
WAVE PROPAGATION IN COMPLEX MEDIA, SCATTERING THEORY, AND

APPLICATION TO SEISMIC IMAGING

by

Clément Fleury



c© Copyright by Clément Fleury, 2012

All Rights Reserved



A thesis submitted to the Faculty and the Board of Trustees of the Colorado School

of Mines in partial fulfillment of the requirements for the degree of Doctor of Philosophy

(Geophysics).

Golden, Colorado

Date

Signed:
Clément Fleury

Signed:
Dr. Roel Snieder

Thesis Advisor

Golden, Colorado

Date

Signed:
Dr. Terence K. Young

Professor and Head
Department of Geophysics

ii



ABSTRACT

Migration is a seismic imaging method that consists of creating a representation of the

Earth’s subsurface structure from the recording of seismic waves. Migration is essentially

equivalent to solving an inverse scattering problem in structurally complex media. Conven-

tional migration algorithms rely on linearized inversion schemes and assume single-scattering

dominance. The primary focus of this thesis is an alternative nonlinear scattering-based ap-

proach to seismic migration. The goal is to take advantage of multiple scattering in seismic

imaging in order to produce better images in complex geological subsurface environments.

The foundation of the method I proposed is the integral formulation of the inverse scatter-

ing problem based on the representation theorems and similar to the formulation used for

retrieving Green’s functions in seismic interferometry. The first part of this thesis presents

representation theorems for general perturbed systems. Based on this study of the retrieval

of scattered fields, I develop a new imaging condition for seismic migration. By taking into

account the fundamental nonlinear relation between the seismic data and the model of the

subsurface, this imaging condition takes advantage of multiply scattered waves, including

multiple reflections, in the imaging process. Then, I design an imaging algorithm referred to

as nonlinear reverse-time migration. This migration exploits multiply scattered waves, in-

cluding internal multiples, and is of particular interest for advanced interpretation in complex

subsurface environment. In the exploration industry, the development of new imaging meth-

ods coincides with innovations in data processing and acquisition. The last part of this thesis

focuses on a reverse-time migration that makes optimal use of the novel multi-component

marine seismic data which have recently been available for offshore exploration.
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CHAPTER 1

GENERAL INTRODUCTION

The Earth’s subsurface is a structurally complex inhomogeneous medium. This com-

plexity is directly observable in the propagation of seismic waves. A better understanding

of seismic wave propagation in complex media is key to improving our knowledge of the

Earth’s subsurface structure. Seismic imaging is the discipline in geophysics that consists

of creating a representation of the Earth’s subsurface structure from the recording of seis-

mic waves. Migration is a method used in seismic imaging. The migration process is an

inverse operation by which seismic information elements recorded in the seismic data are

rearranged and re-located in either space or time to their true locations (Yilmaz, 2001).

Migration provides a mapping between the reflection and diffraction events recorded as a

function of arrival time in the data (at the surface in the usual setting) and these same events

at the true geometric location of the subsurface geologic features from which they originate,

thereby producing a more understandable image of the subsurface (Claerbout, 1971; Schnei-

der, 1978). The migrated seismic image is a representation more suitable for interpretation

and necessary for overcoming the limitations of geophysical methods imposed by areas of

complex geology (e.g., faults, folding, salt bodies, basalt formations) (Rockwell, 1971; Gray

et al., 2001). Seismic migration is one of the tools used by the oil and gas industry to map

oil and gas reservoirs in the Earth’s upper crust. Variants of this technique are also used

by environmental and civil engineers in their study of near-surface features (e.g., bedrocks,

aquifers) and by global seismologists in their study of the Earth’s lower crust and mantle.

Over the years, many approaches have been taken to describe the process of migration.

Seismic migration essentially solves an inverse scattering problem based on a given model

of seismic wave propagation (Symes, 2009). This problem consists of reconstructing the

coefficients or properties of a spatially varying mechanical model that explain the physical
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phenomena underlying seismic wave scattering. Although seismic migration was not orig-

inally constructed as a solution to an inverse scattering problem but as a process which

converts the seismic data to a representation of the Earth’s interior, we can now establish

a much clearer relation between imaging and inversion. Tracing back to the early 1920s,

the earliest migrations were graphical and were based on geometrical principles (Gardner,

1985). These geometrical ideas were also the basis of the first digital methods known as clas-

sical or statistical migration (Lindsey & Herman, 1970; Rockwell, 1971; Schneider, 1971). In

the 1970s, the wave-equation methods introduced by Claerbout (1971) superceded classical

migrations. Wave-equation methods describe seismic imaging in terms of modeling of wave

propagation and application of an imaging condition to extract images. These methods ul-

timately rely on partial linearization and, to a certain extent, high-frequency asymptotics.

Today’s most popular wave-equation migration for producing high-quality images of the

subsurface is reverse-time migration (Baysal et al., 1983; McMechan, 2006). Starting with

the work of Cohen & Bleistein (1977, 1979); Lailly (1984); Beylkin (1985); Rakesh (1988),

and others, linearized seismic inversion became a new approach to seismic migration. This

approach recasts migration as the problem of reconstructing the Earth’s scattering potential

from an integral operator formulation. The linearization of the seismic wave equation with

respect to the small oscillatory perturbation of an accurate smooth reference model defines a

linear map from model perturbations to data perturbations which can be represented by the

so-called Fourier integral operator. If one defines a seimic image as a representation of this

model perturbation and its associated scattering potential, then the mapping properties of

the linearized operator explain why the solution of the linearized inverse problem results in

an image. The theory of Green’s function reconstruction provides an alternative analysis of

this integral representation of the seismic image (Miller et al., 1987). The relation between

migration and linearized inversion is key to the practice of seismic imaging which we know

today.
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Recent progress in understanding the capabilities of seismic migration also reveals the

limitations of such a method. Symes (2009) summarizes two major properties impacting

the quality of seismic migrations: the compensation for spectral incompleteness by spatial

redundancy and the importance of single scattering dominance. First, the physical nature

of the seismic experiment limits the low- and high-frequency content of the seismic data.

The lack of high frequencies constrains the resolution of seismic migration while the lack

of low frequencies restricts the ability to determine a unique reference kinematic model for

migration. The redundancy of the seismic experiment mitigates this ambiguity. Second,

the use of a linearized inversion scheme for migration implicity assumes single-scattering

dominance. This assumption is not always accurate enough. Rocks are typically highly

heterogeneous and exhibit spatial structure at all scales from centimeters to kilometers. The

heterogeneity and structure of the rocks are responsible for multiple scattering that can

be non-negligeable or even strong. There is a fundamental nonlinear relation between the

parameters of the Earth’s model and the recorded seismic data. The deviation between the

nonlinear model and its linear approximation is cumulative as time increases to the point

where these deviations cannot be neglected for standard seismic recording times (Delprat-

Jannaud & Lailly, 2005). The estimation of the subsurface structure is essentially a nonlinear

inverse problem (Tarantola, 1984; Gauthier et al., 1986). A nonlinear approach appears to

be essential for quantitative imaging of deep targets (Delprat-Jannaud & Lailly, 2005).

This thesis proposes an alternative nonlinear scattering-based approach to seismic migra-

tion that aims to take advantage of multiple scattering in seismic imaging with the goal of

producing better images in complex geological subsurface environments. My thesis compiles

four stand-alone scientific publications. The first three research articles intrinsically relate

to the problem of nonlinear scattering-based imaging. The fourth article complements the

others and describes a method that contributes to better quality of seismic migrations when

new marine seismic data are acquired. This introductory chapter sets the general framework

for the thesis and provides a guide to the content of the different chapters that follow. In
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the following paragraphs, I present the context for the four individual research articles and

establish the links between these chapters.

Seismic imaging is an inverse scattering problem, i.e., the problem of determining the

physical properties of an object (e.g., the mechanical properties of the Earth) from the mea-

surement of the data scattered by the object (e.g., the reflection seismic data). As discussed

above, the seismic image is representable using an integral formulation of the inverse scatter-

ing problem. My analysis of this inverse problem adheres to the theory of Green’s function

reconstruction. This approach brings together seismic imaging with seismic interferometry

(Vasconcelos et al., 2009). Seismic interferometry is a term used to refer to the extraction

or reconstruction of seismic waves propagating between two receivers with one of the re-

ceivers acting as if it were a source (see tutorials Curtis et al., 2006; Larose et al., 2006;

Wapenaar et al., 2008). This method is widely used in a large variety of fields including

ultrasonics (Lobkis & Weaver, 2001; Roux & Fink, 2003), global and exploration seismology

(Campillo & Paul, 2003; Shapiro et al., 2005; Bakulin & Calvert, 2006), medical imaging

(Sabra et al., 2007), structural engineering (Kohler et al., 2007; Snieder & Safak, 2006), and

ocean acoustics (Roux & Kuperman, 2004; Sabra et al., 2005b). The integral representation

theorems are key elements of the reconstruction of Green’s function (Wapenaar et al., 2004;

Wapenaar & Fokkema, 2006). In particular, the reconstruction of scattering Green’s func-

tion is of primary importance for the problem of seismic migration. I devote Chapter 2 to

the analysis of the reconstruction of scattered Green’s function in a wider context than the

scattering of seismic waves for imaging. Considering the perturbation of general physical

systems that satisfy a linear partial differential equation, I introduce the concept of the inte-

gral interferometric operator for the reconstruction of full and scattered Green’s functions.

The interferometric operator is used to define the general representation theorems that one

can use for either interferometry or imaging. The analysis of the properties of this opera-

tor leads the establishment of the fundamental characteristics necessary for a system to be

suited for the resolution of the inverse scattering problem using the techniques which are
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based on these representation theorems. In addition, the application of this theory of Green’s

function reconstruction to the scattering of acoustic waves leads to the following concluding

remark. Green’s functions that account for scattered waves cannot be reconstructed from

the interference of direct and scattered waves alone. The retrieval of scattered waves requires

the addition of the interference of scattered waves with themselves; this addition cancels the

spurious events that contaminate the retrieval of scattered waves from the interference of

direct with scattered waves.

In Chapter 3, I investigate the implication of the latter conclusion in Chapter 2 for seismic

migration. Migration relates to scattering-based image-domain interferometry (Vasconcelos

et al., 2010). This interpretation connects the representation theorem we use in the recon-

struction of Green’s functions to the imaging principle in wave-equation based migration,

also known as the imaging condition (Claerbout, 1971). The imaging condition is the opera-

tion which one applies to the reference and scattered wavefields that have been extrapolated

from the surface seismic data in order to perform the mapping between the seismic events

recorded in the data and these same events in the subsurface (Biondi, 2006). Because of their

linearized inversion scheme, most migration techniques do not handle multiple scattering of

seismic waves and use single scattered waves only. Interestingly, the linearization of the

seismic imaging problem implies neglect of the interference of scattered waves with them-

selves. We know from Chapter 2 that this neglect results in the inaccurate reconstruction of

scattered waves, especially for complex scattering media. In this chapter of my thesis, my

objective is to study the impact of taking into account the interference of scattered waves

with themselves on the imaging condition for seismic migration. The novel imaging condition

introduced in Chapter 3 is nonlinear with respect to the contrasts in the model parameters

that represent the Earth. This imaging condition accounts for nonlinear multiple-scattering

effects, reduces imaging artifacts, and potentially improves both amplitude preservation and

illumination in the seismic images. For complex subsurface structures, this new imaging

conditon may result in better imaging because it utilizes multiple-scattering (e.g., multiple
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reflections) in a nonlinear fashion.

Chapter 4 deals with some practical aspects of the process of nonlinear seismic migration.

In this chapter, I take advantage of the nonlinear imaging condition introduced in Chap-

ter 3 to adapt the method of reverse-time migration. Reverse-time migration is a two-way

time-domain migration that accurately handles the propagation of complex scattered waves,

but once again, the method is limited by the assumption of single scattering. My goal is to

modify conventional reverse-time migration in order to image multiply scattered waves. I

show that multiply scattered waves can provide additional illumination and sensitivity in the

process of migration when their nonlinear relation to the model parameters is taken into ac-

count. The method described in Chapter 4 is referred to as nonlinear reverse-time migration

and provides a tool for advanced seismic interpretation and potentially migration velocity

analysis. Chapter 4 describes a strategy for seismic interpretation that exploits the illumi-

nation and sensitivity from multiply scattered waves. In complex salt and basalt geological

environments, this method provides a advantage for controlling the quality of our interpre-

tation by using migrated internal multiple reflections. Chapter 4 concludes the theoretical

developments established in Chapters 2 and 3 of my thesis with a practical application to

seismic imaging. The reader will find new ideas to extend this work in Chapter 6.

Chapter 5 is complementary to the work I present in the first chapters of my thesis.

Recent technological advances in marine seismic acquisition allow for the recording of four-

component marine seismic data from dual-source configurations (Robertsson et al., 2008,

2012). This new type of data has great potential for improving the quality of seismic images

for offshore surveys. These acquisition developments lead to novel data-domain processing

techniques and seismic imaging methods (Cambois et al., 2009; Vassallo et al., 2010; Ozbek

et al., 2010; Frijlink et al., 2011; Vasconcelos, 2011). In Chapter 5, I develop a method

for migrating such new multi-component marine datasets. The goal is to design a technique

that benefits conventional wave-equation migrations but also new migrations like the method

described in Chapter 4. Vasconcelos (2011) and Vasconcelos et al. (2012) propose a so-
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called vector-acoustic reverse-time migration that exploits these multi-component marine

seismic data. Their method is based on the same representation theorems that I describe

in Chapter 2. Here, I propose an alternative and more flexible approach that is based on

the adjoint-state formulation of the seismic scattering inverse problem. Integrating this

approach in the framework of the nonlinear reverse-time migration introduced in Chapter 4

is a strategy that could reveal itself to be of great interest for resolving complex sub-salt or

sub-basalt structures such as the ones found in the Gulf of Mexico, the North Sea, offshore

Brazil, or West Africa (Davies, 2004; Ikelle & Amundsen, 2005).

Finally, Chapter 6 contains some general conclusions and recommendations for future

research and investigation with an emphasis placed on the potential development of a method

of migration velocity analysis for nonlinear reverse-time migration.
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CHAPTER 2

GENERAL REPRESENTATION THEOREMS FOR PERTURBED MEDIA

Clement Fleury1,2, Roel Snieder1, and Ken Larner1

Published in Geophysical Journal International (2010) : 183, 1648–1662

2.1 Abstract

Green’s function reconstruction relies on representation theorems. For acoustic waves,

it has been shown theoretically and observationally that a representation theorem of the

correlation-type leads to the retrieval of the Green’s function by cross-correlating fluctua-

tions recorded at two locations and excited by uncorrelated sources. We extend the theory

to any system that satisfies a linear partial differential equation, and define an interferomet-

ric operation that is more general than cross-correlation for the reconstruction. We analyze

Green’s function reconstruction for perturbed media and establish a representation theo-

rem specifically for field perturbations. That representation is then applied to the general

treatment of scattering problems, enabling interpretation of the contributions to Green’s

function reconstruction in terms of direct and scattered waves. Perhaps surprising, Green’s

functions that account for scattered waves cannot be reconstructed from scattered waves

alone. For acoustic waves, retrieval of scattered waves also requires cross-correlating direct

and scattered waves at receiver locations. The addition of cross-correlated scattered waves

with themselves is necessary to cancel the spurious events that contaminate the retrieval

of scattered waves from the cross-correlation of direct with scattered waves. We illustrate

these concepts with numerical examples for the case of an open scattering medium. The

same reasoning holds for the retrieval of any type of perturbations, and can be applied to

1Center for wave phenomena, Colorado School of Mines
2Primary researcher and author
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perturbation problems such as electromagnetic waves in conductive media, and elastic waves

in heterogeneous media.

2.2 Introduction

The extraction of Green’s functions from wave field fluctuations has recently received

considerable attention. The technique, known in much of the literature as interferometry,

is described in tutorials (Curtis et al., 2006; Larose et al., 2006; Wapenaar et al., 2008)

and has been applied to a large variety of fields including ultrasonics (Lobkis & Weaver,

2001; Malcolm et al., 2004; Roux & Fink, 2003; Weaver & Lobkis, 2001), global (Campillo

& Paul, 2003; Ruigrok et al., 2008; Sabra et al., 2005a; Shapiro et al., 2005) and exploration

(Bakulin & Calvert, 2006; Miyazawa et al., 2008) seismology, helioseismology (Rickett &

Claerbout, 1999), medical imaging (Sabra et al., 2007), structural engineering (Kohler et al.,

2007; Snieder & Safak, 2006; Thompson & Snieder, 2006), and ocean acoustics (Roux &

Kuperman, 2004; Sabra et al., 2005b). The theory relies on representation theorems (of

either the convolution or correlation type) and allows for the retrieval of Green’s functions

for acoustic (Wapenaar & Fokkema, 2006), elastic (Snieder, 2002; Van Manen et al., 2006;

Wapenaar et al., 2004), and electromagnetic (Slob & Wapenaar, 2009; Slob et al., 2007;

Wapenaar et al., 2006) waves. For acoustic media, the impulse response between two receivers

is retrieved by cross-correlating and summing the signals recorded by the two receivers for

uncorrelated sources enclosing the studied system. This process, sometimes referred to as

the virtual source method (Bakulin & Calvert, 2006), is equivalent to having a source at one

of the receiver locations. Further studies have extended the concept to a wide class of linear

systems (Gouédard et al., 2008; Snieder et al., 2007; Wapenaar & Fokkema, 2004; Wapenaar

et al., 2006; Weaver, 2008), and our work aims to accomplish the same objective.

We explore a general formulation of a representation theorem for any system that satis-

fies a linear partial differential equation (or, mathematically, for any field in the appropriate

Sobolev space). In particular, this formulation involves no assumption of spatial reciprocity

or time-reversal invariance. We introduce a bilinear interferometric operator as a means of
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reconstructing the Green’s function. We study the influence of perturbations on the interfer-

ometric operator and thereby derive a general representation theorem for perturbed media.

The perturbed field can be retrieved by using a process characterized by the interferometric

operation, which is generally more complex than cross-correlation. For common systems,

this interferometric operation can be simplified using the symmetry properties of differential

operators. We apply the theory to scattering problems and illustrate the approach with an

example involving scattered acoustic waves, obtaining a result that concurs with that pub-

lished by Vasconcelos et al. (2009) on the representation theorem for scattering in acoustic

media. In geophysics, applications of perturbation reconstruction exist in the areas of, for

example, crustal seismology, seismic imaging, well monitoring, and waveform inversion.

After exposing this general representation theorem for perturbed media, we give an in-

novative interpretation of Green’s function reconstruction. To emphasize the connection

between the general formulation and the particular case of scattering problems, we refer

to field perturbation as scattered field and unperturbed field as direct field. Perturbation

retrieval can be understood in terms of interferences between unperturbed fields and field

perturbations. One might think that field perturbations can be reconstructed with contribu-

tions from just field perturbations alone. However, the retrieval of field perturbations requires

the interferences with unperturbed fields. For acoustic media, this means that the scatter-

ing response between two receivers cannot be retrieved by cross-correlating only late coda

waves. Here, the scattering response is defined as the superposition of the causal and acausal

scattering Green’s functions between the two points. In the numerical experiments (see Fig-

ure 2.1), two receivers are embedded in a scattering medium and surrounded by sources that

are activated separately, and consequently, generate uncorrelated wavefields. The numerical

scheme is based on computation of the analytical solution to the two-dimensional heteroge-

neous acoustic wave equation for a distribution of isotropic point scatterers (Groenenboom

& Snieder, 1995). In Figure 2.2, we compare the actual scattering response for a source

at the receiver location with the signal reconstructed by cross-correlating and summing the

10



Figure 2.1: Two receivers, A and B, separated by a distance d = 1.9 km, are embedded in a
two-dimensional acoustic scattering medium (unperturbed velocity c0 = 3.8 km/s) charac-
terized by n uniformly distributed isotropic point scatterers localized inside a circle of radius
r = 1.0 km. A dense distribution of N = 1000 sources evenly spaced along a circle of radius
R = 4.0 km surrounds the medium. The source is a band-limited signal with central fre-
quency ω0 = 100 Hz and bandwidth ∆ω = 20 Hz. For n = 500, the heterogeneous medium
is considered strongly scattering. For n = 10, the scattering regime is weak.
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(a)

(b)

Figure 2.2: The blue curves show the actual scattering response (superposition of the causal
and acausal scattering Green’s functions) between two points embedded in a strongly het-
erogenous medium. The red curves represent the wave reconstructed by cross-correlating
the waves recorded by two receivers at the same locations. Note the black arrow, which
corresponds to the time of the first expected physical arrival. In panel (a), only scattered
waves are cross-correlated. The reconstruction fails no matter how dense is the distribution
of sources enclosing the medium. This failure of interferometry is not caused by restrictions
of source distribution, aperture, or equipartitioning, but is a consequence of the missing
contribution of recorded direct waves. In panel (b), both direct and scattered waves are
cross-correlated. The latter result confirms that the scattering response can be retrieved by
interferometry.
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scattered waves recorded at the receiver positions. For a strongly scattering medium (aver-

age wavelength is of the same order as the scattering mean free path (Tourin et al., 2000)),

Figure 2.2(a) shows that the reconstruction completely fails to retrieve the scattering re-

sponse from cross-correlation of only the scattered waves recorded at the receiver locations.

The reconstructed wave with only scattered waves is totally innaccurate: the early arrivals

are non-physical because they do not respect causality, arriving before the minimum travel-

time between the two receivers, while the late arrivals show no resemblance to the actual

scattering response. Accurate retrieval of the scattered waves requires instead contributions

from both direct and scattered waves, as shown in Figure 2.2(b).

In this paper, we provide an interpretation of this result; one can find a similar approach

by Halliday & Curtis (2009) and Snieder & Fleury (2010), the latter of which describes the

case of multiple scattering by discrete scatterers. In Snieder & Fleury (2010), we identify

different scattering paths, show their contributions to the retrieval of either physical or

nonphysical arrivals, and analyze how cancellations occur to allow the scattering Green’s

function to emerge. Our interpretation, along with that given by Halliday & Curtis (2009),

leads to the same important conclusion: the cross-correlation of purely scattered waves does

not allow extraction of the correct scattered waves.

The paper is organized as follows. In section 2.3, we describe the general systems under

consideration and introduce the concept of perturbation. In section 2.4, we define the inter-

ferometric operator and its relation to representation theorems, emphasizing the influence

of perturbations on this operator. Section 2.5 presents the general representation theorems

for perturbations that follow this approach. In section 2.6, we apply this theory to inter-

pret the reconstruction of Green’s function perturbations; section 2.7 offers discussions and

conclusions.

2.3 Green’s function perturbations for general systems

Consider a general system governed by a linear partial differential equation in the fre-

quency domain. In order to avoid the complexity of formalism that could obscure the main
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purpose of this paper, we leave the vector case for Appendix A.1. Let the complex scalar

field u0(r, ω) be defined in a volume Dtot. One can adapt the result of this work to the

time domain using the Fourier convention u0(r, t) =
∫
u0(r, ω)exp(−jωt)dω. Henceforth, we

suppress the frequency dependence of variables and operators. The unperturbed field u0(r)

is a solution of the unperturbed equation

H0(r) · u0(r) = s(r), (2.1)

where H0 is the linear differential operator and s is the source term, associated with the

unperturbed system. The dot denotes a tensor contraction when vectors and tensors are

considered. For scalars, the dot reduces to multiplication of fields, and action of operators

on fields. For acoustic waves, one may define H0 as the propagator for non-uniform density

media: H0 = ∇· (ρ−1
0 ∇) +ρ−1

0 ω2/c20, where ρ and c denote density and velocity, respectively.

Assuming a perturbation of the system, confined to a subvolume DV of the total domain

Dtot, the perturbed field u1(r) follows from

H1(r) · u1(r) = s(r) (2.2)

H0(r) · u1(r) = V (r) · u1(r) + s(r), (2.3)

where V is the perturbation operator, and H1 = H0 − V is the linear differential operator

associated with the perturbed system. For example, for acoustic waves, with a change in

velocity for the medium, the perturbation operator is V = ρ−1
0 ω2/c20(1−c20/c21). Alternatively,

a change in experimental conditions might imply a variation in density; then, a way to

account for this perturbation is to consider V = (ρ−1
0 − ρ−1

1 )ω2/c20 +∇ · ((ρ−1
0 − ρ−1

1 )∇) for

homogeneous density changes (or follow Martin (2003) for inhomogeneous density changes).

One could also neglect attenuation in the medium in the first approximation and correct

for it by introducing the perturbation V = jα, where α is a real coefficient, function of the

attenuation mechanisms. We are free to arbitrarily choose or even interchange the reference

0 and perturbed 1 states for any perturbation problem. Indeed, the perturbation need not

necessarily introduce more complexity; its definition depends on the characteristics of the
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perturbation problem that one tries to solve.

For a problem to be well-defined, one needs to specify boundary conditions. Assume that

the boundary conditions are unperturbed, and consider a regular problem with homogeneous

boundary conditions:

B(r) · u0,1(r) = 0, r ∈ δDtot (2.4)

where B denotes the linear boundary condition operator that acts on the boundary δDtot

of total volume Dtot. One can, for example, apply the Sommerfeld radiation condition for

acoustic waves. In general, however, the boundary conditions need not be limited to being

homogeneous. In Appendix A.2, we extend our reasoning to any unperturbed boundary

conditions.

The Green’s functions G0(r, rS) and G1(r, rS) for both unperturbed and perturbed sys-

tems are defined as solutions for a point source at location rS,

s(r) = δ(r− rS). (2.5)

From the above equations, one obtains the familiar relation between unperturbed and per-

turbed Green’s functions, known as the Lippmann-Schwinger equation (Rodberg & Thaler,

1967):

G1(r, rS) = G0(r, rS) +

∫
Dtot

G0(r, r1) · V (r1) ·G1(r1, rS)d3r1. (2.6)

The perturbation operator V vanishes outside of DV so that we can replace the volume of

integration in equation (2.6) byDV , or by any subvolumeD of total domainDtot that contains

DV (see Figure 2.3). Let’s choose such a volume D and introduce the tensor notation,

(F|O|G)D ≡
∫
D

F(r) ·O(r) ·G(r)d3r, (2.7)

so that the Lippmann-Schwinger equation can be written as

G1(r, rS) = G0(r, rS) + (G0(r, r1) |V (r1)|G1(r1, rS))D . (2.8)
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The variable of integration is always the space coordinate that is shared by all functions

and operators present inside the round brackets. For brevity, we don’t specify the domain of

integration when equal to D, and note (F|I|G) = (F|G) for the case of the identity operator

I. Finally, we define the Green’s function perturbation or scattering Green’s function, that

characterizes the field perturbation uS(r) = u1(r)− u0(r), as

GS(r, rS) = G1(r, rS)−G0(r, rS), (2.9)

or

GS(r, rS) = (G0(r, r1) |V (r1)|G1(r1, rS)) . (2.10)

To clarify the terminology used throughout this paper, unperturbed field, perturbed field

and field perturbation denote u0, u1, and uS, respectively.

��

�
�
�
�

δDV

δDtot

A

B

D

Dtot

DV

δD

1

Figure 2.3: The studied physical system is defined over the total volume Dtot bounded by
the surface δDtot. Inside Dtot, the system is perturbed in the region DV with boundary δDV .
The region of interest, for which we study the interferometric operator, is D. The volume D
contains the domain of perturbation DV , and its boundary δD encloses two points A and B
for which representation theorems (2.25) and (2.30) are defined.
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2.4 Definition of the interferometric operator

To establish a representation theorem for perturbations, we first derive a general ex-

pression for Green’s function retrieval by using a representation theorem of the correlation

type (Wapenaar & Fokkema, 2006). Given the volume of interest D, defined according to

Figure 2.3, consider two states of the field u, labeled A and B, governed by the partial

differential equation LA,B,

LA,B : H(r) · uA,B(r) = sA,B(r), (2.11)

where the subscript A,B refers to either state A or B. Following Fokkema & Van den Berg

(1993) and Fokkema et al. (1996), we evaluate
(
uA|LB

)
− (uB|LA), where f denotes the

complex conjugate of f (for an operator O, understand O as changing in O every imaginary

number j to −j); consequently,(
uA
∣∣H∣∣uB)− (uB|H|uA) = (uA|sB)− (uB|sA) . (2.12)

For impulsive sources, sA,B(r) = δ(r − rA,B), and the fields uA,B(r) = G(r, rA,B), the

Green’s functions in states A and B, so (2.12) becomes the general representation theo-

rem of correlation-type for interferometry,

G(rB, rA)−G(rA, rB) =
(
G(r, rA)

∣∣H(r)
∣∣G(r, rB)

)
−
(
G(r, rB) |H(r)|G(r, rA)

)
. (2.13)

This result is a general extension of the representation theorem in Snieder et al. (2007). In

order to interpret and characterize the Green’s function reconstruction more conveniently,

we define the operator IH ,

IH{f, g} ≡
(
f
∣∣H∣∣ g)− (g |H| f) , (2.14)

so that the general representation theorem can be written as

G(rB, rA)−G(rA, rB) = IH{G(r, rA), G(r, rB)}. (2.15)

The operation IH{·, ·} describes how Green’s functions in a subvolume D “interfere” to

reconstruct the Green’s function between the two points A and B. We consequently refer
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to IH as the interferometric operator, associated with H, that acts on functions f and g,

and call the result of operation (2.14) an interference between f and g. The interferometric

operation generalizes the concept of interferometry by cross-correlation for acoustic waves to

a wider class of physical systems. For the specific case of acoustic waves in lossless media,

the interferometric operation is the following volume integration:

IH{f, g} =

∫
D

[f(r)∇ · (ρ−1∇g)(r)− g(r)∇ · (ρ−1∇f)(r)]d3r. (2.16)

Using Green’s theorem, this volume integral becomes an integral over the bounding surface

δD enclosing volume D:

IH{f, g} =

∮
δD

ρ−1(r)[f(r)∇g(r)− g(r)∇f(r)] · n̂d2r, (2.17)

where n̂ is the outward unit normal vector at r. Then, equation (2.15) retrieves the familiar

representation theorem for acoustic waves (Wapenaar & Fokkema, 2006):

G(rB, rA)−G(rA, rB) =

∮
δD

ρ−1(r)[G(r, rA)∇G(r, rB)−G(r, rB)∇G(r, rA)] · n̂d2r. (2.18)

Returning to the general case, just as the unperturbed linear partial differential operator

H0 becomes H1 = H0 − V after perturbating the system, the interferometric operators for

unperturbed and perturbed systems I0 and I1, relate in the following way:

I0 = IH0

I1 = I0 − IV . (2.19)

Note that, in general, I0 and I1 differ; that is, the interferometric operator is perturbed for

a perturbed system. The exception (I1 = I0) occurs when IV = 0. Consider, for example,

the acoustic case previously described. The unperturbed Green’s function is retrieved using

expression (2.18), and, for a perturbation in velocity only,

IV {f, g} =

∫
D

ω2

ρ0(r)c0(r)2

[(
1−

(
c0(r)

c1(r)

)2
)
−

(
1−

(
c0(r)

c1(r)

)2
)]

f(r)g(r)d3r = 0, (2.20)
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so I1 = I0. If, instead, density rather than velocity is perturbed,

IV {f, g} =

∮
δD

(ρ−1
0 (r)− ρ−1

1 (r))[f(r)∇g(r)− g(r)∇f(r)] · n̂d2r 6= 0. (2.21)

Therefore, the interferometric operator changes (I1 6= I0) with such a perturbation. Similarly,

with a perturbation in attenuation,

IV {f, g} = −2j

∫
D

α(r)g(r)f(r)d3r 6= 0. (2.22)

These examples illustrate that, in general, the same interferometric operation cannot be

used to reconstruct both perturbed and unperturbed Green’s functions; we need to estimate

the perturbation of the interferometric operator, IV , in order to apply interferometry for

perturbed media. As seen in equations (2.21) and (2.22), the interferometric operator in

general requires knowledge of medium properties for the perturbed system, a limiting factor

because usually we know only the unperturbed medium properties. Equation (2.20), how-

ever, is a specific example of an interferometric operator that remains unperturbed (I0 = I1)

for nonzero perturbation. For benign cases such as this one, we need only know or estimate

unperturbed medium properties, and measure or extrapolate both perturbed and unper-

turbed fields, in order to reconstruct the Green’s functions, which make these cases of major

interest.

Before investigating such systems for which the interferometric operator is unperturbed

(IV = 0), let us discuss another characteristic of the interferometry operator. Starting by

reformulating the general representation theorem for both perturbed and unperturbed media,

we retrieve the Green’s functions using

G0,1(rB, rA)−G0,1(rA, rB) = I0,1{G0,1(r, rA), G0,1(r, rB)}. (2.23)

This expression clearly depends on the properties of the interferometric operator, and, ac-

cording to definition (2.14), the reconstruction involves integration over the volume D. Be-

cause the integrand is a function of differential operators H0 or H1, and of the Green’s

functions between any point in D and points A or B, we need to know H0, V , and the
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Green’s functions for all points in the volume D in order to apply the interferometric oper-

ator and retrieve the Green’s functions between A and B. In particular, the estimation of

the Green’s functions for all points in D requires having receivers (or sources for spatially

reciprocal systems) throughout the entire volume D. To apply interferometry in practice,

this requirement for receivers (or sources) over the entire volume is yet more limiting than

the need to estimate perturbations of the medium properties; it will severely restrict the

possibility of retrieving even unperturbed Green’s functions.

In practice, we are interested in systems for which we can reconstruct Green’s func-

tions with a limited number of sources and receivers. Just as for acoustic waves in equation

(2.18), we therefore aim for problems that enable us to transform the integration over volume

D in expression (2.14) into integration over its boundary δD. This transformation allows

significant reduction in the number of sources. In Appendix A.3, we show that this transfor-

mation can be done if and only if operators are self-adjoint. For non self-adjoint operators,

an extension of representation theorem (2.23) may apply. We also demonstrate that the

self-adjoint symmetry of the operators implies spatial reciprocity under specific boundary

conditions. Spatially reciprocal systems are of major interest for interferometry applica-

tions because these systems allow for the permutation of the role of sources and receivers

in the formulation of representation theorems (2.23), and are therefore favorable for Green’s

function retrieval. In addition, the transformation of volume integrals into surface integrals

also constrains to just the surface δD the medium properties that must be known for the

reconstruction. For perturbation problems that we are considering (see Figure 2.3), we can

always find a boundary of integration δD (for example, δDtot) along which the system is

unperturbed (there are no changes of the medium properties along δD). Then, under the

assumption that H0 and V are self-adjoint, the interferometric operation associated with

this particular volume D can be reduced to an integration over δD, and the interferometric

operator is then unperturbed under the assumption that the properties of the medium are

unchanged along this boundary. Consequently, we can reconstruct the perturbed Green’s
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function independently of the perturbations in the rest of the volume. For example, for

a perturbation of densities in an acoustic medium, expression (2.21) illustrates that the

interferometric operator is unperturbed (IV = 0) when the density is unchanged on the

boundary δD. For an attenuative acoustic medium, however, expression (2.22) shows that

the perturbation V breaks the self-adjoint symmetry of the operator H0. This prevents us

from reducing the representation theorem to only a surface integral, and links to further

discussions on interferometry for dissipative media (Snieder, 2007; Snieder et al., 2007).

To summarize, interferometry can be interpreted as the application of an interferometric

operator. This technique is practical for systems characterized by self-adjoint operators and

for perturbation problems where the interferometric operator is unperturbed.

2.5 Representation for Green’s function perturbations

In the previous section, we established a general representation theorem for perturbed

systems. Here, we derive a representation for field perturbations. This general representation

differs from the traditional representation theorem for the special case of scattered acoustic

waves (Vasconcelos et al., 2009) because, in general, we must take into account the perturba-

tion of the interferometric operator. The perturbation of Green’s function, defined in section

2.3, can be retrieved by interferometry by taking the difference of the two equations (2.23)

for the perturbed and unperturbed states to give

GS(rB, rA)−GS(rA, rB) = I1{G1(r, rA), G1(r, rB)} − I0{G0(r, rA), G0(r, rB)}. (2.24)

Using relation (2.19) between unperturbed and perturbed interferometric operators, we have

GS(rB, rA)−GS(rA, rB) = I0{G1(r, rA), G1(r, rB)} − I0{G0(r, rA), G0(r, rB)}
− IV {G1(r, rA), G1(r, rB)}. (2.25)

Equation (2.25) is a general representation theorem for field perturbations. Additionally, the

interferometric operator is bilinear, i.e., IH{αf, g} = IH{f, αg} = αIH{f, g}, IH{f, g+h} =
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IH{f, g}+IH{f, h}, and IH{f +g, h} = IH{f, h}+IH{g, h}. We exploit the bilinearity of I0

and expand I0{G1(r, rA), G1(r, rB)} in terms of unperturbed fields and field perturbations:

I0{G1(r, rA), G1(r, rB)} = I0{G0(r, rA), G0(r, rB)}+ I0{GS(r, rA), GS(r, rB)}
+ I0{G0(r, rA), GS(r, rB)}+ I0{GS(r, rA), G0(r, rB)}.

(2.26)

This decomposition allows for the identification of different types of interference between

unperturbed Green’s functions and Green’s function perturbations. Then, inserting equation

(2.26) into representation theorem (2.25), gives

GS(rB, rA)−GS(rA, rB) = I0{GS(r, rA), G0(r, rB)}+ I0{G0(r, rA), GS(r, rB)}
+ I0{GS(r, rA), GS(r, rB)} − IV {G1(r, rA), G1(r, rB)}.

(2.27)

Representation theorem (2.27) illustrates that the retrieval of Green’s function perturba-

tions requires a combination of not just interferences between Green’s function perturba-

tions, but interferences between both unperturbed Green’s functions and Green’s function

perturbations. In section 2.6, we analyze the individual contributions of the different terms

on the right-hand side of equation (2.27) to the reconstruction. Notice in particular the

term IV {G1(r, rA), G1(r, rB)} that represents the interference between perturbed Green’s

functions associated with the operator V , and accounts for the perturbation of the inter-

ferometric operator. We prefer to consider situations for which IV = 0 because in such

cases,

GS(rB, rA)−GS(rA, rB) = I0{GS(r, rA), G0(r, rB)}+ I0{G0(r, rA), GS(r, rB)}
+ I0{GS(r, rA), GS(r, rB)}. (2.28)

Representation theorem (2.28) is a function of only the unperturbed interferometric operator

I0, and, consequently, depends only on the properties of the unperturbed medium. For these

special cases, such as lossless acoustic media with velocity perturbation, the perturbation
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retrieval does not require an estimation of the perturbation V .

Now, let us return to the general case where IV can be nonzero, and establish another form

of representation theorem for perturbations, one that characterizes only the causal Green’s

function perturbation, GS(rB, rA), rather than the superposition of the causal and acausal

functions, GS(rB, rA)−GS(rA, rB). This representation will help us to analyze the individual

contribution of the interference between direct and scattered fields to the partial retrieval

of the scattered field GS(rB, rA). Rearranging relation (2.23) for unperturbed systems and

inserting it into equation (2.10) yields

GS(rB, rA) =
(
[I0{G0(r, r1), G0(r, rB)}+G0(r1, rB)] |V (r1)|G1(r1, rA)

)
= I0{(G0(r, r1) |V (r1)|G1(r1, rA)) , G0(r, rB)}
+
(
G0(r1, rB) |V (r1)|G1(r1, rA)

)
. (2.29)

Using once again expression (2.10), which defines the Green’s function perturbation, we

identify the first term on the right-hand side of (2.29) with I0{GS(r, rA), G0(r, rB)} to obtain

GS(rB, rA) = I0{GS(r, rA), G0(r, rB)}+
(
G0(r, rB) |V (r)|G1(r, rA)

)
. (2.30)

This representation theorem for perturbations generalizes to any physical system the repre-

sentation theorem for the special case of acoustic waves (Vasconcelos et al., 2009),

GS(rB, rA) =

∮
δD

ρ−1
0 (r)[GS(r, rA)∇G0(r, rB)−G0(r, rB)∇GS(r, rA)] · n̂d2r

+

∫
D

G0(r, rB)V (r)G1(r, rA)d3r. (2.31)

Our derivation of equation (2.30) assumes that DV ⊂ D. However, equation (2.30) can be

extended to any perturbation domain DV ⊂ Dtot. Rewrite equation (2.10) by specifying the

domain of integration,

GS(rB, rA) = (G0(rB, r1) |V (r1)|G1(r1, rA))DV ∩D + (G0(rB, r1) |V (r1)|G1(r1, rA))DV \D ,
(2.32)
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where DV ∩D and DV \D denote the intersection and complement of D in DV , respectively.

The derivation of equation (2.29) can be applied to the first term of the right-hand side of

equation (2.32), and

(G0(rB, r1) |V (r1)|G1(r1, rA))DV ∩D = I0{(G0(r, r1) |V (r1)|G1(r1, rA))DV ∩D , G0(r, rB)}
+
(
G0(r, rB) |V (r)|G1(r, rA)

)
DV ∩D

. (2.33)

For the second term, because it can be shown that r1 /∈ D implies a modification of relation

(2.23) such that G0(rB, r1) = I0{G0(r, r1), G0(r, rB)},

(G0(rB, r1) |V (r1)|G1(r1, rA))DV \D = I0{(G0(r, r1) |V (r1)|G1(r1, rA))DV \D , G0(r, rB)}.
(2.34)

The sum of equations (2.33) and (2.34) reduces to the original representation theorem (2.30).

Notice that for a domain of perturbationDV outside ofD, the representation theorem reduces

to

GS(rB, rA) = I0{GS(r, rA), G0(r, rB)}. (2.35)

Representation theorems (2.25) and (2.30) offer the possibility of extracting field perturba-

tions (e.g., scattered waves) between points A and B, as if one of these points acts as a source.

They allow calculation of perturbation propagation between these two points without the

need for a physical source at either of the two locations. These representation theorems have

potential for estimating not only perturbations in fields but perturbations in medium prop-

erties by treating expression (2.30) as an integral equation for the perturbation V given the

field perturbation GS. They can therefore be used for detecting, locating, monitoring, and

modeling medium perturbations. In geoscience, this theory has application to a diversity of

techniques including passive imaging using seismic noise, seismic migration, modeling for in-

version of electromagnetic data, and remote monitoring of hydrocarbon reservoirs, aquifers,

and CO2 injection for carbon sequestration.
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2.6 Analysis of the different contributions to the retrieval of perturbations

Here, we analyze the different terms that contribute to representation theorem (2.27)

for perturbations. In particular, we interpret the contribution of the interference between

field perturbations, corresponding to the term I0{GS(r, rA), GS(r, rB)}, and explain why

perturbations cannot be reconstructed by using solely the interference between perturba-

tions; that is, the reconstruction of perturbations requires knowledge of the unperturbed

fields for the system. We show that the contribution of the interference between unper-

turbed fields and field perturbations, corresponding to the terms I0{GS(r, rA), G0(r, rB)}

and I0{G0(r, rA), GS(r, rB)}, is essential for the retrieval process. These contributions are

responsible for retrieving the field perturbations plus extra volume terms. For some cases,

these extra volume terms are purely spurious and contaminate the retrieval process. The

interference between just the field perturbations is necessary to cancel these extra volumes

terms. To a certain extent, the cancellation mechanism involved in the reconstruction process

can be connected to the general optical theorem as discussed below.

2.6.1 Partial retrieval of field perturbations

First, consider the contributions of the interferences between unperturbed fields and field

perturbations. Rearranging the terms in representation theorem (2.30), we have the two

following expressions, equation (2.37) being the negative conjugate of equation (2.36):

I0{GS(r, rA), G0(r, rB)} = GS(rB, rA)−
(
G0(r, rB) |V (r)|G1(r, rA)

)
, (2.36)

I0{G0(r, rA), GS(r, rB)} = −GS(rA, rB) +
(
G0(r, rA)

∣∣V (r)
∣∣G1(r, rB)

)
. (2.37)

Equations (2.36) and (2.37) show that the terms I0{GS(r, rA), G0(r, rB)} and

I0{G0(r, rA), GS(r, rB)} contribute to the causal and acausal Green’s function perturbation

between A and B, respectively. Note, however, the two additional volume integrals that de-

pend on the perturbation operator:
(
G0(r, rB) |V (r)|G1(r, rA)

)
and

(
G0(r, rA)

∣∣V (r)
∣∣G1(r, rB)

)
.
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Their presence thus leads to a partial retrieval of field perturbations. The retrieval of field

perturbations is incomplete because the two volume integrals
(
G0(r, rB) |V (r)|G1(r, rA)

)
and

(
G0(r, rA)

∣∣V (r)
∣∣G1(r, rB)

)
can both reconstruct missing contributions of the estimate

of the Green’s function perturbation, and contaminate this estimate with spurious contribu-

tions (called spurious arrivals by Snieder et al. (2008)). In general, we cannot neglect the

contributions of these extra volume terms because they do not vanish regardless of the sub-

space D under consideration. Depending on the perturbation V , however, their contribution

can be relatively small. For cases such as the acoustic problems formulated by Snieder et al.

(2008), Snieder & Fleury (2010), and Vasconcelos et al. (2009) in some of their examples,

the contributions of these volume integrals only contribute to spurious arrivals while all of

the physical arrivals arise from I0{GS(r, rA), G0(r, rB)} and I0{G0(r, rA), GS(r, rB)}. The

summation of equations (2.36) and (2.37) thus gives a retrieval of the field perturbation,

GS(rB, rA)−GS(rA, rB), contaminated with extra volume terms.

To get insight into the physical meaning of this partial reconstuction, let us particular-

ize the general description of equations (2.36) and (2.37) to the case of acoustic waves in

which direct waves interfere with scattered waves. Figure 2.4 illustrates the reconstruction

obtained by cross-correlating just direct and scattered waves for both weakly and strongly

scattering media (Figure 2.4(a) and Figure 2.4(b), respectively). Interestingly, for a weakly

scattering medium (average wavelength is much smaller than the scattering mean free path),

Figure 2.4(c) shows a reconstructed signal that fully retrieves the late portion of the scat-

tering response. The early part of the signal, however, contains strong nonphysical arrivals,

prior to the true first arrival (arrow), as seen in Figure 2.4(d). These observations suggest

that while the signal reconstructed by cross-correlating direct and scattered waves does con-

tain the scattering response, it is contaminated with spurious arrivals. Figure 2.4(a) shows

that, for a strongly scattering medium, the reconstructed signal is contaminated so severely

that no similarities can be found between the reconstructed and reference signals; the con-

tribution of the spurious arrivals dominates the reconstruction. In summary, because the

26



0 0.5 1 1.5
−15

−10

−5

0

5

10

15

Time (s)

(a)

0 1 2 3 4 5 6
−6

−4

−2

0

2

4

6

Time (s)

(b)

0.5 0.6 0.7 0.8 0.9 1 1.1

−1

−0.5

0

0.5

1

Time (s)

(c)

0 0.1 0.2 0.3 0.4 0.5
−15

−10

−5

0

5

10

15

Time (s)

(d)

Figure 2.4: The causal part of the actual scattering response (blue curves) between two
points embedded in heterogeneous media is compared to the reconstructed wave (red curves)
obtained by cross-correlating direct and scattered waves recorded by two receivers at the same
locations. Panels (a) and (b) show the signals for a weakly and strongly scattering medium,
respectively. Panel (c) and (d) provide zooms on the late and early parts of experiment
in weakly scattering regime, respectively. In both scattering regimes, the reconstruction is
inaccurate. The weakly scattering case, however, suggests a partial retrieval of the scattering
response: the reconstructed and reference signals are similar in their late parts (Panel (c))
while the early part of the reconstructed signal (i.e., the portion before the time of the direct
arrival, denoted by the arrow) is purely erroneous (Panel (d)) and contains only the spurious
arrivals.
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physical nature of the spurious arrival is the same for both weakly and strongly scattering

media, cross-correlating direct and scattered waves retrieves the scattered waves but gen-

erates unexpected arrivals that can be more intense than the useful signal. These spurious

arrivals, corresponding to the extra volume terms, must cancel in order for the retrieval of

scattered waves to be completed.

2.6.2 Cancellation of the extra volume terms

The interference between direct and scattered waves, i.e., the first two terms in (2.27),

partially retrieves the scattered waves. We are interested in studying the mechanism for can-

celing the extra volume terms described in the previous subsection. According to represen-

tation theorem (2.27), completion of the reconstruction requires the additional contributions

from the interferences I0{GS(r, rA), GS(r, rB)}, and IV {G1(r, rA), G1(r, rB)}. In the intro-

duction, we showed numerically that the interference between scattered waves alone does not

correctly retrieve scattered waves. Taken individually, the interference between unperturbed

fields and field perturbations, I0{GS(r, rA), G0(r, rB)} and I0{GS(r, rA), G0(r, rB)} , the in-

terference between just the field perturbations I0{GS(r, rA), GS(r, rB)}, or the interference

IV {G1(r, rA), G1(r, rB)} do not reconstruct field perturbations. The summation of all their

contributions, however, is expected to accurately retrieve the perturbations and, conse-

quently, cancel the extra volume terms.

We develop the following relation for the interference between field perturbations by

rewriting I0{GS(r, rA), GS(r, rB)}:

I0{GS(r, rA), GS(r, rB)} = I0{(G0(r, r1) |V (r1)|G1(r1, rA)) ,
(
G0(r, r2)

∣∣V (r2)
∣∣G1(r2, rB)

)
}

=
((
I0{G0(r, r1), G0(r, r2)} |V (r1)|G1(r1, rA)

) ∣∣V (r2)
∣∣G1(r2, rB)

)
=
((

[G0(r2, r1)−G0(r1, r2)] |V (r1)|G1(r1, rA)
) ∣∣V (r2)

∣∣G1(r2, rB)
)

=
(
(G0(r2, r1) |V (r1)|G1(r1, rA))

∣∣V (r2)
∣∣G1(r2, rB)

)
−
((
G0(r1, r2)

∣∣V (r2)
∣∣G1(r2, rB)

)
|V (r1)|G1(r1, rA)

)
, (2.38)
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where we used expression (2.10) for field perturbations in the first identity, the bilinearity

of I0 in the second identity, and representation theorem (2.23) in the third identity; so that

finally,

I0{GS(r, rA), GS(r, rB)} =
(
GS(r1, rA)

∣∣V (r1)
∣∣G1(r1, rB)

)
−
(
GS(r1, rB) |V (r1)|G1(r1, rA)

)
.

(2.39)

We next show that the interaction between Green’s function perturbations indirectly retrieves

the Green’s function perturbation by contributing to the cancellation of the extra volume

terms. We identify the right-hand side of equation (2.39) as the complement of the contribu-

tions −
(
G0(r, rB) |V (r)|G1(r, rA)

)
and

(
G0(r, rA)

∣∣V (r)
∣∣G1(r, rB)

)
in equations (2.36) and

(2.37); that is, the summation of these integrals retrieves the term −IV {G1(r, rA), G1(r, rB)}.

For cases where IV = 0, the interaction between perturbations entirely cancels the extra vol-

ume terms,

I0{GS(r, rA), GS(r, rB)}+
(
G0(r, rA)

∣∣V (r)
∣∣G1(r, rB)

)
−
(
G0(r, rB) |V (r)|G1(r, rA)

)
= 0,
(2.40)

and the reconstruction is then completed by summing the contributions from equations

(2.36), (2.37) and (2.39) (the sum reduces to representation theorem (2.28)). For the general

case (IV 6= 0),

I0{GS(r, rA), GS(r, rB)}+
(
G0(r, rA)

∣∣V (r)
∣∣G1(r, rB)

)
−
(
G0(r, rB) |V (r)|G1(r, rA)

)
= −IV {G1(r, rA), G1(r, rB)},

(2.41)

and the summation of equations (2.36), (2.37) and (2.39) gives

(2.36) + (2.37) + (2.39) = GS(rB, rA)−GS(rA, rB) + IV {G1(r, rA), G1(r, rB)}. (2.42)

The retrieval is incomplete and does not produce the Green’s function perturbation because

of the term IV {G1(r, rA), G1(r, rB)} that still contaminates the right-hand side of equation

(2.42). Accurate reconstruction requires an additional estimate of this interaction between
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perturbed fields associated to V .

In any case, one of the direct consequences for scattering problems is that we cannot

reconstruct the scattering Green’s function by merely using the contribution of scattered

waves alone. This explains the failure of interferometry based solely on the interference of

scattered waves, as shown in Figure 2.2. The interference between Green’s function pertur-

bations nevertheless plays a fundamental role in the retrieval of the perturbation because

they are needed to cancel the extra volume terms. Our numerical experiments illustrate

this observation for scattered acoustic waves (Figure 2.5). For both weakly and strongly

scattering media, combining the contributions of both interference between direct and scat-

tered waves (see Figure 2.5(a) and Figure 2.5(b)) and interference between just scattered

waves (see Figure 2.5(c) and Figure 2.5(d)) cancels the spurious arrivals and reconstructs

the superposition of the causal and acausal scattering Green’s functions (see Figure 2.5(e)

and Figure 2.5(f)). Note, additionally, that in order for this experiment to be successful,

the distribution of sources must be sufficiently dense on a closed surface surrounding the

receivers (see numerical set-up description in Figure 2.1). Considerations of narrow aper-

ture and limited number of sources are independent problems that limit the accuracy of

reconstructions (Fan & Snieder, 2009; Snieder, 2004).

2.6.3 Connection with the general optical theorem

Above, we emphasize the process that leads to the reconstruction of perturbations. Inter-

estingly, for problems with unperturbed interferometric operators, the interference between

field perturbations alone contributes entirely to the cancellation of the extra volume terms

that arise from the interferences between unperturbed fields and field perturbations in the

reconstruction process, and rewriting equation (2.40) gives

(
G0(r, rB) |V (r)|G1(r, rA)

)
−
(
G0(r, rA)

∣∣V (r)
∣∣G1(r, rB)

)
= I0{GS(r, rA), GS(r, rB)}.

(2.43)
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Figure 2.5: The blue curves show the causal part of the scattering response between two
points embedded in heterogeneous acoustic media. The red curves correspond to the re-
constructed signals for the different individual contributions discussed in section 2.6. For
strongly scattering media (left column), the summation of the reconstructed signal by cross-
correlating direct and scattered waves (a) with that obtained by cross-correlating scattered
waves (c) leads to the retrieval of the scattering response and cancellation of the spurious ar-
rivals (e). Likewise, (b), (d), and (f) show success of the reconstruction for weakly scattering
media(right column).
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Equation (2.43) with rA = rB directly connects to the work of Carney et al. (2004) on the op-

tical theorem that gives a similar relationship between scattering amplitude and extinguished

power for scattering of scalar waves in an arbitrary background. Carney et al. (2004) show

how their derivation provides insight into the interference mechanisms that ensure energy

conservation in scattering. For rA = rB, equation (2.43) suggests a relation between can-

cellation of the extra volume terms and conservation of scattering energy. In a sense, we

can also interpret this mechanism as an extension of the general optical theorem, as has

been suggested for acoustic waves (Snieder et al., 2009, 2008). The general optical theorem

(Marston, 2001; Schiff, 1968) concerns the scattering amplitude fk(n̂, n̂
′) of scattered waves

with wave number k, and unit vectors n̂ and n̂′ representing the directions of the outgoing

and incoming waves, respectively. With a far-field approximation in expression (2.17), the

interferometric operator for the constant density wave equation (ρ0 = 1) becomes

I0{f, g} = −2jk

∮
δD

f(r)g(r)d2r (2.44)

for a homogenous medium as the unperturbed state (G0(r, rS) = − ejk‖r−rS‖

4π‖r−rS‖
). With the

medium perturbed by an unique scattering object positioned at rx, the scattering Green’s

function is in the far field given by

GS(r, rS) = −4πG0(r, rx)fk(n̂, n̂S)G0(rx, rS). (2.45)

If A and B are far from the scatterer and δD is a sphere centered at rx with radius R, the

interference between scattered Green’s functions is

I0{GS(r, rA), GS(r, rB)}

= −2jk

∮
δD

G0(rx, rA)G0(rx, rB)fk(n̂, n̂A)fk(n̂, n̂B)(4π)2G0(r, rx)G0(r, rx)d
2r. (2.46)

The integration over the sphere δD is related to an integration over solid angle by d2r = R2dn̂,

and (4π)2G0(r, rx)G0(r, rx) = R−2 so that

I0{GS(r, rA), GS(r, rB)} = −2jkG0(rx, rA)G0(rx, rB)

∮
fk(n̂, n̂A)fk(n̂, n̂B)dn̂. (2.47)

32



In the far-field approximation for the scattering Green’s function, one can modify previously

established equations by using where necessary expression (2.45) instead of (2.10) for field

perturbation. Consequently, the extra volume terms introduced in equations (2.36) and

(2.37) are (
G0(r, rB) |V (r)|G1(r, rA)

)
= −4πG0(rx, rB)fk(n̂B, n̂A)G0(rx, rA), (2.48)

(
G0(r, rA)

∣∣V (r)
∣∣G1(r, rB)

)
= −4πG0(rx, rA)fk(n̂A, n̂B)G0(rx, rB), (2.49)

and we thus retrieve the general optical theorem from equation (2.43):

fk(n̂B, n̂A)− fk(n̂A, n̂B) =
2jk

4π

∮
fk(n̂, n̂A)fk(n̂, n̂B)dn̂. (2.50)

This interpretation of the cancellations, however, is limited to problems with unper-

turbed interferometric operators. For general systems, the extra volume terms do not cancel

by summing the interferences associated with the unperturbed operator H0. Unless the in-

terferometric operator is unperturbed (IV = 0), the interference associated with V on the

right-hand side of equation (2.42) still contaminates the perturbations we desire to recon-

struct by adding the contributions from equations (2.36), (2.37) and (2.39). In general, we

have to evaluate the contribution of IV {G1(r, rA), G1(r, rB)} in order to cancel the extra

volume terms and reconstruct the exact field perturbations. Thus as stated in section 2.4,

because the perturbation operator is usually unknown, interferometry appears practical for

perturbation problems only with an interferometric operator that is unperturbed.

In summary, we have shown that the scattering response cannot be retrieved by cross-

correlating scattered waves alone. To reconstruct scattered waves, we need to consider the

contribution from cross-correlation of direct and scattered waves. The key to the ability to

cancel the extra volume terms and succeed in the reconstruction for any kind of perturbation

problem is that we consider systems for which the interferometric operator is unperturbed,

IV = 0.
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2.7 Discussion and Conclusion

We have derived a representation theorem for general systems and in particular for per-

turbed media. This makes it possible to retrieve Green’s functions and their perturbations

for a large variety of linear differential systems that include acoustic, elastic, and electromag-

netic waves (we show the extension to vector fields in Appendix A.1). We investigate the

reconstruction of Green’s functions, applying an interferometric operator to unperturbed

fields and field perturbations. This mathematical description of interferometry simplifies

the analysis of the reconstruction of perturbations: we interpret this process as summing

contributions from different types of interference between perturbations and unperturbed

Green’s functions. In geophysics, this description can be applied to a series of problems.

For example, one can extend conventional interferometry techniques for seismic waves to

some possible applications in imaging and inverse problems: the representation theorem can

be related to sensitivity kernels used in waveform inversion (Tarantola & Tarantola, 1987),

in imaging (Colton & Kress, 1998), or in tomography (Woodward, 1992); the theorem also

allows the establishment of formal connections with seismic migration (Claerbout, 1985) and

with inverse scattering methods (Beylkin, 1985; Borcea et al., 2002).

Our study of the retrieval of perturbations differs from previous work because we show

explicitly that not only fields are perturbed but the operator itself changes when the medium

is perturbed. For most general systems, we would need to modify the interferometric process

used for the reconstruction after the application of a perturbation. We obtain this funda-

mental result after deriving the perturbation of the interferometric operator. Our analysis

emphasizes the importance of systems for which the interferometric operator is unperturbed

because these systems appear to offer the prospect for practical application of interferometry.

In these cases, reconstruction of the Green’s function perturbations does not require knowl-

edge or estimation of the perturbations of the medium properties. We also demonstrate

that perturbations cannot be retrieved by measuring only field perturbations; knowledge of

the unperturbed state of the studied system is essential as well. Perturbations are recon-
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structed by combining interferences between field perturbations and unperturbed fields. The

contribution from interference of field perturbations alone complete the reconstruction from

interference of unperturbed fields with field perturbations.

Simulations for scattering acoustic media clearly show the importance of direct arrivals

in the extraction of scattering responses and verify the failure to reconstruct scattering

Green’s function by cross-correlating just scattered waves. These results are intriguing and

should be carefully considered when designing applications because our result appears to

be counterintuitive with respect to many results obtained in seismology. Campillo & Paul

(2003), for example, have shown that cross-correlation of just late coda in earthquake data,

allows for retrieval of direct surface waves. Also, Stehly et al. (2008) have used the coda of the

cross-correlation of seismic noise for improving the reconstruction of direct Green’s functions.

Direct waves are thus efficiently reconstructed by windowing, cross-correlating, and averaging

just late coda waves that mainly contain scattered waves. So, can a similar method be

used for the extraction of the scattering component of Green’s function? Our study of

representation theorems for scattered waves suggests that the extension of the correlation

technique to the reconstruction of scattered waves is not necessarily straightforward because

of the the role of direct waves in the retrieval process. In geoscience, Campillo & Paul (2003),

Halliday & Curtis (2008), Roux et al. (2005), and Shapiro et al. (2005) have shown that direct

surface waves are beautifully extracted by interferometry; but examples of reconstruction of

scattered surface waves are still lacking. There are clear challenges in the retrieval of scattered

waves but, again, the general formulation of the representation theorem for perturbed media

states that we can in principle retrieve any and all perturbations for a given system.
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CHAPTER 3

IMAGING CONDITION FOR NONLINEAR SCATTERING-BASED IMAGING

Clement Fleury1,2, and Ivan Vasconcelos3,4

Published in Geophysics (2012) : 77(1), S1–S18

3.1 Abstract

Imaging highly complex subsurface structures is a challenging problem because it ul-

timately necessitates dealing with nonlinear multiple-scattering effects (e.g., migration of

multiples, wavefield extrapolation with nonlinear model interactions, amplitude preserving

migration) to overcome the limitations of linear imaging. Most of the current migration

techniques rely on the linear single-scattering assumption, and therefore, fail to handle these

complex scattering effects. Recently, seismic imaging has been related to scattering-based

image-domain interferometry in order to address the fully nonlinear imaging problem. Build-

ing on this connection between imaging and interferometry, we define the seismic image as

a locally scattered wavefield and introduce a new imaging condition that is both suitable

and practical for nonlinear imaging. A previous formulation of nonlinear scattering-based

imaging requires the evaluation of volume integrals that cannot easily be incorporated in

current imaging algorithms. Our method consists of adapting the conventional crosscor-

relation imaging condition to account for the interference mechanisms that ensure power

conservation in the scattering of wavefields. To do so, we add the zero-lag autocorrelation

of scattered wavefields to the zero-lag crosscorrelation of reference and scattered wavefields.

In our development, we show that this autocorrelation of scattered fields fully replaces the

1Center for wave phenomena, Colorado School of Mines
2Primary researcher and author
3Schlumberger Cambridge Research
4School of GeoSciences, The Edinburgh University
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volume scattering term required by the previous formulation. We also show that this re-

placement follows from the application of the generalized optical theorem. The resulting

imaging condition accounts for nonlinear multiple-scattering effects, reduces imaging arti-

facts and improves both amplitude preservation and illumination in the images. We address

the principles of our nonlinear imaging condition and demonstrate its importance in ideal

nonlinear imaging experiments, i.e., we present synthetic data examples assuming ideal scat-

tered wavefield extrapolation and study the influence of different scattering regimes and

aperture limitation.

3.2 Introduction

Wave-equation imaging techniques, including reverse-time-migration (Baysal et al., 1983;

McMechan, 2006), are in principle suitable for accounting for nonlinear effects in imaging of

finite-frequency data in the presence of complex subsurface models. Most of today’s imaging

methods, however, rely on the conventional crosscorrelation imaging condition that requires

a linear single-scattering approximation (Oristaglio, 1989; Biondi, 2006). Source wavefield

and receiver wavefield are extrapolated from recorded seismic data, and then the imaging

condition is applied, that is, the two wavefields are crosscorrelated to obtain an estimate of

the reflection coefficient at zero time-lag (Claerbout, 1971). Modified conventional imaging

conditions have been investigated in the context of reverse-time migration and true ampli-

tude migration (Schleicher et al., 2008; Liu et al., 2011). These imaging conditions provide

artifact reduction, illumination compensation, and amplitude recovery for reconstructing

better images of the subsurface reflectivity, but they rely on the first-order Born approxi-

mation. Applying the conventional imaging condition to multiply scattered waves gives rise

to artifacts in the image space (Fletcher et al., 2005; Guitton et al., 2007; Liu et al., 2011).

Also, applying the conventional imaging condition to true amplitude wavefields do not map

the “true” scattering amplitudes of scattering objects, such as reflectors or diffractors, in the

image space (Shin et al., 2001; Zhang et al., 2007; Symes, 2009; Vasconcelos et al., 2010).

The conventional imaging condition is thus not suitable for nonlinear imaging.
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Retrieving the Green’s function in interferometry similarly faces the challenge of recon-

structing multiply scattered waves. Handling such waves incorrectly may lead to spurious

arrivals (Snieder et al., 2008; Fleury et al., 2010; Wapenaar et al., 2010). To tackle this prob-

lem, Fleury et al. (2010) analyze representation theorems for perturbed scattering media,

and show that neglecting high-order scattering interactions is responsible for such spurious

arrivals. To reduce these spurious arrivals, scattered waves are crosscorrelated with them-

selves. The conservation law of these scattering quantities is also known as generalized optical

theorem (Newton, 1976; Carney et al., 2004). The Born approximation does not satisfy the

generalized optical theorem (Wapenaar et al., 2010) in the same way that it violates energy

conservation (Wolf & Born, 1965; Rodberg & Thaler, 1967). This confirms that the Born

approximation, commonly used in seismic imaging, is not suitable for nonlinear imaging.

Esmersoy & Oristaglio (1988), Oristaglio (1989), and Thorbecke (1997) established the

relation between integral representation and imaging condition. Their work suggests a con-

nection between Green’s function retrieval and seismic imaging (Thorbecke & Wapenaar,

2007). For example, the conventional imaging condition has been extended to non-zero time

and space lags (Rickett & Sava, 2002; Sava & Fomel, 2006). Following the connection be-

tween Green’s function retrieval and seismic imaging, Vasconcelos et al. (2010) and Sava &

Vasconcelos (2011) use a representation theorem of the correlation-type for scattered waves

to define the resulting extended images as evaluations of locally scattered wavefields in the

image domain. Vasconcelos et al. (2010) also present imaging conditions that are theo-

retically suitable for nonlinear imaging. In this manuscript, we pursue our previous work

(Fleury & Vasconcelos, 2010) and expand on scattering-based image-domain interferometry.

We thus define the seismic image as locally scattered wavefield at zero-time and modify the

conventional imaging condition to be suitable for practical nonlinear imaging applications.

Taking advantage of the results obtained in seismic interferometry for cancellation of

spurious arrivals, we add the autocorrelation of scattered wavefields to the conventional

crosscorrelation of reference and scattered wavefields. In practice, the subsurface-domain
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scattered wavefields are not accessible for observation, and we obtain these wavefields from

surface recorded data by means of wavefield extrapolation (Thorbecke, 1997; Vasconcelos

et al., 2010). In our manuscript, we do not address this re-datuming step in the imaging

procedure and focus our efforts on the interpretation of the imaging condition. We assume

that an ideal estimate of subsurface-domain scattered wavefields is available to us. The

contribution of high-order scattering interactions between these scattered waves allows for

power conservation in scattering and ultimately results in improving amplitude preservation

and illumination in the nonlinear images.

First, we present the theory and discuss the role of our nonlinear imaging condition in

ideal imaging experiments. We thereafter illustrate the application of this imaging condition

to numerical examples. We interpret the advantages of our nonlinear imaging condition for

imaging transmitted waves and internal multiples. Finally, we discuss the implications of

this work for future practical applications.

3.3 Theory

In order to clarify the principles of our imaging condition, we treat the seismic imaging

problem for the simple case of acoustic waves. Consider the imaging domain D, bounded by

the closed surface δD (Figure 3.1). For r ∈ D, the pressure wavefield p(r, ω) is a solution of

L(r, ω)p(r, ω) = jωq(r, ω) (3.1)

in the frequency domain (angular frequency ω); where L is the differential operator

L(r, ω) =∇ · (ρ−1(r)∇·) + ω2κ−1(r) · , (3.2)

and q(r, ω) is the volume injection rate density. The density ρ(r) and bulk modulus κ(r)

characterize the physical properties of the medium of propagation, and relate to the wave

speed c(r) through the relation

c2(r) = κ(r)ρ−1(r). (3.3)
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We use the Fourier convention

û(r, t) =

∫
u(r, ω)exp(−jωt)dω. (3.4)

For notation simplicity, we omit the frequency dependence of variables and operators. Unless

specified otherwise, we use the spatial variables of integration rS and rV for surface and

volume integrals, respectively. The spatial variables rS and rV correspond to locations of

seismic sources in the formulation of the imaging conditions. We define the Green’s function

G(r, s) as the impulse response to a point source of volume injection rate located at s

(Wapenaar, 2006), i.e., the solution of the wave equation for a source

q(r) = δ(r − s). (3.5)

Figure 3.1: Definition of the imaging domain for scattering-based imaging: the imaging
volume D contains the perturbation volume P that the image I represents. Sources and
receivers are located on the boundary δD of the volume D.
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3.3.1 Nonlinear imaging

The aim of migration techniques is to reconstruct an image of the contrasts in the physi-

cal properties of the Earth. We regard the Earth as the model of its physical properties (e.g.,

density ρ and bulk modulus κ for an acoustic Earth). Reflectivity and scattering perturba-

tion are two possible way of expressing contrasts in the model properties. In this manuscript,

we choose a scattering-based approach. The wavefields that propagate in the subsurface non-

linearly interact with scattering contrasts in the model (Figure 3.2). Conventional migration

techniques rely on the first-order Born approximation (Stolt & Weglein, 1985). This approx-

imation assumes that the seismic data, which sample the pressure wavefield p on the surface

δD are linear functions of model contrasts (e.g., arrival in Figure 3.2(a)). This also implies

that conventional migration relies on the linear interaction of seismic data with model con-

trasts for extrapolating subsurface wavefields (Bleistein et al., 2001). The resulting images

are linear estimates of contrasts in the Earth model (Tarantola, 1984; Symes, 2008a) and

therefore accurately account for only the linear single-scattered portion of seismic data. The

imaging formulation presented in this manuscript does not make these assumptions. We

consider seismic data as fully nonlinear in the model contrasts (Tarantola, 1984; Virieux

& Operto, 2009; Vasconcelos et al., 2010). All arrivals (e.g., arrivals in Figure 3.2(b) and

Figure 3.2(c)), including multiples, are taken into account. We also consider subsurface

wavefields as nonlinear functions of both seismic data and model contrasts. In practice, this

affects the method of wavefield extrapolation (Halliday & Curtis, 2010; Vasconcelos et al.,

2010). Finally, we modify the conventional imaging condition by incorporating the zero-lag

autocorrelation of scattered wavefields. The autocorrelation is nonlinear with respect to

wavefields. As a result, our imaging condition is nonlinear with respect to both data and

model contrasts.
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S R

(a) Primary linear interaction

S R

(b) Primary nonlinear interaction

S R

(c) Multiple nonlinear interaction

Figure 3.2: Representation of wavefield interactions with the Earth model: the seismic data
collected at receivers R for a source S record primary and multiple arrivals that correspond
to wavefields (represented by dash lines) that propagate in the subsurface and interact with
the model (interactions marked by squares). (a) The primary wave linearly interacts with
the model because it only reflects once. (b) The primary waves encounter a single reflection
and several transmissions. These primary waves nonlinearly interact with the model. (c) The
multiple wave is reflected and transmitted several time and therefore nonlinearly interacts
with the model.
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3.3.2 Scattering-based imaging

We interpret seismic imaging as a scattering problem. The wavefield G = G0 + Gs in

medium (ρ = ρ0 +ρs, κ = κ0 +κs) can be decomposed into reference wavefield G0 in medium

(ρ0, κ0) and scattered wavefield Gs due to the perturbation (ρs, κs) contained in volume

P. Assume, for example, a smooth reference medium (ρ0, κ0) so that G0 is kinematically

correct while the perturbation (ρs, κs) maps the discontinuities of medium (ρ, κ), such as

reflectors and diffractors, so that Gs contains the scattered waves in wavefield G. This latter

description of the seismic imaging problems then connects to seismic migration (Miller et al.,

1987). Assume, instead, an a-priori reference medium (ρ0, κ0) that needs to be updated by

(ρs, κs) to minimize a waveform data misfit or annihilate an image I, that is function of G0

and Gs. This new description relates scattering-based seismic imaging to an inverse problem

in either data or image domains (Symes, 2008b).

We define the image I(x) as the zero-time scattered field Gs at position x for a coinciding

source (Vasconcelos et al., 2010),

I(x) = Ĝs(x,x, τ = 0) =

∫ +∞

−∞
Gs(x,x, ω)dω. (3.6)

The image I is a model-dependent object that maps the model perturbation (ρs, κs) respon-

sible for scattered wavefield Gs: for x ∈ P, I(x) 6= 0 while for x /∈ P, I(x) = 0 (Figure 3.1).

The choice of reference model (ρ0, κ0) therefore determines the resulting image.

3.3.3 Conventional imaging condition

The seismic data consists of the set of recorded responses
{
G(ri,jR , r

i
S)
}

, where riS and

ri,jR denote source and receiver positions, respectively. These responses follow from recorded

data after processing to take into account source signatures. For each shot i, the reference

wavefield G0(x, r
i
S) is forward-modeled, and the scattered wavefield Gs(x, r

i
S) is extrapolated

from the j seismic traces recorded at the surface (Claerbout, 1985; Biondi, 2006). In this

manuscript, we assume the scattered wavefield Gs(x, r
i
S) to be known, and compute scattered

wavefields by means of forward-modeling. Accurate extrapolation of scattered wavefields is
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a research topic on its own, and we leave it for future studies (Halliday & Curtis, 2010;

Vasconcelos et al., 2010).

Since the image is defined as a local scattered wavefield (equation 3.6), we relate the image

to the data using correlation-type reciprocity theorem for perturbed media (Vasconcelos

et al., 2009). We assume the perturbation of the medium properties vanishes on the boundary

δD,

(ρs(rS), κs(rS)) = (0, 0), rS ∈ δD. (3.7)

For acoustic waves in lossless media,

Gs(rA, rB) =
1

jω

∮
δD
ρ−1

0 (rS) [G∗0(rS, rA)∇Gs(rS, rB)−Gs(rS, rB)∇G∗0(rS, rA)] · dS

+
1

jω

∫
D
G∗0(rV , rA)Ls(rV )G0(rV , rB)dV

+
1

jω

∫
D
G∗0(rV , rA)Ls(rV )Gs(rV , rB)dV , (3.8)

where ∗ denotes the complex conjugate, rA and rB are two points in D, dS is a surface

element pointing outward, dV is a volume element, and the scattering operator

Ls(r) = −∇ · ( ρs
ρ0(ρ0 + ρs)

(r)∇·)− ω2 κs
κ0(κ0 + κs)

(r) · . (3.9)

Using spatial reciprocity (G(s, r) = G(r, s)), the resulting representation theorem, for rA =

rB = x, gives

Gs(x,x) =
1

jω

∮
δD
ρ−1

0 (rS) [G∗0(x, rS)∇Gs(x, rS)−Gs(x, rS)∇G∗0(x, rS)] · dS

+
1

jω

∫
D
G∗0(x, rV )Ls(rV )G0(x, rV )dV

+
1

jω

∫
D
G∗0(x, rV )Ls(rV )Gs(x, rV )dV . (3.10)

Integration over frequencies (ω) gives the nonlinear imaging condition (Vasconcelos et al.,

2010):
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I(x) =

∫ +∞

−∞

1

jω

∮
δD
ρ−1

0 (rS) [G∗0(x, rS)∇Gs(x, rS)−Gs(x, rS)∇G∗0(x, rS)] · dSdω

+

∫ +∞

−∞

1

jω

∫
D
G∗0(x, rV )Ls(rV )G0(x, rV )dV dω

+

∫ +∞

−∞

1

jω

∫
D
G∗0(x, rV )Ls(rV )Gs(x, rV )dV dω. (3.11)

The imaging condition 3.11 requires the knowledge of both wavefields G0 and Gs, and their

spatial gradients ∇G0 and ∇Gs. This is equivalent to acquiring seismic data with both

multicomponent sources and receivers. Even if progress has been made to overcome this

limitation (Owen, 1992; Robertsson et al., 2008; Zheng, 2010; Robertsson et al., 2011; Zheng

et al., 2011), the wavefields and their gradients may not be available to us with most of

today’s technology and processing. For this reason, we propose both exact and far-field

formulations for each imaging condition that we describe in this manuscript. When δD is a

sphere so large that the far-field approximation can be used,

∇G(r, rS) · dS = jk(rS)G(r, rS)dS, (3.12)

where k is the wavenumber, and dS a surface element (e.g., Wapenaar and Fokkema, 2006),

so that

I(x) ≈ 2

∫ +∞

−∞

∮
δD
Z−1

0 (rS)G∗0(x, rS)Gs(x, rS)dSdω

+

∫ +∞

−∞

1

jω

∫
D
G∗0(x, rV )Ls(rV )G0(x, rV )dV dω

+

∫ +∞

−∞

1

jω

∫
D
G∗0(x, rV )Ls(rV )Gs(x, rV )dV dω, (3.13)

where Z0(r) = c0(r)ρ0(r) is the acoustic impedance in the reference medium. The image

I results from the application of the imaging condition (equation 3.11, or equation 3.13 in

the far-field approximation) to the reference wavefield G0(x, rS) and the scattered wavefield

Gs(x, rS). Note that the volume integrals on the right-hand side of equations 3.11 and 3.13

depend on the model perturbation (ρs, κs) through the scattering operator Ls. The presence
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of these volume integrals limits the ability to compute an image with this latter imaging

condition (Vasconcelos et al., 2010). In current practice, the contribution of these volume

integrals is simply neglected to give the imaging condition

I1(x) =

∫ +∞

−∞

1

jω

∮
δD
ρ−1

0 (rS) [G∗0(x, rS)∇Gs(x, rS)−Gs(x, rS)∇G∗0(x, rS)] · dSdω,

(3.14)

or

I1(x) ≈ 2

∫ +∞

−∞

∮
δD
Z−1

0 (rS)G∗0(x, rS)Gs(x, rS)dSdω. (3.15)

The image I1 results from the weighted sum over sources of zero-time crosscorrelations of

reference wavefield G0, known as source wavefield, and extrapolated scattered wavefield Gs,

known as receiver wavefield (e.g., Biondi, 2006). The theory presented in this section is

only exact when sources are distributed on a closed surface δD. In practice, the acquisition

geometry is usually limited to a finite part of surface δD, and the illumination is partial.

We address this issue for the examples in the next section. Further discussions can be found

in the literature (Wapenaar et al., 2006; Thorbecke & Wapenaar, 2007; Vasconcelos et al.,

2009).

3.3.4 Power conservation in scattering

The approximation of representation theorem 3.8 for scattered wavefields, that leads to

the conventional imaging condition 3.14, consists of neglecting the volume contribution

V (rA, rB) =

∫
D
G∗0(rV , rA)Ls(rV )G0(rV , rB)dV +

∫
D
G∗0(rV , rA)Ls(rV )Gs(rV , rB)dV .

(3.16)

Ignoring this contribution is responsible for an erroneous estimate of the scattering amplitude

of scattering objects such as reflectors and diffractors, for missing high-order scattering events

in the image, and for spurious scattering events mapped in the image (Curtis & Halliday,

2010; Wapenaar et al., 2010). Imaging conditions 3.11 and 3.13 are therefore not suitable for
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nonlinear imaging. The volume contributions V are essential for the balance of scattering

contributions to the nonlinear image. Fleury et al. (2010) show that

V (rA, rB)−V ∗(rB, rA)

=

∮
δD
ρ−1

0 (rS) [G∗s(rS, rA)∇Gs(rS, rB)−Gs(rS, rB)∇G∗s(rS, rA)] · dS. (3.17)

For rA = rB = x and using spatial reciprocity, equation 3.17 is

= [V (x,x)] =

∮
δD
ρ−1

0 (rS)= [G∗s(x, rS)∇Gs(x, rS)] · dS, (3.18)

where = [] denotes the imaginary part. This expression is the generalized optical theorem

for acoustic lossless media discussed by Carney et al. (2004). The imaginary part of V (x,x)

is proportional to the power carried by scattered wavefield, that is, the flux density vector

of scattering ∼ ρ−1
0 (rS)= [G∗s(x, rS)∇Gs(x, rS)] passing through the closed surface δD in

the outward direction. Neglecting V breaks the power conservation in scattering. In the

first-order Born approximation,

Vborn(rA, rB) =

∫
D
G∗0(rV , rA)Ls(rV )G0(rV , rB)dV , (3.19)

and consequently, because Ls is self-adjoint,

=[Vborn(x,x)] =
1

2j

∮
D

[G∗0(rV ,x)Ls(rV )G0(rV ,x)−G0(rV ,x)L∗s(rV )G∗0(rV ,x)] dV = 0.

(3.20)

Neglecting V thus is equivalent to a Born approximation for imaging condition 3.11 (e.g.,

Claerbout, 1985; Oristaglio, 1989), which takes properly into account only scattering due

to weak perturbations (Wu & Aki, 1985; Jannane et al., 1989). The conventional imaging

condition is only accurate in the Born sense and does not conserve power (Wolf & Born,

1965; Rodberg & Thaler, 1967; Wapenaar et al., 2010). These two arguments confirm that

the conventional imaging condition is not suitable for migrating multiply scattered waves.
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3.3.5 Nonlinear imaging condition

We modify the conventional imaging condition (equation 3.11, or equation 3.13 in the

far-field approximation) to account for the power carried by scattered wavefields. This makes

the modified imaging condition suitable for nonlinear imaging, that is, the image maps all

of the scattering events, and the volume contribution V (x,x) reduces to the contribution of

a surface integral. After rewriting the definition of the image I,

I(x) =

∫ ∞
−∞

Gs(x,x)dω = 2

∫ ∞
0

< [Gs(x,x)] dω, (3.21)

we take the real part of equation 3.8 to obtain

<[Gs(x,x)] =
1

ω

∮
δD
ρ−1

0 (rS)= [G∗0(x, rS)∇Gs(x, rS)−Gs(x, rS)∇G∗0(x, rS)] · dS

+
1

ω
= [V (x,x)] . (3.22)

Using equation 3.18, we relate the real part of scattered wavefield to the power carried by

scattered wavefield in the representation

<[Gs(x,x)] =
1

ω

∮
δD
ρ−1

0 (rS)= [G∗0(x, rS)∇Gs(x, rS)−Gs(x, rS)∇G∗0(x, rS)] · dS

+
1

ω

∮
δD
ρ−1

0 (rS)= [G∗s(x, rS)∇Gs(x, rS)] · dS. (3.23)

From the perspective of scattering theory, equation 3.23 relates to the difference in power that

a source located at position x would radiate in medium (ρ, κ) instead of reference medium

(ρ0, κ0), that is, the power flux difference between the total field and a scattering-free refer-

ence field (differential flux density vector∼ ρ−1
0 (= [G∗(x, rS)∇G(x, rS)]−= [G∗0(x, rS)∇G0(x, rS)])

passing through the closed surface δD). We denote this quantity as the source power loss

in scattering. Equation 3.23 shows the source power loss divides into two contributions:

the first term on the right-hand side of equation 3.23 represents the interference between

reference and scattered wavefields, and the second term on the right-hand side of equation

3.23 is the power of the scattered wavefield. After integration over all frequencies, equation
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3.23 represents the conservation of total power. In addition to being understood as local

scattered wavefield, we can alternatively interpret the image I as total source power loss in

scattering. By accounting for the power of the scattered wavefield, we obtain an imaging

condition that is fully nonlinear and conserves power,

I2(x) =

∫ ∞
0

2

ω

∮
δD
ρ−1

0 (rS)= [G∗0(x, rS)∇Gs(x, rS)−Gs(x, rS)∇G∗0(x, rS)] · dSdω

+

∫ ∞
0

2

ω

∮
δD
ρ−1

0 (rS)= [G∗s(x, rS)∇Gs(x, rS)] · dSdω. (3.24)

In the far-field approximation (e.g., Wapenaar and Fokkema, 2006), this imaging condition

reduces to

I2(x) ≈ 4

∫ +∞

0

∮
δD
Z−1

0 (rS)< [G∗0(x, rS)Gs(x, rS)] dSdω

+ 2

∫ +∞

0

∮
δD
Z−1

0 (rS)G∗s(x, rS)Gs(x, rS)dSdω. (3.25)

In addition to the crosscorrelation of reference wavefield G0 and scattered wavefield Gs, the

nonlinear imaging condition requires the autocorrelation of scattered wavefield Gs. In other

words,

I2(x) = I1(x) + Is(x), (3.26)

where I1 is given by equation 3.14, and

Is(x) =

∫ +∞

−∞

1

2jω

∮
δD
ρ−1

0 (rS) [G∗s(x, rS)∇Gs(x, rS)−Gs(x, rS)∇G∗s(x, rS)] · dSdω.

(3.27)

In the far-field approximation, I1 is given by equation 3.15, and

Is(x) ≈
∫ +∞

−∞

∮
δD
Z−1

0 (rS)G∗s(x, rS)Gs(x, rS)dSdω. (3.28)

The image Is corrects image I1 for the contribution of the volume terms V (x,x) in order

to get the nonlinear image I2 and to assure power conservation. Power conservation holds

for complete illumination with sources distributed along the closed surface δD. Only in that
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case are the exact scattering amplitudes imaged throughout the entire volume D. For partial

illumination, the imaging condition assesses a partial source power loss, that is, the source

power loss through a fraction of surface δD. As discussed in next section, the resulting image

nonetheless remains a good estimate of the relative change of scattering amplitude in the

nonlinear image.

3.4 Numerical examples

We test the nonlinear imaging condition introduced in the previous section on two nu-

merical examples denoted as square and sigsbee. We model both reference and scattered

wavefields using a time-space domain finite-difference scheme. We then apply our nonlin-

ear imaging condition and compare the resulting images with the ones obtained using the

conventional imaging condition. We interpret the benefit of the additional contribution of

the interaction between scattered wavefields. We also address the influence of partial illu-

mination on our results for different scattering regimes. This allows us to draw some key

observations about our nonlinear imaging condition.

3.4.1 Square

The square example consists of a high velocity contrast square obstacle embedded in an

homogeneous velocity background that contains a point scatterer in its center (Figure 3.3(a)).

We consider two possible reference media, that are, respectively, a constant velocity medium

corresponding to the background (Figure 3.3(b)) and a medium corresponding to the square

obstacle in its background without the point scatterer (Figure 3.3(c)). The ratio of the ve-

locity inside the square to the velocity of the background is 8/3. The first reference medium

corresponds to a regime of strong scattering while the second reference medium corresponds

to a regime of weak scattering. Uncorrelated bandlimited impulsive sources are distributed

along a circle surrounding the obstacle. For the two reference media, we compare the conven-

tional image I1, the image Is of the autocorrelation of scattered wavefields, and the nonlinear

image I2. We study the effect of illumination on these images by considering both complete
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Figure 3.3: Velocity models and source distribution for the square example: (a) true model,
(b) strongly scattering reference model, and (c) weakly scattering reference model. The sides
and top sources (yellow dots) have a different representation from the bottom sources (blue
dots) because the former are inactivated when the illumination is partial (bottom aperture)
and activated when the illumination is complete (full = top + bottom + sides aperture).
The angle θS locates the source position. The locations for computating correlograms are
indicated by the white circles and numbered 1 to 3.
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illumination (all sources are active) and partial illumination (the bottom sources are active).

As this is done in seismic interferometry (Schuster & Zhou, 2006; Snieder, 2006; Wapenaar,

2006), we analyze the stationary contributions to the images I1, Is, and I2 for both reference

models (Figure 3.3(b) and Figure 3.3(c)) in order to explain and interpret our observations.

For that purpose, we compute the correlation C1 of reference and scattered wavefields, the

autocorrelation Cs of scattered wavefields, and their sum C2 as functions of time-lag τ and

source angular position θS (defined in Figure 3.3(b)). We show the corresponding correlo-

grams, defined as two-dimensional representations of these correlation functions for particular

imaging points that we refer to by their position (number 1 to 3 in Figure 3.3). These correl-

ograms give a representation of the integrands in our formulation of the imaging conditions.

To form the image Iα from the correlogram Cα, we stack the correlation function Cα over

source angular positions θS and take the zero time-lag amplitude (Iα =
∫
Cα(θS, τ = 0)dθS).

The stacks of correlograms C1, Cs, and C2 over different distributions of angle θS allow for

estimating the reconstruction of image amplitudes and its dependence on illumination. Be-

cause images can be seen as local scattered wavefields in space and time (Vasconcelos et al.,

2010; Sava & Vasconcelos, 2011), these correlograms also allow us to observe time extensions

of images I1, Is, and I2 (i.e, the images for τ 6= 0). Sava & Fomel (2006) have introduced

this concept of time-shift imaging condition. Yang & Sava (2010) have proposed to use these

extended images for migration velocity analysis because these images provide information

to assess the quality of the focus at zero-time. The correlograms show that our nonlinear

imaging condition applies to extended imaging condition and is potentially suitable for such

methods of migration velocity analysis.

3.4.1.1 Complete illumination

In the ideal imaging experiment, sources surround the imaging domain. With complete

illumination, the nonlinear imaging condition conserves power. The estimate of the total

source power loss is accurate at every point in the image which allows for exact imaging

of the perturbation, that is, scattering objects are constructed at the correct locations with
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correct amplitudes. The nonlinear imaging condition improves the images obtained from the

conventional imaging condition. The comparison of images I1 and I2 shows the limitation of

the conventional image for the purpose of nonlinear imaging.

For reference model (Figure 3.3(b)), the conventional image (Figure 3.4(a)) recovers only

the edges of the square obstacle and artifacts contaminate the image while the nonlinear

image (Figure 3.4(c)) properly maps the obstacle with the point scatterer at its center. For

reference model (Figure 3.3(c)), both the conventional image (Figure 3.5(a)) and the nonlin-

ear image (Figure 3.5(c)) map the point scatterer, but only the latter is free from artifacts.

Note that our conventional images (Figure 3.4(a) and Figure 3.5(a)) do not look like the

images commonly obtained in seismic imaging. The two main reasons for this difference are

the use of a complete aperture and exact scattered wavefield modeling. We model both the

forward- and backward-scattered components of scattered wavefields. Because of the pres-

ence of forward-scattered waves, this practice notably results in artifacts that we refer to as

“transmission artifacts” (i.e., artifacts due to the interactions with these forward-scattered

waves that traverse the scatterers). These artifacts are not usually observed but resemble

backpropagation artifacts. Backpropagation artifacts are commonly observed in reverse-

time-migration (Fletcher et al., 2005; Guitton et al., 2007; Douma et al., 2010) when the

scattered wavefield is estimated by backpropagation of seismic data. Image (Figure 3.5(a))

resolves the point scatterer in the center of the square better than image (Figure 3.4(a)) be-

cause the Born approximation is more accurate for a weak perturbation (reference model of

Figure 3.3(c)) than for a strong perturbation (reference model of Figure 3.3(b)), and for the

weak perturbation, the result of the conventional image condition should in principle be close

to the “true” image. For both weak and strong perturbations, the images (Figure 3.4(a) and

Figure 3.5(a)) are nonetheless imperfect because they lack interactions between scattered

wavefields. The images (Figure 3.4(b) and Figure 3.5(b)) represent these missing contri-

butions that we interpret in terms of the power of scattered waves in the previous section.
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Figure 3.4: Images of the square example for reference model (Figure 3.3(b)) with complete
illumination using (a) conventional imaging condition, (b) autocorrelation of scattered wave-
fields, and (c) nonlinear imaging condition. The nonlinear imaging condition reconstructs
the point scatterer in the middle of the square because image Is eliminates the artifacts of
image I0 due to the strong nonlinear wavefield interactions.
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Figure 3.5: Images of the square example for reference model (Figure 3.3(c)) with com-
plete illumination using (a) conventional imaging condition, (b) autocorrelation of scattered
wavefields, and (c) nonlinear imaging condition. All images map the point scatterer in the
middle of the square, but only the nonlinear imaging condition removes artifacts associated
to the nonlinear wavefield interaction with the scatterer.
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The autocorrelation of scattered wavefields is responsible for reducing the image arti-

facts in images (Figure 3.4(a) and Figure 3.5(a)). These imaging artifacts result from the

interaction between reference and scattered wavefields. Image (Figure 3.4(a)) shows side

lobes to the square obstacle. These artifacts are examples of “transmission artifacts” and

are particularly strong for transmission through the corners of the obstacle. To understand

these artifacts, we look at the correlograms at position 1 (Figure 3.6). The correlogram C1

shows stationary contributions (green ellipse in Figure 3.6(a)) to the image that are non-zero

for sources on the bottom and sides of the obstacle. These contributions, resulting from the

interaction between reference and forward-scattered wavefields, lead to a negative spike at

zero time-lag in the stack over the full aperture (red curve in Figure 3.6(b)) which does not

equal the source power loss in scattering at position 1 (blue curve in Figure 3.6(b)), expected

to be zero at zero time-lag. These contributions are responsible for the “transmission arti-

facts” described in image (Figure 3.4(a)). The stationary contributions of correlogram Cs

(green ellipse in Figure 3.6(c)) give a positive spike at zero time-lag in the stack over the full

aperture (red curve in Figure 3.6(d)) which compensates for these “transmission” artifacts.

The positive and negative spikes in the stacks of Figure 3.6(b) and Figure 3.6(d) cancel to

give the correct amplitude at imaging point 1, that is, the stack over full aperture of the

correlogram C2 (Figure 3.6(e)) at zero time-lag (Figure 3.6(f)) . In image (Figure 3.5(a)),

a different type of artifact occurs when internal multiples in the reference wavefields cross-

correlate with the wavefields scattered by the point scatterer; these artifacts are present

both outside but mostly inside the obstacle. Accounting for the autocorrelation of scattered

wavefields also reduces these artifacts.

The autocorrelation of scattered wavefields also allows for reconstructing portions of

the image that cannot be retrieved by only using the conventional imaging condition. In

image (Figure 3.4(a)), obtained by the conventional imaging condition, the correct image

of the scatterer is masked by strong artifacts caused by the lack of power conservation.

This is due to the inaccuracy of the Born approximation for strong perturbations. The
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Figure 3.6: Correlograms C1, Cs, C2 (first column of plots), and their stacks (red curves in
second column) over all sources (θS ∈ full), compared to the exact local scattered wavefield
(blue curves in second column), for imaging point 1 with reference model (Figure 3.3(b)). The
zero-time stacks are the amplitudes at location 1 in the images of Figure 3.4. The stationary
contributions of C1 and Cs (highlighted by green ellipses at zero-time lag) compensate so
that the stack of C2 perfectly matches the local scattered wavefield.
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reference model (Figure 3.3(b)) is indeed too far from the true model (Figure 3.3(a)). In the

interior of the strong model perturbation caused by the square, the image (Figure 3.4(b))

does not retrieve an appropriate image of the scatterer by itself either. Inside the square,

both the conventional imaging condition and the autocorrelation of scattered wavefields

contribute to the correct reconstruction of both the geometry and amplitude of the scatterer,

as well as that of the insides of the square interfaces. With reference model (Figure 3.3(b)),

the interaction of scattered waves is necessary to image the point scatterer. The image

(Figure 3.4(b)) carries information about the structure of the point scatterer that may not

be readily available from image (Figure 3.4(a)) alone, thus playing an important role in the

construction of images with better amplitude and illumination. The latter point should be

clearer in the next examples when looking at the image obtained with partial illumination.

For reference model (Figure 3.3(c)), the contribution of the autocorrelation of scattered

wavefields is relatively smaller than for reference model Figure 3.3(b) because the difference

between models (Figure 3.3(a) and Figure 3.3(c)) is small enough to generate scattered

wavefields that are well approximated in the Born linearization. The conventional imaging

condition is therefore effective in retrieving images with the correct structures. For example,

the interaction of reference wavefields with scattered wavefields is sufficient for retrieving the

point scatterer in the middle of the square as observed in image (Figure 3.5(a)). Nonetheless,

the conventional imaging condition does not map the correct amplitudes in the image and

generates artifacts.

The autocorrelation of scattered wavefields improves the preservation of scattering ampli-

tudes. Figure 3.7 shows the correlograms at position 2 for reference model (Figure 3.3(b)).

The top sources allow for imaging the top edge of the obstacle in reflection by using the

conventional crosscorrelation of reference and scattered wavefields (see the stationary con-

tributions of top sources to C1 at zero time-lag that are marked by the solid green ellipse

in Figure 3.7(a)). In transmission, this same correlogram C1 shows the loss in power of the

reference wavefield (see the stationary contributions of sides and bottom sources that are
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Figure 3.7: Correlograms C1, Cs, C2 (first column of plots), and their stacks (red curves in
second column) over all sources (θS ∈ full), compared to the exact local scattered wavefield
(blue curves in second column), for imaging point 2 with reference model (Figure 3.3(b)).
The zero-time stacks are the amplitudes at location 2 in the images of Figure 3.4. At zero
time-lag, C1 contributes to both the correct amplitude (solid green ellipse) and artifacts
(dashed green ellipse) in the image. The green arrows show artifacts at non-zero time-lag.
The stationnary contribution of Cs (green ellipses and arrows) reduces these artifacts and
restores amplitudes so that the stack of C2 perfectly matches the local scattered wavefield.
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marked by the dashed green ellipse in Figure 3.7(a)) and some strong spurious arrivals at

non-zero time-lag (see the stationary contributions of sides and bottom sources that are iden-

tified by the green arrows in Figure 3.7(a)). Overall, the stack over full aperture (red curve

in Figure 3.7(b)) of correlogram C1 does not give the correct amplitude (blue curve in Fig-

ure 3.7(b)) at zero time-lag. In order to obtain the correct amplitude, we add the stack over

full aperture (red curve in Figure 3.7(d)) of the correlogram Cs (Figure 3.7(c)) at zero-time

lag. The correlogram C2 (Figure 3.7(e)), corresponding to the nonlinear imaging condition

and resulting from this latter addition, shows the attenuation of the spurious arrivals ob-

served in correlogram C1 (see green arrows in Figure 3.7(e)) and lead to the stack amplitude

of Figure 3.7(f) that matches the correct scattering amplitude. This same observation is

valid for a weak perturbation. In image (Figure 3.5(a)), the conventional imaging condi-

tion reconstructs the point scatterer but does not give the correct amplitudes. Figure 3.8

shows the correlograms at position 3 for reference model (Figure 3.3(c)). In both C1 and

Cs, sides, top and bottom sources contribute to image the point scatterer (see the stationary

contributions marked by the green ellipses in Figure 3.8(a) and Figure 3.8(c), respectively).

However, the stack of correlogram C1 over full aperture (red curve in Figure 3.7(b)) does

not by itself give the correct amplitude (blue curve in Figure 3.7(b)). It is the contributions

of correlogram Cs (red curve of Figure 3.8(d)) that compensate the contributions of correl-

ogram C1 (red curve of Figure 3.8(b)) for the correct scattering amplitude, as observed in

the correlogram C2 (see Figure 3.8(e) and Figure 3.8(f)).

3.4.1.2 Partial illumination

We next study the imprint of a partial illumination by only using the bottom sources

(indicated by the yellow dots in Figure 3.3) to image the square example. The illumination is

uneven because it only comes from the bottom sources. This breaks the power conservation

that we utilize for the nonlinear imaging condition but also brings our experiment closer to

a real seismic exploration set-up where sources are located at the surface of the Earth, i.e.,

illumination of the subsurface is one-sided. We show that despite the limited aperture, the
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Figure 3.8: Correlograms C1, Cs, C2 (first column of plots), and their stacks (red curves in
second column) over all sources (θS ∈ full), compared to the exact local scattered wavefield
(blue curves in second column), for imaging point 3 with reference model (Figure 3.3(c)).
The zero-time stacks are the amplitudes at location 2 in the images of Figure 3.5. At zero
time-lag, both C1 and Cs contribute to image the point scatterer (solid green ellipses), but
only the sum of the two stacks gives the correct amplitude to match the local scattered
wavefield.
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additional contribution of the interaction between scattered wavefields is beneficial for the

construction of nonlinear images.

The nonlinear imaging condition still more accurately reconstructs the features of the

image than the conventional imaging condition. For reference model (Figure 3.3(b)), the

conventional image (Figure 3.9(a)) reconstructs only the bottom edge of the square obsta-

cle, and artifacts contaminate the remainder of the image. In contrast, the nonlinear image

(Figure 3.9(c)) maps the square obstacle with the point scatterer at its center because of the

contribution of the image in Figure 3.9(b). The image clearly benefits from the nonlinear

imaging condition even though artifacts, such as side lobes emanating from the square obsta-

cle, remain in the image. Figure 3.10 shows the correlograms C1 at imaging point 1 for both

top and bottom illuminations. The stack over top sources (red curve of Figure 3.10(b)) of

the stationary contributions of correlogram C1 (Figure 3.10(a)) matches the local scattered

wavefield at location 1 (blue curve of Figure 3.10(b)). The conventional imaging condition

is capable of accurately reconstructing the scattering amplitude of the first reflection event

with the square obstable. This result is a special case for which the conventional imaging

condition alone constructs the correct nonlinear scattering amplitude (Vasconcelos et al.,

2009). The stack over bottom sources (red curve of Figure 3.10(d)) of the stationary contri-

butions of correlogram C1 (green ellipse in Figure 3.10(c)) gives an erroneous reconstruction

of this same local scattered wavefield (blue curve of Figure 3.10(d)). The conventional imag-

ing condition is not appropriate for forward-scattered waves, especially when the kinematics

of the reference wavefields are incorrect. To obtain an accurate reconstruction of imaging

point 1, Figure 3.11 shows that we ultimately need to consider both the stationnary con-

tributions of correlograms C1 and Cs (green ellipses in Figure 3.11(a) and Figure 3.11(c),

respectively) stacked over top and bottom sources (stationnary contribution of correlograms

C2 in Figure 3.11(e)). Summing the stacks of Figure 3.11(b) and Figure 3.11(d) practically

retrieves the correct scattering amplitude at zero time-lag (blue curve in Figure 3.11(f)).
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Figure 3.9: Images of the square example for reference model (Figure 3.3(b)) with bot-
tom illumination using (a) conventional imaging condition, (b) autocorrelation of scattered
wavefields, and (c) nonlinear imaging condition. The conventional imaging condition only
retrieves the bottom reflector and is contaminated by artifacts. The nonlinear imaging con-
dition reconstructs the point scatterer inside the square despite some artifacts that remain
in the image.
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Figure 3.10: Correlograms C1 (first column of plots) and their stacks (red curves in second
column) over either top or bottom sources (θS ∈ top or θS ∈ bottom), compared to the exact
local scattered wavefield (blue curves in second column), for imaging point 1 with reference
model (Figure 3.3(b)). The zero-time stacks correspond to amplitudes in the image I1 of
Figure 3.9. C1 reconstructs the correct amplitude in reflection (the red curve matches the
blue curve in plot (b)) but fails in transmission (the red curve mismatches the blue curve
in plot (d)). The non-zero stationary contributions (green ellipse) of bottom sources gives
“transmission” artifacts.
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Figure 3.11: Correlograms C1, Cs, C2 (first column of plots), and their stacks (red curves in
second column) over top and bottom sources (θS ∈ top+bottom), compared to the exact local
scattered wavefield (blue curves in second column), for imaging point 1 with reference model
(Figure 3.3(b)). The correlogram C1 is the sum of the two correlograms of Figure 3.10 and
contributes to “transmission” artifacts. The stationary contributions of Cs (green ellipses)
reduce these artifacts so that the stack of C2 almost match the local scattering amplitude
(despite the missing contribution of sides sources).
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The nonlinear imaging condition reduces some of the imaging artifacts in the conven-

tional image despite the one-sided illumination. The conventional image (Figure 3.9(a))

does not map the top edge of the square because of the presence of strong “transmission”

artifacts. Figure 3.12 shows the correlograms at imaging point 2 for bottom illumination.

Comparing the stack over bottom sources (red curve in Figure 3.12(b)) of the stationary

contributions of C1 (green ellipse in Figure 3.12(a)) at imaging point 2 with the same stack

at imaging point 1 (red curve in Figure 3.10(d)), there is little difference in contrast, that

is, the intensities of imaging points 1 and 2 are close. This explains why the top edge of

the square is not mapped in the convention image (Figure 3.9(a)). This intensity at imaging

points 1 and 2 corresponds to the power lost by the reference wavefield but does not relate

to the power loss in scattering, which in turn defines the correct image. This contributes

to the observed “transmission” artifacts that the stationary contributions of Cs (green el-

lipse in Figure 3.12(c)) reduce. The stack over bottom sources of correlogram Cs (red curve

in Figure 3.12(d)) summed to the stack of correlogram C1 (Figure 3.12(b)) gives the stack

of correlogram C2 (Figure 3.12(f)) and overall preserves the scattering amplitude at zero

time-lag. As a result, the nonlinear image (Figure 3.9(c)) maps the top edge of the square.

Because of the limited aperture, the amplitude is nonetheless imperfect and corresponds to

the estimate of a partial power loss through the bottom surface. We also observe spurious

arrivals at non-zero time-lag in correlogram C1 (green arrows in Figure 3.12(a)). The non-

linear imaging condition is responsible for reducing these spurious arrivals in a similar way

(see green arrows in Figure 3.12(e)). Hence, the stack over bottom sources (red curve in

Figure 3.12(f)) of correlogram C2 (Figure 3.12(e)) shows a better focus in time.

Under partial illumination, the reconstruction of scattering amplitudes is not totally

accurate but still benefits from the nonlinear imaging condition. For reference model (Fig-

ure 3.3(c)), both the conventional image (Figure 3.13(a)) and the nonlinear image (Fig-

ure 3.13(c)) map the point scatterer, and artifacts contaminate both images. As with the

image with full aperture in Figure 3.5(a), the image (Figure 3.13(a)) is structurally close to
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Figure 3.12: Correlograms C1, Cs, C2 (first column of plots), and their stacks (red curves
in second column) over bottom sources (θS ∈ bottom), compared to the exact local scat-
tered wavefield (blue curves in second column), for imaging point 2 with reference model
(Figure 3.3(b)). The zero-time stacks are the amplitudes at location 2 in the images of
Figure 3.9. Summing the stationary contributions of correlograms C1 and Cs improves the
stacked amplitude at zero time-lag (green ellipses) and reduces spurious arrivals (green ar-
rows) so that the stack of C2 almost matches the local scattered wavefield.
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Figure 3.13: Images of the square example for reference model (Figure 3.3(c)) with bot-
tom illumination using (a) conventional imaging condition, (b) autocorrelation of scattered
wavefields, and (c) nonlinear imaging condition. Both the conventional and modified imaging
conditions reconstruct the point scatterer and show similar artifacts. The image Is exhibits
the same structure as the full aperture image of Figure 3.4(b) which suggests an increase of
spatial resolution due to the interaction of scattered waves.
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the total image (Figure 3.13(c)) because the scattering perturbation is weaker when using the

square in the background medium rather than a constant background. The overall contribu-

tion of the interaction between scattered wavefields to the nonlinear image (Figure 3.13(c))

is relatively weak. In this weak scattering regime, the two images differ, however, in terms of

their amplitudes. Figure 3.14 shows the correlograms for imaging point 3. Both correlograms

C1 and Cs have stationary contributions (green ellipses in Figure 3.14(a) and Figure 3.14(c),

respectively) that improve the amplitude reconstruction for the point scatterer inside the

square. At zero time-lag, the stacks over bottom sources of correlograms C1 and Cs (red

curves in Figure 3.14(b) and Figure 3.14(d), respectively) positively contribute to reconstruct

the correct scattering amplitude (blue curves in Figure 3.14(b) and Figure 3.14(d), respec-

tively). Their sum does not, however, fully retrieve the exact amplitude (see Figure 3.14(e)

and Figure 3.14(f)).

The aperture-limited example in Figure 3.13 also reveals a remarkable property of adding

the autocorrelation of scattered wavefields to the conventional imaging condition. Despite

the limited aperture in the acquisition design, the autocorrelation image (Figure 3.13(b))

is structurally similar to the full aperture image (Figure 3.5(b)) at the scatterer location.

This increase in spatial resolution is due to the higher-order multiple scattering interactions,

part of the scattered wavefields, that occur between the scatterer and the sides of the square

in the background. These interactions are of course weaker than single scattered waves

but carry additional information on the local spatial resolution. Neither the conventional

imaging condition image nor the total image display the same behavior because they are

predominantly dominated by first order interactions between reference and scattered wave-

fields. We come back to this point in the Discussion section. The increased spatial resolution

of image (Figure 3.13(b)) relative to image (Figure 3.13(a)) can be of potential use in de-

veloping nonlinear imaging methods that can overcome some of the aperture limitations of

field acquisition geometries.
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Figure 3.14: Correlograms C1, Cs, C2 (first column of plots), and their stacks (red curves
in second column) over bottom sources (θS ∈ bottom), compared to the exact local scat-
tered wavefield (blue curves in second column), for imaging point 3 with reference model
(Figure 3.3(c)). The zero-time stacks are the amplitudes at location 3 in the images of
Figure 3.13. The zero-time stationary contributions of C1 and Cs (green ellipses) help to
reconstruct the image of the point scatterer by improving the amplitude of the stack of C2

in comparison with the scattered wavefield amplitude.
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3.4.2 Sigsbee model

The sigsbee example consists of a selected portion (Figure 3.15) of Sigsbee 2A model

(Paffenholz et al., 2002). The true model is the stratigraphic model (Figure 3.15(a)) and the

reference model is a smoothed version of the latter model that contains the hard salt body

(Figure 3.15(b)). Sources are distributed along a line z = 2 km. As for the square example,

we compute the images I1, Is, and I2 in order to compare conventional and nonlinear imaging

conditions.
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Figure 3.15: Velocity models and source distribution for the sigsbee example: (a) true model
and (b) reference model. The sources (green dots) are distributed on the top and provide
partial illumination.

Figure 3.16 shows the images I1, Is, and I2. The conventional image (Figure 3.16(a))

recovers the salt body and some of the reflectors present in model (Figure 3.15(a)) are

discernible, but strong low spatial frequency artifacts contaminate the image, especially

on the top of the salt. The addition of the image (Figure 3.16(b)) of the autocorrelation

of scattered wavefields reduces these artifacts and allows for the recovery of most of the

reflectors as observed in the nonlinear image (Figure 3.16(c)). The interaction of scattered

wavefields promotes the use of multiples to construct the nonlinear image and partially
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Figure 3.16: Images of the sigsbee example using (a) conventional imaging condition, (b)
autocorrelation of scattered wavefields, and (c) nonlinear imaging condition. Both images
I1 and Is show low spatial frequency artifacts that are reduced in image I2. The nonlinear
imaging condition provides a better image of the reflectors between strata of sediments.
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compensates for the nonphysical contributions that are responsible for the artifacts in the

conventional image. Imaging artifacts nonetheless remain in the nonlinear image because of

the limited source coverage. In particular, we observe low spatial frequency artifacts that

are mainly the same “transmission artifacts” as the ones discussed in the square example.

Their similarity with backpropagation artifacts in reverse-time-migration (Fletcher et al.,

2005; Guitton et al., 2007) suggests the use of Laplacian filter to elimate these artifacts,

as advocated by Youn & Zhou (2001). The Laplacian-filtered images of Figure 3.17 show

improvement of the quality of the nonlinear image (Figure 3.17(c)) with respect to image

(Figure 3.17(a)). Comparing the images with the true model (Figure 3.15(a)), the relative

amplitude contrasts between features of high frequency content are better preserved in the

nonlinear image, i.e., the nonlinear image displays a visibly wider spatial frequency content

than its conventional counterpart. More strikingly, the conventional image exhibits the wrong

polarity for some of the reflectors (marked by arrows in Figure 3.17(a)) while the addition of

image (Figure 3.17(b)) corrects it. This pattern is particularly noticeable at interfaces where

the velocity contrast decreases across interfaces. Such polarity errors can be misleading for

interpretation. In contrast, the nonlinear imaging condition under partial illumination leads

to the reduction of imaging artifacts and to the reconstruction of approximate scattering

amplitudes that overall preserve the relative contrasts in amplitude.

3.5 Discussion

In the previous section, we define an imaging condition that accounts for nonlinear scat-

tering and test this nonlinear imaging condition in ideal imaging experiments. Here, we

address the practical use of our method and discuss some potential applications.

3.5.1 From theory to practice

The practical imaging experiment diverges from our ideal imaging experiment with re-

spect to wavefield extrapolation and acquisition geometry. It is important to reiterate that

although we use the term “conventional imaging condition” throughout this paper, the im-
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Figure 3.17: Images of the sigsbee example after applying a Laplacian filter and using (a)
conventional imaging condition, (b) autocorrelation of scattered wavefields, and (c) nonlinear
imaging condition. The Laplacian filter removes the low spatial frequency artifacts and
reveals the structures present in the images of Figure 3.16. The nonlinear imaging condition
improves spatial resolution and preserve better contrast in amplitudes. The white arrows
show reflectors with incorrect polarity in the conventional image but correct polarity in the
nonlinear image.
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ages we make using this imaging condition are not representative of what is done in current

practices of “conventional imaging”. That is mainly because our receiver wavefields, i.e.,

scattered fields recorded by pseudo-receivers inside the subsurface, contain the full and ex-

act scattering response. In practice, the scattered wavefield Gs cannot be evaluated at an

imaging point x in the subsurface but only at the receiver locations rR from the recorded

data. We must perform an extrapolation step to estimate the scattered wavefield Gs(x, rS).

This scattered wavefield is approximated by backpropagation of the data in the background

model. For example, Thorbecke (1997) describes the imaging procedure in terms of double

focusing. The focusing of the receiver array (integral over receivers rR) gives an estimate of

the scattered field

Gs(x, rS) ≈ 1

jω

∮
δD
ρ−1

0 (rR) [G∗0(x, rR)∇Gs(rR, rS)−Gs(rR, rS)∇G∗0(x, rR)] · dS, (3.29)

where Gs(rR, rS) represents the data, i.e., the scattered waves that are recorded at receiver

locations rR due to sources at rS. In the far-field approximation,

Gs(x, rS) ≈ 2

∮
δD
Z−1

0 (rR)G∗0(x, rR)Gs(rR, rS)dS. (3.30)

The imaging condition of equation 3.15 maps the information about the subsurface from

the reconstructed scattered wavefields into the image space. This second step corresponds

to the focusing of the source array (integral over sources rS). The technique of source-

receiver interferometry proposed by Curtis & Halliday (2010) and Halliday & Curtis (2010)

extends the double focusing concept to more diverse configurations of source-receiver geom-

etry. Because equations 3.29 and 3.30 neglect the volume integral V (x, rS) in representation

theorem 3.8 for scattered waves, this extrapolation method gives an approximate estimate

of scattered field Gs(x, rS) and can lead to imaging artifacts similar to those in reverse-

time-migration (Fletcher et al., 2005; Guitton et al., 2007). Extracting scattered wavefields

inside the imaging volume from measurement at its surface is ultimately an inverse problem

(Vasconcelos et al., 2010). For example, Malcolm & de Hoop (2005) and Malcolm et al.
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(2009) use generalized Bremmer coupling series (de Hoop, 1996) to reconstruct internal mul-

tiples. Such methods can improve current techniques of extrapolation and make them more

suitable for applying our nonlinear imaging condition. These methods imply that the inverse

reconstruction of receiver wavefields is done in a semi-automatic, algorithm-based manner.

Alternatively, current tools in velocity model building based upon the input of a human in-

terpreter may also be suitable for building models with sharp interfaces for the extrapolation

of scattered wavefields.

In addition, the acquisition geometry limits the illumination. According to the theory,

the nonlinear imaging condition is power-conservative and maps true amplitudes only for full

source and receiver coverage. In practice, illumination is partial because we mostly acquire

seismic data at the surface of the Earth or in boreholes. Our numerical examples show that

despite partial illumination, the nonlinear imaging condition improves the construction of

images by using interactions of scattered waves and allows for better amplitude preservation.

The observation of correlograms suggests that a stationary phase analysis possibly helps

to identify sources that mainly contribute to the construction of nonlinear images, which

would lead to relaxing the need for complete illumination. Also, following the work of

Wapenaar et al. (2006) and van der Neut et al. (2010) on interferometry and re-datuming

techniques in case of one-sided illumination, there are media for which the estimate of power

loss under partial illumination can be quite accurate. For such media that generate strong

backscattering, these authors show that interferometry suffers less from the limited aperture

because energy is primarily scattered back to the surface. In these situations, a nonlinear

imaging condition, such as presented here or by means of multi-dimensional deconvolution

approaches (Vasconcelos et al., 2010; van der Neut et al., 2010) potentially reconstructs

better amplitudes despite partial illumination.

3.5.2 Applications

In our nonlinear imaging condition, the original idea is to take into account interactions of

scattered wavefields with themselves. We show that this extra contribution allows for better
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amplitude reconstruction in our images. Our work directly connects to recent advances in us-

ing multiply scattered waves to perform imaging. Both surface related and internal multiples

have been shown to provide better illumination of the subsurface (Jiang et al., 2005; Malcolm

et al., 2009; Verschuur & Berkhout, 2011). In reverse-time-migration, Youn & Zhou (2001),

Farmer et al. (2006), and Mittet (2006) show recent advances that consist of using velocity

models with sharp contrast which lead ultimately to better handling of multiple propagation.

Malcolm et al. (2009) provide a method based on Bremmer coupling series that allows for the

reconstruction of internal multiples with one-way operators; they apply their technique to

image salt flanks. Most of these attempts however focus on extrapolating the seismic data to

reconstruct receiver wavefields with kinematically correct multiples, but do not modify the

imaging condition to account for the nonlinearity of the newly reconstructed wavefields with

respect to scattering contrasts. Here, we provide a modified nonlinear imaging condition to

image the subsurface with multiply scattered waves. Our proposed imaging condition suits

more appropriately attempts to image the subsurface by reverse-time-migration and can lead

to advantages in imaging data with aperture-limited acquisition.

Our method potentially applies to internal multiples and possibly other types of nonlinear

model interaction which is a clear advantage for imaging challenging complex subsurface

features. This includes salt imaging, e.g., dirty salt imaging, imaging of strong scattering

caused by salt interfingering with sediments, subsalt imaging using the signal of interbed salt

multiples. As with complex salt environments, our nonlinear imaging condition may also

bring benefits to the imaging of basalt-rich provinces, where sub-basalt imaging is difficult

due to basalt-induced multiple scattering. Apart from better reconstruction of amplitudes

from aperture-limited data, the use of nonlinear imaging conditions may be used for locally

improving spatial resolution in the image, i.e., improve local image aperture. In our simple

square example with limited acquisition aperture, we show that the interaction of scattered

waves with themselves brings additional information to spatial resolution when compared

to the conventional imaging condition. Although this is a topic of further research, we
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argue that further analysis of the behavior of the different terms in our nonlinear imaging

condition can lead to practical methods that improve image aperture and partially correct

for the “missing illumination”.

3.6 Conclusions

We introduce a modified crosscorrelation imaging condition to account for multiple scat-

tering. We image multiply scattered waves by correcting the conventional imaging condition

for the interaction between scattered wavefields. For an ideal acquisition geometry, this addi-

tional contribution allows for power conservation in scattering. Each individual point in the

image is assigned an estimate of the power loss in scattering by a virtual source hypothetically

located at this imaging point; the latter estimate being directly related to scattering ampli-

tudes. For complete illumination, the resulting imaging condition is “power-conservative”

and accounts for all of the nonlinear scattering interactions between reference and scattered

wavefields. For partial illumination, this imaging condition reduces to the estimate of the

power loss only in the direction corresponding to the aperture of illumination. The modified

imaging condition does not always preserve the total power injected by the virtual source

but remains sensitive to the relative changes in scattering amplitude and improves amplitude

preservation in the image.
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CHAPTER 4

NONLINEAR REVERSE-TIME MIGRATION

Clement Fleury1

Submitted to Geophysical Prospecting in 2012

4.1 Abstract

Reverse-time migration is a two-way time-domain finite-frequency technique that accu-

rately handles the propagation of complex scattered waves and produces a band-limited

representation of the subsurface structure that is conventionally assumed to be linear in

the model parameters. Because of this underlying linear single-scattering assumption, most

implementations of this method do not satisfy energy conservation and do not optimally

use illumination and model sensitivity of multiply scattered waves. Migrating multiply scat-

tered waves requires preserving the nonlinear relation between image and model parameters.

I modify the extrapolation of source and receiver wavefields to more accurately handle mul-

tiply scattered waves. I extend the concept of the imaging condition in order to map into the

subsurface structurally coherent seismic events that correspond to the interaction of both

singly and multiply scattered waves. This results in an imaging process here referred to as

nonlinear reverse-time migration. It includes a strategy that analyzes separated contribu-

tions of singly and multiply scattered waves to the final nonlinear image. The goal is to

provide a tool suitable for seismic interpretation and potentially migration velocity analy-

sis that benefits from increased illumination and sensitivity from multiply scattered seismic

waves. It is noteworthy that this method applies to migrating internal multiples, a clear

advantage for imaging challenging complex subsurface features, e.g., in salt and basalt en-

vironments. The results of synthetic seismic imaging experiments, one of which includes a

subsalt imaging example, illustrate the technique.

1Center for wave phenomena, Colorado School of Mines
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4.2 Introduction

Complex subsurface structures, such as sub-basalt and subsalt structures, generate strong

scattering which makes them challenging to image with conventional techniques (e.g., Mar-

tini & Bean, 2002; Leveille et al., 2011). For such geologic environments, multiply scattered

waves, such as internal and surface multiples, contain useful information about the subsur-

face but these waves are traditionally suppressed, e.g., with multiple suppression (Foster &

Mosher, 1992; ten Kroode, 2002) or surface-related multiple elimination (Verschuur et al.,

1992; Dragoset et al., 2010). Alternatively, multiply scattered waves are usually just ig-

nored, e.g., with migration of primaries (Claerbout, 1985; Esmersoy & Oristaglio, 1988),

least-square migration (Nemeth et al., 1999) or linearized inversion (Symes, 2008a), when

linearizing the relation between model and data during the imaging/inversion process. The

motivations for using multiply scattered waves and their nonlinear relation to the model

are to preserve amplitudes, provide extra illumination, account for energy conservation, and

increase redundancy and sensitivity to model parameters.

Reverse-time migration (Baysal et al., 1983; McMechan, 1989) is a standard imaging

technique in today’s industry. The method provides high-quality images for oil and gas

exploration and is of special interest for complex subsurface geologies (e.g., Farmer et al.,

2006; Leveille et al., 2011). Yet, conventional reverse-time migration (RTM) does not resolve

the problem of imaging waves multiply scattered by complex subsurface structures. The

underlying single-scattering assumption of most migration techniques does not account for

the fundamental nonlinear relation between model and multiply scattered data (Fleury &

Vasconcelos, 2012). To utilize the energy, illumination and sensitivity contained in multiply

scattered data, Fleury & Snieder (2011, 2012) have proposed a nonlinear RTM migration

algorithm has been proposed. In this paper, I expand the description of this technique

and define a clear strategy for using multiply scattered waves in seismic interpretation and

migration velocity analysis.
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Advances have been made in using multiples to perform imaging (Brown & Guitton,

2005; Jiang et al., 2007; Malcolm et al., 2009; Verschuur & Berkhout, 2011). These methods

apply redatuming techniques (Schuster et al., 2004; Malcolm & de Hoop, 2005; Berkhout &

Verschuur, 2006) for extrapolating seismic data and reconstructing scattered wavefields with

kinematically correct multiples, but they do not modify the imaging condition to account for

the nonlinearity of the resulting wavefields with respect to the model. As with these meth-

ods, the method presented in this document takes into account multiply scattered waves in

the extrapolation procedure. It takes advantage of computationally affordable reverse-time

migration engines to handle complex scattering wave phenomena and adapts the extrap-

olation procedure to include sources of scattering in the migration velocity model, which

improves the reconstruction of scattered waves (Vasconcelos et al., 2010). Unlike the previ-

ous methods, the method presented here also extends the concept of the imaging condition

in order to map into the subsurface structurally coherent seismic events that correspond to

reflections of both singly and multiply scattered waves. In that sense, this method is in

agreement with Verschuur & Berkhout (2011) who call for a new imaging principle, defined

as a minimization problem in their analysis. Fully exploiting multiple-scattering interactions

results in images of multiples as well as primaries. The imaging condition here is nonlinear

in the model parameters (Fleury & Vasconcelos, 2012) and produces four sub-images that I

analyze as separate contributions to the final nonlinear image. This strategy leads to a new

tool suitable for seismic interpretation and with the potential to improve migration velocity

analysis.

First, I present the fundamentals of my nonlinear reverse-time migration (NLRTM) and

then show how this method leads to increased illumination and sensitivity for reverse-time

migration with multiply scattered waves. Finally, we see the efficacy of this new seismic

interpretation tool with application to synthetic data, including a subsalt imaging example.
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4.3 Theory of nonlinear reverse-time migration

The division of Earth properties into subdomains of short and long wavelengths justifies

the use of a smooth model m0 perturbed by a rough model ∆m in seismic migration (Jannane

et al., 1989). In the acoustic assumption, the model is given by m = m0+∆m = (ρ, c), where

ρ and c are density and velocity, respectively. Model m0 provides a kinematically correct

wavefield w0 and is used as a conventional migration velocity model. Model perturbation

∆m acts as a scattering source for the scattered wavefield ws superimposed on the reference

wavefield w0. Model ∆m is the part of the Earth model that one tries to represent with the

seismic image i. The imaging procedure consists in two steps: first, the numerical modeling

to extrapolate wavefields w0 and ws, and second, the application of the imaging condition

to generate image i.

4.3.1 Wavefield extrapolation

For each shot of an active seismic survey, the source-side reference wavefield w0,sou is

obtained by propagating the estimated source signature s in migration model m0:

H0 ·w0,sou = s, (4.1)

where the acoustic wave operator is given by H0 = ρ0∇ · (
1

ρ0

∇) − 1

c2
0

∂2

∂t2
. The dot symbol

· denotes the tensor contraction between matrix operators and vector fields throughout this

paper. Because model ∆m is unknown in the imaging process, scattered wavefield ws is not

obtained by forward modeling but approximated by the receiver-side extrapolated wavefield

ws,rec which is conventionally obtained by backpropagating the recorded scattered data ds

in background model m0,

H†0 ·ws,rec = ds, (4.2)

where the adjoint acoustic wave operator is given by H†0 = ∇ · ( 1

ρ0

∇ρ0)−
1

c2
0

∂2

∂t2
.

The perturbation of operator H0 describing scattering caused by model ∆m is denoted

by the operator P and is a function of models m0 and ∆m (e.g., Kato, 1995). The perturbed
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operator is defined as H0−P. The relationship between wavefield ws (equal to the scattered

seismic data ds at the receiver locations) and perturbation P is nonlinear (e.g., Weglein

et al., 2003):

ws =
1

s
(w0 ·P ·w0) +

1

s2
(w0 ·P ·w0 ·P ·w0) + ... (4.3)

This nonlinear relationship between wavefield and perturbation fundamentally explains mul-

tiply scattered waves, i.e, waves that have been reflected, diffracted, and more generally

scattered more than once, such as internal multiples. To preserve the nonlinear relation be-

tween wavefield and perturbation, I modify conventional RTM extrapolation. A receiver-side

reference wavefield w0,rec is obtained by backpropagating the simulated reference data d0 in

background model m0:

H†0 ·w0,rec = d0. (4.4)

Given an estimate Pest of the perturbation operation, the scattered wavefield ws,rec is ex-

trapolated with a more exact equation than equation (4.2) (Vasconcelos et al., 2010):

(H†0 −P†est) ·ws,rec = ds + P†est ·w0,rec. (4.5)

This is equivalent to including scattering sources in the extrapolation of scattered wavefield

ws,rec and results in better reconstruction of scattered waves. Additionally, let us introduce

the source-side extrapolated scattered wavefield ws,sou defined in the following relationship.

(H0 −Pest) ·ws,sou = Pest ·w0. (4.6)

Wavefield ws,sou is originally missing in conventional RTM migration. In the conventional

extrapolation procedure, this wavefield would be zero.

The introduction of operator Pest in the extrapolation allows us to account for scatter-

ing contrasts in reconstructing scattered wavefields ws,sou and ws,rec. For acoustic media,

operator Pest is defined as
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Pest = ρ0∇ · (
1

ρ0

∇)− (ρ0 + ∆ρest)∇ · (
1

ρ0 + ∆ρest
∇)

− (
1

c2
0

− 1

(c0 + ∆cest)2
)
∂2

∂t2
, (4.7)

where model ∆mest is an estimate of the true scattering contrast model ∆m. There are

two main approaches to retrieving model ∆mest. An estimate of model ∆m might possibly

be obtained in an automatic/semi-automatic algorithm-based manner by essentially solving

an inverse problem for model ∆m in the data domain (e.g., Tarantola, 1984, 1986). The

linearization of this inverse problem, written as

ds = w0 ·Pest ·w0, (4.8)

leads to a solution ∆mest that can be computed by least-squares migration (Nemeth et al.,

1999; Plessix & Mulder, 2004) or optimal scaling of conventional RTM images (Rickett, 2003;

Symes, 2008a). The application of gradient-based methods allows for updating model ∆mest

in several linear iterations (e.g., Pratt et al., 1998). Therefore, NLRTM is fully integrable

with full waveform inversion (FWI) technology (e.g., Tarantola, 1984; Pratt, 1999; Plessix,

2006; Virieux & Operto, 2009; Zhu et al., 2009). Alternatively, tools in velocity model

building based on the input of a human interpreter could be used for creating a model with

sharp interfaces. This interpreted model defines scattering model ∆mest for the extrapolation

of scattered wavefields ws,sou and ws,rec. The next section contains examples using both

approaches.

4.3.2 Imaging condition

The imaging condition maps into the subsurface the interaction of source-side extrapo-

lated wavefields w0,sou and ws,sou with receiver-side extrapolated wavefield ws,rec to create

a representation of the Earth’s physical properties. Following the method of Fleury & Vas-
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concelos (2012), let us define image i as

i =
∑

sources

w0,sou ?ws,rec︸ ︷︷ ︸
i0

+
1

2

∑
sources

ws,sou ?ws,rec︸ ︷︷ ︸
is

, (4.9)

where ? denotes either zero-time crosscorrelation or deconvolution. A crosscorrelation imag-

ing condition corresponds to an energy-based representation of the subsurface and maps an

estimate of “energy loss” in scattering (Fleury & Vasconcelos, 2012). A deconvolution imag-

ing condition provides a reflectivity-based representation and maps into the subsurface a

quantity that approximates reflectivity or scattering amplitude depending on the particular

definitions of the imaging condition (e.g., de Bruin et al., 1990). In this paper, I adopt a

deconvolution imaging condition following the recommendations of Schleicher et al. (2008).

Table 4.1: NLRTM wavefield and image dependencies: mapping linear and nonlinear relation
with respect to the data ds and perturbation P.

XXXXXXXXXXXXDependency
Field Wavefield Image

w0,sou ws,sou ws,rec i0 is
w0,sou Linear None
ws,sou None Linear
ws,rec Linear Linear

ds None None Linear Linear Linear
P None Nonlinear

(min.
linear)

Nonlinear
(min.
linear)

Nonlinear
(min.
linear)

Nonlinear
(min.
quadratic)

This imaging condition is nonlinear with respect to perturbation P and therefore with

respect to model ∆m (Fleury & Vasconcelos, 2012), but preserves a linear relation between

image i and the data ds. To emphasize these properties, let us separately analyze the two

contributions, images i0 and is, to image i (properties summarized in Table 4.1). Image

i0 maps the interaction of reference wavefield w0,sou with scattered wavefield ws,rec. The

imaging condition that defines image i0,

i0 =
∑

sources

w0,sou ?ws,rec, (4.10)
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is similar to conventional imaging conditions for RTM. The only difference from the conven-

tional imaging condition comes from the modified extrapolation of wavefield ws,rec. Image

i0 is a function of perturbation P and the data ds because of its dependency on scattered

wavefield ws,rec. Wavefield ws,rec is a linear function of the data ds. As a result, image i0 is

linear with respect to the data ds. Wavefield ws,rec is in general a nonlinear function of per-

turbation P. Only conventional reverse-time extrapolation under a linear single-scattering

assumption for the scattered data ds gives a linear estimated wavefield ws,rec with respect to

perturbation P. Image i0 thus results from the linearization of equation (4.9) with respect

to perturbation P under a linear single-scattering assumption. This assumption is, however,

not always accurate enough and more importantly limits the capability of RTM migration to

image complex scattering events such as those that involve internal multiples (e.g., Malcolm

et al., 2007, 2011). Image is maps the interaction of scattered wavefields ws,sou and ws,rec.

The imaging condition that defines image is,

is =
∑

sources

ws,sou ?ws,rec, (4.11)

takes into account higher orders of scattering neglected under a linear single-scattering as-

sumption. Through its dependencies of scattered wavefield ws,rec, image is is a function of

the data ds, and, similar to image i0, image is is linear with respect to the data ds. Image

is is a function of perturbation P because of its dependencies of both scattered wavefields

ws,sou and ws,rec. Wavefields ws,sou and ws,rec are at least linear in perturbation P and are in

general nonlinear in perturbation P. Image is is therefore at least quadratic in perturbation

P and is in general nonlinear in perturbation P. While image is is therefore negligible under

a linear single-scattering assumption, it is essential when imaging general complex scattering

subsurface structures.

Years of application in industrial seismic exploration have shown that conventional RTM

provides fairly accurate results. Apart from intrinsically problematic complicated structures

(such as salt bodies and basalt formations) that break the assumption, linear single-scattering

resolves most subsurface structures, or more precisely, it does so in the first order of approx-

86



imation. In general, nonlinear scattering is not the dominant issue, but at the same time, it

is rarely a negligible one. To first order in the perturbation P, image i0 primarily contributes

to image i, and image is makes a secondary contribution. The examples in the next section

demonstrate that image is nonetheless provides amplitude compensation, complementary

illumination, and increased sensitivity to the model parameters. To take advantage of these

qualities of NLRTM, let us consider an analysis based on the separate and comparative in-

terpretation of images i0 and is. To emphasize only structural contrasts in the images, we

decompose images i0 and is into

i0 =
∑

sources

(w
(d)
0,sou ?w(u)

s,rec + w
(u)
0,sou ?w(u)

s,rec

+ w
(d)
0,sou ?w(d)

s,rec + w
(u)
0,sou ?w(d)

s,rec) (4.12)

and

is =
∑

sources

(w(d)
s,sou ?w(u)

s,rec + w(u)
s,sou ?w(u)

s,rec

+ w(d)
s,sou ?w(d)

s,rec + w(u)
s,sou ?w(d)

s,rec), (4.13)

where superscripts (u) and (d) refer to up- and down-going wavefields (w = w(d) + w(u)),

respectively, and redefine these images to keep only the interactions of up- and down-going

wavefields:

i0 =
∑

sources

w
(d)
0,sou ?w(u)

s,rec︸ ︷︷ ︸
i
(d,u)
0

+
∑

sources

w
(u)
0,sou ?w(d)

s,rec︸ ︷︷ ︸
i
(u,d)
0

(4.14)

and

is =
∑

sources

w(d)
s,sou ?w(u)

s,rec︸ ︷︷ ︸
i
(d,u)
s

+
∑

sources

w(u)
s,sou ?w(d)

s,rec︸ ︷︷ ︸
i
(u,d)
s

. (4.15)

The result is the four sub-images i
(d,u)
0 , i

(u,d)
0 , i

(d,u)
s , and i

(u,d)
s that contribute to nonlinear

image i. For example, i
(d,u)
0 denotes the image of the interaction of down-going reference
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wavefield w
(d)
0 and up-going scattered wavefield w

(u)
s,rec. These four sub-images are key for

our analysis. The up/down wavefield decomposition in the imaging condition isolates back-

scattered (including reflected) from forward-scattered (including transmitted) energies. The

redefinition of images i0 and is separates back-scattering from forward-scattering and re-

duces what has been referred to as low-frequency RTM artifacts or “transmission” artifacts

(Liu et al., 2011; Fleury & Vasconcelos, 2012). The modified images i0 and is do not map

exact scattering amplitudes (or energy loss in scattering for crosscorrelation-based imaging)

because forward-scattering is ignored. The goal is to reveal subsurface scattering contrasts

rather than to achieve true amplitude nonlinear scattering-based imaging which, like con-

ventional imaging, has some other intrinsic limitations, such as limited acquisition geome-

try, intrinsic attenuation, anisotropy, or shortcomings in multi-model parameter estimation

(e.g., Gray, 1997; Deng & McMechan, 2007; Virieux & Operto, 2009). The four NLRTM

sub-images of equations (4.14) and (4.15) prove to be of particular interest for seismic inter-

pretation and model sensitivity analysis.

4.4 Strategies for nonlinear reverse-time migration

NLRTM incorporates multiply scattered waves into the imaging process by taking the

fundamental nonlinear relation between model and data into account. The NLRTM sub-

images result from mapping the entire linear and nonlinear scattered data into structurally

coherent seismic events that correspond to the interaction of both singly and multiply scat-

tered waves. The recorded multiply scattered data contain subsurface information that

conventional RTM does not exploit: multiply scattered waves carry additional energy be-

yond that in singly scattered waves, illuminate the subsurface with better coverage than do

singly scattered waves and are more sensitive to the Earth model than are singly scattered

waves. In this section, I first define a strategy for using energy, illumination, and sensitivity

of multiply scattered waves in seismic interpretation. We shall also see that these attributes

of multiply scattered waves are potentially useful for migration velocity analysis. Second, I

illustrate this strategy with a practical application to target-oriented subsalt imaging.
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4.4.1 Energy, illumination, and sensitivity of multiply scattered waves

Sub-images i
(d,u)
0 and i

(u,d)
0 primarily map single scattering events into the subsurface.

These two sub-images mainly result from the illumination and sensitivity of singly scattered

waves. Sub-images i
(d,u)
s and i

(u,d)
s map only multiple scattering events into the subsurface,

and thus provide illumination and sensitivity information from multiply scattered waves. All

sub-images are nontheless representations of the same subsurface structure and must conse-

quently share common structural features. A comparative study of the NLRTM sub-images

therefore provides valuable information for interpretting subsurface structures. Additionally,

the redundancy and consistency between NLRTM sub-images are new appreciable criteria

for migration velocity analysis, which I briefly describe in this document and further exploit

in future studies.

The three synthetic experiments in Figure 4.1 illustrate the fundamental properties of

NLRTM. These experiments, denoted (a-c), emphasize different aspects of the use of NLRTM

sub-images. I use the three models in Figure 4.1 to synthesize the seismic data and then mi-

grate all the data with the same identical reference model (Figure 4.2) which consists of the

velocity in Figure 4.2(a) and the density in Figure 4.2(b). The three experiments share the

density model in Figure 4.1(d). Experiment (a) corresponds to having a correct migration

velocity model (Figure 4.1(a)). Experiments (b) and (c) correspond to having an incorrect

migration velocity model with either a strong localized anomaly (missing high-velocity lens

in Figure 4.1(b)) or a weak diffused anomaly (missing low-velocity zone in Figure 4.1(c)),

respectively. Despite these small velocity anomalies, the conventional RTM images in all

three experiments provide an interpretable image of the density-constrast reflector (for ex-

ample, see the RTM image in Figure 4.3 for experiment (a)). After estimating the focus

quality at the point scatterer, one might question the reliability of the interpretation of the

point scatterer especially for experiments (b) and (c). Based on this interpretation of the

conventional RTM images, I create scattering model estimate ∆mest (Figure 4.4), which

contains the interpreted density reflector in Figure 4.4(b) and leaves out the point scatterer
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s

(a) Velocity model c0 + ∆c

s

(b) Velocity model c0 + ∆c

ss

(c) Velocity model c0 + ∆c (d) Density model ρ0 + ∆ρ

Figure 4.1: Model m0+∆m = (ρ0+∆ρ, c0+∆c) for experiments (a) point-scatterer velocity
model, (b) high-velocity lens and point-scatterer velocity model, and (c) low-velocity zone
and point scatterer velocity model. Two-layer density model (d) is the same for all three
experiments. The red dots and green line indicate the fixed-spread source/receiver geometry.

(a) Velocity model c0 (b) Density model ρ0

Figure 4.2: Migration model m0 = (ρ0, c0): (a) smooth background velocity model and (b)
smooth density model are common to the three experiments of Figure 4.1. The red dots and
green line indicate the fixed-spread source/receiver geometry.
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Figure 4.3: Conventional RTM image for experiment (a) with interpreted features indicated
with green symbols: the line identifies the density reflector, the box corresponds to the region
where the point scatterer is located, and the arrow denotes the presence of a multiple of the
point scatterer.

(a) Velocity model ∆cest (b) Density model ∆ρest

Figure 4.4: Model ∆mest = (∆ρest,∆cest): (a) velocity-contrast estimate model and (b)
density-contrast estimate model designed based on the interpretation of the RTM image of
Figure 4.3. The red dots and green line indicate the fixed-spread source/receiver geometry.
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in Figure 4.4(a). Model ∆mest defines the perturbation operator Pest used in the modified

extrapolation procedure of NLRTM. For the three experiments, let us focus our attention

on the reconstruction of the image of the point scatterer. Figure 4.5 to Figure 4.7 show the

NLRTM sub-images of the point scatterer (region of interest indicated by the square box

of Figure 4.3) corresponding to experiments (a) through (c), respectively. In these figures,

arrows provide a schematic representation of the direction of illumination resulting from up-

and down-going reference and scattered wavefields. Sub-images i
(u,d)
0 and i

(d,u)
s (shown in

Figure 4.5(c) and Figure 4.5(d) for experiment (a)) are discarded in the analysis because

wavefields w
(u)
0,sou and w

(d)
s,sou, which contribute to sub-images i

(u,d)
0 and i

(d,u)
s , do not illumi-

nate the point scatterer. These two sub-images are therefore identically zero at the point

scatterer and do not contribute to its image.

For experiment (a), sub-images i
(d,u)
0 and i

(u,d)
s (Figure 4.5(a) and Figure 4.5(b), respec-

tively) show focusing of the scattered energy at the correct location of the point scatterer,

that is at the location of the scatterer (indicated by the blue dot) with the tolerance of a

small vertical variation due to the spatial extent of the point scatterer (modeled by a local-

ized gaussian anomaly). With the correct velocity model, NLRTM accurately maps both

singly and multiply scattered energy. This consistency between sub-images i
(d,u)
0 and i

(u,d)
s

is valuable information to ensure correct interpretation of the seismic image of the point

scatterer. In sub-image i
(d,u)
0 , reference wavefield w

(d)
0,sou illuminates the point scatterer from

above, and, in sub-image i
(u,d)
s , scattered wavefield w

(u)
s,sou illuminates the point scatterer

from below. NLRTM provides extra illumination (represented by arrows in Figure 4.5) of

the subsurface. Experiment (a) thus illustrates how to utilize energy and illumination of

multiply scattered waves to provide extra information about the subsurface for advanced

seismic interpretation.

For experiment (b), the high-velocity lens causes the point scatterer to be focused at the

incorrect location in depth in sub-image i
(d,u)
0 (Figure 4.6(a)) but does not misposition the

reconstructed point scatterer in sub-image i
(u,d)
s (Figure 4.6(b)) because wavefields w

(d)
0,sou and
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Figure 4.5: NLRTM sub-images for experiment (a): (a) sub-image i
(d,u)
0 and (b) sub-image

i
(u,d)
s utilizes extra-illumination from multiply scattered energy. Because of the lack of illu-

mination, neither (c) sub-image i
(u,d)
0 nor (d) sub-image i

(d,u)
s contribute to the image of the

point scatterer.
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Figure 4.6: NLRTM sub-images for experiment (b): contrary to (a) sub-image i
(d,u)
0 , (b)

sub-image i
(u,d)
s focuses scatterered energy at the correct location of the scatterer and shows

almost no sensitivity to the presence of the velocity lens.
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Figure 4.7: NLRTM sub-images for experiment (c): contrary to (a) sub-image i
(d,u)
0 , (b) sub-

image i
(u,d)
s is sensitive to the low-velocity anomaly and shows severe defocusing of scatterered

energy at the scatterer location.
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w
(u)
s,rec, in contrast to wavefields w

(u)
s,sou and w

(d)
s,rec, are sensitive to the high-velocity lens. For

experiment (c), these observations are reversed. The velocity anomaly caused by the low-

velocity zone does not affect sub-image i
(d,u)
0 (Figure 4.7(a)) but causes the multiply scattered

energy by the point scatterer to defocus in sub-image i
(u,d)
s (Figure 4.7(b)) because, contrary

to wavefields w
(d)
0,sou and w

(u)
s,rec, wavefields w

(u)
s,sou and w

(d)
s,rec are sensitive to the low-velocity

zone. With an incorrect velocity model, NLRTM does not simultaneously map singly and

multiply scattered energy with accuracy. Comparing sub-images i
(d,u)
0 and i

(u,d)
s thus provides

a diagnostic for interpreting the reliability of the reconstruction of the point scatterer. For

both experiments, sub-images i
(d,u)
0 and i

(u,d)
s apply different illumination (represented by

arrows in Figure 4.6 and Figure 4.7) for mapping the point scatterer in depth. At the point

scatterer location, the incident and scattered wavefields that contribute to either sub-images

i
(d,u)
0 or i

(u,d)
s propagate through different parts of the model and consequently do not exhibit

the same sensitivity to the model. Experiments (b) and (c) demonstrate how illumination

and sensitivity of multiply scattered waves control the quality of the interpretation of a

seismic image. The gain in sensitivity that comes from the use of multiply scattered waves

in NLRTM also provides valuable information to cross-validate the accuracy of a given

migration velocity model. Discrepancies between NLRTM sub-images are potentially usable

for velocity model building by setting an inverse problem to penalize such discrepancies in

the image space (e.g., de Hoop et al., 2006; Symes, 2008b, 2009) in a fashion similar to that

in image-domain waveform tomography (e.g., Sava & Biondi, 2004; Shen & Symes, 2008;

Yang & Sava, 2011).

4.4.2 Target-oriented subsalt imaging

For the Sigsbee 2A model (Paffenholz et al., 2002), let us consider synthetic marine data

generated using time-domain finite-difference modelling with the acquisition geometry and

stratigraphic model shown in Figure 4.8. Figure 4.9 shows the migration velocity model,

which contains interpreted hard salt boundaries. Conventional RTM migration provides

the two images in Figure 4.10. Subsalt imaging is challenging because of the structural
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Figure 4.8: Sigsbee stratigraphic model c0 + ∆c. The red and purples lines indicate the
constant-offset source/receiver geometry.

Figure 4.9: Sigsbee migration-velocity model c0. The red and purples lines indicate the
constant-offset source/receiver geometry.
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complexity of salt bodies, which leads to the general lack of illumination below salt (e.g.,

Muerdter & Ratcliff, 2001; Leveille et al., 2011). Energy, illumination, and sensitivity of

multiply scattered waves are of potential interest for such a complex scattering geologic

environment. The synthetic subsalt example of this subsection shows the efficacy of seismic

interpretation based on NLRTM sub-images. A crosscorrelation-based imaging condition

(a) Global image

(b) Image of the region of interest

Figure 4.10: Conventional RTM Sigsbee images: (a) global crosscorrelation-based RTM im-
age and (b) deconvolution-based RTM image in the region of interest. A Laplacian filter has
attenuated the low-frequency artifacts typical of RTM in image (a). The poorly illuminated
subsalt area indicated by the green box in sub-figure (a) defines the region of interest.
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Figure 4.11: Sigsbee velocity model ∆cest: estimate obtained by amplitude scaling of the
conventional RTM image in Figure 4.10(a). The red and purples lines indicate the constant-
offset source/receiver geometry.

yields the image in Figure 4.10(a). A Laplacian filter has been applied to the image in

Figure 4.10(a) to reduce the low-frequency RTM artifacts commonly observed on the top of

the salt body. After interpreting this image, let us notice poorly illuminated areas below the

salt body and select the region of interest indicated by the green box in Figure 4.10(a) as the

target region for improving the image quality and resolving ambiguities in this subsalt area

after application of the NLRTM method. For comparison, Figure 4.10(b) is a conventional

RTM image in the region of interest using a deconvolution-based imaging condition. I use a

crosscorrelation-based imaging condition for the image in Figure 4.10(a) in order to build an

estimate of perturbation model ∆m with an automatic algorithm-based method. Gradient-

based data-domain misfit inversion methods, such as in FWI, require scaling of the gradient

for model updating at each iteration (e.g., Pratt et al., 1998). Using a scaling function that is

similar to the one used in FWI, I scale the image in Figure 4.10(a) to obtain model estimate

∆mest (Figure 4.11) for use in NLRTM.
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NLRTM produces the sub-images in Figure 4.12. Sub-image i
(d,u)
0 (Figure 4.12(a)) ex-

hibits almost identical structure and only slightly different amplitude as compared to the

conventional image (Figure 4.10(b)). The illumination is relatively poor below the salt body

in the central part of sub-image i
(d,u)
0 (Figure 4.12(a)). Sub-image i

(u,d)
0 (Figure 4.12(b)) does

not help to resolve this part of the image because reference wavefield w
(u)
0,sou carries no up-

going energy and therefore does not illuminate structures below salt. In contrast, sub-images

i
(d,u)
s and i

(u,d)
s provide additional valuable information about the targeted subsalt area. Sub-

image i
(d,u)
s (Figure 4.12(c)) maps the interaction of down-going scattered wavefield w

(d)
s,sou

with up-going scattered wavefield w
(u)
s,rec. The down-going transmitted energy of direct and

multiple waves in wavefield w
(d)
s,sou illuminates the same subsalt region as energy of the di-

rect waves in wavefield w
(d)
0,sou. In this aspect, the information carried about the subsurface

structure is somehow redundant. Wavefield ws,sou, however, carries extra information and is

more sensitive to the velocity model because of its higher order of scattering interaction. By

extension, for an accurate velocity model, sub-image i
(d,u)
s must exhibit structure similar to

that of sub-image i
(d,u)
0 and potentially better illumination. The comparison of the images in

Figure 4.12(a) and Figure 4.12(c) shows this consistency and gives confidence for interpreting

these images. Sub-image i
(u,d)
s (Figure 4.12(d)) maps the interaction of up-going scattered

wavefield w
(u)
s,sou with down-going scattered wavefield w

(d)
s,rec. The up-going reflected energy

in wavefield w
(u)
s,sou provides additional illumination and helps to improve the resolution of

subsalt structures. Interestingly, structures that might be masked when illuminated from

above might be observable from below. As shown in the previous sub-section, sub-image

i
(u,d)
s also exhibits sensitivity to the velocity model that is complementary to the sensitivity

of the other three NLRTM sub-images. New and redundant structural information contained

in sub-image i
(u,d)
s facilitates more detailed seismic interpretation of the subsalt target. The

coherent structures in sub-image i
(u,d)
s are similar to those present in sub-images i

(d,u)
0 and

i
(d,u)
s . This consistency is further evidence that migration velocity model c0 (Figure 4.9)

is accurate. Sub-image i
(u,d)
s also shows better coherence of poorly illuminated reflectors
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Figure 4.12: Sigsbee NLRTM sub-images in the region of interest: the consistency between
(a) sub-image i

(d,u)
0 , (b) sub-image i

(u,d)
0 , (c) sub-image i

(d,u)
s , and (d) sub-image i

(u,d)
s helps

the seismic interpretation of the RTM images in Figure 4.10. The green lines indicates two
faults of interest.
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and reveals additional features in the image. For example, the sediment layering across the

two faults (shown as lines in Figure 4.12) is more visible. Comparative study of NLRTM

sub-images thus helps in interpreting subsalt images in poorly illuminated areas.

4.5 Conclusions

The strategy for nonlinear reverse-time migration (NLRTM) here outlines the potentials

of utilizing the energy, illumination, and sensitivity of multiply scattered waves in seismic

imaging. The nonlinear relation between seismic model and data is key to incorporating

multiply scattered waves into reverse-time migration. To take account of this nonlinear

relation, the method estimates a scattering contrast model, modifies wavefield extrapolation,

and extends the concept of the imaging condition. As a result, NLRTM outputs a panel

of four nonlinear sub-images that represent the same subsurface structure from different

aspects. It is possible to combine these four sub-images into a single nonlinear image of

the subsurface, but this operation is nontrivial and must be adaptive to account for the

amplitude variations across sub-images.

A comparative analysis of these nonlinear sub-images is a tool for both interpretation and

possibly model sensitivity analysis. The target-oriented subsalt imaging example here illus-

trates the application of NLRTM: each NLRTM sub-image emphasizes different illumination

of the subsurface structure, which results in additional information for the description of geo-

logical subsurface features. The consistency between redundant information across different

sub-images gives a more confident assessment for seismic interpretation.

This same consistency criterion reveals the gain in sensitivity to model parameters that

comes from the use of multiply scattered waves. In the future, I intend to use this extra

sensitivity to develop new algorithms for migration velocity analysis. Current tools for

migration velocity analysis rely on assessing the quality of focus of conventional linear images.

These techniques should be comparably applicable to the more sensitive nonlinear sub-

images of NLRTM and should additionally benefit from the introduction of a new consistency

criterion among sub-images.
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CHAPTER 5

ADJOINT REVERSE-TIME MIGRATION FOR MULTI-COMPONENT MARINE

SEISMIC DATA

Clement Fleury1,2, and Ivan Vasconcelos3

Submitted to Geophysics in 2012

5.1 Abstract

Recent advances in marine seismic acquisition allow for the recording of four-component

(4C) seismic data from dual-source configurations, i.e., using monopole as well as dipole

sources. Vector-acoustic (VA) reverse-time migration methods can be designed to accu-

rately handle amplitude and directivity information from 4C seismic data. We describe a

novel method for multicomponent reverse-time migration that is based on the adjoint-state

formulation using the full vector-acoustic wave equations for pressure and corresponding

displacement fields. This method takes advantage of the directional finite-frequency infor-

mation contained in the 4C acoustic fields by using source and receiver weighting operators

in the adjoint-state imaging scheme. With this adjoint-state method, the source and receiver

radiation properties for vector-acoustic depth imaging are custom-designed by choosing spe-

cific weighting operators. In the examples presented in this paper, weighting operators are

chosen so that both source- and receiver-side ghost energies are jointly migrated with pri-

mary energy. Because the dipole field components (e.g., components of particle displacement

or acceleration) are proportional to the spatial gradient components of the pressure field, our

method is in fact a formulation for reverse-time map migration which images pressure fields

while jointly using the directional information contained in its full 3C gradients. As a result,

1Center for wave phenomena, Colorado School of Mines
2Primary researcher and author
3Schlumberger Cambridge Research
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our reverse-time 4C map migration method yields reduced aperture- and sampling-related

artifacts when compared to imaging of the pressure-only or 2C seismic data. In addition,

our method sets a framework for full-waveform inversion (FWI) using the dual-source 4C

seismic data. We demonstrate our findings with synthetic data, including a subsalt imaging

example.

5.2 Introduction

In recent years, marine seismic acquisition has seen the introduction of dual-field acoustic

systems. Seismic streamer technology is now able to combine pressure and three-component

displacement measurements (Robertsson et al., 2008). These new acquisition developments

lead to novel data-domain processing techniques for noise attenuation (Cambois et al., 2009),

signal interpolation (Vassallo et al., 2010), 3D deghosting (Ozbek et al., 2010), or multiple

attenuation/separation (Frijlink et al., 2011). In parallel, novel dual-source technology com-

bines both monopole and dipole marine sources (Robertsson et al., 2012). These multisource

multicomponent acquisition systems directly impact the development of depth imaging meth-

ods.

Reverse-Time Migration (RTM) (Baysal et al., 1983; McMechan, 2006) is a standard

and powerful depth imaging method of today’s industry. In this manuscript, we adapt con-

ventional RTM technology to benefit from new acquisition systems with multi-component

sources and receivers. In their recent work, Vasconcelos (2011) and Vasconcelos et al. (2012)

utilize the directional and dynamic information of dual-source dual-field acoustic data in a

vector-acoustic reverse-time imaging method (VARTM) that handles ghost and multiple en-

ergy, but does not easily utilize directional information contained in the horizontal gradient

data. The horizontal gradient data contain useful additional information for imaging, as used

in, e.g., map migration methods (Kleyn, 1977; Douma & Hoop, 2006) or stereotomographic

methods (Billette & Lambaré, 1998). To make use of the 3C gradient data in arbitrary

acquisition configurations, we propose an alternative VARTM method for the 4C dual-field

seismic data, which is ultimately a formulation for reverse-time map migration. RTM meth-
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ods relate to the gradient computation for full waveform inversion (FWI) (Tarantola, 1984;

Symes, 2009). Recent advances in FWI are possible sources of inspiration for adapting the

conventional RTM method, and vice-versa. As a result, we use the adjoint-state formulation

(e.g., Liu & Tromp, 2006; Plessix, 2006) to design our VARTM method.

First, we show how to utilize the adjoint-state method to formulate the VARTM method

for the 4C dual-field data. We present the general theory and develop a strategy for ex-

trapolating directionally balanced wavefields as in a two-way time-domain finite-frequency

version of map migration. Second, we exploit the capability of our VARTM method for ma-

rine seismic imaging. In a synthetic subsalt imaging experiment, we show, for example, how

our method results in automatically handling the ghost energy recorded in marine seismic

data. Finally, we follow up with some discussions and conclusions.

5.3 Adjoint vector-acoustic reverse-time migration

The division of Earth properties into subdomains of short and long wavelengths justifies

the use of the smooth model m perturbed by the rough model δm in seismic migration

(Jannane et al., 1989). Migrating the seismic data d in the subsurface with smooth model

m results in producing the image I which is a representation of model δm. For simplicity,

we use an acoustic representation of the Earth,

m =

(
κ
ρ

)
, (5.1)

where κ and ρ are compressibility and density, respectively. RTM images closely related to

finite-frequency sensitivity kernels used in the full waveform inversion (e.g., Tarantola, 1984;

Luo et al., 2009). Following this same interpretation, we use the adjoint-state method (e.g.,

Liu & Tromp, 2006; Plessix, 2006) for constructing seismic images. Novel source technology

allows for the use of multi-component pressure q and point-force f sources, i.e.,

s =

(
q
f

)
. (5.2)
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With the existing technology, the pressure-component sources sq and force-component sources

sf of these multi-component source acquisition are separately triggered, i.e.,

sq =

(
q
0

)
(5.3)

and

sf =

(
0
f

)
. (5.4)

Novel acquisition systems provide the 4C dual-field acoustic data (pressure p and displace-

ment u fields) at receivers xr for the paired pressure and point-force sources xs, i.e.,

dq,f =

(
precq,f
urecq,f

)
with urecq,f = (urecq,f ;x, u

rec
q,f ;y, u

rec
q,f ;z). (5.5)

We adapt the adjoint state method for taking advantage of these new dual-source dual-field

acoustic data.

Migration within the adjoint state method defines images in terms of sensitivity kernels

(e.g., Symes, 2007; Douma et al., 2010). Sensitivity kernels are components of the gradient of

the data-domain misfit function J . Misfist function J is specific to the minimization problem

one wants to solve. These sensitivity kernels are computed by operating on the state wavefield

wq,f , calculated by forward propagating in time an estimate of the source function sq,f from

source location xs, and the adjoint wavefield w†q,f , calculated by backward propagating in

time the adjoint source s†q,f from all receivers xr. These operations are repeated for each shot

and these individual sensitivity kernels are stacked together. Wavefields wq,f and w†q,f are

analogous to the “source” and “receiver” wavefields also used to describe migration. State

wavefield wq,f ,

wq,f =

(
pq,f
uq,f

)
with uq,f = (uq,f ;x, uq,f ;y, uq,f ;z), (5.6)

is a solution of the state wave equation
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Lwq,f = sq,f , (5.7)

where the wave propagation operator is

L =

 I κ−1∇·

∇ ρ
∂2

∂t2

 , where κ = κ(x) and ρ = ρ(x). (5.8)

For our specific problem, we specify zero initial conditions,

wq,f (x,xs, t = 0) = 0 and
∂

∂t
wq,f (x,xs, t = 0) = 0 for all x and xs, (5.9)

and free surface boundary condition

(
1
0

)
·wq,f (x ∈ δΩ,xs, t) = 0. (5.10)

These conditions are not restrictions, and the adjoint state method applies to other initial

and boundary conditions (e.g., Liu & Tromp, 2006). Adjoint wavefield w†q,f ,

w†q,f =

(
p†q,f
u†q,f

)
with u† = (u†q,f ;x, u

†
q,f ;y, u

†
q,f ;z), (5.11)

satisfies the adjoint wave equation

L†w†q,f = s†q,f (5.12)

where the adjoint wave propagation operator is

L† =

 I −∇·

−∇(κ−1) ρ
∂2

∂t2

 , (5.13)

with adjoint initial conditions
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w†q,f (x,xs, t = 0) = 0 and
∂

∂t
w†q,f (x,xs, t = 0) = 0 for all x and xs, (5.14)

and adjoint boundary condition

(
1
0

)
·w†q,f (x ∈ δΩ,xs, t) = 0. (5.15)

Adjoint source s†q,f ,

s†q,f (dq,f ) =

(
q†q,f (dq,f )

f †q,f (dq,f )

)
, (5.16)

controls the computation of adjoint wavefield w†q,f . Adjoint source s†q,f is a function of misfit

function J . Because different misfit functions lead to different adjoint sources, the selection of

misfit function J is key to the success of the VARTM method. This choice is not unique but

goal-dependent. For example, one’s goal may be to use the directional dynamic information

contained in 4C dual-field data. A candidate for misfit function J is

J =
1

2

∑
s,r

∫ T

0

‖wq(xr,xs, t)− dq(xr,xs, t)‖22 + ‖wf (xr,xs, t)− df (xr,xs, t)‖22dt. (5.17)

The objective function of equation (5.17) corresponds to minimizing the residual between

the acquired data dq,f (xr,xs, t) and the modeled data wq,f (xr,xs, t) for different shot ex-

periments. The components of the dual-field state wavefield wq,f have different physical

quantities (e.g., pressure and displacement) and cannot be directly compared one to an-

other. This objective function is algebraically but not physically well-defined. Additionally,

the different source components sq,f (e.g., pressure and force) of the dual-sources may not be

equivalent in total output power so that all of the data dq,f may not carry the same signifi-

cance for the inverse problem. We introduce the linear weighting operators Ws (dimension

1× 2) and Wr (dimension 4× 4) to define a weighted misfit function
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J =
1

2

∑
s,r

Ws

(∫ T
0
‖Wr[wq(xr,xs, t)− dq(xr,xs, t)]‖22dt∫ T

0
‖Wr[wf (xr,xs, t)− df (xr,xs, t)]‖22dt

)
. (5.18)

The corresponding adjoint sources for shot-profile imaging are

s†q,f (x,xs, t) =
∑
r

W†
rWr[wq,f (xr,xs, T − t)− dq,f (xr,xs, T − t)]δ(x− xr), (5.19)

because the adjoint wavefield numerical simulation is performed before the source weighting

(application of operator Ws) in our scheme.

The 4C seismic data provide a more accurate description of the wave state at a particular

space and time locus because recording these dual-field acoustic data is equivalent to knowing

both pressure and its gradient at the receiver locations, e.g.,

(
p
u

)
=

(
p∫

t

∫
t
ρ−1∇pdtdt

)
. (5.20)

The 4C seismic data contain directional dynamic information that is absent from the con-

ventional pressure or 2C seismic data. Map migration techniques have been investigated to

incorporate such receiver-directional information (as slope estimate) into a ray-based migra-

tion process. The adjoint VARTM method offers as a natural finite-frequency extension of

map migration. By taking advantage of the receiver-directional information of the 4C seis-

mic data, our formulation extrapolates the finite-frequency seismic data with directionally

balanced energy by selecting the appropriate weighting operators Wr. We utilize the 4C

dual-field data by choosing Wr according to equation (5.21) so that misfit function J has

both consistent physical dimensions and balanced magnitudes.

Wr =

[√
κ 0T

0
√
ρ
∂

∂t
I

]
. (5.21)

The corresponding weighted data residual Wr[wq,f−dq,f ](xr,xs, t) has components with uni-

form physical dimensions ([M ]
1
2 [L]−

1
2 [T ]−1) and with comparable magnitudes. This choice
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of weighting operator Wr yields the use of directional information recorded by the 3C dis-

placement acoustic data. From equation (5.19), the associated adjoint source s†q,f has the

following components:

q
†
q,f (x,xs, t) =

∑
r κ(xr)[pq,f (xr,xs, T − t)− precq,f (xr,xs, T − t)]δ(x− xr)

f †q,f (x,xs, t) = −2
∑

r ρ(xr)
∂2

∂t2
[uq,f (xr,xs, T − t)− urecq,f (xr,xs, T − t)]δ(x− xr)

.

(5.22)

The physical interpretation of equation (5.22) yields the pressure misfit

[pq,f − precq,f ](xr,xs, t) being injected as the equivalent strain q†q,f and the displacement misfit

[dq,f − drecq,f ](xr,xs, t) being injected as the equivalent acceleration force f †q,f in the adjoint

wavefield calculation.

Once state and adjoint wavefields wq,f and w†q,f are computed from the equations (5.7)

and (5.12), we form the partial RTM image Iq,f as the individual contribution of source

sq,f to the gradient of objective function J with respect to normalized change in impedance

Z =

√
ρ

κ
for constant velocity c =

√
1

ρκ
(Douma et al., 2010). In terms of the model

parametrization (κ, ρ),

Iq,f =
1

2
Kq,f ;lnκ +

1

2
Kq,f ;lnρ (5.23)

where the sensitivity kernels Kq,f ;lnκ and Kq,f ;lnρ are explicitly computed as

Kq,f ;lnκ(x) =

∫ T

0

p†q,f (x,xs, t)pq,f (x,xs, t)dt (5.24)

and

Kq,f ;lnρ(x) =

∫ T

0

ρ(x)u†q,f (x,xs, t) ·
∂2

∂t2
uq,f (x,xs, t)dt. (5.25)

With our compact notation, this reads as
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Iq,f =
1

2

∫ T

0

w†q,f ·

1 0T

0 ρ
∂2

∂t2
I

wq,fdt, (5.26)

where state and adjoint fields wq,f and w†q,f are solutions of the equations (5.7) and (5.12).

The final RTM image I results from the weighted sum of all partial images Iq,f :

I =
∑
s

Ws

(
Iq
If

)
. (5.27)

The dual-source data record the Earth’s impulse responses excited by complementary

source mechanisms. In the dual-source acquisition, pressure source sq and point-force source

sf have different radiation patterns (Fokkema & Van den Berg, 1993). Source-directional

balancing results from the choice of operator Ws so that the dual sources have normalized

energy contribution:

Ws =
[
E−1
q E−1

f

]
, (5.28)

where the variables Eq,f are the energies radiated by pressure source sq and point-force source

sf , i.e., in terms of source functions (e.g., Kanamori, 2007),

Eq =
1

4πρc5

∫ +∞

0

[
∂2

∂t2
q(t)]2dt, (5.29)

and

Ef =
1

12πρc3

∫ +∞

0

‖ ∂
∂t

f(t)‖22dt. (5.30)

Selecting the direction of point-force source sf is to a certain extent equivalent to controlling

the gradient direction of pressure source sq. Having both pressure and point-force sources at

the same location with balanced energies (resulting from adequate choice weighting operator

Ws) enables source-directionality in imaging once summing the partial images Iq,f corre-
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sponding to each source mechanism according to equation (5.27) for RTM image I. This

concept extends to other types of source mechanism. The diagram in Figure 5.1 summarizes

and describes the different steps of the adjoint VARTM procedure using the terminology

associated with conventional imaging.

Source-side
extrapolation

Receiver-side
extrapolationImaging

sq =

(
q
0

)

sf =

(
0
f

)
wq =

(
pq
uq

)

wf =

(
pf
uf

)
s†q =

(
q†q
f †q

)

s†f =

(
q†f
f †f

)
dq =

(
precq

urec
q

)

df =

(
precf

urec
f

)
w†

q =

(
p†q
u†
q

)

w†
f =

(
p†f
u†
f

)
Iq

If

I

WS weighting

+

WR weightingL† modelingL modeling

Imaging condition

Figure 5.1: Diagramatic description of the adjoint VARTM procedure using conventional
imaging terminology.

To assess the effects of directional balancing on RTM images, we show the impulse re-

sponse of the adjoint VARTM engine. We consider the acoustic model in Figure 5.2. Because

the examples in this paper are two-dimensional, we deal with 3C dual-field seismic data, i.e.

pressure and 2D displacement seismic data. Our observations and results extend to the

three dimensional experiments. Figure 5.3 shows the RTM impulse responses for different

source mechanisms and different data types in this single source - single receiver config-

uration. We also compare the VARTM impulse responses to conventional RTM impulse

responses to illustrate the advantage of using the dual-source dual-field acoustic data with

source- and receiver-directional balancing. In Figure 5.3, each individual image exhibits a

finite-frequency elliptical shape corresponding to the depth-imaged isochron of travel-time
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Figure 5.2: Single-scatterer adjoint VARTM impulse responses for single source – single
receiver configuration: velocity model. A single source o and single receiver x are placed in
a constant velocity background m perturbed by a point scatterer δm. The source is either
pressure sq, vertical point-force sfz , or horizontal point-force sfx pulse with a Ricker wavelet
at central frequency f = 30Hz. The receiver records either 1C pressure data d = (prec,0) or
3C dual-field data d = (prec,urec).

equal to that of the wave scattered by the point scatterer of Figure 5.2. These images how-

ever differ one from another in term of the distribution of energy along this surface. The

images in Figure 5.3(b), Figure 5.3(d), Figure 5.3(f), and Figure 5.3(h) (left column in Fig-

ure 5.3) show better energy focus at the bottom left of this elliptical shape where the true

scatterer is located (indicated by the light blue circle) than their respective images (with

same source mechanism) in Figure 5.3(a), Figure 5.3(c), Figure 5.3(e), and Figure 5.3(g)

(right column in Figure 5.3). In comparison to the use fo 1C pressure data, the use of 3C

dual-field data with receiver-directional balanced energy provides additional directivity to

the adjoint wavefield. By extension, the gain in directivity in the adjoint wavefields yields

additional directivity to the impulse responses observed in the bottom row in Figure 5.3.

The two bottom images in Figure 5.3 show the effect of source-directional balanced energy

on the RTM impulse responses. These two images result from the weighted sum of the other

images in their respective columns in Figure 5.3 which are obtained for different sources

including a pressure source sq and two point-force sources sfx and sfz . Image Figure 5.3(h)

illustrates how source-directional balancing applies to the 3C dual-field data while image

Figure 5.3(g) shows how it applies to 1C pressure data. In both cases, source-directional

balancing improves the energy distribution in the region of the point scatterer, but this is the
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(h) d = (prec,urec); s =
{sq, sfz , sfx}

Figure 5.3: Single-scatterer adjoint VARTM impulse responses for single source – single
receiver configuration: 1C pressure data (left column) vs. 3C pressure-displacement data
(right column) with receiver-directional balancing for (a) and (b) pressure source, (c) and
(d) vertical point-force source, (e) and (f) horizontal point-force source, and (g) and (h)
dual-source configuration. The cyan circle and green square denote the source and receiver
positions, respectively. The blue circle marks the location of the scatterer.
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most pronounced when displacement data are included (Figure 5.3(h)). Taking advantage

of all directional information, the combinaison of source- and receiver-directional balancing

maximizes the localized energy distribution at the point scatterer along the ellipse of the

RTM impulse response. This simple synthetic example shows the gain in directional sensitiv-

ity that our adjoint VARTM method provides. We further exploit this fundamental property

of our method in its application presented in the next section.

Note that we use an acoustic formulation because our primary focus is marine seismic

imaging. Sources and receivers being placed in water, acoustic models are sufficient to dis-

cribe the wave propagation in this primary medium. Our results are applicable to elastic

migrations in a straighforward manner: first, by using the following mapping between acous-

tic and elastic state wavefields in water:

wacoustic =

(
p
u

)
→ welastic =

(
σ
u

)
with σ = pδ, (5.31)

and, second, by modifying the adjoint state formulation accordingly.

5.4 Applications to marine seismic imaging

The directional sensitivity gained from directional balancing makes the adjoint VARTM

method appear to be an finite-frequency extension of map migration to RTM. A direct ap-

plication to marine seismic imaging is dealiasing and properly handling of ghost energy. The

marine data typically suffer from what is commonly referred to as “ghosts” generated at the

water free surface (Schneider et al., 1964; Ziolkowski, 1971). The marine data usually sub-

sample wavefield recordings in the shot direction leading to aliasing effects. Our reverse-time

map migration reduces aliasing artifacts and accounts for ghost energy in the imaging pro-

cess (both during the wavefield extrapolation and the imaging condition) leading to reduced

artifacts in the image space. First, we describe the advantages of our method, and second,

we show how its properties apply to imaging the SEG Advanced Modeling (SEAM) dataset.
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5.4.1 Advantages of directional balancing for marine seismic imaging

We next consider the synthetic example in Figure 5.4. In this single dual-source – dual-

sensor receiver array experiment, we image a single point scatterer to estimate the impulse

response of the adjoint VARTM engine. We reiterate that the examples of this section are

two-dimensional but that the results extend to the three dimensional experiments.

Figure 5.4: Single-scatterer adjoint VARTM impulse responses for single source – receiver
array configuration: geometry and velocity model. A single source o and a line of receivers
x are placed in a constant velocity background m perturbed by a point scatterer δm. The
source is either pressure sq or vertical point-force sfz pulse with a Ricker wavelet at central
frequency f = 30Hz. The receiver records either 1C pressure data d = (prec,0) or 3C dual-
field data d = (prec,urec). The source is 12 meters below the free-surface and the receivers
are 18 meters below. Receiver spacing is 40 meters and chosen so that the recorded wavefields
are spatially aliased.

Figure 5.5 provides a snapshot of the adjoint wavefield extrapolated by adjoint VARTM

and illustrates the dealiasing property of our method. The adjoint VARTM wavefield ex-

trapolation reduces the aliasing caused by the spatial sub-sampling of the marine seismic

data for reasons that we explain later. The adjoint VARTM also sharpens the wavelet during

the adjoint wavefield extrapolation from handling the receiver-side ghosts. The dual-field

seismic data preserve the directional information contained in both direct and ghost energies

scattered by the point scatterer. The receiver-directional balancing controls the direction

and phase delay in the injection of direct and ghost energies in the adjoint wavefield. The

direct scattered energy is injected as down-going wavefield and the ghost scattered energy

is injected as up-going wavefield with a time-delay corresponding to the difference of travel-
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Figure 5.5: Single-scatterer adjoint VARTM impulse responses for single source – receiver
array configuration: adjoint wavefield extrapolation. Snapshots of the adjoint wavefields at
48 milliseconds for (a) 1C pressure data, (b) 2C pressure-vertical displacement data, and (c)
3C pressure-displacement data.
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time between direct and ghost arrivals. Given an acquisition geometry, the adjoint VARTM

wavefield extrapolation simulates an equivalent adjoint RTM wavefield extrapolation with a

spatially denser acquisition geometry by introducing equivalent virtual receivers (see diagram

in Figure 5.6). These virtual receivers make the ghost wavefields fill the gaps in the up-going

direct wavefields and emulate the increased spatial sampling of the subsurface wavefields.

Figure 5.5(a) represents the aliased and distorted wavefield obtained by only using the 1C

pressure data without pre-processing to remove ghost arrivals. The use of the 2C pressure

and vertical displacement data reduces the aliasing effect and recovers the temporal band-

width of the wavelet of the scattered wavefield in Figure 5.5(b). By using the 3C pressure

and displacement data, the dealiasing and deghosting effects are enhanced in Figure 5.5(c).

It is especially noticeable for nearly horizontally travelling waves. As with conventional map

migration, the wavefield is better behaved at steep dips due to the use of the horizontal

displacement data.

: direct arrival
: ghost arrival

: virtual receiver
: true receiver

free surface

Figure 5.6: Single-scatterer adjoint VARTM impulse responses for single source – receiver
array configuration: diagram of the equivalent virtual receivers for the adjoint VARTM
wavefield extrapolation. Ozbek et al. (2010) use this concept of the virtual receiver to design
their joint interpolation and up/down separation algorithm.

The dealiasing and sharpening properties of the VARTM wavefield extrapolation result

in improvements in the image. The adjoint VARTM provides increased spatial bandwidth
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and resolution because the method accurately handles the propagation of the receiver-side

ghost data. Figure 5.7 shows the different contributions to the final impulse response of

the adjoint VARTM engine and compare this impulse response with the impulse response of

the conventional RTM engine. The scattered receiver-side ghost and direct energies in the

adjoint wavefield simultaniously propagate in the synthetic model in Figure 5.4 and focuses

at the exact location of the point scatterer. Without additional data processing, the adjoint

extrapolation with receiver-directional balancing increases the spatial bandwith of the RTM

impulse response and reduces the ambiguity on the scatterer location caused by the receiver

ghost. It is important to notice that the adjoint VARTM does not filter out the receiver-

side ghost energy but utilizes this energy to resolve the position of the point scatterer.

This gain in resolution is observable in the comparison of Figure 5.7(b) and Figure 5.7(c)

with Figure 5.7(a). The use of the vertical displacement and pressure data provides better

resolution than the use of the pressure data only. The improvement in the resolution of the

point scatterer is further enhanced while using the 2C displacement data instead of only the

1C vertical displacement data (comparison of Figure 5.7(c) with Figure 5.7(b)).

In marine acquisition, ghost energies are not only present on the receiver side but also

on the source side. Source-directional balancing reduces the source-side ghost energy in

the VARTM images. Source-directional balancing controls the radiation pattern of the ar-

tificial source created by the superposition of the dual-sources (e.g., monopole and dipole

marine sources). In Figure 5.7, the impulse response for the dual-source (Figure 5.7(e))

results from the superposition of the impulse responses of pressure and point-force sources

shown in Figure 5.7(c) and Figure 5.7(d), respectively. The cancellation that occurs be-

tween the two images of Figure 5.7(c) and Figure 5.7(d) corresponds to the reduction of

the source-side ghosts in Figure 5.7(e). By attenuating source-side ghost energy with this

dual-source configuration, source-directional balancing increases the spatial bandwidth at

the point scatterer location in Figure 5.7(e) and provides better resolution of the scatterer.

Source- and receiver-directional balancing individually contribute to the reduction of source-
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Figure 5.7: Single-scatterer adjoint VARTM impulse responses for single source – receiver
array configuration: images with reduced source- and receiver-side ghost artifacts. Given a
pressure source (green circle) and fixed-spread receivers (blue line) as indicated in Figure 5.4,
images of the point scatterer (indicated by the cyan circle) for (a) 1C pressure data, (b) 2C
pressure-vertical displacement data, and (c) 3C pressure-displacement data. For 3C pressure-
displacement data, changing the mechanism of the source (green circle) gives the images of
the scatterer for (d) vertical point-force source and (e) dual-source configuration.
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and receiver-side ghosts, respectively. The two directional balancing are separately applica-

ble based on available resources for acquisition and processing constraints. Unlike current

deghosting techniques, the adjoint VARTM does not require any pre-processing step: the

receiver-side ghost energy is directly migrated into the subsurface while the source-side ghost

energy is attenuated in the image space by summing the contribution of dual-sources.

5.4.2 2D SEAM model synthetic example

We apply the adjoint VARTM method to a 2D section (inline 1199) of the SEG Ad-

vanced Modeling (SEAM) Project model. Figure 5.8 describes the model and acquisition

geometry used to generate the synthetic dual-source 3C acoustic data. Figure 5.8(a) and

Figure 5.8(b) represent the true velocity and density models, respectively. Figure 5.8(c)

and Figure 5.8(d) represent the migration velocity and density models, respectively. Fig-

ure 5.9 shows the multi-component data (pressure in Figure 5.9(a), vertical displacement in

Figure 5.9(b), and horizontal displacement in Figure 5.9(c)) recorded for a pressure source

located in a central position. We test the contributions of source- and receiver-directional

balancing to the reverse-time map migration of these synthetic SEAM data. We present

the global migrated images in Figure 5.10. Despite the presence of artifacts due to top-salt

and water bottom free-surface related multiples which are not suppressed in this example,

the gain in resolution due to the deghosting properties of the adjoint VARTM method is

noticeable in Figure 5.10. The comparison of Figure 5.10(a) with Figure 5.10(b) and

Figure 5.10(c) reveals the receiver-side deghosting property of the method. The comparison

of Figure 5.10(e) with Figure 5.10(c) and Figure 5.10(d) exposes its source-side deghosting

property. The main stratigraphic layers and the salt boundaries are better resolved when si-

multaneously migrating direct and ghost energies using dual pressure and point-force sources

and pressure and displacement components of the data. For a more detailed analysis, we

focus on the salt-flank area in Figure 5.11 (indicated by the boxes in Figure 5.10) for its

stratigraphic complexity. The comparison of the images in Figure 5.11(a), Figure 5.11(c),

and Figure 5.11(e) to the reference impedance constrast in Figure 5.11(f) shows the gain
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(a) True velocity model (b) True density model

(c) Migration velocity model (d) Migration density model

Figure 5.8: 2D SEAM model example: geometry and models. (a) True velocity model
and (b) true density model are used to compute the synthetic acoustic data. Sources are
either pressure sq or vertical point-force sfz pulses with a Ricker wavelet at central frequency
f = 10Hz. Receivers record either 1C pressure data d = (prec,0) or 3C dual-field data
d = (prec,urec). Sources and receivers are 30 meters and 50 meters below the free surface,
respectively. Source spacing is 130 meters and receiver spacing is 10 meters. (c) Migration
velocity model and (d) migration density model are used to migrate the data.
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(a) Pressure component prec

(b) Horizontal displacement component urec
x

(c) Vertical displacement component urec
z

Figure 5.9: 2D SEAM model example: synthetic data. (a) pressure component, (b) hori-
zontal displacement, and (c) vertical displacement component of the dual-field data recorded
for a pressure source sq located at 7, 41 kilometer.
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Figure 5.10: 2D SEAM model example: global images. Given pressure sources, images
for (a) 1C pressure data, (c) 2C pressure-vertical displacement data, and (e) 3C pressure-
displacement data. Given 3C pressure-displacement data, images for (b) vertical point-force
sources and (d) dual-source configuration. The green box indicates the salt-flank area chosen
as region of interest. The blue arrows indicate the artifacts due to top-salt and water bottom
free-surface related multiples.
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(f) Reference impedance constrast

Figure 5.11: 2D SEAM model example: images in the region of interest. Given pressure
sources, salt-flank images for (a) 1C pressure data, (c) 2C pressure-vertical displacement
data, and (e) 3C pressure-displacement data. Given 3C pressure-displacement data, salt-
flank images for (b) vertical point-force sources and (d) dual-source configuration. For ref-
erence, (f) band-pass filtered impedance contrast model. Arrows indicate the structural
features of interest in these images.
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in resolution and bandwidth for the salt flank and main reflectors (indicated by the green

arrows) that results from the application of receiver-directional balancing. The lateral di-

rectionality gained from using horizontal displacements of the 2C seismic data attenuates

migration artifacts (indicated by the blue arrows), and enhances reflector continuity partic-

ularly close to the salt flank. In 3D, the adjoint VARTM with 4C dual-field data provides

better performances (artifact reduction and increase in resolution) than the adjoint VARTM

with the 2C dual-field data because the method takes advantage of the full wave directivity

recorded in the data rather than only its vertical projection. The fact that all directions of

propagation are equally sensed with the 4C seismic data also makes the method more robust

to changes in the acquisition geometry (e.g., variable depth towing). For dual-source acqui-

sition, source-directional balancing further improves the gain in resolution and bandwidth

when source-side ghosts are mitigated. This is notably indicated for the reflector and channel

pointed by the magenta arrows in Figure 5.11(e), Figure 5.11(b), and Figure 5.11(d). The

intrinsic directional balancing that occurs in our reverse-time map migration contributes to

attenuate source- and receiver-side ghost artifacts in RTM images and to image instead the

receiver-side ghost energy by mapping this energy in the subsurface.

5.5 Conclusions

Our strategy for adjoint VARTM imaging uses the full directional information contained

in the dual-source 4C acoustic data. The adjoint VARTM formulation allows for great

flexibility by means of the use of source and receiver weighting operators that control how

directivity information is incorporated into the image. Because the adjoint-state VA method

jointly images pressure wavefields and its 3C gradients, it is in effect an extension of con-

ventional map migration to a two-way finite-frequency map migration. Receiver-directional

balancing in RTM produces a natural splitting of wave traveling in different directions. This

results in a general improvement of the directional control of wave propagation and of the fo-

cusing of seismic energy. Source-directional balancing gives better control of the direction of

illumination of dual-source aquisition systems. As a result, a direct application of directional

126



balancing to marine seismic imaging is correct handling of ghost energy. In addition to being

a formulation for migration, the adjoint VARTM method also allows for the calculation of

model gradients for full-waveform inversion (FWI). Our results gives another movitation for

taking advantage of multisource multicomponent datasets in other applications to seismic

imaging. We encourage our colleagues to join us in this investigation.
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CHAPTER 6

GENERAL CONCLUSION AND FUTURE RESEARCH

For specific conclusions related to the different stand-alone publications, I ask the reader

to refer to the individual conclusions in Chapters 2 through 5. Chapter 6 provides a brief

general conclusion to this dissertation and presents recommendations for future research and

investigation.

Perhaps the most significant contribution of my thesis is the development of a novel

strategy for nonlinear scattering-based imaging. Throughout this dissertation, I emphasize

the need for a seismic imaging procedure that does not rely on a linearized inversion scheme

and does not assume single scattering. My work, like that of Brown & Guitton (2005); Jiang

et al. (2007); Malcolm et al. (2009); Verschuur & Berkhout (2011), and others, proposes

an alternative method which takes into account the fundamental nonlinear relation between

the seismic data and the model of the subsurface, and uses multiple scattering energy for

imaging. The theoretical foundation behind the method of nonlinear reverse-time migration

proposed in Chapter 4 is the integral formulation of the inverse scattering problem for seismic

waves. More precisely, this foundation is the integral formulation based on the representa-

tion theorems discussed in Chapter 2 and similar to the ones used for retrieving Green’s

functions in seismic interferometry. Chapter 3 establishes the link between seismic inter-

ferometry and seismic imaging via the development of a new imaging condition for seismic

migration. The nonlinear imaging condition in Chapter 3 is of interest because one can use it

to take advantage of multiply scattered waves, including multiple reflections, in the imaging

process. Chapter 4 utilizes the conclusions drawn from the study in Chapter 3 to design

a type of reverse-time migration that exploits multiply scattered waves. The illumination

and sensitivity from such waves, including internal multiples, are, in the end, advantageous

for advanced interpretation in complex subsurface environment. In the exploration industry,
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the development of new imaging methods coincides with innovations in data processing and

acquisition. Chapter 5 proposes a reverse-time migration that makes optimal use of the

novel multi-component marine seismic data which have recently been avaible for offshore

exploration.

Because of today’s rising energy demand and declining production of mature oil and gas

fields, the need for expending exploration activities into challenging areas (e.g., in deep wa-

ter, beneath salt and basalt, and below carbonates) is increasing. As a result, the quest for

innovative imaging technologies which produce higher-quality seismic images is a reality for

exploration companies which want to reduce risk associated with these settings. Considering

this prospect, future research should focus on the use of more unconventional imaging prac-

tices such as the one I introduce in my dissertation. In complex subsurface settings, there

are a finite number of structures that singly scattered waves, including primary reflections,

can illuminate. Like nonlinear reverse-time migration, methods for imaging multiply scat-

tered waves, including multiple reflections, provide additional illumination of the subsurface

and increase the information available for interpretation. This thesis gives a taste of how

challenging the problem of imaging multiply scattered waves can be. It also proposes an

approach to solve some aspects of this problem. Yet, one of the biggest challenges in seis-

mic imaging is not only the migration procedure, but just as importantly, the building of

a velocity model for migration. Velocity model building refers to a set of techniques, from

reflection tomography to full-waveform inversion, designed to produce an accurate velocity

model of the subsurface in order to improve the quality of imaging algorithms. Migration

velocity analysis (MVA) is one of these techniques. MVA is the process of determining a ve-

locity model while estimating interval velocities in the image domain by performing iterative

migration and simultaniously perturbing velocities. In this thesis, I show in Chapter 4 how

nonlinear reverse-time migration produces images that exhibit extra sensitivity to velocity

errors due to the migration of internal multiples. Nonlinear reverse-time migration therefore

has potential for MVA.
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MVA traditionally applies to images of primary reflections only. Most MVA algorithms

estimate and correct the focus of primary reflection events in the image domain by using the

semblance principle and move-out corrections for image gathers (e.g., Symes, 2008b). The use

of multiply scattered seismic waves may improve illumination, sensitivity, and redundancy

in the MVA procedure. To take advantage of these properties, attempts have been made to

apply MVA to surface-related multiples (e.g., Nasyrov et al., 2009). Surface-related multiples

lead to more sensitive MVA methods and increase the effective surface illumination but do not

solve the fundamental problem of limited illumination under complex subsurface structures.

MVA for internal multiples contributes to the solution of this problem. The same semblance

principle that applies to primary events is applicable to multiple events when one is forming

additional image gathers for internal multiples. Nonlinear reverse-time migration provides

sub-images of the interactions between primaries/multiples and multiples/multiples from

which one can build such gathers. Further information should be extractable from these new

extended sub-images by using the semblance principle on the sub-image gathers. Despite the

fact that each sub-image uses different subsurface illumination (from primaries or multiples),

these sub-images are still representations of the same subsurface. This consistency between

the sub-images of nonlinear reverse-time migration is applicable for MVA when using the

semblance principle across these sub-images. Based on these two uses of the semblance

principle, I have proposed a novel MVA strategy for applying an extended semblance principle

to nonlinear reverse-time migration (Fleury, 2012). Preliminary results of synthetic examples

prove that the method has potential for velocity model building.
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APPENDIX A - EXTENSIONS FOR THE GENERAL REPRESENTATION THEOREMS

In this appendix, I describe three additional considerations that relates to the general

representation theorems for perturbed media discussed in Chapter 2. First, the results in

Chapter 2 are extendable to multi-dimensional systems. Second, I treat the case of general

unperturbed boundary conditions. Finally, I exploit the property of self-adjoint differential

operators to draw additional conclusions about the representation theorems.

A.1 Extension to vector spaces and n× n differential operators

Here, we extend our reasoning to vector fields by using the tensor notation previously

introduced. Consider the unperturbed vector field u0(r), defined in the vector space of

dimension n, which is a solution of equation

H0(r) · u0(r) = s(r), (A.1)

where H0 and s are the n × n linear differential operator and the n × 1 source vector,

respectively. For elastic waves, the operator is

H0 = ρω2δ +∇ · c · ∇, (A.2)

where c is the elasticity tensor and δ the Kronecker tensor; u0 is the displacement vector,

and s is the body force per unit of volume. For electromagnetic waves in isotropic media (ε,

permittivity; σ, conductivity; µ, permeability), the operator is

H0 =

[
(jωε− σ)δ ∇×
∇× −jωµδ

]
with u0 =

[
e0

h0

]
;s =

[
je

jm

]
, (A.3)

where e and h denote the electric and magnetic fields; je and jm are the electric and magnetic

current densities. We give two examples of systems for which our reasoning applies; futher

cases of study can be found in Wapenaar et al. (2006). The perturbed field u1(r) satisfies

H0(r) · u1(r) = V(r) · u1(r) + s(r), (A.4)
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where V is the perturbation operator. Elastic waves can be perturbed in the presence of

viscosity (η tensor), in which case we write V as

V = −jω∇ · η · ∇. (A.5)

A change in medium properties (δε, δσ, δµ) influences electromagnetic waves by a pertur-

bation

V =

[
(δσ − jωδε)δ 0
0 jωδµδ

]
. (A.6)

Assume a regular problem with unperturbed homogeneous boundary conditions. We

relate the Green’s tensors G1(r, rS) and G0(r, rS) by using the Lippmann-Schwinger equa-

tion:

G1(r, rS) = G0(r, rS) + (G0(r, r1) |V(r1)|G1(r1, rS)) ; (A.7)

let the perturbation of the Green’s tensor GS(r, rS) be given by GS(r, rS) = G1(r, rS) −

G0(r, rS).

The new bilinear interferometric operator IH now acts on matrices,

IH{F,G} =
(
FT
∣∣H∣∣G)− (GT |H|F

)
, (A.8)

where FT denotes the transpose of the matrix F. We introduce the unperturbed and per-

turbed interferometric operators as

I0{F,G} = IH0{F,G}
I1{F,G} = IH0{F,G} − IV{F,G}. (A.9)

Consequently, the general representation theorem for vector systems becomes

G0,1(rB, rA)−GH
0,1(rA, rB) = I0,1{G0,1(r, rA),G0,1(r, rB)}, (A.10)

where GH
0,1 denotes the hermitian conjugate of G0,1. For elastic waves,

I0{F,G} =

∮
δD

(
FT (r) · c(r) · ∇ ·G(r)−GT (r) · c(r) · ∇ · F(r)

)
· n̂d2r (A.11)
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and

IV{F,G} = jω

∫
D

(
FT (r) · ∇ · η(r) · ∇ ·G(r) + GT (r) · ∇ · η(r) · ∇ · F(r)

)
d3r. (A.12)

For electromagnetic waves,

I0{F,G} =

∮
δD

GT (r) ·
[

0 ×
× 0

]
· F(r) · n̂d2r

+ 2

∫
D

GT (r) ·
[
−jωεδ 0
0 jωµδ

]
· F(r)d3r, (A.13)

and

IV{F,G} = 2

∫
D

GT (r) ·
[
jωδεδ 0
0 −jωδµδ

]
· F(r)d3r. (A.14)

The corresponding representation theorem for electromagnetic waves is not necessarily the

most suitable for applying interferometry because of the volume integrations in (A.13) and

(A.14) that depend on the electromagnetic parameters ε, µ, δε, δµ in the entire volume D. In

Appendix A.3, we show how to use a transformation K to obtain an extended representation

theorem (A.40). For the general perturbation problem,

KH ·G0,1(rB, rA)−GH
0,1(rA, rB) ·K = I

′

0,1{G0,1(r, rA),G0,1(r, rB)}, (A.15)

where I
′
0 = IK·H0 , and I

′
1 = I

′
0 + IK·V. For electromagnetic waves,

K =

[
−jI 0
0 jI

]
(A.16)

gives

K ·H0 =

[
(ωε+ jσ)δ −j∇×
j∇× ωµδ

]
(A.17)

and

K ·V =

[
−(jδσ + ωδε)δ 0
0 −ωδµδ

]
. (A.18)

The associated interferometric operators are

147



I
′

0{F,G} = j

∮
δD

GT (r) ·
[

0 ×
× 0

]
· F(r) · n̂d2r

+ 2j

∫
D

GT (r) ·
[
−σδ 0
0 0

]
· F(r)d3r, (A.19)

and

IK·V{F,G} = 2j

∫
D

GT (r) ·
[
δσδ 0
0 0

]
· F(r)d3r. (A.20)

The volume integration in the corresponding representation theorem for electromagnetic

waves only depends on the conductivity σ and its perturbation δσ.

Following the same reasoning as for scalar fields, the two representation theorems for

field perturbations are

GS(rB, rA)−GH
S (rA, rB) = I1{G1(r, rA),G1(r, rB)} − I0{G0(r, rA),G0(r, rB)} (A.21)

and

GS(rB, rA) = I0{GS(r, rA),G0(r, rB)}+
(
GH

0 (r, rB) |V(r)|G1(r, rA)
)

. (A.22)

This leads to the same analysis of contributions to the Green’s function reconstruction as in

section 2.6 by applying the following decomposition:

I0{GS(r, rA),G0(r, rB)} = GS(rB, rA)−
(
GH

0 (r, rB) |V(r)|G1(r, rA)
)

(A.23)

I0{G0(r, rA),GS(r, rB)} = −GH
S (rA, rB) +

(
GT

0 (r, rA)
∣∣V(r)

∣∣G1(r, rB)
)

(A.24)

I0{GS(r, rA),GS(r, rB)} =
(
GT
S (r1, rA)

∣∣V(r1)
∣∣G1(r1, rB)

)
−

(
GH
S (r1, rB) |V(r1)|G1(r1, rA)

)
.

(A.25)

A.2 Treatment of general unperturbed boundary conditions

Here, we generalize the results of this paper to any unperturbed boundary conditions.

For boundary conditions that remain unchanged after perturbing the system, both perturbed
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and unperturbed fields fulfill equation

B(r) · u0,1(r) = f(r), r ∈ δDtot (A.26)

where B denotes the linear boundary condition operator that acts on the boundary δDtot of

total volume Dtot. In particular, the unperturbed and perturbed Green’s functions, G0(r, rS)

and G1(r, rS), between points r and rS each satisfy equation (A.26). To account for this, the

relation (2.8) between unperturbed and perturbed Green’s functions is modified as follows:

G1(r, rS) = G0(r, rS) + (G0(r, r1) |V (r1)|G1(r1, rS))− G(r) · (V (r1)|G1(r1, rS)) , (A.27)

where G is a solution of the homogeneous unperturbed system with boundary conditions

(A.26):

H0(r) · G(r) = 0. (A.28)

One can verify that this new formulation satisfies boundary conditions (A.26) by applying

operator B to equation (A.27). The perturbation of Green’s function GS(r, rS) satisfies a

different expression:

GS(r, rS) = (G0(r, r1) |V (r1)|G1(r1, rS))− G(r) · (V (r1)|G1(r1, rS)) . (A.29)

The main results of this article, however, remain unchanged. We introduce the interferomet-

ric operator and derive the same general representation theorem (2.23) as for homogeneous

boundaries. Additional derivations are needed in order to demonstrate expression (2.30).

Consider equation (A.29) for GS(rA, rB), and insert the general representation theorem for

unperturbed media G0(rB, r1) = I0{G0(r, r1), G0(r, rB)}+G0(r1, rB) to obtain
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GS(rB, rA) =
(
I0{G0(r, r1), G0(r, rB)} |V (r1)|G1(r1, rA)

)
+

(
G0(r1, rB) |V (r1)|G1(r1, rA)

)
− G(rB) · (V (r1)|G1(r1, rA))

= I0{GS(r, rA), G0(r, rB)}
+

(
G0(r1, rB) |V (r1)|G1(r1, rA)

)
+ I0{G(r) · (V (r1)|G1(r1, rA)) , G0(r, rB)}
− G(rB) · (V (r1)|G1(r1, rA)) . (A.30)

Additionally,

I0{G(r) · (V (r1)|G1(r1, rA)) , G0(r, rB)} = (G(r) · (V (r1)|G1(r1, rA)) |H0(r)|G0(r, rB)︸ ︷︷ ︸
δ(r−rB)

)

− (G0(r, rB)|H0(r)|G(r)︸ ︷︷ ︸
=0

·(V (r1)|G1(r1, rA)))

= G(rB) · (V (r1)|G1(r1, rA)) . (A.31)

Summing these two equations yields

GS(rB, rA) = I0{GS(r, rA), G0(r, rB)}+
(
G0(r, rB) |V (r)|G1(r, rA)

)
. (A.32)

Equation (A.32) is identical to representation theorem (2.30), which holds for unperturbed

homogeneous boundary conditions. By analogy, one can show that all the results presented

in section 2.6 holds for any type of unperturbed boundary conditions.

A.3 Properties of self-adjoint differential operator: volume/surface integrals
and spatial reciprocity

For multi-dimensional space, the interferometric operator is defined as

IH{F,G} =
(
FT
∣∣H∣∣G)− (GT |H|F

)
=

∫
D

(
FT ·H ·G−GT ·H · F

)
dV , (A.33)

and the general representation theorem is

G(rB, rA)−GH(rA, rB) = IH{G(r, rA),G(r, rB)}. (A.34)
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In section 2.4, we explain why for practical applications, it is useful to convert volume into

surface integral to reduce the integration over the sub-volume D to its bounding surface

δD. This reasoning extends to vector fields. In this appendix, we show how this relates

to the concept of self-adjoint operator. We introduce what is sometimes referred to as

extended Green’s identify in the literature (Lanczos, 1996) and define the adjoint H̃ of a

linear differential operator H: the adjoint is the unique operator such that for any pair of

vectors (f ,g), an operator ,PH exits and

∫
D

(
gT ·H · f − fT · H̃ · g

)
dV = −

∮
δD

PH(f ,g) · n̂dS = boundary term. (A.35)

A differential operator is self-adjoint if H = H̃. For self-adjoint operators, equation (A.33)

can be written using the extended Green’s identify and consequently,

IH{F,G} =

∮
δD

PH(F,G) · n̂dS, (A.36)

so the general representation theorem becomes

G(rB, rA)−GH(rA, rB) =

∮
δD

PH(G(r, rA),G(r, rB)) · n̂dS. (A.37)

For self-adjoint operators, in order to effectively extract the Green’s function between two

points A and B, we need to know the operator PH, which depends on the properties of the

system, and the Green’s functions on an enclosing surface δD. For more general systems

(H 6= H̃), relation (A.37) is no longer valid, but we can alway decompose the interferometric

operator into surface and volume integrals and express the representation theorem as

G(rB, rA)−GH(rA, rB) =

∮
δD

PH(G(r, rA),G(r, rB)) · n̂dS

+

∫
D

GT (r, rA) ·
(
H− H̃

)
·G(r, rB)dV . (A.38)

We can also possibly find a spacially independent transform K of the operator H so that

both the physics of the system is conserved, and K · H is self-adjoint. This leads to a

modified representation theorem that is even more general, and allows us to apply practically
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interferometry in many cases. We discuss an example in Appendix A.1. Consider the linear

systems

K ·H(r) ·G(r, rA,B) = K · Iδ(r− rA,B), (A.39)

and apply a reciprocity relation of the correlation-type to obtain

KH ·G(rB, rA)−GH(rA, rB) ·K = IK·H{G(r, rA),G(r, rB)}. (A.40)

Equation (A.40) is a general representation theorem that allows extentions of representation

theorem (A.34) (corresponding to K = I). The matrix K being choosen so that K · H is

self-adjoint, the representation theorem reduces to a formulation with only surface integrals,

KH ·G(rB, rA)−GH(rA, rB) ·K =

∮
δD

PK·H(G(r, rA),G(r, rB)) · n̂dS. (A.41)

Note that the results of this paper do not require space- and time-reciprocity. This means

that the order of spatial coordinates matters in the relations we establish. To facilitate the

use and interpretation of representation theorems in practice, we desire systems that are

spatially reciprocal, as holds for particular boundary conditions and symmetry of linear

differential operators. For example, consider a representation theorem of the convolution

type. By analogy with the representation theorem (A.34) of the correlation type, we get

G(rB, rA)−GT (rA, rB)

=

∫
D

(
GT (r, rA) ·H(r) ·G(r, rB)−GT (r, rB) ·H(r) ·G(r, rA)

)
dV . (A.42)

For operators such that H = H̃, which include self-adjoint real operators, e.g., the wave

operator, use of Green’s identity (A.35) with D = Dtot yields

G(rB, rA)−GT (rA, rB) =

∮
δDtot

PH(G(r, rA),G(r, rB)) · n̂dS. (A.43)

Depending on boundary conditions, all of the components of the tensor on the right-hand

side of equation (A.43) vanish and consequently, we obtain G(rB, rA) = GT (rA, rB), i.e.,
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spatial reciprocity. Typically, the components of∮
δDtot

PH(G(r, rA),G(r, rB)) · n̂dS will go to zero if some of the components of the Green’s

tensors G(r, rA,B) or their derivatives vanish at δDtot. For acoustic waves in lossless media,

the Sommerfield radiation and free surface conditions lead to spatial reciprocity. Acoustic

systems with free boundaries, however, are of limited interest because we cannot practi-

cally apply interferometry. Indeed, in this case, equation (A.37) shows that G(rB, rA) −

G(rA, rB) = 0 for the pressure field; that is, for self-adjoint operators, free boundaries al-

ways lead to reconstruction of a null pressure field.

In summary, for systems with both appropriate boundary conditions and symmetric linear

differential operator, representation theorem A.37 is valid and spatial reciprocity applies. In

this case, the general representation theorem is

G(rB, rA)−G(rB, rA) =

∮
δD

PH(GT (rA, rS),GH(rB, rS)) · n̂dS. (A.44)

Given equation (A.44), we retrieve the Green’s function between points A and B by applying

the interferometric operator to the Green’s functions recorded at A and B for sources S on

the boundary δD. This is today’s commonly used setup for interferometry.
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