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ABSTRACT 

 

 

Fundamental understanding of flow and transport in porous media is central to the development 

of better oil and gas recovery processes. Pore-scale simulations, with the advent of advanced algorithms 

and parallel computing, have become indispensable tools to average the microscopic mechanisms and 

uncover the macroscopic behaviors. In order to perform direct numerical simulations of microscopic flow 

and transport, pore-scale simulation frameworks including stochastic geometry models, simulators for 

single-phase flow, multiphase flow, and transport, were developed. 

Stochastic geometry models were generated based on Voronoi tessellations for three basic types 

of porous media – granular, tubular and fibrous. The models can be used to create controlled complex 

microstructural features and heterogeneities so that one can study the effect of complex geometry on flow 

and transport. Lattice Boltzmann methods were implemented to model single-phase and two-phase flows 

through porous media. Validation tests were conducted on permeability, surface tension and contact angle 

against analytical equations and experimental data; it is shown that the simulators are able to 

quantitatively capture the dynamics of single- and two-phase flows. The random walk particle tracking 

method was implemented to model the advection-diffusion of solute in porous media. Validation tests 

were conducted against previous results and the Taylor-Aris analytical solution for dispersion; they show 

that the numerical errors gradually diminish with increasing resolution of the velocity field. All the flow 

and transport simulators in this study have been massively parallelized using Message Passing Interface 

(MPI). Performance tests were conducted on up to 262,144 cores on the world’s largest supercomputers; 

the performance of our parallelized simulators closely matches or exceeds the state-of-art as found in the 

literature. 

Applications and case studies were performed using the flow and transport simulators and 

stochastic geometry models. We studied the porosity-permeability / porosity-tortuosity relations for 

homogeneous and heterogeneous granular, tubular, and fibrous geometries. Particularly, the effect of 

heterogeneity such as fractures and vugs on the porosity-permeability / porosity-tortuosity relations has 

been explored. We conducted case studies of two-phase flows, with different wettability conditions, in a 

single cylindrical pore, in serially arranged cylindrical pore bodies and pore throats, and in a complex 

fractured granular stochastic geometry.  
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CHAPTER 1 

INTRODUCTION 

 

This chapter presents the motivations and objectives of this dissertation, introduces the selected 

modeling approaches and explains the necessity of geometry models and parallelization. In the end, 

descriptions of the other chapters are provided. 

1.1 Motivations of Pore-Scale Direct Numerical Simulation  

In field-scale interpretations or simulations, Darcy’s law and Fick’s laws (and also equations of 

non-Darcy flow and non-Fickian diffusion) are always used to describe flow and transport properties of 

various sedimentary rocks. The reliability of these field-scale methods largely depend on the accuracy of 

parameters or correlations, such as permeability/relative permeability in Darcy’s law and effective 

diffusivity/tortuosity in Fick’s laws. These parameters or correlations are oftentimes experimentally or 

empirically obtained on the core/column scale and then upscaled, and they are not always applicable in 

complex simulations, such as multiphase flows and highly heterogeneous rocks. More importantly, 

traditional experimental approaches encounter more and more difficulties in handling ultra-low 

permeability rocks, such as tight sands and shales. These experiments are usually expensive and time 

consuming and it is difficult to eliminate factors and conditions that interfere with the measurements and 

interpretation.  

Macroscopic behaviors of flow and transport are controlled by microscopic mechanisms. The 

single-phase flow in porous media is governed by the Navier-Stokes equation in porous media geometry, 

and the hydraulic resistance exerted by the solids on the fluid is expressed by the permeability (hydraulic 

conductivity) on the macroscopic scale. The two-phase flow in porous media is governed by interfacial 

tension, wettability and capillary pressure, and the extra hydraulic resistance caused by these interactions 

is expressed by the relative permeability on the macroscopic scale. The solute transport in porous media is 

governed by the interaction between the carrying flow (advection) velocity, the molecular Brownian 

motion (diffusion) and the tortuosity of the pore space, and the mobility of solute in such a situation is 

expressed by the effective diffusivity (or dispersivity) on the macroscopic scale. 

Pore-scale direct numerical simulations, with the advent of advanced algorithms and parallel 

computing, have become indispensable tools to average the microscopic mechanisms and uncover the 

averaged macroscopic behaviors. Pore-scale direct numerical simulations directly solve the underlying 

control equations for flow and transport in porous media, namely, the Navier-Stokes equation and the 

advection-diffusion equation, from a more fundamental and general level. These characteristics of pore-
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scale direct numerical simulation approaches bring out the flexibility of handling complex porous media 

geometries and the capabilities of modeling complex fluid dynamics. Using the advanced algorithms and 

parallel computing, one can perform direct numerical simulations of flow and transport phenomena 

through highly heterogeneous or ultra-low permeability rocks, and investigate the very details of 

microscopic mechanisms on the pore scale. Not only the fundamental understanding of microscopic 

mechanisms can help us construct predictive correlations for the macroscopic behaviors of fluid dynamics, 

but also we can derive critical parameters for upper-scale interpretation by averaging (upscaling) from the 

smallest dimension where geometric measurement is available through tomography to a scale that is 

O(100-1000) larger, for example, from nanometer to micrometer for tight oil and shale gas, or from 

micrometer to millimeter for high-permeability sandstones. 

1.2 Selection of Simulation Approaches 

In the world of fluid dynamics simulation approaches, three major categories exist: continuum 

approaches, pseudo-particle approaches and molecular dynamics (Raabe 2004). The most general and 

fundamental approach is molecular dynamics, and it integrates Newton’s equations of motion for a set of 

molecules on the basis of intermolecular potentials. Different from a real single molecule, a pseudo 

particle represents a mesoscopic cluster of molecules that carry the position and momentum of a fluid 

element.  Lattice Boltzmann method (LBM) treats flows as collective dynamics of pseudo particles which 

reside on a mesh (lattices) and conducts propagation and collision steps to recover the macroscopic fluid 

behavior. Direct Simulation Monte Carlo (DSMC) is an off-lattice pseudo-particle method, and in this 

method the pseudo particles move freely in a continuous space. On the highest continuum level, the 

differential formulation of the mass and momentum conservation leads to the Navier-Stokes equation.  

These approaches have their own ranges of applicability as well as merits and limitations. The 

continuum Navier-Stokes equation has limitations in modeling multi-component flows with complex 

boundaries, liquid phase separation and fluid-gas flows; and for a complex system, it usually leads to very 

complicated formulations and numerical convergence issues. Pseudo-particle approaches seem to be 

predestined to tackle some of these challenges, and describe the fluid dynamics in a more general way 

than Navier-Stokes equation. Beside, most of the computations of the pseudo-particle approaches are 

local, so they are naturally suitable for distributed-memory parallel computing. The use of pseudo 

particles instead of real molecules brings a substantial gain in the computational efficiency compared with 

molecular dynamics, and this made it possible to simulate practical engineering problems that usually 

involve large computational domains. The lattice Boltzmann method and the random walk particle 

tracking method are used in this study to simulate flow and transport, respectively, in porous media. The 
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random walk particle tracking method is an off-lattice pseudo-particle approach similar to the direct 

simulation Monte Carlo except that it does not model the inter-particle interactions. 

1.3 Objectives 

In order to perform direct numerical simulations to study the influence of microscopic 

mechanisms on macroscopic flow and transport, we need to develop pore-scale simulation frameworks. 

By frameworks, we mean a pore-scale simulation workflow that includes pore geometry reconstruction, 

pore-scale simulators for single-phase flows, two-phase flows and solute transport that tackle the various 

applications and processes, and a parallel computing infrastructure that supports high performance 

computing and continuing model developments. 

First, we want to create a geometry model that is sophisticated enough to incorporate the 

knowledge gained from the realistic images of a complex rock and yet flexible enough to target the 

essential features of a microstructure that control certain flow and transport phenomenon and to 

implement these features to larger sample sizes. In the context of oil and gas recovery, a complex porous 

medium could be a tight sandstone, a shale or a carbonate. Numerous investigations have been conducted 

to obtain realistic images of these rocks, using X-ray computed tomography (CT), focused ion beam – 

scanning electron microscope (FIB-SEM) or energy-dispersive spectrometry (EDS). Such methods are 

limited in terms of image resolution and sample size, and are also usually expensive and time-consuming. 

Geometric reconstruction that honors the main geometric features and reproduces the transport properties 

of porous media is an active area of research and many methods have been published. 

Second, we want to design robust and reusable parallel computing hubs for the lattice Boltzmann 

methods and the random walk particle tracking method to facilitate efficient pore-scale simulation and to 

build a foundation for future developments. The computation and memory intensity of pore-scale 

simulations is enormous for practical engineering problems in the real world. Massive parallel computing 

on a distributed-memory cluster is critical, to divide a big problem into small pieces and fit them into 

distributed memories, and also to shorten the simulation time from months on a PC to days or even hours 

on hundreds of cores of a cluster. As the lattice-Boltzmann methods and the random walk particle 

tracking methods are well established, it is not an objective of this dissertation to re-derive them. 

However, there are no established numerical libraries for the parallel implementation of lattice Boltzmann 

methods and random walk particle tracking methods and our own development is needed.  

1.4 Organization of Dissertation 

This dissertation is organized as follow: Chapter 1 presents motivations and objectives of this 

study, the pore-scale simulation methods, the necessity of geometry models and parallelization, and the 

descriptions of the other chapters. Chapter 2 describes the method to generate stochastic geometry models 
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of three basic conformations – granular, tubular and fibrous, and the variations of these basic models to 

create controlled complex microstructural features such as anisotropy, vuggy porosity, fractures, and pore 

size distributions. These features can be arbitrarily combined in the geometry models. Chapter 3 describes 

the algorithms of a single-phase lattice Boltzmann method and a two-phase lattice Boltzmann method, as 

well as the parallel algorithms and their performance tested on supercomputers. Chapter 4 presents 

validation tests and convergence tests for the single-phase and two-phase lattice Boltzmann methods, 

against experimental results and analytical solutions. The limitations of the basic Shan-Chen two-phase 

lattice Boltzmann model and potential improvements were discussed in detail. Chapter 5 is an application 

of the single-phase lattice Boltzmann simulator. The porosity-permeability relations of homogeneous 

porous media models – granular, tubular, and fibrous – were characterized using high performance 

parallel computing. The effect of heterogeneity on the porosity-permeability relations was also explored. 

Chapter 6 includes three case studies of two-phase flows in a cylindrical pore, serially arranged 

cylindrical pore bodies and pore throats, and a dual-permeability fracture-matrix system. Chapter 7 covers 

the development of a random walk particle tracking method to model transport in porous media. The 

methodology, validation tests, parallel algorithm, parallel performance and an application of porosity-

tortuosity relation are presented in detail. Chapter 8 includes the summaries, conclusions and 

recommendations of the previous chapters. 
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CHAPTER 2 

STOCHASTIC GEOMETRY MODELS 

 

Stochastic geometry models were generated based on Voronoi tessellations for three basic types 

of porous media – granular, tubular and fibrous. The models are fully analytical in terms of geometry 

operations using lines, planes and cylinders, and combined with Boolean operations these models can be 

used to create controlled complex microstructural heterogeneities such as anisotropy, vuggy porosity, 

fractures, pore size distribution and multi-scale heterogeneity. 

2.1 Background and Previous Work 

A porous medium is a type of two-phase disordered materials, in which one phase is a certain 

solid material and the other phase is pore space. The pore space must be continuous to allow flow and 

transport to take place. Artificial porous media include concrete, ceramics, paper, porous semiconductors, 

polymer composite, and natural ones include coral, bones, organic tissues, soil and rocks.  Hydrocarbon 

bearing rocks, in particular, are important sources of crude oil and natural gas, from which fuel and raw 

materials for chemical products are derived. In terms of geology, a hydrocarbon bearing rock can be 

sandstone, carbonate or shale, and it is the major interest of exploration and extraction in petroleum 

industry. 

Sandstone is a clastic sedimentary rock made up mainly by sand-size (62.5 micrometers to 2 

millimeters) minerals that commonly are quartz and/or feldspar; the sand grains are cemented by 

crystallized silicates or calcium carbonates, the pore size is usually greater than 2 micrometers for 

conventional sandstone reservoirs and ranges from 0.03 to 2 micrometers for tight-gas sandstone 

reservoirs. Carbonate is formed by a lot of physicochemical and biochemical processes (e.g. cementation, 

bioturbation, compaction and pressure solution, mineral replacement and recrystallization, and 

dolomitization) that act on a terrestrial sediments mix with organic debris such as shells or skeletons of 

mollusks and brachiopods, they contain vuggy pores that are connected through interparticle porosity 

(Lucia, 1995), and the pore size vary from 10 nanometers to 10 centimeters (Sok et al. 2010). Shale is a 

very fine-grained sedimentary rock that forms from silt and clay-size (1 micrometer to 62.5 micrometers) 

minerals such as quartz and feldspar, it has a high percentage of kerogen if it is organic-rich and may also 

has carbonate and pyrite, there are microfractures, pores in kerogen, and pores in minerals for gas shales, 

and the pore size can vary from a few nanometers to several hundred nanometers. These descriptions are 

brief for simplicity, and cannot cover all the complexity. Sandstones might be naturally fractured, highly 

heterogeneous or very tight, carbonates could be either limestone or dolomite, and shales (and also tight 
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sandstones) are still under ongoing investigations for better characterization (e.g. Elgmati et al. 2011, 

Kuila and Prasad 2011, Silin and Kneafsey. 2011, Curtis et al. 2012, Walls et al. 2012, Knackstedt et al. 

2012). Nelson (2009) provides a good summary of pore sizes in sandstones, tight sandstones and shales.  

The flow and transport behaviors of hydrocarbon in these geological porous media are long-

lasting research subjects since the modern petroleum industry emerged in the 19th century. Central to this 

subject is the law discovered by Darcy (1856) that treats the porous media as a continuum and relates 

flow velocity to pressure differential by the use of permeability or hydraulic conductivity. Today we 

know that the Darcy’s law is resulted from slow viscous laminar flow of incompressible Newtonian fluid. 

The practical importance of Darcy’s law stimulated researchers to derive the permeability from the 

knowledge of the microstructure of porous media. Although the simplest way to characterize pore 

structures is void fraction theory, namely porosity, there were a lot of other attempts that have gone to 

greater details. Some attempts were purely empirical expressions of relating permeability to an effective 

grain diameter (e.g. Seelheim 1880, Krumbein and Monk 1943, Bear 1972) or to packing and sand-shape 

factors (e.g. Fair and Hatch 1933). Some other attempts are relatively quantitative models of the pore 

structure, and there were two classes. One is the cell model in which the fluid phase is continuous and 

solid phase is discontinuous (Happel 1958, Hasimoto 1959), and the other is the bundle or network of 

capillary tubes in which the solid phase is continuous with interconnected fluid-filled pores. The well-

known Carman-Kozeny equation (Kozeny 1927, Carman 1937, 1956) was developed based on Poiseuille 

flow through a bundle of capillary tubes for which the Navier-Stokes equation can be solved, and it 

yielded permeability as a function of porosity, specific surface area and a coefficient that takes into 

account  the shape and tortuosity of tubes. The wide-spread network model is to treat the porous media as 

a network of pore bodies of varying sizes and pore throats of varying cross section which connect the 

pores, and the first network model was regular networks of single-size or varying-size tubes proposed by 

Fatt (1956a, b, and c). Another attempt is to extract statistical information, such as statistical correlation 

functions, of the pore structure for permeability (Prager 1961), but it is only possible to derive bounds on 

the permeability due to the limited information from this statistical approach, so this method is known 

under the name of variational bounds. de Boer et al. (1987) provides a historical review including 

continuum theory and void fraction theory. Adler (1992) includes more details and references for these 

pioneering studies.  

Besides the abovementioned intuitive methods, researchers had also applied other theories to 

study porous media. The first is the percolation theory introduced by Broadbent and Hammersley (1957), 

and it deals with completely random materials without any spatial correlation. The early studies of 

percolative structures were made on random square or cubic lattice structures that look like digital images 

(e.g. Kirkpatrick 1973), and later on generating 3D models using continuum objects placed at random or 
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regular positions in a image frame (e.g. Balberg 1987).  For simulating fluid flow in porous media, tube 

networks (Lenormand 1989, Blunt and King 1990) are mostly used, and usually studied is the relation 

between permeability and critical percolation threshold (e.g. Feng et al. 1987, Berkowitz and Balberg 

1993). Golden (1997) has a completed review of percolation models for porous media. The second is 

fractals invented by Mandelbrot (1982), and it is for shapes characterized by statistical self-similarity. 

Fractal dimension is used to quantify surface roughness and its morphology for sandstones (e.g. Jacquin 

and Adler 1987), carbonates (eg. Avnir et al. 1985) and fractures (Aviles and Scholz 1987).  Besides, 

fractal geometry can be created as porous media, for example, Navier-Stokes equation in conduits (pores) 

with fractal perimeter was solved for permeability (e.g. Adler, 1985, 1988).  Adler (1992) and Sahimi 

(1990) provide good reviews of applying fractals to porous media. 

Numerous investigations have also been conducted to reproduce the real microstructure of porous 

media, and they are named after reconstruction. Several reconstruction techniques have been developed 

owning to the advances made in spatial microscopy technology, numerical simulations aided by three-

dimensional visualization and applications of methods from disciplines such as statistical physics, spatial 

statistics and digital image analysis. The first is direct measurements of a 3D microstructure via X-ray 

computed tomography (CT) (e.g. Dunsmoir et al. 1991; Coles et al. 1998;), focused ion beam – scanning 

electron microscope (FIB-SEM) for submicron resolution (e.g. Inkson et al. 2001, Elgmati et al. 2011, 

Curtis et al. 2012) and energy-dispersive spectrometry (EDS) for mineralogical composition (e.g. Curtis 

et al. 2011, Chalmers et al. 2012) but such methods are limited in terms of image resolution and sample 

size, and also usually expensive and time-consuming. Wildenschild and Sheppard (2013) provide a 

thorough and latest review of these imaging techniques. The second is to generate 3D microstructures 

from spatial information measured on 2D images (e.g. Joshi, 1974). This topic is extensively studied 

largely due to the convenient and inexpensive access to high-resolution 2D images such as thin section 

images using simple optical techniques or cross section images from other advanced imaging techniques. 

The process consists of two steps, one step is to measure structural information on 2D images such as the 

commonly used porosity and statistical correlation functions, and the other step is to numerically generate 

3D images to match these measures using threshold Gaussian random fields (e.g. Quiblier 1984; Liang et 

al.1998), Boolean or germ-grain model (e.g. Biswal et al. 2009)  and simulated annealing (e.g. Yeong and 

Torquato 1998a,b; Talukdar et al. 2002a,b; Čapek et al. 2009), and recently introduced Markov random 

filed based method (Wu et al. 2006). However, these reconstructed models from 2D images are not the 

geometrical (pore size and shape) and topological (pore connectivity) equivalence to the original sample 

(Diogenes et al. 2009, Arns et al. 2002), although they are the statistical equivalence in terms of the target 

statistical measures, and they may generate poor connectivity when dealing with low porosity. The third 

is to model the geological process by which the porous medium was made (Bryant and Blunt 1992; Bakke 
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and Øren 1997; Pilotti 2000), and the processes of sedimentation, compaction and cementation using 

spheres are possible to reproduce the pore connectivity for homogeneous sandstones. However it is 

difficult to model geological processes for complex rocks like carbonates and shales, for which the 

geological history involves a large number of complex physicochemical processes, multi-scale pore 

structures, highly irregular or very fine grains. 

Along with modeling of the microstructure of porous media is the quantitative characterization.  

Many methods have been developed to characterize the microstructure using certain measures or to 

quantify how similar the reconstructed microstructure is to the sample microstructure. Early works in this 

area include the use of porosity, specific surface, tortuosity and pore size/grain size (Bear 1972; Dullien 

1991, Alder 1992), and these measures are still widely used nowadays because of their accessibility 

through experiments and the popularity of Carman-Kozeny equation for permeability calculation. 

Statistical methods are used to study these randomly disordered materials, since the statistical behaviors 

can be related to the geometrical and topological features of porous media. Among them 2-point 

correlation functions are commonly used owing to its versatility in characterizing all sorts of two-phase 

disordered materials and accessibility in experiments before applying imaging technology to real 3D data 

sets. Torquato (2002) provides a good summary of various correlation functions including n-point 

functions, linear-path functions and chord-length distribution functions. Other statistical methods include 

linear or spherical contact distributions (Muche and Stoyan, 1992; Stoyan et al., 1995) and local porosity 

distribution and local percolation probability (Biswal et al. 1998, Hilfer 2002). Integral geometry (Santalo 

1976) provides great methods to measure spatial structures. The main measures are four Minkowski 

functionals that respectively describe volume, surface area, curvature and connectivity, and they can 

easily be computed from local properties of porous media (Arns et al. 2001, Lehmann et al. 2008). 

Recently the Minkowski functionals have been extended to tensorial quantities (Schroder-Turk et al. 

2011), which are able to study anisotropy and higher order surface structure.    

While more and more insights of porous medium are gained from microstructures of specific 

samples, researchers are still faced with several challenges. In the history of porous medium research, 

most of modeling works were made on comparatively simple homogenous sandstones, although there are 

a few attempts on vuggy carbonates(Okabe and Blunt 2004, 2007, Biswal et al. 2007, 2009, Roth et al. 

2011), and there is none on shales. Different from artificial and biological porous media, geological 

porous media are more complex not only due to difficulties in characterizing the complex microstructure 

of a specific sample in laboratories but also due to the very small sampling size compared to the 

enormously huge subsurface reservoirs in the field. A submicron resolution image that might be able to 

capture some microstructural features of carbonates and shales is usually smaller than 1 cubic millimeter 

in actual size. Indirect measurements from well testing and seismic survey that access to larger volume of 
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a reservoir provide estimations on porosity and fractures only. Although the abovementioned Carman-

Kozeny equation has been developed into various forms with different fitting coefficient (Carrier 2003, 

Chapuis and Aubertin 2003, Xu and Yu 2008), it is mainly used for homogenous, isotropic and granular 

porous media at moderate porosities, and it fails in using porosity and specific surface to predict 

permeability of complex microstructures (Valdes-Parada et al. 2009, Yazdchi et al. 2011). This reveals 

that the engineering reality in petroleum industry is oftentimes more complex than the models derived 

from limited information.  

Therefore, it is necessary to develop general models that are able to test and capture the essential 

microstructural features of geological rocks, on top of specific characterizations. This type of model 

mimics the resultant geometry instead of statistical measures and geological processes, and it is named 

after geometry based models. A geometry based model can easily incorporate essential microstructural 

features characterized from specific samples, and can be flexibly adjusted to represent geologically 

reasonable variations that exist throughout the entire reservoir. More importantly, such a model provides 

an efficient way in adding or subtracting geometric features to study their influence on flow/transport 

properties, and to identify the microstructural features that are essential to a certain flow/transport 

phenomenon. Generally speaking, from the perspective of geometry and image, a porous medium can be 

described by a stochastic process (Stoyan et al. 1995) as spatially randomly distributed points (e.g. 

random centers of overlapping spheroids or disks), edges (random centers and orientations of ellipsoids or 

ellipses) or volumes (random tessellations of space), and also by a random phase function as a binary 

image (each voxel/pixel randomly being black or white). Previous geometry based models include a cell 

model made of spheres or cubes, a bundle or network of tubes, an artificial image of random lattices and 

fractals; however, they are either overly simple for representing complex microstructures or incapable of 

flexible geometric manipulation.  

In this work, the Voronoi tessellation is used to model the irregularity and randomness of pore 

structure. A Voronoi tessellation is a special kind of decomposition of a metric space, determined by 

distances to a set of random points (Poisson points) in the space, and the algorithm is to subdivide space 

randomly into convex polygons (2D Voronoi tessellation) or polyhedra (3D Voronoi tessellation) made 

up by bisecting lines or planes between pairs of points. This random tessellation is formally named after 

Voroni (1907) who defined and studied the general n-dimensional case, and it is also called a Voronoi 

diagram, a Voronoi decomposition, or a Dirichlet tessellation. Voronoi tessellations can be found in a 

large number of fields in science and technology, even in art, and they are widely used in numerous 

practical and theoretical applications, such as wireless networking, polymer physics, image analysis, 

computational chemistry and materials science. Okabe et al. (2009) provides a thorough and deep 

description on the concepts and applications of Voronoi tessellations. Previously, models made of cells, 
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edges and confined spheres of Voronoi tessellations were used to study geological porous media. 

Winterfield et al. (1981) and Jerauld et al. (1984a, b) studied the percolation properties of 2D and 3D 

Voronoi edge models.  Vrettos et al. (1989, 1990) used analytical methods to study gas transport 

properties of cylindrical pores derived from 2D and 3D Voronoi edge models.  Arns et al. (2002) used 

Minkowski functionals to characterize 3D Voronoi edge models and cell models, and the 3D voxelated 

images were generated by thickening the edges or facets of Voronoi cells based on a Euclidean Distance 

Map that gives the Euclidean Distance of each voxel to its nearest voxels. Achroder-Turk et al. (2011) 

used Minkowski tensors to characterize 3D sphere packing confined by a Voronoi tessellation. In the 

literature, Voronoi tessellations were mostly used in their simple forms, namely edges and confined 

spheres, although Arns et al. (2002) stands as an exception in which voxeled pore structures are created, 

and few works were made on direct studies of permeability of pore structures modeled by Voronoi 

tessellations.  

2.2 Methodology 

This section presents analytical implementations of creating pore structures from Voronoi 

tessellations, and will show the flexibility of Voronoi-based geometries in coupling with analytical 

geometric operations and Boolean operations to create anisotropy, vuggy porosity, fractures, pore size 

distribution and other features.  

2.2.1 Two-Dimensional (2D) Geometry Models 

Two-dimensional porous media models are constructed from 2D Voronoi tessellations. They do 

not reflect the 3D connectivity of real porous media; however, they can be used as computationally 

affordable alternatives to 3D geometry models to study the qualitative effect of pore geometry on flow 

and transport (Newman and Yin 2013). In addition, the 2D textures can be directly molded into 

Polydimethylsiloxane (PDMS) and bounded to glass to build high-precision microfluidic porous media 

analogs (Wu et al. 2012). Figure 2.1 describes the generation process of an isotropic homogeneous 

periodic 2D model in a square domain, where the red dots are the Poisson points, the blue network is the 

2D Voronoi tessellation, and the blue channels are the fluid flow pathway. The periodicity is implemented 

by shifting the Poisson points to the 8 neighboring domains; the Voronoi tessellation generated using the 

original and the shifted Poisson points is thus periodic in the center domain. The channel width is created 

by an analytical geometry calculation that shifts the edge of a polygon towards the center. Then, the 

intersection points of the shifted edge with the original polygon are determined analytically, and a new 

polygon with the shifted edge as its new “surface” is created. Repeating this calculation for all edges of 

all polygons leads to a pore network. The aperture of the pores (channels) can be prescribed to vary 

according to a size distribution or as a function of spatial location.   
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Figure 2.1: Algorithm for 2D homogeneous geometry generation. 

2.2.2 Three-Dimensional (3D) Granular and Tubular Geometry Models 

3D porous media geometry models are constructed from 3D Voronoi tessellations using 

analytical processes similar to those for the 2D models. These geometry models follow two types of 

conformations: granular and tubular. The granular models are generated using tangent planes to reduce 

the bodies of all polyhedra to create inter-granular pores in the form of fractures. The tubular models, on 

the other hand, are generated by assigning radii to the edges of 3D Voronoi cells and the vertices to create 

pore throats and pore bodies. After translating the Poisson points to the 26 neighboring domains in the 3D 

space, the center domain becomes periodic. These two geometry models, respectively, fall into the 

classical categories of cell model and network model, which are two extremes in describing homogenous 

porous media. The former is formed by a continuous fluid phase and a discontinuous solid phase, and the 

latter is formed by a continuous solid phase and interconnected fluid-filled pores.  

In Figure 2.2, both models are periodic, homogeneous and isotropic in a cubic domain, (a) is a 

granular porous medium and (b) is a cluster of cylinders. For (b), at the joints of cylinders spheres can be 

placed; (b) represents a tubular porous medium when fluid flow occurs inside the cylinders. Due to 

periodicity, a polyhedron or a cylinder goes across the domain outer boundaries. If the tubular geometry is 

inverted to allow fluid flow to occur outside the cylinders, it creates a model for a fibrous medium that is 

relevant to biological porous media such as extracellular matrix (Ma and Zhang 1998; Gambini et al. 

2012). The aperture of fractures in a granular model, as well as the radii of pore throats and pore bodies, 

can be prescribed to vary according to a size distribution or as a function of spatial location, as can be 

done to a 2D geometry model. The “fracture” here is a geometry term, and indeed, the granular model is 

capable of representing a rock matrix and a natural fracture system. This dual-porosity problem would 
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need solution of the Darcy equation for flow inside the polyhedrons and development of appropriate 

boundary conditions to couple the flow in the fractures, which is a classical Darcy-Brinkman problem.  

 
(a)       (b)  

Figure 2.2: 3D stochastic geometry models of (a) granular and (b) tubular/fibrous. 

2.2.3 Geometry Operations to Create Heterogeneities and Additional Features 

The initial geometries shown in Figure 2 are random but nearly homogeneous. Various methods 

can be applied to create heterogeneities and additional features based on the initial textures created from 

the Voronoi tessellation. These include anisotropy, vuggy porosity and fractures, and pore size 

distribution. This section will focus on 3D geometry operations; similar operations can be defined and 

applied to 2D geometries. 

The geometry operations are implemented through analytical calculations and Boolean operations. 

As described in the previous section, both granular and tubular geometries are comprised of simple shapes, 

such as polyhedra, cylinders and spheres, and this enables analytical calculations to be performed to 

manipulate these shapes. To obtain more complex geometries, Boolean operations are applied on the 

binary images (1 for solid voxels and 0 for pore voxels, or otherwise) of the geometry models, to combine 

the basic shapes of polyhedra, cylinders, and spheres through union or intersection of several images. In 

the following examples, we will illustrate these operations. Note that the length unit x is the side length 

of a cubic voxel. 

The geometry model can generate a wide range of porosity that is seen in geological porous 

media. In Figure 2.3, there are two granular geometries. Figure 2.3 (a) has a size of 400×400×400 x3, 

created from 100 Poisson points; the fracture aperture is 6x, leading to a porosity of 19%. Figure 2.3 (b) 
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has a size of 1000×1000×1000 x3, created from 10 Poisson points; the fracture aperture of 12x, leading 

to a porosity of 7%. Figure 2.3 also shows two tubular geometries. Figure 2.3 (c) has a size of 

300×300×300 x3 and is created from the same 100 Poisson points as Figure 2.3  (a), with a tube 

diameter of 12x; the resulting porosity is 13%. Figure 2.3 (d) has a size of 300×300×300 x
3
 and is 

created from 30 Poisson points, with a tube diameter of 6x; the resulting porosity is 2%. If Figure 2.3 (c) 

and (d) are inverted into fibrous media, the resulting solid volume fractions are 13% and 2%, respectively. 

The porosity is well correlated with the seeding density (the number of Poisson points per unit volume) 

and the characteristic length (fracture aperture or cylinder diameter), regardless of the randomness 

introduced by the Poisson points. These four geometries are generated from standard Voronoi 

tessellations, and they are homogenous and isotropic. Further variations can be created by changing the 

generation of the random Poisson points, rotating the polyhedra (non-uniform pores) in a granular 

geometry, adding/removing cylinders (changing the coordination number) in a tubular geometry. 

Anisotropy is an important feature of geological porous media, often caused by the consolidation 

process exerted by the overburden. In Figure 2.4, (a) and (b) are generated by first creating homogeneous 

Voronoi tessellations in a space of 400×400×1200 x3. Then, the Voronoi cells are scaled by a factor of 

1/3 in the z direction, which leads to anisotropy in the connections. Finally, the faces (for granular) or the 

edges (for tubular/fibrous) are assigned an aperture width or diameter to create the pore space. The 

anisotropy is in the form of denser fractures/cylinders in the z direction. 

Heterogeneity is common in poorly sorted sandstones and carbonates where chemical dissolution 

has played significant roles in the development of the pore system. Figure 2.5 shows the process of 

creating pore-scale vuggy heterogeneities.  For a granular geometry, prescribed or randomly selected 

grains can be removed to create vugs; for a tubular geometry, prescribed or randomly selected cylinder 

joints can be designated with spheres with larger diameters to create vugs. Figure 2.5 (a) is generated 

from Figure 2.3 (a); the removed grains, highlighted in red, generate a vuggy porosity of 5%. Figure 2.5 

(b) is generated from Figure 2.3 (c) by adding spheres of uniform sizes (diameter = 25Δx) to randomly 

selected cylinder joints; the resulted vuggy porosity is 4%. If the spheres are solid, the heterogeneity is 

created as the pore connectivity and porosity is reduced locally. Clearly, heterogeneities can be 

implemented in many other ways. For example, solid or fluid spheres can be incorporated into a granular 

geometry to decrease or increase porosity; polyhedrons or fractures, on the other hand, can also be 

inserted into the tubular geometries. 

Pore size distribution is an important characteristic of sedimentary rocks, and it is often times 

available as a log-normal distribution from petrophysics studies such as mercury injection, gas adsorption, 

or image analysis. This information can be incorporated into both the granular and tubular geometries. 

Figure 2.6 (a) is a geometry with a fracture aperture distribution developed based on Figure 2.3 (a), and 
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Figure 2.6  (b) is a geometry with  pore throat and pore body size distributions, developed from Figure 2.3 

(c).  

Another important form of heterogeneities is the fractures in geological porous media. The 

fractures are created by local stresses originated from plate tectonics, geothermal expansion or kerogen 

maturation. Connected fractures are particularly important, and they provide a preferential flow path, the 

interaction of which with the matrix is the subject of many investigations. Figure 2.7 (a) shows a synthetic 

fracture system created in a system of 300×300×300 x3. The fracture aperture is 30Δx and the fracture 

porosity is 29%. In order to superpose this fracture system to a granular geometry, Figure 2.3 (a) was 

resized from 400×400×400 x3 to 300×300×300 x3. Then, a union operation was performed to union the 

pore spaces of the two systems. The resulted geometry is Figure 2.7 (b), a fractured granular geometry 

with a porosity of 43%. 

The fractured granular geometry Figure 2.7 (b) is created by a union operation applied to the 

voxelized images of Figure 2.7(a) and Figure 2.3 (a). A voxelized binary image is generated by 

determining whether a voxel is inside or outside a polyhedron, a cylinder, or a sphere. Boolean operations, 

such as AND, OR and NOT, can be applied between two voxelized images; they can also be implemented 

on the voxel level so that one can use combinations of polyhedron, cylinders, and spheres to construct 

complex geometries. Figure 2.8 is an example of multi-scale heterogeneity: the fluid (pore) voxels of 

resized Figure 2.3 (b) and Figure 2.5 (b) are united into a single geometry in the size of 300×300×300 

with a porosity of 22%. Figure 2.8 (a) displays the solid phase, and Figure 2.8 (b) displays the fluid (pore) 

phase. Obviously, Boolean operations can be conducted with a stochastic geometry model and a CT 

image of a real rock, and this will introduce variations and additional features on CT images.  

The porosity of the homogeneous stochastic geometries is correlated with the dimensionless 

seeding density. The dimensionless seeding density is defined as          for granular geometries or 

         for tubular geometries, where   is the number of random Poisson points,   is the cube size,   

is the fracture aperture and   is the diameter of tubes. The relation of porosity to dimensionless 

seeding density is shown in Figure 2.9. 
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(a)       (b)  

          
(c)                                                     (d) 

Figure 2.3: Homogeneous granular and tubular geometries with different porosities.  
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(a)       (b) 

Figure 2.4: Anisotropic granular and tubular geometries. 

 

   
(a)      (b) 

Figure 2.5: Granular and tubular geometries with vugs.  
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(a)      (b) 

Figure 2.6: Granular and tubular geometries with pore size distribution.  

 
(a)       (b) 

Figure 2.7:  A synthetic fracture system and a fractured granular geometry. 
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(a)       (b) 

Figure 2.8: A multi-scale heterogeneous system. 

 
Figure 2.9: Relation of porosity to dimensionless seeding density for stochastic geometries. 
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CHAPTER 3 

LATTICE BOLTZMANN METHOD AND PARALLELIZATION 

 

Lattice Boltzmann methods were implemented to model single-phase and two-phase flows in 

porous media, and relations between simulation units and real world units were derived. The codes were 

massively parallelized for distributed-memory clusters, and the parallel performance of the single-phase 

lattice Boltzmann code was tested on three supercomputers and on up to 262,144 cores.  

3.1 Lattice Boltzmann Method 

Different from the traditional computation fluid dynamics (CFD) methods such as finite 

difference method and finite element method, the lattice Boltzmann method (LBM) does not directly 

solve the nonlinear Navier-Stokes equation, but rather a simplified kinetic model for the fluid molecular 

velocity distribution, the moments of which recover the Navier-Stokes equations. It handles boundaries 

using a simple bounce-back scheme, and this provides flexibility to simulate fluid-dynamics problems 

with any complex geometry, such as a 3D binary image of porous media. Today, it has been successfully 

applied to a large variety of fluid-dynamics problems, including single-phase flow, 

multiphase/multicomponent flow, reactive flows, particulate suspensions, compressible flow, turbulent 

flow, thermal flow, viscoelastic flow and micro flow.  Reviews of this method and its applications are 

available in the literature (Chen and Doolen 1998, Yu et al. 2003, Aidun and Clausen 2010). 

3.1.1 Background and Previous Work 

Developed from the lattice gas automata (Frisch et al. 1987), LBM was introduced in the late 

1980s (Higurere and Jimenez 1989, McNamara and Zanetti 1988), and has attracted a lot of attention 

from fluid mechanics, physics, mathematics and computational science.  The Single Relaxation Time 

(SRT) LBM (Chen et al. 1991, Koelman et al. 1991, Qian et al. 1992) adopted the BGK collision operator 

(Bhatnagar, Gross and Krook 1954) and significantly reduced the computational intensity. Almost at the 

same time Multiple Relaxation Time (MRT) LBM was proposed (d'Humieres 1994). To keep the 

simplicity of BGK but achieve a good stability as MRT, the Two Relaxation Time (TRT) LBM was 

formulated (Ginzburg et al. 2003). After it was discovered that LBM can be mathematically derived from 

continuous Boltzmann equation (Boltzmann 1872) with proper discretization (Shan and He 1998), many 

more fundamental models were proposed, such as entropy LBM (Karlin et al. 1998), thermal LBM 

(Alexander et al. 1993, Chen et al. 1994, Chen et al. 1997, McNamara et al. 1997, Shan 1997, He et al. 

1998), multiphase/multi-component LBM (Flekkøy 1993, Grunau et al. 1993, Shan and Chen 1993, Shan 

and Chen 1994, Shan and Doolen 1995, Qian et al. 1995, Swift et al. 1995, Swift et al. 1996, Luo 1998, 
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He and Shan 1998), and many others for reactive flows (Dawson et al. 1993), combustion (Succi et al. 

1997), particulate suspensions (Ladd 1994, Aidun et al. 1995, Aidun et al. 1998), magnetohydrodynamics 

(Martinez et al. 1994), non-Newtonian flow (Adaronov et al. 1993), granular flow(Tan et al. 1995), 

polymer-solvent systems (Ahlrichs et al. 1998) and viscoelastic fluids (Giraud et al. 1998). Since 1999, 

further academic efforts enhanced understanding of some fundamental problems such as component 

interactive forces and relation to the H theorem, and also expedited the improvement of these classical 

LBM models with incompressible fluid model (He and Chen 1999, Teng et al. 2000), large density ratio 

(Inamuro te al. 2004, Yuan and Schaefer 2006, Mukherjee et al. 2007) and others like three-phase flow, 

thermal model with temperature variation and phase interface tracking. Along the theoretical development, 

LBM has been applied to study fluid flow in porous media, eddy flow, microfluidics and many others, 

and it has been recognized as a promising numerical scheme for simulating fluid flows.  

The LBM provides an alternative for simulating complex multiphase and multi-component fluid 

flows, while traditional numerical schemes (VOF, Level Set and others) have been successfully used only 

for simple interface boundaries (Glimm et al. 1981, Brackbill et al. 1992, Chang et al. 1996) and 

encounter difficulties in tracking a large number of separated small interfaces and in incorporating 

multiple physics across the interfaces such as phase change and interfacial chemistry. The first multi-

component LBM, color-gradient model (Gunstensen et al. 1991), was developed based on the two-

component LGA model (Rothman and Keller 1988), later it was extended (Grunau et al. 1993) to allow 

variations of density and viscosity and modified (d’Ortona et al. 1994) to increases computational 

efficiency. The second is pseudo-potential model (Shan and Chen 1993, Shan and Doolen 1995), and it 

uses microscopic interactions to modify the surface-tension-related collision operator for which the 

interface can be maintained automatically and the isotropy of the surface tension was improved. The 

color-gradient model and pseudo-potential model are based on phenomenological models of interface. 

The third is free energy approach (Swift et al. 1995, 1996), and it comes with an important improvement 

that the equilibrium distribution can be defined consistently based on thermodynamics. The three models 

were validated (Chen and Doolen 1998) by comparing simulated interface tension and dispersion relation 

with theoretical predictions. Because the multiphase and multi-component LBM do not track interfaces, it 

is easy to simulate fluid flows with very complicated interfaces. On the other hand, these models were 

also critically commented (Nourgaliev et al. 2003) for their characteristic of a pseudocompressible 

method and the compromise between LBM kinetic origin and implementation of phenomenological rules. 

The LBM can be used to model fluid flow in porous media on two different scales. One is the 

REV-scale (representative elementary volume) modeling, and it introduces a probability (Dardis and 

McCloskey 1998) to the bounce-back on solid surface and does not require the microstructure of the 

porous medium. Because the probability is based on the porosity and permeability, it highly depends on 
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the accuracy of these parameters and is not a direct numerical simulation. The other is pore-scale 

modeling, which takes advantage of LBM’s capability of handling complex geometrical boundary 

conditions and of directly simulating fluid flow with less simplifications and assumptions. The LBM was 

used to study fluid flow through the microstructure of a 3D random porous medium (Succi et al. 1989), 

and also the constant in Carman-Kozeny correlation was studied (Heijs and Lowe, 1995) for random 

sphere packs and real soil sample. Many other efforts include the permeability of 3D fibrous porous 

media (Koponen et al. 1998), permeability-Reynolds number relations for sphere packs (Manz et al. 1999, 

Inamuro 1999), superiority of MRT over BGK in speed of convergence and accuracy associated with 

relaxation time (Ferreol et al. 1995, Pan et al. 2006). The relative permeability was studied for the first 

time by using color-gradient model (Gunstensen and Rothman 1993), and then by using pseudo-potential 

model for wettability, immiscible and miscible mixtures (Martys and Chen 1996, Hatiboglu and 

Babadagli 2007, 2008). Non-Newtonian fluid in porous media was also studied for flow velocity-pressure 

gradient relations (Psihogios et al. 2007). All of these studies have validated the effectiveness of LBM for 

directly simulating fluid flow in porous media.  

3.1.2  Methodology of Single-Phase LBM 

The lattice Boltzmann method consists of two processes, “particle” propagation and “particle” 

collision on a regular (square in 2D or cubic in 3D) lattice. A particle is defined as a collection of 

molecules that travel with the same velocity on a certain lattice. The transport equation is, 

                                      (3.1) 

where          is the vector of particle distribution function, the fluid nodes (  ) are defined on a space 

filling cubic lattice,    is the time step that is taken as 1 in this study,   represents propagation pathways 

corresponding to    that is also called the set of discretized velocities,       is an operator that yields the 

effect of the particle collision,    is the discretized force term corresponding to each population in the 

distribution function. The post collision population                     is then advected to location 

        in the next time step. The discretized force in Equation 3.1 is given by 

       
    

  
  

          
   

   
   (3.2) 

Where   is the external force,    is the lattice speed of sound which equals          , where    is the 

lattice grid spacing, and      
 

  
         (Ladd et al. 2001). 

In the lattice Boltzmann method, a particle propagates at a given velocity in a regular lattice. 

There are several 3D propagation schemes and the D3Q19 propagation scheme is used in this study. 

D3Q19 stands for 3 dimensions and 19 velocity quadratures, and it is described by   . The    is, 
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  (3.3) 

Compared with D3Q15 and D3Q27, D3Q19 achieves a balance between computational reliability and 

efficiency (Mei et al. 2000). As for the boundary condition during particle propagation, the link-bounce-

back scheme (Frisch et al. 1987) is used to recover the no-slip boundary condition, among many others 

(Mei et al. 1999, Zhang et al. 2012). This bounce-back scheme is first-order accurate in the lattice spacing, 

and it uses a stair-step approximation to model the curved surface. However, compared with other high-

order accurate boundary conditions (Bouzidi et al. 2001, Ginzburg and d’Humieres 2003, Newman and 

Yin 2013, Latt 2008, Mei 1999), the bounce-back scheme is a computationally simple and robust method 

for curved surface. In the later section, a detailed resolution analysis will be performed, and the error will 

be assessed. 

Particle collision plays a central role in the lattice Boltzmann method. A collision scheme must 

satisfy the conservation of mass and momentum, and also describes the relaxation process to approach the 

equilibrium state, which, macroscopically, yields the viscosity of the fluid. The most common and the 

simplest collision model is the Bhatnagar-Gross-Krook scheme (BGK, Bhatnagar et al. 1954) 

        
 

 
            

  
  (3.4) 

   
  
               

 

 
      

  
 

 
    (3.5) 

where   is the relaxation time, and   
  

 is the equilibrium distribution which is obtained using a single 

equation,    is a weighting coefficient associated with the discretized velocities, given by 

     

     
   

      
   

      
   

  (3.6) 

Based on the gas kinetic theory, for isothermal systems, the microscopic local density ( ) and local 

momentum (  ) and local stress (      ) at each node are calculated as follows 

      
  
     (3.7) 

         
  
       (3.8) 

               
  
         (3.9) 
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where        . BGK scheme is a Single-Relaxation-Time (SRT) collision model, and researchers have 

also developed Multiple-Relaxation-Time (MRT, d'Humieres 2002) and Two-Relaxation-Time (TRT, 

Ginzburg 2003) collision methods. MRT introduces multiple relaxation parameters to control the rates of 

relaxation of various moments of particle distribution. It has advantages over the BGK for its stability and 

accuracy (Pan et al. 2006), although it is about 30% more computationally intensive than BGK. TRT is a 

simplified expression of MRT, and it remains the simplicity of BGK and achieves stability of MRT. In 

this study, MRT is used and it is implemented by introducing a matrix in the transport equation as  

                                               
  
  (3.10) 

where   is a 19×19 integer transformation matrix for D3Q19 propagation scheme and it is used to 

transform             
  
  into moment space,   is the collision matrix in the moment space and it is a 

diagonal  matrix with the relaxation rates and     is used to transform the collision term out of moment 

space. For detailed matrix configurations of   and  , the readers are referred to d'Humieres 2002. This 

collision scheme guarantees mass and momentum conservation, but does not consider energy 

conservation, which is acceptable in an isothermal system. 

A few cautions are needed to simulate incompressible laminar flows. This lattice Boltzmann 

method is second-order accurate, and the compressibility error is proportional to the square of the Mach 

number,        . In this study,    is kept below 0.1 in all simulation to simulate an essentially 

incompressible fluid (Newman and Yin, 2013). To ensure laminar flows with small Reynolds number, the 

body force density which is equivalent to a macroscopic pressure gradient was kept small or viscosity was 

set to higher values by adjusting the relaxation time. The viscosity is correlated to the relaxation time by, 

       
    

 

 
  

  
 
   

 

 
  (3.11) 

where     is the fluid density and it is 36 in the equation.  

3.1.3  Methodology of Two-Phase LBM 

 The pseudo-potential model (Kang et al. 2005) was implemented in this study for the two-phase 

flow, and this model specifies interaction forces for fluid/fluid and fluid/solid. Each phase, designated by 

k, is assigned a transport equation with BGK collision model. The equilibrium distribution is given by 
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where the stationary part of the distribution function,   
     

, has a unique expression. The microscopic 

local density (  ) and local momentum (    ) for each phase at each node are calculated using Equations 

3.7-3.9 for the single-phase model. Different from equilibrium distribution used for single-phase BGK 

collision model,   
  

is used instead of the local velocity. The   
  

 incorporates the effect of the force term, 

and it is given by 

   
  
      

  
  

 (3.14) 

where    is a common velocity on top of which an additional component-specific velocity is added due to 

inter-particle interaction for each component and the inter-particle interaction is expressed as a total force 

term,                             , including fluid/fluid interaction between two different 

components       , fluid/fluid interaction among the same components       , fluid/solid interaction 

      and external body force      .    is calculated in a way that conserves momentum at each collision 

in the absence of interaction, as follows: 

      
    
  

 

   

   
  
  

 

   

   (3.15) 

 The fluid/fluid and fluid/solid interaction forces are calculated by considering the nearest 

neighbor sites (  
               and the next-nearest neighbor sites (  

                 in a 

D3Q19 model. These interaction forces are given by 

                                

  

   

 (3.16) 

                                

  

   

 (3.17) 

                               

  

   

 (3.18) 

where   is the effective mass density and is a function of    at the fluid node ( ). It is taken as    in this 

study, and other choices will give a different equation of state.    ,     and     are the interactive 

strengths. The fluid/fluid attractive forces are modeled by positive values of     and    , while the 

fluid/fluid repulsive forces are modeled by negative values of     and    . By implementing attractive 

forces among the same-component particles and repulsive forces between the different-component 

particles, the phase separation is automatically achieved.     is the fluid/solid interactive strengths, and it 
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is positive for a non-wetting fluid and negative for a wetting fluid. Different wettabilities can be obtained 

by adjusting    .   is the density of the wall. The external body force can be introduced as 

            (3.19) 

where   is the body force per unit mass. 

3.1.4  Simulation Units and Real World Units 

The simulation units of quantities in both single-phase and two-phase LB simulations are based 

on the temporal and spatial lattice units, Δt and Δx. To relate the simulation units to actual dimensions in 

the real world, a unit conversion is required. The conversion of the length unit is generally straightforward: 

Δx is the grid resolution used for a given geometry. For example, when a computed micro-tomography 

(CT) image is passed to a lattice Boltzmann simulator, the resolution of the CT image (e.g. 2 μm) 

becomes the real-world equivalence of lattice Boltzmann Δx (=1 always). Determination of the real-world 

equivalence of Δt, however, is more involved. It requires that the actual fluid properties that have a time 

scale in their dimensions, such as the viscosity (M/LT) or the interfacial tension (M/T2), must be 

equivalent between the lattice Boltzmann system and the real world once they are non-dimensionalized. 

Take, the viscosity, for an example: The relation between the simulation viscosity and the actual viscosity 

is given by the equation  

  
   

    
 
 
   

  
   

    
 
 
    

 (3.20) 

where      is determined by relaxation time,   , using Equation 3.11. If the relaxation time of     

(     = 36 and     = 6) is used to simulate water at standard conditions (      = 1000kg/m3 and 

     = 1cP) in a geometry with a resolution of       = 2.85  ,       can be converted to an actual 

time of        = 1.354×10-9 seconds. If the same simulation units are used for a natural gas at reservoir 

condition of 138ᵒC and 4000psi (      = 162.1kg/m3 and      = 0.0225cP) in a geometry with a 

resolution of       = 10  , the actual time for one lattice-Boltzmann time step is        = 6.081×10-17 

seconds.  

 Once Δt and Δx are determined, other quantities in the single-phase LB simulation can be 

converted to real-world numbers. For permeability, velocity, and pressure gradient, these relations are 

given by 
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 (3.23) 

where   is permeability,   is macroscopic velocity,    is the body force density in simulation,      is 

the pressure gradient in the real world. In the simulation,  =      . The water case is used here to carry 

on the unit conversions. If the simulation gives a velocity of     = 1.37×10-6 for a body force density of 

   = 1×10-4 on a CT image with 23.3% porosity, the simulation permeability is     = 0.0822; the actual 

permeability (a Darcy = 9.869233×10−13 m2) is 0.677 Darcy, the actual velocity is 2.9 mm/s, and the 

actual pressure difference is 4.32×109 Pa/m.  

 The unit conversion of interfacial tension in a two-phase LB simulation is presented below. Since 

   is determined by fluid viscosity, the simulation parameters determining     , the interfacial tension in 

the lattice-Boltzmann units, should be adjusted to correspond to the actual interfacial tension.  The 

wetting phase properties is selected for the conversion, and the relation is given by any of the following 

equations 
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The water case (      = 2.85  ,        = 1.354×10-9 seconds) is used here to carry on the interfacial 

tension conversion, with an air phase being added to the system. At the standard condition, the water 

surface tension (to air) is 72 mN/m, and the simulation interfacial tension should be set to 0.205 to 

correspond to an air-water system in the real world. 

3. 2 Parallel Implementation of Lattice Boltzmann Method 

Massively parallel computing on a distributed-memory cluster is critical for simulating three-

dimensional porous media flows of meaningful sizes that often contain 106-109 lattices. In terms of 

parallel computing implementation, compared with traditional CFD, LBM holds superiority in two major 

aspects: (1) the flexibility in discretizing complex geometries using simple structured lattices, each of 

which is either fluid or solid, and (2) the inherent locality of it scheme, which is naturally suitable for 

massively parallel computing on distributed-memory clusters. For different implementations of LBM, the 

reader is referred to Mattila et al. (2008), which compared Lagrangian, shift, swap, two-lattice and two-

step algorithms in terms of memory addressing and data structure on single-processor machines. 
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3.2.1 Background and Previous Work 

The massive parallelization of LBM for complex geometries is being improved from perspectives 

of memory usage, workload balancing and communication strategy. Massive parallelization is usually 

implemented with MPI (Message Passing Interface) on a multi-node distributed-memory cluster, while 

parallelization with OpenMP is restricted on a single multi-core shared-memory node. Although one can 

optimize a parallel code according to specific hardware configurations, the following review is conducted 

in a general and platform-independent way.  

In the case of memory usage for porous media systems, vector data structure has been used to 

store the distribution functions of fluid lattices and the connectivity to their neighborhood, similar to that 

for the storage of a sparse matrix, and it significantly reduces memory consumption compared with the 

full matrix data structure when the porosity is lower than 70% (e.g. Dupuis and Chopard 2000, Martys 

and Hagedorn 2002, Pan et al. 2004). Cache-aware optimizations (Kowarschik and Weiß 2002) were also 

applied to lattice Boltzmann method to reduce memory access latency and improve computational speed 

(e.g. Pohl et al. 2003, Velivelli and Bryden 2004); however, these cache-based techniques are not 

effective for large data that cannot fit in the cache. Nowadays, practical simulations often involve 106-109 

fluid lattices and this requires computation over distributed memories.  

Most previous efforts to improve parallel efficiency focus on workload balancing among 

processors, since Kandhai et al. (1998) points out minimizing the computational load imbalance is more 

important than minimizing the communication imbalance. The classical Cartesian domain decompositions 

studied by Satofuka and Nishioka (1999), which divides the computational domain in equally-sized 

subdomains using 1D slice-, 2D shaft- or 3D cube-decompositions, create a workload imbalance for 

heterogeneous systems or even for homogenous systems as the number of subdomains increases. To 

overcome this problem, Wang et al. (2005) propose a simple method that directly partitions on the vector 

data structure of the fluid lattices; other researchers applied several sophisticated graph partitioning 

algorithms (Karypis and Kumar 1998) to decompose complex geometries, such as the orthogonal 

recursive-bisection (e.g. Kandhai et al. 1998, Pan et al. 2004), k-way graph partitioning (e.g. Karypis and 

Kumar 1999, Axner et al. 2008, Freudiger et al. 2008) and graph growing partitioning (e.g. Mazzeo et al. 

2008). The vector data structure based method is easy to implement and generates simple communication 

patterns, but it leads to high communication overhead for large number of subdomains. The graph 

portioning techniques can significantly reduce workload imbalance and even communicational imbalance, 

but it creates complex communication patterns and requires sophisticated implementation.  

Communication strategy is important to minimize communication overhead in a distributed-

memory implementation. The communication overhead is contributed by message packing/unpacking, 

message size, message imbalance, processor idle time, and even network latency and bandwidth limits. 
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The point-to-point operations (e.g. MPI_Send, MPI_Recv, MPI_Isend and MPI_Irecv) appear most often 

for parallel lattice Boltzmann codes in the literature. To review the representative studies only, Schulz et 

al. (2002) applied non-blocking  operations (non-block operation – post the operation and immediately 

returns, so it can do some other work) to overlap communication and interface-independent computation, 

Keehm (2003) discussed an optimal communication order that reduces the processor idle time, Pan et al. 

(2004) described how to identify message sizes and locations and to pack transferred distribution 

functions into messages as a preprocessing before simulation, and Vital et al. (2010) minimized the 

message by packing and unpacking transferred populations of distribution functions in each time step 

during simulation. One can see that communication schedule and message packing/unpacking are 

essential to an efficient parallel code that is implemented with point-to-point operations; however, a 

completed description of communication strategy was seldom given in the literature. Besides, the popular 

non-blocking implementation may not lead to expected overlapped communication and computation, due 

to portability over platforms and hardware limitations (Bernaschi et al. 2009). Codes with near-ideal or 

very good parallel speedup on thousands or even tens of thousands of cores were reported. Bernaschi et al. 

(2009) parallelized a multiphysics simulator for bio-fluidics, and lattice Boltzmann simulation part 

achieves 93% strong scaling efficiency for a 5123 lattices on 16,384 cores of an IBM BlueGene/L 

machine. Vahala et al. (2008) developed a parallel lattice Boltzmann code to study turbulent magneto-

hydrodynamics, and their code achieves perfect weak scaling on 32,764 cores of a IBM BlueGene/L 

machine. Clausen et al. (2010) implemented parallelization for a hybrid lattice-Boltzmann/finite element 

code for suspension flow simulations, and  for 5123 domain with 60% fluid volume fraction, their lattice 

Boltzmann simulation achieves 74% strong scaling efficiency on 65,536 cores of a Blue Gene/P machine. 

3.2.2 Algorithms 

In the parallel implementation of the lattice Boltzmann method, a two-lattice implementation, a 

vectorized data structure similar to sparse matrix, an orthogonal recursive partitioning and a collective 

communication strategy are used. The parallel two-phase LBM code is built by extending the parallel 

single-phase LBM code. 

In the two-lattice implementation of LBM, the memory allocated for the distribution functions is 

used to store the distributions at the previous time step and the distributions at the current time step. In 

each time step, the distributions at the previous time step are fetched to perform collision and force 

calculations to update the distributions at the current time step. After the distributions at the current time 

step are all updated, they are copied back to replace the distributions at the previous time step, and the 

simulation moves forward for one time step. Although there are other memory-efficient implementations 
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(Mattila et al. 2008), the two-lattice implementation is simple and straightforward, and therefore it is 

relatively easy to achieve an efficient parallel implementation.  

The vector data structure similar to that for the storage of a sparse matrix was adopted. This 

eliminates the need of storing a full matrix that has not only all fluid points but also all solid points in the 

computer memory. The vector data structure is an N×3 double precision array that stores only x, y and z 

coordinates of the fluid points. The solid points that are always dominant in geological porous media are 

excluded. Based on the vector data structure, a LB node list is created as a 1D N×19 integer array that 

contains neighbor information of each fluid points, and this represents linkages among all fluid points in 

the 3D space with the periodic boundary condition on domain boundaries and bounce-back boundary 

condition on the solid wall. Figure 3.1 shows a sample file that includes the node list and coordinates of 

fluid points, and the LB propagation and boundary reflection are performed on the node list. In a parallel 

implementation for complex geometries, a neighbor can be a solid, a fluid, or a ghost fluid. The term 

“ghost fluid” refers to the fluid lattice sites stored on the current sub-domain to mirror the fluid lattice 

sites in the neighboring sub-domains for the purpose of sending the outbound distributions. 

 

Figure 3.1: A lattice Boltzmann vectorized list of fluid nodes for a 2×2×2 periodic domain. 

Domain partitioning is based on geometric shape and computational workload, with three 

orthogonal recursive partitioning implementations including bisection, trisection and mixed bi-and-tri 

section methods. The domain partitioning follows a tree structure, and each node on the tree may have 

two branches or three branches downwards. A tree with all two-branch nodes is for bisection, a tree with 

all three-branch nodes is for trisection and a tree with both types of nodes is for mixed bi-and-tri section. 

Figure 3.2 shows a binary tree and a mixed tree, and they have two levels from the top downwards. At 

each level, each node performs atomic partitioning operation independently, with its own choice of 

partitioning direction (x, y or z), partitioning type (bisection or tri-section) and partitioning criteria 

(shape-based or workload-based). The specific implementation poses three restrictions on the flexibility 

to cater the application needs. The first restriction is that nodes at the same level choose the same 

partitioning direction following by a user defined routine, such as [x,y,z,x,y,z…],  [y,z,y,z,y,z…] or 
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[x,x,x,x,x,x…], and the number of directions in the routine array implies the number of level in the tree.  

The second restriction is that the partitioning type for each node is determined by the number of 

processors before the partitioning, and this is useful to run a parallel simulation on any number of 

processors, since any number is the sum of several two’s and several three’s. The third restriction is that 

partitioning criteria can only be either shape-based or workload-based for one run. Corresponding to the 

trees with colors, Figure 3.3 shows four two-dimensional demonstrations, for shape-based bisection in 

[x,y] directions, workload-based bisection in [x,y] directions, shape-based bisection in [y,y] directions 

and shape-based mixed bi-and-tri section in [x,y] directions. Figure 3.4 shows three-dimensional results 

of different types of domain partitioning, 1) shape-based bisection in [x,y,z,x,y,z] directions, 2) shape-

based trisection in [x,y,z] directions, 3) shape-based mixed bi- and-tri section in [x,y,z,x] for 59 

processors, and 4) workload-based mixed bi- and-tri section in [x,y] directions for 29 processors. At 

present, only the shape-based partitioning was implemented in the parallel framework, and other results in 

Figure 3.4 were obtained from MATLAB codes. 

 

Figure 3.2: A binary tree and a mixed tree for domain partitioning. 

 

Figure 3.3: Two-dimensional demonstrations of domain partitioning. 
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Figure 3.4: Three-dimensional results of domain partitioning. 

Communication is implemented by packing up the fluid nodes in the ghost layers of each sub-

domain and linking up the ghost layers to the corresponding fluid nodes in the neighboring sub-domains. 

A packed message means that all outbound data are rearranged in a buffer as a continuous data in memory 

to minimize the communication network latency. When a packed message is received, data were 

recovered to their original format (data structure) to continue the next time step simulation. The Ghost 

layers are set up in each sub-domain to store outbound distributions to other sub-domains during the LBM 

propagation step. Figure 3.5 shows a D1Q3 model with two sub-domains, and ghost layers are 

represented by the dotted circles where distributions are exchanged. No collision takes place in the ghost 

layers. Considering the random distribution of fluid points in porous media, the communication algorithm 

was generalized to automatically process a stochastic geometry or CT images of porous media at the 

runtime.  

 

Figure 3.5: D1Q3 model for 4 LB nodes and periodic boundary condition (top), two sub domains with 2 

LB nodes in each and dotted circles represent ghost layers (bottom). 

The implemented parallel algorithm for the single-phase LBM is shown in Algorithm 3.1. A 

“real” node is inside the sub-domain, a “ghost” node is outside. As mentioned above, the node list is a 2D 

N×19 integer array with N the number of fluid node and the 19 entries store the indices of neighbors in 

the 19 directions (according to the D3Q19 model) where the distributions will be propagated to. In the 19 
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entries, 0 is used if the neighbor along the direction is a solid node, and a negative index is used if the 

neighbor along the direction is a fluid node but a ghost fluid. The distribution list is a 2D double array 

with the same dimension as the node list, and two distribution lists were used for advection (propagation) 

and collision (two-lattice implementation). The population pack is a 1D double array for the outbound 

distributions of all ghost fluid nodes for a sub-domain (each sub-domain creates its own population pack); 

the population pack is further subdivided (by MPI collective operations, hidden from a programmer) into 

sub-packs, each of which corresponds to distributions to be sent to a specific neighboring sub-domain. A 

lookup table is used to transfer populations between the 1D population pack and the 2D distribution list. 

In this algorithm, the procedure to identify ghost fluid nodes and their host process ID is 

conducted by inquiring all processes using the ghost node coordinates, implemented using MPI point-to-

point operations. Then, the 1D population pack is created to store the populations to be propagated to the 

neighbor sub-domains, in which the distributions that go to the same neighboring sub-domain are grouped 

together into a sub-pack. The sub-packs are located (defined) by their sizes and their offsets in the 

population pack; the sizes and the offsets can then be directly passed to MPI_alltoallv() to start the 

communication. For porous media flow simulations, both the sub-pack sizes and the offsets only need to 

be calculated once at the beginning of the simulation. This algorithm is adaptable to any complex 

communication pattern that may be resulted from sophisticated domain partitioning. 

 
Algorithm 3.1: Parallel single-phase lattice Boltzmann code. 

partition the computational domain  

each process identifies fluid nodes in ghost layer  

each process creates a node list and two LB distribution lists for 

real fluid nodes 

each process groups ghost nodes according to their host process, 

creates a population pack and a lookup table for the ghost 

nodes, and determines the sub-pack sizes and offsets 

for all time steps, each process do 

   for all fluid nodes, each process do  

      collision / force calculations 

  end for 

   for 18 directions of all real fluid node, each process do 

      if  neighboring site is real fluid  then 

         advect (propagate) the distribution 

     elseif neighboring site is ghost fluid  then 

         transfer the distribution to the population pack 

     elseif neighboring site is solid then 

         bounce back the distribution 

     end if 

  end for 

all processes exchange population pack by MPI_alltoallv() and 

transfer populations to distribution list 

 end for 
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The parallel implementation of two-phase LB code was built by extending the parallel single-

phase LB code, as shown in Algorithm 3.2. As mentioned earlier, two-phase LBM models the phases by 

implementing two fluid components, each of which has its own distribution that is updated by successive 

propagations and collisions. Therefore, there are two 1D double arrays for the densities of these two 

components at all real fluid nodes. Since the collision / force calculation at each fluid node in the pseudo-

potential model (Kang et al. 2005) depends on the densities of its neighboring sites, the densities in the 

ghost layers of one sub-domain should be obtained from the neighboring sub-domains before the collision 

/ force calculation for each phase can take place. Similar to the communication scheme for the 

distributions, the densities of fluid nodes on the sub-domain surface (which means that these nodes are in 

the ghost layers of other sub-domains) are transferred to a density pack at the home sub-domain, and 

density packs are exchanged using MPI_alltoallv() operation. At the destination sub-domain, the 

exchanged densities are transferred to the local ghost density lists through the use of lookup tables that are 

created to link the 1D density pack and the local density lists of ghost fluid nodes.  

 
Algorithm 3.2: Parallel two-phase lattice Boltzmann code. 

 

(preprocessing is the same as Algorithm 1) 

each process groups surface nodes according to their destination  

process, and creates a density pack and a lookup table for 

surface nodes 

for all time steps, each process do 

   for all fluid nodes, each process do  

      calculate local density for each phase 

      if  fluid node is on sub-domain surface then 

         transfer its density to the density pack for each phase 

     end if 

  end for 

all processes exchange density packs by MPI_alltoallv() and 

transfer densities to ghost density list 

   for all fluid nodes, each process do  

      if  neighboring site is real fluid  then 

         get density from density list for each phase 

     elseif neighboring site is ghost fluid  then 

         get density from ghost density pack for each phase 

     elseif neighboring site is solid then 

         get solid density (constant) for each phase 

     end if 

      component-component interactive forces and external forces 

using densities  

      collision 

  end for 

   (advection for each phase, the same as Algorithm 1) 

end for 
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3.2.3 Parallel Performance of Single-Phase lattice Boltzmann Code 

Performance tests were performed on three different supercomputers, Ra, Mira and Titan that are 

representative of the major and state-of-art architectures of high performance computing. Ra is a 

supercomputer at the Colorado School of Mines (16GB RAM and two quad-core Clovertown E5355 in 

each node, two dual-core 2.66-GHz Xeon chips in each Clovertown, 4MB shared L2 cache for each dual-

core chip), Mira is located at the Argonne National Laboratory (IBM Blue Gene/Q, 16GB RAM and 16 

1.6GHz PowerPC A2 cores, 32MB eDRAM ascent as a shared L2 cache to all the cores) and Titan is 

located at  the Oak Ridge National Laboratory (Cray XK7, 32GB RAM and 1 16-core 2.2GHz AMD 

Opteron 6274 processor in each node, 8×2MB shared L2 cache and 2×8MB shared L3 cache for all 

cores). Titan and Mira are listed as the 2nd largest and the 5th largest supercomputers in the world in June 

2013 (http://www.top500.org). 

The testing porous media geometries include a random solid sphere pack with a center hole and 

several cubic arrays of solid spheres with the same dimension ratio, that is, the ratio of the sphere 

diameter to the side of its confining cube is 0.9. The images of these sphere packs are shown in Figure 

3.6, and their specifications are shown in Table 3.1. The cubic arrays allow domain partitioning to be 

conducted with respect to elemental cubes and provide perfect balance of workload and communication. 

This enables a quantitative assessment of the performance of the communication strategy. During the 

performance tests, the time was recorded for 50-100 time steps of LB simulation, excluding the I/O and 

the one-time preprocessing. 

 
Figure 3.6: Porous media geometries for parallel performance tests.  

 

 

http://www.top500.org/
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Table 3.1: Specifications of testing porous media geometries. 

Geometry (Δx3) r a 
Pack 

config. 
ϕ 

Data 

size 
Comments 

1000×1000×1000 varied N/A random 33% N/A hole diameter: 166Δx 

40×40×40 2.25 5 cubic array 54% 13MB 
 

80×80×80 4.5 10 cubic array 64% 121MB 
 

160×160×160 9 20 cubic array 61% 0.9GB data size is 

proportional to pack 

size 

320×320×320 9 20 cubic array 61% 7.2GB 

all others 9 20 cubic array 61% ×7.2GB 

* r - sphere radius, a - elemental cube size,  ϕ  - porosity obtained from the voxelated images; 

data size is estimated by two double and one 4-byte integer N×19 arrays, and N is the number 

of fluid nodes.  

 

Figure 3.7: Parallel performance of single-phase lattice Boltzmann code on Ra. 

The results of performance tests on up to 1024 cores of Ra are shown in Figure 3.7. When each 

core has fewer than 5,000 fluid lattices, the entire data were fit in the 2MB cache, and an obvious super-

linear speedup (1.2 efficiency) was observed for the 403 and 803 data sets. Further domain partitioning 

significantly increases the communication overhead, and the parallel performance breaks down when in 

each core the ratio of population pack data size to distribution list data size (message size to workload) 

exceeds 0.15. A slightly super-linear speedup (1.0~1.1 efficiency) was observed for the larger geometries 

tested (1603 and 3203). In these tests, the code demonstrates a constant simulation speed of 0.4 million 

lattices updated per second per core (MLUPs/core) as long as each core has more than 10,000 fluid 

lattices, and this is a near-perfect strong scaling (a strong scaling test– the total workload is constant and 

the number of cores increases). The array of 160-cube was tested on up to 128 nodes, and it is 1/8 of the 



36 

 

array of 320-cube. At the same million lattices per core (ML/core), it demonstrates exactly the same speed 

as the larger array, and this is near-perfect weak scaling (a weak scaling test – the workload per core is 

constant and the number of cores increases). The largest simulation that runs to the convergence is the 

non-uniform sphere pack with a center hole, and it is in the size of 1000×1000×1000 with a porosity of 

33%. The execution time is 93.5 hours for 44,330 time steps on 16 nodes (128 cores) for simulating the 

flow through the center hole. It demonstrates a lower speed (average 0.35 MLUPs/core) in Figure 3.7, due 

to the workload imbalance (the coefficient of variance of distribution list sizes is 11%) caused by the 

simple bisection partitioning used. 

Additional performance tests were conducted on up to 262,144 cores of Mira, and 65,536 cores of 

Titan, as shown in Figures 3.8 and 3.9 and Tables 3.2 and 3.3. Efficiency is calculated using the first data 

point as the reference, expect for the 51203 geometry on Titan, where the efficiency is calculated using 

the largest MLUPS/core (3203 geometry on 16 cores). With the same geometry and the same number of 

cores, the code on Mira demonstrates much better performance than on Titan, as shown by the 25603 

geometry on 65,536 cores. This can be attributed to the faster cores on Titan, the Pmax/core (peak 

performance per core) of which is faster than that of Mira by a factor of 4. The code achieves 90% 

efficiency with the 25603 geometry on 262,144 cores on Mira, and 83% efficiency with the 51203 

geometry on 32,768 cores on Titan. For a smaller number of cores, the decrease of efficiency reflects 

effects of increasing ratio of message size to workload, while for very large number of cores, it reflects 

the effects of very large (the number of cores) integer arrays used in MPI_alltoallv(). Different from the 

behavior on Ra, the cache effect on Mira and Titan is not obvious at smaller values of ML/core. This 

might be due to the architectural difference of IBM Blue Gene/Q and Cray XK7, both of which are 

specialized architectures for high performance computing with distributed memories. 

When data were plotted as MLUPS/core v.s. ML/core, (1) On Mira, the speed is almost constant 

(near-perfect weak scaling) for a larger workload (>0.01 ML/core) on a smaller number of cores (<10k 

cores); on Titan, this near-perfect weak scaling still holds, but on a slightly larger workload (>0.1 

ML/core) on an even smaller number of cores (<5k cores). The smaller workload breaks the trend, 

because of the increasing ratio of message size to workload (the ratio of surface to the volume of the 

elemental cube); the large number of cores breaks the trend as well, because of the very large (the number 

of cores, >10k) integer arrays passed by MPI_alltoallv(), while the real message from one sub-domain to 

another is only in the size of tens or hundreds of doubles. (2) The ML/core is close to 0.06 MLUPS/core 

on Mira, and 0.32 MLUPS/core on Titan (good strong scaling), within the bounds of larger workload and 

smaller number of cores. 

So far we only tested the parallel performance of the single-phase LB code, the two-phase LB 

code may present the similar parallel behavior and slightly lower efficiency due to more communication 
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overhead. We compared our code with Vahala et al. (2008) and Clausen et al. (2010), which reported the 

best performance we saw in literature. Vahala et al. (2008) achieves perfect weak scaling on up to 32,764 

cores of an IBM BlueGene/L machine by fitting data to all the memory, and our code shows near-perfect 

weak scaling up to 262,144 cores on a BlueGene/Q machine (we did not fill all the memory at large 

number of cores). Clausen et al. (2010) achieves 87% strong scaling efficiency on 32,768 cores, 74% 

strong scaling efficiency on 65,536 cores of a Blue Gene/P machine for a 5123 domain with 60% fluid 

volume fraction. In our performance tests, the 6003 geometry with 61% porosity is most similar to that 

used in Clausen et al. (2010), and with this geometry, our code achieves 88% strong scaling efficiency on 

32,768 cores of a BlueGene/Q machine and we did not perform a test for this geometry on 65,536 cores. 

This comparison shows our code has also reached the best parallel performance, although there is still 

room to optimize our code and further improve the performance. 
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Table 3.2: Parallel Performance of single-phase lattice Boltzmann simulator on Mira 

# of Cores 
time 

(seconds) 
Speedup Efficiency ML/Core MLUPS/Core 

320×320×320 (a=20, r=9),10 steps×100 

1 327802.00 1.00 1.00 2.00E+01 6.10E-02 

16 20627.00 15.89 0.99 1.25E+00 6.06E-02 

320×320×320 (a=20, r=9),1000 steps 

32 10389.70 31.55 0.99 6.25E-01 6.01E-02 

512 665.81 492.34 0.96 3.90E-02 5.86E-02 

1024 337.72 970.63 0.95 1.95E-02 5.78E-02 

2048 170.82 1918.99 0.94 9.76E-03 5.71E-02 

4096 87.27 3756.18 0.92 4.88E-03 5.59E-02 

2560×2560×2560 (a=20, r=9),1000 steps 

16384 1042.81 16384.00 1.00 6.25E-01 5.99E-02 

32768 523.68 32625.65 1.00 3.12E-01 5.96E-02 

65536 266.42 64129.57 0.98 1.56E-01 5.86E-02 

131072 135.41 126175.31 0.96 7.81E-02 5.77E-02 

262144 72.53 235563.20 0.90 3.90E-02 5.38E-02 

80×80×80 (a=5, r=2.25),1000 steps 

32 150.50 32.00 1.00 8.70E-03 5.78E-02 

512 10.56 456.06 0.89 5.44E-04 5.15E-02 

1024 5.85 823.25 0.80 2.72E-04 4.65E-02 

2048 3.52 1368.18 0.67 1.36E-04 3.86E-02 

4096 2.59 1859.46 0.45 6.80E-05 2.63E-02 

*ML - million lattices, MLUPS - million lattices updated per second; Part of 

performance tests was tabulated.   

 
Figure 3.8: Parallel performance of single-phase lattice Boltzmann code on Mira. 
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Table 3.3: Parallel Performance of single-phase lattice Boltzmann simulator on Titan 

# of Cores 
time 

(seconds) 
Speedup Efficiency ML/Core MLUPS/Core 

320×320×320 (a=20, r=9),1000 steps 

16 3906.20 16.00 1.00 1.25E+00 3.20E-01 

32 1966.13 31.79 0.99 6.25E-01 3.18E-01 

64 993.32 62.92 0.98 3.12E-01 3.14E-01 

128 494.18 126.47 0.99 1.56E-01 3.16E-01 

256 241.14 259.18 1.01 7.81E-02 3.24E-01 

512 123.58 505.73 0.99 3.90E-02 3.16E-01 

1024 63.97 976.98 0.95 1.95E-02 3.05E-01 

2048 36.88 1694.86 0.83 9.76E-03 2.65E-01 

1280×1280×1280 (a=20, r=9),100 steps 

512 782.95 512.00 1.00 2.50E+00 3.19E-01 

1024 393.44 1018.90 1.00 1.25E+00 3.18E-01 

2048 198.39 2020.61 0.99 6.25E-01 3.15E-01 

4096 100.21 4000.23 0.98 3.12E-01 3.12E-01 

8192 57.57 6962.87 0.85 1.56E-01 2.71E-01 

16384 59.01 6792.85 0.41 7.81E-02 1.32E-01 

32768 151.53 2645.53 0.08 3.90E-02 2.58E-02 

65536 569.15 704.34 0.01 1.95E-02 3.43E-03 

5120×5120×5120 (a=20, r=9),100 steps 

32768 932.26 27525.12 0.84 2.50E+00 2.68E-01 

*ML - million lattices, MLUPS - million lattices updated per second; Part of 

performance tests was tabulated.  Efficiency of 2560 cube is calculated by comparing 

MLUPS/core with 320 cube on 16 cores. 

 
Figure 3.9: Parallel performance of single-phase lattice Boltzmann code on Titan. 
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CHAPTER 4 

VALIDATION AND CONVERGENCE OF THE LATTICE BOLTZMANN METHOD 

 

 Validation tests were performed using the single-phase LB code against analytical solution, core 

flooding experiments and microfluidics tests. Convergence tests were conducted to determine the 

minimum number of lattices for an accurate single-phase LB simulation. For the two-phase LB code, 

basic validation tests were performed to investigate the surface tension and contact angle in the 

simulations. The limitations of two-phase LB simulations were discussed in details and potential 

improvements in the latest literature were reviewed. The fluid properties of crude oil, natural gas and 

water were summarized for realistic pressures and temperatures. The possibility of simulating two phase 

flows in nanoporous media was analyzed. In the end, recommendations were given for future studies on 

two-phase LB modeling in complex porous media. 

4.1 Validation and Convergence of Single-Phase LBM with Analytical Solutions 

Poiseuille flows in a cylindrical pipe and between two parallel plates were simulated and then 

compared to the exact analytical solutions for incompressible laminar flows of a Newtonian fluid with no-

slip boundary condition. The two geometries are shown in Figure 4.1. In the following discussions, the 

resolution is defined as the number of lattices (Δx) used to resolve a characteristic and physical relevant 

length scale of a porous medium, which can be the width of a fracture, the diameter of a tube or a sphere. 

In this section, all simulations were performed with a body force of 0.0001 (simulation units) and 

viscosity of 6 (simulation units) to ensure laminar flow, except that when the characteristic length is 

higher than 80Δx, where a higher viscosity of 38 (simulation units) was applied to avoid inertial effects 

and to accelerate convergence toward the steady state. In all simulations, the pore fluid was initially 

stationary and was gradually accelerated by the applied body force to reach the steady states. 

The reported permeability was normalized by the diameter of the cylinder or the distance between 

the parallel plates, and then compared with the exact dimensionless permeability, which is 1/32 for a 

cylindrical pipe and 1/12 for the parallel plates. In Tables 4.1-4.3, the error was calculated by   

          where    is the dimensionless simulated permeability and     is the dimensionless 

analytical permeability. In Table 4.2, we also included the error in the discrete representation of the cross-

sectional area of a cylindrical pipe. For flows between parallel plates, the errors are all positive and 

decrease with increasing resolution. For flows through the cylindrical pipe, the errors in the permeability 

are all negative. At first sight, they do not decrease consistently with increasing resolution. After we 

factor in the errors in the discrete representation of the cross-section, whose magnitude decreases with 
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increasing resolution but with alternating signs, it is observed that the net error remains negative and 

consistently decreases with increasing resolution.  

To further investigate the errors in cylindrical pipes, the Poiseuille flow in an inclined cylindrical 

pipe was simulated. A pipe is placed between Point [0, 0, 0.5] (x, y and z coordinates) and Point [1, 1, 

0.5]. The coordinates refer to locations in a unit cubic box. Some volumes are at Point [0, 1, 0.5] and 

Point [1, 0, 0.5] due to periodicity, as shown in Figure 4.1. It is termed “inclined” as it is inclined relative 

to the primary lattice directions x, y, and z. Since the cross-sectional area of an inclined pipe cannot be 

simply counted from the number of fluid voxels on a cross-section as that of a horizontal pipe, it is 

calculated from the pipe volume and length, and the errors in the area is assessed to compensate the 

permeability error. As shown in Figure 4.2, inclination reduces the error considerably at lower resolutions. 

The cubic lattice structure leads to a staircase approximation of a curved surface. In the D3Q19 

propagation scheme, the accuracy is improved when a surface follows the lattice directions including the 

diagonals (Gallivan et al. 1997). 

 

Figure 4.1: Two parallel plates, a horizontal cylinder and an inclined cylinder for Poiseuille flows. 
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Table 4.1: Numerical convergence test of Poiseuille flow 

between parallel plates 

Height, h, 

(Δx) 
kD=k/h2 

Poiseuilles Law, 

kD,a=1/12 
εk= kD/kD,a-1 

4 8.59E-02 8.33E-02 3.1% 

6 8.45E-02 8.33E-02 1.4% 

8 8.40E-02 8.33E-02 0.8% 

10 8.37E-02 8.33E-02 0.5% 

18 8.35E-02 8.33E-02 0.2% 

24 8.34E-02 8.33E-02 0.1% 

50 8.33E-02 8.33E-02 0.0% 

106 8.33E-02 8.33E-02 0.0% 

 

Table 4.2: Numerical convergence test of Poiseuille flow in a horizontal cylindrical pipe 

d (Δx) kD=k/d2 kD,a=1/32 εk=kD/kD,a-1 A (Δx2) εA=A/Aa-1 εk-εA 

4 2.75E-02 3.13E-02 -12.1% 1.30E+01 3.5% -15.6% 

6 2.78E-02 3.13E-02 -11.1% 2.90E+01 2.6% -13.6% 

8 2.70E-02 3.13E-02 -13.7% 4.90E+01 -2.5% -11.2% 

10 3.03E-02 3.13E-02 -3.0% 8.10E+01 3.1% -6.2% 

20 3.07E-02 3.13E-02 -1.6% 3.17E+02 0.9% -2.5% 

40 3.08E-02 3.13E-02 -1.4% 1.26E+03 0.0% -1.4% 

60 3.08E-02 3.13E-02 -1.4% 2.82E+03 -0.2% -1.2% 

80 3.10E-02 3.13E-02 -0.9% 5.03E+03 0.0% -0.9% 

240 3.12E-02 3.13E-02 -0.3% 4.52E+04 0.0% -0.2% 

*d – diameter; kD,a – Poiseuille flow analytical solution; A - discrete cross-sectional area;  Aa – 

analytical cross-sectional area, Aa=πd
2/4 (Δx2); 

 

Table 4.3: Numerical convergence test of Poiseuille flow in an inclined cylindrical pipe 

d (Δx) kD=k/d2 kD,a=1/32 εk= kD/kD,a-1 A (Δx2) εA=A/Aa-1 εk-εA 

4 2.56E-02 3.13E-02 -18.2% 1.13E+01 -10.0% -8.3% 

6 3.03E-02 3.13E-02 -2.9% 2.97E+01 5.0% -8.0% 

8 2.97E-02 3.13E-02 -5.1% 5.09E+01 1.3% -6.4% 

10 3.12E-02 3.13E-02 -0.1% 8.34E+01 6.2% -6.3% 

20 3.01E-02 3.13E-02 -3.6% 3.14E+02 -0.1% -3.5% 

40 3.07E-02 3.13E-02 -1.7% 1.26E+03 0.2% -1.9% 

60 3.08E-02 3.13E-02 -1.5% 2.83E+03 0.1% -1.7% 

*d – diameter; kD,a – Poiseuille flow analytical solution; A - discrete cross-sectional area;  Aa – 

analytical cross-sectional area,, Aa=V/L (Δx
2) 
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Figure 4.2: Resolution analysis of two parallel plates and cylindrical pipes. 

4.2 Validation of Single-Phase LBM with Experiments 

Simulations were conducted using three-dimensional micro-CT images of 8 rock samples, 

including sandstone, carbonate, synthetic silica and sand pack, and comparison were made against the 

experimental results of these rock sample. A body force of 0.0001 and a viscosity of 6 were used to 

ensure laminar flow in these simulations. Both the micro-CT images and the experimental data were 

obtained from the website of Department of Earth Science and Engineering at Imperial College in London 

(Dong 2007). Figure 4.3 shows one slice of the micro-CT images and the voxelated volume of 8 rock 

samples. The CT resolution of these images ranges from 2 to 10 micrometers, and the system size are 

400×400×400 Δx3 or 300×300×300 Δx3, which are about 1 to 64 cubic millimeters in actual size. Table 

4.4 shows the specifications of these micro-CT images, and the permeabilities from experiment and Pore 

Network Modeling (PNM, Dong 2007). Table 4.5 shows the simulation results from the LBM codes 

developed in this study; both BGK and MRT collision models were used in the simulations. The 

directional permeabilities from experiments and LBM simulations were compared in Figure 4.4, and 

overall the error of simulations is within about 20% and BGK gives slightly higher permeability than 

MRT does. It is noted that the original work didn’t provide the uncertainty of experimental data, so it 

might not be valid to conclude that the simulations conducted over micro-CT images overpredict the 

permeability, which may be measured over a different (larger) sample volume. The average permeabities 

from experiments, PNM simulations and LBM simulations were compared in Figure 4.5. As it shows, in 

most cases, the LBM simulations are slightly greater than the experiments, while the PNW simulations 

slightly smaller. What is interesting is the comparison on C1 (carbonate), the error of LBM simulations is 

about 10%, but the error of PNW simulations is about 50%. 
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Figure 4.3: CT images of sedimentary rocks and artificial packings. 

 

Table 4.4: Rock permeability from core tests and pore network modeling 

CT 

data 

Porosity, 

ϕ 

CT 

Resolution 

(um) 

System 

size 

(Δx) 

Experiment PNM 

kx ky kz kavg.ex kavg.sim εk 

BSS 19.6% 5.35 4003 1.36 1.30 1.19 1.29 1.11 -13.6% 

C1 23.3% 2.85 4003 0.79 1.47 1.05 1.10 0.56 -49.6% 

S1 14.1% 8.68 3003 1.97 1.75 1.31 1.68 1.49 -11.4% 

S2 24.6% 4.96 3003 4.32 3.98 3.39 3.90 3.95 1.4% 

A1 42.9% 3.85 3003 8.27 7.98 5.41 7.22 8.08 11.9% 

F42A 33.0% 10.00 3003 n/a n/a n/a 59.00 61.00 3.4% 

F42B 33.3% 10.00 3003 n/a n/a n/a 52.30 48.00 -8.2% 

LV60A 37.7% 10.00 3003 n/a n/a n/a 35.30 27.20 -22.9% 

*εk= kavg.sim/kavg.ex-1. Permeability is in Darcy. PNW -  pore network modeling 

*BSS - Berea sandstone; C1 - carbonate; S1, S2 - sandstone; A1 – synthetic silica; F42A, F42B, 

LV60A - sand pack. 
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Table 4.5: Rock permeability from lattice Boltzmann method 

CT 

data 

LBM(BGK) LBM(MRT) 

kx ky kz kavg.ex εk kx ky kz kavg.ex εk 

BSS 1.62 1.57 1.52 1.57 22.0% 1.55 1.51 1.46 1.51 17.2% 

C1 0.70 1.64 1.33 1.22 11.1% 0.68 1.60 1.30 1.19 8.1% 

S1 2.40 2.23 1.66 2.09 24.8% 2.30 2.14 1.59 2.01 19.6% 

S2 4.67 4.41 3.56 4.21 8.0% 4.52 4.27 3.44 4.08 4.6% 

A1 10.23 9.82 6.77 8.94 23.8% 9.93 9.54 6.55 8.68 20.2% 

F42A 61.31 59.88 61.09 60.76 3.0% 59.87 58.48 59.64 59.33 0.6% 

F42B n/a n/a n/a n/a n/a 54.21 53.87 59.45 55.84 6.8% 

LV60A n/a n/a n/a n/a n/a 42.31 38.81 36.61 39.25 11.2% 

*εk= kavg.sim/kavg.ex-1. Permeability is in Darcy.   

 

        
Figure 4.4: Comparison #1 of LB simulations with core experiments.  

  
Figure 4.5: Comparison #2 of LB simulations with core experiments.  
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Another validation comes from comparison with microfluidic tests (Wu et al. 2012). 

Microfluidics chips were fabricated by transferring 2D microstructures into a silicon master with a depth 

of 55–60 micrometers and then molding the microstructure from the masters into Polydimethylsiloxane 

(PDMS) chips of 5×5 square millimeters (Wu et al. 2012). A sample silica master is shown in Figure 4.6. 

Totally 20 microfluidics chips were fabricated, and the microstructures were 2D stochastic geometries 

(Chapter 2) that have a channel width of 6 Δx, an overall size of 2500×2500 Δx2 and a depth of 11 Δx (Δx 

= 5 micrometers correspondingly). 10 of the microstructures are homogeneous 2D stochastic geometries, 

and another 10 are heterogeneous 2D stochastic geometries. The heterogeneous geometries are created by 

removing grains from the homogeneous geometries, and this removal operation creates vugs in the form 

of single vugs (separated grains are removed) or clustered vugs (clusters of grains are removed). The 

microstructures of three chips are shown in Figure 4.7. On each chip, 5 microfluidic flow tests were 

conducted and the average and the standard deviation of permeability were reported. Table 4.6 shows the 

permeabilities from experiments, 2D LBM MRT simulations and 3D LBM MRT simulations. The 

comparison was shown in Figure 4.8 for homogenous chips and Figure 4.9 for heterogeneous chips. 

Results from 2D simulations are consistently greater than the experiments because they do not account for 

the resistance from top and bottom surfaces. Most of the 3D simulations are within the uncertainty range 

of experiments, and the few that are out of the uncertainty range are also very close to the experiments 

with errors smaller than 5%. 

 
Figure 4.6: Electron micrographs of silicon masters for microfluidics chips (Wu et al. 2012). 

 
Figure 4.7: Textures of homogenous and heterogeneous microfluidics chips. 
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Table 4.6: Permeability from LB simulations and microfluidic tests 

Chip 

# 

Homogenous k (Darcy) Heterogeneous k (Darcy) 

Simulation Experiment(n=5) Simulation Experiment(n=5) 

ksim.3D ksim.2D kexp.avg kexp.stdev ksim.3D ksim.2D kexp.avg kexp.stdev 

          Single vugs 

1 3.9E-01 4.5E-01 4.2E-01 2.E-14 5.3E-01 6.0E-01 5.2E-01 2.E-14 

2 4.0E-01 4.5E-01 4.3E-01 3.E-14 5.3E-01 6.1E-01 5.7E-01 4.E-14 

3 4.0E-01 4.6E-01 4.1E-01 2.E-14 5.5E-01 6.3E-01 5.1E-01 2.E-14 

4 3.9E-01 4.5E-01 4.2E-01 2.E-14 5.3E-01 6.2E-01 5.3E-01 3.E-14 

5 4.0E-01 4.6E-01 4.1E-01 2.E-14 5.7E-01 6.6E-01 5.7E-01 4.E-14 

          Clustered vugs 

6 4.1E-01 4.7E-01 3.7E-01 2.E-14 6.0E-01 6.8E-01 5.9E-01 4.E-14 

7 4.0E-01 4.6E-01 4.1E-01 2.E-14 5.5E-01 6.9E-01 5.5E-01 3.E-14 

8 4.2E-01 4.8E-01 4.4E-01 2.E-14 6.1E-01 6.8E-01 5.8E-01 3.E-14 

9 4.2E-01 4.7E-01 4.4E-01 2.E-14 5.8E-01 6.5E-01 5.3E-01 4.E-14 

10 4.1E-01 4.7E-01 4.3E-01 2.E-14 6.2E-01 7.1E-01 5.6E-01 3.E-14 

*All chips are 5×5×0.055 mm3 in actual size, and 2500×2500×11 Δx3 in simulation size 

 

 
Figure 4.8: Comparison #1 of LB simulation with microfluidic tests. 
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Figure 4.9: Comparison #2 of LB simulation with microfluidic tests. 

4.3 Validation of Two-Phase LBM 

For two-phase flows in porous media, the interfacial tension and the wettability are the two 

fundamental properties. Therefore, to validate the two-phase LBM code, the intensity of pseudo-

potentials was adjusted to realize a range of values of the interfacial tension and the wettability, and the 

simulation results were compared to the analytical solutions. In this section, the density ratio and 

kinematic viscosity ratio of fluid 1 and fluid 2 were set to 0.8 and 1.7, respectively. The kinematic 

viscosity is defined as      , where   is the dynamic/absolute viscosity and   is the density.  

A stationary spherical droplet of fluid 1 surrounded by fluid 2 was simulated for the 

characterization of the interfacial tension using the Laplace equation, which is given by 

 
    

  

 
 

(4.1) 

where    is the pressure difference cross the interface,   is the surface tension and   is the radius of the 

spherical drop. The simulations were set up in a computational domain of 32×32×32 Δx3 or 64×64×64 

Δx3 filled with fluid 2 and a spherical drop of fluid 1 in the center, and the drop radius ranges from 6 to 20 

Δx. A few tests with larger spherical drop were simulated in 64×64×64 Δx3 domain, because simulations 

show increased interface thickness due to phase mixing at low surface tension. A sample image of the 

distribution of fluid 1 is shown in Figure 4.10. The fluid-fluid self-interaction parameters g11 and g22 were 

set to 0, and the fluid-fluid interaction between the two different components, g12 and g21, were set to the 

same negative values, which means one component exerts repulsive forces to another. When the 

simulation reaches the steady state, a pressure field is obtained as shown in Figure 4.11. (a) is a two-

dimensional pressure field on the plane at the middle of z direction, and (b)  is pressure values on the line 

at the middle of both z and y direction. The pressure differences were measured using the pressures inside 
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and outside the droplet, as tabulated in Table 4.7. In Figure 4.12, the linear relation between    and     

is observed and the     approaches zero when the radius is very large, and this behavior agrees with the 

Laplace equation. 

 
Figure 4.10: A stationary droplet to simulate surface tension.  

 
(a)       (b)  

Figure 4.11: Pressure field on a plane for a stationary droplet. 
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Table 4.7: Surface tension from two-phase LB simulation 

Radius, r 2/r 
Pressure Difference 

g12=-0.1 g12=-0.15 g12=-0.2 g12=-0.25 

6 3.33E-01 - 7.02E-02 8.38E-02 9.92E-02 

8 2.50E-01 - 5.28E-02 6.21E-02 7.19E-02 

10 2.00E-01 - 4.33E-02 4.79E-02 5.66E-02 

12 1.67E-01 2.31E-02 3.60E-02 3.91E-02 4.43E-02 

14 1.43E-01 2.13E-02 - - - 

16 1.25E-01 1.94E-02 - - - 

20 1.00E-01 1.61E-02 - - - 

Interfacial Tension 1.51E-01 2.14E-01 2.43E-01 2.84E-01 

*Interfacial tension and pressure difference are in simulation units; viscosity 

remains the same for all tests. 

 

 

 
Figure 4.12: Comparison of simulated surface tension to analytical solution. 

A half spherical droplet of fluid 1 in contact with solid surface was simulated for various 

wettability conditions, and the comparison was made against the Young’s equation, which is given by, 

        
       

   
 (4.2) 

where    is the contact angle measured in fluid 1, and     and     are the fluid-wall interfacial tension, 

and     is the fluid-fluid interfacial tension. The simulations were set up in a computational domain of 

32×32×32 Δx3, the domain was filled with solid at the bottom and fluid at the top, and a half spherical 

droplet of fluid 1 (radius = 6 Δx) was initialized on the solid surface. During the simulation, the g12 and 
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g21, were set to -0.1, and the fluid/solid interactive strengths, g1w and g2w, were set to have the same 

absolute value but opposite signs.      is determined by g12 and g21, and the     and     are determined 

by g1w and g2w, respectively, although there are no explicit expressions in the current implementation of 

pseudo-potential model. Two sample images of wetting and non-wetting droplet were shown in Figure 

4.13. In Figure 4.14, the 5 images are the steady state of density distribution of fluid 1 on the plane at the 

middle of x direction.  The measured contact angles of fluid 1 and corresponding g12 and g21 were 

tabulated in Table 4.8. As shown in Figure 4.15 (a), a wide range of wettability values can be obtained for 

strong non-wetting, moderate non-wetting, neutral wetting, moderate wetting and strong wetting. In 

Figure 4.15 (b), the plot was made for       v.s.        , obviously         is not linearly 

proportional to        , so       v.s.         is not linear. However, the curve is symmetrical 

with respect to the origin, and this agrees with the Young’s equation.  

 

Figure 4.13: Demonstration of wetting and non-wetting phenomena. 

 

Figure 4.14: Simulation of wettability. 
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Table 4.8: Contact angle measured in two-phase LB simulations 

g2w-g1w g1w=-g2w Contact Angle,  , (deg)      

0.04 -0.02 150 -0.87 

0.02 -0.01 125 -0.57 

0.00 0.00 90 0.00 

-0.02 0.01 55 0.57 

-0.04 0.02 30 0.87 

 

 

Figure 4.15: Contact angle measured in two-phase LB simulations. 

4.4 Limitations and Potential Improvements of Two-Phase LBM 

 The implemented two-phase LB model is the basic Shan-Chen pseudo-potential model, and it has 

some limitations, such as spurious current in the presence of density ratio, difficulties in adjusting the 

interfacial tension and the contact angle, and in simulating large density and viscosity ratios due to 

numerical instability issues. The state-of-arts of pseudo-potential model can be used to reduce spurious 

currents, to simulate very large density and viscosity ratios, and to achieve tunable interfacial tensions and 

contact angles. The fluid properties at realistic pressures and temperatures in oil and gas recovery are 

summarized, and potential solutions to simulate two-phase flow in nano-porous media are discussed. 

The spurious current at the vicinity of interface is an unphysical phenomenon (numerical error) in 

two-phase pseudo-potential simulations. Figure 4.16 shows the magnitude and direction of the three-

dimensional velocity vectors on one plane from the surface tension test. Although the droplet and its 

surrounding fluid are stationary, there is obvious velocity (spurious current) near the interface. This 

problem has been extensively studied in the literature, and it has been discovered that the spurious current 
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can be reduced by using high-order isotropy (Shan 2006), resolving the interface thickness with more 

lattices (Sbragaglia et al. 2007), or using realistic Equation of State (EOS) (Bao and Schaefer 2013). 

However, from visual observations and basic validations of interfacial tension and wettability in this 

study, the macroscopic behavior of a two-phase flow is well modeled by the basic Shan-Chen pseudo-

potential model, although a quantitative study is necessary to investigate how significant the spurious 

current affects the two-phase flow simulation. 

 

Figure 4.16: Spurious current in two-phase LB simulation. 

 The interfacial tension and contact angle in the basic model is a function of the density ratio and 

the intensity of inter-particle interactions, and they cannot be adjusted independently. These difficulties 

pose a challenge on applying simulations to solve engineering problems. Li and Luo (2013) proposed an 

approach to achieve tunable surface tension by adding a new source term to the LB equation. This new 

term is independent of density ratio, so it can guarantee the adjustment of surface tension does not affect 

the mechanical stability condition of the pseudo-potential model. The new term is added as following  

                                        (4.3) 

where C is a vector, and M is the MRT transform matrix. This approach was implemented with MRT 

model, and     transforms   out of the moment space. This equation is rearranged based the equation in 

Li and Luo (2013) for simplicity. For a D2Q9 model,   is given by  
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(4.4) 

    
   
 

                          (4.5) 

where   is a free parameter to tune the interfacial tension. Lin and Luo (2013) reported a wide range of 

interfacial tension from 0.0355 to 9.449 (simulation units) by adjusting   between 0 and 1, and the ratio is 

1:266. For contact angle, Huang et al. (2007) proposed a method to approximate the fluid-fluid interaction 

force in the pseudo-potential model and then a desired fluid-solid contact angle can be obtained. The 

method is a straightforward application of Young’s equation 

        
       

  
     

 

 (4.6) 

where    is the free parameter. This equation can accurately predict the contact angle. 

The density ratio of two components is restricted to 2.0 in the basic model, due to the EOS used 

in the model. If the fluid-fluid interaction is given by Equations 3.16-3.18, the EOS of this system is 

given (Yuan et al. 2006, Shan and Doolen 1996) by 

       
  
 
         (4.7) 

where      for D3Q19 models, and        in the basic pseudo-potential model. This EOS is 

generally a non-ideal gas equation of state, and if there is no interaction force, the fluid will behave as an 

ideal gas. By changing      through 

       
      

   

   
 (4.8) 

different EOS can be obtained, such as Van der Waals, Redlich-Kwong, Redlich-Kwong-Soave, Peng-

Robinson and Carnhan-Starling EOS’s (Yuan et al. 2006). Bao and Schaefer (2013) reported a density 

ratio of 1000:1 using the Peng-Robinson EOS,  

   
   

    
 

       

          
 (4.9) 

                                                
 
 (4.10) 
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where              
    , and               , and   ,    are the critical properties. It is also 

reported that the Peng-Robinson EOS is able to minimize the spurious current at the interface of the two 

phases.  

 The kinematic viscosity ratio of two components is only in the order of 10, due to the use of BGK 

collision model in the basic model. The BGK collision model is only accurate for a relaxation time around 

1, that is, a viscosity of 6 in the simulation unit. The MRT collision model has better accuracy and 

stability than the BGK, which has been seen in the single-phase LBM code. Porter et al. (2012) reported 

kinematic viscosity ratios greater than 1000, and in their model the high-order isotropy and explicit force 

term are incorporated into the LB transport equation, instead of a shift in the BGK equilibrium velocity, 

as following 

                                     
  (4.11) 

 
  
  

           

   
   

  
 (4.12) 

where   
  accounts for changes to the distribution function due to external forces,  consistent with other 

equations. This method also reduces the spurious current at the interface.  

 In oil and gas recovery, a wide range of fluid properties are encountered in two-phase flows. 

Density, viscosity and surface tension of oil, water and natural gas are summarized in Tables 4.9-4.11 for 

realistic pressures and temperatures. At 4000 psi and 37.78 ᵒC, for a water-gas system, the density ratio 

may reach 4:1, and the kinematic viscosity ratio may reach 10:1. At 40 
ᵒ
C, for a water-oil system, the 

viscosity ratio may reach 1:9 for light oil, 1:54 for medium oil and 1:345 for heavy oil. The surface 

tension (to air) of oil ranges from 20 to 40 dyne/cm, and the surface tension (to air) of water is about 70 

dyne/cm.  

While large ratios in density and viscosity can be simulated by the abovementioned improved 

pseudo-potential models, simulation of realistic interfacial tension is still a challenge. The interfacial 

tension of an oil-water system may be about 30 to 60 dyne/cm. Equation 3.26 shows that the simulated 

surface tension is inversely proportional to       . To simulate the same fluid properties, from a 

micrometer scale (       ~ µm) for conventional sandstones down to a nanometer scale (       ~ nm) 

for unconventional resource rocks where maintaining      ,        , and        requires that 

    
       should be decreased by a factor of 1000. The latest work only reports a range of      of 

0.0355 to 9.449 (1:266), with       fixed. Nevertheless, the MRT collision model preserves accuracy for 

a wide range of relaxation time (0.53~100, simulation viscosity 0.36~1194) as shown in single-phase LB 

simulation during this study. As shown by Equation 3.26, for a given actual geometry resolution, a given 

actual fluid density and a given actual surface tension, the increase in the simulation viscosity by a factor 

of 10 leads to a decrease in     
       by a factor of 100. This flexibility of the MRT collision model 
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may present a chance to remedy the limitation that roots in the surface tension, and it may enable an 

accurate two-phase pseudo-potential simulation in unconventional nano-porous media with realistic fluid 

properties under reservoir conditions. Further studies should be conducted to investigate the capability of 

MRT collision model in such a scenario. 

Table 4.9: Crude oil viscosity  

 
Kinematic viscosity (cSt) 

Temperature (ᵒC) Light (36 ᵒAPI) Medium (24.7 ᵒAPI) Heavy (14.8 ᵒAPI) 

10 14.22 163.40 2193.10 

20 9.51 81.46 887.90 

30 7.14 51.81 426.40 

40 5.96 34.63 223.50 

60 4.01 17.76 78.71 

*At 60 ᵒF (15.6 ᵒC), density is 0.967gm/cc for heavy oil, 0.906gm/cc for medium, 0.845gm/cc 

for light oil. (Al-Besharah et al. 1987). 

 

 

Table 4.10: Natural gas viscosity  

 
37.78 ᵒC 137.78 ᵒC 

Pressure 

(psia) 

Density 

gm/cc 
microP cSt 

Density 

gm/cc 
microP cSt 

200 0.0108 115 1.06 0.0079 149 1.89 

1000 0.0614 133 0.22 0.0408 160 0.39 

4000 0.2473 291 0.12 0.1621 225 0.14 

8000 0.3304 439 0.13 0.2557 328 0.13 

*microP=10-6 Poise, the gas has 86.3% methane, 6.8% Ethane and others, Lee et al. (1966). 

 

Table 4.11: Water viscosity 

Temperature (ᵒC) cP cSt 

0 1.787 1.787 

20 1.002 1.004 

30 0.798 0.801 

40 0.653 0.658 

60 0.467 0.475 

 

 



58 

 

Table 4.12: Surface tension of liquids 

Liquid 
 Temperature 

(ᵒC) 

Surface tension 

(dyne/cm) 
Comments 

n-Hexane 20 18.40 

 n-Octane 20 21.80 

 Toluene 25 27.73 

 Water 25 71.97 

 Water 50 67.91 

 Crude Oil 24 30.18 Allegany, NY 

Crude Oil 24 37.72 Kern, CA 

Crude Oil 24 26.76 Madill, OK 

*Crude oil surface tensions from Harvey (1925), oil-water interfacial tension 

changes maximally 20% in a wide range of pressure and temperature  

(Hassan et al. 1953). 
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CHAPTER 5 

APPLICATION: POROSITY-PERMEABILITY RELATION 

 

Convergence and system size analysis were conducted to determine the optimal resolution and 

minimum number of Poisson points needed to keep the geometry statistically representative. Simulations 

were conducted to study the porosity-permeability relations for homogeneous and heterogeneous granular, 

tubular and fibrous geometries. Especially, we explored the effect of connected/disconnected fractures, 

vug size and vuggy porosity on the porosity-permeability relations. 

5.1  Convergence and System Size Analysis 

Numerical convergence tests of the permeability were conducted with various resolutions of the 

same stochastic granular, tubular and fibrous geometries. The convergence tests determine the optimal 

lattice resolution for single-phase flow simulations in the Darcy / Stokes regime for the stochastic 

geometries. System size tests were conducted with various seeding densities of the Poisson points in 

granular geometries. The system size tests determine the minimal number of Poisson points needed to 

establish a statistically representative permeability. 

The reported permeability was normalized by the cylinder diameter or the fracture aperture of 

stochastic geometries, and the relative error was assessed with respect to the geometry with the highest 

resolution. In Tables 5.1-5.3, the porosity quickly stabilized with increasing resolutions. To investigate 

the permeability, the relative errors were calculated by             where      is the permeability of 

the reference geometry that has the highest resolution. In Tables 5.1-5.3 as well as in Figure 5.1, for both 

granular and tubular geometries, only at the lowest lattice resolution the effect of numerical slippage 

(unphysical increase in flow rate) is observed. At other resolutions, data showed obvious bounce-back 

errors (unphysical decrees in flow rate) due to the inclined surfaces of the polyhedra and the cylinders. 

Interestingly, the errors from the random tubular geometries are smaller than those of granular geometries. 

Additionally, the errors from the random tubular geometries are also less than those of the horizontal and 

the inclined cylinders. This is, perhaps, an indication that errors due to application of the bounce-back 

over inclined surfaces of different orientations cancel each other. With these data, we show that it is 

acceptable to use a relatively low resolution (4-6Δx) to resolve the characteristic length of stochastic 

porous media (aperture or diameter) in the Darcy / Stokes flow regime. For fibrous geometries that are 

generated from inversions of these tubular geometries, errors also become negligible as the lattice 

resolution was increased to 6Δx. 
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To determine the optimal resolution, it is also important to consider the system size that is usually 

limited by the computational resources. A large system is needed especially for porous media with low 

porosity and/or strong heterogeneity to be statistically representative. Yet, increasing the resolution by a 

factor of two will result in a 3D system that is eight times larger. Hence, the resolution of 6Δx is 

recommended to resolve the minimum fracture aperture as well as the minimum tube/fiber diameter. 

Based on the errors presented in Tables 5.1 through 5.3 and in Figure 5.1, the errors in simulations with 

this resolution should be within 3%. 

In order to show that the geometries generated are statistically representative, system size tests 

were conducted. In these tests, we maintained the grid resolution and the seeding density of the Poisson 

points, but systematically increased the system size. The objective of the test is to determine the minimal 

number of Poisson points needed to establish a statistically representative permeability. Stochastic 

granular geometries were generated using a fracture aperture of 6Δx using a seeding density of 5 Poisson 

points per 2003 of system size (Table 5.4). For each system size, five sample geometries were generated. 

Table 5.4 shows porosity and dimensionless permeability, and their coefficient of variance (ratio of 

standard deviation to mean) from the five samples. As shown in Figure 5.2, for 40 or more Poisson points, 

the coefficient of variance for both porosity and dimensionless permeability are smaller than 1%. Since all 

stochastic geometries are generated from Voronoi tessellation, the tubular and fibrous geometries are 

expected to have a similar statistical behavior. 

 

Figure 5.1: Effect of lattice resolution on permeability of stochastic geometry models. 
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Table 5.1: Effect of lattice resolution on permeability of a granular geometry 

Geometry System size (Δx) 

Fracture 

aperture, 

w, (Δx) 

porosity, 

ϕ 
kD=k/w2 εk= kD/kD,r-1 

Granular R1 60×60×60 2 29.98% 1.972E-02 1.4% 

Granular R2 120×120×120 4 30.00% 1.884E-02 -3.1% 

Granular R3 180×180×180 6 30.00% 1.890E-02 -2.8% 

Granular R4 240×240×240 8 30.00% 1.901E-02 -2.2% 

Granular R5 300×300×300 10 30.00% 1.912E-02 -1.7% 

Granular R6 360×360×360 12 30.00% 1.920E-02 -1.3% 

Granular R7 420×420×420 14 30.00% 1.926E-02 -1.0% 

Granular R8 480×480×480 16 30.00% 1.932E-02 -0.7% 

Granular R9 540×540×540 18 30.00% 1.936E-02 -0.5% 

Granular R10 600×600×600 20 30.00% 1.940E-02 -0.3% 

Granular R11 720×720×720 24 30.00% 1.945E-02 Reference 

*Number of Poisson points, N=40, for all geometries 

 

 

Table 5.2: Effect of lattice resolution on permeability of a tubular geometry 

Geometry 
System size 

(Δx) 

Tube 

diameter, 

d, (Δx) 

porosity, 

ϕ 
kD=k/d2 εk= kD/kD,r-1 

Tubular R1 30×30×30 2 14.83% 2.088E-03 -0.8% 

Tubular R2 60×60×60 4 14.92% 2.081E-03 -1.1% 

Tubular R3 90×90×90 6 14.91% 2.083E-03 -1.0% 

Tubular R4 120×120×120 8 14.91% 2.087E-03 -0.9% 

Tubular R5 150×150×150 10 14.91% 2.085E-03 -0.9% 

Tubular R6 300×300×300 20 14.91% 2.091E-03 -0.7% 

Tubular R7 210×210×210 14 14.91% 2.092E-03 -0.6% 

Tubular R8 240×240×240 16 14.91% 2.096E-03 -0.4% 

Tubular R9 270×270×270 18 14.91% 2.099E-03 -0.3% 

Tubular R10 300×300×300 20 14.91% 2.101E-03 -0.2% 

Tubular R11 360×360×360 24 14.91% 2.105E-03 Reference 

*Number of Poisson points, N=30, for all geometries 
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Table 5.3: Effect of lattice resolution on permeability of a fibrous geometry 

Geometry 
System size 

(Δx) 

Fiber 

diameter, 

d, (Δx) 

porosity, 

ϕ 
kD=k/d2 εk= kD/kD,r-1 

Fibrous R1 30×30×30 2 85.17% 3.699E-01 14.5% 

Fibrous R2 60×60×60 4 85.08% 3.307E-01 2.4% 

Fibrous R3 90×90×90 6 85.09% 3.248E-01 0.5% 

Fibrous R4 120×120×120 8 85.09% 3.232E-01 0.1% 

Fibrous R5 150×150×150 10 85.09% 3.229E-01 0.0% 

Fibrous R6 180×180×180 12 85.09% 3.229E-01 0.0% 

Fibrous R7 210×210×210 14 85.09% 3.230E-01 0.0% 

Fibrous R8 240×240×240 16 85.09% 3.230E-01 0.0% 

Fibrous R9 270×270×270 18 85.09% 3.230E-01 Reference 

*Number of Poisson points, N=30, for all geometries. 

 

 

Figure 5.2: Statistical variation in porosity and permeability of granular geometries among five samples 

with increasing number of Poisson points. 
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Table 5.4: Effect of system size and sample variation on permeability of granular geometries 

Geometry 
System size 

(Δx3) 

Number 

of Possion 

points, N 

Case 
porosity, 

ϕ 
kD=k/w2 

CV of 

kD 

CV of 

φ 

Granular S1 200×200×200 5 

1 14.5% 7.54E-03 

6.7% 1.9% 

2 14.4% 7.63E-03 

3 14.9% 8.84E-03 

4 14.3% 7.71E-03 

5 14.9% 8.11E-03 

Granular S2 301×301×301 17 

1 14.8% 8.12E-03 

1.3% 1.6% 

2 14.3% 7.83E-03 

3 14.2% 8.01E-03 

4 14.2% 7.95E-03 

5 14.5% 7.94E-03 

Granular S3 400×400×400 40 

1 14.4% 7.71E-03 

0.6% 0.9% 

2 14.2% 7.76E-03 

3 14.3% 7.71E-03 

4 14.2% 7.75E-03 

5 14.0% 7.64E-03 

Granular S4 800×400×400 80 

1 14.3% 7.81E-03 

0.6% 0.5% 

2 14.1% 7.68E-03 

3 14.3% 7.76E-03 

4 14.2% 7.76E-03 

5 14.3% 7.78E-03 

Granular S5 600×600×600 135 

1 14.4% 7.71E-03 

0.8% 0.4% 

2 14.2% 7.76E-03 

3 14.2% 7.83E-03 

4 14.3% 7.87E-03 

5 14.2% 7.75E-03 

Granular S6 700×700×700 214 

1 14.2% 7.78E-03 

1.0% 0.8% 

2 14.2% 7.76E-03 

3 14.3% 7.80E-03 

4 14.4% 7.87E-03 

5 14.1% 7.66E-03 

Granular S7 3200×400×400 320 

1 14.3% 7.79E-03 

0.5% 0.4% 

2 14.3% 7.76E-03 

3 14.1% 7.70E-03 

4 14.2% 7.72E-03 

5 14.2% 7.78E-03 

*Fracture aperture, w=6 for all geometries; CV – coefficient of variance. 
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5.2 Porosity-Permeability Relation 

Several researchers have studied the percolating properties and the topological characteristics of 

porous media geometries represented by networks constructed from Voronoi tessellations (Winterfield et 

al. 1981, Jerauld et al. 1984a,b, Vrettos et al. 1989, Vrettos et al. 1990, Arns  et al. 2002, Achroder-Turk  

et al. 2011), but few of them performed direct numerical simulations to characterized permeability. This 

section presents porosity-permeability relations for random granular geometries with uniform fracture 

aperture and for tubular and fibrous geometries with uniform tube / fiber diameters. These porous media 

have the simplest random structures, are characterized by a single length scale, yet their porosity-

permeability relations have not been fully characterized. Then, we present porosity-permeability data of 

heterogeneous vuggy and fractured geometries to show the effect of pore structure on porosity-

permeability relations. Comparisons will also be made between the simulation data and the Carman-

Kozeny equation. In this section, all flows were driven by a low pressure gradient (0.0001 in lattice unit) 

and the pore fluid has a high viscosity (6 in lattice unit), such that the flow is in the Stokes / Darcy regime. 

The simulation domains are all in cubic shape. 

5.2.1 Homogenous Granular and Tubular Geometries 

Tables 5.5 and 5.6 show the simulation results obtained from homogenous tubular and granular 

geometries for a wide range of porosities from 0.02 to 0.40. The permeability is reported in two 

dimensionless forms,      (for granular geometries, or      for tubular geometries) and    , where   

is the fracture aperture (  is the cylinder diameter), and   is the specific surface area per unit solid volume. 

Investigation was conducted first on      (or     ), as shown in Figure 5.3. The granular geometries 

have higher permeability than the tubular geometries, and this can be attributed to the lower specific 

surface area (smaller drag/friction) of the granular geometry than the tubular geometry at the same 

porosity. 

Specific surface area is an experimentally measureable quantity (through gas adsorption) and an 

important geometric measure and length scale of a porous medium. For granular geometries, calculation 

of the specific surface area can be analytically performed by summing up the areas of all polyhedron 

facets that are not on the domain boundaries. For tubular geometries, as the geometries are made up by 

randomly intersecting cylinders, an exact analytical calculation of the specific surface area is impossible, 

but a good estimation can be made from the porosity and the tube diameter. The effective total length of 

tubes is calculated by pore volume divided by tube cross-sectional area, and the total surface area of all 

the tubes is, 

    
   

 
 (5.1) 
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where    is pore volume and   is diameter. The specific surface area is given by 

   
  
  

 (5.2) 

where    is solid volume. The well-known Carman-Kozeny equation (Kozeny 1927, Carman 1937, 1956) 

non-dimensionalizes the permeability using the specific surface area, and presents ks2 as a function of 

porosity and a fitting coefficient that takes into account the tortuosity of the medium.  

   
 

 

  

       
 (5.3) 

where   is Carman-Kozeny coefficient and   is porosity. Figure 5.4 shows     of the stochastic 

geometries and the Carman-Kozeny equation with a Carman-Kozeny coefficient of 5 as reported in 

literature for uniform sphere packing (Valdes-Parada et al. 2009). The dimensionless permeability of 

granular geometries and that of tubular geometries are very close when the porosity is less than 20%. 

However, at higher porosity, the permeability of tubular geometries becomes about two times of that of 

the granular geometries. This difference is caused by the more efficient transport of fluid through 

cylindrical pores. It is well known that for a given cross-sectional area (related to porosity) and a given 

perimeter (related to the surface area), a circular pore has the highest permeability. We will further 

discuss this difference using tortuosity data in Chapter 7. 

 
Figure 5.3: Permeability of homogenous granular and tubular geometries. 
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Table 5.5: Permeability of homogenous tubular geometries 

Geometry 

Cube 

size 

(Δx ) 

N 
Porosity, 

ϕ 

Velocity, 

v (Δx/Δt) 
k/d2 

Specific 

surface area, 

s (Δx-1) 

ks2 

T1  500 55 0.9% 4.84E-08 8.07E-05 6.03E-03 1.06E-07 

T2 400 100 2.1% 1.28E-07 2.13E-04 1.40E-02 1.50E-06 

T3 340 112 3.0% 1.85E-07 3.09E-04 2.06E-02 4.70E-06 

T4 300 125 4.0% 2.61E-07 4.35E-04 2.80E-02 1.23E-05 

T5 300 170 4.9% 3.29E-07 5.49E-04 3.42E-02 2.31E-05 

T6 200 115 8.0% 5.82E-07 9.70E-04 5.80E-02 1.17E-04 

T7 200 165 10.0% 7.40E-07 1.23E-03 7.38E-02 2.42E-04 

T8 160 174 15.2% 1.32E-06 2.19E-03 1.20E-01 1.13E-03 

T9 120 121 20.3% 1.98E-06 3.30E-03 1.69E-01 3.41E-03 

T10 100 148 30.2% 3.47E-06 5.78E-03 2.88E-01 1.73E-02 

T11 100 270 40.5% 5.76E-06 9.59E-03 4.55E-01 7.13E-02 

* N – number of Poisson points; Tube diameter, d=6 Δx, for all geometries. 

 

Table 5.6: Permeability of homogenous granular geometries 

Geometry 

Cube 

size 

(Δx ) 

N 
Porosity, 

ϕ 

Velocity, 

v (Δx/Δt) 
k/w2 

Specific 

surface area, 

s (Δx-1) 

ks2 

G2 1100 35 5.3% 1.59E-06 2.65E-03 1.83E-02 3.18E-05 

G3 900 
15

0 
9.9% 3.15E-06 5.24E-03 3.55E-02 2.38E-04 

G4 400 56 16.0% 5.46E-06 9.11E-03 5.93E-02 1.15E-03 

G5 300 30 17.3% 5.89E-06 9.82E-03 6.54E-02 1.51E-03 

G6 211 30 23.4% 8.38E-06 1.40E-02 9.31E-02 4.36E-03 

G7 200 30 24.8% 8.63E-06 1.44E-02 9.97E-02 5.15E-03 

G8 179 30 27.1% 9.48E-06 1.58E-02 1.12E-01 7.19E-03 

G9 166 30 29.9% 1.13E-05 1.88E-02 1.24E-01 1.04E-02 

G10 149 30 32.3% 1.20E-05 2.01E-02 1.40E-01 1.41E-02 

G11 120 30 40.0% 1.70E-05 2.83E-02 1.86E-01 3.52E-02 

* N – number of Poisson points; Fracture aperture, w=6 Δx, for all geometries. 
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Figure 5.4: Permeability of homogenous granular and tubular geometries with Carman Kozeny equation. 

5.2.2 Heterogeneous Granular and Tubular Geometries 

Natural geological porous media have complicated pore structures and a single length scale is not 

adequate to describe them. Fractures and pore body versus pore throats are perhaps the most distinctive 

features that can be readily observed from images of rocks. Fractures are highly conductive relative to the 

matrix, and they represent a larger length scale that is topologically connected and therefore dominates 

the hydrodynamic conductivity. Pore bodies relative to the pore throats, on the other hand, represent a 

larger length scale that is topologically isolated; the permeability is, to a large extent, still controlled by 

the pore throats. The vugs that are commonly observed in carbonates can be viewed as a special condition 

when the size contrast between pore bodies and pore throats becomes extreme. 

To qualitatively understand the effect of these heterogeneous geometric features on the porosity-

permeability relations, we simulated flows through heterogeneous granular and tubular geometries with 

vugs or fractures. Table 5.7 lists these geometries and their dimensionless permeabilities. G7-1 has a 20-

lattice wide fracture parallel to the flow direction (connected fracture). G7-2 has the same fracture but 

perpendicular to the flow direction to simulate a situation where fractures are disconnected. G7-3 was 

created by randomly removing several polyhedrons from G7. The connected fracture in G7-1 greatly 

increases the permeability. The disconnected fracture in G7-2 and vugs in G7-3 present the same behavior 

of shifting the dimensionless permeability to below the Carman-Kozeny curve. However, comparing with 

G7 in terms of dimensional permeability reveals that the introduced disconnected fracture and vuggy 

porosity still enhanced the flow; however the increase in the permeability was offset by the reduction in 
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the surface area, leading to a decreased dimensionless permeability. Vuggy porosity was then introduced 

to tubular geometries. Spheres of radius = 10Δx, 15Δx and 20Δx were inserting into T7, to generate T7-1, 

T7-2 and T7-3, respectively. As show in Table 5.7 and Figure 5.6, the size of vugs did not affect the 

permeability and the velocity appreciably, because their fractions in the overall porosity are almost the 

same and because they are isolated. However, these vugs reduced the surface area of the porous medium, 

shifting the dimensionless permeability to below the Carman-Kozeny equation. These deviations are also 

shown schematically in Figure 5.6. 

Although the above data show that a connected fracture increases the dimensionless permeability 

to above the Carman-Kozeny equation and a disconnected fracture or a vug shifts the dimensionless 

permeability to below the Carman-Kozeny equation, additional simulations show that the Carman-

Kozeny equation is not a sufficient indicator of pore geometry. Starting from Granular 7-1, we generated 

a few variants where the fracture length was gradually shortened to ¾ (G7-1-3), ½ (G7-1-2), and then ¼ 

(G7-1-1) of the size of the domain, as shown in Figure 5.5. We also simulated the flow in the complex 

fractured granular geometry presented in Figure 2.7 (b) and characterized its permeability. Table 5.8 lists 

these geometries and their dimensionless permeabilities in all 3 directions. In Figure 5.7, when the single 

fracture length is increased towards the full length, the z-permeability approaches that of G7-1; and the y-

permeability, which represents the situation where a disconnected fracture is placed perpendicular to the 

flow direction, approaches G7-2. What is more interesting is the trend in the x-permeabilities, which 

represents the situation where the disconnected fracture is extending in the same direction of flow and 

acts as a partially penetrating conduit. When the fractures are short (¼ and ½ of the full length), the x-

permeabilities were close to the z-permeabilities and were below the Carman-Kozeny equation. When the 

fracture length becomes ¾ of the full length, the x-permeability became quite different from the z-

permeability and came back on the Carman-Kozeny curve. Though not tested, we believe that with 

further increase in the fracture length the x-permeability will approach G7-1. The trend in the x-

permeability shows that 1) the orientation of fractures relative to the flow direction is very important; and 

2) Carman-Kozeny equation is not a sufficient indicator of pore geometry as in this case a heterogeneous 

geometry with a nearly-penetrating fracture showed the same dimensionless permeability as the 

homogeneous geometry.  

Besides these geometries with a single fracture, the granular geometry with complex fractures in 

Figure 2.7 (b) was also simulated. This geometry is periodic in three directions, and the fractures are 

connected in all three directions but with some dead ends and tortuosity effects when the flow is along x 

and y directions. As shown in Figure 5.7, though x-, y-, and z-permeabilities are all above the Carman-

Kozeny equation, the x- and y-permeabilities are much smaller than z-permeability, due to the dead ends 

and the fracture tortuosity in x and y directions. 
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Figure 5.5: Variants of a single fracture in a granular geometry. 

Table 5.7: Permeability of heterogeneous granular and tubular geometries 

Geometry 
Porosity, 

ϕ 

Velocity, 

v (Δx/Δt) 

Specific 

surface area, 

s (Δx-1) 

ks2 Comments 

G7-1 32.2% 6.89E-05 1.07E-01 4.71E-02 connected fracture, wf=20Δx 

G7-2 32.2% 9.48E-06 1.07E-01 6.48E-03 disconnected fracture, wf=20Δx 

G7-3 37.9% 2.38E-05 9.93E-02 1.41E-02 vuggy, ϕv=13.1% 

T7-1 12.6% 7.86E-07 6.92E-02 2.26E-04 vuggy, rv=10 Δx, ϕv=3.8%, n=73 

T7-2 13.0% 7.87E-07 6.93E-02 2.27E-04 vuggy, rv=15 Δx, ϕv=3.9%, n=22 

T7-3 13.5% 7.87E-07 6.83E-02 2.20E-04 vuggy, rv=30 Δx, ϕv=4.2%, n=3 

 

 
Figure 5.6: Permeability of heterogeneous granular and tubular geometries 
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Table 5.8. Permeability of fractured granular geometries 

Geometry Porosity, ϕ Velocity, v (Δx/Δt) 

Specific 

surface area, 

s (Δx-1) 

ks2 Comments 

G7-1-1 

26.5% x 9.40E-06 1.02E-01 5.81E-03 
1 quarter length, simple 

fracture 
26.5% y 8.89E-06 1.02E-01 5.50E-03 

26.5% z 2.04E-05 1.02E-01 1.26E-02 

G7-1-2 

28.4% x 1.12E-05 1.03E-01 7.22E-03 

2 quarter length 28.4% y 9.12E-06 1.03E-01 5.86E-03 

28.4% z 3.53E-05 1.03E-01 2.26E-02 

G7-1-3 

30.3% x 1.52E-05 1.06E-01 1.02E-02 

3 quarter length 30.3% y 9.32E-06 1.06E-01 6.23E-03 

30.3% z 5.06E-05 1.06E-01 3.38E-02 

G-frac  

43.0% x 1.21E-04 1.22E-01 1.07E-01 
Fig 2.7 (a); channel 

width = 4.5 and fracture 

width = 30 

43.0% y 1.47E-04 1.22E-01 1.30E-01 

43.0% z 4.63E-04 1.22E-01 4.10E-01 

 

 
Figure 5.7: Permeability of fractured granular geometries. 
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To quantify the difference made by fractures or vugs in the stochastic geometries, the probability 

density function, kurtosis and skewness were measured for the velocity field in four selected geometries, 

as shown in Figure 5.8 and Table 5.9.  The probability density function describes the relative likelihood 

for a random variable to take on a given value. The kurtosis is the “peakedness” of the probability density 

function (probability distribution), and a higher kurtosis refers a more peaked probability distribution. The 

skewness is a measure of the extent to which a probability distribution “leans” to one side of the mean, a 

negative skewness indicates that the probability distribution leans to the right side, and a positive 

skewness indicates that the probability distribution leans to the left side. In the following discussion, the 

random variable in the definitions of probability density function is the velocities on all lattices obtained 

from a single-phase lattice Boltzmann simulation. The four selected geometries are G7, a homogeneous 

granular geometry, G7-1, a fractured granular geometry with a single connected fracture that is parallel to 

the x direction, T7, a homogeneous tubular geometry, and T7-2, a vuggy tubular geometry with 73 

spherical vugs of radius = 10Δx. 

 In Figure 5.8 and Table 5.9, since the flow direction is in the x direction, the skewness of x-

component of velocity is positive for all four geometries, while those of y- and z-components of velocity 

are close to zero (compared with that of x-component of velocity). Compared with G7, the connected 

fracture in G7-1 leads to smaller kurtosis (fewer stagnant fluids) of x-component of velocity but higher 

kurtosis (more stagnant fluids) of y- and z-components of velocity, because that the major flow takes 

place in the fracture in x direction and that the driving pressure is mainly consumed in x direction instead 

of y and z directions in a homogeneous (and  more tortuous) G7; this fracture also significantly increases 

the skewness (higher flow rate) of x-component of velocity. Compared with T7, the vugs in T7-2 lead to 

higher kurtosis (more stagnant fluids) of all components of velocity, and higher skewness (higher flow 

rate) of x-component of velocity; as explained above, the higher flow rate in x direction in the vuggy 

geometry is caused by the reduction of surface area due to vugs, and the reduction of surface area leads to 

smaller friction (hydraulic resistance) to the flow. 

Table 5.9: Kurtosis and skewness of velocity field for heterogeneous stochastic geometries 

Geometry 

Kurtosis Skewness 

x y z x y z 

G7 -0.607 0.198 0.473 0.477 0.103 -0.035 

G7-1 -0.023 2.708 2.990 1.287 0.108 0.146 

T7 2.994 1.926 2.281 1.654 -0.117 -0.039 

T7-2 7.127 4.559 7.960 2.348 -0.153 0.224 
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Figure 5.8: Probability density function of velocity field for heterogeneous stochastic geometries. 

5.2.3 Fibrous Geometries 

Fibrous media are not relevant for geological porous media. But, they are widely used in filtration, 

heat exchange, reactors, and are the structures of many biological porous media (Ma and Zhang, 1998; 

Gambini et al., 2012). Fibrous geometries were created by reversing the binary images of tubular 

geometries, and the solid volume fraction ranges from 0.01 to 0.40. As shown in Table 5.10, both 

permeability and drag force are reported in dimensionless forms:      is the dimensionless permeability 

normalized by fiber radius, the solid volume fraction is defined as       where   is the porosity, the 

effective length of fibers, L, is defined as         where   is the total volume of the system, and the 
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normalized length of fibers is defined as         . With the definition of the effective length, Higdon 

and Ford (1996) calculated the mean drag force per unit length of fiber,   

  

  
 
 

 
 
  

 
  (5.4) 

where   is the fluid viscosity,   is the mean velocity of the flow through fibers.      is the 

dimensionless mean drag force, and then         is the dimensionless total drag force. In the absence of 

hydrodynamic interaction among the fibers, it is expected that the dimensionless total drag force should 

scale linearly with the solid volume fraction in the dilute limit. Deviation from the linear scale can be 

used to assess the strength of the hydrodynamic interactions among fibers.  

Higdon and Ford (1996) studied the drag in fibrous media using three periodic models that are 

based on ordered networks of cylindrical fibers. Fibers were placed in a 2×2×2 regular cubic domain, 

with the first end on the domain boundaries and the second end in the domain center.  If the first end is at 

the cube facet center, there are 6 fibers that form a simple cubic model (SC); if the first end is at the cube 

corner, there are 8 fibers that form a body-centered cubic model (BCC); if the first end is at the cube edge 

center, there are 12 fibers that form a face-centered cubic model (FCC). By changing the fiber radius, a 

range of porosity can be obtained. The numerical solution for fluid velocity field was computed using the 

spectral boundary element method Muldowney and Higdon (1995). In order to verify our lattice 

Boltzmann model and to conduct the identical data analysis as conducted by Higdon (1996), we simulated 

flows through each of the three ordered fibrous models using the lattice Boltzmann method, and the 

results (Table 5.11) agree very well with Higdon’s results as shown in Figures 5.9 and 5.10. In Figure 5.9, 

the lattice Boltzmann simulation of stochastic fibrous geometries agrees well with Higdon’s data on a 

logarithmic scale and the permeability rapidly increases and approaches infinity in the dilute limit where 

the solid volume fraction approaches zero. In Figure 5.10, as solid volume fraction increase, the stochastic 

fibrous geometry present smaller total drag forces than Higdon’s data; for the stochastic fibrous geometry, 

the hydrodynamic interaction between fibers is indicated by a power index of 1.33, and Higdon’s models 

have stronger hydrodynamic interactions. 
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Table 5.10: Permeability and drag of fibrous geometries 

Geometry 

Cube 

size 

(Δx ) 

N 
Porosity, 

ϕ 
k/r2 

Normalized 

effective 

length, LD  

Mean drag, 

F/(uU) 

Total drag, 

LDF/(uU) 

F1 500 55 99.1% 8.01E+01 2.85E-03 4.38E+00 1.25E-02 

F2 400 100 97.9% 2.97E+01 6.54E-03 5.16E+00 3.37E-02 

F3 340 112 97.0% 1.84E+01 9.52E-03 5.70E+00 5.43E-02 

F4 300 125 96.0% 1.19E+01 1.28E-02 6.55E+00 8.40E-02 

F5 300 170 95.1% 9.19E+00 1.55E-02 7.01E+00 1.09E-01 

F6 200 115 92.0% 4.27E+00 2.55E-02 9.18E+00 2.34E-01 

F7 200 165 90.0% 2.81E+00 3.17E-02 1.12E+01 3.56E-01 

F8 160 174 84.8% 1.28E+00 4.84E-02 1.62E+01 7.84E-01 

F9 120 121 79.7% 6.73E-01 6.45E-02 2.30E+01 1.49E+00 

F10 100 148 69.8% 2.39E-01 9.60E-02 4.36E+01 4.19E+00 

F11 100 270 59.5% 9.78E-02 1.29E-01 7.92E+01 1.02E+01 

* N – number of Poisson points; Fiber radius, r=3 Δx, for all geometries;  

Solid volume fraction,         

 

Table 5.11: Permeability and drag of Higdon's models using LBM 

Geometry 

Cube 

size 

(Δx ) 

Radius, 

r (Δx) 

Porosity, 

ϕ 
k/r

2
 

Normalized 

effective 

length, LD  

Mean 

drag, 

F/(uU) 

Total 

drag, 

LDF/(uU) 

SC 100 9 93.2% 4.15E+00 2.18E-02 1.11E+01 2.41E-01 

BCC 100 6 92.9% 4.13E+00 2.26E-02 1.07E+01 2.42E-01 

FCC 100 6 91.6% 3.18E+00 2.68E-02 1.17E+01 3.14E-01 
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Figure 5.9: Permeability of fibrous geometry. 

 

Figure 5.10: Total drag force of fibrous geometry. 
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CHAPTER 6 

CASE STUDY: TWO-PHASE FLOWS 

 

The two-phase lattice Boltzmann code was used to simulate two-phase flows with different 

wettability in three different geometries: a cylindrical pore, a pore body and pore throat, and a matrix-

fracture system. The simulation provides useful details on the pore scale to help understand the 

fundamental mechanisms of two-phase flow in porous media. 

6.1 Two-Phase Flows in a Cylinder 

We first simulated two-phase flows in a cylinder with different wettability. As shown in Figure 

6.1, the cylinder is 240 Δx in length in the y direction and has a diameter of 64 Δx. Because of the 

periodic boundary condition applied in the y direction, it can be viewed as an infinitely long capillary tube 

– a cylindrical pore. The density ratio and viscosity ratio are both set to 1, g11 and g22 are set to 0, g12 and 

g21 are set to -0.1 (a surface tension of 0.143 in simulation unit), and a body force of 0.0001 is applied to 

both fluids in the positive y direction. Fluid 1 is initially distributed between y = 0 and y = 120, and fluid 

2 between y = 121 and y = 240. To simulate different wettability, two case studies were performed with 

different g1w and g2w. The density distribution of fluid 1 on the plane of z = 31.5 was visualized (warm 

color). t = 1000 means that 1000 time steps have elapsed during simulation. 

 
Figure 6.1: A cylinder (cylindrical pore). 

Figure 6.2 shows the simulation results with fluid 1 being the wetting phase. In the simulation, 

g1w is set to 0.01 and g2w is set to -0.01 (a contact angle of about 60ᵒ). Before applying body force, the two 

fluids are stabilized through inter-particle interactions as shown by the first two frames of t = 0, and a 

curved interface towards fluid 1 forms because fluid 1 is wetting to the solid wall. After the system is 
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stabilized, the body force is applied and fluid 1 starts moving. Due to the body force in the positive y 

direction (towards right), the curved surfaces on the ends of fluid 1 are deformed, but the contact angle of 

fluid 1 remains approximately the same at both ends on the solid wall.  When fluid 1 continues moving 

forward, part of it inclines to the solid wall and forms a thin moving film on the inner wall surface of the 

cylinder, as shown in Figure 6.3. 

In the simulation shown in Figure 6.4, the wettability of the fluids is reverted by setting g1w to 

0.01 and g2w to -0.01 (a contact angle of about 120ᵒ). Fluid 1 starts moving due to the body force after the 

system is stabilized. Again, the body force does not significantly change the contact angle of fluid 1 at the 

solid wall. While fluid 1 continues to move to the right, its contact area with the solid wall gradually 

decreases. Eventually fluid 1 detached from the solid wall and formed a slug in the middle of the cylinder. 

t = 0      t = 0 

  

t = 500      t = 1,000 

  

t =1,500     t = 2,000 

  

t =2,500     t = 3,000 

  

t =3,500     t = 4,000 

  

t =4,500     t = 5,000 

  

Figure 6.2: Wetting phase displacing in a cylinder. 
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Figure 6.3: Wetting phase displacing in a cylinder. 

 

t = 0      t = 0 

  

t = 500      t = 1,000 

  

t =1,500     t = 2,000 

  

t =2,500     t = 3,000 

  

t =3,500     t = 4,000 

  

t =4,500     t = 5,000 

  

Figure 6.4: Non-wetting phase displacing in a cylinder. 

 

 

moving film 
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6.2 Two-Phase Flows in Serial Cylinders 

We then simulated two-phase flows in cylindrical pores of different sizes arranged in serial for 

different wettability conditions. The serially configured cylindrical pores are made up by a cylinder with a 

diameter of 64 Δx between y = 80 and y = 160, and two cylinders with a diameter of 32 Δx at the two 

sides, as shown in Figure 6.5. The total length is 240 Δx. Again, due to the periodic boundary conditions 

this configuration corresponds to an infinitely long series of pore bodies and pore throats. All the 

simulation parameters are the same as those used to simulate two-phase flows in a single cylinder. The 

density distribution of fluid 1 on the plane of z = 31.5 is visualized. 

 
Figure 6.5: Serial cylinder (pore body and pore throat). 

Fluid 1 is treated as the wetting phase in the simulation shown in Figure 6.6. When fluid 1 

approaches the smaller cylinder at t = 3000, the interface at the right hand side deforms towards the 

smaller cylinder. Although initially the deformation seems to be significant at the joint of cylinders, 

eventually fluid 1 occupies the entire corner at the joint due to its wettability to the solid relative to fluid 2. 

At the corner, the fluid-solid interaction force (attractive) is more intensive, because a fluid lattice site is 

surrounded by more solid lattice sites. Fluid 1 continues moving into the smaller cylinder with a flat 

interface at t=4500 and 5000. The flat interface is a result of the competition between the body force and 

the capillary force caused by the smaller cylinder. 

The simulation with fluid 1 being the non-wetting phase and fluid 2 being the wetting phase is 

shown in Figure 6.7. Different from the previous case, fluid 1 as it moves to the joint between the small 

and the large cylinders cannot displace fluid 2 out of the corner. In this case, the interaction force exerted 

on fluid 1 by solid is repulsive. During the same simulation time, it is observed that fluid 1 has a deeper 

penetration into the smaller cylinder because fluid 1 bypasses the corner. 
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t = 0      t = 0 

  

t = 500      t = 1,000 

  

t =1,500     t = 2,000 

  

t =2,500     t = 3,000 

  

t =3,500     t = 4,000 

  

t =4,500     t = 5,000 

  

Figure 6.6: Wetting phase movement in serially arranged cylindrical pores. 
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t = 0      t = 0 

  

t = 500      t = 1,000 

  

t =1,500     t = 2,000 

  

t =3,500     t = 4,000 

  

t =3,500     t = 4,000 

  

t =4,500     t = 5,000 

  

Figure 6.7: Non-wetting phase movement in serially arranged cylindrical pores. 
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6.3 Two-Phase Flows in a Fractured Stochastic Geometry 

Since the two-phase LB code is designed for complex geometries, a fractured granular stochastic 

geometry is used for the third case study. The geometry is 200×200×200 Δx3 in size, and it is placed in a 

400×200×200Δx3 domain, as shown in Figure 6.8. The extra space is used as a reservoir for the displacing 

fluid (fluid 1), and this configuration simulates a real laboratory core flooding setup. Still, the periodic 

boundary condition is used for this simulation, and it is noted that the stochastic porous geometry is also 

periodic at the boundaries. Simulation parameters remain the same, except that density ratio is set to 0.8:1 

and viscosity ratio is set to 1.7:1 (fluid 1 vs. fluid 2). The density distribution of fluid 1 on the plane of z = 

99.5 is visualized. In the following discussion, matrix and fractures are used to refer to the two different 

scale porosities.  

 
Figure 6.8: A fractured stochastic geometry in a container (core flooding). 

For the fractured stochastic geometry, two different wettability conditions are simulated, as 

shown in Figure 6.9 and Figure 6.10, respectively. The difference starts becoming obvious at t = 5000: the 

wetting fluid 1 fills matrix and occupies the entire volume of the fractures, whereas the non-wetting fluid 

1 flows only in the fractures and does not fill the entire volume of the fractures. This difference becomes 

more significant after t = 15000: the wetting fluid 1 has entered half of the matrix (on this plane), but the 

non-wetting fluid 1 just starts to invade the matrix (on this plane). Another difference is seen in the head 
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space, the reservoir for the displacing fluid (fluid 1). The wetting fluid 1 encloses a bubble of fluid 2 at 

the boundary of right hand side. This location is near the matrix; the rapid invasion of fluid 1 into the 

fractures seems to have blocked the movement of fluid 2, making it difficult to leave the location. Fluid 2 

in this region pushed by the invading wetting fluid 1 needs an exit, and thus a bubble is formed in the 

head space. Although moving into the head space is against the direction of the body force, it is still 

favorable with its zero capillary penalties. At t = 15000, fluid 1 starts to break through the geometry in 

both simulations. At t = 25000, after breakthrough, the wetting fluid 1 is still attached to the outer solid 

surface of the geometry, and the non-wetting fluid 1 forms a bubble that continues to move downstream. 

At the end of simulation (t = 25000), the wetting fluid 1 fills most of the matrix, whereas the non-wetting 

fluid 1 just fills a small portion. Due to the difficulties to perform volume rendering over a very big data 

set generated from these distributed-memory parallel simulations, visual analysis for two-phase flows in 

this complex geometry is limited to a two-dimensional slice of the three-dimensional data. Additional 

efforts will be needed to characterize the three-dimensional movements of the phases, and this will be 

useful for the extraction of useful information such as dynamic capillary pressure and relative 

permeability.  
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t = 0      

  

t = 2,500     t = 5,000 

  

t =7,500     t = 10,000 

  

t = 12,500     t = 15,000 

  

t = 17,500     t = 20,000 

  

t = 22,500     t = 25,000 

  

Figure 6.9: Wetting phase movement through a fractured stochastic porous medium geometry. 
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Figure 6.10: Non-wetting phase movements through a fractured stochastic porous medium geometry. 
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CHAPTER 7 

RANDOM WALK PARTICLE TRACKING FOR TRANSPORT, PARALLELIZATION, 

VALIDATOIN AND APPLICATION 

 

A parallel code was developed using random walk particle tracking method to simulate pore-scale 

transport (advection and diffusion) phenomenon in porous media. The parallel performance of this code 

was tested on up to 16384 cores on two leading supercomputers. Validation tests were performed to 

investigate the accuracy of random walk particle tracking simulations, and potential improvements were 

recommended. 

7.1 Random Walk Particle Tracking for Pore-Scale Simulation of Transport 

In this section, we give brief introductions on the advection-diffusion phenomenon in porous 

media, two major numerical simulation approaches on the pore scale, and the development and 

establishment of pore-scale random walk particle tracking (RWPT) for advection-diffusion simulations in 

porous media. The methodology of RWPT in porous media will be explained in details, including 

stochastic differentical equation, particle tracking and particle reflection. 

7.1.1 Background and Previous Work 

Diffusive transport of solutes in gas or liquid phases in porous media is important in many areas, 

such as chemical transport in packed bed reactors, fuel cells, subsurface contaminant transport and oil 

recovery. Diffusion in porous media is a current interest to the petroleum industry, because of the critical 

role of diffusion during miscible displacement in enhanced oil recovery (EOR) processes, such as gas, 

nitrogen or carbon dioxide injection, as well as alkaline, surfactant and polymer flooding. 

The conventional process of modeling diffusion on a field scale uses the advection-diffusion 

equation with the effective diffusion coefficient (diffusivity) obtained from laboratory experiments or 

numerical simulations. The asymptotic diffusivity is a strong function of the Peclet number,         , 

where   is a characteristic length,   is the average velocity and    is the molecular diffusivity. The 

asymptotic longitudinal diffusivity,   , which is parallel to the direction of the mean advection, is 

generally the major interest. According to Bear (1972), there are five zones for different types of 

longitudinal diffusivity. Zone 1 is dominated by pure molecular diffusion (      ), and the longitudinal 

diffusivity is independent of the advection but less than the molecular diffusivity due to the porous 

medium tortuosity. Zone 2 is a transition zone (        ), and in this zone the molecular diffusion 

and the mechanical dispersion due to advection are of the same order of magnitude. In Zone 3, the 

transversal molecular diffusion compensates the mechanical dispersion, and the longitudinal diffusivity is 
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a power law function of the Peclet number, as      
  where        . In Zone 4, the mechanical 

dispersion is dominant, and longitudinal diffusivity is in a linear relation with the Peclet number. In Zone 

5, the turbulence becomes significant and longitudinal diffusivity starts having a sub-linear relation with 

the Peclet number.  

Various numerical simulations have been successfully applied to study advection and diffusion in 

porous media. Although finite difference method, finite element method, and semi-analytical method 

have all been used to solve the steady-state advection-diffusion equation, only lattice Boltzmann method 

(LBM) and RWPT will be discussed here due to the scope of this study. The capabilities of LBM in 

simulating advection and diffusion have been extensively discussed in literature (Flekkøy et al. 1993, 

Shan and Doolen 1996 and Wolf-Gladrow et al. 2000). There are two common approaches to simulate 

solute transport in porous media with LBM. One is to treat the second component of a normal multi-

component/multi-phase LBM as a solute by eliminating or grossly reducing the non-local interaction 

between the fluids and initializing them with complementary densities (an increase of the solute 

concentration is accompanied by a decrease in solvent concentration), and this is called active solute 

transport (Shan and Doolen 1996). The other is to make the solute component have no velocity of its own 

but carried along by the background fluid, and this is called passive solute transport (Yoshino and 

Inamuro 2003).  An alternative approach to model transport phenomena in porous media is the random 

walk particle tracking (RWPT) method. It treats the transport of a solute mass via a large number of 

particles, and moves each particle through the porous medium using the velocity field obtained from the 

LBM (or other) simulations to simulate advection and adds a random displacement (Brownian motion) to 

simulate diffusion. RWPT is a method based on statistical physics principles, and it has been used in the 

analysis of diffusion process in porous media for a long time. Its advantages include efficiency and 

absence of numerical dispersion, and moreover, it can be easily implemented over any type of flow model 

due to the simplicity of the explicit equations, and the global mass is automatically conserved due to the 

use of particles as discrete representations of the diffusing species (Salamon et al. 2006). 

Along the line of applying RWPT in pore-scale transport modeling, many previous works have 

been done to establish this method. Salles et al. (1993) studied various pore-scale simulation methods 

including a second-order finite-difference discretization of the steady-state advection-diffusion equation 

and RWPT in a cubic sphere array. Coelho et al. 1997 used a similar approach to study advection-

diffusion in random packings of grains of arbitrary shapes, such as spheres, ellipsoids, cylinders and 

parallelepipeds. Tessier et al. 1997 simulated nuclear magnetic resonance (NMR) experiments in a 

spherical bead packing and a Fontainebleau sandstone, and compared the particle displacement 

probability distributions with the experimental NMR data. Stapf et al. (1998) also simulated the NMR 

experiments in a randomly deposited mono-disperse spheres, and compared a joint probability density 
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function of both longitudinal and transverse displacement. Lowe and Frenkel (1996) analyzed the velocity 

auto correlation function of the simulation results in a random sphere packing. Maier et al. (1998) and 

(2000) and (2003) and (2007) further validated RWPT in homogenous and heterogeneous random sphere 

or cylinder packings by comparing the transient and asymptotic dispersion rates with NMR experiments.  

These works have established RWPT as an accurate and effective approach to study advection and 

diffusion in porous media.  

7.1.2 Methodology 

The earliest development of random walk particle tracking comes from Einstein’s explanation of 

Brownian monition, (e.g. Wax 1954, Gardiner 1985). These works laid the foundation for progresses in 

what is broadly classified as the theory of stochastic differential equation. The random walk of a particle 

in an advection velocity field is modeled by this stochastic differential equation, which is given by  

                         (7.1) 

where           is the advection displacement,        is a random displacement vector.   is a 

diagonal matrix whose components are proportional to the square root of the diffusion coefficient, and it 

is used to indicate the magnitude of the random displacement.       is an increment of a continuous 

Gaussian process to represent the Brownian motion, and it has a mean of zero and a variance that is 

proportional to   . The stochastic differential equation has been proven (Tompson et al. 1988) to be 

identical to the advection-diffusion equation, which is given by 

   

  
                 

(7.2) 

where   is the concentration,   is the effective diffusivity tensor. The final discrete form of the 

stochastic differential equation is given by 

                                (7.3) 

where   is a vector with random orientation but a fixed norm of    , and the time step    is constrained 

by the lattice spacing   , that is, the largest possible particle displacement during one time step satisfies 

                   (7.4) 

Here,      is the largest velocity component (           ) of the entire velocity field and    is the 

molecular diffusivity. The diffusivity tensor of particles in the porous medium is calculated from the rate 

of the covariance displacement tensor 

 
       

   
 

  
 

(7.5) 
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where    
                                      the covariance matrix of particle displacements. 

When the simulation reaches the steady state (asymptotic),        becomes a constant.  

The random walk of particles in a three dimensional voxelated volume of porous media is 

implemented through grid tracing in pore space and specular reflection on solid walls. In Figure 7.1, the 

two-dimensional grid represents the discretization of a porous medium, where the gray part is the solid, 

white part is the pore space, two black dots represent particles. The particle on the left follows a straight 

trajectory and the intersections with the gridding lines are shown as the blue dots (intersection with the x-

axis gridding lines) and the red dots (intersection with the y-axis gridding lines). The particle on the right 

collides with a solid wall and is reflected using the trajectory’s incident point on the solid surface that is 

the blue dot. The chance for a particle to collide into an exact corner location in two dimensions (or at 

edges and corners in three dimensions) is negligible since the point does not have volume. Thus, we 

always use incident point of a trajectory on an edge (2D) or the incident point of a trajectory on a surface 

(3D) to reflect the particle. In practice the simulation never throws an exception for such a situation. The 

particles were initially placed evenly throughout the pore space to achieve faster convergence of their 

mean square displacements (Maier et al. 2000). The computational domain boundary is periodic, so 

effectively an infinite domain is simulated with the input geometry being a representative elementary 

volume (REV). Figure 7.2 is the simulated trajectory of a single particle. This particle travels in a 

complex three-dimensional porous medium with an initial velocity vector [0.1, 0.1, 0.1] and undergoes a 

number of collisions between the start position (red) and the end position (blue), and the enlarged view 

shows its colliding positions with the solid walls (red colliding positions are on the x-axis gridding planes, 

yellow on the y-axis gridding planes and blue on the z-axis gridding planes). It is noted that the periodic 

boundary condition is turned off to make a continuous trajectory and the solids are displayed as 

triangulated meshes for demonstration purpose. Figure 7.3 is a demonstration of particles evenly 

distributed and randomly walking in a velocity field in the complex porous medium, and the velocity field 

is from the single-phase LB simulation.  

 
Figure 7.1: Two-dimensional demo of particle tracing and particle reflection.  
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Figure 7.2: An example of a simulated particle trajectory in a complex three-dimensional porous medium 

geometry. 

 
Figure 7.3: A demonstration of random walk particle tracking for advection–diffusion in a porous 

medium. The colored slices show the distributions of x-velocity. 



92 

 

7.2 Parallelization of Random Walk Particle Tracking 

This section includes a summary on the parallel performance of the particle tracking as a general 

numerical scheme in the literature for a wide range of scientific and engineering applications. We present 

the parallel algorithms implemented in this study within the general particle tracking framework and the 

RWPT code of advection-diffusion simulations, and the parallel performance of our implementation on 

the Leadership Computing Facilities at Oak Ridge National Laboratory and Argonne National Laboratory. 

7.2.1 Background and Previous Work 

Parallel algorithm for particle tracking is central to the modeling of a wide range of physical 

processes including cloud formation, reactions in nuclear systems, spray combustion and diffusion in 

porous media. The Lagrangian particle tracking can be implemented alone, or can be implemented with 

an Eulerian flow model. A Lagrangian method refers to pseudo particles or real molecules moving freely 

in a continuous space, and an Eulerian method refers to pseudo particles or continuum fluids moving on a 

mesh (discrete space).  The advection-diffusion model implemented in this study is the latter case. For a 

large-scale simulation of this kind, it is important to efficiently move the Lagrangian data on an Eulerian 

mesh among processors. 

The literature on parallelization of particle tracking is reviewed and the representative strong 

scaling was summarized. The idea of moving particles is straightforward, but the algorithm varies 

significantly from application to application. The domain decomposition also influences the parallel 

performance, but this review is restricted to the representative strong scaling (total workload is constant 

and number of cores increases) presented in the literature. The strong scaling efficiency is either directly 

from the referred work, or calculated using other available strong scaling measures. Kaludercic et al. 

(2004) implemented a parallel particle tracking model in a mixed Eulerian-Lagrangian commercial CFD 

code, and simulated 10,000 droplets in a transient fuel injection. The particle tracking model has an 

efficiency of 0.5 on 8 cores and 0.25 on 24 cores (a speedup of 4 on 8 cores, a speedup of 6 on 24 cores). 

Rosa et al. (2010) used a parallel algorithm to study cloud droplets that are suspended in a turbulent flow 

field, and their code achieves an efficiency of 1.2 on 16 cores and 0.8 on 128 cores for 5,000,000 particles. 

Erhel et al. (2009) applied the particle tracking method to investigate subsurface contaminate migration in 

fractures and heterogeneous sedimentary units with 2,000 particles. The code has an efficiency of 0.5 on 

16 cores and 0.39 on 32 cores (18 seconds on 4 cores, 9 seconds on 16 cores and 7 seconds on 32 cores). 

Brunner et al. (2009) studied domain-decomposed particle Monte Carlo during thermal radiation transport 

with 640,000 particles. The code presents super-linear efficiency until 216 cores and an efficiency of 0.55 

on 2000 cores. Peterka et al. (2011) use particle tracking to visualize steady and unsteady flow fields in 

the case study of thermal hydraulics for 128,000 particles, the code has an efficiency of 0.52 on1024 cores 
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and 0.18 on 16384 cores (230 seconds on 256 cores, 110 seconds on 1024 cores, and 20 seconds on 

16384 cores). Dubey et al. (2011) investigated four parallel algorithms for particle tracking, including 

directional-move, point-to-point, up-down-tree and sieve algorithms for 17,000,000 particles on an IBM 

Blue Gene/P and a Cray XT4. The best performance is directional-move for uniform grid. On IBM Blue 

Gene/P, it achieves an efficiency of 0.89 on 2048 cores and 0.78 on 8192 cores (2.5 seconds on 512 core, 

0.7 seconds on 2048 cores, 0.2 seconds on 8192 cores); on Cray XT4, 0.56 on 1024 cores and 0.11 on 

8192 cores (10 seconds on 512 cores, 9 seconds on 1024 cores, 6 seconds on 8192 cores). 

It is hard to directly compare some of these works in term of parallel performance, because the 

reported data may have included some specific modeling calculations besides that for particle tracking. 

Among all these works, Dubey et al. (2011) may be used as a good reference, since their study is more 

general for the algorithms of particle tracking. The directional-move algorithm for uniform grid moves 

each particle in three steps from [x1, y1, z1] to [x2, y1, z1] on P1 to [x2, y2, z1] on P2 and to [x2, y2, z2] on P3, 

and after a query step, processes pack particles in a buffer and send them at the same time. To eliminate 

the need for queries when there are no particles to be sent, a fake particle is used. One other algorithm in 

Dubey et al. (2011) is the point-to-point algorithm for adaptive mesh refinement (AMR), and it is more 

close to the algorithm implemented in this study for a uniform mesh. The point-to-point algorithm packs 

particles in a buffer for communication, and creates a marking list to keep meta-information among 

processors. However, this algorithm did not scale well on either IBM Blue Gene/P or Cray XT4 

(simulation time is almost constant from 512 cores to 8192 cores). 

7.2.2 Algorithms  

In this parallel implementation, a three-dimensional global indexing system, a particle list, the 

orthogonal recursive partitioning and a collective communication strategy is used. The orthogonal 

recursive partitioning has been discussed in Chapter 3, thus the description is not be repeated here. 

A three-dimensional global indexing system is created for the voxelated volume of porous media 

based on the global coordinates of every individual grid. Scalar information, such as the status of the grid 

being solid or fluid, ghost (in a neighbor processor) or real (in the current processor), and the host process 

ID, are pre-allocated (using FORTRAN) as 3D arrays with the upper and lower array indices determined 

based on the sub-domain coordinate limits. This means that the integer index of a specific element in a 

certain array is [x + 0.5, y + 0.5, z + 0.5], where [x, y, z] is the coordinates of the center of a grid that are 

always halfway between integers and the grid spacing is always 1. This three-dimensional global indexing 

system eases the operation of particle tracking and avoids translations between the local indices and 

global indices in a sub-domain. Although sub-domains are distributed to different processes, they are 

integrated together through the global indices.  
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The particle list is established to store particle information for each sub-domain. Since the particle 

displacement during one time step is restricted within one Δx, the particle would not move beyond the 

ghost layer (single-layer). The particle list is an N×7 double array, where N is the number of all particles 

in the sub-domain. Three of these doubles are used to store the current position of the particle, and the 

other four are used for other properties, such as initial positions and how many times the particle crosses 

the domain’s periodic boundaries, as implemented in this study for diffusivity calculations. Because the 

particles are dynamically moving among processes during runtime, the length of the tracer list is always 

changing, and could even be zero.  

The communication is implemented through two steps. In the first step, all processes gather meta-

data on how many particles are coming in and where they are coming from, and they broadcast meta-data 

on how many particles are going out and where they are going. In the second step, all processes exchange 

particles in the ghost layers.  Since all the ghost fluid nodes are marked by the ID of their host processes, 

the particle in a specific ghost fluid node “knows” where it is going. Each process packs and exchanges 

these meta-data by MPI_alltoall(), and use these gathered meta-data to prepare for exchanging particles 

by MPI_alltoallv(). 

Algorithm 7.1 is for particle tracking in porous media. This algorithm presents the general 

framework for moving Lagrangian data on an Eulerian uniform mesh among different processors. If the 

mesh does not include any solids, particle reflection routine will not be invoked. Algorithm 7.2 is for 

advection-diffusion simulation in porous media, and it is based on the framework described in Algorithm 

1. The diffusion and advection are implemented by applying the particle tracking / reflection twice, for 

the advective (from the velocity field) and the Brownian motion, respectively.  

 

Algorithm 7.1: Parallel particle tracking framework. 

 

partition the computational domain  

each process identifies fluid nodes in ghost layer and marks ghost 

fluid nodes with their host process ID 

for all time steps, each process do 

   for all particles, each process do 

      particle tracking in pore space at local 

   particle reflection on solids at local 

  end for 

  each process groups ghost particles according to their host process, 

create a meta-data pack and a ghost particle pack. 

  all processes exchange meta-data pack by MPI_alltoall() 

  all processes exchange ghost particle pack by MPI_alltoallv() and 

update particle list 

  end for 
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Algorithm 7.2: Parallel random walk particle tracking for diffusion-advection simulation. 

7.2.3 Parallel Performance  

The performance tests were conducted on Titan (Cray XK7) at the Oak Ridge National 

Laboratory and on Mira (IBM Blue Gene/Q) at the Argonne National Laboratory, the hardware details of 

which are given in Chapter 3. The testing geometries are cubic arrays of solid spheres that are identical to 

those presented in Chapter 3. To investigate the performance of the general particle tracking framework, 

Algorithm 7.1 was tested on Mira and Titan. The performance of diffusion-advection simulation using 

Algorithm 7.2 should be better than that of Algorithm 7.1, since more local computations were carried out 

per time step with the communication overhead staying the same. For these performance tests, particles 

were initially placed at the center of each fluid node throughout the entire computational domain; each 

particle was assigned a random Gaussian velocity vector in the range of [-0.5, -0.5, -0.5] through [0.5, 0.5, 

0.5] at the beginning of simulation, and then particle walking in pore space and collision on solid wall 

were simulated. Simulation time for 20 time steps was reported, and results are summarized in Tables 7.1 

and 7.2, including parallel speedup, parallel efficiency, million particles per core (MP/core) and million 

particles updated per second per core (MPUPS/core). Since particles are evenly distributed in this 

homogenous porous medium and particle concentration remains even during the particle tracking 

simulation, MP/core and MPUPS/core are good estimates of the workload and the computational speed 

on each core. 

 
 

 

(preprocessing is the same as Algorithm 1) 

each process reads local velocity field from LBM simulations 

each process finds local maximum velocity 

master process gathers and finds global maximum velocity, compute 

maximum duration of each time step  

master process broadcasts maximum time step to all processes 

for all time steps, each process do 

   for all particles, each process do 

      particle tracking in pore space at local for advection 

  particle reflection on solids at local for advection 

      particle tracking in pore space at local for diffusion 

   particle reflection on solids at local for diffusion 

  end for 

  (two-step particle exchanging, the same as Algorithm 1) 

  each process calculate local mean square displacement 

  master process gathers and calculate the effective diffusivity 

  end for 
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Table 7.1: Parallel Performance of particle tracking framework on Titan 

# of 

Cores 

Time 

(seconds) 
Speedup Efficiency MP/Core MPUPS/Core 

320×320×320 (a=20, r=9) 

16 68.04 17.39 1.09 1.25E+00 3.67E-01 

32 36.98 32.00 1.00 6.25E-01 3.38E-01 

64 18.22 64.93 1.01 3.12E-01 3.43E-01 

512 2.71 435.99 0.85 3.90E-02 2.88E-01 

1024 1.61 733.45 0.72 1.95E-02 2.42E-01 

2048 1.40 848.13 0.41 9.76E-03 1.40E-01 

4096 2.59 456.81 0.11 4.88E-03 3.77E-02 

640×640×640 (a=20, r=9) 

128 76.47 128.00 1.00 1.25E+00 3.27E-01 

256 38.06 257.15 1.00 6.25E-01 3.28E-01 

512 18.65 524.90 1.03 3.12E-01 3.35E-01 

1024 9.66 1013.11 0.99 1.56E-01 3.23E-01 

2048 5.47 1789.94 0.87 7.81E-02 2.86E-01 

4096 4.61 2124.81 0.52 3.90E-02 1.70E-01 

8192 9.12 1073.68 0.13 1.95E-02 4.28E-02 

1280×1280×1280 (a=20, r=9) 

1024 77.89 1024.00 1.00 1.25E+00 3.21E-01 

2048 39.40 2024.41 0.99 6.25E-01 3.17E-01 

4096 20.87 3821.63 0.93 3.12E-01 2.99E-01 

16384 43.83 1819.61 0.11 7.81E-02 3.56E-02 

*MP - million particles, MPUPS - million particles updated per second per core. Time 

for 20 time steps was reported. 

 

 

Figure 7.4: Parallel performance of particle tracking framework on Titan. 
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Table 7.2: Parallel performance of particle tracking framework on Mira 

# of 

Cores 

Time 

(seconds) 
Speedup Efficiency MP/core MPUPS/core 

320×320×320 (a=20, r=9) 

32 214.39 32.00 1.00 6.25E-01 5.83E-02 

64 108.83 63.04 0.98 3.12E-01 5.74E-02 

128 54.18 126.63 0.99 1.56E-01 5.76E-02 

1024 7.63 899.15 0.88 1.95E-02 5.12E-02 

2048 6.75 1016.67 0.50 9.76E-03 2.89E-02 

4096 15.03 456.51 0.11 4.88E-03 6.49E-03 

640×640×640 (a=20, r=9) 

256 218.02 256.00 1.00 6.25E-01 5.73E-02 

512 108.84 512.80 1.00 3.12E-01 5.74E-02 

2048 30.39 1836.80 0.90 7.81E-02 5.14E-02 

4096 26.83 2080.10 0.51 3.90E-02 2.91E-02 

1280×1280×1280 (a=20, r=9) 

2048 221.36 2048.00 1.00 6.25E-01 5.64E-02 

4096 121.98 3716.55 0.91 3.12E-01 5.12E-02 

8192 107.59 4213.64 0.51 1.56E-01 2.90E-02 

16384 239.71 1891.22 0.12 7.81E-02 6.51E-03 

2560×2560×2560 (a=20, r=9) 

16384 423.52 8293.74 0.51 0.62464 2.95E-02 

*MP - million particles, MPUPS - million particles updated per second per core. Time 

for 20 time steps was reported. Efficiency of 2560 cube is calculated by comparing 

MPUPS/core with 320 cube on 32 cores. 

 

 

Figure 7.5: Parallel performance of particle tracking framework on Mira. 
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Figures 7.4 and 7.5 show the parallel efficiency and the computational speed per core of the 

particle tracking code on Titan and Mira. It is noted that there is only one test for the 2560×2560×2560 

geometry (10.2 billion tracers) on 16384 cores (16GB RAM per 16 cores on a node) in Mira and this is 

the minimum number of cores to fit 10.2 billion tracers. The parallel efficiency of the 2560×2560×2560 

geometry on 16384 cores is calculated with respect to the 320×320×320 geometry on 32 cores using the 

MPUPS/core. This is a reasonable estimate, because MLUPS/core is constant for the 320×320×320 

geometry when MP/core > 0.02. Overall, the particle tracking framework on Titan and Mira demonstrates 

a similar behavior, and for the 1280×1280×1280 geometry (1.3 billion tracers), it achieves 90% efficiency 

on 4096 cores and 50% efficiency on 8192 cores in both Titan and Mira, and efficiency significantly 

declines on a larger number of cores; However, increasing the workload increases the parallel efficiency, 

as exemplified by the 2560×2560×2560 geometry on 16384 cores on Mira (50% efficiency). Different 

from the LB code, for which different behaviors were observed on Titan and Mira, the particle tracking 

code has much smaller computation with respect to communication, so the Pmax/core difference of Titan 

and Mira does not have an obvious effect on the code behavior. Compared to Dubey et al. (2011), the 

particle tracking code developed in this study performs better than their point-to-point algorithm on both 

IBM Blue Gene and Cray, although not as good as their directional-move algorithm on IBM Blue Gene. 

7.3 Validation of Random Walk Particle Tracking 

Tests were performed to validate the scalability and accuracy of the RWPT code. The unit sphere 

geometry is used to compare the simulations against previous results from literature. The unit sphere 

geometry is a solid sphere with a radius of 32 Δx in a computational domain of 64×64×64 Δx3, and its 

porosity is 48%. Due to the periodic boundary condition, this unit sphere represents an infinite cubic array 

of close sphere packing. To simulate the advection-diffusion process, the advection velocity field is 

obtained from single-phase LB simulations.  

Tests were performed on the unit sphere to investigate the ability of this code to preserve the 

accuracy of such a probabilistic process on multiple processes. Random numbers play a crucial role in 

simulating stochastic processes, and pseudo random number generation in a distributed-memory scenario 

may bring negative effect on the simulations if no special treatment is taken. To ensure the random 

numbers do not repeat among processors, the random seeds were initialized using the system clock time 

and the process ID. Tests were conducted on 1, 16, 32 and 64 cores with the same parameters for both 

single-phase LB simulations and RWPT simulations. The transient longitudinal diffusivity rates are 

normalized by molecular diffusivity, as shown in Figure 7.6. These tests present the same transient 

behavior and steady-state longitudinal diffusivity, and this proves the effectiveness of using system clock 

time and the process ID to initialize the random seeds in the RWPT simulation for porous media.  
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Figure 7.6: Scalability of random number in random walk particle tracking simulation. 

Tests were also performed on the unit sphere to compare the RWPT simulations against previous 

results. For these tests, the advection velocity field remains the same, and the molecular diffusivity was 

adjusted to achieve a wide range of Peclet number from 0.01 to 2680. Peclet number is defined as 

          for the unit sphere, where   is the sphere radius and   = 1.68E-04 from the single-phase 

LB simulation. The normalized steady-state longitudinal diffusivities were reported in Table 7.3, and 

comparisons were made in Figure 7.7. The simulation results were compared against the classical 

experimental data of Gunn and Pryce (1969), in which the solute was argon and the advecting fluid is air 

in close packings of glass spheres, as well as the theoretical solution of Koch et al. (1986) and a finite 

element method of Salles et al. (1993). The RWPT simulations show very good agreement with these 

previous results at lower Peclet numbers, but are constantly greater by a factor of 2 at higher Peclet 

numbers. 

Table 7.3: Advection-diffusion in unit sphere by RWPT simulation 

Dm Pe Dsim Dsim/Dm 

4.00E-06 2.68E+03 1.85E+00 4.63E+05 

4.00E-05 2.68E+02 1.48E-01 3.71E+03 

4.00E-04 2.68E+01 1.63E-02 4.07E+01 

1.07E-03 1.00E+01 7.95E-03 7.41E+00 

4.00E-03 2.68E+00 5.91E-03 1.48E+00 

8.00E-03 1.34E+00 7.65E-03 9.57E-01 

4.00E-02 2.68E-01 2.91E-02 7.27E-01 

1.07E+00 1.00E-02 7.73E-01 7.22E-01 

*Diffusivity unit - Δx2/Δt; Advection velocity - 1.68E-04 Δx/Δt. 
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Figure 7.7: Comparison of RWPT simulations with previous results.  

To further investigate the accuracy of RWPT simulations, the geometry of two parallel plates was 

used. The exact analytical solution of Taylor-Aris dispersion (Taylor 1954, Aris 1956) between two 

parallel plates is given by 

 
 

  
    

   

   
  (7.6) 

where         ,   is the height between the two parallel plates, and   is the average velocity of a 

flow through the two parallel plates. Three geometries of two parallel plates with different height, 18 Δx, 

50 Δx, and 240 Δx, were used to represent lower or higher resolutions, and the simulation results and 

relative error were reported in Table 7.4. The advection velocity fields were obtained from single-phase 

LB simulations, and the molecular diffusivity was adjusted during RWPT simulations to get similar 

Peclet numbers. As the tests show, the accuracy of simulation increases with higher resolution, and the 

relative error is about 6.7% compared to the exact analytical solution when 240 lattices were used to 

resolve the height. These geometries are all flat plates, so there is no stair-case like approximation of the 

curved/inclined surface. The only error source for the RWPT simulation comes from the advection 

velocity fields obtained from LB simulations, and this explains that the RWPT simulation of unit sphere 

agrees well with previous results at lower Peclet numbers (diffusion dominant). In Chapter 3, the single-

phase permeability from LB simulation was compared with the analytical solution for Poiseuille flow 

between two parallel plates and the relative error at  =18 Δx is 0.2%. This implies that, the velocity field 
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from LB simulation is accurate even at lower resolution; however, the particle random walking is 

sensitive to the discretization of the velocity field. A remedy to this issue is to apply interpolation for 

advection velocity field, such as tri-linear, tri-cubic and cubic spline. These methods can interpolate for a 

more accurate advection velocity at the particle position. 

Table 7.4: Comparison of RWPT simulation with analytical solution for two parallel plates 

H v Dm Pe DD,a DD,sim ε = DD,sim/DD,a-1 

18 3.24E-04 4.00E-06 1.46E+03 1.01E+04 1.91E+04 88.8% 

50 2.89E-03 1.00E-04 1.44E+03 9.94E+03 1.42E+04 43.4% 

240 7.68E-03 1.28E-03 1.44E+03 9.87E+03 1.05E+04 6.7% 

 

7.4 Application: Porosity-Tortuosity Relation 

In porous media, the presence of solids causes the diffusion paths of particles (e.g. solutes) to 

deviate from straight lines. Tortuosity is used to describe this behavior, as given by 

   
  
 

 (7.7) 

where    is the effective length of the diffusion path, and   is the end-to-end length of the porous media. 

Tortuosity can be also defined using the effective diffusivity,    and the molecular diffusivity (self 

diffusion in bulk fluid),    as following 

   
  
 
  

  
 

 (7.8) 

Tortuosity has been studied using experimental, theoretical and empirical approaches. There are 

two experimental approaches to indirectly measure tortuosity. One is to measure the diffusivities of non-

reactive solutes in a bulk solution and in a porous medium, which is the direct implementation of Eq. 7.8. 

The other is to measure the formation factor from electrical resistivity, where the charged ions are the 

particles. As for theoretical and empirical approaches, Shen and Chen (2007) conducted a good review on 

theoretical and empirical approaches available in literature and made comments on their accuracy. In 

petrophysics, tortuosity is an important property of sedimentary rocks. Using tortuosity, Archie’s law 

relates the electrical conductivity of a sedimentary rock to its porosity and brine saturation, as following 

    
 

 
   

   
  (7.9) 

where    is porosity,    is brine saturation,    and    are the electrical conductivities of the fluid 

saturated rock and the brine, respectively,   is the rock cementation exponent and   is the brine 

saturation exponents. 
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Table 7.5: Tortuosity of homogenous stochastic geometries 

Geometry 
Porosity, 

ϕ 

Tortuosity,   

x y z Avg. 

Fibrous Geometry 

F2 97.9% 1.01E+00 1.01E+00 1.01E+00 1.01E+00 

F5 95.1% 1.02E+00 1.02E+00 1.02E+00 1.02E+00 

F7 90.0% 1.05E+00 1.05E+00 1.05E+00 1.05E+00 

F9 79.7% 1.12E+00 1.12E+00 1.12E+00 1.12E+00 

F10 69.8% 1.20E+00 1.20E+00 1.21E+00 1.20E+00 

F11 59.5% 1.31E+00 1.32E+00 1.34E+00 1.32E+00 

Tubular Geometry 

T2 2.1% 1.76E+00 1.78E+00 1.79E+00 1.77E+00 

T5 4.9% 1.71E+00 1.72E+00 1.72E+00 1.72E+00 

T7 10.0% 1.68E+00 1.63E+00 1.68E+00 1.67E+00 

T9 20.3% 1.52E+00 1.56E+00 1.53E+00 1.54E+00 

T10 30.2% 1.44E+00 1.44E+00 1.44E+00 1.44E+00 

T11 40.5% 1.36E+00 1.38E+00 1.36E+00 1.37E+00 

Granular Geometry 

G4 16.0% 1.24E+00 1.25E+00 1.23E+00 1.24E+00 

G5 17.3% 1.25E+00 1.23E+00 1.23E+00 1.24E+00 

G7 24.8% 1.24E+00 1.23E+00 1.21E+00 1.23E+00 

G9 29.9% 1.20E+00 1.21E+00 1.21E+00 1.21E+00 

G11 40.0% 1.18E+00 1.20E+00 1.20E+00 1.19E+00 

*Molecular Diffusivity is 4.0E-6 for all simulations. 

In this section, the random walk particle tracking simulator is applied to numerically characterize 

the tortuosity of stochastic geometry models. In the simulations for tortuosity, the velocity field from 

lattice Boltzmann simulation is not required, and the process is dominated by pure molecular diffusion. 

The tortuosity is reported in Table 7.5 for homogenous granular, tubular and fibrous geometries and in 

Table 7.6 for vuggy granular and tubular geometries. These geometries were used in Chapter 5 for 

porosity-permeability relations, and the vuggy tubular geometries are shown in Figure 7.8. As shown in 

Figure 7.9, the homogenous granular geometry is the least tortuous, the homogeneous tubular geometry is 

intermediate and the homogeneous fibrous geometry would be the most tortuous if they had the same 

porosity as the other two types of geometries; for all the three types of stochastic geometries, the 

tortuosity approaches zero at high porosity. Particularly, for homogeneous granular and tubular 

geometries, as porosity increases, the extent to which the tortuosity of tubular geometry is higher than that 

of granular geometry decreases. This behavior can explain the higher dimensionless permeability of 

homogeneous tubular geometries discussed in Chapter 5: at lower porosities, a higher tortuosity balances 
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out the flow efficiency in cylindrical pores; at higher porosities, a lower tortuosity makes the flow 

efficiency become prominent in cylindrical pores.  

 

Figure 7.8: Vuggy tubular geometries with different vug sizes.  

Besides the homogenous stochastic geometries, vuggy granular and tubular geometries were 

investigated, as shown in Table 7.6 and Figure 7.10. The vuggy porosity increases the tortuosity, due to 

the fact that particles would be trapped at a bigger chance in a vug by colliding with vug inner wall. The 

three vuggy tubular geometries (Figure 7.8) reveal that the size of vugs affects tortuosity: the larger the 

vug size, the higher the tortuosity. This may be attributed to the ratio of spherical vug radius to the 

cylindrical pore radius, because that at a lower ratio the chance is higher for particles to enter cylindrical 

pores from vugs and to keep moving forward (less tortuous). For porosity-permeability relations in 

Chapter 5, the simulations show that the size of vugs did not affect the permeability and the velocity 

appreciably. Combined with the tortuosity simulations here, we can further explain it: in larger vugs (for 

(b) r=15∆x,n=22 

(c) r=30∆x,n=3 

(a) r=10∆x,n=73 

The same vuggy porosity 

and total porosity, 

spherical vugs 

r – sphere radius 

n – number of spheres 
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the same vuggy porosity), the smaller solid surface area (friction) compensates the higher tortuosity so 

that the permeability remains the same for different sizes of vugs. 

Table 7.6: Tortuosity of vuggy stochastic geometries 

Geometry 
Porosity, 

ϕ 

T_sim 
Comments 

x y z Avg. 

T7-1 12.6% 1.80E+00 1.76E+00 1.80E+00 1.79E+00 rv=10 Δx, ϕv=3.8%, n=73 

T7-2 13.0% 1.85E+00 1.82E+00 1.84E+00 1.84E+00 rv=15 Δx, ϕv=3.9%, n=22 

T7-3 13.5% 1.87E+00 1.89E+00 1.90E+00 1.89E+00 rv=30 Δx, ϕv=4.2%, n=3 

G7-3 37.9% 1.25E+00 1.24E+00 1.26E+00 1.25E+00 ϕv=13.1% 

*Molecular Diffusivity is 4.0E-6 for all simulations. 

 
Figure 7.9: Tortuosity of homogenous stochastic geometries.  

 
Figure 7.10: Tortuosity of vuggy stochastic geometries.   
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CHAPTER 8 

SUMMARIES, CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK 

 

 This chapter presents the summaries and the conclusions of previous chapters, as well as the 

recommendations for future work from the aspects of modeling development and applications / 

theoretical studies. 

8.1 Stochastic Geometry Model 

We conducted a complete survey of historical studies and the state-of-art in porous media 

modeling, and discussed the advantages of directly modeling the resultant geometry of a porous medium. 

Instead of using statistical measures from specific samples or simulating the physicochemical processes 

of pore structure evolution, a geometry-based model directly add important features such as fractures or 

vugs into the generated pore structures. With its flexibility and adaptiveness, this method can help us 

identify the essential microstructural features of geological rocks that control the various flow and 

transport processes, on the top of specific characterizations. Based on this understanding, methods were 

developed to generate stochastic geometry models from Voronoi tessellations. Three basic models, 

namely granular, tubular, and fibrous models, were constructed. They are the simplest random porous 

media models with a singular length scale. Additional geometric features such as anisotropy, pore size 

distribution, and heterogeneities in the forms of fractures and vugs can be easily incorporated into these 

basic models using analytical calculations and Boolean operations. 

8.2 Implementation and Validation of Flow and Transport Models 

Lattice Boltzmann methods were implemented for both single-phase and two-phase flows in 

porous media. For both programs, the propagation model is D3Q19 (three dimensions and 19 velocity 

directions), the boundaries conditions are bounce back on solid walls and periodic on domain boundaries. 

The BGK and MRT collision models were implemented in the single-phase code. The BGK collision 

model and pseudo-potential model were implemented in the two-phase code.  

Validation and convergence tests were conducted to compare the simulated single-phase 

permeability with analytical solutions and experimental results. For Poiseuille flows in a horizontal 

cylindrical pipe, an inclined cylindrical pipe and two parallel plates, the errors at 6 lattice resolution are, -

13.6%, -8.0% and 1.4%, respectively, and the error at higher resolutions approaches zero. Compared with 

the core test experimental data for sandstones, carbonates, synthetic silica and sand packs, the error of 

simulations is within about 20%. Compared with the microfluidics tests for both the homogenous and 

heterogeneous microfluidics chips, the error of simulations is within 5%.  
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For the two-phase LB simulations, validation tests were performed on the surface tension and the 

contact angle. It is observed that the relation between the pressure difference across the interface and the 

reciprocal of droplet radius is consistent with the Laplace equation, and that the two-phase model is able 

to simulate a wide range of wettability values including strong non-wetting, moderate non-wetting, 

neutral wetting, moderate wetting and strong wetting. 

Relations were derived between the lattice Boltzmann simulation units and the real-world units 

through establishing the real-world equivalence of the fundamental mass, time, and length scales in lattice 

Boltzmann simulations. The spatial scale is determined by the resolution used in a three-dimensional 

voxelated image, and the time scale is determined by the kinematic viscosity of a fluid. The mass scale is 

determined by matching the density of the fluids. Then the permeability, velocity and pressure gradient in 

simulations can be converted to those in the real world. The conversion of surface tension in a two-phase 

was also derived by using the wetting phase properties as the reference. 

Random walk particle tracking method was implemented to simulate pore-scale transport 

(advection and diffusion) phenomenon in porous media. The implementation of particle tracking in a 

three-dimensional voxlelated image was realized through particle tracing on the gridding planes and 

particle reflection on solid walls. By using the advection velocity field obtained from the single-phase 

lattice Boltzmann simualtion, the random walk particle tracking code can simulate advection and 

diffusion processes in complex porous media. 

Validation tests were conducted for the random walk particle tracking code. For scalable random 

seeding, by using system clock times and the process IDs to initialize the random seeds, this code is able 

to preserve the accuracy of the probabilistic process on multiple processes. For modeling accuracy, 

comparison was made against previous results. The simulations show very good agreement with previous 

results in the literature at lower Peclet numbers, but the obtained effective diffusivity are constantly 

greater than published values by a factor of 2 at higher Peclet numbers. Further comparison was made 

against the exact analytical solution of Taylor-Aris dispersion in two parallel plates, and we found that the 

error is 6.7% when 240 lattices were used. This implies that the accuracy of the random walk particle 

tracking method is sensitive to the accuracy of the velocity field. 

8.3 Parallelization of Flow and Transport Models 

The single-phase and two-phase lattice Boltzmann codes were massively parallelized using MPI 

collective operations for distributed-memory clusters. For the parallel implementation of lattice 

Boltzmann methods, we used a two-lattice implementation, a vectorized data structure similar to that used 

for the storage of sparse matrices, an orthogonal recursive partitioning and a collective communication 

strategy. Flexible domain partitioning schemes were developed, and they can partition a domain in user 
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defined directions, into any number of sub-domains and achieve workload balancing for a heterogeneous 

porous medium geometry. The MPI collective operation was implemented for the propagation step during 

lattice Boltzmann simulations. We tested the single-phase code on three different supercomputers, Ra at 

Colorado School of Mines, Mira at the Argonne National Laboratory and Titan at the Oak Ridge National 

Laboratory, which are representative of the major and the state-of-art architectures of high performance 

computing. The code achieves more than 100% parallel efficiency on 1,024 cores in Ra, 90% parallel 

efficiency on 262,144 cores in Mira and 83% parallel efficiency on 32,768 cores in Titan. The 

performance of our codes closely matches or exceeds the state-of-art as found in the literature. 

The particle tracking framework was also massively parallelized using MPI collective operations 

for distributed-memory clusters. A three-dimensional global indexing system was used to eases the 

operation of particle tracking. The communication is implemented through two steps. In the first step, all 

processes gather meta-data about the number of outbound particles and particle destinations. In the 

second step, all processes exchange particles in the ghost layers. The random walk particle tracking code 

was built on the particle tracking framework by implementing advection and diffusion steps. We tested 

the parallel performance of the particle tracking framework on the two leading supercomputers, Mira and 

Titan. The code achieves 90% efficiency on 4096 cores and 50% efficiency on 8,192 cores in both Titan 

and Mira for the 1280×1280×1280 geometry (1.3 billion tracers), and 50% efficiency on 16,384 cores in 

Mira for the 2560×2560×2560 geometry (10.2 billion tracers). The performance of our code is also 

comparable to the state-of-art as found in the literature.  

8.4 Porosity-Permeability Relations 

Convergence analysis was conducted to determine the optimal resolution for stochastic 

geometries. As the analysis shows, although the error is a lump sum of the numerical slippage error and 

the bounce-back error, apparently, bounce-back error is dominant for flows in granular and tubular 

geometries and numerical slippage error is dominant for flows in fibrous geometry. Interestingly, the net 

error is considerably reduced when randomly distributed inclined planes or curved surfaces of stochastic 

geometries are present. This is, perhaps, an indication that errors due to application of the bounce-back 

over inclined surfaces of different orientations cancel each other. Therefore, the 6-lattice resolution is 

selected to resolve the characteristic length of stochastic geometries, and the errors in our flow 

simulations in stochastic geometries should be within 3% of the true grid-independent results. A 

stochasticity analysis was also conducted, and it shows that with 30 or more Poisson points, the generated 

geometry presents a coefficient of variance within 1% for both permeability and porosity. This indicates 

the geometries generated are statistically representative.  
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The porosity-permeability relation was studied for homogeneous granular and tubular geometries 

with a wide range of porosity / solid volume fraction values. When the permeability was normalized by 

the specific surface area (per unit volume of solid), the porosity-permeability relations are very close at 

low porosity (<20%) and can be well described by the Carman-Kozeny equation with a Carman-Kozeny 

coefficient of five, which is reported in the literature for sphere packings. At higher porosity (>20%), the 

tubular geometries have higher dimensionless permeability. This difference is likely caused by the more 

efficient transport of fluid through cylindrical pores.  

Heterogeneities introduced in the forms of vugs, connected and disconnected fractures caused 

deviations from the Carman-Kozeny equation. Our preliminary data show that connected fractures 

significantly enhance the flow, and systems with connected fractures generally appear on the porosity-

permeability cross-plot as points above the Carman-Kozeny equation. Systems with disconnected 

fractures and vugs, on the other hand, generally appear as points below the Carman-Kozeny equation. 

Exceptions, however, do occur due to the orientation and the extent of disconnected fractures. Our 

examples show that a heterogeneous porous medium with a partially penetrating fracture and a 

homogeneous porous medium can have the same dimensionless permeability. Therefore, the relative 

position of the dimensionless permeability to the Carman-Kozeny equation is not a sufficient indicator of 

pore geometry. 

For fibrous geometries, the permeability, total drag force and mean drag force per unit length of 

fibers were analyzed and compared with Higdon (1996). The permeability of stochastic fibrous geometry 

agrees with Higdon’s numerical results from idealized fibrous models, and shows rapid increase at the 

dilute limit where the solid volume faction approaches zero.  Comparison using the total drag force shows 

that Higdon’s models have higher total drag force than the stochastic fibrous media model, and that 

interaction between fibers is indicated by a power index of 1.33 for the stochastic fibrous media model. 

8.5 Two-Phase Flow Case Studies 

Case studies were conducted for two-phase flows in a cylindrical pore, serially arranged 

cylindrical pores (pore bodies and pore throats), and a Fractured Stochastic Geometry (a matrix-fracture 

system). For each of the geometries, two simulations runs were conducted with inverted wettability. The 

density distribution of one fluid phase was visualized on a plane for several selected time frames from the 

three-dimensional simulation. For the single cylindrical pore and serially arranged cylindrical pores, the 

simulations captured critical dynamic features such as wetting fluid film, forward and receding contact 

angles, and differences made in the displacement efficiency by the wettability. For the matrix-fracture 

system, the simulations were conducted by placing the fractured geometry in a container, and half of the 

container serves as a reservoir for injection fluid. This setup is used to simulate a core flooding test. At 
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the end of simulation, the wetting fluid 1 fills most of the matrix, whereas the non-wetting fluid 1 just fills 

a small portion; besides, after breakthrough, the wetting fluid 1 is still attached to the outer solid surface 

of the geometry, and the non-wetting fluid 1 forms a bubble that continues to move downstream 

8.6 Porosity-Tortuosity Relations 

The porosity-tortuosity relations were studied using the random walk particle tracking code for 

homogenous and heterogeneous stochastic geometries. The homogenous granular geometry is the least 

tortuous, and the homogeneous tubular geometry is medium tortuous and the homogeneous fibrous 

geometry is the most tortuous. For homogeneous granular and tubular geometries, as porosity increases, 

the extent to which the tortuosity of tubular geometry is higher than that of granular geometry decreases. 

At lower porosities, a higher tortuosity balances out the flow efficiency in cylindrical pores; at higher 

porosities, a lower tortuosity makes the flow efficiency become prominent in cylindrical pores (higher 

dimensionless permeability of homogeneous tubular geometries in Chapter 5). The vuggy porosity 

increases the tortuosity, due to the fact that particles would be trapped for a bigger chance in a vug. The 

size of vugs affects tortuosity: the larger the vug size, the higher the tortuosity, because that in smaller 

vugs (with the same vuggy porosity and total porosity in a tubular geometry) the chance is higher for 

particles to enter cylindrical pores from vugs and to keep moving forward (less tortuous). In larger vugs 

(for the same vuggy porosity), the smaller solid surface area (friction) compensates the higher tortuosity 

(permeability remains the same for different sizes of vugs in Chapter 5). 

8.7 Recommendations for Future Work 

We discussed limitations of the basic Shan-Chen two-phase pseudo-potential LB model 

implemented in our simulator, and reviewed the improvements in the latest literature. These limitations 

include spurious currents in the presence of density ratio, difficulties in adjusting the interfacial tension 

and the contact angle, and in simulating large density and viscosity ratios due to numerical instability 

issues. To solve these limitations, we reviewed the latest developments on the pseudo-potential LB model, 

such as independent adjustment of surface tensions and contact angle (Li and Luo 2013, Huang et al. 

2007), realistic equation of state (EOS) (Bao and Schaefer 2013) to achieve a density ratio of 1000:1, and 

high-order isotropy and explicit force term to achieve a kinematic viscosity ratio of 1000:1 (Porter et al. 

2012). We discussed the possibility of applying MRT collision model for an accurate two-phase pseudo-

potential simulation in unconventional nano-porous media. As shown in this study, the MRT collision 

model preserves accuracy for a wide range of relaxation time (0.53~100, simulation viscosity 0.36~1194), 

and this may provide means to adjust the simulated surface tension to match the actual surface tension at 

nanometer scale. Following are the recommendations for the future work on two-phase LB modeling 

development: 
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 Conduct a quantitative study to investigate the effects of the spurious current on the two-

phase flow behavior in complex porous medium geometries. 

 Conduct parametric studies to investigate the effects of density ratio and viscosity ratios on 

the two-phase flow behavior in complex porous medium geometries.  

 Conduct parametric studies to investigate the numerical stability issues caused by different 

combinations of pseudo-potential intensities. 

 Implement adjustable surface tension and contact angle, realistic EOS, explicit force term and 

MRT collision models for the two-phase simulations in the framework. These new features 

can be added as plug-ins. 

 Investigate the range of simulated surface tension using a MRT collision model for two-phase 

simulations. If the adjustment of simulation viscosity can lead to a wide range of simulated 

surface tension and numerical stability and accuracy, then it is possible to perform an 

accurate two-phase pseudo-potential simulation in unconventional nano-porous media with 

realistic fluid properties. 

 Investigate high-order isotropy and possibly implement it to the framework. Current parallel 

computing framework was designed for D3Q19, but the high-order isotropy will require more 

velocity directions (more than 19). This requires a significant change in the MPI 

communication strategy of the parallel computing framework. 

Another influential lattice Boltzmann model for two-phase flow modeling is the color gradient 

model (e.g. LeClaire et al. 2012). This model shows good numerical stability in handling large density 

ratio. The pore-scale modeling frame developed in this dissertation can be used as the parallel computing 

base, because the color gradient (conceptually similar to inter-particle potential) is also a function of 

density. So it is may be valuable to 

 Implement Leclaire et al. (2012) in the pore-scale modeling framework.  

In the case studies of two-phase flows, due to the difficulties to perform volume rendering over a 

very big data set generated from these distributed-memory parallel simulations, visual analysis for two-

phase flows in a complex geometry is limited to a two-dimensional slice of the three-dimensional data. 

Additional efforts will be needed to  

 Characterize the three-dimensional movements of the phases by efficient scientific 

visualization on a distributed-memory cluster. 

 Develop a workflow for the extraction of useful information such as dynamic capillary 

pressure and relative permeability from the simulations. 

For the random walk particle tracking code, it is found that particle walking is sensitive to the 

discretization of the velocity field obtained from the single-phase lattice Boltzmann simulation. The 
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convergence tests for lattice Boltzmann simulation already shows the accuracy of single-phase 

permeability. This means by smoothing the velocity field via interpolation, the errors in the random walk 

particle tracking code can be reduced even using a low-resolution velocity field. It is recommended to 

 Apply interpolation schemes for the advection velocity field, such as tri-linear, tri-cubic and 

cubic spline. These methods can interpolate for a more accurate advection velocity at the 

particle position. 

The pore-scale modeling framework also presents many other opportunities for applications and 

theoretical studies: 

 Further study the effect of fractures and vugs of porous media on porosity-permeability 

relations, with larger fracture apertures and vuggy porosity, and with various specially 

designed arrangement of these heterogeneities. 

 Study the porosity-tortuosity relation using the random walk particle tracking simulator and 

the stochastic geometries. 

 Study the flow and transport properties of porous media with anisotropy, heterogeneity and 

pore size distribution. 

 Study the relations between flow/transport properties and additional topological measures, 

which not only include porosity and specific surface area, but also include curvature and 

connectivity, as established through theoretical analyses such as the Minkovski functional 

(Arns 2002, Achroder-Turk et al. 2011).  

8.8 Closing Remarks 

In this dissertation, we have developed pore-scale simulation frameworks for direct numerical 

simulations of microscopic flow and transport in complex porous media. The frameworks include 

stochastic geometry models, simulators for single-phase flow, multiphase flow, and transport, as well as a 

parallel computing hub for efficient pore-scale simulations. The flow and transport simulation results 

were validated against analytical solutions, experimental data and previous results. The parallel 

performance of the flow and transport simulators was tested on class-leading supercomputers. We studied 

the porosity-permeability / porosity-tortuosity relations for homogeneous and heterogeneous stochastic 

geometries, and also conducted case studies of two-phase flows in simple and complex geometries with 

different wettability conditions. With the advanced algorithms of pore-scale flow and transport 

simulations, the flexibility of stochastic geometry models and the exceptional scalability of massively 

parallel computing, these frameworks provide one the ability to perform efficient pore-scale simulations 

and to study macroscopic behaviors of microscopic mechanisms for flow and transport in complex porous 

media.
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