y /2

2 d-

The time-dependent uniform  liqu id thickness of the splat is determined through 
conservation of mass:

where Vs is the volume of the solid. The volume of the solid is determined through 
equilibrium  or non-equilibrium solidification models.

3.1 .4  M odel Form ulation

The time-dependent quantity, C r, may be evaluated as a function of the expansion 
rate, d R ^ /d t ' :

C ' =  2b2Reti d V '  (3 ' 12)

Using Equation 3.12, and the velocity field and a splat shape chosen, Equation 3.2, 
Equation 3.3, and Equation 3.4 may be expressed in terms of the effective radius.

29



Consequently, a dimensionless form of the mechanical energy equation is obtained:

d
dt ( “ lÇ2 + y ^ 2) + w ê + a2^ +  | Â ( a3 +  a4^ )  ' ° ’ (313 )

where the dimensionless variables are f  =  R ^ / R q, 4* — b/Ro, t =  u t ' /Ro,  and e is 
the ra tio  of the in it ia l effective radius, R 0, to  the in -fligh t droplet diameter, D. The 
coefficients, a*, are impact-angle-dependent and are given in  Table 3.1. Furthermore, 
through mass conservation (Equation 3.11), the dimensionless liqu id  thickness may 
be expressed in terms of the dimensionless effective radius and the solid fraction:

<t> = (1  ~  fs) (3.14)

Coefficient Normal impact Off-normal impact

a>2

<33

«4

3
2

72
~5~

Sa6 +  64a4/32 +  51a2/34 
2a (2a2 +

8 a2 (a  +  j3) 
7ra (2a2 +  /32)'

E
Aa(3

1 +  2 a/?

3 (16a6 +  152a4/?2 +  138a2̂ 4 +  9/?6) 
8 a 2 (2a2 T /32)2

288a4 +  204a2̂ 2 4- 39^4
10a2 (2a2 +  /92)

Table 3.1: Im pact angle dependent coefficients.

The in it ia l dimensionless effective radius, and the dimensionless liqu id  thickness 

values follow:

6 e3
(3.15)

The in it ia l expansion rate is found by equating the in itia l k inetic energy of the splat
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to tha t of the in-flight droplet just prior to impact:

m
\ “ 1 +  ¥  ( !  + i S )  3 6 ^

(3.16)

The ra tio  of the in it ia l effective radius to the in -fligh t droplet diameter, e, is 
typ ica lly  determined by equating the potential energy of the droplet prio r to  impact 
to tha t of the splat after impact. That relationship is expressed by a th ird  order 
polynomial:

€ +  Stt

2 [ 2 ( 1 +  2a0) \  1/2 
a2 +  1 )

E
Aa/3

1 +  2a(3
(3.17)

where E  [m] is a complete e llip tic  integral of the second kind,

' T r /2  /  o x 1 / 2
E [m ]  =  j  m sin 9) (3.18)

Equation 3.17 yields two positive roots for the relevant range of im pact angles. 
The smaller of the two roots produces an in it ia l splat height greater than the diameter 
o f the in-flight droplet, which is unphysical, and only the larger root w ill be used.

To evaluate the effective radius as a function of time, Equation 3.13 is firs t sep­
arated into a system of first-order ordinary differential equations. That system of 
equations is then approximated using a fourth-order Runge-Kutta method (see A p­
pendix A) and the in it ia l conditions provided above.

3.1 .5  Solid ification  M odel

In  order to evaluate the liqu id  thickness, solid growth must be determined. Madejski’s 
orig inal model used the Neumann solution to the Stefan solidification problem [16], 
which describes one-dimensional equilibrium  solidification in a sem i-infinite quiescent 
medium w ith  perfect thermal contact at the interface. This method was adopted 
by Delplanque and Rangel [19] and w ill be used here as a baseline for equilibrium  
solidification w ith  no thermal contact resistance.

Solidification is assumed to begin as soon as the droplet contacts the substrate 
and the location of the solid front is evaluated using the one-dimensional Stefan
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approximation:
y (t1) =  2A (ref')1/2 , (3.19)

where À is a function of the Stefan number (see Appendix B), /c is the thermal
d iffus iv ity  and t '  is the tim e elapsed since the in itia tio n  of solidification at a given
point (r,0). The solid volume at tim e t f is evaluated by integrating the thickness of 
the solid over the area of the splat:

Vs =  7rR0y (t') +  27T f  y (t* — s') ReS (s') R ef[ (s’) ds' . (3.20)
vo

Finally, the solid fraction may be evaluated using Equation (3.19), Equation 3.20, 

and mass conservation:

f s =  e5/ 2K e | t1/2 +  2 [  Ç(s)£ (s) (t -  s)1/2 ds
Jo

(3.21)

where K e (=  12(p/p;)(APe1/'2) is the equilibrium  solidification parameter.

Experiments have shown tha t a significant thermal contact resistance exists at 
the substrate-splat interface, and heat transfer w ill likely be interface-lim ited [30]. 
For solidification w ith  interface-lim ited heat transfer, and no superheat in the droplet 
p rio r to impact, the thickness of the solid layer can be express by a linear relationship 
to tim e (see Appendix C),

y (<') =  To)t' (3.22)Jyp

where h is the heat transfer coefficient between the splat and the substrate, and L  is 
the latent heat o f fusion. From Equation 3.22, Equation 3.20, and mass conservation, 
an expression may be determined for the solid fraction of a splat w ith  interface-lim ited 
heat transfer:

f s =  e3K h t +  2 [  (t -  s )Ç (s )£ (s )  ds , (3.23)
vo J

where (=  6(p/pi)Ste St) is a solidification parameter.

One of the benefits of the spray deposition process is the refined m icrostructure
resulting from rapid solidification. Hence, the effects o f rapid solidification must
be included. However, i f  the cooling rate is large enough tha t solidification w ill be
kinetica lly driven, an exp lic it solution for the solid thickness as a function of tim e may
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not be found, and a different approach must be taken. A  lumped parameter method is 
used for the therm al energy conservation in the splat. This approach is valid though 
much of the solidification process but may loose some accuracy during recalescence, 
because of the high solidification rate. This effect w ill cause an underestimate of 
the solid-liquid interface temperature and result in a higher solidification rate during 
recalescence. However, the accuracy of th is assumption is consistent w ith  the accuracy 
of the current model.

The temperature of the splat is evaluated w ith  a global therm al energy balance. 
I f  m  is the mass of the splat, c is the specific heat, ps is the solid density and L  is the 
latent heat of fusion, the thermal energy balance is given by

mC~dt' =  —^  ~  ^  (3.24)

where T  is the splat temperature, and Ts is the substrate temperature. For the themal 
energy balance above, the free surface is assumed to be adiabatic. Furthermore, The 
rate of change of the solid volume, dVs/ d t ' , is evaluated using a linear approxim ation 
to the kinetic solid growth rate, which is valid for small undercooling [24]:

=  Pk(Tm — T),  (3.25)

where is a kinetic parameter relating the velocity of the solid-liquid interface to  the 
degree of undercooling, and Tm is the splat equilibrium  m elting temperature. The 
solid is assumed to grow axia lly at a velocity tha t is uniform  over the area of the 
splat. Consequently, an expression for the rate of change o f the solid volume may be 
determined from the velocity of the solid-liquid interface:

=  n R ÎBlj,k (T  -  Tm) , (3.26)

Equation 3.24 and Equation 3.26 may be evaluated in dimensionless terms to give

dt 1 +  / s (rc — 1)
( 1 - 0 ) -  S t0  , (3.27)
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and

=  6e3Ç2K ne (1 -  ©) , (3.28)

where © (=  (T  — T0) /  (Tm — T0)) is the dimensionless splat temperature, r c is the ra­
tio  of the solid specific heat to the liqu id specific heat and K ne (=  (p /p i ) i ik(Tm — Ts) / uj) 
is a non-equilibrium  solidification parameter. Ste (=  Q(Tm — Ts) / L )  is the Stefan 

number and St (=  h/(piciuj) is the Stanton number.

Due to  the high cooling rates involved in the spray deposition process, appreciable 
undercooling may be achieved. Consequently, the splat w ill experience liqu id  cooling 
un til the nucléation temperature is reached. The nucléation temperature depends 
on the cooling rate, the droplet size and the nucléation rate. This dependence is 
expressed through H ir th ’s equation [31]:

0 .0 1 /( ,0 7 0 )  A 7 i _  ,  (3 29|

dt'

where I  is the nucléation rate and A T 0(=  Tm — TN) is the undercooling. The hetero­
geneous nucléation rate is [32]

r  , rI  =  — N  exp
n

^  ^  ^  -ÿ,(Ac)
3

(3.30)

where n  is the number of molecules in the liqu id  per un it volume, nzs is the number of 
liquid-substrate surface atoms in the liqu id per un it volume, crci is the crystal liqu id 
surface energy, kB is the Boltzmann constant and N  (% 1033m _3s_1) [32] depends on 
the critica l nucleus size and surface energy. The function,

”0 (^c) =  ~ (2 +  cos Ac) (1 — cos Ac) , (3.31)

where Ac is the substrate-crystal-liquid contact angle measured through the crystal, 
approaches zero as the contact angle goes to  zero. Consequently, the barrier to 
nucléation w ill vanish as this contact angle approaches zero, and no undercooling w ill 
occur. The heterogeneous nucléation rate depends heavily on the exponential term; 
hence, the pre-exponential term  may vary by several orders of magnitude w ith  lit t le
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effect. H ir th ’s.equation may be expressed in dimensionless form  as

6 e4 dQ
On  = + 1, (3.32)

where 0 ^  is the dimensionless nucléation temperature, and the dimensionless nuclé­
ation rate, 9 , is given by

S =  6e3Ç2ôrj exp
167T rx (1  +  A ):
-——K n (i - e r  (e + a) i> (Ac) (3.33)

where 6 is the ra tio  of the atomic diameter to the in -fligh t droplet diameter, the co­
efficient K n (=  afJlfPLPkBiTm — Ts)) is a nucléation parameter, A =  Ts/  [Tm — Ts], 
and r] — N R qüü.

3.2 R esu lts and D iscussion

Three physical mechanisms influence droplet spreading: viscous dissipation, trans­
fer of kinetic energy to potential energy and solidification. A  parametric study was 
conducted to study the influence of the impact angle by varying the dimensionless pa­
rameters tha t characterize each of these mechanisms (Weber number, Reynolds num­
ber or the solidification parameter) while holding the other two parameters constant. 
For this investigation the Neumann solidification model is used (Equation 3.21). The 
Reynolds number was varied from 400 to 400, 000, the Weber number from  5 to  500 
and the solidification parameter from 0.02 to 5.0. These values correspond to possible 
applications of this model, such as thermal spraying and splat quenching [19]. Even 
though the upper values of the Reynolds number a large, the flow in these cases w ill 
remain laminar, because the splat liqu id  thickness is the relevent dimension for the 
flow turbulence, not the droplet diameter. The spreading and solidification process 
is evaluated for each case for impact angles ranging from 0 to 20°. The emphasis of 
th is discussion is on the effect of non-zero impact angles on predicted droplet behav­
ior. Therefore, this influence is assessed over the relevant range for each pertinent 

dimensionless parameter (Re,We, K e).

Thermal contact resistance and rapid solidification play a significant role in droplet
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solidification, and consequently in droplet spreading dynamics. The influences of 
thermal contact resistance and rapid solidification are evaluated for the spreading and 
solidification of alum inum droplets impacting norm ally to the target substrate. Ther­
mal contact resistance is evaluated w ith  the linear approximation for the solid front 
position (Equation 3.23), and undercooling is evaluated using the lumped parameter 
model (Equation 3.27 and Euaqtion 3.28). To evaluate the influence of thermal con­
tact resistance, the Stanton number is varied between 1.65 x 10- 3  to  1.65 x 10-1 . The 
influence of rapid solidification is investigated by varying the degree of undercooling 
w ith  the substrate-crystal-contact angle. The contact angle is varied between 0 and 

90°.

3.2.1 Influence o f D rop let Im pact A ngle

First, the influence o f impact angle on the spreading droplet was investigated for the 
reference case (Re =  400, We =  500, K  =  0.02). In  this case, viscous dissipation is 
found to be the dominant phenomenon in controlling droplet spreading. The dissi­
pated energy is an order o f magnitude greater than the change in potentia l energy 
over the range of relevant impact angles.

The results in Figure 3.5 are evaluated using the in-flight droplet radius, as 
the reference length rather than the in it ia l effective radius, R 0. Rd was chosen as the 
reference length, rather than R q, as is typical in literature, because R q is a function 
of the im pact angle i f  potentia l energy is to be conserved. W hile  the variation in R q 
is negligible, Rd provides a more consistent reference length.

I t  was found tha t the final effective radius, the average expansion rate and the 
final solid fraction all decrease as the impact angle increases (Figure 3.5). The final 
effective radius for an impact angle of 2 0 ° was roughly 8 % lower than tha t of a normal 
impact and the final solid fraction o f the splat was about 3% lower. This corresponds 
to a final splat liqu id  thickness tha t is about 16% greater. These results indicate, for 
the reference case, tha t higher impact angles produce less efficient droplet spread and 
solidification, w ith  regard to  splat coverage.

These results can be interpreted from an energetic po int o f view. I t  was found 
tha t increasing the im pact angle causes the to ta l energy dissipated at a given effective 
radius to increase w ith  very lit t le  change in the potential energy (Figure 3.6). As the
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effective radius to increases, the difference in dissipated energy is more significant 
indicating a consistently higher rate of viscous dissipation w ith  respect to the splat 
radius. As the impact angle is increased, a larger po rtion  of the kinetic energy in 
the slat contributes to displacement (the droplet center of mass is moving during 
spreading after an angled impact) rather than expansion alone. This results in a 
greater degree of dissipation for a given value of the effective splat radius. The 
dominant role of viscous dissipation in the reference case and the increase in  viscous 
dissipation at higher impact angles result in a significant decrease in impact efficiency 
at higher impact angles.
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Figure 3.5: Splat dimensions for Re=400, We=500 and K=0.02 for im pact angles 
ranging from  0  to 2 0 °.
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Figure 3.6: Comparison of energy of a Re=400, We=500 and K = 0 .0 2  impact:
a)dissipated and b) potential, for impacts of, 0  and 2 0 °.

As the Reynolds number is increased the role of viscous dissipation on the splat 
spreading and solidification process diminishes. The to ta l amount o f energy dissi­
pated, for a normal impact, w ith  a Reynolds number of 400, 000, Weber number of 
500 and solidification parameter of 0.02, was found to be roughly twice the increase 
in potential energy. This is to be compared w ith  dissipation energy being an order of 
magnitude greater than the change in potential energy for the reference case.

Again the final splat effective radius was found to decrease for higher im pact 
angles. The splat completely solidified for all im pact angles, a result o f very th in  
splats formed w ith  a Reynolds number o f 400, 000. The final splat effective radius 
was found to  decrease by roughly 6 % for an impact angle o f 2 0 ° as compared to  a 
normal impact.

The decrease in the effective radius of the final splat as the im pact angle is in­

creased is relatively less pronounced than tha t of the reference case. This trend is 
observed for Reynolds numbers ranging from 400 to 400, 000 (Figure 3.7). The results 
in Figure 3.7 are normalized by the final effective radius at a normal im pact for the 
specified Reynolds numbers. As in  the reference case, for increasing impact angles the 
amount of energy dissipated increased for a given effective radius. However, for higher
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Reynolds numbers the influence of viscous dissipation is diminished, accounting for 
the decrease in the relative effects of higher impact angles.
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Figure 3.7: Relative variation of final splat effective radius as a function of impact 
angle for We=500, K=0.02 for various Reynolds numbers, normalized by the final 
effective radius for a normal im pact under the same conditions.

A t lower Weber numbers the influence of surface tension becomes more prominent, 
increasing the transfer of kinetic energy to potentia l energy during splat deformation 
and solidification. The increase in potential energy for a normal impact, w ith  a 
Weber number o f 20, Reynolds number of 400 and solidification parameter of 0.02, is 
an about three times greater than energy lost through viscous dissipation. The final 
splat effective radius was found to decrease for this case at higher im pact angles. The 
final splat effective radius decreased by roughly 3% for an im pact angle of 20° while, 
the final tim e increased as in the reference case.

A  reduction of the relative effect of the impact angle is seen for Weber numbers 
ranging from 5 to 500 as the Weber number decreases (Figure 3.8). The results 
in Figure 3.8 are normalized by the final effective radius at a normal impact for 
the specified Weber numbers. The reduction of the relative effect o f the impact 
angle is a ttribu ted  to  a increase in the potential energy at lower Weber numbers and 
consequently a decrease in  the role of viscous dissipation.
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Figure 3.8: Relative variation of final splat effective radius as a function of impact an­
gle for Re=400, K=0.02 for various Weber numbers, normalized by the final effective 
radius for a normal impact under the same conditions.

A  high value o f the solidification parameter increases the rate o f solidification and 
can results in a smaller final splat radius. As the solid ification parameter is increased, 
the role of viscous dissipation becomes even more prom inent than in  the reference case 
because faster solidification results in a relatively th inner liqu id  layer at a given stage 
of the spreading history, which increases the velocity gradient in  the flu id  layer, and 
thus the shear stress. The energy dissipated in a normal im pact was found to  be 
17 times greater than the change in potential energy for a Reynolds number o f 400, 
Weber number of 500 and solidification parameter o f 0.5, while the dissipated energy 
was 14 times greater for the reference case.

As in the reference case, the high Reynolds number case, and the low Weber 
number case the final effective splat radius was found to  decrease as the impact 
angle increased. The relative effect of increasing the im pact angle diminished as the 
solidification parameter increased. This trend is observed for solidification parameters 
ranging from 0.02 to 5.0 (Figure 3.9). The results in Figure 3.9 are normalized by the 
final effective radius at a normal impact for the specified solidification parameters. 
The decrease in the relative effect of the impact angle would seem to contradict earlier
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trends, a ttribu ted  to the increasing significance of viscous dissipation for higher value 
of K. Here, the dissipated energy, for a given effective radius, is s till greater for higher 

im pact angles and i t  has been stated tha t th is difference increases w ith  the effective 
radius. However, higher solidification parameters result in smaller splats and a lower 
difference in the to ta l amount of energy dissipated at the final splat effective radius.
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Figure 3.9: Relative variation of final splat effective readius as a function of impact 
angle for Re=400, We=500, and various values of K ,  normalized by the final effective 
radius for a normal impact under the same conditions.

3.2 .2  Influence o f T herm al C ontact R esistan ce

Thermal contact resistance is neglected when the Neumann solution to the Stefan 
solidification problem is used. However, in actual processes the contact between the 
splat and substrate w ill be less than perfect, due to gas and vapor trapped between the 
splat and substrate. The quality o f the contact between the splat and the substrate 
w ill be particu la rly  influenced by the roughness of the substrate and the w e ttab ility  
of the substrate w ith  respect to the splat material.

Cases were run for an alum inum droplet impacting norm ally on a cold substrate 
w ith  no in it ia l superheat. The heat transfer coefficient between the substrate and the 
splat was varied between 104 and 106 W m _2K _1 [21] and compared to a case w ith
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perfect thermal contact. Each case was run w ith  Re =  2860, We =  83.6, Ste =  1.44, 
and St was varied from 1.65 x 10- 3  to  1.65 x 10“  1. Solidification was model using 
Equation 3.23 for the cases w ith  therm al contact resistance and Equation 3.21 for the 
case w ith  perfect contact.

The results indicate tha t the solidification rate is significantly influenced by the 
heat transfer coefficient between the substrate and splat (Figure 3.10). Wang and 
M atthys [21] found tha t the heat transfer coefficient may vary significantly; hence the 
heat transfer coefficient was varied by two orders of magnitude. Furthermore, i t  is 
seen tha t the higher rate of solidification plays a significant ro ll in splat deformation 
(Figure 3.10). Higher solidification rates increase the rate of viscous dissipation, 
hindering the growth of the splat. W hile, the thermal contact resistance is not a well- 
known quantity i t  is seen to  play a significant ro ll in the spray deposition process. 
Furthermore, while the Neumann solution to the Stefan solidification problem has 
been used in  several droplet impact studies, i t  should be viewed only as a lim itin g  
case for solidification.

3.5

2.5
 h=10sW/m2-K

1.5 Perfect Contact

2.5 30.5 1 1.5 20

 h=10sW/m2-K
 h=106W/m2-K

 h=107W/m2-K
0.8

0.6 Perfect Contactf
S

0.4

0.2

2.5 30 0.5 1 1.5 2
time (nd) time (nd)

Figure 3.10: Comparison of spreading and solidification of an aluminum droplet w ith  
various heat transfer coefficients.

3.2.3 Influence o f U ndercooling

Due to the high cooling rates involved in the spray deposition process, i t  is likely 
tha t significant undercooling may occur in the splat [21]. The nucléation barrier tha t
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results in undercooling is reduced by heterogeneous nucléation at the substrate. The 
nucléation barrier is influenced by the substrate-crystal-liquid contact angle [32]. As 

the contact angle approaches zero, the barrier to nucléation vanishes and no under­
cooling w ill occur.

Three cases were run w ith  the substrate-crystal-liquid contact angle varied be­
tween 0 and 90°. The results were run w ith  the same parameters as were used in the 
study o f therm al contact resistance but including the influence of undercooling. The 
additional parameters K n =  40 and =  0.792 were used for the solidification rate 
and nucléation.

The results indicate tha t, as the contact angle increases, there is an increase in 
the degree of undercooling, resulting in a delay o f recalescence, and tha t no under 
cooling w ill occur for complete wetting of the substrate by the crystal (Firgure 3.11), 
as was expected, i t  is shown tha t increasing the degree o f undercooling in  the splat 
w ill increase the size of the final solidified splat. Undercooling increases the maximum 
coverage of the solidified splat by delaying the solidification time, and the resulting 
increase in  viscous dissipation.
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Figure 3.11: Comparison of spreading and solidification of an alum inum droplet w ith  
various levels of undercooling.
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3.2 .4  D iscussion

Aziz et al. [26], obtained experimental results of molten t in  droplets im pinging on a 
stainless steel substrate. Ind iv idua l droplets were generated and allowed to fa ll under 
the effects of gravity. A single photograph was taken of each droplet. The spreading 
history of the droplet was then reconstructed from several impacts.

Results from the analytical model, and the modified version of R IPPLE  are com­

pared to experimental results obtained by Aziz et al. [26], for a 2.7mm tin  droplet 
impacting a cold substrate at 2.0m/s (Figure 3.12). I t  is seen tha t the. degree of 
spreading predicted by the numerical model more closely resembles tha t o f the ex­
perimental results. The analytical model over predicted the maximum spread of the 
droplet by roughly 45%, which is consistent w ith  other analytical models [15].
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Figure 3.12: Comparison of analytical and numerical results w ith  experimental data 
[26] for the spreading and solidification of a tin  droplet impacting a cold substrate.

I t  has been discussed tha t a major source of error in the analytical model resides 
in the in itia l conditions. The in it ia l expansion rate is found by equating the in itia l 
kinetic energy to tha t of the droplet just prior to impact. However, the in it ia l shape 
and velocity field imposed on the droplet are more representative o f a droplet tha t has 
already experienced significant deformation, and consequently, a significant reduction
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in the kinetic energy of the droplet. I t  is proposed tha t rather than equating the in itia l 
kinetic energy to tha t of the droplet ju s t prio r to impact, the in it ia l k inetic energy 

should be set to  a fraction of the kinetic energy of the droplet jus t p rio r to impact.

The fraction of the in it ia l kinetic energy remaining when the splat reaches a radius 
equal to the in it ia l radius in the analytical model was calculated from the simulation 
results, and found to be 38%. The results from the analytical model were then 
recalculated using a corrected in itia l kinetic energy. This correction was found to sig­
n ificantly improve the agreement between the analytical model and the experimental 

results (Figure 3.13). However, the analytical model must be self-contained, and con­
sequently, the correction to the in it ia l conditions must eventually be related to the 
model itself.
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Figure 3.13: Comparison of corrected analytical, and experimental data [26] for the 
spreading and solidification o f a tin  droplet im pacting a cold substrate.

W hile  the numerical procedure clearly yields more accurate results than the an­
a lytica l model, i t  is also very com putationally intensive, requiring more than three 
CPU hours on a 600 MHz Pentium I I I  processor to  evaluate a single droplet impact, 
as compared to  seconds for the analytical model. Also, the analytical model more 
readily offers insight in to the physical mechanisms influencing droplet spreading and
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1 I i I 1 I
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solidification. However, the numerical model has been shown above to be a valu­
able method for the evaluation and improvement of the analytical model, due to the 

accuracy and detail obtained.
A  semi-analytical model based on energy conservation was developed to investigate 

the effects of droplet impact angle on splat spreading and solidification. To this 
end, a three dimensional velocity field and non-axisymmetric shape were prescribed. 
The derivation of the mechanical energy balance by Delplanque and Rangel [19] was 
expanded to accommodate the three-dimensional flow field. The model predicts an 
increase in the mechanical energy lost to viscous dissipation for a given splat size 
at higher impact angles. The influence of impact angle on energy re -d istribution 
results in smaller solidified splats at higher impact angles. This reduction in final 
splat expansion is less significant as the influence o f viscous dissipation diminishes. 

Solidification models including the influence of thermal contact resistance and under 
cooling where incorporated. Increased therm al contact resistance was seen to  increase 
the final splat size by hindering solidification and higher levels o f undercooling resulted 
in an increased final splat size by delaying the increase in viscous dissipation associated 
w ith  solidification.
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C H A P T E R  4

C O N C L U D IN G  R E M A R K S

Spray ro lling is an efficient technique for the production of alum inum strip. The com­
mercial v ia b ility  of the spray ro lling process requires a thorough understanding of the 
various physical mechanisms involved. Furthermore, the spreading and solidification 
of ind iv idua l droplets has a significant influence on the final m aterial quality in the 
spray ro lling process. Hence, numerical, and analytical models have been developed 
to investigate spreading and solidification of a single droplet im pinging on a solid 
substrate.

The numerical procedure developed involved the implementation of an energy 
solver, based on an enthalpy form ulation of the thermal energy conservation equation, 
in an existing Navier-Stokes solver for incompressible free surface flows (R IPPLE). 
The modified version of R IP PLE  was compared to several test cases, and shown to 
have a wide range o f valid ity, w ith  respect to droplet impact problems.

The analytical model developed uses an integral method, based on a mechanical 
energy balance. A  three-dimensional velocity field and a non-axisymmetric shape 
are imposed to adequately model off-normal droplet impacts. Furthermore, three so­
lid ifica tion  models were presented including: equilibrium  solidification w ith  no ther­
mal contact resistance, equilibrium  solidification w ith  thermal contact resistance, and 
rapid solidification w ith  therm al contact resistance. The model predicts tha t at higher 
im pact angle, smaller solidified splat w ill be produced, and tha t thermal contact re­
sistance w ill significantly affect droplet solidification and spreading. Furthermore, i t  
was shown tha t undercooling w ill affect the size of the final solidified splat by delaying 
the increase in viscous dissipation associated w ith  solidification.

W hile the numerical and analytical models presented here are valuable tools for 
the evaluation of droplet impacts, there are aspects of droplet deposition in the spray- 
ro lling  process tha t can not be evaluated w ith  the models presented here. F irst, these 
models assume tha t the droplet is fu lly  liqu id  when it  first comes in contact w ith  the
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substrate; however, in the spray-rolling process, droplets w ill typ ica lly  have a signifi­
cant solid fraction prio r to impact. The in it ia l solid fraction may be included in the 
current analytical model by assuming the solid is located at the bottom  of the splat, 
but a more accurate approach would require analysis w ith  the visco-elastic stress- 
strain relationship. Furthermore, droplets may im pact previously deposited materia l 
tha t has not completely solidified, which the current models due not account for. Fur­
thermore, the influences of the impact angle, as studied w ith  the analytical model, can 
not be validated using the current axisymmetric numerical model. However, a three- 
dimensional code for free surface flow (TRUCHAS) is currently under development 
at Los Alamos National Laboratory, which may eventually be used to  validate the 

off-normal droplet impact model and study the influences of other three-dimensional 
aspects of droplet impact, such as splashing and im pact on irregular surfaces.
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A P P E N D IX  A

N U M E R IC A L  SO L U T IO N  OF IN T E G R O -D IF F E R E N T IA L
E Q U A T IO N

A fourth-order Runge-Kutta method is used to  solve the system of differential equa­
tions defined by the analytical droplet impact model (Chapter 3). F irst, the mechan­
ical energy balance is divided into a system of first-order differential equations. A
new variable is defined to  be equal to the expansion rate (77 =  f )  giving

i ( t )  =  F 1 (ri(t)) .  (A . l)

The rate o f change o f 77 can then be define by Equation 3.13 to give

v(t) =  F2 (5 (t) ,£ (< ),©  ( t ) , fs (t)) ■ (A.2)

The rate of change of the temperature in the droplet is defined by Equation 3.27 such 
tha t

0  (t) =  F3 (Ç (t) , 6 ( t ) ,  f .  ( t ) ) , (A.3)

and the rate of change of the solid fraction can be defined by Equation 3.28,

A ( t )  =  F4 K  ( t ) , 6 ( t ) ) .  (A.4)

The solution may be advanced in time using the equations below.

Ç (to +  <5t) — Ç (to) +  Ki , (A.5)

r/ (t0 +  St) =  r/ (to) +  A 2, (A.6)

0  (to +  St) — © (to) +  F 4, (A.7)

fs (to +  St) =  f s (to) +  K 4, (A.8)
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where
js _ Ki,i + + 2X^3 + Ki^

* — c6
The coefficients, Ki j ,  are given by the following equations:
K 1,1 =  ^ F 1 (ri(to))
K 2,i = f  f i  (f (t0) , 77 (t0) , 0  (t) , /, (t0))
*3,1 = |F 3(Ç (to) , 0  (to) , fs {to))

*4,1 = f*4  K (to) , © (to))
-^ 1,2 =  (v {to +  ^ 2 ,l))

-^2,2 — § -^ 2  ( f  (*0 +  ^ l , l )  ; ^  (*0 +  ̂ 2 , l )  , ©  (^0 +  ^ 3 , l )  i f s  ( t o  +  ^ 4 ,1  ) )

^ 3 ,2  — y ^ 3  ( (  (*0 +  ^ l , l )  , 0  (to  +  ̂ 3 , l )  ? / s  (to  +  ^ 4 , l ) )

^ 4,2 = y ^4 (C (to + Kl,l) , © (to +
^ i ,3 = (t/ (t0 + ̂ 2,2))
-̂ 2,3 = ^F 2 (f (to + -^1,2) 1 7/ (to + -^2,2) , © (to + ̂ 3,2) , /s (to + ^ 4,2))
^3,3 = y 3̂ (Ç (to + 2) , © (to + ^ 3,2)0 /s (to + ^4,2))
^4,3 = (( (to ffi ^ 1,2) , © (to + #3,2))
^ 1,4 — ^ F i  {v (to + ^ 2,3))
^ 2 ,4  =  ^ F 2 (Ç (to  +  ^ 1 ,3 ) , 77 (to  +  ^ 2 ,3 ) , ©  (to  +  ^ 3 ,3 ) , f s  ( to  +  ^ 4 ,3 ) )

^ 3 ,4  — y -^3 (C (to  T  -^ 1 ,3 ) , ©  (to  +  -^ 3 ,3 ) 5 f s  ( t o ) )

^4,4 — Y-̂ 4 (C (to + ^1,3) , © (to + ^3,3))

(A .9)
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A P P E N D IX  B

O N E -D IM E N SIO N A L  SO L ID IFIC A T IO N

Consider a semi-infinite medium, in it ia lly  in a liqu id state and at a uniform  tem­
perature, iioo, above the equilibrium  m elting temperature, um. The left boundary 
(x =  0) is suddenly brought to  a temperature u0 (=  0), below the equilibrium  melting 
temperature and solidification begins [17].

Conduction of therm al energy in the solid and the liqu id  is governed by the one­
dimensional heat equation:

d t - a i d x i ( }
where the subscript i  denotes either the solid phase, s, or the liqu id  phase L  A  
constant temperature is applied at the left boundary:

U\x=0 ~  0’ (B.2)

and the solid-liquid interface is assumed to be a the equilibrium  m elting temperature:

u\ (B.3)

where y (t) is the position of the solid front. A  heat balance is also applied a the 

solid-liquid interface:

du
k s d i x=y(t)

du
~ k l d i

=  L p
x=y(t)

d y (t)
dt

(B.4)

I t  can be shown tha t the error function is a solution to Equation B .l:

u, — A erf
x (B.5)

U£ =  B  +  Cerfc
x

.2 (a it) 1 /2 (B.6)
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Applying the equilibrium  solidification condition i t  is found tha t

y( t )Aerf
.2

(B.7)

This condition must be met for all time, and therefore, the position of the solid front 
must be proportional to the square root of time. The position of the solid front can 
therefore be expressed as

y ( t )  =  2X (ast ) 1/2 (B.8)

Knowing the form of the equation for the solid front position, the value of the coeffi­
cients may be determined:

A  =  S i  (R 9 )

B  =  Uoo (B.10)

C  = ----------“ °° ~  “ m . _  ( B . l l )
erf

Imposing the heat balance at the solid front, the constant, A, may be defined through 
a transcendental equation:

Ste, Ste;
eA erf [A] ex2as/aieTfc A (as/a c )1/2

=  TT^A (B.12)

where Stes and Ste^ are the solid and liqu id Stefan numbers, respectively:

q+   Cp,s'Uim   Cp,£ (^oo ^m)
”  ~ K Î T ’ b e* ~  Â H

(B.13)

For the special case when the material is in it ia lly  liqu id  at the equilibrium  m elting 
temperature

A e^e rf [A] =  Ste, (B.14)
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A P P E N D IX  C

O N E -D IM E N SIO N A L  SO L ID IFIC A T IO N  W IT H  C O N T A C T  
R E SIST A N C E

Consider a semi-infinite medium, in it ia lly  in  a liqu id  state and at the equilibrium  
m elting temperature, w ith  a convective heat transfer condition applied at the left 
boundary (x =  0). Conduction of therm al energy in the solid w ill be governed by the 
heat equation:

where T  is the temperature , and a  is the thermal d iffus iv ity  in the solid. A  convective 
heat transfer condition is applied at the left boundary:

k d ï
=  h ( T \x=0- T 0) ,  (C.2)

x=0

where k is the thermal conductiv ity in the solid and To is the substrate temperature. 
Furthermore, a heat balance is applied at the right boundary:

, dT
k d ï

=  (C.3)
x= S  a i

where A H  is the latent heat of fusion, p is the density of the solid and S is the solid 
front position. Solidification is assumed to be an equilibrium  process; consequently the 
temperature at the solid front position is set to the equilibrium  m elting temperature,

T \x=s =  Tm, (C.4)

where Tm is the equilibrium  m elting temperature.

Chosing an appropriate length scale (x* =  L ), and using a tim e scale (t* =
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pcpL /h ) ,  Equation B . l may be cast in dimensionless form  giving

æ  _  1 <92© 
d r  B i d x 2 ’

(C.5)

where © is the dimensionless temperature, r  is the dimensionless time, and % is the 
dimensionless position:

T  — T0 t x
0  =  7 W V T = F ’ a n d * = ^

(C.6)

B i is the B io t number and is given by

(C.7)

Using the length and tim e scales from above, the convective heat transfer condition 
at the left boundary becomes

d©
<9%

—  B i  © |  o , (C.8)
x=0

and the heat balance at the solid front becomes

B i dka©

c h i — A Ste d,r ’
(c.9)

where A is the dimensionless solid front position and Ste is the Stefan number

A H
Ste — (C.10)

A  solution is desired for this problem; however, because of the non-linearity in tro ­
duced due to the moving boundary, the solution may no be found through separation 
of variables. Furthermore, the convective heat flux boundary condition can not be 
satisfied w ith  the error function solution to the heat equation. However, i t  may be
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shown tha t the double power series,

is a solution to the heat equation, and the position of the solid front as a function of 
tim e may be expressed and a power series,

oo
(C.12)

71=0

The coefficients, a*, bi and c;, may be determined by applying Equation C . l l  to 
the boundary and in it ia l conditions. F irst, the condition tha t the medium is in it ia lly  
liqu id  is used. From this condition i t  is found tha t cq =  0. Next, the convective heat 
flux condition at the left boundary is use to determine bi is terms of a*,

bi =  2 T + J a i' ( c ' 1 3 )

Using Equation C . l l ,  a general expression may be found for the coefficients az,

-  -
771 — 1 (C.14)

where

77i m—ki m—(ki+k2 + ---+kn- 2 )
(A, 77%, 7%) — ^   ̂ ^  v ^  ] CkiCk2'"Ckn — iCm—(ki+k2 + .--+kn — i) '  (C. 15)

ki=0 k2=0 kn — l

The function Q (A, m, n) may be taken as the coefficient of the r m term  of A raised 
to the power n. For n =  0, a value o f un ity  w ill be given i f  m  =  0, and a value of zero 
i f  m  ^  0. Using the heat balance at the solid-liquid interface, a general expression
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may be found for the coefficients Q,

, v h  v  ( a  +  1)!

B p - 'n  (A, m  -  1 -  i  +  ; ,  2 j -  1)
(C.16)

BP ^  (A, m — 1 — i +  j ,  2 j)

Coefficient value
0

Cl Ste

BiSte2 (14- Ste)
2

B i2Ste3 ^3 +  8Ste +  5Ste2)

6

B i3Ste4 ( l0 5  H- 421Ste +  573Ste2 +  255Ste3)

120

B i4Ste5 (l215 +  6384Ste +  13056Ste2 +  12030Ste3 +  4135Ste4)
"  ' 6ÔÔ

Table C .l: Coefficients for solid front position power series.

Approximations to the solid front position are ploted using one to five terms of the 
power series (Figure C .l). The power series is poorly behaved for high B io t numbers. 
However, for low B iot numbers, typ ica lly found in  spray deposition processes, the
solid front advances w ith  a nearly linear relation to  tim e (Figure C.2).
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Figure C .l: Solid front position for B i =  1, Ste =  1.
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Figure C.2: Solid front position for B i =  .01, Ste =  1.
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