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ABSTRACT

Fracturing in quasi-brittle materials such as rocks involves the development of a significant
size of the inelastic zone around the pre-crack tip, also known as the fracture process zone (FPZ).
A comprehensive characterization of the FPZ is crucial for predicting the associated macroscopic
cracking process, as it plays a vital role in the estimation of various crack properties, such as
fracture toughness and tensile strength of the material. This thesis focused on investigating FPZ
development in quasi-brittle material under different loading conditions using a combination of

experimental testing and numerical modeling.

The work conducted in this thesis begins with developing a novel methodology for
characterizing the FPZ evolution in pre-cracked Barre granite specimens under mode I loading.
This novel methodology was based on the Digital image correlation (DIC) approach and
facilitated the identification of a suitable constitutive model for material softening inside the
FPZ. This is followed by an investigation of FPZ development under mode II loading using DIC
in two different testing geometries. The analysis of these two geometries showed that novel
methodology is reliable for characterizing the FPZ evolution in various loading conditions, and
most mode II geometries don’t result in a pure mode II fracture until a high level of confinement
is applied to the specimen. This thesis identifies the short beam in compression (SBC) as a better
alternative for estimating mode II fracture toughness than existing punch through shear testing
configuration. The main advantage of the SBC geometry lies in the fact that it can be monitored
using optical techniques such as DIC, which provide explicit evidence of fracture mode along

with detailed information of about deformation characteristics of crack geometry.
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The XFEM-based numerical models were used in this work to simulate the FPZ evolution in
quasi-brittle materials due to their ability to model the multiple crack propagation without the
need for remeshing. In this research, a novel XFEM-based user element was developed with the
capability to model FPZ development in various crack types, especially in compression-induced
shear cracks. This was done by implementing a new cohesive zone model that accounts for both
cohesion degradation and frictional sliding in propagating shear cracks. The XFEM-based user
element, through the implementation of advanced branching algorithms, is able to simulate
multiple crack types from the body of pre-existing cracks, thereby removing the limitation of
traditional XFEM models. As a result, the XFEM-based user element can reliably predict paths
of secondary cracks along with crack coalescence mechanisms in pre-cracked rock specimens

under compression loading.
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CHAPTER 1

THESIS INTRODUCTION

1.1 Introduction

Rock behavior is often governed by various fracturing processes, such as crack initiation,
propagation, and interaction between new and existing fractures. These fracturing processes also
have an essential role in the stability of rock structures (e.g., slopes, foundations, and tunnels)
and other activities such as geologic sequestration of nuclear waste, geothermal energy
production, and hydraulic fracturing (Hoek et al., 1995; Zoback et al., 1997). Therefore, a
thorough understanding of rock materials' deformation and cracking behavior can be a useful
tool for the design analysis of rock structures. Fracturing in geomaterials such as rocks is
preceded by the damage initiation at the micro-scale (~ pm), which physically represents inter
and intra-granular cracks (Nasseri et al. 2010; Tianyang, 2020). The micro-scale cracking in
geomaterials results in the formation of an inelastic region around the tip of preexisting flaws,
also known as the fracture process zone (FPZ) (Labuz et al., 1987). In geomaterials, the size of
the FPZ can be large enough to introduce significant nonlinearity in the stress-strain curve,
typically in the form of strain-softening behavior in the post-peak regime (Dutler et al., 2018;
Brook et al., 2013). Thus, geomaterials such as rocks are considered "quasi-brittle" as they derive
their fracture resistance based on subcritical micro-cracking instead of ideal-brittle behavior
(Shah et al., 1995). The fracturing in ideal-brittle material results in linearly elastic stress-strain
behavior up to peak strength followed by a complete failure of the specimen due to sudden

propagation of fracture from the tip of preexisting flaw (Shah et al., 1995). The FPZ typically



represents a highly damaged region ahead of the crack tip, which can have a significant impact
on macroscopic fracture behavior and overall failure of rock, especially in cases where its size is
comparable to preexisting cracks (Backers et al., 2005; Ghamgosar and Erarslan, 2016; Tarokh et
al., 2017). Various studies (Wang et al., 2016; Wei et al., 2016; Lin et al., 2018; Wong and Guo
et al., 2019) have shown that the FPZ plays a vital role in the accurate characterization of crack
properties such as fracture energy, toughness and tensile strength of most-quasi-brittle materials.
Therefore, conducting a comprehensive investigation of FPZ development in quasi-brittle

materials is essential.

Crack initiation and propagation in quasi-brittle materials have been extensively
investigated using analytical, experimental, and numerical methods (Park and Bobet, 2009; Yao
et al., 2011; Aliha et al., 2013; Wu and Wong, 2012, 2013; Ayatollahi et al., 2015). Numerical
modeling provides valuable insight into the mechanism of cracking processes, especially in cases
of complex geometry or loading conditions, which are difficult to test in the laboratory. Over the
years, various numerical methods were developed to simulate the cracking process of quasi-
brittle materials, such as the gradient-enhanced damage model (Perling et al., 1996,1998),
Displacement discontinuity method (Bobet and Einstein, 1998; Goncalves and Einstein, 2013),
numerical manifold method (Wu and Cai., 2014; Yang and Tang, 2016), and the extended finite
element method (XFEM) (Well and Sullys, 2001; Zi and Belytschko, 2003; Karihaloo and Xiao,
2003). Most of the aforementioned numerical models rely on one or more crack initiation criteria
for proper predictions of fracture characteristics, such as its direction, crack type, and length.
Several crack initiation and propagation criteria have been proposed for quasi-brittle materials

such as rocks and rock-like materials. These criteria are typically divided into three categories:
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(a) stress-based criteria (Bobet, 1997; Khan and Khraisheh, 2000), (b) energy-based criteria
(Hussain et al., 1974; Sih, 1974), and (c) strain-based criteria (Chang, 1981; Reyes, 1991;
Gongalves and Einstein, 2013). Most of these crack initiation criteria are, however, based on
linear elastic fracture mechanics (LEFM) theory that assumes small-scale yielding, i.e., the small
size of the inelastic region (FPZ) around the crack tip, and thus elastic deformation of rock is
approximated for crack propagation (Gongalves, 2009). This assumption contrasts with the
observation of experimental studies (Labuz et al., 1987; Lin et al., 2019a-b; Zhao et al., 2016;
Zhao et al., 2018) that have found the significant size of the FPZ around the crack tip in various
laboratory-scale rocks. Therefore, it is essential to implement crack growth criteria that account

for FPZ development in rocks.

This thesis characterized the formation of FPZ in a quasi-brittle material such as Barre
granite using laboratory experiments and numerical modeling. Barre granite and other
granodiorite rocks are common felsic intrusive rocks in the upper Earth’s crust, making them a
promising host in many geosciences engineering practices, such as high-level nuclear waste
disposal and enhanced geothermal systems (Li et al., 2019; Tianyang, 2020). The Barre granite is
a crystalline rock forming a part of the Devonian New Hampshire pluton series located in the
southwest region of Burlington, Vermont (USA) (Shirole et al., 2020). It has been extensively
studied under various loading conditions (Goldsmith et al., 1976; Dai and Xia, 2010; Morgan et
al., 2013; Moradian et al., 2016; Saadat and Taheri, 2019; Igbal and Mohanty, 2007; Li and
Einstein, 2017; Li et al., 2019) which provide good data set for its fracture properties. The data
from the above studies is also valuable for quantifying variability in Barre granite's material

properties.



1.1.1  Fracture Process Zone (FPZ) and its Characterization

The fracture process zone (FPZ) in quasi-brittle materials refers to the cluster of microcracks
formed at the tip of a macroscopic crack under elevated loading. The FPZ formation results in
considerable energy dissipation and thus increases the fracture resistance of the material. The
fracture growth in rocks can be characterized by the initiation and propagation of micro-cracks
inside the FPZ, which then undergo large-scale coalescence to form macro-scale discontinuities

and macroscopic fracture surfaces (Dutler et al., 2018).

Direct observation of FPZ is difficult because of the small scale at which micro-structural
events interact with a failure process. The FPZ in some rocks, such as Carrara marble and Barre
granite, can be observed as white patches (Wong and Einstein, 2009a; Morgan et al., 2013).
However, it is difficult to detect the FPZ through visual inspection due to cracking at the
microscopic scale. It is conventionally identified using high-resolution microscopic imaging
techniques such as SEM and optical microscopes (Lu et al., 2019; Li and Einstein, 2017). These
techniques provide a qualitative assessment of micro-deformation inside the FPZ in the form of
changes in micro-crack density and surface morphology (Nasseri et al., 2005; Wong and
Einstein, 2009b; Cheng et al., 2018). However, they don't provide any quantitative information
about the material behavior inside FPZ, such as the stress or strain field around the crack tip that
can be used in a crack initiation criterion to incorporate the inelastic deformation due to the
formation of the FPZ. Consequently, it is imperative to develop techniques that can
quantitatively estimate the material behavior inside the FPZ and assess the conditions required
for macroscopic crack initiation. Alternatively, non-destructive techniques (NDT) such as
ultrasonic methods, speckle interferometry, and digital image correlation (DIC) offer distinct
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advantages over traditional approaches due to their capability to characterize the micro-cracking
processes in both intact rock (Martin et al., 2018a-b; Dautriat et al., 2011; Shirole et al., 2019)
and pre-cracked specimens (Le et al., 2014; Modiriasari et al., 2017, 2018; Aliabadian et al.,
2019) during the entire loading stage while allowing easy and noninvasive implementation.
Among these methods, AE and DIC have attracted much attention. The ability of AE to trace the
inelastic deformation inside the cracked specimens has made it a very powerful technique for
characterizing the FPZ (Zhang et al., 2018). At the same time, the DIC provides detailed
information about surface displacements and can be used to estimate the various fracture

characteristics, such as critical crack displacements and crack geometry (Zhao et al., 2022).

The nonlinear fracture mechanics-based criterion, such as the cohesive zone model (CZM),
has been extensively used in characterizing the cracking in quasi-brittle materials due to its
simple and robust representation of the complex micro-cracking process inside the FPZ. The
model was developed by Hillerborg et al. (1976) from the work of Barenblatt (1959) and
(Dugdale, 1960), which assumes crack length being composed of a traction-free part and a
process zone (FPZ). The CZM represents the finite-width FPZ using a thin interface that
undergoes progressive softening based on the traction-displacement law (Rinehart et al., 2015).
Various types of CZMs, such as linear, bilinear, and exponential softening law inside FPZ, have
been used to predict the fracture behavior in different quasi-brittle materials such as concrete,
asphalt mixtures, and rock (Bazant and Planas, 1997; Elices et al., 2002; Roesler et al., 2007;
Song et al. 2006; Rinehart et al., 2015). Identifying a suitable softening law plays an essential

role in predicting fracture behavior (Shet and Chandra, 2004; De Borst, 2003) which can be done



using various NDT techniques such as DIC and AE. These techniques provide essential

information about different material characteristics inside the FPZ.

1.1.2 Numerical Simulation of FPZ

Numerical simulations can provide valuable insights into the kinematic of the FPZ during
fracture propagation in quasi-brittle materials, as shown by various studies in concrete (Roesler
et al., 2007; Song et al., 2006; Parisio et al., 2019) and rocks (Xie et al., 2017; Jia and Zhou,
2022). Over the years, various numerical methods were developed to simulate the complex
micro-cracking process in the FPZ, including the phase field method (Zhang et al., 2017; Bryant
and Sun, 2018), the gradient-enhanced damage model (Perling et al., 1996,1998), cracking
particles (Rabczuk et al., 2004), and the extended finite element method (XFEM) (Well and
Sullys, 2001; Karihaloo and Xiao, 2003). In particular, the XFEM has attracted considerable
attention due to its effectiveness in modeling discontinuities without needing the remeshing
process, along with the capability of simulating multiple fracture interactions in the same domain
(Daux et al., 2000; Moés and Belytschko, 2002; Zi and Belytschko, 2003). The XFEM-based
models have been increasingly used in various crack problems in quasi-brittle materials, such as
multiple crack interaction during hydraulic fracturing (Youn, 2016; Cruz et al., 2019; Yang et al.,
2019), crack propagation from open or closed preexisting flaws in rocks (Sharafisafa and Nazem,

2014; Zhuang et al., 2014), and softening in rock faults (Liu and Borja, 2008, 2009).

1.2 Research Questions and Needs

The NDT technique, such as DIC, has been extensively used to study the development of the

FPZ in various quasi-brittle materials such as rocks and concrete (Li and Einstein, 2017; Dong et



al., 2017; Zhou et al., 2018; Chen et al., 2019). However, most of these studies lack a consistent
methodology for characterizing the FPZ evolution and its transition to macro-crack, which often
results in inconsistencies in estimating the FPZ initiation and macro-crack initiation stage. For
instance, some studies (Miao et al., 2018; Zhang et al., 2018; Lu et al., 2019) assumed that
macro-crack initiates at the peak load, which leads to a decrease in the global load. However,
other studies such as Aggelis et al. (2013), Yu et al. (2018), and Lin et al. (2019a), based on the
combination of AE and DIC techniques, have found the FPZ being partially developed at the
peak load which results in macro-crack initiation occurring in the post-peak regime. The
identification of these stages is further complicated by highly localized material behavior around
the crack tip which is significantly influenced by various structural inhomogeneity such as
micro-defects and grain size (Lin et al., 2019a). As a result, a considerable variation in fracture
properties is found for rocks, as seen, for example, in Berea sandstone (Lin and Labuz, 2013; Lin
et al., 2019b), with significant scatter in the critical opening displacement (30—100 um) and
fracture energy (75—140 J/m2). These uncertainties make it difficult to characterize the softening
behavior inside FPZ properly. Thus, developing a methodology that can characterize the FPZ
evolution consistently is essential for minimizing the uncertainty in the fracture properties and

parameters of CZM.

The large variability in fracture properties is also the primary reason for the limited
application of CZM in most quasi-brittle material, especially in rocks (Fakhimi and Tarokh,
2013; Khoramishad et al., 2013; Rinehart et al., 2015; Yang et al., 2019). For instance, Rinehart
et al. (2015), based on the implementation of the LCZM in Limestone specimens, found that

accurate estimation of material properties is vital for the proper prediction of fracture processes
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and the global response of the rock specimens. Besides material heterogeneity, uncertainties can
also occur due to other sources, such as the natural variation of properties, imperfections, and
unpredictability caused by insufficient information on parameters or models (Baecher and
Christian, 2003). The recent studies by Aliha et al. (2012), Aliha and Ayatolllahi (2014), and
Aliha et al. (2018) attempted to quantify the extent of variability in fracture properties using
statistical analyses on a more significant number of test data (~15 samples) of various rocks such
as Harsin marble and Guiting Limestone. However, these studies were based on LEFM
(assuming the elastic stress distribution around the crack tip) and thus didn't account for the FPZ
and its influence on overall fracture behavior. To characterize uncertainty in the CZM, variability
in its input parameters can be identified by testing a large number of specimens (Bazant and Yu,
2011; Khoramishad et al., 2013; Rinehart et al., 2015) which can be time costly and thus may not
be cost-effective. This would be complicated by multiple fracture properties required as different
tests would be needed for each property. A better solution would be to conduct a large number of
tests for properties that significantly influence the fracture behavior of the rocks. Therefore, it is
essential to implement an integrated approach that quantifies uncertainty in the input parameters
of the CZM, which can then be used to find the most significant material parameters of rock that

results in considerable variability in its fracture characteristics.

While the evolution of FPZ in mode I fracture has been extensively investigated, there are
limited studies on FPZ development for pure mode II fractures in quasi-brittle materials such as
concrete and rocks (Ji et al., 2016; Lin et al., 2019c; Lin et al., 2020b; Zhao et al., 2022). Various
geometries such as anti-symmetric four-point bending (ASFPB) (Wang et al., 2016),

semicircular bend (SCB) with an inclined notch (Aliha et al., 2006), short core in compression
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(SCC) (Xu et al., 2020) and punch-through shear (PTS) (Backers et al., 2002) have been
proposed for mode II fracture testing. The application of most of these geometries is based on
linear elastic fracture mechanics (LEFM), which assumes that the pure mode II loading results in
a pure mode II fracture. However, this is not always as case, as shown by recent studies (Ji et al.,
2016; Liu et al., 2018; Zhao et al., 2022) that have found the formation of mode I fracture despite
the application of mode II loading at the notch tip in various quasi-brittle materials. Additionally,
some studies (Merlin et al., 1986; Rao et al., 2003; Lin et al., 2019) have suggested that pure
mode II fracture in most quasi-brittle materials can be very difficult to create unless the tensile
stresses at the crack tip are eliminated by applying a high level of confining stresses. The proper
investigation of fracture mode and other characteristics requires a detailed analysis of FPZ
evolution under mode II loading, which is lacking in existing studies (Ji et al., 2016; Lin et al.,
2020b; Fan et al., 2022; Zhao et al., 2022). Thus it is essential to answer the question, “how does
mode II loading fundamentally affects the development of the FPZ and governs different crack
characteristics such as crack type?”. A proper understanding of FZP development under mode II
loading would require a suitable testing configuration that generates mode II fracture in quasi-

brittle materials.

Even though XFEM has been increasingly used for simulating FPZ development in quasi-
brittle materials such as concrete and rocks (Moés and Belytschko, 2002; Meschke and
Dumstorff, 2007; Wang et al., 2015; Xie et al., 2017; Jia and Zhou, 2022), most of these studies
have been mainly focused on simulating fracture growth under tensile or tensile-shear loading.
The fracturing under compression or compression-shear loading using the XFEM-based

numerical model has rarely been investigated except for a few studies (Liu and Borja, 2008;
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Sanborn and Prévost, 2011; Mikaeili and Liu, 2018). The compression-induced shear fractures in
most geomaterials have a few distinct characteristics compared to tensile loading-induced
fractures. First, friction contact exists between two surfaces of the compression-induced shear
fracture, which plays a vital role in crack propagation mechanics and creates a residual shear
strength of the crack (Borja and Foster, 2007). Second, the softening inside the FPZ of shear
fractures strongly depends on existing confining pressure as it affects both the peak and residual
strength of the crack (Gill, 2021) and thus requires an adequate strength degradation law to
account for confinement-dependent material softening. The few existing XFEM studies on shear
cracks have mainly used the standard plasticity model in conjunction with the Mohr-Coulomb
(MC) criterion to simulate the propagation of frictional cracks (Liu and Borja, 2008; Sanborn
and Prévost, 2011; Khoei, 2014). As a result, these models can only capture pressure dependency
of peak shear strength and don't account for material softening inside the FPZ of the shear
cracks. Therefore, it is essential to implement a reliable softening model which accounts for both
cohesion degradation and frictional sliding in shear cracks to ensure proper incorporation of

confinement-dependent softening inside the FPZ.

Modeling complex cracking patterns in quasi-brittle materials is another major challenge for
most XFEM-based numerical models. The cracking in quasi-brittle materials such as rocks and
rock-like materials under compressive loading typically results in various secondary cracks,
which are often responsible for their failure (Park and Bobet, 2009). These secondary cracks
typically comprise different shear crack patterns, such as coplanar, oblique, and out-of-plane
(Bobet, 1997; Cheng et al., 2016). In most rocks, these secondary cracks often involve complex

combinations of tensile (mode I) and shear (mode II) fractures, such as horsetail cracks and anti-
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wings, mixed tensile—shear cracks (Wong and Einstein, 2009a; Morgan et al., 2013; Wong and
Li, 2011; Lee and Jeon, 2011). The central observation of these experimental studies is the
formation of multiple fractures emanating from a preexisting crack, which can be called crack
branching based on the theory of fracture mechanics (Fatehi Marji, 2014; Chen and Zhou, 2020).
The mechanism of crack branching is a complicated process and typically requires a reliable
branching criterion to estimate the bifurcation point, defined as a point where the single crack tip
results in the formation of two cracks (Rabczuk, 2013; Sun et al., 2021). These complex crack
branching mechanisms have not been investigated using XFEM-based numerical methods. Most
of the current XFEM studies are limited to modeling crack coalescence/intersection involving
two or more cracks interacting with each other. As a result, these studies can only predict tensile
cracks in rocks, which are more likely to initiate first and are known as primary cracks for
specimens under compression loading. Therefore, it is essential to develop proper techniques to
simulate crack branching in XFEM that can be used to predict the formation of secondary cracks

in quasi-brittle materials.

1.3 Research Objectives

The primary goals of this thesis were to achieve an improved understanding of FPZ development
in a quasi-brittle material using laboratory experiments and to develop a robust numerical
modeling program for its simulation in various loading conditions. To achieve the research goal,

the following objectives have been pursued:

1. Characterization of FPZ development for mode I fracture and identification of suitable

fracture criteria that predict material softening inside the FPZ of Barre granite.
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2. Evaluation of LCZM's performance in predicting the FPZ evolution in pre-cracked Barre
granite specimens using an integrated approach.

3. Determination of a suitable geometry for mode II fracture testing along with investigating the
influence of pure mode II loading on the FPZ evolution in pre-cracked Barre granite
specimens.

4. Development of a new XFEM-based user element capable of simulating FPZ development
and crack branching in quasi-brittle materials.

5. Application of XFEM-based user element in modeling the secondary cracks in rock-like
material under compressive loading.

The aforementioned objectives provided a consistent rationale for analyzing FPZ

development in pre-cracked quasi-brittle material under both tensile and compressive loading.

1.4 Research Tasks

The objectives of the thesis were achieved through a combination of experimental testing
and numerical simulation programs involving a detailed analysis of experimental data and the
implementation of various constitutive models for fracture growth. The tasks that were

performed to accomplish the research objectives are described in the following sub-sections.

1.4.1  Tasks Related to "Objective 1"
e Developed a DIC-based novel methodology to characterize FPZ evolution in a consistent

manner for Barre granite specimens.
e Performed three-point bending tests on pre-cracked Barre granite specimens subjected to

mode I loading along with simultaneous monitoring of its surface using 2D-DIC and AE.
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e Identified a suitable softening model for defining the inelastic deformation inside the
FPZ.
e Corroborated DIC-based FPZ characteristics, such as its length and width, with AE-based

measurements at various loading stages.

1.4.2  Tasks Related to "Objective 2"

e Implemented an integrated approach to test the performance of the linear cohesive zone
model, which involves an XFEM-based numerical model, uncertainty quantification of
overall fracture behavior, and global sensitivity analysis.

e Investigated the accuracy of the XFEM-based numerical model in predicting the FPZ
characteristics, such as its length and initiation stage for pre-cracked Barre granite
specimens, based on average values of its material properties.

e Implemented a regression model (Radial basis function) that acted as a surrogate to the
XFEM fracture model under mode I loading

e Investigated the effect of uncertainty in material parameters of Barre granite on the
variability of its overall fracture behavior using Monte Carlo simulation

e Determined relative importance ranking of fracture properties of Barre granite towards its

global behavior.

1.4.3  Tasks Related to '""Objective 3"
e Characterized the FPZ evolution in Barre granite under pure mode II loading using 2D-

DIC.
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e Explore the existing geometries for mode II fracture testing in rocks to identify the
suitable configuration resulting in a pure mode II fracture
e Identify the suitable mode II geometry based on fracture mode and overall failure

patterns observed in Barre granite specimens.

1.4.4  Tasks Related to "Objective 4"

e Develop an XFEM-based user element in Abaqus capable of simulating multiple crack
interactions, including crack branching, which allows the formation of different crack
types from the body of a preexisting fracture.

e Develop a novel branching methodology that can predict crack branching purely based on
the stress state around preexisting fractures.

e Implement cohesive zone models that simulate material softening inside the FPZ formed
in various fracture types, such as mode I crack, mixed-mode I/II crack, and compression-
induced mode II crack.

e Validate the XFEM-based user element in predicting the FPZ characteristics of quasi-
brittle materials under various loading conditions.

e Assess the branching capability of XFEM-based user element in predicting various crack
types formed in rock-like material with an inclined flaw subjected to uniaxial

compression loading.

1.4.5  Tasks Related to "Objective 5"
e Assessed the applicability of XFEM-based user element in simulating secondary cracks

in gypsum specimens under compression loading
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Implemented a mixed-mode I/II criteria capable of predicting secondary cracks
Compared the influence of crack initiation criteria on various characteristics of secondary
cracks, such as its overall path and crack type in the cases of gypsum specimens with one
and two flaws

Predicted the overall crack pattern in specimens rock-like material containing two flaws

at different configurations.
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1.5 Research Contribution

Figure 1-1 presents a flow chart of approaches used along with the main contributions of this
thesis. The main goal here is to characterize FPZ in quasi-brittle material, for which two main
approaches are being used: experimental testing and numerical modeling. The aim of
experimental testing is to address the gaps in existing studies on FPZ development under mode I
and mode II loading. For this purpose, a novel DIC-based methodology was developed that
characterized the FPZ evolution in quasi-brittle material under both loading conditions,
irrespective of obtained fracture mode. This study also identified a suitable mode II geometry
which was rarely used for quasi-brittle material and had several advantages over traditional
geometries. The review of existing studies on numerical modeling indicated a lack of reliable
methods that can simulate FPZ development for different crack types. To address this, a novel
XFEM-based user element was developed with the capability to simulate the FPZ development
for mode II and mixed-mode I/II cracks. This XFEM-based user element can address another
limitation of most numerical models: the ability to simulate complex crack patterns, including
crack-branching and crack coalescence mechanisms obtained in quasi-brittle material under
compressive loading. Additionally, an integrated approach involving experimental testing,
numerical modeling, uncertainty quantification, and global sensitivity analysis was used (Figure
1.1) to evaluate the performance of CZM in predicting variability in FPZ characteristics. The
main aim of this integrated approach was to assess how the variability of material properties of a

quasi-brittle material affects its overall fracture behavior.
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1.6 Scope Limitation

To understand the fracture characteristic of intact rocks, it is crucial, to begin with small-
scale representative specimens, where the behavior of rock can be studied in a controlled way.
Accordingly, the scope of the present research is limited to the fracture evolution in laboratory-
scale rock specimens with one or multiple preexisting cracks, also commonly known as a 'flaw’

or 'notch'.

1.7 Thesis OQutline

This is a manuscript-based thesis, where the majority of the main chapters have either been
published, accepted, or are undergoing review in international journals and conferences. The
main chapters of this thesis are similar to the originally published or submitted individual
manuscripts. Each main chapter has its specific abstract, introduction, main body text, results,
discussions, conclusions, and acknowledgments. The references are presented at the end of the
thesis. This thesis is organized into six chapters with four main chapters (Chapters 2 to 5) added

in order of the thesis objectives as described in Section 1.3.

In Chapter 1 of the thesis, a brief background of FPZ and its characterization using
laboratory experiments and numerical modeling has been presented, followed by identifying
associated gaps in the existing literature. Specific research objectives and associated tasks were

defined in this chapter.

Chapter 2 is based on the characterization of FPZ for mode I fracture using a combination of
DIC and AE. In this chapter, a novel DIC-based methodology was developed to identify the

various stages of FPZ evolution and quantify material softening behavior.
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Chapter 3 presents an integrated approach used for assessing the performance of the linear
cohesive zone model in predicting FPZ development and global behavior of Barre granite

specimens under mode I loading.

Chapter 4 presents an investigation of FPZ development under mode II loading using two
testing configurations. In addition, the influence of confining pressure on mode II fracture

toughness was analyzed.

In Chapter 5, a novel XFEM-based user element was developed and implemented in
Abaqus, capable of simulating cracking in quasi-brittle materials. The cohesive zone model was
also implemented with the user element to model material softening to account for the FPZ

development in different crack types.

Chapter 6 evaluated the performance of various crack initiation criteria in predicting the path
of secondary cracks. This chapter simulated gypsum specimens containing one or two flaws
under compression loading to assess the capability of the XFEM-based user element in

predicting types of secondary cracks and crack coalescence mechanism

Chapter 7 summarizes the main findings and contributions of this research. It also gives an

outline of suggested areas for future research.
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CHAPTER 2

A NOVEL METHODOLOGY FOR CHARACTERIZING FRACTURE PROCESS ZONE

IN BARRE GRANITE SPECIMENS UNDER THREE-POINT BENDING

This article has been published in the journal Theoretical and Applied Fracture Mechanics, 123
(Garg et al., 2023), Copyright Elsevier (2023)*

Prasoon Garg!, Sana Zafar!, Ahmadreza Hedayat!, Omid Moradian', D.V. Griffiths'

2.1 Abstract

Fracturing in quasi-brittle such as rock involves the development of an inelastic zone around
the pre-crack tip, also known as the fracture process zone (FPZ). The evolution of FPZ, while
influencing the fracture behavior of rocks, is difficult to characterize due to the localized nature
of material behavior and microstructural heterogeneities. This study presents a digital image
correlation technique (DIC)-based method that consistently describes the FPZ evolution in Mode
I fracture of Barre granite specimens. The FPZ characteristics were also evaluated using acoustic
emission (AE) monitoring. The evolution of the crack tip opening displacement (CTOD) was
analyzed to estimate the various fracture parameters, such as threshold values of the elastic and
critical opening displacements and the size of the fully developed FPZ. The comparison of DIC-
based measurements with the AE-based micro-cracking activities demonstrated that the
displacement approach of the former could be used independently to identify the transition

among the three stages of FPZ evolution, namely, (1) elastic stage, (2) formation of FPZ, and (3)

! Colorado School of Mines, Civil and Environmental Engineering
* See Appendix A for permission and citation
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macro-crack initiation. Experimental results also indicate a linear relationship between the FPZ
length and the inelastic component of the CTOD, along with the quadratic relationship between
the local dissipated energy and the FPZ length, which is consistent with the linear softening law

for material inside the FPZ.

2.2 Introduction

Rock behavior is typically governed by various presence of various discontinuities and their
interactions rather than the constitutive behavior of intact material. Fracturing in quasi-brittle
materials is often influenced by an inelastic region near the pre-crack tip, also known as the
fracture process zone (FPZ) (Labuz and Biolzi, 1991). The FPZ physically represents a highly
damaged region ahead of the crack tip formed due to large-scale nucleation and coalescence of
micro-cracks (Labuz et al., 1987). The evolution of the FPZ has a significant impact on
macroscopic fracture behavior and overall failure of rock, especially when its size is proportional
to pre-existing cracks (Backers et al., 2005). In recent years, the cohesive zone model has been
used by various studies (Yu et al., 2018; Xing et al., 2019; Rinehart et al., 2015) to classify the
cracking process of rocks into three stages, namely, (1) elastic stage signified by linear
deformation, (2) formation of FPZ signified by nucleation and propagation of micro-cracks,
resulting in the non-linear deformation around the pre-crack tip and (3) onset of macro-cracks,
resulting in the onset of unstable crack propagation due to large scale coalescence of micro-
cracks. The cohesive zone model (Hillerborg et al., 1976) defines the FPZ as a cohesive crack
that transmits stresses across its face as a function of the crack opening displacement (w) in the
case of Mode I fracture. A critical opening displacement (w,) defines the end of the FPZ and the
start of the macro-crack, thus, representing the boundary between the two stages. The macro-

crack is also referred to as traction-free zone (TFZ) or cohesionless crack, with the former term

21



being more widely used and therefore adopted in this study. It is difficult to pinpoint the
boundary between these stages in laboratory-scale rock specimens as material behavior around
the pre-crack tip is highly localized and significantly influenced by grain-scale heterogeneities
(Lin et al., 2019a). This study proposes a method based on the displacement approach of 2D-DIC

to characterize three stages of FPZ evolution for Barre granite specimens under Mode I loading.

The FPZ has been studied using various optics-based and acoustic-based non-destructive
techniques such as holographic interferometry (Maji and Wang, 1992), computer tomography
(Ghamgosar and Erarslan 2016), digital image correlation (DIC) (Miao et al., 2020), and acoustic
emission (AE) (Li and Einstein, 2017). Both AE and DIC have become the most popular
techniques to characterize FPZ development due to their simple setup and preparation process. In
AE, the FPZ initiation is typically characterized by the cluster of micro-cracks resulting in an
energy release in elastic waves. Using the source and energy of AE events, FPZ size and energy
dissipation can be estimated (Lu et al., 2019). The AE's ability to trace the location of micro-
cracking events inside the material makes it a powerful tool for determining the FPZ
characteristics. At the same time, DIC provides accurate information about surface deformation
and thus can be used to estimate various fracture parameters, such as the fracture path and

critical opening displacement (Wu et al., 2011; Sharafisafa et al., 2018).

Despite widespread applications of the above techniques, the accurate characterization of
FPZ remains a challenging task, especially in identifying the transitions among the three stages
of its evolution. The tip of FPZ, representing the boundary between the FPZ and the elastic
deformation, is determined by the merged position of the opening displacement contour obtained
using the 2D-DIC (Le et al., 2014; Zhang et al., 2018). However, other studies (Bhowmik and

Ray, 2019; Miao et al., 2020) have shown that the merged position of displacement contour is
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not an accurate characterization of the FPZ tip for materials with coarse grains such as concrete
and Beishan granite due to significant fluctuations in displacements values. Alternatively, the
displacement gradient method (Wu et al., 2011; Bhowmik and Ray, 2019) has been suggested
where the FPZ tip is represented by the cross-section with a negligible horizontal displacement
gradient. The studies above assume that the FPZ tip in quasi-brittle materials such as concrete
and rocks is characterized by negligible or very small opening displacement (1-3um). In contrast,
a recent study by Lin et al. (2019a) on Mode I testing of Berea sandstone showed that rocks
could have significant opening displacements (8-10pum) under elastic deformation before the
initiation of the FPZ. A similar challenge exists in identifying the FPZ's transition to macro-
crack, with some studies assuming it to occur at the peak load based on the change in the slope of
incremental horizontal displacement profile along the fracture plane (Miao et al., 2020; Lu et al.,
2019). However, other studies (Aggelis et al., 2013; Yu et al., 2018) that used both DIC and AE
techniques have found the FPZ being only partially formed at the peak load, which results in
macro-crack initiation at a post-peak stage. These conflicting observations have led to a
significant variation in fracture properties found for some rocks, such as Berea sandstone, by
different studies (Lin et al. 2014; Lin et al. 2019b), e.g., the critical opening displacement

ranging from 30-100 pum.

The main shortcoming of DIC-based studies is the lack of a consistent methodology that can
be used to estimate the transition points between the three stages of FPZ evolution, especially the
tip of the macro-crack. The location of the macro-crack tip is often identified based on fracture
properties such as material softening law inside the FPZ and critical opening displacement (w,.),
typically estimated from the cohesive zone model (Zang et al., 2018). The softening behavior

inside the FPZ of quasi-brittle materials is often calculated using inverse analysis, which can
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give non-unique softening law (Richefeu et al., 2012). To overcome these limitations, this study
proposes a consistent method based on the displacement approach of 2D-DIC that characterizes
the three stages of FPZ evolution in center-notch Barre granite specimens under Mode I loading.
Additionally, the AE technique used in this study complemented the DIC analysis by describing
the micro-cracking activity, such as event locations and local energy dissipation inside FPZ.
Three-point bending tests were conducted on Barre granite specimens containing center notch,
along with simultaneous monitoring of fracture processes using AE and DIC techniques. The
proposed methodology involved analyzing the evolution of the crack tip opening displacement
(CTOD) to determine the transition points between the three stages of FPZ evolution, which were
also confirmed using AE-based measurements such as the event rate and energy release rate. The
FPZ size at various loading stages was determined using locations of high-energy AE event
clusters and the crack opening profiles from the 2D-DIC analysis. Finally, parameters of the
cohesive zone model, such as elastic (w,), the critical crack opening displacement (w,), the size
of fully developed FPZ (L) were determined to characterize inelastic deformation inside the FPZ

of Barre granite specimens.

2.3 Experimental Design
2.3.1  Sample Preparation and Testing Procedure

Barre granite (BG) tested in this study is a fine to medium-grained crystalline rock primarily
comprised of 65% feldspar, 25% quartz, and 6% biotite (Igbal and Mohanty, 2007). Various
minerals in BG result in grain size that varies from 0.25 mm to 3mm, with an average value of
0.87 mm (Nasseri et al. 2010). It has a small porosity (< 0.6%) due to its crystalline nature and
following average values of material properties, namely: bulk density= 2590 kg/m?, Young

modulus under tension (E;) = 28 GPa, Tensile strength =14 MPa, and Uniaxial compressive
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strength= 168 MPa (Shirole et al., 2020; Goldsmith et al., 1976). A large block of Barre granite
was cut to produce prismatic specimens having nominal dimensions of 150 mm x 75mm x
25mm. The Colorado WaterJet Company created the through-going center notch with a length of

25 mm and an aperture of 1.02 mm in each specimen (Figure 2-1).

This study tested four center-notched Barre granite specimens (BG-1, BG-2, BG-3, BG-4)
along with the implementation of AE and 2D-DIC techniques to characterize the evolution of
FPZ under Mode I loading (Figure 2-2). The specimens were loaded at a constant vertical
displacement (load-point displacement at the mid-span) rate of 0.2 um/sec using a servo-
controlled MTS loading machine. Additionally, the crack mouth opening displacement (CMOD)
was measured using a clip-on extensometer which was attached to the beam's bottom surface

(Figure 2-2) and had a gauge length of 12mm
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Figure 2-1 Schematic view of specimen geometry under three-point bending test
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Figure 2-2 The experimental setup of the three-point bending test, along with the characterization
of the cracking process using AE and 2D-DIC. (1) MTS testing frame; (2) Barre granite
specimen with a center notch; (3) Clip-on gauge extensometer (4) CCD camera; (5a-b) two light
sources; (6) AE sensors.

2.3.2  Acoustic Emission (AE) Technique

Acoustic emission (AE) has been extensively used to characterize the cracking process in
intact (Eberhardt et al., 1998) as well as pre-cracked rock specimens (Kao et al., 2011; Moradian
et al., 2016). The AE estimates material damage by characterizing micro-cracking activity that
often releases high-frequency stress waves. These stress waves create small vibrations registered
by the AE sensors in the form of hits after passing through various signal conditioning
equipment such as amplifiers and frequency filters. In AE, the micro-cracks are located using AE
events when multiple sensors register the same hit. The event localization is typically done based
on the first arrival of P-waves which in the current study involves using the Akaike information
criterion (AIC) (Kurz et al., 2005). Locations were determined using a constant velocity model
for a minimum distance error of 4 mm and optimized using MATLAB's "fmincon" function (L1
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et al., 2019). In three dimensions, the source localization would require the value of four
unknowns (X, y, z, and t) and thus need at least four channels where the AE signal is registered.
Additionally, a parametric analysis of AE signals was performed to characterize the extent of
micro-cracking inside the FPZ, which involved analyzing the rate and cumulative value of AE
events and energy release. The AE event rate refers to the total number of AE events per second.
The AE energy associated with each event is typically the consequence of energy released from
micro-cracking activity. Even though AE energy is not based on an absolute scale that requires
sensor calibration (Shah and Labuz, 1995), it still, to some extent, reflects the part of the energy
released from the source. Therefore, it has been used as a relative measure of the local energy
dissipation inside FPZ for each experiment, as the sensor's coupling conditions do not change
during an experiment. In this study, AE energy was estimated using the root mean square (RMS)
value of the signal from each channel (Wang et al., 2021):

(3-1)

%1
RMS = j[V(t)]zdt

where V' denotes the voltage of the signal, t, and t; refers to the start and end time of the AE
signal. The AE event energy (E,) is defined by considering geometric attenuation between each

sensor and source (Muralidhara et al., 2010) as given by:

1 N 2 2
Ee = Nzizlri " RMSL

(3-2)

r=\0 =02+ (i =2+ (2 - 2)?
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where RMS; and r; are energy and distance of i channel respectively. Therefore, AE event
energy (E,) represents relative energy with unit [mV? x ps x mm?]. Based on the AE energy
released during the microcracking, the events can be classified into three levels of magnitude, as

illustrated in Table 2-1:

Table 2-1 Categories of AE event energy

Level Event Energy range (mV?2 x ps x
mm?)

Level 1 Eel > 102 X EO

Level 2 10 X EO < Eez < 102 X EO

Level 3 E.; <10 X E,

Where E denotes the minimum energy of all AE events within each Barre granite test. E,q ,

E,, and E_; are energy values in level 1, level 2, and level 3, respectively.

For continuous AE monitoring, the specimens were instrumented with sixteen piezoelectric
AE sensors (Nano 30), sixteen preamplifiers (2/4/6 PAC), and a data acquisition system
(Express-8 based AE system from MISTRAS) which was controlled by real-time software
AEwin. The sensors were strategically placed on all sides of the Barre granite specimen to ensure
the 3D coverage required for accurate source location (Figure 2-1a). In these experiments, a
sampling rate of 5 million samples per second (MSPS) was taken with a sample length of 15K
and a pre-trigger of 256us. The threshold was set to 55 dB for all channels to ensure no
background noise influences during the test, and thus a signal above the threshold limit will be
registered as an AE hit. The Nano-30 AE sensors used for detection have a resonant frequency of
300 kHz and can detect signals within a frequency range of 125-750 kHz. The recorded signals

were conditioned using preamplifiers with a gain of 20 dB that amplified its voltage.
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2.3.3  2D-Digital Image Correlation (2D-DIC)

Since its introduction to experimental solid mechanics in the 1980s (Chu et al., 1985), DIC
has become the most popular non-destructive optical tool for non-contact estimation of full-field
surface deformation on geomaterials (Aggelis et al., 2013; Skarzynski et al., 2013; Shirole et al.,
2020a). This technique provides full-field planar deformation by tracking the motion of groups
of pixels (also known as subsets) between two images of a specimen's surface (Pan et al., 2009).
The implementation of the 2D-DIC technique primarily involves three main steps: specimen
preparation, experimental setup and acquisition of digital images, and finally, the image
correlation process. The specimen preparation process is vital for ensuring accurate 2D-DIC
measurement. It involves creating a unique and random pattern of grey-scale intensity (speckle
pattern) on its surface (Sutton et al., 2007; Aliabadian et al., 2019). The experimental setup of
2D-DIC requires two steady light sources and a digital camera placed perpendicular to the
specimen's surface so that its optical axis coincides with the specimen center (Figure 1b). In the
image correlation process of 2D-DIC, first, a region of interest (ROI) is defined where surface
deformation and strain field will be calculated. This is followed by creating an evenly spaced
square grid inside the ROI. The grid points formed as a result have a regular spacing equal to
"step size." The displacement at a grid point is calculated by tracking the surrounding region
defined as a subset, as it can be uniquely identified in every digital image of the specimen. The
correlation process is performed using a statistical correlation criterion which tracks subsets
between the current and the reference images to provide the displacement field at their center
(Hedayat et al., 2014). The reference image is generally selected at the start of the test
representing the undeformed state of the specimen. Similarly, the displacement is estimated for

all grid points present in the ROI to get full-field surface deformation of the specimen. The strain
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tensor on the surface of a material is computed from the full-field displacements by
implementing a numerical differentiation procedure. The procedure involves smoothing the
displacement field (assuming a linear distribution) within a local calculation window (size
represented by the "filter size") before subsequently differentiating (numerically) to calculate the

strain fields.

The randomness of grayscale intensity values over the specimen surface in DIC application
is of fundamental importance. The specimen surface was first cleaned to remove any visible
contaminants (oil, grit, etc.), followed by a light coating of white paint. Once the white paint was
dried, the coated surface was painted with black spray paint, which provided high contrast
intensity values of generated speckles compared to the white background. Before testing, the
quality of the speckle pattern on each specimen was assessed based on two features, namely: (a)
the distribution of grayscale intensity values of the generated speckle pattern and (b) the average
size of the speckles (Lin and Labuz, 2013). The optimal speckle pattern required for accruement
measurement of displacement fields should have a well-distributed histogram of the grayscale
intensity to ensure no measurement bias and low background noise (Sharpe, 2008). Figure 2-3
shows the produced speckle pattern along with grayscale distribution inside a small region above
the notch tip (indicated by a red rectangle) on the surface of specimen BG-2. The average
speckle size also plays a vital role in proper image sampling; thus, each speckle is recommended
to contain 3-7 pixels (Sutton et al., 2007). The combination of white and black paint used in this
study has a speckle size of 200-300 um. Figure 2-3a shows the average pixel size of 50um, with
the speckle size ranging from 5 to 7 pixels. The pixel size was determined using the
magnification factor of 50 um/pixel, commonly applied for transforming the pixel measurements

to the physical dimensions.

30



During the testing of Barre granite specimens, their surface was monitored using the 2D-
DIC system, which captured digital images at the rate of 12 frames/sec. The high image
acquisition rate facilitated near-continuous monitoring of crack tip behavior and ensured accurate
characterization of the FPZ evolution. The images were recorded using a charge-coupled device
(CCD) camera, which in conjunction with a Fujinon lens of 35 mm focal length (Model
CF35HA-1), provided a capacity of 2448 by 2048 square pixels. These DIC images in the post-
processing were analyzed using image correlation software VIC-2D, which involves the
estimation of the full-field deformation of a small region of interest (ROI) at the specimen
surface. For the three-point bending tests, the ROI of 15x75 mm? around the notch was used

(Figure 2-3a).

30 mm (600 pixels)

% 10%

-
&)

-

o
o

Speckle Frequency

0
50 70 90 110 130 150 170 190 210 230
Gray-scale Intensity

(b)

| --Clip gauge
1601 _pic (5-18)
—DIC (55-31)
—DIC (SS-51)
120} —Dbic(s8-71)

75 mm (1500 pixels)

CMOD (um)

40t

0 ; . . .
0 150 300 450 600 750 900
Time (sec)

(a) (c)

Figure 2-3 Specimen BG-2 with (a) image of the speckle pattern; (b) distribution of grayscale
intensity values inside the small region above the notch tip (highlighted by a red rectangle); (c)
the CMOD value obtained from clip-gage extensometer (dashed line) and 2D-DIC (solid line).
SS denotes the subset size.
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24 Results
2.4.1 Calibration of DIC Parameters

The resolution and accuracy of full-field displacement and strain fields from DIC analysis
depend on input parameters of VIC-2D software, including step size, subset size, and filter size.
To determine the optimum value of these DIC parameters, a calibration procedure and

verification of the calibrated parameters are described in this section.

The initial calibration includes comparing crack mouth opening displacement (CMOD)
values obtained from DIC analysis with the one recorded through the clip-on gauge
extensometer. The CMOD value using DIC analysis can be obtained using the following

equation (Wu et al., 2011; Bhowmik and Ray, 2019):

Aa+a,

CMOD = o cToD (2-3)

Aa

where a, and H,, are notch length and the thickness of the knife edge used for holding the
clip gauge. CTOD is the crack opening displacement at the notch tip, and Aa is the crack
extension length (both FPZ and macro-crack) length obtained from DIC imaging. The crack

extension length is calculated based on the displacement approach (see section 2.4.4).

Various subset sizes ranging from 18 to 71 pixels with a step size of 5 were used for analysis
to calibrate DIC parameters. According to Sutton et al. (2007), a subset should contain a
minimum of three speckles for good image correlation. Assuming the speckle size of 6 pixels for
the pattern used in the current study, the minimum subset size needs to be at least 18 pixels.
However, a small subset size has the drawback of relatively high background noise in the DIC

results (Xing et al., 2020). Additionally, a very large subset size can lead to considerable errors
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in strain and displacement calculations (Hedayat et al., 2014); thus, the optimum subset size
needs to be identified. Step size signifies the measurement resolution in the displacement field
and is typically chosen as smaller than half the subset size (Hedayat et al., 2014). However, a
smaller step size requires significantly longer computational time. Therefore, the step size of 5
pixels was used to ensure optimal computational efficiency and large subset overlapping for high
displacement resolution. Figure 2-3c clearly showed a reasonable consistency of DIC data (solid
line) with the clip-gauge measurements (dashed line) based on the variation of CMOD values
with time for the Barre granite specimen BG-2. It also indicates that the subset size has no

significant influence on crack mouth opening displacement (CMOD) values.

The DIC parameters also need to be calibrated to ensure that DIC can adequately
characterize localized strain inside the FPZ. Various studies have shown that the accuracy of the
strain field inside the FPZ is sensitive to DIC parameters such as length resolution, subset size,
and filter size (Skarzynski et al., 2013; Dutler et al., 2018; Aliabadian et al., 2019). Figure 2-4a
compares contour plots of horizontal strain (€, ) around the notch calculated using different
subset sizes (SS-18 to SS-71 pixels) at 60% of peak load in the post-peak regime for specimen
BG-2. Figure 2-4a show a strong influence of the subset size (SS-18 to SS-71 pixels) on the
strain localized zone that defines the FPZ. The width of the strain localized zone increases with
an increase in the subset size, which can be attributed to a larger area of influence of the crack
discontinuity with the larger subset size. Therefore, a large subset size (e.g., SS-71 pixels) results
in a wider strain localized zone along with lower values (Figure 2-4a), which implies that the
high strain concentration inside FPZ could not be accurately captured using a large subset size.
On the other hand, a very small subset size (e.g., SS-18 pixels) provides a smaller width of the

localized zone, but the observed strain at some points is missing and, therefore, not acceptable
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(Figure 2-4a). To find the optimum subset value, the horizontal strain (€,,) profile along a
horizontal cross-section at the notch tip (y = 26 mm) was compared (Figure 3b) for different
subset sizes (SS-31 to SS-71 pixels). It can be inferred from Figure 2-4a-b that DIC with
adequate subset size (SS-31 pixels in the current case) can identify the high strains values inside
the FPZ along with an accurate estimation of the small width of the localized zone (3.5 mm) as it
minimizes the influence of crack discontinuity on the nearby area of the strain localized zone.
However, increasing the subset value (SS-51 and 71 pixels) smears the strain concentration and
results in a wider localized zone (Figure 2-4b) and therefore fails to accurately determine the
localized zone's size. The accuracy of strain measurements also depends on the step size and the
filter size that influence the smoothing of the strain field. Among these parameters, only the filter
size is shown to have a major influence on both strain inside the localized zone (Dautriat et al.,
2011) and its size (Dutler et al., 2018; Shirole et al., 2020b). Dutler et al. (2018) observed that a
large filter size overestimated the width of the strain localized zone inside the FPZ due to the
large smoothing window and recommended that the smoothing region should be less than half
the width of the localized zone. In the current study, a filter size of 5 points was selected, which
results in a square smoothing window with a length of 25 pixels based on the step size of 5
pixels. This value is equivalent to about 1.25 mm (1 pixel =50 um), which is below the half-

width of the localized zone, being 1.5 mm (Figure 2-4b).
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Figure 2-4 (a) Influence of subset size on the strain values inside the FPZ (colors represent the
contour of horizontal strain, €,,) (b) €,, distribution along the along horizontal cross-section at
the notch tip (y =26mm) at various subset sizes. SS denotes the subset size.
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2.4.2  FPZ Characterization using Displacement Approach of 2D-DIC

The displacement approach of the 2D-DIC characterizes the FPZ as a zone of displacement
discontinuity that results in the merging of horizontal displacement contour, as seen at 80% of
the peak load in the post-peak regime for specimen BG-1 (Figure 2-5a). The displacement
discontinuity also results in a high positive displacement gradient (U /dx) in the horizontal
displacement profile across the fracture plane as observed for various cross-sections such as y =
25 mm, 35 mm, and 48 mm at 80% of the peak load in the post-peak regime (Figure 2-5b). The
shaded region in Figure 2-5b represents the maximum range over which the positive
displacement gradient (0U /dx > 0) was observed in the horizontal displacement profile along
various cross-sections. The evolution of the horizontal displacement profile with applied loading
can be used to identify the three stages of FPZ evolution. However, it is difficult to pinpoint the
boundary between these three stages based on the displacement profile alone, as seen in
identifying the FPZ tip. The tip of the FPZ is typically estimated using the merged position of the
horizontal displacement contours (shown by the red circle in Figure 2-5a), lying at y = 48 mm
for the BG-1 specimen at 80% of the peak load in the post-peak regime. The horizontal
displacement profile at this location showed a significant displacement jump of 8.2 um (Figure
2-5b), which is in contradiction with other studies (Lin et al., 2014; Miao et al., 2020) that have
found negligible or small displacement jumps (1-3 um) before initiation of the FPZ. Therefore,
in this study, the transitions between the three stages of the FPZ were identified based on the
elastic (w,) and the critical crack opening displacement (w,). The elastic crack opening
displacement (w,) is defined as the threshold value of the displacement jump below which
material undergoes elastic deformation while the critical crack opening displacement (w,)

represents the stage where the FPZ transitions to macro-crack. Both parameters are used in the
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cohesive zone model as material properties in order to characterize the material behavior inside

the FPZ.

To estimate these parameters in a consistent manner, the crack opening displacement at the
notch tip (CTOD) was evaluated. The CTOD at various loading stages was determined as a
relative difference in horizontal displacements between two vertical lines located at x + 3 mm
from the notch plane (x = 0) (Figure 2-5a). These lines were selected to represent the virtual
surfaces of the crack plane. Additionally, the significant distance between virtual crack planes
also overcomes other limitations, such as the tortuous crack path and smooth horizontal profile,

which minimize the errors in the calculation of opening displacements (Figure 2-5a-b).

2.4.3  Methodology for FPZ Evolution

In this study, the three stages of FPZ evolution were characterized based on the combination
of DIC and AE techniques. Using the displacement approach of the 2D-DIC, the crack opening
displacement at the notch tip (CTOD) was analyzed (see section 2.4.3), which was also compared
with various AE parameters such as AE event and AE energy release. Figure 2-6a-b show the
variation of the applied load, the CTOD, and its first derivative (6CTOD /3 (8pnorm)), Where
CTOD is in mm and 8y, (8/8peqr) represents the normalized value of the load-point
displacement (&) with respect to its value at the peak load stage. Figure 2-6¢c-d present the rate
and cumulative plots of the AE event and AE event energy as a function of normalized load-
point displacement (6, ) for Barre granite specimen BG-1. During the initial loading stage (0-
87% peak load, up to point A in Figure 2-6a), the CTOD varied linearly, resulting in a near-
constant value of its derivative (0CTOD /3 (6y0rm) ~ 0.1 mm) (Figure 2-6b). This constant rate

of increase in the CTOD can be associated with elastic deformation of the material near the notch
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tip as it only resulted in a few isolated AE events as evident by a negligible AE activity (see inset
in Figure 2-6¢). Furthermore, these events are associated with small energy, as indicated by the
very low AE energy release rate (E,/E, < 10) (see inset in Figure 2-6d) and thus signifies the

quiet phase of the test.
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Figure 2-5 Horizontal displacements (U) at 80% of the peak value in the post-peak regime for
specimen BG-1 with (a) distribution around notch tip and (b) plot of displacement profiles along
various horizontal cross sections. The wrp, denotes DIC- based FPZ width.

With further loading, the CTOD increased at an accelerated rate (Figure 2-6b), resulting in
its non-linear variation starting from (point A in Figure 2-6a) at 87% of the peak load in the pre-
peak regime for specimen BG-1. The onset of non-linearity in the CTOD - normalized load-point
displacement (6,1, ) curve is identified as the point of the first significant change in CTOD
derivative (Figure 2-6b). This point can be associated with micro-cracking around the notch tip,

as confirmed by the occurrence of consistent AE activity at a rate of 1-2 events/sec (see inset in
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Figure 2-6¢), which consequently leads to a significant increase in cumulative AE events from
point A (Figure 2-6¢). Additionally, some of these events (see inset in Figure 2-6d) were
associated with a large AE energy release (E./E, = 100), thereby indicating the formation of
an inelastic zone (known as the FPZ) around the notch tip. This observation is consistent with the
study by Wong et al. (2019, 2020) that characterized the FPZ development based on consistent
micro-cracking activity for various granite rocks. Therefore, the CTOD at the onset of non-
linearity in CTOD - normalized load-point displacement curve (point A in Figure 2-6a) can be
regarded as the threshold value of the elastic opening displacement (w,) above, which FPZ

initiated from the notch tip.

After the FPZ initiation, as the material around the notch-tip entered the damaged state,
large-scale propagation and coalescence of micro-cracks started to occur, resulting in high AE
activity (3-12 events/sec) along with a significant amount of AE energy release around peak load
stage (see insets in Figure 2-6¢-d). The large-scale micro-cracking was reflected by a non-linear
CTOD increase with the normalized load-point displacement (Figure 2-6a), which resulted in a
linear increase in its derivative (0CTOD /3 (6y0rm)) @s shown by the inclined dashed line in
Figure 2-6b. At 90% of peak load in the post-peak regime, the CTOD underwent a rapid jump
from 40 pm to 90 um (shown by point 'B' in Figure 2-6a) in specimen BG-1. This rapid jump in
the CTOD value can be associated with the unstable crack propagation from the notch tip
resulting from the initiation of macro-crack (traction-free zone) at this location. It also leads to a
rapid jump in both AE events and energy release (point 'B' in Figure 2-6¢-d). Sharafisafa et al.
(2018) and Aliabadian et al. (2019) adopted a similar DIC-based criterion to identify the macro-
crack initiation stage. Therefore, the crack tip opening displacement (CTOD) at the onset of
unstable crack propagation is considered the critical crack opening displacement (w,), which can
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be used to identify the macro-crack initiation stage. Figure 2-7a-b presents a consistent trend of
the CTOD evolutions for the remaining three Barre granite specimens (BG-2, BG-3, and BG-4,
respectively). Table 2-2 shows the elastic (w,) and the critical crack opening displacement (w,)
along with other FPZ characteristics for all four tested Barre granite specimens. Both the elastic
(w,) and the critical crack opening displacement (w,) values are consistent material properties
along with the macro-crack initiation in the post-peak stage in all Barre granite specimens (Table
2-2). This observation of macro-crack formation at the post-peak stage is consistent with other
experimental studies (Kao et al., 2011; Aggelis et al., 2013; Lin et al., 2019a) on various quasi-

brittle materials such as concrete and rocks.

Table 2-2 Summary of experimental results.

Average +
Test # BG-1 BG-2 BG-3 BG-4 Standard
Deviation
Peak load (kN) 3.96 3.60 3.50 4.59 3.91 +0.49
_ Elastic opening 7.90 8.60 4.90 4.30 6.40+ 2.10
displacement w, (pm)
FPZ initiation load (kN) 3.45 291 2.96 3.94 3.32+0.48
 Critical opening 40.00 34.00 36.00 33.00 35.80+3.10
displacement w, (um)
Crack initiation load 356 340 305 497 3584051
N) . . . . . .
Fully dev‘a‘q’gd FPZ (L) | 1800 12.20 17.60 13.20 15.30 = 3.00
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Figure 2-6 Barre granite specimen (BG-1) with the evolution of (a) Crack tip opening
displacement (CTOD) and applied load, (b) CTOD derivative, and (c-d) rate and the cumulative
value of AE event and AE event energy as a function of normalized load-point displacement
(6norm)- The insets present the rate of both AE-based parameters. FPZ-1 denotes the FPZ
initiation stage.
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Figure 2-7 Variation of (a) Applied load and the crack tip opening displacement (CTOD) and (b)
CTOD derivative as a function of normalized load-point displacement (8,,,,,) in all three Barre
granite specimens (BG-2, BG-3, BG-4). FPZ-I denotes the FPZ initiation stage.

244 Estimation of the FPZ's Size

This section presents the estimation of FPZ size based on the displacement approach of 2D-

DIC, which was also corroborated by AE-based measurements such as AE event energy. In the
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current study, the FPZ length based on the displacement approach is defined as the distance
between the tip of the FPZ and that of the macro-crack. The FPZ tip is determined as the position
where crack opening displacement (w) is equal to elastic opening displacement (w,). Similarly,
the macro-crack tip (the transition point between the macro-crack and the FPZ) is identified

using critical opening displacements (w,) (i.e., w =w,).

The FPZ's size was also characterized based on the AE energy released during the fracturing
process. Although AE energy is not a direct measure of fracture energy (representing only a
portion of the total energy released in the fracturing process), it can still be treated as a valuable
index to evaluate energy localization along the FPZ (Xing et al., 2019). Therefore, it can provide
a reasonable estimate of the FPZ development, which involves large-scale nucleation and
coalescence of the microcrack above the notch tip. In this study, the AE-based estimation of the
FPZ's size is primarily based on identifying the high-energy event cluster and calculating the AE
energy distribution along the crack path. Each AE event was classified into three energy levels,
as shown in Table 2-1. The micro-cracking associated with the FPZ formation was identified
using AE events of Energy Level 1 (E,/E, = 100). Various studies (Lin et al., 2019b; Wong
and Guo, 2019) have shown that these high-energy events account for the majority of energy
dissipated during the fracturing of various rocks, such as Barea sandstone and Kowloon granite.
The remaining events of lower energy release, i.e., within Level 2 and Level 3 (E./E, < 100)
are typically known to have a small impact on overall energy dissipation (Zhang et al. 2018).
Additionally, low energy events are generally associated with isolated micro-cracking (outer
zone surrounding the FPZ) with energy levels smaller by orders of magnitude than those in
Energy Level 1 (Otsuka and Date, 2000; Xing et al., 2019). The histogram of AE energy

distribution was obtained by summing the values of AE event energy horizontally with respect to
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its position along the fracture path (y-axis) from the notch tip. The FPZ length at a given loading
stage was identified as the region containing the cluster of high AE energy (Level 1) events,
resulting in the dissipation of almost 80% of AE energy being released along the ligament length.
The AE-based FPZ tip was identified as the farthest boundary between the cluster of high-energy
(Level 1) events and low-energy events (Level 2 and Level 3) from the notch tip. The region of
80% AE energy dissipation as a measure of the FPZ length was selected based on the study

Wang et al. (2021) on sandstone specimens under Mode I loading.

Figure 2-8 FPZ development based on DIC and AE parameters at different loading stages:
(a) peak load stage, (b) 90% post-peak, (c) 80% post-peak, (d) 70% post-peak. presents FPZ's
size estimation using crack opening displacements (COD) profile, AE event locations, and
energy histogram at various loading stages for specimen BG-1. Here, the COD profiles at a given
loading stage represent total opening displacements from the start of the test. In contrast, the AE-
based measurements are plotted based on increment time at each loading stage. The AE events
with Energy Level 1 are shown with red squares, while the remaining events with lower energy

(Level 2 and 3) are presented using black circles (

Figure 2-8a-d). At the peak load stage, the tip of the FPZ lies approximately at y =31 mm (

Figure 2-8a) based on the COD profile (w ~ w,), which is also confirmed by the presence of

the high-energy AE events cluster (red squares in

Figure 2-8a) at this location. Despite the significant amount of scattering in high-energy AE

events, the energy histogram (

Figure 2-8a) indicates that the region of 80% AE energy dissipation (shown by the shaded
region) from the AE-based FPZ tip coincides with the FPZ length (I~ 6mm) predicted by the
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displacement approach of DIC. The DIC-based FPZ is shown by length (I~ 6mm) between two

red circles in the COD profile at the peak load (

Figure 2-8a) and is identified using the COD profile, i.e., w, < COD < w,. At 90% of the
peak load in the post-peak regime, a fully developed FPZ has formed above the notch tip, with

its tip approximately at y = 43 mm based on the COD profile (

Figure 2-8b). A similar length of the fully developed FPZ (L~ 18mm) above the notch tip
was predicted by the region of the high-energy AE event cluster, which also resulted in 80% AE
energy dissipation from the AE-based FPZ tip, as shown by the shaded portion in energy

histogram at this loading stage (

Figure 2-8b). Additionally, these high-energy AE events form an inner zone of 18 x 10 mm?

surrounded by low-energy events (black circles), creating a large outer zone (

Figure 2-8b). Therefore, the AE-based fully developed FPZ can be represented by the inner

zone with its width approximately equal to 10 mm (

Figure 2-8b), which is two times larger (~ 4.5 mm) as compared to the value obtained from
DIC as shown by the shaded region in Figure 2-5b. The width of the FPZ using the displacement
approach is defined as the distance between the two ends of the region containing a positive
displacement gradient (AU /dx > 0) in the horizontal displacement profile (shown by the shaded

area in Figure 2-5b).

In subsequent loading stages, a similar length of both FPZ (l) and macro-crack/traction free

zone (TFZ) (lrgz) were obtained from DIC and AE-based measurements (
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Figure 2-8c-d). The DIC-based TFZ (lrg5) is identified with COD > w,, represented by the

length between dark purple and red circles in the COD profile (

Figure 2-8c-b). The AE-based TFZ at a given loading stage is identified as a low AE activity
region above the notch tip associated with a small amount of AE energy release, i.e., within
Level 2 and Level 3 (E,/E, < 100). Figure 7b-d clearly showed fewer AE events with low AE
energy dissipation inside the TFZ in both cases of 80 % and 70% of the peak load in the post-
peak regime. It provides explicit evidence of completely opened crack surfaces with few

microcracks inside DIC-based TFZ.
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Figure 2-8 FPZ development based on DIC and AE parameters at different loading stages: (a)
peak load stage, (b) 90% post-peak, (c) 80% post-peak, (d) 70% post-peak.
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2.4.5  Failure Mode Evaluation using DIC and AE

To determine the mode of deformation through AE in Barre granite specimens, moment
tensor analysis was performed on the located AE events based on the study by Li et al. (2019).
The method is based on the 2D SiGMA (Grosse and Ohtsu, 2008) algorithm, which characterizes
crack type using values of double couple (DC) components. The shear mode is identified for the
events with a DC value greater than 50%; the tensile mode for the events with a DC value less
than 50% and positive ISO and CLVD; the events with non-DC less than 50% and negative ISO
and CLVD are classified as compressive mode events. Here our focus is on shear and tensile

events.

In the pre-peak region, a similar amount of tensile and shear microcracking occurred (

Figure 2-9a). While in the post-peak region, the contribution of tensile microcracking

increased compared to shear events with the increase in the loading stage (

Figure 2-9a). The spatial distribution of AE events at various loading stages (

Figure 2-9b-c) presents a large scattering of shear microcracks compared to tensile ones,
especially in the ligament region above the notch tip. The region around the notch tip (20 mm <

y <27 mm), especially at its left side, showed a formation of a large cluster of shear microcracks

(

Figure 2-9¢) which can be attributed to the tortuous path of macro-crack obtained at the
front surface of specimen BG-1 (represented by the solid black line). The waviness of the macro-
crack around the notch tip along with the relatively coarse grain structure of Barre granite
resulted in a large number of shear microcracks being formed across multiple grain boundaries

compared to tensile ones around this location (
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Figure 2-9b-c). Additionally, the significant number of shearing events in the region around
the notch tip (20 mm <y <27 mm in Figure 8b-c) is responsible for its considerable contribution

to the temporal evolution of events inside the fully developed FPZ (represented by point 'B' in

Figure 2-9a) for specimen BG-1. In the remaining ligament region above the notch tip (y >

27 mm), shear microcracks show significant scattering (

Figure 2-9¢). In comparison to this, tensile microcracks are more concentrated towards
formed macro-cracks (represented by the solid and dashed lines) and have a dominant orientation

in the vertical direction (

Figure 2-9b). It is to be noted that a significant number of tensile microcracks are also

oriented in random directions, which can be again attributed to the tortuous macro-crack path (

Figure 2-9b). Additionally, the FPZ width identified by high-energy event clusters (-5 mm <

X <5 mm) in

Figure 2-9a-c seems to contain a more significant concentration of tensile microcracks

compared to shear events (

Figure 2-9b-c).

The DIC-based strain field characterizes the FPZ formed due to the accumulation of the
microcracks as the strain localized zones and thus can be used to identify its failure mode. In this
study, the DIC-based failure mode was estimated by analyzing the minimum principal strains
(€22; negative (—) strains represent tension) and maximum shear strain (¥;,,4, ) inside the FPZ.
Various studies (Jian-po et al., 2015; Shirole et al., 2020a; Zafar et al., 2021) have used these

strain fields to provide a quantitative estimate of the damage due to tensile and shear
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microcracks. Figure 2-10a-b present the contours of the minimum principal strain (€,,) and the
maximum shear strain (¥,,4,) for specimen BG-1 at 80 % of the peak load in the post-peak stage.

This loading stage contains both FPZ (I ~ 17 mm) and macro-crack (l;s, ~ 7 mm) as shown in

Figure 2-8c. It is clear from Figure 2-10a-b that both FPZ and macro-crack have a
significantly higher concentration of the tensile strain with large negative values minimum
principal strain (€,,) as compared to the maximum shear strain (¥;,,4,) (Figure 2-10a-b). For
instance, the high strain zone (highlighted by the shaded region in Figure 2-10c-d) in the
horizontal strain profile along the cross-section at the notch tip (y = 25 mm) has the peak tensile
strain (€,;) of -5.5%, which is approximately eight times the value obtained from maximum
shear strain (V4 ~0.7%). Similarly, the remaining two cross-sections (y = 35 mm, 48 mm) that
lie inside FPZ also showed the concentration of minimum principal strain (€,,) being higher by
order of magnitude compared to values of the maximum shear strain (¥4, ) (Figure 2-10c-d).
This suggests that the strain localized zone representing both FPZ and macro-crack is
predominantly comprised of the mode I component according to 2D-DIC analysis. A non-
negligible amount of maximum shear strain (¥,,4,) indicates the presence of shear
microcracking, which is corroborated by the formation of randomly distribution AE-based shear
events (Figure 2-10b). However, due to the significant scattering of these shear events, the
concentration of maximum shear strain is considerably small (¥4, < 0.5%) for most points
inside the strain-localized zone except at the notch tip. It can be concluded that both AE and DIC
analysis showed the FPZ and macro-crack are dominantly mode I with some amount of shear

micro-cracking.
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Figure 2-9 Specimen BG-1 with (a) Temporal evolution of two types of AE events; Spatial
distribution of the AE events: (b) Tensile microcracks, (c) Shear microcracks. Points 'A' and 'B'
represent FPZ and Macro-crack initiation stages, respectively. Color indicates the loading stages
of AE events in (b-c). The black solid and dashed lines represent paths of macrocrack on the
front and back surfaces of the specimens, respectively.
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Figure 2-10 Specimen BG-1 at 80% of the peak load in the post-peak regime: Contours of (a)
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width. Positive (+) and negative (—) strains represent contraction and extension, respectively.
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2.5 Characterization of the Cohesive Zone Model

The constitutive behavior of material inside the FPZ can be described using the cohesive
zone model (Bazant, 2002; Bazant and Yu, 2011). The cohesive zone model characterizes the
fracturing process in quasi-brittle materials by utilizing the concept of an effective crack length,
which considers the total crack composed of FPZ and a traction-free zone (real crack) (Figure
2-11a). In this model, the FPZ is represented by a thin interface that can sustain the cohesive
stresses (o) across its virtual faces (Figure 2-11a-b). The cohesive stress (o) varies as a function
of crack opening displacement (w) in the case of Mode I fracture, which shows a linear increase
at the initial loading stages till it reaches the material's tensile strength (o;) (Figure 2-11c). This
stage of linear increase in cohesive stress (o) represents the elastic response of the material with
an associated value of elastic crack opening displacement (w, ) (Figure 2-11c¢). The stage of
maximum cohesive stresses (¢ = g;) marked the initiation of the FPZ at the notch tip. With
additional loading, the material softening starts to occur inside the FPZ, resulting in a decrease in
cohesive stress (o) as a function of crack opening displacement (w) (Figure 2-11c). Eventually,
the cohesive stress (o) is reduced to zero as critical opening displacement (w,) is reached,
signifying the formation of a macro-crack (traction-free zone). The area under the softening part
of the cohesive stress (0)- crack opening displacement (w) curve is typically defined as fracture

energy (Gy) (Figure 2-11c) and represents the critical energy dissipation for a unit area of crack
growth. The fracture energy (Gy) and fully developed FPZ length (L) are considered material

properties usually determined from various fracture parameters such as material tensile strength
(a¢ ), elastic crack opening (w, ) and critical crack opening displacements (w,) for Mode I
fracture. However, an accurate characterization of non-linear deformation inside FPZ is

challenging due to various limitations, such as large variations in critical opening displacement

53



(w.) and uncertainty in softening law of the cohesive zone model. The softening curve can be
assumed either based on polynomial law (Karihaloo and Xiao, 2003), bilinear law (Petersson,

1981), or linear law (Bazant, 2002).
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Figure 2-11 (a) FPZ formation in Barre granite; (b) linear traction-based cohesive zone model
inside the FPZ; (c) linear softening law used for quasi-brittle materials (Zhang et al., 2018), TFZ-
traction free zone.

The characteristics of the cohesive zone model in Barre granite specimens were determined
using a combination of AE parameters and the displacement approach of 2D-DIC. For Barre
granite specimens, the values of elastic crack opening (w,) and critical crack opening
displacements (w,), were estimated based on the variation of the CTOD with the normalized

load-point displacement (3,4, ) (Table 3-2). Based on relatively lower critical opening
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displacements (w.~35um) of Barre Granite specimens compared to concrete (w,~100um),
moderate softening of the Barre granite specimens was assumed, which indicates a linear

softening law and is given by the following expression:

j{ o(w) =o; (WK) O<sw<sw,)
_ (w— We) (Wne) (2-42)
La(w) = o, (1 . We)) o, <1 — (WTCLE)> We <w < w,)
Whe =W — W Whe = W, — W, (2-4b)

where o, denotes material tensile strength, w represents crack opening displacement, w, is
elastic opening displacement, w, denotes critical crack opening displacement. w,,, and wj,
represent the inelastic component of COD and its critical value, respectively. The softening law,
also called LCZM, assumes the linear distribution of cohesive stress (g) over the FPZ (Labuz
and Biolzi, 1991), with its maximum value equal to the material's tensile strength (o;) at the FPZ
tip, as shown in Figure 2-11b. As a result, a linear relationship between the length of FPZ (1) and

notch tip cohesive stress (oY) at a given load can be written as:

o W) =0,(1-1/L) (2-5a)

Wct
ot W) = o, <1 —e >; wil = wet —w, (2-5b)

ne
where L is the fully developed length of FPZ, w*t is total CTOD, wgl denotes an inelastic
component of the CTOD. Equating the value of cohesive stress at the notch tip from Egs. 2-5a

and 2-5b, a linear relationship is found between FPZ length (I) and inelastic CTOD as given by:

Wne(l) = l(Wne/L) (2-6)
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Figure 2-12a-d shows the values of FPZ length () and the inelastic component of CTOD
(wst) obtained from DIC as well, as best fitted curve for all four specimens. It is clear that linear

relationships exist between two parameters with R? 0.98-0.99 for all four specimens.
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Figure 2-12 The relation between the FPZ length (1) and the inelastic component of CTOD (w,
(both identified by DIC) along with best-fit linear curve for four Barre granite specimen (BG-1,
BG-2, BG-3, BG-4).

2.6 Conclusion

While the influence of FPZ on Mode I fracture in rocks has been previously investigated, it
is still challenging to identify the transition points between the different stages of FPZ evolution,
especially the macro-crack initiation stage, which is often influenced by material heterogeneity
near the pre-crack tip. In this study, a novel methodology using the displacement approach of
2D-DIC was implemented to characterize the FPZ evolution in a consistent manner for Barre

granite specimens under Mode I loading. AE complemented the DIC-based analysis, which
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provided various characteristics of the micro-cracking events inside the FPZ. The main findings

of the investigation are:

1.

Both CTOD and AE-based measurements, such as AE event rate and associated energy
release, can be independently used to characterize three stages of the FPZ evolution. The
elastic stage was described by the linear variation of CTOD, which also resulted in negligible
AE activity. The FPZ initiation from the notch tip was characterized by an accelerated rate of
increase in CTOD, which was found to be a consequence of consistent AE activity with the
initiation of high-energy events (E,/E, = 100). The macro-crack initiation, which results in
unstable crack propagation, was marked by the rapid jump in all three parameters CTOD,
cumulative AE events, and cumulative AE event energy. Additionally, the macro-crack
initiation occurred in the post-peak regime in all Barre granite specimens.

The material behavior inside FPZ is typically defined using the cohesive zone model, whose
parameters, such as elastic opening (w,) and critical opening (w,) displacements were
identified based on the evolution of the CTOD. A significant value of the elastic opening
displacement (w, ) within the range of 4-9um was obtained in the Barre granite specimens.
This observation agrees with the work of Lin et al. (2019b), which for Berea sandstone,
shows that the material can have a significant elastic opening displacement before the FPZ
initiation. Additionally, a small variation in critical opening displacements (w,) was observed
in Barre granite specimens, which makes the CTOD a reliable parameter in characterizing the
cohesive zone model for Mode I fracture in Barre granite.

The FPZ length at a given load stage was identified using the DIC-based COD profile (i.e.,
w, < COD < w,) along the fracture plane, which was compared using AE-based

measurement. The FPZ identification using AE analysis included localized AE energy
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release inside the FPZ. Both approaches showed a similar variation of FPZ length with
applied load except for the small difference (~ 1 mm) after the macro-crack initiation from
the notch tip.

4. The linear cohesive zone model (LCZM) was found most suitable for characterizing material
behavior inside the FPZ for Barre granite, based on the linear relationship between FPZ
length (1) and inelastic CTOD (w5.) (both identified using DIC) for all four Barre granite

specimens.

2.7 Acknowledgement
Funding for this research was provided by the National Science Foundation under award

number 1644326. The authors are grateful for this support.

2.8 Coauthor Contributions

Sana Zafar and Dr. Omid Moradian aided in collecting and analyzing Acoustic emission

data (Section 2.3.2 and 2.4.5).

58



CHAPTER 3

AN INTEGRATED APPROACH FOR EVALUATION OF LINEAR COHESIVE ZONE

MODEL’S PERFORMANCE IN FRACTURING OF ROCKS

This paper has been published in the journal Rock Mechanics and Rock Engineering (Garg

etal., 2021)*

Prasoon Garg?, Bhardwaj Pandit!, Ahmadreza Hedayat?, D.V. Griffiths?, G. L. Sivakumar Babu!

3.1 Abstract

Fracturing in rocks results in the formation of an inelastic region surrounding the crack tip
called the fracture process zone (FPZ), which is often characterized using the Linear Cohesive
Zone Model (LCZM). Various numerical studies have shown that the prediction of the FPZ
characteristics is significantly influenced by variability in the input parameters of LCZM, such as
crack tip opening displacement and tensile strength. In this study, an integrated approach was
used for evaluating the LCZM performance in predicting fracture processes of Barre granite
specimens, as a representative rock, under mode I loading. The approach involved experimental
testing, numerical simulation, uncertainty quantification of overall fracture behavior, and global
sensitivity analysis. First, parameters of the LCZM were estimated from three-point bending tests
on center notch Barre granite specimen using the two-dimensional digital image correlation (2D-
DIC) technique. This was followed by the implementation of the LCZM in the XFEM-based

numerical model to simulate the evolution of the FPZ in tested geometry. The results from the
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deterministic numerical simulation showed that while LCZM can predict all stages of FPZ
evolution, the variability in the experimental results, such as the FPZ size, cannot be accounted.
The variability of the material response was quantified using a random variable analysis, which
involved treating the LCZM's parameters as random variables. This was followed by the global
sensitivity analysis that revealed the most sensitive input parameter is the tensile strength for

accurate prediction of the global response of rock specimens under mode I loading.

3.2 Introduction

The rock behavior is typically governed by the various fracturing processes, such as the
initiation of new cracks and their interaction, and not by the intact matrix, as these processes
often act as precursors of ultimate failure. The fracturing in rocks and other quasi-brittle such as
concrete, is often characterized by a significant size of an inelastic region surrounding the crack
tips (Hoagland et al. 1973; Labuz et al. 1987). The inelastic deformation occurs due to the
formation of a micro-cracking zone, also known as the fracture process zone (FPZ), which has a
significant impact on the overall failure of laboratory-scale rock specimens, as its size is often
comparable to pre-existing cracks (Backers et al. 2005; Ghamgosar and Erarslan, 2016; Parisio et
al., 2019). In recent years, various studies (Wang and Hu, 2017; Zhang et al., 2018; Yu et al.,
2018; Lin et al., 2019a-b, 2020; Yang et al., 2019) have used the cohesive zone model (CZM) to
characterize the formation of the FPZ in rocks. The CZM lumps the FPZ into a thin interface
with a softening response in the form of traction (cohesive stresses inside FPZ) -separation
(crack opening displacement (w)) law (Hillerborg et al., 1976; Planas et al., 2003). Despite its
extensive application in characterizing the FPZ based on laboratory experiments, its
implementation in simulating rock fracture has been limited to a few geometries of Mode |

loading, such as three-point bending test, disk-shaped compact tension test, short-rod fracture
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test, etc (Fakhimi and Tarokh, 2013; Khoramishad et al., 2013; Rinehart et al., 2015; Yang et al.,

2019).

In this study, the Linear Cohesive Zone Model (LCZM) was used to simulate the FPZ
evolution. This study's main objective was to assess the LCZM's capability in predicting various
fracturing characteristics, such as the evolution of the FPZ and its size, along with the global
response of the material. To achieve the main objective, fracturing in notched Barre granite
specimens under Mode I loading was explored through an integrated approach involving
experimental testing, numerical simulation, uncertainty quantification, and global sensitivity

analysis.

Over the years, the CZM, based on different softening law such as linear, bilinear, and
exponential law has been used to predict the fracture behavior in different materials such as
concrete, polymers based composites, and asphalt mixtures (Bazant and Planas 1997; Elices et al.
2002; Soares et al. 2003; Roesler et al. 2007; Song et al. 2006). The identification of suitable
softening law plays an important role in the prediction of fracture behavior (Shet and Chandra,
2004; De Borst, 2003), which is typically done using various indirect methods that require
inverse analysis (Elices et al., 2002; Oh and Kim, 2013; Chen et al., 2014; Xu et al., 2014; Lin et
al., 2020). These inverse analysis-based methods mainly rely on matching the global response of
the specimens and thus can provide non-unique softening law (Bazant and Yu, 2011).
Alternatively, non-destructive optical techniques such as Acoustic emission (Zhang et al., 2018),
speckle interferometry (Lin et al., 2009), and digital image correlation (DIC) (Le et al., 2014)
have been increasingly used to characterize the CZM for rocks due to their ability to provide the
fundamental information about different fracture characteristics inside the FPZ. Various studies

(Jietal., 2016; Zhang et al., 2018) using DIC have characterized the evolution of the FPZ in
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three stages, namely; (1) elastic phase, (2) formation and propagation of the FPZ, and (3) macro-
crack initiation. However, there is no consistent method to pinpoint the transition between these
three stages. For instance, most studies (Le et al., 2014; Ji et al., 2016; Lu et al., 2019; Maio et
al., 2020) characterized the tip of the FPZ, i.e., the boundary between the elastic zone and the
FPZ, as a merged position of displacement contour without any support from existing fracture
model (Lin et al. 2020). As a result, a considerable variation in parameters of CZM is found for
rocks as seen in Berea sandstone (Lin and Labuz 2013; Lin et al. 2019b), with significant scatter
in the critical opening displacement (30-100 um) and fracture energy (75-140 J/m?).
Additionally, due to their localized nature, these fracture properties are strongly influenced by

material inhomogeneity and grain size and, thus, are difficult to estimate (Lin et al. 2019a).

Numerical simulations can provide valuable insights into the kinematic of the FPZ during
fracture propagation compared to laboratory experiments. However, due to the uncertainty in the
parameters of the CZM, few applications can be found in rocks (Yao et al., 2012; Fakhimi and
Tarokh, 2013; Khoramishad et al., 2013; Rinehart et al., 2015; Xie at al., 2017; Yang et al.,
2019). For instance, Rinehart et al. (2015), based on the implementation of the LCZM in
Limestone specimens, found that accurate estimation of material properties is vital for the proper
prediction of fracture processes and the global response of the rock specimens. The accuracy of
prediction from the CZM is further complicated by material heterogeneity in rocks, which is
responsible for a large variation in its fracture properties, such as tensile strength (og;) and
fracture toughness (Aliha and Ayatolllahi, 2014; Aliha et al., 2018). Besides material
heterogeneity, uncertainties can also occur due to other sources, such as the natural variation of
properties, imperfections, and unpredictability caused by the lack of sufficient information on

parameters or models (Baecher and Christian, 2003). Therefore, it is vital to quantify the extent
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of variability in fracture properties for proper characterization of the fracture behavior. The
recent studies by Aliha et al. (2012) Aliha and Ayatolllahi (2014), and Aliha et al. (2018) tried to
achieve this by implementing statistical analyses that involved estimation of the probability of
fracture using a larger number of test data (~15 samples) of various rocks such as Harsin marble
and Guiting Limestone. However, these studies were based on LEFM (assuming the elastic stress
distribution around the crack tip) and thus didn't account for the FPZ and its influence on overall
fracture behavior. To characterize uncertainty in the CZM, variability in its input parameters is
identified by testing a large number of specimens (Bazant and Yu 2011; Khoramishad et al.
2013; Rinehart et al. 2015). Alternatively, based on a range of limited data (4-5 tests),
uncertainty in input parameters of the CZM is quantified and subsequently treated as random
variables, which then can be used in a numerical model to provide a quantification of uncertainty
in fracture characteristics such as the FPZ initiation and its size. Additionally, it is also essential
to study the contribution of the variability of input parameters toward the variability in overall
fracture behavior. This can be accomplished by conducting global sensitivity analysis (GSA) and
ranking the input parameters according to their relative contribution. Two global sensitivity
measures are widely used in the literature, namely: (a) variance based (Sobol 1993) and (b)
moment independent sensitivity measures (Borgonovo 2007). Variance based sensitivity measure
is most often adopted due to its ability to provide a good understanding of the model structure
(Oakley and O'Hagan, 2004). Sobol indices quantify the relative percentage contribution of each
input parameter in the total variance of the output. This is achieved by estimating the first-order
effects (i.e., the percentage contribution of the individual variable alone) and total effects (i.e.,
first-order in addition to the contribution caused by its interaction with other parameters).

Literature involving the application of these methods to study the sensitivity of input parameters
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on rock engineering problems is sparse. Pandit et al. (2019) estimated global sensitivity measure-
Sobol indices for rockmass parameters defined by the Hoek-Brown constitutive model for the

jointed rock slope.

The objective of this study was to assess the ability of CZM to predict the overall fracture
behavior of Barre granite rock using an integrated approach involving the four major steps,
namely: (a) experimental analysis, (b) numerical simulation, (c¢) uncertainty quantification of
fracture behavior, and (d) identification of most influence input parameters of the CZM. The
previous study by authors (for details, see Garg et al. 2020) found that the LCZM (based on
linear softening law) is suitable for characterizing the non-linear deformation inside FPZ of
Barre granite specimen under Mode I loading. Additionally, various experimental studies have
also found the LCZM to be a reasonable approximation of material behavior inside FPZ for
various rocks (Yang et al., 2016; Xie et al., 2017; Zhang et al., 2018; Xing et al., 2019; Lin et al.,
2019a-b). A series of three-point bending tests were performed on center-notch Barre granite
specimens to estimate parameters of LCZM, which was then implemented in XFEM based
numerical model. The uncertainty in the fracture behavior in terms of the peak load and the FPZ
characteristics were then quantified by treating the fracture properties as random variables and
conducting Monte Carlo simulation (MCS) on the surrogate augmented radial basis function
(RBF) based response surface of the numerical model. This is followed by a variance-based

global sensitivity analysis for the identification of the most influential input parameters.

33 Experimental Design

This study used data from three-point bending tests on four Barre granite specimens (BG-1,

BG-2, BG-3, BG-4) (Figure 3-1a-c) performed in section 2.3.
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34 XFEM based Numerical Modeling

Since its inception, XFEM has been widely used in various fracture mechanics problems due
to its effectiveness in modeling discontinuities in various static and dynamic crack problems
(Elguedj et al., 2009; Khoei and Mohammadnejad 2011; Fan and Jing, 2013; Sharafisafa and
Nazem, 2014; Zhuang et al., 2014; Eftekhari et al. 2015; Zhou et al., 2020). In the conventional
FEM, modeling discontinuities such as cracks requires conformity of the mesh to the geometric
discontinuities (Khoei, 2014). Additionally, cracks in conventional FEM can only propagate
along element edges and thus require remeshing with the formation of new cracks (Sharafisafa
and Nazem, 2014). The XFEM alleviates these problems by using the partition of unity method,
which allows elements that are intersected by discontinuities to be locally enriched while
retaining properties of the stiffness matrix of the standard FEM. (Moés and Belytschko, 2002). In
XFEM, cracks or voids are represented independently of the FE mesh by adding enrichment
functions and additional degrees of freedom to the elements intersected by the crack (Karihaloo
and Xiao 2003). The important concepts of XFEM, along with the details of the implementation

in the commercial software Abaqus, are presented in this section.
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Figure 3-1 (a) Loading geometry of the three-point bending test along with the field of view for

DIC analysis, (b) Image of the speckle pattern obtained on specimen BG-1, and (c) The

schematic of the experimental setup used for a three-point test for synchronously capturing the

crack propagation using the 2D-DIC. Figure not in scale.
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3.4.1 XFEM Representation of Cracks

In XFEM formulation, displacement field (u) is approximated as a combination of
continuous part and discontinuous part as given by (Belytschko and Black, 1999; Zi and

Belytschko, 2003):

U(X) = Ueone (x) + Ugise (x) (3-1)

where x represents the position vector, U, (%) is continuous displacement field and
Uy (%) represents the discontinuous displacement field, which incorporates local enrichment
functions to account for the presence of a crack. The displacement field in Eq. 1 can be rewritten

as:

W) = D M+ Y M HEG+ Y (MDY FGbi (3-2)
T €K €K, a=1

where N;(x) represents standard shape functions and u; represents the nodal displacement
contribution due to the continuous part of the standard finite element solution. The H(x) is the
Heaviside enrichment function that accounts for displacement jump across crack interior faces
and F, (x) represent the crack tip enrichment functions that account for the elastic asymptotic
fields near the crack tip (Giner et al. 2009). a; and by, are the degrees of freedoms (DOFs)
vectors of the enriched nodes. The displacement contribution of the continuous part, i.e., the first
term at the right-hand side of Eq. 3-2, is estimated for all the nodes in the model domain. K and
K, belongs to the nodal subsets containing the crack interior (shown by red circles in Figure 3-2)
and the crack tip (shown by yellow rectangles in Figure 3-2). In XFEM, each node is only

enriched with a single type of enrichment function and additional DOFs. For the 2D-problems,
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nodes enriched with the Heaviside function have two additional DOFs, while nodes with crack

tip enrichment functions have eight additional DOFs.

Crack Tip K,

) Q Standard node

S @ Heaviside enriched node

Crack tip enriched node

Crack Interior Kr

Figure 3-2 Enriched elements in XFEM (after Xie et al., 2017).
3.4.2  Crack Initiation and Propagation Criteria

The CZM is typically used to simulate the inelastic behavior of the material inside the FPZ
of quasi-brittle materials such as rock and concrete (Roesler et al., 2007; Song et al., 2006;
Reinhart et al., 2015; Xie et al., 2017; Zhang et al., 2018). The CZM (Hillerborg et al., 1976)
lumps the FPZ ahead of the crack tip into a thin interface (also known as a cohesive zone) that
can transmit stresses across its faces (Figure 3-3a). In the current study, LCZM was used as it
was experimentally verified for Barre granite, as shown in section 2.5. The LCZM assumes the
material behavior to be linearly elastic from o;,, = 0 to 0;; = 0, 1mqx (cohesive strength) with the
associated limit of elastic opening displacement (w, ) (Figure 3-3¢). At this stage, the FPZ
initiates at the crack tip, which subsequently undergoes softening with the further increase in the

crack opening displacement (w) and thus results in the degradation of the material's elastic
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stiffness (highlighted by light gray in Figure 3-3¢). The softening of the cohesive zone is
characterized by a linear decrease in cohesive stress from g, = 0} 4, With opening
displacement at the elastic limit (w,, ) to a critical opening displacement (w,) where the cohesive
stress reaches zero ( g, = 0). This implies that the material has undergone complete failure,

resulting in the formation of a macro-crack (traction-free crack).

The softening curve provides information about the energy dissipated inside the FPZ. The
area under the softening curve is typically defined as the critical value of energy dissipation, also
known as fracture energy (Gr ) (Bazant and Planas, 1997; Zhang et al., 2018; Lin et al., 2019b).
The fracture energy (G ) obtained from LCZM is equivalent to the critical energy release rate
(G;. ) when the assumption of LEFM is valid (Lin et al., 2019b). For Mode I fracture, the
constitutive relationship between cohesive stresses (o, (w)) and crack opening displacement (w)
is given in Eqs 2-4a-b. The fracture energy (G ) (area under the softening curve) can be written

as:

1
Gr = E (O-n,max)wrie (3-3)

Therefore, LCZM characterize FPZ as a cohesive zone having a linear distribution of the normal
stresses along its length with its maximum value (0, = 0y, ;45 ) at the tip of FPZ as shown in

Figure 3-3b.

In Abaqus, the elastic response of the traction-separation law of the LCZM (Figure 3-3c) is
implemented based on the tensile elastic modulus (E; ) of the material instead of using the elastic
opening displacement (w,) (Abaqus, 2016). The FPZ initiation stage is then predicted using the

Maximum Principal Stress (MPS) criterion as given by:
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F= {<_Umax)} 1 (3-4)

O-‘I’l ,ymax

The tensile stress is negative in the current study, and thus, the minimum principal stress is
used to represent g4, in Eq 3-4, {.) represent the tensile component of stress, i.c., (—0pqx) 1S
equal to 0 when stresses are under pure compression (0,4, = 0). Therefore, at the FPZ initiation
stage, the minimum principal stress in an element exceeds the cohesive strength of the material
(0nmax)- The cohesive strength o, 4, 15 typically assumed equal to the indirect tensile strength
(o) of the material, estimated from Brazilian tests (Bazant and Planas, 1997; Song et al., 2006).
After the FPZ initiation, the softening is implemented by decreasing the cohesive stresses as a
function of the inelastic crack opening displacement (w,,.). In the present study, various
parameters of the LCZM, such as critical inelastic crack opening (wy;,) and the size of the fully
developed fracture process zone (Lpp;) were estimated using the displacement approach of 2D-

DIC.
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Figure 3-3 (a) FPZ development in rocks, Linear cohesive zone model (LCZM) (b) with linear
distribution of traction along the FPZ, and (c) linear softening law, traction free zone (TFZ)
(after Zhang et al., 2018).

3.4.3 Model Setup

The commercial general-purpose finite element package Abaqus was used to simulate the
crack propagation using the XFEM approach in the center notched Barre granite specimen.
Figure 3-4 shows the 2D model of the three-point bend test on barre granite specimen under
plane stress conditions. Due to the small specimen thickness (B =25 mm) compared to other
dimensions, the 2-D model represents planar crack propagation through its entire thickness. The
assumption agrees with other studies such as Rinehart et al. (2015) and Obara et al. (2020) that,
based on a 3D model of three-point bending test, found crack propagation through entire

specimen thickness with a straight crack front. The modeled specimen in the current study had
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the same nominal dimensions as the experiments with a I mm wide blunt notch (Figure 3-1a and
3-4), which resulted in a finite concentration of stresses at the notch tip, comparable to values
excepted in test specimens. To simulate actual laboratory testing conditions, bottom rollers fixed
in both x and y directions, and top roller fixed in x-direction were used (Figure 3-4). To model
three-point bending, a displacement rate of 0.1 mm/step (1step =1sec) was applied at the top
roller. The crack (notch) mouth opening displacement (CMOD) was recorded at the gage length
of 12 mm in the numerical simulation. The entire specimen was divided into three partitions to
achieve a finer mesh in the area around the notch tip with a lower computational time (Figure
3-4). The model was discretized using 4-node bilinear plane stress quadrilateral elements with a
mean size of 0.2 mm in the central partition, while the remaining area had a coarser mesh with a
mean size of 2 mm (Figure 3-4). The element size of 0.2 mm (around 20% of notch width)
ensures a smooth and accurate stress distribution around the notch tip, as recommended by

Rehinhart et al. (2015) and Luzio et al. (2018).

The material parameters of Barre granite are listed in Table 3-1. In the deterministic
numerical model, the mean value of each parameter was used. The elastic parameters (E; ,0)
were taken from the work of Goldsmith et al. (1976) to represent the elastic stiffness of Barre
granite under tension. Goldsmith et al. (1976), based on uniaxial compression and uniaxial
tensile strength tests on Barre granite, found its tensile elastic modulus (E; ) to be less than the
compressive modulus (E. ) by a factor of 0.5. In the case of the tensile strength (a;), its most
reported value based on the work of Goldsmith et al. (1976) and Ching et al. (2018) was used in
the deterministic numerical model (Table 3-1). The average value of the critical inelastic crack
opening (wy.) from four Barre granite specimens (BG-1, BG-2, BG-3, BG-4) was used in the

deterministic numerical model (see mean in Table 3-1).
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Figure 3-4 Model geometry used for three-point bending test in Abaqus.

3.5 Random Variable Analysis

The presence of natural discontinuities (such as micro-defect) typically lead to a scatter in
fracture properties of Barre granite, such as tensile strength (o;) and critical inelastic crack
opening (wWy.) as shown in Table 3-1. The uncertainties in the estimation of these parameters
(used as input parameters in the numerical model) can lead to uncertainty in the determination of
some fracture characteristics, such as the peak load and the FPZ size. To statistically characterize
the overall fracture behavior, the input rock properties can be considered as random variables.
Two widely used methods for this purpose are the Monte Carlo simulation (MCS) and point
estimate methods (Harr 1989; Hong 1998). In this study, the MCS is adopted as it is simple and
easy to implement. It involves repeated evaluation of the numerical model with randomly
generated input parameters values from their respective probability distribution function (PDF).
Since it is computationally expensive to directly conduct MCS on the numerical model, an

alternative method such as explicit function (also known as the metamodel or the response
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surface) can be used as it acts as a surrogate to the numerical model. A linear polynomial
augmented radial basis function (RBF) is adopted in this study since it can provide higher
accuracy for both linear and nonlinear responses (Krishnamurthy, 2003). This response surface
methodology was employed in several other rock engineering problems (Wang et al., 2016;

Pandit et al., 2019).

Table 3-1 Input properties used in the deterministic model and random variable analysis

Coefficient of Truncation
Parameter Mean | Range Variation Distribution limit
(COV)
Young's modulus (E;) i o i
(GPa) 28 19-80 20% Lognormal 10-80
Tensile stress (o) (MPa) 14 5-20 20% Lognormal 5-22
Critical inelastic crack | 5, 5| ) g 27% Lognormal |  10-100
opening (Wye) (um)
Poisson’s ratio (v) 0.16 - - - -

3.5.1 Input Property Distribution

In this study, only three input parameters, namely: (a) tensile elastic modulus (E; ), (b)
tensile strength (o;) and (c) inelastic crack opening (w5, ) are treated as uncorrelated random
variables. The variation in tensile strength (a;) of barre granite (see the range in Table 3-1) in the
literature is typically smaller as compared to other igneous rocks (see rock database by Ching et
al. 2018). Therefore, the lognormal distribution type with the Coefficient of Variation (COV) of
20% was used for tensile strength (a;) in the current study, which is the lowest COV for typical
granite rocks (Aladejare and Wang 2017). Additionally, tensile strength (a;) is truncated (see the
limits in Table 1) to the range of values based on lab experiments available in the literature
(Goldsmith et al. 1976; Miller, 2008; Morgan et al., 2013; Ching et al., 2018; ASTM, D3967).
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For a similar reason, the distribution of tensile elastic modulus (E; ), is assumed to be lognormal
with a COV of 20%. It is also truncated to ensure values from its distribution lie within the range
of experimental data of Barre granite available in the literature (see the limits in Table 3-1). The
inelastic crack opening displacement (w,,,) varies from 21-58 um based on DIC analysis of four
lab experiments in the current study (Table 3-1). The COV of 27 % was assumed for inelastic
crack opening displacement (w,,,) (Table 3-1), which lies in the range of observed variation
(COV=10-35%) of various quasi-brittle materials such as concrete and rocks (Bazant and
Giraudon 2002; Yang et al. 2019). Additionally, the truncated limit of inelastic crack opening
displacement (w,,) (see the limits in Table 3-1) was selected based on typically observed values
for rocks (Zhang et al., 2018; Lin et al. 2019b). All the input random variables are assumed to be
independent lognormal distribution as it is widely adopted for most rock properties in the

literature (Jiang et al., 2016; Pandit et al., 2019).

3.5.2 Response Surface

The numerical model is approximated using the RBF-based response surface augmented
with a linear polynomial. Response surface construction involves solving numerical models on
LH samples extracted from input space that serves as training data. The type of RBF adopted in
this article is compact support function type II RBF developed by Wu (1995). For detailed
methodology pertaining to the construction and performance assessment of the augmented RBF,

Pandit et al. (2019) can be referred.

3.6 Global Sensitivity Analysis
Since uncertainty in the input parameters leads to uncertainty in the output, it is necessary to

study the contribution of each input parameter variability toward the output's variability. By
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identifying the sensitive input parameters, resources can be directed toward reducing the
uncertainty in those parameters. Ranking of input parameters according to their magnitude of
contribution towards the variability of output can be achieved by the global sensitivity analysis
(GSA). GSA based on Sobol indices (Saltelli et al. 2008), quantifies the relative contribution of
input parameters on the output variability. The individual contribution of each input parameter in

output variability is denoted by first-order Sobol's indices (S;). The total effect (Sy,) include the
individual contribution in addition to the individual contribution. The estimate of S; and Sy,can

be obtained by MC based approach, details of which are mentioned in the literature (Saltelli et

al., 2008; Pandit and Babu, 2020).

3.7 Results
3.7.1 FPZ Characterization

This section presents the characterization of the FPZ in Barre granite specimens done in
section 2.4.3. This methodology in that section used the concept of the LCZM to identify the
transition between the three stages of FPZ evolution, namely: (a) the elastic deformation, (b) the
FPZ initiation and its propagation, and (c) the macro-crack initiation that leads to unstable crack
propagation. According to the LCZM, elastic opening displacement (w,) represents the tip of the
FPZ (i.e., the boundary between the elastic zone and the FPZ), while critical opening
displacement (w,) can be used to represent the tip of the macro-crack (the boundary between the
FPZ and macro-crack). In the adopted methodology, both elastic (w,) and critical opening
displacement (w,), were estimated based on the evolution of crack opening displacement at the
notch tip (CTOD) for Barre granite specimens (section 2.4.3). Figure 3-5a presents the contour of
horizontal displacement at 75% of the peak during the post-peak stage of the test (i.e., 25% load

drop from the peak was reached. Figure 3-5b shows the crack opening displacements (w)
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profiles at various loading stages. In order to quantify the CTOD in a consistent manner, two
vertical lines at location x = 3 mm from the notch plane (x = 0) were selected to represent the
virtual surfaces of the crack plane (Figure 3-5a). The horizontal (normal) displacements were

calculated between these two lines (Figure 3-5a), also known as crack opening displacement (w).

Figure 3-6a show the evolution of the CTOD with the normalized load-point displacement
(6pnorm) for four Barre granite specimens (BG-1, BG-2, BG-3, BG-4). The load-point
displacement (&) was normalized with respect to its value at the peak load stage (8,,0rm =
8/ 8peax) for each specimen. The FPZ initiation from the notch tip is denoted by FPZ-1, and the
macro-crack initiation is shown by colored circles in all four specimens (Figure 3-6a). These two
stages along with other parameters of LCZM, were estimated for all four specimens in section
2.4.4 and are summarized in Table 2-2 and 3-2. It can be concluded that the evolution of CTOD
provides a reliable method for the estimation of LCZM's parameters as it has shown consistent
behavior for characterizing the three-stages of the FPZ evolution in all Barre granite specimens

(BG-1, BG-2, BG-3, BG-4) in accordance with the finding of the study in section 2.4.
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Figure 3-5 (a) Contour of horizontal displacement (U) obtained using the DIC at 75% of the peak
load in post-peak stage, and (b) Crack opening displacements (w) at various loading stages along
with the method to identify the size of FPZ and TFZ using displacement approach.
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Table 3-2 Comparison among output parameters obtained from different analyses

Output Standard 95% Best fit Deterministic Experimental
Paranl:e ter Mean | deviation | Confidence distribution Numerical presul ts
(COV) interval (Parameters) Model
Peak load (kN) 48 | 0.74(15%) | 3.5-6.3 (Fgrg‘% 4.83 3.5-4.6
FPZ initiation load o Lognormal
(%) 38 5.07 (14%) | 28.8-49.2 (37.6,5.07) 38 80-92
FPZ length (Lsz) 0 NOI‘mal
(mm) 16.3 3.7 (23%) 10-24.5 (163, 3.7) 15.4 12-23
Macro-crack Weibull
initiation load (%) | 91.6 | 3.3 (3.6%) 84-96.8 (92.9. 34.17) 92 75-95
(Post-peak regime) N

3.7.2 Deterministic Model

Figure 3-7a provides a comparison between the experimental and numerical results in terms
of the applied vertical load as a function of the CMOD. It is clear from Figure 3-7a that pre-peak

responses of the numerical model lie within the range of four experiments, indicating that the
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tensile elastic modulus (E;) of 28 GPa is an appropriate value to capture the elastic behavior of
the Barre granite beam. However, the peak load stage was overestimated by the numerical model
as both the simulated peak load (4.83 kN) and peak CMOD (68 pum) lie outside the range of
values obtained from experiments (Figure 3-7a). Similarly, the numerical model's post-peak
response differed significantly with a steeper post-peak slope of the load-CMOD curve compared
to experimental results. The difference in peak and post-peak response between numerical
simulation and four experiments can be attributed to the material heterogeneity of granodiorite
rocks such as Barre granite. Various studies (Nasseri et al., 2010; Wang and Hu, 2017; Yu et al.,
2018) have shown that the variability in different fracture characteristics, such as the FPZ size
and the tensile strength (o;) of granite rocks typically depend on various factors such as
microstructural anisotropy, grain size, initial notch length (a,), etc. For instance, Wang and Hu
(2017), based on a three-point bending test on yellow granite, found that variability in peak load
depends on initial notch length (relative to beam height) with a large fluctuation in peak load in
the beam with smaller notches. Additionally, parameters of the LCZM were estimated based on
average values of four Barre granite experimental data (Table 3-1), which were then directly
used in the numerical model without any calibration. The fracture properties, such as the critical
crack opening displacement (w,) (estimated from experiments in the current study) are highly
dependent on the material behavior at a localized level and thus were strongly influenced by
structural inhomogeneities such as micro-defects and grain size. As a result, various CZM-based
numerical studies (Song et al., 2006; Roesler et al., 2007; Im et al., 2014; Rinehart et al., 2015)
typically used a calibration process where parameters of CZM such as critical crack opening

displacement (w,.), tensile strength (og;) and tensile elastic modulus (E;) are iteratively changed
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until the entire global response (both pre-peak and post-peak regime) from the numerical model

provides a good fit with experimental data.

Figure 3-7b shows the evolution of the FPZ length (1) with normalized load (B, p;m =

P /Ppeqi) between four experiments results and the numerical simulation. The FPZ length (1) in
four experiments were calculated using DIC analysis (section 2.4.5). In the numerical model, the
FPZ is represented by elements undergoing progressive damage, denoted by the STATUSXFEM
parameter (Figure 3-8a-c). The parameter indicates the status of the element with values between
0 and 1. A value of 1 (red color in Figure 3-8a-c) denotes a "completely fractured or traction-free
crack," while a value 0 indicates an elastic state. The elements with the value between 0 and 1
indicate the elements under softening and thus represent the FPZ. Figure 3-8a-c clearly shows
the progression of the FPZ at three different loading stages, namely (a) when 80% of the peak
load, (b) when the peak load was applied, and (c) when 80% of the peak load was applied during

the post-peak stage of the test (i.e., 20% load drop from the peak was reached).

Figure 3-7b clearly presents a consistent trend in the evolution of the FPZ length (1) between
the numerical model and experiment results, except for the FPZ initiation stage. The numerical
model showed the FPZ initiation at an early stage (38% of peak load) compared to four
experiments (80-92 % of peak load). After initiation (Figure 3-7b), both the numerical model and
four experimental tests showed a steady increase in the FPZ length (I) until the peak load
(approximately 97-99% of peak load) followed by the rapid increase in post-peak regime to its
maximum value around the macro-crack initiation stage (95-75% of peak load in the post-peak
regime). The observation of the macro-crack initiation stage in the post-peak regime is consistent
with various acoustic emission (AE) based studies (Kao et al., 2011; Aggelis et al., 2013; Lin et

al., 2019b) on rocks and other quasi-brittle materials. The FPZ at the macro-crack initiation stage
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is known as fully developed FPZ, and its length (Lgp;) (Figure 3-3) is considered as a material
property based on the LCZM. It can be inferred from figure 7b that, after reaching its maximum
value in the post-peak regime, the FPZ length (I) remains nearly constant in the numerical model
and four experiments (BG-1, BG-2, BG-3, BG-4) with the exception of a slight decrease (1-3
mm). The observation agrees with the other studies (Lin and Labuz, 2013; Lin et al., 2014;
Zhang et al., 2018) on various rocks, such as Berea sandstone and Sichuan sandstone.
Additionally, the length of fully developed FPZ (Lgp;) obtained from the numerical model lie
within the experimental range (Figure 3-7b and Table 3-2), which is expected as its input
parameters were based on average values of critical inelastic opening displacements (W) from

four experiments (Table 3-1).

The early prediction of the FPZ initiation stage in the numerical model can be mainly
attributed to the assumption of finite width FPZ as a thin interface by the LCZM. As a result, in
the numerical model, the damage initiation is confined within the local element just above the
notch tip and directly depends on the stress concentration within the element. In comparison, the
FPZ initiation in the experiments is estimated based on the damage accumulation in the finite
width micro-cracking zone, which leads to the overall inelastic behavior of material around the
notch tip. In the current study, the evolution of CTOD was used to evaluate the material behavior
over the notch tip, which is similar to the numerical model and four experiments (Figure 3-6a).
Additionally, various AE-based studies (Zhang et al., 2018; Lin et al. (2019b, 2020)) have shown
a small amount of material damage outside FPZ, suggesting that the assumption of linearly
elastic behavior of material before FPZ initiation by the LCZM might not be entirely valid and
thus can lead to errors in the prediction of FPZ initiation stage. The prediction of early FPZ

initiation is consistent with the observation of various studies such as Moé€s and Belytschko
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(2002) and Ha et al. (2015), which have also found that the LCZM can predict the global
response of quasi-brittle material such as concrete despite showing an early FPZ initiation stage.
It can be concluded that LCZM estimated from standard tests can predict the FPZ evolution in

mode I fracture of Barre Granite with reasonable accuracy.
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Figure 3-7 Comparison between experimental and numerical results in terms of (a) applied load

vs. crack mouth opening displacements (CMOD), and (b) FPZ length (1) vs. normalized applied
load.
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Figure 3-8 FPZ evolution in the numerical model at (a) 80% of the peak load (pre-peak stage),
(b) peak load, and (c) post-peak stage when the load reached 80% of the peak load.

3.7.3 Random Variable Model

In this study, 30 Latin Hypercube (LH) samples based on the study by Montgomery (2019)
were extracted from input parameter distributions (Table 3-1), which were then used in the
numerical simulation of notched Barre granite specimens. The generated data from the numerical
model was then used to construct an augmented RBF metamodel in MATLAB for each output
parameter. The accuracy of the generated response surfaces was evaluated based on the error
between the numerical models and augmented RBF obtained for additional 15 data sets (used as
test samples). Moriasi et al. (2007) recommended Nash-Sutcliffe efficiency (NSE) as a
quantitative index for performance assessment of the response surfaces. The NSE values of the
response surface for each output (Table 3-3) suggest that the performance is Very Good (Moriasi
et al. 2007), i.e., the numerical model approximation by augmented RBF response surface is
Very Good. Figure 3-9 presents the Load-CMOD curves of 45 LH realizations (obtained from

numerical simulation) against the experimental results. It is observed that the experimental
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curves lie within the range of the LH realized samples, i.e., the experimental data can be viewed

as one of the realizations from the input probability distribution.
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Figure 3-9 Load versus CMOD curves predicted from Monte Carlo simulation along with
experiments results of four Barre granite specimens.

Uncertainty quantification of output variables is conducted by performing MCS on the
response surface. Figure 3-10 presents the convergence of statistical moments of peak load for a
different sequence of random numbers with increasing MCS. It can be seen that the variation in
mean and standard deviation decreases with an increase in the number of realizations and
become constant for 10° realizations. Thus, 10° realizations are utilized for uncertainty
quantification of outputs, and the results obtained are mentioned in Table 3-2. Table 3-4 presents
the correlation coefficients between each output parameter obtained from MCS. It can be
inferred from Table 3-2 that the mean of all four output parameters matches closely with values
obtained from the deterministic numerical model, which again confirms the robustness of the
response surface in the accurate approximation of the numerical model. Among all output
parameters, the length of fully developed FPZ (Lgpz) has the maximum COV of 23%, which also

lies within the range of the input parameters COVs (Table 3-1and 3-2). While the COV of other
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output parameters is smaller than the input COVs, with the macro-crack initiation load having
the smallest COV of 3.6%. Additionally, the 95% confidence interval (CI) of all output
parameters (except the FPZ initiation load) is similar to the range of experimental results (Table
3-2). The 95% CI of FPZ initiation load is significantly lower than the experimental range, which
can be attributed to the numerical model's limitation as it underestimates the FPZ initiation stage
(section 3.7.2). Best-fit PDFs were estimated for each output parameter (Figure 3-11 and Table

3-2).

A large variation of fully developed FPZ length (Lgp) in both MCS and experimental
results can be attributed to it being a local property and thus strongly influenced by the material
heterogeneity. Additionally, the 95% CI of fully developed FPZ (Lgp;) from MCS is comparable
to the notch length ( 0.38 < Lppz/a, < 0.94), indicating large scale yielding around notch tip
and thus the assumption of LEFM (assume elastic stress distribution around crack tip) is not
valid for the three-point bend specimens of Barre granite used in this study. Due to the
significant size of the FPZ around the notch tip, macro-crack initiation is most likely to occur
during the post-peak stage of the test as shown in Figure 3-11 with 95% CI of macro-crack
initiation load around 84-97% of peak load in post-peak regime (Table 3-2). This can be further
explained by a strong positive correlation between two parameters (Table 3-4), which indicates a
higher energy dissipation inside the FPZ due to an increase in the FPZ length and thus delays
macro-crack initiation. A similar correlation between the FPZ size and macro-crack initiation
stage has been found by various studies (Hoagland et al. 1973; Parisio et al. 2019) in various
rocks such as Salem limestone, Berea sandstone, and Adelaide black granite. Table 4 also shows
a strong negative correlation between FPZ initiation load with FPZ length (Lgp;) and macro-

crack initiation load. It can be attributed to an increase in the tendency of material towards brittle
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fracture with an increase in the FPZ initiation load, which, based on the LCZM, directly depends
on the tensile strength of the material (o). A higher FPZ initiation load (due to high tensile
strength (0;)) can lead to smaller FPZ length (Lgp;) and thus lower the energy dissipation across
the fracture surface. As a result, higher energy can be available for macro-crack formation,
which is more likely to occur at an early stage near the peak load stage. This observation is
consistent with other studies, such as Wang (2012) and Ha et al. (2015), that have found the FPZ
length (Lppz) inversely proportional to tensile of the material (g;) that provides a measure of

brittle fracture.

Table 3-3 Accuracy of RBF-based response function for four output variables

Statistics NSE Value Performance
Peak load 0.998 Very good
FPZ initiation load 0.8069 Very good
FPZ length 0.9944 Very good
Macro-crack initiation load 0.9969 Very good
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Figure 3-10 Effect of the number of MCS on the mean and standard deviation of the peak load.
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Table 3-4 Correlation coefficient between each output parameters obtained from MCS

Peak load FPZ initiation | FPZ length Macro-crack
load (Lrpz) initiation load
Peak load 1 -0.1385 0.071 0.097
FPZ initiation load -0.1385 1 -0.8883 -0.9206
FPZ length (Lgpz) 0.071 -0.8883 1 0.9472
Macro-crack inftiation | og7 10.9206 0.9472 1

3.7.4  Global Sensitivity Analysis

The first order and total effect Sobol indices for output peak load are shown in Figure 12a. It
can be seen that the highest contribution (60%) towards the variability observed in peak load is
caused by the variability in tensile strength (o;) (Figure 3-12a). The variabilities in the other two
input parameters,.i.e., critical inelastic crack opening (wy,) and tensile elastic modulus (E;) have
a similar contribution of around 20% toward the total variability of peak load (Figure 3-12a). A
high contribution of the tensile strength (g;) is expected as it is a critical parameter of the MPS
criterion used for fracture initiation in the current study. A high tensile strength (o;) can result in
a beam with a large load-carrying capacity, thereby increasing its peak/failure load. The recent
studies by Wang and Hu (2017) and Zhang et al. (2018) using this assumption developed an
empirical formula for estimating tensile strength (a;), fracture toughness (K;.) based on Peak
load measurements from three-point bending tests of various granite rocks. The critical inelastic
crack opening (wy,) is proportional to energy dissipation along the unit length of the FPZ before
macro-crack initiation. A higher critical inelastic crack opening (wy,) leads to higher resistance
of material towards failure/fracture, thus consequently increasing the peak load of the specimen.
The high contribution of the tensile strength (o;) towards the variability of peak load is
consistent with the observation by various studies (Song et al. 2006; Roesler et al. 2007) that

have found a larger influence of tensile strength (o) than fracture energy (Gy) (proportional to
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critical inelastic crack opening (w5, )) in different quasi-brittle materials such as concrete, asphalt
mixture, etc. Similar to critical inelastic crack opening (wy,), tensile elastic modulus (E;) also
have a minor contribution towards variability of peak load. This can be attributed to the change
in the specimen's elastic stiffness, which also leads to the change in FPZ characteristics, such as
its size (discussed below), thereby changing the material resistance to failure. Additionally, the
sum of first-order indices is 0.984 (less than 1, but close to 1), suggesting a negligible

contribution from the higher-order interaction of input parameters (Figure 3-12a).

The source of variability in the FPZ initiation load is predominantly due to the variability in
tensile strength (o,) which accounts for over 90% of the total contribution (Figure 3-12b), which
can be attributed to the MPS criterion that predicts the FPZ initiation only based on material
tensile strength (o). The small contribution of elastic modulus (E;) (9%) can be attributed to
minor changes in local stresses at the notch tip at a given load-point displacement (&) due to the
change in elastic stiffness of the specimen (Figure 3-11Figure 3-12b). The LCZM uses critical
inelastic crack opening (wy,) only for material softening and thus theoretically should have zero
contribution toward variability of the FPZ initiation load. The small contribution (~ 3%) from

inelastic crack opening (w);,) can be considered as an error of the GSA.

The FPZ length (Lgpy) is most sensitive to critical inelastic crack opening (wys,), which
accounts for 39% contribution towards its variability (Figure 3-12c). This is expected as an
increase in the critical inelastic crack opening (wy,) also increases the energy dissipation per unit
length of the FPZ and thus facilitates a large FPZ size by increasing the material resistance
towards fracture. This observation is consistent with the study by Ha et al. (2015) that found

fracture energy (Gy) (proportional to critical inelastic crack opening (wy.)) directly proportional
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to the FPZ size. Similar to critical inelastic crack opening (w5, ), tensile elastic modulus (E;) also
has a significant contribution towards FPZ length (Lgp;) (Figure 3-12c¢), which typically results
in a large FPZ size. This can be explained using the concept of characteristic length, which
provides a theoretical estimate of the FPZ size (Bazant and Planas 1997) and is proportional to
the tensile elastic modulus (E;). The tensile strength (o;) as mentioned earlier, increase the
tendency of material towards brittle fracture; as a result, a material with high tensile strength (o)
is more likely to have a small FPZ length (Lgp). Therefore, tensile strength (o;) will likely to
have a significant contribution (~28%) towards variability in the FPZ length (Lpp;) due to its
negative correlation with the FPZ size (Figure 3-12c¢). This observation is consistent with the
various studies, such as Wang (2012) and Ha et al. (2015), that found the FPZ size inversely
proportional to the square of the tensile strength (o;) in the LCZM. For FPZ length, the higher-

order interaction effects are to be negligible (Figure 3-12c).

Similar to the FPZ length (Lgpz), variabilities in all three input parameters had a significant
contribution towards the variability in the macro-crack initiation load, with the highest
contribution (45%) of critical inelastic crack opening (wy,) followed by the contribution of
tensile elastic modulus (E;) (~37%) and tensile strength(o;) (~27%) (Figure 3-12d). This is
expected as a high positive correlation exists in the FPZ length (Lgp;) and macro-crack initiation

load (Table 3-4 Correlation coefficient between each output parameters obtained from MCS).

89



o
-

06 [JSimulated I [CISimulated
%. : o —Normal %‘0,08 | T —Lognormal
% 0.5} | _s 6 z
Qqal A\ 0 0.061
5,04 2
203 S 004}

3 5 0.04

802 S

o a 0.02f

0.1
0 0
2 3 4 5 6 7 8 15 20 25 30 35 40 45 50 55 60
Peak load (kN) FPZ Initiation Load (%)
(a) (b)
0.12 T T T 0.2 T T

0 [CISimulated P K [ISimulated

> 01 Th —Normal | 2016 ost-pea 5 —Weibull

@ — 7]

50.08 i o

o I A 0 0.12

20.06 2

3 B 0.08f

_8 0.04 g

a 002 a 0.04}

0 - - ; 0 : -
5 10 15 20 25 30 35 40 100 95 90 85 80 75

FPZ length (mm) Macro-crack Initiation Load (%)

(c) (d)

Figure 3-11 Histograms of each output parameter along best-fit PDFs.
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Figure 3-12 Sobol indices of the input parameters for each output parameter. Parameters include
tensile strength (o), critical inelastic crack opening (wy,) and elastic modulus (E;).

3.8 Conclusion

While CZM is widely used to predict the overall fracture behavior of various quasi-brittle
materials such as concrete and asphalt mixtures, its applicability in rocks has been limited due to
large uncertainty in its parameters, which can be attributed to various factors. For instance, the
inherent variability in tensile strength (o;) and critical opening displacement (w,) can lead to
variation in the global response of the rock specimens. In this study, an integrated approach was
used to evaluate the LCZM's capability in predicting the fracture processes in notched Barre
granite specimens by addressing three issues: (a) consistent methodology for estimation of

LCZM parameters, (b) variability in the input parameters of LCZM, and (c) most influential
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parameters of LCZM to minimize the uncertainty in overall rock fracture behavior. This

approach was based on four steps: (a) experimental testing, (b) numerical simulation, (¢)

uncertainty quantification of material response, and (d) global sensitivity analysis. The main

findings are summarized as follows:

1.

The evolution of CTOD obtained from DIC analysis can be used to characterize three stages
of FPZ evolution in a consistent manner and thus provide a reliable method for estimating the
parameters of the LCZM.

The LCZM implementation using the deterministic numerical model (XFEM-based
simulation) was inadequate in representing the variability in fracture behavior defined in
terms of the peak load and the FPZ size observed in laboratory-scale Barre granite
specimens. This variability can be attributed to variability in its input parameters, such as
tensile strength (a;), critical inelastic crack opening (wy.) and elastic modulus (E}).

The variability of peak load (COV=15%) obtained from MCS was consistent with variation
typically found in three-point bend specimens of various rocks such as yellow granite and
Harsin marble (Wang and Hu 2017; Aliha et al. 2018; Zhang et al. 2018).

Despite variability in input parameters of the LCZM, a significant size of the FPZ around the
notch tip was observed, indicating the large scale yielding in the laboratory scale Barre
granite specimens under mode I loading. As a result, macro-crack initiation is most likely to
occur in the post-peak regime.

The results from GSA indicate that tensile strength (o;) is the predominantly sensitive
parameter towards variability in the global response of the Barre granite specimens.
However, the variability in various fracture characteristics, such as the three stages of the
FPZ evolution and its size, is sensitive to all three input parameters.
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CHAPTER 4

FRACTURE PROCESS ZONE EVOLUTION UNDER MODE II LOADING OF BARRE
GRANITE USING NOTCHED DEEP BEAM AND SHORT BEAM COMPRESSIONS

TESTS

This paper has been submitted for publication in the Engineering fracture mechanics journal

(Garg et al., 2023).

Prasoon Garg®, Ahmadreza Hedayat®, D.V. Griffiths®

4.1 Abstract

Due to rock being commonly subjected to compressive or shear loading, mode II fracture
toughness is an important material property in rocks. Fracturing in rocks is governed by the
behavior of a nonlinear region surrounding the crack tip called the fracture process zone (FPZ).
However, the characteristics of mode II fracture are still determined based on the linear elastic
fracture mechanics (LEFM), which assumes that a pure mode II loading always results in a pure
mode II fracture. In this study, the FPZ development in Barre granite specimens under mode I1
loading was investigated using two geometries, namely (a) the notched deep beam (NDB) and
(b) the short beam compression (SBC) test. The experimental setup included the simultaneous
monitoring of surface deformation using the two-dimensional digital image correlation technique

(2D-DIC) to identify fracture mode and characterize the FPZ evolution in Barre granite

3Colorado School of Mines, Civil and Environmental Engineering
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specimens. Additionally, the influence of lateral confinement in SBC specimens on various
characteristics of mode II fracture was studied. The 2D-DIC analysis showed a dominant mixed-
mode I/II fracture in the ligament between two notches in the SBC specimens, irrespective of
confinement level, while the NDB specimen showed the formation of a mode I fracture from its

notch tip.

4.1.1 Introduction

Rock behavior is typically governed by various fracturing processes, such as crack initiation,
propagation, and interaction between the new and existing fractures. As a consequence, rock
fracture mechanics plays an essential role in the stability of rock structures (slopes, foundations,
and tunnels) and other engineering applications such as geologic sequestration of nuclear waste,
geothermal energy production, and hydraulic fracturing (Zoback et al., 1977; Hoek et al., 1995).
The fracturing in rocks is characterized by the deformation of the inelastic region surrounding
the crack tips, also known as the fracture process zone (FPZ) (Backers et al., 2005; Ghamgosar
and Erarslan, 2016), especially in lab-scale specimens where its size is often comparable to pre-
existing cracks. While the influence of the FPZ in mode I fracture has been extensively
investigated, there are limited studies on FPZ development in rocks under pure mode II loading

(Jietal., 2016; Lin et al., 2020; Li et al., 2021).

Over the years, various geometries such as anti-symmetric four-point bending (ASFPB)
(Wang et al., 2016), semicircular bend (SCB) with an inclined notch (Aliha et al., 2006), short
core in compression (SCC) (Xu et al., 2020) and punch-through shear (PTS) (Backers et al.,
2002) have been suggested for proper characterization the mode II fracture toughness of rocks.
The application of most of these geometries is based on linear elastic fracture mechanics

(LEFM), which assumes a direct equivalence between the mode of loading and the observed
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fracture mode. However, this is not always the case, as shown by recent studies (Ji et al., 2016;
Zhao et al., 2022; Xing et al., 2020), reporting the formation of mode I fracture, despite the
application of mixed-mode I/II or mode II loading at the notch tip in various rocks and rock-like
materials. In the study presented here, a distinction is made between the applied mode of loading
and the fracture mode. Therefore, most known mode II testing geometries for rocks can be
divided into two broad categories (i.e., kink fracture-based and coplanar fracture-based)

depending on the obtained fracture pattern.

The geometry of the first category is characterized by creating a 'kink' fracture from the
notch tip instead of forming a coplanar shear crack. This includes most disk-type geometries
under compression with an inclined notch, such as cracked straight-through Brazilian disc
(CSTBD) (Ayatollahi and Sistaninia, 2011), semicircular bend (SCB) specimens under three-
point bending (Aliha et al., 2006) (Figure 4-1a-b) and prismatic geometries such as anti-
symmetric four-point bending (ASFPB) (Wang et al., 2016) (Figure 4-1c). The initiation and
growth of the 'kink' fracture in these geometries have been associated with tensile stress, as
evident by their prediction using the maximum tangential stress criterion (MTS) (Rao et al.,
2003; Ayatollahi and Sistaninia, 2011; Bahrami et al., 2020). The MTS criterion originally
proposed by Erdogan and Sih (1986) is based on the hypothesis that the fracture propagates in a
plane perpendicular to the largest tension at the pre-crack tip. Additionally, recent studies (Lin et
al., (2019, 2020)) based on different mode II geometries have found the presence of opening
displacements along the 'kink' fracture without any signs of mode II component, confirming the
formation of mode I crack. However, a detailed analysis of the FPZ characterization for the
studied geometries is lacking, and the influence of mode II loading on the FPZ development and

other fracture properties, such as critical crack displacements and fracture energy, are unknown.

96



Optical techniques such as digital image correlation (DIC) and speckle interferometry can be
useful tools to investigate the effect of mode II loading on the FPZ development, as they provide

direct measurements of the displacement and strain fields inside the FPZ.

The second category encompasses the geometries that show a dominant fracture being
formed either in the original notch planes or along the maximum shear stress directions (Xu et
al., 2020). Various testing geometries from this category, such as double-edge notched Brazilian
disk (DNBD) (Bahrami et al., 2020) (Figure 4-1d), shear box test (Rao et al., 2003) (Figure 4-
le), punch-through shear (Backer et al., 2002) (Figure 4-1f), and short core compression test
(Jung et al., 2016) (Figure 4-1g), have been used to characterize mode II toughness of the rocks.
The reliability of these geometries lies in the fact that fracture is formed in the intended
direction, which also results in values of mode II fracture toughness (Kj;¢) significantly higher
than mode I fracture toughness (K;.) of the same material. For instance, the DNBD test under
pure mode II loading on various rocks such as limestone, marble, and granite showed the
formation of a dominant coplanar crack connecting two notches that resulted in mode II
toughness (Kj;c) being 2-4 times the value of mode I toughness (K;.) for the same rock (Bahrami
et al., 2020). Due to the ease of preparation and other merits, core-based testing geometries such
as punch-through shear and short core compression have been increasingly used for mode II
testing of rocks and rock-like materials (Wu et al., 2017; Xu et al., 2020; Yin et al., 2021; Zhang
et al., 2022). Despite these applications, deformation behavior and fracture characteristics, such
as the shape and size of FPZ in mode II geometries, is not well understood. These investigations
are limited in core-based geometry, such as the punch-through shear, where FPZ development
and its transition to macro-crack occur inside the specimen and thus cannot be monitored using

optical techniques such as DIC. The explicit evidence of the formation of pure mode II fracture
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is lacking in these aforementioned geometries, especially at low levels of confining pressure (o,
< 10 MPa). Additionally, some studies (Merlin et al., 1986; Rao et al., 2003; Lin et al., 2019)
have suggested that pure mode II fracture in rocks can be very difficult to create until the tensile
stresses at the crack tip are eliminated by applying a high level of confining stresses.
Alternatively, a cuboidal shape geometry, such as the short beam in compression (SBC) test
(Figure 4-1g), can be more suitable due to its simple loading configuration and planar surface,
allowing the estimation of local strain or displacement fields around the fracture. Initially
introduced by Watkins and Liu (1985) to measure mode II toughness (Kj;¢) of concrete
specimens, SCB geometry, has also been used for testing Flagstaff sandstone and Coconino

sandstone (Ko and Kemeny, 2007; Ko and Jeon, 2017).

The main objective of the study presented here is to characterize the fracture process zone in
rocks under pure mode II loading and identify appropriate mode II testing geometry. For this
purpose, two mode II configurations, one from each of the two described categories, namely (a)
notch deep beam (NDB) and (b) short beam in compression (SBC), were selected to test Barre
granite specimens. Both testing configurations have numerous advantages, such as ease of
sample preparation, planar surface, and a large ligament length which minimize the boundary
effects on the FPZ development. Additionally, multiple configurations for pure mode II loading
can be achieved by changing the geometrical factors in both NDB and SBC specimens (Ko,
2008; Luo et al., 2017). The experimental setup in both tests also included the simultaneous
monitoring of surface deformation using 2D-DIC imaging, which facilitates the estimation of
various fracture characteristics, such as the FPZ evolution and its crack type under mode II

loading. The fracture mode was determined based on the displacement approach of 2D- DIC.
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Additionally, the influence of confinement on the SBC specimens on the variation in mode II

toughness and characteristics of the developed FPZ was explored.

(a) (b) (c) (d)

1 T =1

(e) () (9)

Figure 4-1 Various Mode II geometries. "Kink" fracture from notch tip: (a) Anti-symmetric four-
point bending test, (b) Cracked straight-through Brazilian disc, (¢) Semi-circular bend with an
inclined notch. Fracture aligns with notch or shear direction: (d) Double-edge notched Brazilian
disk (DNBD), (e) Shear box test; (f) Punch through shear (PTS), and (g) short core in
compression (SCC) and short beam in compression (SBC) (Xu et al., 2020).

4.2 Configurations for Pure Mode II Loading

4.2.1 Notched Deep Beam (NDB) Test

4.2.1.1 Mode II Stress Intensity Factor (SIF)

The NDB specimen is a prismatic specimen with a length-to-width (L/W) ratio of 2,
containing an inclined notch of length a, which makes angle a with respect to the vertical
direction (Figure 4-2a). The NDB specimen is subjected to symmetrical three-point bending with

a span of 2d by applying load P at the top roller, as shown in Figure 4-2a. Mode I (K;) and mode
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IT (K;;) SIFs for NDB specimens under three-point bending can be defined based on the work of

Luetal. (2017):

YI W'W'a = _%T
(4-1)

a d K, 2WB

(22 ) - S 28

w'w ma P

where B is the specimen's thickness, Y; and Y;; denotes the non-dimensional mode I and
mode II geometrical factors. The geometrical factors (¥; and Y;;) depend on various specimen
parameters such as the notch inclination angle (@), span-to-width ratio (d /W), and notch length-
to-width ratio (a/W). The pure mode I loading in the NDB specimen is achieved for a vertical
notch with an inclination angle () equal to zero. With the increase in the notch inclination angle
(@), the value of mode I SIF decreases, which eventually results in pure mode II loading (K; = 0)
at a specific inclination angle («) depending on values of the span-to-width ratio (d /W) and

notch length-to-width ratio (a/W).
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Figure 4-2 Schematics of (a) Notched deep beam (NDB) and (b) short beam in compression
(SBC) specimens.
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In the current study, the configurations of the NDB specimen corresponding to pure mode II
loading at the notch tip were estimated using the 2D finite element model in Abaqus. The model
was simulated based on the assumption of LEFM with a seam element used to represent the
inclined notch of length 26 mm, which was kept the same in all NDB specimens. Thus, elastic
parameters of Barre granite, such as Young's modulus under tension (E;) of 28 GPa and
Poisson's ratio (v) of 0.16 based on the study by Goldsmith et al. (1976) were used as material
properties for the 2D model. The seam element in Abaqus simulates rigid frictionless contact
between two crack surfaces, thus ideal for representing a finite aperture notch (Abaqus, 2016).
The SIFs in Abaqus are determined using the J-integral method, which characterizes a path-
dependent energy release rate for a unit area of fracture growth. This fracture energy can be used
to calculate the mode I and mode II SIFs for the NDB specimens. Figure 4-3 presents the finite
element mesh of the NDB specimen modeled under plane stress conditions along with the
applied boundary conditions. The region around the crack tip was meshed using singular 8-node
elements, which mimics the asymptotic displacement field required to calculate path-dependent
J-integral values. To smoothen the curves of the J-integral paths, 20 rings of these singular
elements (40 elements for each ring) around the crack tip were meshed using the sweep
technique (inset of Figure 4-3). The remaining area of the NDB specimen was meshed using 6-
noded plane stress quadrilateral elements. The three-point bending of the NDB specimen was

performed by deforming it at a constant displacement rate of 0.1 mm/step (1 step =Isec).
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Figure 4-3 Finite element mesh used for estimation of geometrical factors in NDB specimens.

Figure 4-4a-b presents the variations of mode I (Y;) and mode II (Y;;) geometrical factors
with notch inclination angle (a) for two cases of NDB specimen with span to width ratio (d/W)
of 0.4 and 0.5. In both cases, the mode I geometrical factor ( ¥; ) is maximum at zero notch
inclination angle (@), resulting in pure mode I loading at the notch tip (Figure 4-4). Its value
decreased in both cases with an increase in notch inclination angle () that resulted in pure mode

IT loading (i.e.,Y; = 0) at angles of 38.1° and 56.7° for span-to-width ratios (d /W) of 0.4 and 0.5,

respectively (Figure 4).
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Figure 4-4 Variations of Y; and Y;; for the modeled NDB specimens for (a) d/W =0.4, and (b)
d/W =0.5.
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4.2.2  Short Beam Compression (SBC) Test

The short beam compression (SBC) test refers to the compression loading of a prismatic
specimen with two horizontal notches. These notches extend from the opposite side of the
specimen's lateral boundary to its center, forming a rectangular bridge between them (Figure
4-2b). Under compressive loading, the ligament region between two notches experiences high
shear stress concentration, resulting in the formation of mode II fracture (Watkins and Liu,
1985). In the current study, two notches with a length of W/2 and an aperture of 1.02 mm are
separated by distance c (Figure 4-2b). The 'W' denotes the specimen's width, which is half of the

specimen's height (L) in the current study.

4.2.2.1 Numerical Model for Stress Analysis

The value of shear stress concentration in the ligament region of the SBC specimen depends
on various geometric factors such as width-to-height ratio (W /L) and bridge length-to-height
ratio (¢/L) (Watkins and Liu, 1985; Ko and Kemeny, 2007). Therefore, it is essential to find the
optimum configuration of the SBC test that results in a mode II fracture. For this purpose, a 2D
model of the SBC specimen with W /L =2 was simulated in the finite element package Abaqus.
The numerical model was used to perform stress analysis for the SBC specimen with four
different ¢ /L ratios: 0.1, 0.2,0.3, and 0.4. The values of other geometric parameters of the
modeled SBC specimen are shown in Figure 4-2¢c. The 2D model consists of 53750 quadrilateral
linear plane stress elements simulated under linear elasticity conditions with the same material
properties as those used for the NDB specimen (section 4.3.1.1). For the stress analysis, a fixed

vertical load (P) of 10 kN was applied to all SBC specimens.
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Figure 4-5a-d compare the distributions of shear stress (7, ) and maximum principal stress
(011) of the SBC specimens with different bridge length-to-height ratios (c/L =0.1, 0.2, 0.3, and
0.4). It can be inferred from the contours of shear stress (7, ) that the maximum stress
concentration () occurs at the tip of two notches in all SBC specimens (dark blue zones).
However, the ligament region between the two notches experienced different shear stress
distributions in the SBC specimens with different bridge length to height (c/L) ratios. For
instance, the shear stress distribution is nearly constant in the ligament length directly connecting
two notches in SBC specimens with ¢/L of 0.1 and 0.2, while it decreased significantly with
further increase in c /L (Figure 4-5c-d). This increase in ¢/L may result in a crack being formed
from the notch tip to the nearest end surface of the SBC specimen and not in its ligament region
in SBC specimens with ¢ /L greater than 0.3. The contour of maximum principal stress (074),
shows a similar trend, indicating that only the SBC specimens with ¢/L of less than 0.3 may
experience fracturing in the ligament region, as evident by tensile stress being primarily
concentrated in this region (Figure 4-5a-b). The SBC specimens with ¢ /L greater than 0.2 also
show high tensile stress concentration at their left and right end surfaces (Figure 4-5c-d).
Therefore, the SBC specimen with ¢/L smaller than 0.3 is required to ensure shear failure along
the crack plane in the ligament region. In the current study, the SBC specimen with ¢ /L of 0.2
were tested as they are considered the most favorable configuration, which provides sufficient
ligament length to ensure that FPZ is fully developed. The FPZ length in Barre granite specimens
of the same size can be as large as 20 mm, as shown by the author's previous study (Garg et al.,
2021) on mode I fractures. Thus, the SBC specimen with c¢/L of 0.2 provides a ligament length

of around 30 mm and is expected to allow the FPZ to be fully developed.
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Figure 4-5 Distribution of shear stress (7, ) and maximum principal stress (g14) (Unit: Pa) on the
2D model for various c/L ratios: (a) ¢/L=0.1, (b) c/L=0.2, (¢) ¢/L=0.3, and (d) c¢/L=0.4.
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4.2.2.2 Mode II SIF

Based on earlier stress analysis (section 2.2.1) and other experimental studies (Ko, 2008; Ko
and Jeon, 2017), the SBC specimen is typically known to form a vertical shear crack
perpendicular to the notch plane. This is different from other mode II testing geometries such as
punch through shear test and shear box test, where shear fracture grows nearly parallel to the
notch plane (Backers et al., 2002; Rao et al., 2003) and thus doesn't require the consideration of
secondary crack formation in the fracture toughness calculation. In contrast, the SBC geometry
requires the consideration of secondary cracks perpendicular to the notch plane for the proper
estimation of the mode II SIF. Recent studies (Xu et al., 2020; Yao et al., 2021) on short core
compression test (the core-based equivalent of the SBC geometry) have estimated the mode 11
fracture toughness by adding small crack tips along the shear crack plane. The methodology for
determining mode II SIF in the SBC geometry in this work is based on the wing crack model
(Horii and Nemat-Nasser, 1986), where secondary cracks were assumed to initiate from the tips
of the main crack. The SIF in the wing crack model (Horii and Nemat-Nasser, 1986) corresponds

to a limiting case where the length of the secondary cracks approaches zero.

In the current study, two secondary shear cracks of the length h,. were added at the tips of
two notches in the 2D model of the SBC specimen (see inset of Figure 4-6a). These secondary
fractures were modeled using seam cracks in Abaqus. The material behavior was modeled as
linearly elastic following the assumption of LEFM with the same material properties used for
stress analysis of the SBC specimen (section 3.3.1). Similar to the NDB configuration, the crack
tip in the SBC model was meshed using singular elements (see inset of Figure 4-6b), while the

remaining region was modeled using the 6-noded plane stress quadrilateral elements. The
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modeled SBC specimen has a bridge length-to-height ratio of 0.2 and was loaded in a vertical

direction at a displacement rate of 0.1 mm/step (1 step =Isec) at its top surface (Figure 4-6a-b).
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Figure 4-6 Model of SBC specimen for estimation of the mode II geometric factor (Y;;) with two
secondary cracks (a) Schematic view and (b) finite element mesh.

Figure 4-7 indicates a linear variation of numerical mode II SIF (K;}*™) with respect to the
normalized length of secondary cracks (2h./c) for the modeled SBC specimen. The experimental
value of mode II SIF was estimated based on the displacement extrapolation technique, which
determines the value of numerical mode II SIF (K/}*™™) to the limiting case where the secondary
cracks' length approaches zero. This intercept value was found to be 3.20 MPa mm®® (Figure 4-7).
This extrapolation approach is needed when the Abaqus model is unable to provide an accurate
value of numerical mode II SIF (K;}*™) for very small shear cracks due to the requirement of dense
meshing (element size < 0.001 mm) for these cases. Additionally, the extrapolation approach has

been used by other studies to estimate the mode II SIFs in various testing geometries (Xu et al.,
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2020; Yao et al., 2021). The mode II SIF (K;;) in the SBC specimen can be defined based on the

energy approach by Watkins and Liu (1985) as follows:

()

Ky P

= 3 Te =
TVma I~ ¢B

(4-2)

where P denotes the vertical load applied on the specimen, B denotes the specimen's
thickness, Y;; denotes non-dimensional mode II geometrical factor, which primarily depends on
bridge length to height ratio (¢/L). Ty represents average shear stress in the ligament region at the
peak load of the SBC specimen, and a is the notch length. The mode II geometrical factor (Y;;)
can be calculated by putting K/}*“"™ in Eq 4-2 for the limiting case of secondary cracks' length

being zero.
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Figure 4-7 Variations of numerical mode II stress intensity factor (K;}*™) with respect to
normalized shear crack length (2 h./c) for the modeled SBC specimens with ¢/L of 0.2.

In the case of SBC specimens under confined conditions, the horizontal stress is applied on
its lateral surface (Figure 4-2b), which acts perpendicular to the future crack plane. Therefore,

the mode II geometrical factor (Y;;) should not change with the application of confining pressure
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(0.). A similar trend of mode II non-dimensional factor (Y;;) has been observed in short core
compression geometry by Yao et al. (2021), which is the core-based equivalent of the SBC
specimen. However, the confining pressure (o.) does increase the shear strength of the ligament
region in the SBC specimens, thereby increasing mode II fracture toughness (Kj;¢) of the rock as
shown by Ko and Kemeny (2007) based on testing Flagstaff sandstone under the confining

pressures ranging from 0-10 MPa.

4.3 Experimental Design
4.3.1 Specimen Preparation

This study characterizes the fracturing process in Barre granite specimens subjected to pure
mode II loading using NDB and SBC testing configurations. Various characteristics of Barre
granite and the procedure to prepare prismatic specimens with nominal dimensions of 150 mm x

75mm x 25mm (Figure 4-2a-b) are described in section

Two cases of the NDB specimens with span-to-width ratios (d /W) of 0.4 and 0.5 were
tested in this study. For each NDB configuration, the notch inclination angle corresponding to
pure mode II loading was calculated (section 4.3.1.1). Additionally, three specimens containing a
single notch of 26 mm length were tested for each mode II configuration. The NDB specimens
were labeled as "NDB-C-N," where "C" represents the configuration number which can be 1 or
2, representing span-to-width ratios (d /W) of 0.4 and 0.5, respectively. "N" denotes the

specimen number for a configuration, "C."

The SBC specimens with a bridge length to height (c/L) ratio of 0.2 were tested at various
levels of biaxial confinement (o, =0, 1.7, 3.5, and 10.4 MPa). Each SBC specimen has two

horizontal notches of 38 mm length. The SBC specimens were labeled as "SBC-o0,.-N" where
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"g." represents confinement level, and "N" denotes specimen number for a given confinement

level "a.". The specifications of all SBC specimens tested in this study are given in Table 4-2.

Generating a random speckle pattern is another part of the specimen preparation process to
ensure an accurate estimation of DIC-based surface deformation while minimizing any bias and
background noises in the measurement. For this purpose, a combination of white and black paint
was sprayed on the specimen's surface based on earlier study on mode I fracture. During the
testing of Barre granite specimens, their surface was monitored in real-time using a 2D-DIC

system. The details of the 2D-DIC system are the same as described in the section 2.3.3.

4.3.2  Testing Procedure

The Barre granite specimens under pure mode II loading were tested using a servo-
controlled loading frame by MTS. In the NDB configuration, three-point bending tests were
conducted by loading the specimen at a constant axial displacement of 0.1 pm/sec. A clip-on
gauge extensometer measured crack mouth opening displacement (CMOD) in single-notched
Barre granite beams (Figure 4-2a). For this purpose, the extensometer was glued to the beam's

bottom surface, which then measured CMOD across the gauge length of 12 mm.

In the SBC configuration, Barre granite specimens were loaded using a biaxial device
(Figure 4-8). The designed setup for SBC configuration consists of two parts: (a) the horizontal
loading frame to apply confinement on the specimen and (b) the MTS machine that loads the
specimen in the vertical direction (Figure 4-8). The horizontal loading frame consists of three
plates supported by four high-strength steel rods with two outer plates supporting the rock
specimen and a hydraulic flat jack (Figure 4-8). The middle plate was used to transfer the

confining load in the horizontal direction to the rock specimen that was applied by the flat jack,
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which was controlled through a hand-held hydraulic pump (Figure 4-8). The entire assembly was
sitting on a base plate placed inside the MTS machine, which applied vertical load on the rock
specimen through a steel spacer (dimensions 50 mm x 72 mm x 25 mm) set on its top surface
(Figure 4-8). In conjunction with elastic rubber, the Teflon sheets were placed on two lateral
surfaces of the specimen to minimize the friction between the steel plates and the rock specimen.
The rubber ensured a uniform stress distribution on the lateral surfaces in an irregular-end rock
specimen. Before the start of the test, a small seating load was applied in the vertical direction by
the MTS machine to securely fix the entire test setup. This was followed by increasing both
confining pressures (o,) and vertical load in the increment of 0.2 MPa until the desired
confinement level was reached. Finally, the vertical load was applied at a constant rate of 0.1
pum/sec till the specimen's failure. The confining pressure (o.) acts normal to the future fracture

plane, which forms in the rock bridge between two notches (Figure 4-8).
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Figure 4-8 The experimental setup for performing the biaxial test on SBC specimens.
4.4 Experimental Results

4.4.1 NDB Specimen

4.4.1.1 Fracture Mode

In this section, the fracture mode in NDB specimens was determined based on the
displacement approach of the 2D-DIC. According to the theory of fracture mechanics, crack type
can be identified based on the displacement field along the faces of the fracture plane. Thus,
mode I (tensile crack) and mode II fractures (shear crack) are characterized by pure opening and
pure sliding displacements along their respective faces. The mixed-mode I/II fracture is similarly

defined by the presence of both opening and sliding displacement along its faces. Macro-
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cracking in most laboratory-scale rock specimens is preceded by the formation of significant-size
FPZ (Backer et al., 2005; Tarokh et al., 2017); as a result, fracture mode has been typically
determined by analyzing fully developed FPZ (Lin et al., 2014; Ji et al., 2016; Xing et al., 2020).
Therefore, this study estimates the fracture mode using the displacement field inside a fully
developed FPZ obtained from 2D-DIC. It is to be noted that different studies used different
approaches to determine the loading stage corresponding to fully developed FPZ, which in the
current research was based on the methodology developed by the authors (see details in Garg et

al., 2021).

Figure 4-9a-b present the contours of 2D-DIC-based horizontal (U) and vertical
displacement (V) for the specimen NDB-1-1 with a notch inclination angle (a) of 38.1° (Table
4-1) at the peak load stage. The peak load in specimen NDB-1-1 represents the stage just before
the formation of the fully developed FPZ and its transition into a macro-crack (Table 4-1). In this
study, the displacement fields were estimated with respect to a reference image representing the
undeformed state of the specimen. As a result, contours in Figure 4-9a-b present the total
displacement of the specimen NDB-1-1 at the peak load stage. A displacement discontinuity
represented by merged contours can be seen to have formed above the notch in both horizontal
(U) and vertical displacement (V) fields (Figure 4-9a-b). At the peak load stage, this
displacement discontinuity signifies the presence of the FPZ that makes an angle 5; from the

notch plane (Figure 4-9a-b), which forms a "kink" fracture in subsequent loading stages.
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Table 4-1 Comparison of fracture characteristics between NDB under pure mode II loading and
three-point bending (TPB) specimens under pure mode I loading. The results of pure mode I
loading were taken from the author's previous study (Garg et al., 2023).

Fracture Mode II loading (NDB) Mode 1
Parameters NDB-1 NDB-2 loading
(TPB)
Span to Depth ratio (d/w) 0.4 0.5 1.87
Notch inclination angle 38.1° 56.7° 0°
a (deg.)
Fracture mode Mode I Mode I Mode 1
Peak load (kN) 12.93+1.8 15.69 +2.4 3.91+0.49
FPZ initiation load (kN) 10.5+1.6 122 £1.5 3.32+0.48
(Pre-peak)
Macro-crack initiation load 12.92 £0.7 15.65+1.2 3.58+0.51
(kN) (post-peak)
Elastic Opening (COD,) 11.7+6 3.6+2.0 6.40+2.10
(um)
Critical opening (COD,) 42.3£5.0 344+4.0 35.80 +3.10
(um)
Fully developed FPZ length 16+2 17+4 16.3+ 3.7
(mm)

The determination of fracture mode requires the estimation of normal and tangential

displacement fields along the crack faces, which was done by setting up a local coordinate

system (x, y) along the plane of the FPZ. For this purpose, the global coordinate system (x, y)

was transformed in such a way that axis y is along the FPZ plane, and the origin of the local

coordinate system (x, y) coincides with the notch tip (Figure 4-9a). Figure 4-9c-d indicate the

formation of the FPZ in the contour of the normal displacement (U; ), while the tangential
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displacement fields (V;) showed a continuous distribution ahead of the notch tip. This suggests
that the FPZ is most likely to transition into a mode I fracture despite the presence of pure mode
IT loading at the notch tip. The crack displacements profiles (both sliding and opening) were
estimated using two cross-sections (X = + 2 mm) parallel to the FPZ to represent two virtual
faces of the future crack plane. The considerable distance between two parallel cross-sections

(x = + 2 mm) (can be considered as FPZ's boundary) ensures that the displacement errors near
the discontinuity (merged contour in Figure 4-9c) can be ignored. The crack opening and sliding
displacement along the FPZ can be estimated as the difference between the normal and tangential
displacements between two crack planes. Therefore, the profiles of normal and tangential
displacements along various points of two cross-sections (X = + 2 mm) are plotted in Figure
4-9e-f to obtain information about the crack displacements. The FPZ formed in specimen NDB-1
primarily consists of the mode I component, as evidenced by nonzero crack opening
displacement and negligible value of sliding displacement (Figure 4-9e-f). The negligible crack
sliding displacement explains the continuous distribution of the tangential displacement (V)
field above the notch tip (Figure 4-9d). Therefore, it can be concluded that specimen NDB-1-1,
despite under pure mode II loading, experienced a pure mode I fracture. This observation is
consistent with other studies (Ji et al., 2016; Lin et al., 2019) that found "kink" fracture at the
location of maximum tensile stress concentration around the notch tip in disk-shaped rock
specimens, despite being subjected to pure mode II loading. The influence of mode II loading
can be characterized by the formation of non-symmetric distribution of normal displacement
inside the FPZ, as evidenced by its value being larger on the left cross-section section (x =

— 2 mm) as compared to the right one (x = + 2 mm) (Figure 4-9¢). For instance, at the notch

tip, normal displacement with respect to the central crack plane (shown by the dashed black line
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in Figure 4-9¢) on the left cross-section (27 pm) is around three times the value on the right
cross-section (9 um). For characterization of the FPZ evolution in the NDB specimens, crack
opening (CTOD) and crack sliding displacement (CTSD) at the notch tip are defined by the
relative values of normal and tangential displacement, respectively, between two crack planes

(x = +£2 mm) at this location (Figure 4-9e-f).

Similarly, the specimen NDB-2-1 with a notch inclination angle («) of 56.7° (Table 1) also
showed the formation of pure mode I crack from its notch tip. The FPZ with a kinks angle of 3,
from the notch plane is visible in the contour of various displacement fields with respect to both
global and local coordinate systems at the peak load stage (Figure 4-10a-d). Additionally, the
developed FPZ has a significant tortuosity (Figure 4-10c), which forced the transformation of the
local coordinated system based on an approximate crack path along the axis y. This consequently
makes it difficult to ascertain the presence of FPZ in the tangential displacement (V;) due to
distortion in the field around the notch tip (Figure 4-10d). The analysis of normal and tangential
displacement profiles along the FPZ boundaries at the peak load stage showed the presence of
some crack sliding displacement (~ 4 pm) along with a significant value of opening displacement
(~ 31 um) around the notch tip (Figure 4-10e-f). The non-negligible value of crack sliding
displacement can be again attributed to the local coordinated system being transformed based on
the approximate crack path (Figure 4-10d). Similar to the first specimen, the NDB-2-1 also had a
non-symmetric distribution of normal displacement around the FPZ, with a large opening
displacement (with respect to the central crack plane represented by a black dashed line) on the
left boundary of the FPZ compared to the value on the right boundary (Figure 4-10e). Therefore,
it can be concluded that the NDB specimens under pure mode II loading resulted in a pure mode

I fracture based on the DIC analysis.
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Figure 4-9 Specimen NDB-1-1, at peak load stage: Contours of (a) horizontal displacement field,
(b) vertical displacement field, (c) normal displacement field, (d) tangential displacement field;
Profiles of (e) normal displacement, (f) tangential displacement along two cross-sections of the
FPZ. CTOD is crack tip opening displacement, and CTSD is crack tip sliding displacement.
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Figure 4-10 Specimen NDB-2-1, at peak load stage: Contours of (a) horizontal displacement
field, (b) vertical displacement field, (c) normal displacement field, (d) tangential displacement
field; Profiles of (¢) normal displacement, (f) tangential displacement along two cross-sections of
the FPZ. CTOD is crack tip opening displacement, and CTSD is crack tip sliding displacement.
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4.4.1.2 Characterization of the FPZ Development

This study characterized the FPZ evolution in the NDB specimens using a methodology
developed in earlier studies by the authors (for details, see Garg et al., (2020, 2021)) for the case
of the Barre granite specimens under pure mode I loading. The methodology used the cohesive
zone model (CZM) to define three stages of the FPZ evolution: (a) the elastic deformation, (b)
the FPZ development, and (c) the macro-crack initiation. The CZM identifies the boundary
between the three stages of the FPZ evolution using threshold values of crack displacements,
which are considered material properties (Lin et al., 2019b). In the case of mode I fracture, the
boundary between the FPZ and the elastic zone is identified using an elastic crack opening
(COD,) displacement while the boundary between the macro-crack and the FPZ is represented by
the critical crack opening (COD,.) displacement. Similarly, the CZM uses concepts of elastic
crack sliding (CSD,) and critical crack sliding displacements (CSD.) to characterize the FPZ
evolution in pure mode II fractures. This methodology presents a consistent estimate of both
elastic crack opening (COD, ) and critical crack opening (COD,) displacements by analyzing the
evolution of crack opening displacement at the notch tip (CTOD), which accounts for the mode I
component in the FPZ (Garg et al., 2021). Similarly, the influence of the mode Il component in
the FPZ evolution is quantified through an equivalent parameter such as crack tip sliding

displacement (CTSD).

In NDB specimens, the CTOD and CTSD were estimated based on normal and tangential
displacements across the two cross-sections (x = +2 mm) parallel to the FPZ (represents its
virtual boundaries). The evolution of both parameters, the CTOD and CTSD in two NDB
specimens (NDB-1-1 and NDB-2-1) is shown in Figure 4-11a-b, which indicate that CTSD is

negligible (< 5 pm) compared to the CTOD in both NDB specimens except around the peak load
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stage in NDB-2-1. At this loading stage, although the CTSD is 10 um, its value is still negligible
compared to the CTOD (~ 60 um) in the specimen NDB-2-1 (Figure 4-11a). Additionally, a
significant value of the CTSD in the specimen NDB-2-1 compared to NDB-1-1 is due to errors in
the crack sliding displacement caused by the tortuous crack path in the former case (Figure 4-10
and 4-10a). Therefore, the three stages of FPZ evolution in NDB specimens can be characterized
based on the variation of the CTOD (Figure 4-11a). The novel methodology identifies the elastic
stage by the linear variation of the CTOD with normalized load-point displacement (&,,0ym) as
seen in two NDB specimens in the initial loading stages (0-82% peak load in the pre-peak
regime) (Figure 4-11 a). In the subsequent loading stage, the FPZ initiated from the notch tip,
which in this new methodology is characterized by an accelerated rate of increase in CTOD,
resulting in its nonlinear variation with respect to normalized load-point displacement (8;,971m)-
The FPZ initiation (shown by point A in Figure 4-11a) occurred at 81% and 78% of the peak
load for specimens NDB-1 and NDB-2, respectively, in the pre-peak regime. The onset of non-
linearity is defined by the point of the first significant change in the derivative of CTOD with
respect to the normalized load-point displacement (3CTOD /06,,0m) as represented by FPZ-I in
Figure 4-11b for two NDB specimens. As loading increased further, the FPZ transitioned into a
macro-crack which, based on the novel methodology, is characterized by the point of a rapid
jump in CTOD the normalized load-point displacement (J,,,,-m) curve as denoted by point 'B'
(Figure 4-11a) for the two NDB specimens. The rapid jump in the CTOD is a consequence of the
unstable crack propagation, which indicates the formation of a macro-crack (traction-free crack)
at the notch tip. Therefore, the elastic crack opening displacement (COD,) is defined as the point
of non-linearity in CTOD vs. load-point displacement curve, while the critical crack opening

displacement (COD,) is estimated using the point of rapid jump in the CTOD. Table 4-1 presents
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the results of all NDB specimens tested in this study. Interestingly, the values of both the elastic
crack opening (COD,) and the critical crack opening (COD,) displacements obtained for the
Barre granite specimens under pure mode II loading were similar to values obtained by authors
(Garg et al., 2021) for cases of mode I loading on the same rock (Table 4-1). Additionally, the
length of fully developed FPZ for all NDB specimens under mode II loading lies in the range
obtained in the case of the same specimens under mode I loading (Table 4-1). This indicates that
the FPZ evolution for mode I fracture is independent of the loading mode at the notch tip. The
length of a fully developed FPZ based on the novel methodology can be estimated using the
crack opening displacement profile (COD, < COD < COD,) along the displacement
discontinuity (Figures 4-9¢ and 4-10c) at the point of rapid jump in each NDB specimen.
Therefore, it can be concluded that mode I fracture formed in NDB specimens despite the
application of pure mode II loading at their notch tip, with similar FPZ characteristics as in the

case of Barre granite samples under pure mode I loading.
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Figure 4-11 (a) Variation of load, CTOD, and CTSD with the applied load-point displacement
(b) FPZ initiation based on CTOD derivative for two specimens, NDB-1-1 and NDB-2-1.

4.4.2 SBC Specimen
4.4.2.1 Fracture Mode

This section presents the characterization of the fracture mode in SBC specimens using the
displacement approach of the 2D-DIC. The SBC specimens in this study showed similar fracture
development irrespective of applied confining pressure (a.). Thus, the detailed analyses of two
SBC specimens (SBC-0-1 and SBC-3.5-1), representing the unconfined and confined loading

states on Barre granite, are presented here.

The SBC specimen under the unconfined state (SBC-0-1) exhibited three distinct FPZs

(FPZ-1, FPZ-2, and FPZ-3), as visible in the contour of horizontal displacement (U) at the 95%
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peak load stage (post-peak regime) (Figure 4-12a). This stage represented the loading point
corresponding to unstable crack propagation, which consequently resulted in the complete failure
of the specimen SBC-0-1. The FPZ-1 formed a vertical crack covering the entire ligament
between two notches and thus failed the specimen. Additionally, the location of FPZ-1 coincided
with the area of maximum shear stress concertation (7,,,,) in the ligament region (Figures 4-5b
and 4-12a). The remaining two FPZs (represented by FPZ-2 and FPZ-3 in Figure 4-12a) initiated
from the inner surfaces of two notches coinciding with the region of maximum principal stress
concentration (oq,) (Figure 4-5b). Additionally, all three FPZs (FPZ-1, FPZ-2, and FPZ-3) were
formed within a narrow region in the ligament (Figure 4-12a). This, along with a large elastic
deformation in the vertical direction, resulted in the FPZ overlapping in the contour of the
vertical displacement (V) field at the 95% peak load stage (post-peak regime) (Figure 4-12b),
which only showed the formation of two FPZs (FPZ-1 and FPZ-3). The material between the two
notches underwent large elastic deformation in the vertical direction due to the interaction
between the two notches. Furthermore, the vertical displacement profiles along three cross-
sections (y = -5 mm, 0 mm, and 5 mm in Figure 4-12c¢) indicated the formation of only one
distinct region of positive vertical displacement gradient (dV / dx >0) (-6 mm < x < 6 mm in
Figure 4-12d). This is in contrast with the results of horizontal displacement profiles across three
cross-sections (y =-5 mm, 0 mm, and 5 mm) that clearly showed the formation of three distinct
regions of positive displacement gradient (U / dx >0) (highlighted by shaded regions in Figure
4-12b). The vertical displacement profiles also showed a large extent of positive displacement
gradient (OV / dx > 0) (6 mm < x < 6 mm in Figure 4-12d) as compared to one obtained by the
horizontal displacement profiles (0 mm < x <4 mm in Figure 4-12c). The shaded regions in

Figure 4-12c¢-d represent the approximate width of three FPZs (FPZ-1, FPZ-2, and FPZ-3), as
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estimated by the regions of positive horizontal displacement gradient (U /dx > 0) along three
cross-sections (y = -5 mm, 0 mm, and 5 mm). Since the FPZ's width is a material property
representing the lateral size of the micro-cracking zone (normal to crack plane), its accurate
estimation requires that the influence of nearly distinct FPZs should be minimized. For this
purpose, the extent of each FPZ is defined by a small region containing the positive horizontal
displacement gradient (AU / dx >0) (three shaded regions in Figure 4-12c¢) and not by the

vertical displacement profiles.

The FPZ-1 in the SBC-0-1 transitions into a mixed-mode I/Il macro-crack between two
notches, as indicated by the formation of the positive displacement gradient across its width in
both horizontal and vertical displacement profiles (Figure 4-12c-d). Since the multiple FPZs are
confined in a narrow region, it is vital to separate the influence of FPZ-1 from other FPZs to
estimate crack opening and sliding displacements accurately. For this purpose, two vertical
cross-sections along the FPZ boundary (represented by the boundary of shaded region FPZ-1 in

Figure 4-12c) were used to calculate the normal and tangential displacement profiles.

Figure 4-12e represents the variation of crack opening displacement (COD) and crack
sliding displacement (CSD) along the entire length of FPZ-1. The changes in the values of crack
sliding displacement (CSD) along the central portion of ligament length (-2.5 mm <y <2.5 mm)
were small (< 3 pm), while the crack opening displacement (COD) had the maximum value at
the ligament center (y=0 mm). The FPZ-1 propagated from the ligament center (y=0 mm)
towards two notches, as indicated by decreases in the value of COD along regions towards two
notches. Additionally, these two regions near two horizontal notches are influenced by other
nearby FPZs (FPZ-2 and FPZ-3 in Figure 4-12a) and thus showed an asymmetry in a variation of

COD in two opposite directions. Despite this variation in the COD profile, the central portion (-
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2.5 mm <y < 2.5 mm) showed consistent values of COD as evidenced by small variations (< 5
um) in this region compared to its absolute value at ligament center (~40 um) (Figure 4-12¢).
Therefore, the evolution of FPZ-1 was characterized based on crack displacement values in the

central portion of the ligament (-2.5mm <y < 2.5 mm).

The SBC specimen under confined conditions (SBC-3.5-1) also showed the formation of the
three FPZs (FPZ-1, FPZ-2, and FPZ-3), which were confined to a small region and thus resulted
in their overlapping (Figure 4-13a-b). Consequently, only two distinct areas of the positive
displacement gradient were observed in horizontal and vertical displacement profiles along three
cross-sections (y =-5 mm, 0 mm, and 5 mm) (shaded regions in Figure 4-13¢-d). The FPZ-1 in
specimen SBC-3.5-1 (Figure 4-13a-b) also resulted in its failure due to the formation of a vertical
mixed-mode I/Il macro-crack, as evident by a large positive gradient in both horizontal and
vertical displacement profiles (shaded regions in Figure 4-13c-d). The width of FPZ-1 in this
SBC specimen can be again represented by the small region of positive horizontal displacement
gradient (0U / dx >0) (shown by the shaded region FPZ-1 in Figure 4-13c¢). Figure 4-13e clearly
showed the presence of the central zone in the ligament (-2.5 mm <y < 2.5 mm) with consistent
values of both crack displacements, as evidenced by a very small variation in their (< 5 um) in
this region. Therefore, it can be concluded that SBC specimens failed due to the formation of a

dominant mixed-mode I/II fracture initiated at the location of the FPZ-1.
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Figure 4-12 Specimen SBC-0-1, at 95% peak load (post-peak regime): Contours of (a) horizontal
displacement, (b) vertical displacement; three horizontal cross-sections, i.e., y = -5mm, 0 mm, 5
mm showing, (c) plot of horizontal displacement (U) profiles (d) plot of vertical displacement
(V) profiles, (e) variation of crack opening and sliding displacements along the ligament length.
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(c) plot of horizontal displacement (U) profiles, (d) plot of vertical displacement (V) profiles, (e)
variation of crack opening and sliding displacements along the ligament length.
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4.4.2.2 Fracture Patterns

This section presents the evolution of fracture patterns in the SBC specimens. As shown by
earlier displacement analysis of two specimens (section 4.5.2.1), the SBC configuration typically
resulted in similar fracture patterns irrespective of confinement level. Thus, for brevity, the
evolution of the fracturing process is only shown for the specimen SBC-3.5-1 based on the strain
approach of the 2D-DIC. This approach characterizes fracture using the concept of strain-
localized zones. It can also be used to determine the crack type by analyzing the contours of
minimum principal strain (€;,,) and the maximum shear strain (¥, ), Which provides a
qualitative estimate of the damage due to tensile and shear micro-cracks formed inside the

localized zones (Jian-po et al., 2015; Shirole et al., 2020a).

Figure 4-14a-d present the evolution of fractures in the specimen SBC-3.5-1 in terms of
minimum principal strain (€,,) and the maximum shear strain (;y,4,) contours. During the initial
loading stage (about 60% of the peak load in the pre-peak regime), tensile cracks initiated around
the inner tip of two horizontal notches (represented by strain localized zones FPZ-2 and FPZ-3).
These cracks with subsequent loading also underwent shearing, as indicated by the concentration
of the maximum shear strain (Y4, ~ 1 to 1.5%) inside the FPZ-2 and FPZ-3 at 80% of peak load
(pre-peak stage) (Figure 4-14a). The location of these tensile-dominated cracks (FPZ-2 and FPZ-
3 in Figure 4-14a) coincided with the region of tensile stress concentration obtained from Abaqus
model (Figure 4-5b). In most SBC specimens tested in this study, these tensile-dominated cracks
(FPZ-2 and FPZ-3 in Figure 4-14a-c) propagated outward until they reached the ligament center
and had the inclination angle in the range of 0°-30° with the vertical plane between two
horizontal notches. The formation of the inclined tensile cracks (with respect to the main

fracture) has also been observed in other known mode II testing configurations for rocks at low
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confining pressure (g, < 10 MPa), such as punch through shear test and double edge notched

Brazilian disk (DNBD) (Backer et al., 2002; Nejati et al., 2021).

In addition to the tensile-dominated cracks, echelon fracture also formed at the ligament
center (represented by strain localized zone FPZ-1 in Figure 4-14a) at 80% of peak load (pre-
peak stage). With further loading, more echelon fractures initiated in the ligament, which
eventually coalesced to form an almost vertical fracture connecting the inner tip of two notches
at the peak stage (FPZ-1 in Figure 4-14c). The presence of patches of high strain concentration
zones inside FPZ-1 at the peak load stage (Figure 4-14c) clearly indicated the formation of
echelon cracks that merged together and resulted in specimen failure. The vertical fracture is
composed of both tensile (negative (—) principal strain representing tension) and shear micro-
cracks, as evident by a high strain concentration of both minimum principal (€,, < -5%) and the
maximum shear strain (V,q, > 4%) inside the FPZ-1 (Figure 4-14d). Similarly, all SBC
specimens tested in this study showed the formation of a vertical mixed-mode I/II fracture
connecting two notches irrespective of applied confining pressure (a.). This observation of
mixed-mode I/II fracture was also found in other Mode II geometry, such as short core

compression tests on limestone specimens (Li et al., 2021).
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Figure 4-14 Contours of minimum principal strain (€,,) and maximum shear strain (¥, ) for the
specimen SBC-3.5-1 at (a) 80% of the peak load in the pre-peak stage, (b) 95% of the peak load
in the pre-peak stage, and (c) the peak load stage. Positive (+) and negative (—) strains represent
contraction and extension, respectively.

4.4.2.3 Characterization of the FPZ Development

This section characterizes the FPZ development inside the dominant vertical fracture
(represented by FPZ-1) that resulted in the failure of the SBC specimens. As shown in section
4.2.1, variation in the crack displacements along the central portion (-2.5 mm <y < 2.5 mm) are
small (section 4.2.1), make the cross-section y=0 mm most suitable for characterizing the FPZ

evolution of dominant mixed-mode I/II fracture in the SBC specimens.

Similar to the NDB specimen, the novel methodology by authors (Garg et al. (2020, 2021))
was used to characterize the FPZ development in the SBC specimens. Based on this
methodology, the crack opening (COD) and crack sliding (CSD) displacements, calculated at
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central cross-section (y=0 mm), were analyzed for two SBC specimens (SBC-0-1 and SBC-3.5-
1). Figure 4-15a presents the evolution of crack opening displacements (COD), crack sliding
displacement (CSD) and applied force with respect to the normalized load displacement (8,,97-m)
for two SBC specimens (SBC-0-1 and SBC-3.5-1). In the SBC specimens under unconfined
conditions (SBC-0-1), both COD and CSD were negligible for most loading stages, with a larger
value of CSD near the peak load stage However, in the SBC specimens under confined
conditions (SBC-3.5-1), CSD was larger than COD for the entire loading duration in the pre-peak
region (Figure 4-15a). The larger value of CSD as compared to COD during early loading can be
attributed to the interaction between the two notches due to large vertical deformation under the
elastic stage. This is especially true in specimen SBC-3.5-1, which underwent a significant
amount of elastic deformation in the vertical direction due to the application of isotropic loading
before the start of the test. As a result, CSD in the specimen SBC-3.5-1 was around 5.4 pm at the
beginning of the test (Figure 4-15a). Therefore, COD was used to characterize the three stages of
FPZ evolution as it was least affected by initial elastic deformation in the vertical direction,
which varied depending on applied confining pressure. During the initial loading stages, the
ligament center (y=0 mm) underwent elastic deformation, as evident by a linear increase in the
COD in specimen SBC-3.5-1, while specimen SBC-0-1 showed a negligible value of COD,
indicating the ligament center (y=0 mm) under the elastic stage (Figure 4-15a). The FPZ
initiation occurred approximately at peak load and 80% of peak load (pre-peak regime) in
specimens SBC-0-1 and SBC-3.5-1, respectively (represented by point A in Figure 4-15a). It is
identified using the point of the first significant change in the derivative of COD with respect to
normalized load displacement (8,971 ) (0COD /06,,07m) (Figures 15b). In both SBC specimens

(SBC-0-1 and SBC-3.5-1), with subsequent loading, both COD and CSD increased at an
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accelerated rate and eventually showed a rapid jump in the post-peak regime (Figure 4-15a). The
onset of the rapid jump in the COD displacements signified the occurrence of unstable crack

propagation (represented by point B in Figure 4-15a), which led to the failure of SBC specimens.

The influence of confining pressure (o,.) on the SBC specimens can be assessed by
analyzing the evolution of COD and CSD inside the FPZ-1 (Figure 4-15a). The transition of FPZ-
1 into a macro-crack in the SBC specimen under the unconfined state (SBC-0-1) resulted in an
equal proportion of mode I and mode II components, as evident by similar values of critical
crack opening (COD,) and crack sliding displacements (CSD,) (Figure 4-15a and Table 4-2),
while in the SBC specimen under the confined state (SBC-3.5-1), FPZ-1's transition into macro-
crack was characterized by a larger proportion of the mode II component with CSD, being 1.36
times the value of COD,. (Figure 4-15a and Table 4-2). This can be attributed to the significant
amount of confining pressure (o, =3.5 MPa) in SBC-3.5-1 that increased elastic deformation in
the vertical direction along with suppressing the tensile micro-cracking inside FPZ-1. The
increased confining pressure decreases the number of tensile micro-cracks inside FPZ-1 and
facilitates the generations of more micro-cracks under shear as shown by Wu et al. (2017).
However, its effect might be limited since the applied range of confining pressure (o.= 0-10.4
MPa) is below the tensile strength of Barre granite (o= 14-18MPa). Additionally, the increasing
confining pressure (o.) resulted in an increase in damage level inside FPZ-1 before the onset of
unstable crack propagation, as evident by the increase in critical values of both crack
displacement, i.e., COD, and CSD, (Table 4-2). This can be attributed to the delay in unstable
crack propagation with an increase in confining pressure (o.), which resulted in the ligament's

resistance as it can sustain a large magnitude of damage before failure. Both critical
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displacements (COD. and CSD,) increased with the increase in the confining pressure (a.) (Table

4-2).

Table 4-2 Experimental results of the SBC specimens of Barre granite tested in this study

Specimen Confining | Peak K, cop, CSD, |cOD, CSD, CSD,
pelf;o Pressure | load |(MPam®)| (um) (nm) (um) | (um) CoD,
o, (MPa) | (kN)
SBC-0-1 0 11.2 2.14 | 0.89 0.5 7 1.00
SBC-0-2 0 12.0 2.30 1.1 0.8 52 5 0.96
SBC-1.7-1 1.7 20.7 3.98 3 7 40 48 121
SBC-1.7-2 1.7 14.2 2.73 8 47 59 1.17
SBC-3.5-1 3.5 36.8 7.05 14 29 100 136 1.36
SBC-3.5-2 3.5 33.9 6.50 11 23 98 129 1.32
SBC-10-1 10 52.2 10.02 12 27 138 162 1.23
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Figure 4-15 (a-b) Variation of load, the COD, and CSD for FPZ-1 with the applied load
displacement in two SBC specimens (SBC-0-1 and SBC-3.5-1).
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4.4.3  Fracture toughness of Barre granite specimens under mode II loading

The mode 1II fracture toughness (K;;.) was calculated for both NDB and SBC specimens. For
this purpose, values of the axial load, the axial displacement, and the confining pressure (o,)
were recorded for each test. The mode II fracture toughness (Kj;.) was calculated using Eq 4-1
for NDB specimens and Eq 4-2 for SBC specimens. For each testing configuration, the mode II
geometrical factor (Y;;) was first obtained using Abaqus model (sections 2.2.1 and 2.3.1). Table
4-3 provides a comparison of mode II fracture toughness (Kj;.) between SBC and NDB
specimens under unconfined conditions (.= 0 MPa). Results of both NDB configurations (d/w
=0.4 and 0.5) are presented. Additionally, mode I fracture toughness (K;.) obtained from three-
point bending tests on the same Barre granite specimens (Garg et al., 2021) is also presented in
Table 4-3 for proper verification of both mode II testing geometries. The fracture toughness of
Barre granite was calculated based on three tests for each testing configuration. It can be seen
from Table 3 that mode II fracture toughness (Kj;.) of SBC specimens is larger than values
obtained from both NDB configurations (d/w =0.4 and 0.5). Furthermore, mode II fracture
toughness (K;;.) of both NDB configurations (d/w =0.4 and 0.5) is similar to values of mode I
fracture toughness (K;.) from three-point bending tests on the same rock (Table 4-3). This can be
explained by similar fracture characteristics, such as the length of fully developed FPZ and
critical crack opening displacement in NDB specimen under mode II loading as obtained from

mode I fracture toughness tests on Barre granite (Table 4-1).

In SBC specimens, various levels of confining pressure (o, =0, 1.7, 3.5, 10.4 MPa) was
applied to assess its influence on the overall fracture resistance of Barre granite rock under mode
IT loading. Figure 4-16a-b present the variations in the nominal shear strength () and mode IT

fracture toughness (Kj;.) under different confining pressures (o.). The nominal shear strength
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(t5) was calculated using Eq 4-2 and represents the average shear stress in the ligament region
between two notches at the time of specimen failure. It is clear from Figure 4-16a-b that both
nominal shear strength (74) and mode II fracture toughness (Kj;¢) increased linearly with the
applied confining pressure (g,) in the range of 0-11 MPa. This linear variation in mode II
fracture toughness (Kj;.) at low confinement (g, < 30 MPa) is consistent with observations of
other studies (Backers et al., 2002; Zhang et al., 2022) that performed mode II loading using
well-known geometries such as punch-through shear test and short core compression test. For
instance, Zhang et al. (2022) found a linear variation in mode II fracture toughness (K;;. = 4-7.5

MPa mm®®) for granite rock with the confining pressures (a,) ranging from 0-25 MPa.

Table 4-3 Fracture toughness of Barre granite with different testing geometries

Testing method Fracture toughness K; or K;; (MPa m ")
Three-point bending (TPB) 1.50+ 0.035
Notched deep beam (NDB) (d/w=0.4) 1.3+ 0.028
Notched deep beam (NDB)(d /w=0.5) 1.24+0.018
Short beam in compression (SBC) 2.2+0.065
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Figure 4-16 Variation of the (a) mode II fracture toughness (Kj;.), (b) nominal shear strength
(t7) with respect to confining pressure (o) for SBC specimens.

4.5 Discussion

4.5.1 Comparison of Failure Pattern in SBC Specimens with Known Mode I1
Geometries

The fracture patterns observed in SBC specimens were similar to other known mode II
geometries such as punch-through shear test, and double-edge notched Brazilian disk. For
instance, the formation of the tensile-dominated cracks in SBC specimens is consistent with
observations in punch-through shear tests and double-edge notched Brazilian disk tests on
various rocks such as Aue granite, Canara marbles, and Grimsel Granite, etc., especially at lower
levels of confinement (g, < 30 MPa) (Backer, 2005; Nejati et al., 2021). In SBC specimens,
tensile-dominated cracks initiated at the inner tip of two notches during initial loading stages (0-
70% of peak load in pre-peak regime) for all values of confining pressure (o, = 0-10.4 MPa)
applied in this study. The formation of these tensile-dominated cracks can be attributed to the
presence of a high tensile stress concentration region around the inner surfaces of two notches.

Additionally, the tensile-dominated cracks have a negligible effect on mode II fracture toughness
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of SBC specimens as no stress drop was found at the time of their initiation in any test signifying

minor energy release due to the formation of these cracks.

The dominant vertical fracture that resulted in failure in all SBC specimens primarily
comprised of echelon cracks that merged together. Similarly, the main fracture in the punch
through shear test mainly contains multiple echelon cracks, typically associated with the mode I
component (Backers et al., 2002). The presence of these echelon cracks explained the formation
of the mixed mode fracture as determined using the displacement approach of 2D-DIC in all

tested SBC specimens.

Similar to punch-through shear geometry, the mode II fracture toughness (Kj;.) in the SBC
specimens increased linearly at the low level of confining pressure (o, =0-10.4 MPa) tested in
this study. The DIC analysis showed an increment in both modes I and mode II components
inside the FPZ of the dominant fracture (Table 2-1) with an increase in confining stress. This
appears to be in contrast with observations of Backer et al. (2005) on punch through shear
geometry that showed suppression of tensile micro-cracking with increasing levels of confining
stress. This difference in the trend of mode I component can be attributed to the small range of
applied confining pressure (g, =0-10.4 MPa) in the current study, which was not enough to
suppress tensile microcracks due to the high tensile strength of Barre granite (o, =14-20 MPa).
The applied biaxial confinement only delayed the SBC specimen's lateral expansion, which is
mainly responsible for producing the crack opening in the dominant fracture. This in coarse-
grained rock such as Barre granite would result in increased tensile micro-cracking at the time of
specimen failure. Wu et al. (2017) also observed a similar trend in the DEM-based simulation of
punch-through shear tests on Escabrosa Limestone. Wu et al. (2017) showed that a high level of

confinement (o, > 15 MPa), which was three times its tensile strength, was required for shear
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micro-cracks to exceed tensile micro-cracks. They also showed an increase in tensile micro-

cracking for confining levels equal to tensile of Escabrosa Limestone (o, =6 MPa).

4.6 Conclusion

Despite having various testing geometries to determine mode II fracture toughness in rocks,
its proper estimation remains a major challenge due to variability in fracture characteristics
between different geometries. In this study, two mode II configurations, namely (a) notched deep
beams and (b) short beam in compression, were tested to characterize the development of the
FPZ in Barre granite specimens. The DIC imaging was used to estimate various crack
characteristics, such as fracture mode, its location, and critical crack displacements. The analysis
suggests that the novel DIC-based methodology is reliable for characterizing the FPZ evolution
under mode II loading, irrespective of the fracture mode obtained. The main finding of the study

are as follows:

e The NDB specimens showed the formation of a "kink" fracture from the notch tip instead of
the expected coplanar shear crack under pure mode II loading. The DIC analysis showed that
the "kink" fracture primarily contains the mode I component, as evident by the large value of
crack opening displacement along the FPZ boundary, while crack sliding displacement was
found to be negligible (Figures 4-9e-f).

e The evolution of the FPZ in NDB specimens was characterized using the novel methodology
developed for mode I fracture in Barre granite specimens. The FPZ in NDB specimens
initiated at the notch tip, with its evolution similar to cases of pure mode I loading on the
same rock. As a result, FPZ characteristics, such as its length and critical crack opening
displacement (COD,.), lie within the range of values obtained from mode I fracture toughness

testing (Table 4-1). This indicated that the mode II loading had negligible influence on the
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FPZ development and only resulted in a non-symmetric pattern of normal displacement along
the initiated fracture (Figures 4-9¢ and 4-10e) for NDB specimens.

In contrast, the SBC specimens formed a dominant vertical fracture which coincided with the
location of a high concentration of shear stress (7, ) region in the ligament between its two
horizontal notches (Figures 4-12a and 4-5b). Based on DIC analysis, the vertical fracture was
found to be a mixed-mode I/II fracture in all tested SBC specimens. Additionally, the
displacement discontinuity of dominant fracture (FPZ-1) in SBC specimens appears to form a
merge band between two notches, indicating shear dislocation in the ligament region (Figure
4-12a).

The FPZ corresponding to the dominant fracture (FPZ-1) initiated around the ligament
center, which subsequently covered the entire region between two notches (Figures 4-12a
and 4-12e). The evolution of FPZ-1 was characterized by analyzing the variation of both
crack opening displacement (COD) and the crack sliding displacement (CSD) at the ligament
center (y=0 mm). The FPZ-1 in the SBC specimens initiated under tension and then
underwent shearing with an equal amount of mode I and mode II components at the time of
its transition into a macro-crack.

The influence of confining pressure (g.) on the SBC specimens was assessed by analyzing
the evolution of COD and CSD inside the FPZ-1 that subsequently transitions into the vertical
fracture between two notches (Figure 4-15a). The transition of FPZ-1 in the SBC specimen
got more delayed with the increase in confining pressure (o, ) that allowed the ligament
region to sustain higher levels of damage, thereby increasing its fracture resistance before its
failure. This explains the increase in mode II fracture toughness (Kj;.) of the Barre granite

specimens with the confining stress (Figure 4-16a). The proportion of mode II component
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inside FPZ-1 is higher in the SBC specimen under confined conditions (SBC-3.5-1) as
compared to the specimen under the unconfined state (SBC-0-1) (Figure 4-15a).

e The fracture patterns in SBC specimens were consistent with known mode II geometries such
as punch through shear and short core compression test, making it a suitable configuration

for estimating mode II fracture toughness in rocks.
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CHAPTER 5

AN XFEM FORMULATION FOR CRACK-BRANCHING IN QUASI-BRITTLE

MATERIALS

This paper has been submitted for publication in the journal Computer and Geotechnics.

Prasoon Garg*, Ahmadreza Hedayat*, D.V. Griffiths*

5.1 Abstract

Numerical modeling of the cracking process in quasi-brittle material such as rocks is a
challenging task due to (a) the formation of an inelastic zone (fracture process zone) at the tips of
pre-existing cracks and (b) the occurrence of complex crack interactions that result in the
initiation of various crack types from pre-existing fracture. To address this challenge, a novel
user element based on the eXtended Finite Element Method (XFEM) was implemented in
Abaqus. The developed user element through novel branching methodology facilities fracture
intersections and crack branching for quasi-brittle materials. The formation of the FPZ was
modeled using cohesive zone models, which defined its constitutive behavior for inelastic
deformation. The capability of the XFEM model was tested against various case studies that
involved the FPZ formation in both tensile-induced mixed-mode I/II crack and compression-
induced mode II crack. The applicability of the crack branching methodology was assessed

through fracturing in single-flawed gypsum specimens under compression loading. The analysis
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showed that the XFEM-based user element could predict both primary and secondary cracks and

thus was able to replicate real cracking patterns in studied specimens reasonably.

5.2 Introduction

Fracturing in quasi-brittle materials such as concrete and rocks is often characterized by
microcracking region around the pre-existing crack tip, also known as a fracture process zone
(FPZ). The formation of the FPZ leads to strain-softening behavior around the crack tip, and its
non-negligible size in most quasi-brittle materials often results in violation of linear elastic
fracture mechanics (LEFM) (Bazant and Planas, 1998; Yang et al., 2019b). The nonlinear
fracture mechanics-based cohesive zone model (CZM) has become a popular tool in
characterizing the cracking of various quasi-brittle materials due to its simple and robust
representation of the complex micro-cracking process inside the FPZ. The CZM characterizes
the finite-width FPZ using a thin interface that undergoes progressive softening based on
traction-separation law (Rinehart et al., 2015). As a result, the CZM has been implemented by
various studies in simulating rock fracture in a range of geometries, such as the three-point
bending test, disk-shaped compact tension test, short-rod fracture test, etc. (Yao et al. 2012;

Fakhimi and Tarokh 2013; Khoramishad et al. 2013).

Numerical simulation of the cracking process can provide valuable insights into the FPZ
development in quasi-brittle materials due to its capability to model the detailed mechanism of
crack processes, especially in the case of complex geometry or loading conditions. Over the
years, various numerical methods have been developed to simulate the complex micro-cracking

process inside the FPZ, including the phase field method (Zhang et al., 2017; Bryant and Sun,
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2018), the gradient-enhanced damage model (Peerling et al., 1996), cracking particles (Rabczuk
and Belytschko, 2004) and the extended finite element method (XFEM) (Karihaloo and Xiao,
2003). In recent years, the XFEM has attracted considerable attention due to its effectiveness in
modeling discontinuities without the need for the remeshing process along with the facilitation of
multiple fracture interactions in the same modeled domain (Daux et al., 2000; Zi and Belytschko,
2003). The XFEM-based models have been extensively used in various crack problems in quasi-
brittle materials, such as multiple crack interactions during hydraulic fracturing (Youn, 2016;
Cruz et al., 2018; Yang et al., 2019a) and crack propagation from open or closed pre-existing
flaws in rocks (Sharafisafa and Nazem, 2014; Zhuang et al., 2014). However, most of these
XFEM-based numerical studies in quasi-brittle materials such as concrete and rocks have been
mainly limited to cases containing few pre-existing cracks in relatively simple geometries. In this
study, the capability of the XFEM model was extended to make it suitable for modeling different

crack types along with crack branching in quasi-brittle materials.

The existing XFEM-based numerical studies primarily focused on simulating the FPZ
development in quasi-brittle materials subjected to tensile or tensile-shear loading (Moés and
Belytschko, 2002; Karihaloo and Xiao, 2003; Meschke and Dumstorff, 2007). The fracturing in
quasi-brittle materials under compression or compression-shear loading using the XFEM-based
numerical model has rarely been investigated except for a few studies (Liu and Borja,
(2008,2009); Sanborn and Prévost, 2011; Liu et al., 2015). The compression-induced shear
fractures in most geomaterials have a few distinct characteristics compared to tensile loading-
induced fractures. First, friction contact exists between two surfaces of the compression-induced

shear fracture, which plays a vital role in the mechanics of crack propagation in addition to
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creating residual shear strength of the crack (Borja and Foster, 2007). Second, the softening
inside the FPZ of shear fractures strongly depends on existing confining pressure as it affects
both the peak and residual strength of the crack (Gill, 2021) and thus requires adequate strength

degradation law to account for confinement-dependent material softening.

The few existing XFEM-based numerical studies in geomaterials have mainly focused on
investigating frictional contact in existing interfaces such as joints, faults, and closed or infilled
flaws (Dolbow et al., 2001; Liu and Borja, 2009) rather than simulating propagating frictional
cracks. Additionally, most existing XFEM studies have primarily used the standard plasticity
model in conjunction with the Mohr-Coulomb (MC) criterion to simulate the propagation of
frictional cracks (Khoei and Nikbakht, 2007; Liu and Borja, 2008; Khoei, 2014), which can
reliably capture pressure dependency of peak shear strength. However, these models don’t
account for material softening that occurs inside the FPZ of the shear cracks. Recent studies (Fei
and Choo, 2020; Gill, 2021) have implemented a similar softening model that accounts for the
friction-dependent softening behavior of laboratory-scale geomaterials in the phase field model
and continuum damage model. These studies have used nonlinear softening law for cohesion
degradation in conjunction with frictional sliding in shear cracks to predict failure crack angle in
uniaxial and biaxial compression tests of overconsolidated clays. The main advantage of these
cohesion degradation models lies in the fact that pressure dependency of both peak and residual
shear strength was predicted with reasonable accuracy (Fei and Choo, 2020; Gill, 2021). Thus,
this study implemented a new cohesive zone model adapted from the study by Gill (2021) for
shear fracture that includes both cohesion degradation and frictional sliding in propagating crack

to ensure proper incorporation of confinement-dependent softening inside the FPZ.
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Modeling complex cracking patterns in quasi-brittle materials is another major challenge for
most XFEM-based numerical models. The cracking in quasi-brittle materials such as rocks and
rock-like materials under compressive loading typically results in the formation of various
secondary cracks, which are often responsible for their failure (Park and Bobet 2009). These
secondary cracks typically comprise different shear crack patterns, such as coplanar, oblique, and
out-of-plane (Bobet, 1997; Cheng et al., 2016). In most rocks, these secondary cracks often
involve complex combinations of tensile (mode I) and shear (mode II) fractures, such as horsetail
cracks and anti-wings, mixed tensile—shear cracks (Wong and Einstein, 2009a; Morgan et al.,
2013; Wong and Li, 2011; Lee and Jeon, 2011). The central observation of these experimental
studies is the formation of multiple fractures emanating from a preexisting crack, which can be
called crack branching based on the theory of fracture mechanics (Fatehi Marji, 2014; Chen and
Zhou, 2020). The mechanism of crack branching is a complicated process and typically requires
a reliable branching criterion to estimate the point of bifurcation, defined as a point where the
single crack tip results in the formation of two cracks (Rabczuk, 2013; Sun et al., 2021). These
types of complex crack branching have not been investigated using XFEM-based numerical
methods. The initial studies (Belytschko and Black, 1999; Daux et al., 2000) on multiple crack
interactions introduced the concept of junction enrichment to model crack intersection inside the
elements. This method has been used by various studies (Khoei, 2014; Khoei et al., 2016; Yang
et al., 2019a) to model interactions between hydraulic and natural fractures in various rock
formations. However, most of these studies are limited to modeling crack
coalescence/intersections rather than investigating the crack branching mechanisms, which can

be attributed to the lack of a reliable crack branching criterion (Rabczuk, 2013; Sun et al., 2021).
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Alternatively, a specialized XFEM method such as the cohesive segment method (Remmers et
al., 2003) facilitates nucleation and coalescence of cracks by modeling fracture as a collection of
cohesive segments instead of a single entity. The main advantage of this method is that the crack
initiation can occur in any arbitrary direction when elements satisfy critical conditions which
allow the formation of complex branching patterns (Khoei ,2014). Despite these additional
features, the feasibility of the cohesive segment method in predicting crack branching has not
been verified in quasi-brittle materials with only a few applications, such as crack interactions in
porous rocks (Remij et al., 2015, 2018), debonding of adhesive joints under mixed-mode I/II
loading (Remmers et al., 2003; Borst et al., 2006), and soil slope stability analysis (Liu, 2015).
Therefore, it is essential to develop proper techniques to simulate crack branching in XFEM that

can be used to predict the formation of secondary cracks in quasi-brittle materials.

In this study, a novel XFEM-based user element was implemented in Abaqus/Standard, a
finite element software by Simulia (Abaqus, 2014). The built-in XFEM element in Abaqus
follows the phantom node technique (Song et al. 2006a) that doesn't require any additional
degrees of freedom to enrich cracked elements. Its implementation is easier compared to
standard XFEM; as a result, Abaqus has been increasingly used in modeling various fracture
problems (Sharafisafa and Nazem, 2014; Xie et al., 2016, 2017; Garg et al., 2020). However, the
built-in XFEM element in Abaqus only allows one fracture per element and thus cannot simulate
any crack intersections or branching problems. Various studies (Cheng et al., 2014; Cruz et al.,
2019) have also implemented their own user element in Abaqus to simulate various fracture

problems, including hydraulic fracturing and its interaction with natural joints/faults. However,
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most of these studies ignored the influence of the FPZ during the cracking process of quasi-

brittle materials.

The current study aimed at creating an XFEM model capable of simulating complex crack
interactions and branching in quasi-brittle materials in the context of Abaqus applications. The
XFEM-based user element developed in this study is a modification of the one created by (Cruz
et al. 2019). The modified user element can simulate the FPZ development in different crack
types such as mode I crack, mixed-mode I/II crack, and compression-induced mode II crack. The
main novelty of this work includes the capability of modeling crack branching mechanisms and
other crack interactions, which facilitated the prediction of multiple crack types originating from
pre-existing cracks in quasi-brittle materials. For this purpose, a novel branching methodology
was developed that predicted crack branching purely based on the stress state around pre-existing
fractures. Various case studies were modeled to assess the accuracy of the CZMs in predicting

FPZ formation for different crack types.

The study presented in this paper starts with the description of suitable CZMs used for
characterizing the formation of FPZ in various crack types, followed by the user element's
theoretical formulation and the novel branching methodology. An overview of implementation
aspects of user elements in Abaqus using the numerical suite named XFEMB is presented next.
Finally, the simulation of various case studies that highlight various capabilities of the XFEM

model is presented.
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53 Cohesive Crack Formulation
5.3.1 Governing Equation and Weak Formulation

Consider a two-dimensional solid in the domain € and crossed by discontinuity ['; (Figure

1). The essential and natural boundary conditions (BC) applied are as follows:

u =1u on [, (Essential BC)
o-np =t onl; (Natural BC) (5-1)
o-nt, = —o-np, =ty onl; (Natural BC)
where [, represents Dirichlet boundaries with prescribed displacement i, o is Cauchy stress
tensor, [; represents Neumann boundaries with outward unit normal vector nr to external

boundary of the body where surface tractions t is applied (

Figure 5-1). The crack (T; ) with positive normal vector given by nf . leadstoa

discontinuous displacement field (u) across its internal boundary I'; . This consequently results
in a displacement jump ([u]) across the discontinuity I'; which is defined as relative

displacement between two crack surfaces as given by:

[u]l =ut —u~ (5-2)

The internal discontinuity [; is typically comprised of two parts, namely, traction free

crack (I';r) and fracture process zone (I'r,,) (represented by black and red lines in

Figure 5-1). The cohesive traction (tg), active over fracture process zone (Ir,,), act as an

opposing force to crack displacements resulting in nonlinear material behavior around the crack
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tip. Its variation is defined using a cohesive law that relates the cohesive traction (t;) to the crack
displacement vector ([u]). Various cohesive laws such as linear law (Bazant and Becq-
Giraudon, 2002), bilinear laws (Petersson, 1981), and exponential law (Karihaloo and Xiao,
2003) have been used for quasi-brittle materials such as rocks and concrete. For more details on
the comparison of various cohesive laws used, the reader can refer to the study by (Park et al.,

2009) and (Dimitri et al., 2015).

In this study, fracture propagation has been assumed to occur in an elastic body, deforming
under the assumption of small strain. Additionally, all body forces and inertial effects are
ignored. The fracture mechanics problems under a quasi-static state can be described by the

following equations:

Vio=0 inQ (5-3)
do=C-de inQ (5-4)
e=Vu inQ (5-5)

tg = D" - d([ul) onTy,, (5-6)

where C is fourth order elastic stiffness tensor used to define constitutive behavior of the
material in Eq 5-4, ¢ is linear strain tensor, V is the divergence operator, and V* represents the
symmetric part of the divergence operator used to define the kinematic relationship between
displacement and strain field in Eq 5-5. The constitutive behavior of the fracture is given by a
cohesive law, as shown in Eq 5-6, where D*®" represents a second-order tangential stiffness

matrix of the fracture process zone (Irp).
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Figure 5-1 Illustration of a cracked domain with discontinuity containing both fracture process
zone (represented by red lines) and traction-free part (represented by black lines) (Khoei, 2014).

The weak form of the governing differential equations can be obtained using the principle of
virtual work, where the product of the equilibrium equation (Eq 5-3) and admissible test function
is integrated over the domain Q. Additionally, the Divergence theorem is applied for integrating
discontinuous functions used for representing multiple cracks in the 2D-body, ensuring accurate
fractured domain representation (see Khoei, 2014 for more details). Finally, all boundary
conditions, including both natural and essential conditions (Eq 5-1), are imposed to get the

following governing equation in the weak form:

fV56u:adQ+ f Sull -ty dI' = fSu-de (5-7)

Q Tfpz It
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where du denotes a virtual displacement field and is used as a test function to apply the principle
of virtual work. The colon symbol indicates double contraction. For simplicity, Eq 5-7 represents
governing equation for single discontinuity; however, it can be generalized for multiple fractures

using the Divergence theorem.

5.3.2 Tensile-shear Mixed mode I/II Crack

In this study, the exponential cohesive zone model (Meschke and Dumstorff, 2007; Zamani
et al., 2012) is used to describe fracturing in quasi-brittle materials subjected to mode I or mixed-
mode loading I/II. This model is valid for any mixed-mode I/II fracture initiated under tensile
loading at the crack tip (Wang and Waisman, 2018). In this model, the fracture energy
dissipation inside the FPZ is defined in the form of coupled mode I and mode II mechanisms

using the concept of equivalent crack displacement ([u],,) and equivalent traction (t.) as given

by:

[uleq = v [ul)? + (BIuls)?, teq = kluleq (5-8)

where S is the weighting parameter that governs the contribution of shear traction and shear
stiffness during material softening. The weighting parameter value (f) depends on the micro-
scale heterogeneity of the material and needs to be calibrated for a specific material (Dumstorff
and Meschke 2007). In the current study, S is selected to be 1, which has been typically assumed
for quasi-brittle materials (Meschke and Dumstorff, 2007; Zamani et al., 2012; Wang and
Waisman, 2018). [ull,, and [u]s denotes the normal and shear components of the crack
displacement [u], respectively across its two faces. k represents equivalent crack stiffness at any

point of material softening (Figure 5-2) as given by:
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kp if [[ulleq = [[u]]gq

k =
B - (—g—t([[u]]gz,ax - [[u]]gq)) if Tulleq > [ulS,
eq IC

(5-9)
[u]

where [u]g, = o./kp represents the crack displacement at which the equivalent traction
exceeds the tensile strength of the material (o;), kp denotes penalty stiffness, G is the critical
max

value of mode I fracture energy. [u]74™ denotes the maximum value of equivalent crack

displacement achieved during loading history and is used to determine the state of material

softening as given by:

ft([[u]]eq; [[u]]gfzax = [[u]]eq - [[u]]g&ax <0 (5-10)
where f; is yield function under tensile loading, which dictates whether the crack is under
softening condition (f; = 0) or under elastic unloading/loading condition (f; < 0). The normal

(t,) and shear traction (tg) at the crack surface are defined in terms of equivalent crack traction

(teq) as:

_ teglul,  teglluls (5-11b)
n= IIuIleq = k[[u]]nf ts = [[u]]eq = k[[u]]s
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Figure 5-2 Exponential softening law of crack initiation under tensile and tensile-shear loading
using the concept of equivalent crack traction (t.,) and displacemnet ([u].q). The unloading
path is denoted by a dashed arrow, while the elastic reloading path is represented by a solid

arrow

(after Dumstorff and Meschke, 2007).

The aforementioned relationship between crack tractions and crack displacements in Eq 5-

11 can be differentiated with respect to time to get the tangent stiffness matrix of discontinuity

(Dtan):
Dtan
( . [ [[u]]g _ [[u]]gl [ul,, - [, Grc + O't.' [[u]]eq
ok Gic o [ule Gic " op - [ule .
! 1 iffi=0 (512
_ | Tuleq [M PO S] ) P O J f (>-12)
" * Gic oy [[u]]eq Gic 0¢° [[u]]eq
|k [(1) (1’ if f, <0
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In Eq 5-12, D' is a coupled matrix that provides a consistent relationship between
increment crack traction {Atg, At, }T and incremental values of crack displacement
{Afu],, Aul,}" for softening conditions (f; = 0). While during elastic loading or unloading
conditions (f; > 0), an uncoupled tangent matrix (D%™) is obtained (Eq 5-12) due to variation of
crack tractions {At,, At,}" under constant secant stiffness (k). For cracks closure (i.e., [u],<0),
the contact penalty method is used where the impenetrability condition is applied in an
approximate sense. In this method, normal traction is assumed to be a linear function of cracks
closure (t, = kp * [ul,) using penalty stiffness (kp). The value of penalty stiffness should be
large enough to limit the non-physical crack penetration, provided that ill-conditioning of the

stiffness matrix is avoided.

5.3.3  Shear Crack under Compression

In this study, a cohesive zone model was developed, which characterizes the FPZ
development in quasi-brittle materials under compressive loading. The developed cohesive zone
model was based on the anisotropic elastic damage model proposed by (Gill, 2021), which
accounts for frictional energy dissipation during the propagation of the shear crack. This
anisotropic elastic damage model is consistent with the slip surfaces propagation theory
developed by (Palmer et al., 1973). The cohesive zone model for mode II crack assumes one

yield function for each tensile and compressive loading regime on the crack surface as given by:

flen = ¢ —t, <0 if[ul, =0 (5-13a)

feom = ¢t —t.— put, <0 if [u],<0 (5-13b)
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where f;f¢" and f,£°™ are yield functions for mode II crack tensile and compression loading
regime, respectively, u denotes the coefficient of friction of the material, t. denotes the cohesion
value of the crack surface at any point of material softening. For the sake of simplicity, the
friction coefficient (1) is considered constant in this study; however, the cohesive zone model
can be easily generalized for variable friction during material softening. The Cohesion (t.)
assumed to vary exponentially with respect to the shear component of crack displacement ([u])

as shown in Figure 5-3, with crack shear stiffness (k) defined as:

i i Tl < ]2
kg =1t _ te max _ o : 0 (5-14)
[u]™ex exp( Grre ([l [[u]]s)> if [uls > [ul?

where Gj;¢ is critical value mode II fracture energy, t2 denotes initial cohesion of the
material, [u]7*** denotes the maximum value of the shear component of crack displacement
([uls) achieved during loading history after crack initiation. [u]? = t™%* /k? represents the
crack displacement at which the maximum shear traction (t.*** ) is achieved. The value of
maximum shear traction (t[*** ) depends on the loading regime at the time of crack initiation.
For instance, if the shear crack is initiated under the tensile regime, the normal (t,,) and shear (ts)

components of crack traction are given by:

t,=0, t,=t,=ksluls if [ul, =0 (5-15)
As shown in Eq 5-15, shear traction (ts) in tensile regime entirely depend on cohesion ()
and thus results in an uncoupled tangent stiffness matrix of discontinuity (D**") for both

softening (f;t®™ = 0) and elastic loading/unloading conditions (f;*" < 0) as:
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[[u]]s ) tgnax "k 0
tan Guic if f;ten -
b= N 00 0 (16)
k [Os 0] iff:gten<0

In the compression regime, the shear crack initiation will have a frictional effect which
results in higher shear strength of the crack surface, as shown in Eq 5-13b, where the yield
function f,£°™ has additional force as "ut,". Therefore, the normal (t,,) and shear (t,) values of

crack traction are defined as:

t, = kplul,, ts=t,+ ut, iful,<0 (5-17)
Here, normal crack traction (t,,) varies with crack closure ([u],,< 0) based on the penalty
method described in section 5.3.2. It is clear from Eq 5-17 that shear traction (ts) depends on
both normal and tangential components, crack displacement {A[u], A[u],} which results in a
non-symmetric coupled tangent stiffness matrix of discontinuity (D**") under softening

conditions (f;£°™ = 0):

[ulls - e - ks

k .
GIIC urp lf f:gcom =0 18
t (3-18)
D an — O kp
|
P
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Figure 5-3 Exponential softening law for degradation of crack cohesion (t.) with respect to the
shear component of the crack displacement vector ([u]y).

5.34 Extended Finite Element Formulation
5.3.4.1 XFEM Discretization

The XFEM uses the concept of partition of unity (PU), introduced by Babuska and Melenk
(1996), to account for discontinuity in standard FE approximation. This is done by adopting
specialized enrichment functions, which account for discontinuity in the displacement field and
additional degrees of freedom. Thus, the displacement field in the XFEM formulation can be
approximated as a combination of the continuous part (u’,;(x)) and discontinuous part

(ul,-(x)) (Belytschko and Black 1999) as given by:
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uh(x) = Y1V NSt (x) -, 4+ FIENVE NPt (x) - @) (x) - @ (5-19)

h
Ugpq (%) uZnT x)

where V' represents all the nodes in the domain, ; is the nodal vector of standard degrees
of freedom, N,Std (x) are the standard FE shape functions, V¢ represents the set of nodes that
are enriched with a special function ®;(x) and have associated additional degrees of freedom
denoted by @;. The selection of proper enrichment function is most vital in XFEM formulation.
The current study is limited to interactions between the strong discontinuities such as cracks
which typically require two types of enrichment functions, namely, (a) Heaviside function and
(b) Branch function. The Heaviside function accounts for displacement jump across crack faces,
while the branch function is typically used for simulating near-tip stress singularity (Karihaloo
and Xiao, 2003). The classical branch functions are based on linear elasticity, providing an
analytical solution for the asymptotic field around the crack tip. Thus, they are unnecessary in
cohesive fractures where near-tip stresses are finite (Salimzadeh and Khalili, 2015). Therefore,
only a Heaviside enrichment function based on the study by (Zi and Belytschko, 2003) has been

employed in this study, and thus special function @, (x) is given by:
®;(x) =H(p(x))—H ((p(x])) (5-20)
where H(¢) is a step Heaviside function, given by:
+1,9(x) =0

HepG) = {7002 (5-21)

@(x) is a signed distance function with the definition of:
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@(x) = min|lx — x*|| - sign ((x —x")- nrd) (5-22)

The signed distance function (¢ (x)) for any point x defines the closet distance from the
point x* that lie on discontinuity. It can be inferred from Eq 5-21 that ¢(x) is opposite at two
sides of the discontinuity, which results in displacement jump across crack faces as given by the
definition of the Heaviside function in Eq 5-20. Additionally, the derivative of the signed
distance function ¢(x) is discontinuous along the fracture, making it suitable for modeling
strong discontinuities. It is to be noted that the shifted basis Heaviside function in this study (Eq
5-20) as it offers various advantages such as simpler post-processing while minimizing the
problem of blending elements (Fries and Belytschko 2010). Additionally, multiple fractures can
be included in the domain, which results in displacement discretization in Eq 5-23 for M,

fractures:

IEN My JeN s

u"(x) = Z NP () -y + Z z NPt (x) - @y - (He(x) — Hie(x))) (5-23)
k=1

5.3.4.2 Branching Enrichment

In the case of crack branching, multiple fractures can exist inside an element in different
configurations. These configurations may lead to either one of two kinds of enriched elements as
shown in Figure 5-4a-b. The first type of enrichment occurs when the element is crossed by two
non-intersecting cracks (Figure 5-4a). In comparison, the second type of enriched element results
from the formation of a junction when two cracks intersect inside it (Figure 5-4b). In the former

case, the discontinuous part of the displacement field can be written as the superimposition of

159



two separate enrichment functions for each crack, as described in Eq 5-22. The second type of
enrichment (Figure 5-4b) requires a junction enrichment function (J(x)) which account for the
intersection of two cracks inside the element (Daux et al., 2000). The value of junction function

J(x) depends on values of the signed distance function of each fracture given by:

H(‘Pu(x)), If H(‘Pl(x)) = H((Pu(x)) (5-24)
0, If H((PI(X)) = _H((Pu(x))

J(x) = {

Here, the two intersecting fractures are classified into the main fracture (solid blue line in
Figure 5-4b) with the signed function of ¢;(x) and secondary fracture (red dash line in Figure
5-4b). The ¢;;(x) represents signed function of secondary fracture. If a point x lies on the same
side of the main fracture as the secondary fracture, its junction enrichment function J(x) depends
on Heaviside enrichment of secondary fracture. If point x and secondary fracture lie on the
opposite side of the main fracture, the junction enrichment function J(x) for the point x is equal
to zero. It is important to note that this junction enrichment function only accounts for T-shaped
intersection (main fracture and one secondary fracture) and not X-shaped case when two fracture
completely crosses each other. For an X-shaped intersection, two fractures are divided into one
main fracture and two secondary fractures, resulting in the assumption of two intersections. In
this case, two different junction enrichments J;(x) and J;;(x) are required to describe the

intersection between the main fracture and each secondary fracture with a similar definition as

used for T-shaped intersections.
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Figure 5-4 Configurations of two fractures inside the element (a) crossed by two separate cracks;
(b) two intersecting cracks resulting in the crack junction (after Xu et al. 2014).

The incorporation of crack intersection requires an additional set of degrees of freedom, b,,
corresponding to specific junction enrichment function J(x). Therefore, the displacement field in

XFEM formulation for multiple intersecting fractures can be approximated as:

IEN Mp JEN IS
W) = ) NFA@ -+ Y Y NGO Gy (GO — Hix) )
e me e (5-25)

+ ; Z N3t (x) * by - (J;() = J1 ()

where M, denotes the number of crack intersections requiring the extra set of degrees of
freedom Bm,l , VJUn¢ denotes the set of nodes supported by all crack junctions present in the
domain. The displacement field is implemented using the plane strain linear element (Q4) with
four corner nodes. Figure 5-5 presents the various degrees of freedom used for enriching the

domain with intersecting cracks.
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Figure 5-5 Description of various enrichment types used for the domain containing intersecting
cracks.

5.3.4.3 Novel Branching Methodology

This section presents a novel branching methodology developed in the current study,
inspired by the cohesive segment method (Remmers et al., 2003; de Borst et al., 2006; Remij et
al., 2018). The main idea behind the developed branching methodology is to ensure that crack
branching emerges at the maximum number of locations and is not limited by any other
conditions, such as the intersection of multiple cracks. In the cohesive segment method (de Borst
et al. 2006; Remij et al. 2018), crack branching occurs as a special case when two cracks
intersect each other, thus needing two or more cracks to mimic the crack branching mechanism.
As aresult, only a limited number of cases of crack branching can be simulated by the cohesive

segment method.

The developed methodology considers four scenarios: a) crack nucleation, b) crack growth,
¢) crack branching, and d) crack coalescence. Any scenario can be triggered, provided the
required conditions are met. For instance, the crack nucleation in the current study will only

occur in cases where no pre-existing cracks are present, which is, in contrast, to the approach
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used in the cohesive segment method (Remij et al., 2015). Allowing crack nucleation in every
case may result in a large concentration of cracks in a small region, increasing the degrees of
freedom required per node. However, Abaqus only allow 27 degrees of freedom per node,
restricting the number of cracks that can be incorporated into the elements surrounding a given
node (Abaqus, 2016). In problems with no pre-existing cracks, the average stress is calculated
for every element in the modeled domain, which is then compared with suitable crack initiation
criteria to determine the location of crack nucleation. The crack growth/propagation occurs
when the average stress in the region around the crack tips (Figure 5-6a) satisfies the suitable
crack initiation criterion. First, a square region perpendicular to the crack tip with an area equal
to the element size is defined for crack propagation. This is followed by calculating average
stress based on the stress field at the integration points inside the region (Figure 5-6a). As the
crack initiation criterion is triggered, the crack is extended straight until its tip reaches the

element's edge.
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Figure 5-6 Description of crack regions used for (a) crack initiation from the tip; (b) crack
branching.
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The crack branching in the current study was modeled by allowing the initiation of new
cracks from the body of pre-existing cracks. For this purpose, regions are defined along each
linear segment, represented by the point of intersection of the pre-existing crack with the mesh,
as shown in Figure 5-6b. Additionally, for each linear segment, two regions are defined on either
side of the crack to account for the discontinuous stress field across it (Figure 5-6b). These crack
branching regions are typically rectangular in shape with an area equal to the element size. Once
required crack initiation is triggered in any region, the direction of the new crack branch is
estimated using the same criterion. As a result, a new linear branch is formed that extends to the
edge of the element (Figure 5-7a). This will result in the formation of one new tip for each crack
branch, as shown in Figure 5-7a. It is important to note that the size of the stress check region
(Figure 5-6a-b) will only affect the direction of FPZ and, consequently path of new and branched
cracks. However, it doesn’t influence the size of the FPZ which is a material property as long as
the mesh is sufficiently refined (Remmers, 2006). Thus, the size of the check region needs to be
optimized to get mesh-independent crack growth, typically achieved by using non-local stress
averaging schemes (Wells and Sluys, 2001). These stress-averaging schemes assign weighted
functions to stress values of integration points based on ratio of their distance from the crack tip
and length scale parameter. The length scale parameter is typically chosen two-three times the
element size (Wells and Sluys, 2001; Wang and Waisman, 2018). Thus, stress-averaging
schemes works well for predicting crack extensions provided mesh is sufficiently refined, i.e.,
element size less than one-tenth of fully developed FPZ length (Wells and Sluys, 2001;
Remmers, 2006). However, they would not be applicable to the rectangular region used for

checking the initiation of crack branching in this study due to the absence of a crack tip. Thus, to
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ensure consistency between stress calculation in both crack propagation and branching, the check

region with an area equal to the element size is defined based on the study by Cruz et al. (2018).

The crack coalescence is defined as the intersection between two cracks, which in a
numerical model can occur in one of two cases, i.e., (a) a tip of one crack encounters the interior
surface of another discontinuity, and (b) when two crack tips encounter each other (Remyji et al.,
2018). In the current study, the scenario of crack coalescence will only be checked when two
approaching cracks are separated by the distance of one element or less, as shown in Figure
5-7b-c. Additionally, the shape of crack tip regions may change in the first case of crack
coalescence depending on the encountered surface of the crack, as shown in Figure 5-8a. This
specific treatment of the crack tip region is necessary due to the discontinuous stress field across
the crack, which dictates that the stresses are only calculated in the area on the same side of the
crack tip (Figure 5-8a). A similar procedure is used to define crack tip regions in case of further

extension after crack coalescence with the interior surface of discontinuity as shown in Figure

5-8b.
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Figure 5-7 Description of crack interactions scenarios (a) crack branching; (b) tip of one crack
interacting with the surface of another crack; and (c) tips of two cracks interacting with each
other.
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Figure 5-8 Description of crack propagation regions defined in two cases of crack interactions (a)
tip about to intersect with another crack; (b) crack interaction with the tip of another crack.

5.3.4.4 Stiffness Matrix Formulation and Numerical Integration

The test function of the displacement field (6u) used in Eq 5-7 is defined in the same space
as the displacement field in Eq 5-25. A similar procedure is used for determining the test
function of the strain vector. The generalized form of both displacement and strain test functions

can be written as:

Su(x) = NS48 + Ne™V §¢ (5-26a)

5e(x) = BSt451 + B 5¢ (5-26b)

where u represents the standard degrees of freedom of finite element mesh with standard
shape function (N5t%). The enriched nodal displacement (&) with enriched shape function (N¢™")
represents degrees of freedom corresponding to both Heaviside and junction enrichments for all
fractures present in the modeled domain. B* =LN“(x) denotes the derivatives of standard and

enriched shape functions with matrix L representing the strain differential operator.
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The substitution of the discretized form of the test function (du) into the weak form of
virtual work (Eq 5-7) results in a set of nonlinear system of equations that using Newton-
Raphson iterative procedure can be discretized into incremental form as given by:

e K] 68 G- 72
K., Kal Ude ext int (5-27)
where dil and d¢ denotes the incremental form of standard and enriched nodal

displacements, respectively. The components of the stiffness matrix in Eq 5-27 are:

Kuu — f(BStd)TCBStddQ , Kua — KauT — J(Bstd)TCBenrdQ
Q Q

(5-28)
Kaa — f(Bstd)TCBenrdQ+ j[[Nenr]]TDtanNenrdr
Q T4

The fourth element of the stiffness matrix (K, ) in Eq 5-27 presents the contribution of the
cohesive zone model of fracture as the value of tangent stiffness matrix of fracture (D**") will be
estimated based on softening behavior of a given crack type. The internal and external forces in

Eq 5-27 can be written as:

fuint — j(BStd)TO'dQ ) fuext — _ f(NStd)deF
Q e

(5-29)
fcint — f(BStd)TO'd.Q ) fcext — f(Nenr)deF + f[[Nenr]]TtddF
Q I't )

The components of stiffness and force matrices in Eqs 5-28-29 can be numerically

integrated using the Gauss-Seidel scheme (Remmers, 2006). In XFEM, numerical integration
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using standard Gauss points is no longer sufficient due to the presence of discontinuities in the
modeled domain. The enrichment shape functions in XFEM are not smooth and lead to a
discontinuous displacement field inside the fractured element. As a result, the accurate
estimation of the stress field is no longer possible using the standard Gauss-Seidel scheme;
instead, two regions on the opposite of the discontinuity need to be integrated separately and then
summed together (Wells and Sluys, 2001). In the current study, the regions on both sides of the
discontinuity are divided into several sub-domains based on suggestions by (Fries and
Belytschko, 2010) which ensures that the strain field and other matrices are accurately calculated
without the use of too many integration points. Figure 5-9 presents various possible cases of
element subdivisions implemented in the current study. The subdivision process involves
assigning a certain number of sub-domains which depends on the number of sides present in the
region. The region with four sides has only one subdomain with Gauss integration points based
on the 2d quadrilateral scheme, as shown in Figure 5-9a. The region with three sides has one
subdomain with three integration points placed based on triangular elements, as shown in Figure
5-9b. Finally, the region with five or more sides is typically made of three-more triangle
subdomains with vertices coinciding with the region's vertices, as shown in Figure 5-9b-c. The
integration points in these triangular subdomains are placed again based on the Gauss quadrature

scheme for triangular elements.

The cracks in the current study are modeled as fictitious 1D linear segments with the Gauss
quadrature scheme of two integration points in each crack segment (Figure 5-10a-c). These
integration points are then used to evaluate the stiffness and forces matrices along the fracture

surface, and no new degree of freedom is required. It is noted that crack intersections typically
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require extra Gauss points to simulate the different behavior on each side of the junction (T-

shaped or X-shaped), as shown in Figure 5-10b-c.

— Crack

Nodes
O Intersection point
X Integration point

(a)

7 7
J\ / — Crack
Q. / ™ Nodes
N N O Intersection point
\:( % Crack integration point

\? ~ /N

(a) (b) (c)

Figure 5-10 Scheme for integration points position in various cracks.
5.4 Implementation
54.1  Overview

The XFEM formulation was implemented using a user-defined element in the commercial
general-purpose FEA software Abaqus. Along with the user-defined element, various codes in
different languages were implemented in a suite titled XFEMB. The XFEMB comprises of three
main parts: a) input generator, b) user element and c¢) output generator. The input generator

primarily defined the domain size, initial crack geometry and boundary conditions for each
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simulation. For this purpose, various modules in MATLAB were written that processed model
information to generate relevant files required by Abaqus at the start of the simulation. Abaqus
doesn't support visualization and definitions of user elements, which necessitate post-processing
software to obtain stress distribution around the cracks. In the current study, the output of each
simulation was visualized using Paraview software (Paraview, 2019). The XFEM-based user
element developed in this study is a modification of the one created by Cruz et al. (2019), which
was developed for hydraulic fracturing in rocks under the assumption of LEFM. The
modifications done in the current study include incorporating various CZMs and adding
algorithms for cracking branching that facilitated the initiation and prorogation of different crack

types in rocks.

The user-defined element was implemented using various external subroutines of Abaqus,
with the subroutine named "UEL" being the most vital one. This subroutine was used to compute
stiffness and forces matrices of each element in the problem domain which were then assembled
by Abaqus/standard to form a global system of equations. The Abaqus/standard solves these
nonlinear systems of equations in multiple increments. The size of an increment was decided
automatically by Abaqus/standard solver to ensure convergence at the end of each increment. In
each increment, a Newton-Raphson iterative scheme is used to solve the global system of
equations which may require more than one iteration to achieve convergence. Since the user
element developed in the current study is a modified version of algorithms written by Cruz et al.
(2019), only a brief description of its implementation is presented here. The user-defined element

consisted of three main procedures: a) Pre-processor, b) UEL subroutine, and ¢) Post-processor.
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The overview of these procedures is summarized in Figure 5-11. The details of each of these

procedures are described in the following sections.
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Figure 5-11 A brief overview of the general algorithms implemented in the XFEM model.
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5.4.2  Pre-processor

The procedure named "Pre-processor” was implemented at the start of every new increment
in the simulation to store enrichment information of each element in the modeled domain (Figure
5-11). This data is then used to compute the element stiffness matrices. The procedure involves
storing the value of the enrichment function and the associated degrees of freedom for each node
in the modeled domain. Additionally, for elements with multiple fractures, enrichment data for
each fracture is stored in their corresponding nodes. Following the calculation of mesh
enrichment data, the number of subdomains based on the methodology defined in section 5.3.4.3.
was estimated for each element. This was followed by the placement of corresponding
integration points in each subdomain. Furthermore, the computation of the location of different
fractures allows the placement of integration points in each fracture segment based on the
methodology defined in section 5.3.4.3. Therefore, information regarding integration points, such
as their location and definitions of local weights, are stored for every element and fracture
segment in the modeled domain. It is to be noted that no specific crack tip enrichment was used
in the current study. The representation of the crack tip follows the deactivation of nodal
enrichments that belong to the element's edge touching the tip. In some cases, this approach of
crack tip propagation till the element's edge may impact crack tip velocity, which can be
mitigated using fine mesh sizes (Song et al., 2006b). Therefore, mesh sensitivity analysis has

been performed in various case studies considered in the current study.
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5.4.3 UEL Subroutine

The procedure named "UEL" is a vital step in any FEM simulation as it defines the physical
behavior of the governing equations through the element stiffness and forces matrices
represented by Eqs 26-27. This procedure is implemented in every iteration of the Abaqus

simulation for each element in the modeled domain (Figure 5-11).

The first step of the procedure is to acquire the enrichment information of a given element.
Two domains are defined for the cracked element (consisting of one or more fractures): the
continuous region and fracture segments. The procedure first loops over all the integration points
in the continuous region. For each integration point, it computes the shape functions and their
derivatives for both standard and enriched degrees of freedom. This is followed by the
computation of stress and material stiffness matrices. After computing the shape function and
other matrices in the continuous area, the procedure loops over all the integration points of
fracture segments present in the given element. For each fracture integration point, the procedure
involves the computation of enriched shape functions, their derivatives, and jump functions
(N€™, Be™ and [N°™], respectively). It allows the computation of crack traction and tangent

stiffness matrices at each integration point.

Finally, all the computed integrals are then used to assemble the stiffness and load matrices
of each element in the modeled domain. During the element stiffness matrix calculation, all the
rows and columns related to deactivated degrees of freedom are zeroed. All this information is
then used by Abaqus/standard to assemble global matrices and solve the nonlinear system of

equation.
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5.4.4  Post-processor

The procedure named "Post-processor" typically runs at the end of every converged
increment to check for initiation of new branching cracks or propagation from the existing crack
tip, as shown in Figure 5-11. In this procedure, the location of all possible regions from where
crack initiation or propagation can occur is estimated in the first step. This is followed by
checking for the condition of cracking in these regions using specific crack initiation criteria. In
areas where the stress field triggers the crack initiation criterion, the direction and length of the

new crack segments were determined.

The location of cracking regions is determined based on the methodology described in
section 5.3.4.3, which covers all possible branching or crack tip propagation situations. In the
current study, rectangular regions with the average size of element length were selected (see
Figure 5-6a-b), ensuring no preference is given to branching or crack propagation from existing
crack tips. The average stress field of each region was compared with the relevant crack
initiation criterion. Additionally, in each region, the direction of the new crack segment was
determined based on the triggered crack initiation criterion. Finally, the length of crack segments
in each region is estimated such that the crack extends to the next element edge. In this research,
different crack initiation criteria were adopted in various case studies, and thus relevant criteria

will be discussed in the section of each example.

5.4.5  Configuration of User-element and its Limitations

This study implemented the XFEM formulation using 4-noded quadrilateral elements with

linear segments under plane strain conditions (Figure 5-9a-c). Each node has 27 degrees of
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freedom to store both the standard and enrichened part of the displacement field. For this
purpose, the solution procedure named "coupled thermo-mechanical analysis" was used in
Abaqus as it provides maximum degrees of freedom per node as opposed to the "static
procedure" which only has 6 degrees of freedom per node. In the original user-element by Cruz
et al. (2019), various DOFs were assigned to simulate enhanced porous medium and fracture
fluid flow. However, in the current study's modified version of the user-defined element, all
DOFs were used for enrichening elements with multiple crack interactions. This facilitates more
flexibility in the user element by accommodating various fracture intersection and branching

scenarios.

Despite the versatility of commercial software, Abaqus has some inherent limitations in
implementing the user-defined element, such as no modification of stiffness and load matrices of
global assembly is allowed. This prevents adding certain improvements in XFEM, such as
preconditioning of stiffness matrix, which minimizes matrix ill-conditioning and allows a faster
rate of convergence, especially in cases of multiple crack interactions (Menk and Bordas, 2011;

Siavelis et al., 2013).

The lack of a visualization interface for the input and output of user elements is another
limitation of Abaqus, which has been mitigated by using additional software in the current study.
Additionally, XFEM-based user elements in Abaqus require higher computational time and large
memory consumption, which can be attributed to all DOFs being assigned at the beginning of the
simulation. As Abaqus doesn't allow adding new DOFs during run time, enrichment

corresponding to all possible scenarios, resulting in 27 DOFs per node, must be allocated first.
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These DOFs are deactivated by assigning zero to all matrix coefficients related to all future

enriched elements.

5.5 Results and Discussion
5.5.1 Crack under Mode I Loading

The first test case used in this study demonstrates the capability of the XFEM-based user
element in predicting mode I fracture propagation in a concrete beam under the three-point
bending test. The propagation of mode I crack in various quasi-brittle materials such as concrete
and rocks has been extensively studied (Song et al., 2005; Hyeok et al., 2006; Zamani et al.,
2012; Garg et al., 2020). Under pure I mode loading, the fracture typically propagates vertically
at the beam's mid-span from its bottom surface to the top (Figure 5-12b). Figure 5-12a presents
the dimensions of the concrete specimen modeled in the current study, along with applied
boundary conditions. The concrete specimen was loaded under a displacement-controlled mode,
as shown in Figure 5-12a. The material properties used for modeled concrete specimen were
based on the study by Xiao et al. (2003), having Young's modulus (E') = 36.5 GPa, Poisson's
ratio (v) = 0.1, tensile strength (o) =3.19 MPa and mode I fracture energy (G;c) = 50 N/m. The
initiation of mode I cohesive cracks was predicted based on the Maximum Principal Stress
(MPS) criterion, which assumes crack formation in the direction perpendicular to the maximum
principal stress. The material softening was modeled using the exponential cohesive zone model
for predicting tensile crack propagation (section 5.3.2). The concrete specimen was modeled
under plane strain conditions using uniform-size square elements. A mesh convergence analysis

was performed by varying elements size from 5 mm to 1 mm.
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Figure 5-12 Three-point bending beam: (a) geometry and boundary conditions; (b) crack path
obtained (represented by a red line).

Figure 5-13a presents the load-deflection curve obtained from the current XFEM-based user
model at various mesh sizes. It can be concluded that convergence is obtained in the XFEM-
based user model for elements size less than 2 mm, as evident by a similar behavior obtained in
both pre-peak and post-peak regimes. Additionally, compared with the results of the numerical
study by Zamani et al. (2012), good agreement is obtained in terms of the load-deflection curve
except for small differences in post-peak behavior (Figure 5-13a). The difference in post-peak
behavior can be attributed to the application of crack tip enrichment and linear softening model
in the numerical study by Zamani et al. (2012). The mesh sensitivity analysis was also performed
in terms of crack opening displacement profiles obtained at the deflection of 0.075 mm (Figure
5-13b). Similar to the load-deflection curve, elements size less than 2 mm provided convergent

opening displacement profiles.
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Figure 5-13 Mesh sensitivity analysis in three-point bending of the concrete beam (a) force-
deflection curves; (b) crack opening profiles at deflection of 0.075 mm.

5.5.2  Crack under Mixed-mode I/II Loading

The section presents the application of the XFEM-based user element in modeling mixed-
mode I/II fracture propagation in a quasi-brittle material. For this purpose, the double-edge
notched testing configuration was used to apply tensile and shear loading to the specimen. This
geometry was used to characterize mixed-mode I/II crack propagation in mortar specimens by
Nooru-Mohamed (1992) at different levels of shear loading. The simulated mortar specimen had
the following elastic parameters: Young's modulus (E) = 30 GPa, and Poisson's ratio (v) =0.2.
The fracture parameters such as tensile strength (g,) =2.3 MPa and mode | fracture energy (G,¢)
= 80 N/m were selected from the work of Wang and Waisman (2018). Figure 14 illustrates the
model geometry of double-edge notched specimens with applied boundary conditions. To
simulate mixed-mode I/II loading on the double-edge notched specimen, the desired level of
shear force (F;) was first applied along the specimen's upper left and lower right sides (Figure 5-

14). This was followed by displacement-controlled tensile loading applied at the upper and
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bottom surfaces of the specimen while keeping shear force (F;) constant (Figure 5-14). The
double-edge notched specimens were simulated under plane strain conditions with a uniform
square mesh of 1 mm side length. The element size of 1 mm is deemed to provide mesh-
independent analysis, as shown by sensitivity analysis performed in the case of the three-point
bending test with similar fracture properties (section 5.5.1). The fractures obtained in double-
edge notched specimens are typically dominated by a mode I initiation (Meschke and Dumstorff,
2007), and thus crack initiation was predicted using on MPS criterion. Similar to the first case,
the material softening behavior was simulated using the exponential cohesive zone model for

tensile crack initiation (section 5.3.2).
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Figure 5-14 Double-edge notched (DEN) geometry with applied boundary conditions.
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Figures 5-15a-d compares results obtained from the XFEM-based user model and
experimental observations of double-edge notched specimens for two levels of shear force (F; =
5 kN and 10kN). It is clear from Figure 5-15a-b that both the force (F,) -displacement (u,,) curve
and overall crack path for the case double-edge notched specimen with shear force (F; ) of 5 kN
showing a reasonable level of agreement with experimental data despite the uncertainty
associated with mortar specimens due to material heterogeneity. A similar agreement was found
in the second case of the double-edge notched specimen with shear force (F; ) of 10 kN (Figure

5-15¢-d).
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Figure 5-15 Results of double-edge notched beam specimens in terms of force (F,) versus
displacement (u,,) curves along with crack profile at (a) and (b) F; =5kN; (c) and (d) F; =10kN.
Experimental data from Nooru-Mohamed (1992).
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5.5.3 Mode II Crack

The section presents the application of the XFEM-based user element in simulating
compression-induced mode II cracks in a quasi-brittle material. For this purpose, a benchmark
case of shear cracking in overconsolidated clay subjected to compression loading was selected
based on the study by Gill. (2021). The simulated consolidated clay is a relatively weaker
material with Young's modulus (E) = 36.5 GPa, Poisson's ratio (v) = 0.3, cohesion (t[***) =40
kPa, friction angle (¢p) =15°, and mode II fracture energy (G;c) = 30 N/m. In this study, a
prismatic specimen of overconsolidated clay was subjected to uniaxial compression loading as
shown in Figure 5-16. Additionally, a small square opening of edge length 2 mm was introduced
at the specimen's center, ensuring a fixed crack initiation location irrespective of the element
size. As explained in section 5.3.4.3, crack initiation is determined based on the average
elemental stress. This approach in the current case study might lead to multiple cracking
locations, and thus induction of small opening results in a mesh-independent location of crack
initiation. Due to a similar reason, the numerical study by Gill. (2021) also created a circular
opening in the simulated clay specimen. The difference in the shape of the created opening was
attributed to the limitation of the current XFEM-based user model, which only allowed the
formation of the structured mesh. Despite this difference, the overall material behavior between
the two studies should be similar due to the small opening size compared to the specimen
dimension (Figure 5-16). The shear crack initiation was determined using the MC criterion,
while the material softening was simulated using an exponential cohesive zone model for shear
crack under compression (section 5.3.3). For proper comparison with the numerical study by Gill

(2021), the formation of a single shear plane in the clay specimen was allowed. It is important to
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note that the developed XFEM-based user model can easily allow the propagation of dual shear
failure expected in clay specimens under compression loading. Additionally, two different mesh

sizes of 1 mm and 0.5 mm were modeled for each case to ensure mesh-independent shear crack

propagation.

170 mm

| 80 mm |

Figure 5-16 Schematic of the compression test on prismatic specimens of overconsolidated clay
with a small rectangular opening.

Figure 5-17a indicates a good agreement between the current XFEM model and the
numerical study of Gill (2021) for the clay specimen under uniaxial compression loading, as
evidenced by similar force-displacement plots with some minor differences in post-peak

behavior. This can be attributed to the non-local damage model used in the numerical study by
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Gill (2021), which calculated the material softening as a function of strain/displacement
averaged across a width of 3-5 elements. In contrast, the material softening in the current XFEM
model only relied on crack displacement inside the element that underwent crack initiation. A
mesh-independent shear crack propagation is observed as evident by nearly identical overall

global behavior of the clay specimen for two element sizes of Imm and 0.5 mm (Figure 5-17a).
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Figure 5-17 Results of the uniaxial compression tests on clays specimens in terms of force-
displacement curves at various friction angles (a) ¢ = 0° (b) ¢ = 15° and 30°.

In the current study, a total of three cases of clay's friction angle (¢ = 0°, 15°, 30°) were
simulated under uniaxial compression loading to assess the ability of the XFEM-based user

model to incorporate frictional cracks. The shear plane formed is oriented at the expected failure
angle 6y = 45 + % from the horizontal axis in all three cases of clay's friction angle (¢ = 0°, 15°,

30°) as shown in the angle insets of Figure 5-18a-c. Furthermore, the overall global behavior of
the clay specimens in all three cases of clay's friction angle (¢ = 0°, 15°, 30°) is almost mesh-

independent (Figure 5-17a-b).
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Figure 5-18 Displacement magnitude in uniaxial compression tests of clays specimen for (a) ¢ =
0% (b) ¢ = 15° (c) ¢ =30°.

5.5.4  Crack Branching in Uniaxial Compression Loading

The section presents the application of the XFEM-based user element in simulating various
crack types formed in quasi-brittle material under compressive loading. The benchmark case of a
gypsum specimen containing one inclined pre-existing flaw under uniaxial compression was
modeled in this study, as shown in Figure 5-19a. The material and fracture properties of the
gypsum specimen used in this study are shown in Figure 5-19a. The elastic and strength
parameters were obtained from various experimental studies (Bobet and Einstein 1998; Wei et al.
2020) on gypsum specimens, while fracture energies (G;c and Gj;c) were selected based on the
study by Fei and Choo (2021). This study primarily focuses on a qualitative comparison of
fracture path; thus, no calibration of material parameters was performed. Two orientations of a
single flaw from the horizontal axis, i.e., 8,, =45° and 60° were simulated (Figure 5-19a). The
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open flaw with a length of 12.7 mm was modeled using a line crack with frictionless surfaces
(Figure 5-19a). The contact model for the flaw is based on the penalty method, which only
requires high normal stiffness (k) to avoid closure between two surfaces of the flaw. To
simulate actual laboratory testing conditions, displacement-controlled loading at the rate of 1
mm/step (1 step =1sec) was applied at the specimen's top surface while fixing its bottom surface
(Figure 5-19a). The model was discretized using a uniform mesh with an edge length of 0.8 mm
under plane strain conditions. Various criteria are used in this case study to predict the initiation
of different crack types. The tensile crack was predicted based on the MPS criterion in
conjunction with an exponential cohesive zone model for tensile crack propagation (section
5.3.2). The shear crack initiation was determined using the Maximum Shear stress (MSS)
criterion, which results in crack initiation in the plane of maximum shear stress, thereby ignoring
the effect of material friction angle (¢). The selection of the MSS criterion for the gypsum
specimen is based on the study by Gongalves Da Silva and Einstein (2013), which showed this
criterion to be most suitable for predicting the propagation of coplanar shear cracks. Gongalves
Da Silva and Einstein (2013), based on the simulation of crack propagation in various
configurations of single and multiple flaws in gypsum specimens, concluded that friction angle-
based criteria, such as the MC criterion, results in odd shear crack propagation inconsistent with
experimental data. Thus, the material softening under shear crack development was simulated

using a cohesive zone model with zero friction angle (¢p = 0°) (section 5.3.3).

185



Wing crack
Right tip
L £
S S
ar Kb N
w
Wing crack
[——— 76.2 mm
p A4
ADOOOIIOIOO O
(a) (b)

Figure 5-19 (a) Schematic of the uniaxial compression loading on gypsum specimens containing
one flaw test with boundary conditions; (b) Representation of the wing crack initiation in
gypsum specimen (after Wong, 2008).

Table 5-1 Material parameters of gypsum specimens (Bobet and Einstein 1998; Wei et al. 2020).

Parameter Value

Young's modulus (E) (GPa) 5.6
Poisson's ratio (V) 0.16

Tensile strength (o) (MPa) 3.2
Cohesion strength (t***) (MPa) 10.7
Friction angle (¢) 28°

Mode I fracture energy (G;c) (N/m) 16
Mode II fracture energy (Gy;c) (N/m) 205

Figures 5-20a-d compare crack patterns obtained using the XFEM model with the one from
the experimental results of Wong (2008) in the gypsum specimen with a single flaw oriented at

B,,=45°. In the initial loading stages, two tensile wing cracks initiated first, as shown at applied
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vertical stress (o,) of 4.5 MPa (Figure 5-20a). The application of the crack branching algorithm
resulted in tensile wing cracks being initiated at a certain distance from the flaw tips (inset of
Figure 5-20a), which is consistent with the observation of experimental studies (Wong, 2008;
Zhang and Wong, 2012). The position of tensile cracks at distances d; and d from flaw tips,
along with the wing crack initiation angle (6,,) (Figure 5-19b) in the XFEM model were in
reasonable agreement with the experimental observation of Wong (2008), as shown in Table 5-2.
With further loading, coplanar shear cracks formed at two flaw tips, as shown at the applied
vertical stress (o) of 13 MPa (inset of Figure 5-20b). These cracks are typically known as
secondary cracks and were consistent with observations of various experimental studies (Bobet
and Einstein, 1998a; Wong, 2008) on single flawed gypsum specimens. These coplanar shear
cracks eventually transitioned to tensile cracks resulting in the formation of mix-mode secondary
fractures at the applied vertical stress (;,) of 15 MPa (Figures 5-20c). Additionally, the overall
cracking pattern, including the path of various crack types in the XFEM model, was similar to

experimental observations (Figures 5-20c-d).

Similarly, in the case of the gypsum specimen with flaw oriented at f3,,=60°,
characteristics of tensile wing cracks such as its initiation angle (6,,) and offset distances (d: and
d2) from two flaw tips from the XFEM model were within the range of experimental results
(Table 5-2). Additionally, the crack initiation stress of wing cracks in case of flaw inclination
(By) of 60° was around 1.9 times the value obtained in the gypsum specimen with the flaw
inclination (f,,) of 45° (Table 2). This increase in crack initiation stress with an increase in flaw

inclination (f3,,) from 45° and 60° is consistent with the experimental observation of Wong
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(2008) on the same gypsum specimens (Table 5-2). With increased loading, secondary shear

cracks formed at two flaw tips which subsequently transitioned to tensile fractures (Figures 5-
21b-c). The comparison with experimental observation again showed similar crack patterns in
the XFEM model (Figures 5-21c-d). Therefore, it can be concluded that the XFEM model can
reasonably be used to replicate real cracking in single-flaw gypsum specimens under uniaxial

compression loading.

XFEM Model Experiment

4 Tensile crack

Y
—Tensile Crack Shear crack

—Shear crack

Tensile wing crack

g
-

ay =4.5 MPa gy =13 MPa ay =15 MPa
(a) (b) (c) (d)

Figure 5-20 Comparison of crack patterns in oriented single flaw (B,,=45°) gypsum specimen
between (a-c) XFEM model and (d) experiment. The tensile stress is assumed to be negative in
the study. The inset in a-c presents the zoom-in view of crack patterns around the flaw. The
crack patterns for experimental data were redrawn from Wong (2008).
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Figure 5-21 Comparison of crack patterns in oriented single flaw (f,,= 60°) gypsum specimen
between (a-c) XFEM model and (d) experiment. The inset in a-c presents the zoom-in view of
crack patterns around the flaw. The crack patterns for experimental data were redrawn from

Wong (2008).

Table 5-2 Comparison of XFEM model with experimental data (from Wong, 2008) of oriented
single flaw gypsum specimen.

Wing crack Wing crack initiation | Distance of wing cracks
Flaw initiation angle (8,,) stress (g,) (MPa) from flaw tips (d1, d2) (mm)
inclination
XFEM XFEM XFEM
Angle (Bw) model | Experiment Experiment Experiment
model model
45° 89° 85° 4 25 1.13, 1.15 0.5-2.5
60° 114° 110° 7.6 27 1.11,1.12 0.7-2.2
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5.6 Conclusions

This study presented a novel XFEM-based user element in Abaqus with a novel capability
of simulating crack branching in quasi-brittle materials. The implemented user element is a
modification of code developed initially by Cruz et al. (2019). The original user element by Cruz
et al. (2019) only simulated LEFM-based cracking in rocks with limited capabilities of crack
interactions. For instance, only crack interactions between hydraulic or natural fractures were
modeled, and no crack branching capabilities existed in the original user element by Cruz et al.
(2019). The user element modified in this study accounts for FPZ development in different crack
types through CZMs that simulates material softening inside the FPZ. Additionally, a novel
crack branching methodology was implemented, which facilitated the formation of multiple
crack types from pre-existing cracks in the model. The main benefits of the XFEM-based user
element were presented along with its inherent limitations. The applicability of the new XFEM
model was assessed through various case studies. The findings of the study are summarized as

follows:

e Two benchmark cases of mode I and mixed-mode I/II cracking were analyzed to
demonstrate the effectiveness of the XFEM-based user element in predicting the FPZ
development under tensile loading. The results showed the XFEM model could provide
reasonable agreement with other numerical studies /experimental data.

e The capability of the XFEM-based user element in simulating compression-induced mode II
cracks was assessed using compression loading of overconsolidated clay specimens. The
analysis showed that the XFEM model could predict both the shear crack path and global

behaviors of the specimen with reasonable accuracy. Additionally, the simulation of different
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cases of specimen's friction angle (¢) confirmed the ability of the XFEM model to simulate
normal stress-dependent behavior of peak and residual strength of shear cracks.

e The last case study involved uniaxial compression loading of a single flawed gypsum
specimen with two flaw inclinations (f,,= 45°, 60°) to assess the applicability of
implemented novel crack branching methodology. The analysis showed that the crack
branching methodology accurately predicted tensile wing cracks in terms of its location and
initiation angle, which may otherwise need enrichment for crack tip singularity in traditional
XFEM models. Additionally, the XFEM-based user element was able to predict the
formation of both primary and secondary cracks and thus is able to reasonably replicate real

cracking patterns.
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CHAPTER 6

APPLICATION OF XFEM-BASED USER ELEMENT FOR PREDICTING SECONDARY

CRACKS

This chapter is submitted for publication in the International Journal of Rock Mechanics and

Mining Science (Garg et al., 2023).

Prasoon Garg’, Ahmadreza Hedayat’, D.V. Griffiths®

6.1 Abstract

Fracturing in rocks and rock-like materials under compressive loading often involves a wide
variety of crack patterns where tensile (mode I) and shear (mode II) fractures are often
interwoven. These fractures are usually cohesive (significant size of the micro-cracking zone)
and involve frictional sliding during their propagation. Although the eXtended Finite Element
Method (XFEM) has been increasingly used for rock fracture modeling, it still lacks the
capability to predict mode II and mixed-mode I/II fractures, which often involve complex crack
interactions. To address this challenge, this study used a novel XFEM-based user element with
the capability to simulate fracture intersections and crack branching for quasi-brittle materials.
The study aims to assess the applicability of this XFEM-based user element in predicting overall
crack patterns observed in rock-like material under compressive loading, along with quantifying

the influence of crack initiation criteria. Additionally, the XFEM-based user element was
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implemented with cohesive zone models, which defined the constitutive behavior of inelastic

material (micro-cracking zone) around the crack tip.

6.2 Introduction

Rock materials' deformation and cracking behavior are of great interest in geomechanics and
rock engineering. As rock contains initial defects, such as fissures, and micro-cracks, under
external loads, new cracks may initiate and propagate along these defects, and crack coalescence
can lead to rock bridge fracture and its subsequent failure. Many experimental studies have
investigated the fracture processes of various rocks and rock-like materials such as molded
gypsum, granite, sandstone, and marble under compressive loading (Bobet and Einstein, 1998a;
Wong, 2008; Yang et al., (2009, 2012); Morgan et al., 2013). The cracks in studies were mostly
classified based on the temporal relationships, i.e., primary, and secondary cracks. The first
cracks initiated from the flaw tips are called primary cracks, while the rest are classified as
secondary cracks, mainly responsible for the overall failure of most rock specimens (Wong and
Einstein, 2009). The primary cracks are generally identified as tensile cracks, which tend to
propagate in a stable manner (i.e., further propagation of these cracks requires the application of
additional load) toward the direction of maximum compression (Park and Bobet, 2009). In
comparison, the secondary cracks typically comprise different shear crack patterns, such as
coplanar, oblique, and out-of-plane (Bobet, 1997; Cheng et al., 2016). In most rocks, these
secondary cracks often involve complex combinations of tensile (mode I) and shear (mode II)
fractures, such as horsetail cracks and anti-wings, mixed tensile—shear cracks (Wong and
Einstein, 2009; Morgan et al., 2013; Wong and Li, 2011; Lee and Jeon, 2011) as shown Figure

6-1. The central observation of these experimental studies is the formation of multiple fractures
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emanating from a pre-existing crack, which can be called crack branching based on the theory of
fracture mechanics (Fatehi Marji, 2014; Chen and Zhou, 2020). The proper predictions of these
secondary cracks, especially complex crack branching mechanisms, are vital to accurately
simulate rock cracking processes, which, unfortunately, a few computational models can

accomplish (Li and Wong, 2012; Wong and Li, 2013).

Over the past years, several crack initiation and propagation criteria have been proposed and
implemented using various analytical and numerical methods for various rocks and rock-like
materials. These criteria were typically divided into three families: (a) stress-based criteria (Khan
and Khraisheh, 2000), (b) energy-based criteria (Hussain et al., 1974; Sih, 1974), and (¢) strain-
based criteria (Gongalves and Einstein, 2013) as summarized in Table 6-1. Based on their
applicability to crack growth in rocks, these criteria can also be grouped into different classes:
fracture toughness-based, T-term-based, full-field distribution-based, and Non-linear Elastic
Fracture Mechanics (NLFM) based criteria (see the last column of Table 6-1). The fracture
toughness-based and T-term -based criteria belong to the category where crack initiation is
defined based on a single parameter, such as fracture toughness or critical energy release rate
(Wong, 2008). As a result, these fracture criteria can only predict primary cracks in rocks under
compressive loading (Ingraffea, 1980; Bobet, 1997). The full-field-based criteria, such as Bobet's
stress-based criterion (Bobet, 1997) and the strain-based criterion by Gongalves and Einstein
(2013), have been the most successful in predicting both primary and secondary cracks in rocks
under compressive loading. The advantage of these full-field-based criteria lies in the fact that
the entire stress field around the crack tip is used to determine the crack initiation, which allows

for the prediction of both tensile and shear cracks separately (Wong, 2008; Gongalves and
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Einstein, 2013). However, most of the aforementioned crack initiation criteria are, based on
linear elastic fracture mechanics (LEFM) theory that assumes small-scale yielding, i.e., the small
size of the inelastic region (also known as FPZ) around the crack tip, and thus elastic
deformation of rock is approximated for crack propagation (Gongalves, 2009). This assumption
contrasts with the observation of experimental studies (Labuz et al., 1987; Lin et al., 2019a-b;
Zhao et al., 2016; Zhao et al., 2018) that have found the significant size of the FPZ around the
crack tip in various laboratory-scale rocks. Alternatively, the nonlinear fracture mechanics-based
criterion, such as the cohesive zone model (CZM), has been extensively used in characterizing
the complex micro-cracking process inside the FPZ of rocks (Yao et al., 2012; Rinehart et al.,
2015; Xie et al., (2016, 2017)). Most of the CZM-based numerical models also require additional
LEFM-based criteria to predict the initiation angle and path of the fracture, while CZM simulates
the material softening the FPZ of the rocks. Thus, it is essential to use suitable LEFM crack
initiation criteria in conjunction with CZM to predict various secondary cracks obtained in rocks
accurately. Numerical modeling provides valuable insight into the mechanism of cracking
processes, especially in cases of complex geometry or loading conditions, which are difficult to
test in the laboratory. Additionally, it has several advantages over theoretical and analytical
studies, which are most successful when the failure occurs by the propagation of a single crack.
Several numerical models have emerged as valuable tools to simulate the cracking process of
rocks, such as the gradient-enhanced damage model (Perling et al., 1996,1998), the Boundary
Element (BE) method based FROCK (Bobet and Einstein, 1998b; Goncalves and Einstein,
2013), numerical manifold method (Wu and Wong, 2012; Yang and Tang, 2016), discrete

element method (DEM) (Kazerani and Zhao, 2010; Gao et al., 2016; Saadat, 2019), and the
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extended finite element method (XFEM) (Well and Sullys, 2001; Karihaloo and Xiao, 2003). In
particular, the XFEM has attracted considerable attention due to its effectiveness in modeling
discontinuities of multiple fracture interactions in the same domain (Daux et al., 2000; Moés and
Belytschko, 2002; Zi and Belytschko, 2003) and material softening inside FPZ using CZM (Liu
and Borja, 2009; Xie et al., 2017). The XFEM-based models have been increasingly used in
various crack problems in rocks, such as multiple crack interaction during hydraulic fracturing
(Youn, 2016; Cruz et al., 2019; Yang et al., 2019) and crack propagation from open or closed
pre-existing flaws in rocks (Sharafisafa and Nazem, 2014; Zhuang et al., 2014). Despite the
increased application of the XFEM-based numerical model, it suffers some inherent limitations,
which decrease its applicability in simulating various fracture patterns obtained in rocks under
compressive loading. For instance, traditional XFEM models lack the capability to simulate
crack branching, which requires a reliable branching criterion to estimate the bifurcation point,
defined as a point where the single crack tip results in the formation of two cracks (Rabczuk,
2013; Sun et al., 2021). Most of the current XFEM studies are limited to modeling crack
coalescence/intersection involving two or more cracks interacting with each other. As a result,
these studies can only predict primary cracks in rocks that initiate under the tensile mode, as
shown by studies of Sharafisafa and Nazem (2014) and Zhuang et al. (2014). Additionally,
existing XFEM-based numerical models rarely investigate compression-induced shear fractures
(Liu and Borja, 2008; Sanborn and Prévost, 2011), which can be attributed to the lack of reliable
softening model which accounts for both cohesion degradation and frictional sliding in

propagating fracture
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Figure 6-1 Schematic of various crack types (T1 and T2 denote tensile crack segments, S
represents shear crack segment) observed in rocks and rock-like specimens containing single
flaws subjected to uniaxial compressive loads (modified from Li and Wong, 2014).

To overcome these limitations, the current study used an XFEM-based user element
developed by the authors (Section 5.3) and implemented in the commercial software Abaqus.
The XFEM-based user elements incorporated a novel branching methodology that allows the
simulation of complex crack interactions along with branching in rocks, thereby facilitating the
formation of multiple crack types originating from the body of pre-existing flaws. Additionally,
the influence of FPZ in the compression-induced shear crack was accounted for using a cohesive
zone model capable of simulating frictional energy dissipation during the propagation of the
shear crack (section 5.3.3). This study aims to assess the capability of XFEM-based user
elements in modeling various types of secondary cracks in single and double-flaw gypsum
specimens under compressive loading. Three configurations of single and double-flaw gypsum
specimens were simulated and compared with experimental results to assess the applicability of
XFEM-based user elements in predicting various crack types. Additionally, two crack initiation
criteria, namely (a) Maximum shear stress (MSS) criterion and (b) Traction-based mixed-mode
(TMM) criterion, were tried to assess their influence on the overall path of secondary cracks.
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Both criteria have been actively used to predict the initiation angle of shear or mixed-mode I/11

cracks in rocks and rock-like materials, albeit in different variations (Sweeryn and Mroz, 1995;

Bobet and Einstein, 1998; Dobroskok et al., 2005; Wang et al., 2020).

Table 6-1 Summary of crack initiation criteria widely used in rocks (after Wong, 2008; Liu et al.,

2018).
Energy-based Stress-based Strain-based Group
Max strain energy Max tangential Max tensile principal
release rate stress (MTS) strain (Reyes, 1991)
(Hussain et al., (Erdogan and Sih, criteria
1974) 1963) Fracture
Min strain energy Improved MTS Maximum Tangential toughness-based
density (IMTS) criterion Strain (MTSN) (LEFM)
(Palaniswamy, 1972) (Eftekhari et al., criteria (Chang et al.,
2016) 1981)
NT Criterion (Yehia Maximum shear
and Shephard, 1987) stress (MSS)
criterion (Otsuka et
al., 1975)
Average strain energy Generalized Extended Maximum
density (ASED) maximum tangential Tangential Strain
criterion (Lazzarin et stress (GMTYS) (EMTSN) criteria
al., 2001) criterion (Smith et (Mirsayar et al.,
al., 2001) 2018) T-term-based
(LEFM)
Generalized strain
energy density
criterion (GSED)
(Ayatollahi et al.,
2015)
Bobet's stress-based | Stain-based criteria Full-field
criteria (Bobet, (Gongalves and distribution-based
1997) Einstein, 2013) (LEFM)
J contour integral (J) Traction-based Cohesive zone model Non-elastic
(Rice, 1968) mixed-mode (TMM) (Hillerborg et al., | fracture mechanics
criterion 1976) based (NEFM)
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6.3 Parameters of Numerical Model

This study modeled gypsum specimens with a pre-existing flaw(s) under uniaxial
compression using XFEM-based user elements in Abaqus. The modeled gypsum specimens have
the same dimension used in various experimental studies (Bobet and Einstein, 1998; Wong,
2008), shown in Figure 6-2a-b. For the gypsum specimens containing a single flaw, three
different orientations with the inclination angle S,, of 30°, 45°, and 60° were modeled ( Figure
6-2a). Similarly, three benchmark cases of gypsum specimens with double flaws from the
experimental study by Bobet and Einstein (1998) were simulated ( Figure 6-2b). All gypsum
specimens have flaw inclinations (f,,) of 45° and continuity (C) of 12.7 mm (inset in Figure
6-2b). While three gypsum specimens have different spacing: s=0, =a, =2a, where a denotes the
half-flaw length of 6.35 mm (inset in Figure 2b). All modeled gypsum specimens have open
flaws of 12.7 mm length, simulated using a line crack with frictionless surfaces ( Figure 6-2a-b).
The contact model for the flaw is based on the penalty method, which only requires high normal
stiffness (k) to avoid closure between two surfaces of the flaw. It is important to note here that
frictional contacts are being simulated in this study but only for new cracks that initiate from the
body of the flaw and not for surfaces of the flaw itself. To simulate actual laboratory testing
conditions, displacement-controlled loading at the rate of 1 mm/step (1 step =1sec) was applied
at the top surface of each gypsum specimen while fixing its bottom surface ( Figure 6-2a-b). The
model was discretized using a uniform mesh with an edge length of 0.8 mm under plane strain
conditions. The material parameters of the gypsum specimen used in this study are shown in
Table 6-1 Summary of crack initiation criteria widely used in rocks (after Wong, 2008; Liu et al.,

2018). The elastic and strength parameters were obtained from various experimental studies
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(Bobet and Einstein 1998; Wei et al., 2020) on gypsum specimens, while fracture energies

(G;c and Gj;c) were selected based on the study by Fei and Choo (2021).

Table 6-2 Material parameters of gypsum specimens (Bobet and Einstein, 1998; Wei et al., 2020).

Parameter Value
Young's modulus (E) (GPa) 5.6
Poisson's ratio (v) 0.28
Tensile stress (o) (MPa) 3.2
Cohesion strength (t***) (MPa) 10.7*
Friction angle (¢) 28°
Mode I fracture energy (G;) (N/m) 16
Mode II fracture energy (G;;c) (N/m) 205

* Indicates that parameters whose values will be adjusted for different crack initiation
criteria
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Figure 6-2 Geometry and loading conditions in gypsum specimens with (a) a single flaw and (b)
double flaws.

200



6.4 Crack Initiation Criteria
6.4.1 Criteria for Tensile Cracks

The primary cracks in most rocks and rock-like materials, such as gypsum under uniaxial
compression loading, are predominantly tensile cracks (Bobet and Einstein, 1998a; Wong, 2008;
Cheng et al., 2016). In this study, the initiation of tensile cracks was predicted using the
Maximum Principal Stress (MPS) criterion, which assumes crack formation in the direction
perpendicular to the maximum principal stress. The MPS criterion is a modified version of the
maximum tangential stress (MTS) criterion (Erdogan and Sih, 1963) which uses the concept of
stress singularity at the crack tip to determine the initiation angle of mode I crack. While the
MPS criterion without the use of the crack tip singularity is able to predict the path of tensile
cracks in rocks under various loading conditions (Sharafisafa and Nazem, 2014; Zhuang et al.,
2014; Xie et al., 2017). It is important to note here that the current study assumes tensile stress to
be negative and thus, application of the MPS criterion requires comparing values of minimum
principal stress (0,,) with respect to the tensile strength of the material. In order to apply suitable
criteria, the procedure starts with checking if the minimum principal stress (og,,) exceed the
tensile strength (o), which implied tensile crack initiation. Thus, other criteria are only checked

when minimum principal stress (ag,5) is below the tensile strength.

6.4.1.1 Criteria for Mode II and Mixed-mode I/II Cracks

The secondary cracks in most rocks and rock-like materials are likely to initiate in shear
mode and often change their propagation direction due to changes in the fracture mode. As
discussed earlier, secondary cracks involve a complex combination of tensile (mode I) and shear

(mode II) fractures. Thus, multiple crack initiation criteria might be needed to characterize the
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overall crack path of these secondary cracks. In this study, initiation of shear crack and mixed-
mode I/II was predicted using two different criteria, namely (a) Maximum shear stress (MSS)

criterion and (b) Traction-based mixed-mode (TMM) criterion.

6.4.1.2 Maximum Shear Stress (MSS) Criterion

The maximum shear stress (MSS) criterion originally proposed by Otsuka et al. (1975) has
been used for predicting the direction of shear fracture in various materials such as steel,
aluminum alloys, granite, marble, molded gypsum (Lo et al., 1996; Chao and Liu, 1997; Isaksson
and Stahle, 2002; Rao et al., 2003; Bobet and Einstein, 1998). For rocks, the MSS criterion is
applied by comparing local stress at the crack tip against the strength of the material rather than
only considering stress intensity factors (SIF) (Wong, 2008). This form of MSS criterion allows
us to reliably predict the path of a shear crack and distinguish it separately from other crack types
(Bobet and Einstein, 1998b). Most applications of the MSS criterion in rock are based on the
assumption of LEFM and use stress singularity at the crack tip to estimate the initiation angle of
the shear crack at a certain distance from the crack tip. However, most laboratory-scale
specimens of rock and rock-like material typically have a significant size of FPZ which may be
comparable to the initial flaw size (Labuz et al., 1987; Lin et al., 2019a; Ghamgosar and
Erarslan, 2016). This, in some cases, might lead to FPZ being larger than the singularity-
dominated zone (SDZ), which is defined as the region over which stress distribution at the crack
tip is estimated using stress singularity (Nejati et al., 2020). To account for the significant size of
FPZ, current XFEM-based user elements avoid using crack tip enrichment by allowing the crack

to propagate until the next element's edge (details in section 5.3.4.3). Therefore, this study
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implemented a modified version of the MSS criterion, which doesn't need to account for stress

singularity at the crack tip.

In XFEM-based user elements, the crack stress tensor @ is calculated by averaging the stress
state of all integration points that lie inside the rectangular region around the crack tip (section
5.3.4.3). This crack stress tensor @ then can be used to calculate the normal (t,,) and shear (t;)
components of the traction along the future fracture plane lie on an imaginary axis n (Figure
6-3). The imaginary axis 7 is obtained by rotating the local coordinate axis (x4, y;) that aligns

with the original crack plane by the angle 8 as shown in Figure 6-4.

V1 i

Existing Flaw

Figure 6-5 Calculation of the crack propagation plane along an imaginary axis 7 at an angle 6
with respect to the x;-axis.
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The crack tractions (t,, ts) is given by:

t,=nTon; ts=s'on (6-1a)
n=[-sinf,cos8]’; s=[cos@,sinO]" (6-1b)

where n and s are the unit normal and tangent vectors to the n-axis, respectively. The crack
initiation criteria used in the current study are stress-based criteria which have been defined
using normalized crack driving force (F) based on the work of Dobroskok et al. (2005) written as

_f®@ (62)

Op

F

where f (@) and o, denotes crack driving force and material strength, respectively. The
normalized crack driving force (F) in Eq 6-2 represents a generalized form that can define any
stress-based criterion (Sweeryn and Mroz, 1995; Dobroskok et al., 2005). For the MSS criterion,
the normalized crack driving force (F) can be written in the form of shear traction () and
material cohesion (t/***) to define the critical condition for shear crack initiation as given by:

ts(6) (6-3a)

max
te

F(0) =

d2F (6-3b)

F(6 =6, =>1; dF] = 0; l <0
0/ =" dx =0, ’ dzx 0=0,

Where 6, denotes the initiation angle with respect to the original fracture plane (Figure 6-5).
For a given stress state (@), the normalized crack driving force (F) is determined for all angles of
the imaginary axis 7 in the range — /2 < 6 < /2. Since the current XFEM-user elements
don't allow new cracks to turn more than 90° with respect to the pre-existing crack plane (Figure
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6-3), the new crack should lie in the given range of 6. Figure 6-6 presents an example of the
normalized crack driving force (F(6)) for the case upper flaw tip of the gypsum specimen under
compression loading with single-flaw oriented at 45° from the horizontal axis. There are often
multiple local maxima along with one global maximum in normalized crack driving force
(F(8)), as shown in Figure 6-6. Thus, the direction of crack propagation (6 = 6,) is obtained by
estimating normalized crack driving force (F(8)) for all local maxima using critical conditions
defined in Eq 3b and then comparing these values to get the global maximum. Thus, the
normalized crack driving force (F) in Eqs 6.3a-b controls the crack initiation stage and the

direction in which the crack will propagate.
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Normalized driving force (F)

o

-90 -60 -30 0 30 60 90
Angle 6 (degree)

Figure 6-6 Calculation of the normalized crack driving force versus angle 6 with respect to the x4 -
.. . _ T
axis in MSS criterion for the stress state @ = [O’xx, Tyy» ny] =[3,—4,1]" MPa.
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6.4.1.3 Traction-based Mixed-mode I/II Criterion

The Traction-based mixed-mode (TMM) criterion, also known as the quadratic stress
criterion, has been extensively used for predicting crack initiation under mixed-mode I/II loading
in various materials, such as the delamination of reinforced composites and rock blocks with
mortar joints (Camanho et al., 2003; Anyfantis and Tsouvalis, 2012; Venza et al., 2020; Narin
and Aimene, 2021) even though in different forms. In recent years, it also has been used for
predicting crack initiation in porous rocks under tensile-shear loading (Wang et al., 2020). These
studies applied the TMM criterion without using crack tip singularity, which allowed the broad
application of this criterion by accounting for the significant size of FPZ in various materials.
However, in most of these applications, the TMM criterion is only used for predicting the crack
initiation stage under tensile or tensile shear loading, with the fracture path being predetermined.
The only exception was a study by Sweeryn and Mroz et al. (1995) that defined a unified
criterion for fracturing under different loading conditions and used it to estimate both crack

initiation stress and the path of the fracture plane.

This study implemented the TMM criterion based on the formulation given by Sweeryn and
Mroz (1995) but with different critical conditions, as the original criterion relied on crack tip
singularity to predict the crack initiation stage. In the current study, the normalized crack driving
force (F) for the TMM criterion is defined using a generalized case of mixed-mode I/1I loading
as given by:

t, t ]
F=f(22) (4
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where o, and 7, denotes the critical failure stress of material in tension and shear,
respectively. The crack tractions (t,, ty) along an imaginary axis (Figure 6-3) can be estimated
for a given stress state () around the crack tip using Eq 6-1. Thus, the normalized crack driving

force (F) for the TMM criterion can be written as:

2 2 6-5
F(6) = (t"§9)> + <t;,,(lfx)> , t,(6) <0 (0-52)
t c
t.(9) 2 (6.5b)
F(G) = <trcnax n tan¢ tn(9)> , tn(a) >0

Eq 6-5a-b defines separate conditions for tensile ( t,,(6) < 0) and compression ( t,,(6) > 0)
induced fractures. For compression-induced shear fractures effect of both cohesion (t/***) and
friction angle (¢) is considered. The assumption that friction is vital for compression-induced
shear fractures is consistent with other studies (Rao et al., 2003; Lui et al., 2018). The crack
initiation angle (6,) with respect to the original fracture plane (Figure 3) can be predicted using
the same critical conditions in Eq 6-3b but with different values of the normalized crack driving

force (F).

Thus, the TMM criterion can predict mode I, mixed-mode I/II, and compression-induced
shear cracks (mode II fractures), depending on the stress state and strength of the material.
Figure 6-7 presents an example of the normalized crack driving force (F(8)) for shear cracks
initiation from the upper flaw tip of the gypsum specimen with single-flaw oriented at 45 from
the horizontal axis. The procedure for determining the crack initiation angle (6,) in the TMM
criterion is the same as used for the MSS criterion (section 6.4.1.2). It is important to note that

the current study used the TMM criterion only to check the initiation of shear and mixed-mode
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I/Il cracks. Furthermore, current analysis in all case studies doesn't show the initiation of mixed-
mode I/II cracks but rather the transition of shear cracks into the tensile mode during crack

propagation.
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Figure 6-7 Calculation of the normalized crack driving force versus angle 8 with respect to the
.. o — T
x;-axis in TMM criterion for the stress state & = [0y, Tyy» ny] = [3,—4,1]" MPa.

6.4.1.4 CZM for FPZ Development
For mode I crack, the material softening inside the FPZ was modeled using the exponential
cohesive zone model (section 5.3.2). In this model, the fracture energy dissipation inside the FPZ

is defined using the concept of equivalent crack displacement ([u].,) and equivalent traction
(teq)- As aresult, the influence of the shear component of crack traction (ts) during material
softening inside FPZ was also accounted for by using the weighting parameter 8 (section 5.3.2).

For mode I crack, equivalent crack traction (t.4) decreased exponentially with its maximum

max

value (tgg™) equal to the tensile strength of the material (o;). Similarly, for mixed-mode I/II

208



crack, the same cohesive zone model can be used with the different value maximum equivalent

crack traction (tgg™*

) as given by:

o (6-7)
e = @2+ (3)

where t2 and tQ denotes initial values of normal and shear components of crack traction,
respectively estimated using the TMM criterion at the stage of the fracture initiation. The

weighting parameter § was selected to be 1, typically assumed for quasi-brittle materials

(Meschke and Dumstorff, 2007; Wang and Waisman, 2018).

For compression induced-shear cracks (mode II fracture), the material softening was
simulated using the cohesive zone model developed for frictional cracks (section 5.3.3). This
cohesive zone model accounts for both frictional energy dissipation and fracture energy release
due to the degradation of the material's cohesion (t.) during the propagation of the shear crack.
The cohesive zone model assumes exponential softening of cohesion (t.) with respect to crack
sliding displacement ([u]s). The normal component of the crack traction (t,) varies based on
crack opening displacement ([u],,). The frictional resistance is added when the interface

undergoes crack closure ([u],,< 0) (section 5.3.3).

In this study, the inclusion of frictional dissipation energy in the cohesive zone model would
depend on the type of shear crack initiation criteria used for the analysis. For instance, the MSS
criterion predicts crack initiation based only on material cohesion (t.), thereby ignoring the
effect of friction angle (¢). Thus, for consistency purposes, the material softening under shear

crack development for the MSS criterion was simulated using a cohesive zone model with zero
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friction angle (¢ = 0°). In contrast, the TMM criterion considers the frictional resistance of

material for shear crack initiation.

6.5 Secondary Cracks in Single-flaw Specimens
6.5.1  Propagation of Shear Cracks only

This section presents a systematic evaluation of the influence of crack initiation criteria on
the path of compression-induced shear cracks through XFEM-based user elements. For this
purpose, the propagation of secondary cracks was only considered from the gypsum specimen
containing a single flaw with an inclination (f,,) of 45° from the horizontal axis. This would
facilitate the investigation of the influence of crack initiation criteria on the path of secondary
cracks, typically known to initiate under shear mode without any influence of primary cracks.

Thus, this model did not consider the formation of tensile and mixed-mode I/II cracks.

Both crack initiation criteria, i.e., MSS and TMM criteria, were considered for predicting
initiation and propagation of compression-induced shear cracks from the modeled single flaw
gypsum specimens. As mentioned earlier, for compression-induced shear cracks, the two criteria
differ in terms of frictional resistance. Because of this difference, overall specimen behavior
would also be different between the application of the two criteria. Thus, a proper comparison of
the shear crack path between two criteria would require that both criteria result in similar global
behavior of specimens defined in terms of the load-displacement curve. For this purpose, input
cohesion in cases of MSS criterion was iteratively varied such that both criteria resulted in the
same peak load for modeled single-flaw gypsum specimen. Based on this parametric analysis,

input cohesion (t***) of 18 MPa was found suitable for the MSS criterion, which will be kept
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constant for the rest of the study. While input cohesion (t[***) of 10.7 MPa was used for the

TMM criterion in the rest of this study (Table 6-2).

Figure 6-8(a-d) compares the evolution of compression-induced shear cracks in the single-
flaw gypsum specimen between two criteria at various loading stages. It is clear from Figure
6-8(a-d) that the shear crack initiated slightly earlier in the TMM criterion compared to the MSS
criterion, which can be attributed to the larger value of input cohesion in the latter case. With
further loading, coplanar shear cracks propagated in gypsum specimens with the MSS criterion
(see inset in Figure 6-8c). While in gypsum specimens with TMM criterion, the shear crack was
quasi-coplanar with respect to the flaw plane as it is inclined at 58° from the horizontal axis (see
inset in Figure 6-8d). Figure 6-9 presents classification types of crack patterns typically observed
in the single-flaw specimens of various rock and rock-like materials (Wong and Einstein, 2009).
Based on this classification, the MSS criterion resulted in type 2 shear cracks, while the TMM
criterion showed the formation of type 1 shear cracks. It is to be noted that the exact path of type
1 1s different from the path obtained from the TMM criterion, which can be attributed to the
influence of primary cracks. These primary cracks are known to initiate first in most experiments

which have been ignored in numerical models of this section.
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MSS Criterion

a,, =20 MPa oy =22 MPa
(a) (b)

TMM Criterion

gy, =17 MPa oy =22 MPa
() (d)

Figure 6-8 Comparison of the shear crack path in XFEM-based numerical model of oriented
single flaw (f,,=45°) gypsum specimen between (a-b) MSS criterion and (c-d) TMM criterion.
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Figure 6-9 Classification of crack types in single-flaw rock specimens (after Wong and Einstein,
2009). T tensile cracking opening, S shearing displacement.

6.5.2  Propagation of Multiple crack types

The present section compares the overall crack pattern obtained in single-flaw gypsum
specimens between the XFEM-based numerical model and experimental data, along with
assessing the influence of crack initiation criteria on the path of secondary cracks. For this
purpose, gypsum specimens with three orientations of single flaw from the horizontal axis, i.e.,
Bw =30°, 45° and 60° were simulated. The material parameters of the modeled gypsum specimen
are shown in Table 6-1. The dimension and other geometric parameters of modeled gypsum

specimen are shown in Figure 6-2a. The initiation of tensile crack was predicted using the MPS
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criterion. For secondary cracks, both the MSS and the TMM criteria were considered to assess
their applicability by comparing the path of secondary cracks with the experimental observations
of Wong (2008). Based on triggered crack initiation criteria, the corresponding cohesive zone

model was used as described in section 6.4.1.4.

Figure 6-10-6-10 compare crack patterns obtained using two secondary crack initiation
criteria with experimental results of the gypsum specimens for three orientations of the single
flaw., i.e., B, =30°, 45°, and 60°, respectively. For each flaw inclination case, crack patterns at
various loading stages are presented to assess the influence of two crack initiation criteria on
various characteristics of secondary cracks. In all three gypsum specimens (Figures 6-8a, 6-9a,
and 6-10a), two tensile wing cracks initiated first from two tips of the single flaw, also called
primary cracks. This observation of wing cracks (type 1 tensile cracks in Figure 6-9) being
initiated first irrespective of flaw inclination agrees with various experimental (Park and Bobet,
2009; Wong and Einstein, 2009) and numerical studies (Zhang and Wong, 2012; Li and Wong,
2012) done on rocks and rock-like material such as Carrara marble and gypsum. Table 6-2
compares various characteristics of these tensile cracks between the XFEM-based numerical
model and the experimental results of Wong (2008). It is clear from Table 6-2 that both the wing
crack initiation angle (6,,) and the position of tensile wing cracks (di and d> from the flaw tips)
in the XFEM model were in reasonable agreement with the experimental data. The exact
definition of these parameters is described in detail in section 5.5.4. Additionally, the crack
initiation stress which represents the global stress level at which the new cracks initiated from
the flaw tip(s), increased from 3.4 MPa for the flaw inclination angle of 30° to 7.6 MPa for the

flaw inclination angle of 60° (Table 6-2). This delay in the initiation of tensile wing cracks is
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consistent with the experimental results of Wong (2008) on gypsum specimens despite having
significantly large values of crack initiation stress compared to the XFEM-based numerical
model (Table 6-2). This large difference in absolute values of crack initiation stress can be
attributed to the difference in the methodology used to estimate the primary crack initiation stage
between the XFEM-based numerical model and the experimental study. For instance, the crack
initiation stress in the experimental research of Wong (2008) was approximated through visual
inspection of specimens' surfaces using a high-speed camera which involves a high degree of
subjectivity from one rock to another. It would also require a large crack opening displacement
(COD > 50 um) to be properly visible. In contrast, crack initiation stress in the XFEM-based
numerical model corresponds to the initiation stage of FPZ, which would have a small crack
opening displacement (COD < 2 pm). With subsequent loading, these tensile wing cracks
become parallel to the direction of maximum compressive stress (Figures 6-8c, 6-9c¢, and 6-10c)
in all three gypsum specimens. Additionally, the length of these tensile wing cracks decreased
with flaw inclination, with the secondary cracks larger than primary cracks in cases of flaw
inclination of 60° (Figure 6-12c). This observation agrees with Li and Wong's study (2012),
which reported longer cracks for lower flaw inclination angles (f5,, < 45°) while steeply inclined
flaws (B, = 60°) favors the propagation of shear cracks over tensile cracks once both cracks are

initiated at the flaw.
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XFEM Model MSS Criterion Experiment

—Tensile crack
=Shear crack

ay =5.2 MPa ay =24.5 MPa ay =24.7 MPa Shear crack

XFEM Model TMM Criterion

T
Tensile crack

—Tensile crack
= Shear crack

a,=5.2 MPa g, = 20.2 MPa a, = 20.8 MPa
(a) (b) (c) (d)

Figure 6-10 Comparison of crack patterns in oriented single flaw (f,,=30°) gypsum specimen
between (a-c) XFEM model with MSS and TMM criterion and (d) experiment. The tensile stress
is assumed to be negative in the study. The inset in a-c presents the zoom-in view of crack

patterns around the flaw. The crack patterns for experimental data were redrawn from Wong
(2008).
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XFEM Model MSS Criterion Experiment
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Figure 6-11 Comparison of crack patterns in oriented single flaw (B,,=45°) gypsum specimen
between (a-c) XFEM model with MSS and TMM criterion and (d) experiment. The inset in a-c
presents the zoom-in view of crack patterns around the flaw. The crack patterns for experimental
data were redrawn from Wong (2008).
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XFEM Model MSS Criterion Experiment
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—Tensile crack
= Shear crack

Figure 6-12 Comparison of crack patterns in oriented single flaw (f,,=60°) gypsum specimen
between (a-c) XFEM model with MSS and TMM criterion and (d) experiment. The inset in a-c
presents the zoom-in view of crack patterns around the flaw. The crack patterns for experimental
data were redrawn from Wong (2008).
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Table 6-3 Comparison of the XFEM model with experimental results (from Wong, 2008) of
primary cracks in single-flaw gypsum specimens.

Wing crack initiation | Wing crack initiation | Distance of wing cracks
Flaw angle (0,,) stress (g,) (MPa) from flaw tips (d1, d2) (mm)
inclination
XFEM XFEM XFEM
angle (By) model Experiment Experiment Experiment
model model
30° 82° 87° 34 23 1.80, 2.10 0.3-2.3
450 89° 85 4 25 1.13, 1.15 0.5-2.5
60° 114° 110° 7.6 27 1.11,1.12 0.7-2.2

The formation of primary cracks in all three gypsum specimens was followed by the
initiation of quasi-coplanar shear cracks from two tips of the single flaw irrespective of applied
secondary crack initiation criteria (Figures 6-8b, 6-9b, and 6-10b). However, the characteristics
of initiated shear crack varied among two crack initiation criteria, as shown in Table 6-4. For
instance, the MSS criterion resulted in shear cracks being initiated at the angle of 45° from the
horizontal axis in all three gypsum specimens (Table 6-4). In contrast, the TMM criterion
resulted in shear crack being initiated at variable angles between 50°-60°in three gypsum
specimens (Table 6-4). Additionally, the MSS criterion resulted in shear cracks being initiated
around similar loading stages in all three gypsum specimens (Table 6-4). While a considerable
variation occurs in the initiation stage of shear cracks (Table 6-4) with the TMM criterion, which
can be attributed to a different level of confining pressure (g3) at the flaw tips among three
gypsum specimens. These shear cracks in subsequent loading stages transition into tensile cracks
in the formation of mix-mode secondary fractures in all three gypsum specimens flaw,
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irrespective of applied secondary crack initiation criteria (Figures 6-8c, 6-9c, and 6-10c). The

experimental observations of three gypsum specimens also showed the formation of mixed

tensile—shear cracks (Figures 6-8d, 6-9d, and 6-10d). The two crack initiation criteria mainly

differ in the length of the shear crack, with the TMM criterion predicting a smaller length of the

shear component present in the secondary cracks of all three gypsum specimens (Table 6-4).

This observation of shorter shear cracks is consistent with the experimental results of all three

gypsum specimens (Figures 6-8d, 6-9d, and 6-10d). Thus, the TMM criterion can be assumed to

be more reliable in predicting the formation of mixed tensile—shear cracks observed in most

single-flaw specimens. It can be concluded that the XFEM-based numerical model can replicate

real cracking in single-flaw gypsum specimens under uniaxial compression loading with a

similar cracking pattern, irrespective of applied secondary crack initiation criteria.

Table 6-4 Comparison of various characteristics of secondary cracks in single-flaw gypsum
specimens with two different crack initiation criteria.

Flaw

Shear crack initiation stress

Crack initiation angle (8y)

Shear crack length

(o) (MPa) from the horizontal axis from flaw tip (mm)
inclinatio
“(;‘;“g)'e MSS TMM MSS TMM MSS TMM
v criterion criterion criterion criterion criterion | criterion
30° 24.5 19.6 459 50° 4.2 0.9
459 23.7 22.8 459 58° 4.5 2.9
60° 23.8 34.1 450 60° 4.7 3.2
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6.6 Secondary Cracks in Double-flaw Specimens

This section compares the overall crack pattern, including the type of crack coalescence
obtained in double-flaw gypsum specimens, between the XFEM-based numerical model and
experimental data. Additionally, the influence of secondary crack initiation criteria on the path
and type of crack coalescence was assessed. For this purpose, three benchmark cases of gypsum
specimens with double flaws with different ligament lengths (l;) were simulated (Figure 6-2b).
The material parameters of the modeled gypsum specimen are shown in Table 6-2. The
dimension and other geometric parameters of modeled gypsum specimen are shown in Figure
6-2b. The crack initiation criteria used here are the same as those used in cases of single-flaw

gypsum specimens.

Figure 6-13(a-d) compares the results of two XFEM-based numerical models with the
experimental study of Bobet and Einstein (1998) for the first configuration of double-flaw
gypsum specimen with s=0, C=2a, and ligament length (l,) of 2a, where a denotes half length of
the flaws. Two numerical models in Figure 6-13(a-c) correspond to two secondary crack
initiation criteria, i.e., MSS and TMM. At the initial loading stages, tensile wing cracks initiated
from the outer and inners tips of two flaws as shown at applied vertical stress (o,,) of 4.1 MPa
(Figure 6-13a). Additionally, these wing cracks initiated simultaneously at the outer and inner
flaw tips, which is consistent with the observations of the experimental study by Bobet and
Einstein (1998). In subsequent loading stages, coplanar and quasi-coplanar shear initiated at the
inner tips of the two flaws in cases of MSS and TMM criteria, respectively, as shown in Figure
6-13b. Furthermore, the wing cracks propagated in a stable manner with longer cracks at the

outer tips compared to the ones formed at the inner tips of two flaws (Figure 6-13b).
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With additional loading, two crack initiation criteria resulted in the different paths of
secondary cracks at the inner tips. The MSS criterion resulted in coplanar fracture propagation,
mostly under shear mode (Figure 6-13c). In contrast, the TMM criterion leads to the formation of
oblique mixed-mode fractures at the inner tips of two flaws (Figure 6-13c). Consequently,
gypsum specimens with MSS criterion lead to crack coalescence under the shear mode, which is
consistent with experimental observations of Bobet and Einstein (1998) (Figure 6-13(c-d)). In
comparison, the TMM criterion showed no crack coalescence, which can be attributed to
formations of oblique shear cracks, which transition into vertical tensile fractures (Figure 6-13c).
Table 6-5 compares various characteristics of crack coalescence between two XFEM-based
numerical models and experimental data. The type of crack coalescence mentioned in Table 6-5
is based on the experimental study of Bobet and Einstein (1998). It is clear from Table 6-5 that
gypsum specimens with the MSS criterion can predict both type and mode of crack coalescence

obtained in an experimental study with good accuracy.

Figures 6-10 and 6-11 compare the results of XFEM-based numerical models with the
experimental data for two configurations of double-flaw gypsum specimens with ligament
lengths of 2.2a and 2.9a. Similar to the first double-flaw configurations, the tensile wing cracks
initiated first, followed by secondary shear cracks in the remaining two configurations,
irrespective of secondary crack initiation criteria. Additionally, both secondary crack criteria
resulted in the crack coalescence under mixed-mode I/II fracture in the two remaining
configurations. The main difference between the two secondary crack criteria lies in the type of
crack coalescence with the MSS criterion providing agreement with experimental results (Table

6-5). In contrast, the TMM criterion showed significant differences in both types of crack
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coalescence and overall crack patterns compared to experimental observations (Figures 6-9c-d,

6-10c-d, and Table 6-5).

XFEM Model MSS Criterion Experiment

=—Tensile crack
== Shear crack

External
“--Tensile wing
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.-=""" crack
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- — _ Tensile wing
oy, =4.1 MPa oy, =22.4 MPa oy, =22.6 MPa crack y
XFEM Model TMM Criterion Tensle
External ___, P Shear
Tensile wing crack
crack
—Tensile crack
= Shear crack
a,=4.1 MPa a,=29.2 MPa o, = 29.4 MPa
(a) (b) (c) (d)

Figure 6-13 Comparison of crack patterns from double flaw gypsum with ligament length (l;) of
2a, s=0 between (a-c) XFEM model with MSS and TMM criterion and (d) experiment. The inset
in a-c presents the zoom-in view of crack patterns in the ligament region between two flaws. The
crack patterns for experimental data were redrawn from Bobet and Einstein (1998).
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Figure 6-14 Comparison of crack patterns from double flaw gypsum with ligament length (l;) of
2.2a, s=a between (a-c) XFEM model with MSS and TMM criterion and (d) experiment. The
inset in a-c presents the zoom-in view of crack patterns in the ligament region between two
flaws. The crack patterns for experimental data were redrawn from Bobet and Einstein (1998).

For quantitative assessment of the XFEM-based numerical model, Table 6-5 compares the
coalescence stresses in the two simulations and those measured in the experiments of Bobet and
Einstein (1998). In all three configurations of gypsum specimen, the XFEM-based numerical
model with the MSS criterion show excellent agreement with the experimental values.

Interestingly, the simulation results can capture the increasing trends of the coalescence stresses
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with ligament length (l;) observed from the experiments. It can be concluded that the XFEM-

based numerical model with MSS criterion can predict the type of crack coalescence along with

the transition of cracking patterns according to changes in the flaw configurations.
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Internal
Tensile wing == >
crack

Shear

External _ _ & crack

Tensile wing
crack

(d)

Figure 6-15 Comparison of crack patterns from double flaw gypsum with ligament length (l;) of
2.9a, s=2a between (a-c) XFEM model with MSS and TMM criterion and (d)experiment. The
inset in a-c presents the zoom-in view of crack patterns in the ligament region between two
flaws. The crack patterns for experimental data were redrawn from Bobet and Einstein (1998).
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Table 6-5 Comparison of various characteristics of crack coalescence in double-flaw gypsum
specimens with two different crack initiation criteria and experimental results by Bobet and
Einstein (1998).

Mode of Type of coalescence | Crack coalescence
Flaw coalescence pattern stress (MPa)
configurati
on MSS TMM [Experime¢ MSS | TMM |Experii MSS | TMM |Experi
(3-Bw-1lg) | criterion | criterion nts criterion|criterio ments criterio|criterio ments
n n n
0-45"-2a Shear - Shear | Typel - TypeI| 22.6 - 24
Mixed- - Mixed- | Type II - Type II| 23.5 - 23
a-45°-2.2a mode P P
mode
Mixed- | Mixed- | Mixed- | Type III | Type II| Type | 20.8 | 40.7 26
2a-450 -2.9a mode I
mode mode
6.7 Conclusions

This study applied the novel XFEM-based user element in simulating secondary cracks in
pre-cracked gypsum specimens under compressive loading. The novel XFEM-based user
element developed by authors (section 5.3.3) has the ability to simulate crack branching in quasi-
brittle materials, which was verified in current research. For this purpose, various configurations
of gypsum specimens containing single or double flaws were modeled. Additionally, the
influence of crack initiation criteria on the path of secondary cracks in gypsum specimens was
assessed using two criteria: (a) MSS and (b) TMM criteria. The findings of the study are

summarized as follows:
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e Two secondary crack initiation criteria mainly differed in the initiation angle of shear cracks
with MSS criterion resulting in fracture being initiated at 45° from the horizontal axis
irrespective of flaw number or its orientation. In contrast, the TMM criteria showed shear
cracks initiated at different angles for different flaw configuration

e For the cases of single flaw gypsum specimens, the XFEM-based user element was able to
accurately predict various characteristics of tensile wing cracks, such as its initiation angle
and offset distance (Table 6-2) which can be attributed to the novel crack branching
methodology. Additionally, both crack initiation criteria showed similar patterns of
secondary cracks, which agreed with experimental observations. The two secondary crack
initiation criteria mainly differed in the path and length of shear cracks, with the TMM
criterion predicting shorter shear cracks (Table 6-3).

e Three configurations of double flaw gypsum specimens were simulated to assess the
applicability of XFEM-based user element in modeling the crack coalescence mechanism.
The analysis showed that the XFEM-based user element with MSS criterion could predict
crack coalescence in both qualitative (coalescence type and its mode) and quantitative (crack

coalescence stress) sense and thus can reasonably replicate real cracking patterns.
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CHAPTER 7

THESIS CONTRIBUTIONS AND RECOMMENDATIONS FOR FUTURE WORK

The focus of this thesis was to provide an improved understanding of fracture processes in
quasi-brittle material under various loading conditions through laboratory-scale experiments and
numerical modeling. The research involved an application of NDT techniques such as 2D-Digital
image correlation (2D-DIC) and Acoustic emission (AE) to investigate the influence of fracture
process zone in pre-cracked rock specimens. In addition, a novel extended Finite element
XFEM-based user element has been developed to simulate the crack branching in quasi-brittle

materials.

The main goal here is to provide a detailed characterization of the fracture process zone
(FPZ) in quasi-brittle material under various loading conditions, from pure mode I loading to
compression-induced mixed-mode I/II and shear loading. The existing studies primarily focused
on characterizing FPZ development under mode I loading only. This is further complicated by
the fact various mode II geometries don't even result in a mode II fracture. Consequently, there is
a lack of suitable criterion that can describe the material softening behavior inside FPZ of mixed-
mode I/Il and mode II cracks. This limitation also exists in numerical models in simulating
cracks, with most studies focusing on mode I fractures. Hence, this thesis implemented an
extensive laboratory-scale experimental program that characterizes FPZ evolution in Barre
granite specimens under mode I and mode II loading. The laboratory testing used in conjunction
with NDT techniques such as DIC provided a quantitative estimate of the FPZ evolution and
other crack properties, such as critical crack displacements, which can be used to develop
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suitable constitutive models for FPZ. The applicability of these FPZ-based constitutive models

required an advanced numerical modeling program, especially for compression-induced shear

cracks that need the incorporation of frictional sliding during their propagation. For this purpose,

a novel XFEM-based user element was developed, capable of simulating the FPZ development

in various crack types. The approach to meet this thesis' objectives, the tasks carried out, and the

corresponding significant outcomes are summarized in Table 7.1.

Table 7-1 Summary of the approach, tasks, and outcomes to meet the thesis objectives.

Thesis Approach Tasks Outcome
Objectives
Characterization of FPZ development for mode I fracture and identification of
suitable model for material softening inside the FPZ of Barre granite.
Obj elctive Experimental Developed DIC-based LCZM
Testing with DIC methodology for FPZ for mode I fracture
development
and AE
Evaluation of LCZM's performance in predicting the FPZ evolution in Barre
granite specimens using an integrated approach.
Objective Numerical Quantifying uncertainty in Variability
2 modeling and fracture parameters under quantification in
uncertainty mode I loading, its influence | fracture behavior under
propagation under on material response, and mode I loading and
mode I loading global sensitivity analysis. importance ranking of
material parameters
Determination of a suitable geometry for mode II fracture testing and
evaluating the influence of pure mode II loading on the FPZ evolution in Barre
Objective granite specimens.
3 Experimental Explored two mode Il testing | SBC geometry suitable
testing geometries along with the for mode II testing
with DIC characterization of FPZ
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Table 7-1 Continued

Development of a novel XFEM-based user element capable of simulating FPZ
development and crack branching in quasi-brittle materials.
Objective | \ymerical Developed a new XFEM-based | User element capable
4 Modelling with user element with CZM to of simulating shear
XFEM-based user | account for FPZ influence for | crack propagation and
element multiple crack types crack branching
Application of XFEM-based user element in modeling the secondary cracks in
rock-like material under compressive loading.
Objective | Nymerical Application of the XFEM XFEM model capable
S Modelling with model with two secondary of predicting secondary
XFEM-based user | crack initiation criteria cracks and crack
element coalescence
mechanisms
71 Major Conclusions

Based on the findings and results obtained from the laboratory experiments and numerical

modeling, the major conclusions of this thesis are presented in the following subsections.

7.1.1  Characterization of FPZ Development in Mode I Fracture of Barre Granite
Specimens

e This study presented a novel DIC-based methodology to characterize the FPZ evolution

in a consistent manner for Barre granite specimens under mode I loading. The FPZ

characteristics, such as its length and shape estimated from DIC analysis, were

corroborated with AE measurements. The AE technique provides a quantitative estimate

of micro-cracking activity inside the FPZ in the form of event locations and local energy

dissipation.
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Both DIC-based (such as crack tip opening displacement (CTOD)) and AE-based
measurements (AE event rate and associated energy release) can be independently used
to characterize three stages of the FPZ evolution. The elastic stage was described by the
linear variation of CTOD, which also resulted in negligible AE activity. The FPZ
initiation from the notch tip was characterized by an accelerated rate of increase in
CTOD, which was found to be a consequence of consistent AE activity with the initiation
of high-energy events. The macro-crack initiation, which results in unstable crack
propagation, was marked by the rapid jump in all three parameters CTOD, cumulative AE
events, and cumulative AE event energy. Additionally, the macro-crack initiation
occurred in the post-peak regime in all Barre granite specimens.

The FPZ length at a given load stage was identified using the DIC-based COD profile
along the fracture plane, which was corroborated using AE-based measurement. The FPZ
identification using AE analysis included localized AE energy release inside the FPZ. For
instance, the FPZ length and width were determined as the region containing a cluster of
high-energy AE events. Both AE and DIC-based analysis showed a similar variation of
FPZ length with applied load except for the small difference (~ 1 mm) after the macro-
crack initiation from the notch tip. However, the FPZ width from the AE analysis was
found to be two times larger than the value obtained from the DIC analysis.

The linear cohesive zone model (LCZM) was found most suitable for characterizing
material behavior inside the FPZ for Barre granite specimens under mode I loading,
based on the linear relationship between FPZ length and inelastic CTOD (both identified
using DIC) in all tested Barre granite specimens.
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7.1.2

The failure mode inside the FPZ of Barre granite specimens under mode I loading was
determined using a combination of AE and DIC analysis. The AE-based analysis includes
the use of the moment tensor inversion technique. In DIC analysis, the strain field inside
the FPZ was characterized by analyzing the minimum principal strains and maximum
shear strain (ymax). Both analyses showed the presence of both tensile and shear micro-
cracks with a significantly higher concentration of tensile events than shear. The presence
of shear events can be attributed to the tortuous crack path, which in the relatively coarse
grain structure of Barre granite, resulted in several shear microcracks being formed

across multiple grain boundaries.

Integrated Approach for Evaluating the Linear Cohesive Zone Model's
performance in the Fracturing of Barre granite Specimens.

This study used an integrated approach to evaluate the linear cohesive zone model's
(LCZM) capability in predicting the fracture processes in notched Barre granite
specimens under mode I loading. The approach included four steps: (a) experimental
testing, (b) numerical simulation, (¢) uncertainty quantification of material response, and
(d) global sensitivity analysis.

The LCZM implementation using the deterministic numerical model (XFEM-based
simulation) was found inadequate in representing the variability in fracture behavior
defined in terms of the peak load and the FPZ size observed in laboratory-scale Barre
granite specimens. This variability can be attributed to variability in its input parameters,

such as tensile strength, critical inelastic crack opening, and elastic modulus.
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7.1.3

Despite variability in input parameters of the LCZM, a significant size of the FPZ around
the notch tip was observed, indicating the large scale yielding in the laboratory scale
Barre granite specimens under mode I loading. As a result, macro-crack initiation is most
likely to occur in the post-peak regime.

The results from Global sensitivity analysis indicated that tensile strength is the
predominantly sensitive parameter towards variability in the global response of the Barre
granite specimens. However, the variability in various fracture characteristics, such as the

three stages of the FPZ evolution and its size, is sensitive to all three input parameters.

Fracture Process Zone Evolution under Mode Il Loading
In tested NDB specimens, a kinked fracture was observed from the notch tip instead of
the expected coplanar shear crack under pure mode II loading. The fracture mode was
estimated using the displacement approach of DIC, which showed that the FPZ primarily
consists of the mode I component. This was evident by the presence of a large value of
opening displacement while sliding displacements were found to be negligible, indicating
crack initiation under pure mode L.
The evolution of the FPZ in NDB specimens was characterized using the novel
methodology developed for mode I fracture in Barre granite specimens. The FPZ in NDB
specimens initiated at the notch tip, with its evolution similar to cases of pure mode I
loading on the same rock. As a result, FPZ characteristics, such as its length and critical
crack opening displacement, were found to be within the range of values obtained from

mode I fracture toughness testing. This indicated that the mode II loading had negligible
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influence on the FPZ development and only resulted in a non-symmetric pattern of
normal displacement along the initiated fracture.

In contrast, the SBC specimens resulted in a dominant vertical fracture that coincided
with the location of a high concentration of shear stress region in the ligament between its
two horizontal notches. The DIC analysis showed that the vertical fracture in SBC
specimens consists of a merge band between two notches, indicating shear dislocation in
the ligament region. The fracture mode of this vertical fracture was found to be mixed-
mode I/II with a similar contribution of mode I and mode II components.

The evolution of FPZ in SBC specimens was characterized by analyzing the variation of
both crack opening displacement and the crack sliding displacement at the ligament
center. The analysis showed that the FPZ initiated around the ligament center under the
tensile mode, which then underwent shearing as it covered the entire region between its
two notches.

The influence of confining pressure in the SBC specimens was assessed by analyzing the
evolution of crack opening and sliding displacements inside the FPZ of dominant vertical
fracture. With an increase in confining pressure, the transition of FPZ into a macro-crack
got delayed, allowing the ligament region to sustain higher levels of damage, thereby
increasing its fracture resistance before its failure. This was corroborated by the increase
in mode II fracture toughness of the Barre granite specimens with the confining stress.
The fracture patterns observed in SBC specimens were similar to other known mode II
geometry, such as punch through the shear test, making it a suitable configuration for

estimating mode II fracture toughness in rocks.
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7.1.4

XFEM-based User-elements for Crack Branching in Quasi-brittle Materials
In this study, a novel XFEM-based user element was developed with the capability of
simulating complex crack interaction, including crack branching in quasi-brittle
materials. The XFEM-based user element also accounts for FPZ development in different
crack types through Cohesive zone models that simulate material softening inside the
FPZ
The XFEM-based user element was validated using two benchmark case studies of mode
I and mixed-mode I/II loading. The results showed that the XFEM-based user element
could simulate FPZ development under tensile and tensile-shear loading, as the results
obtained agreed with other numerical studies /experimental data
In the case of compression-induced shears loading, XFEM-based user elements were able
to predict both the shear crack path and global behaviors of the overconsolidated clay
specimen with reasonable accuracy. Additionally, the simulation of different cases of the
overconsolidated clay specimen's friction angle confirmed the XFEM model's ability to
simulate normal stress-dependent behavior of peak and residual strength of shear cracks.
The capability of novel crack branching methodology of XFEM-based user elements was
assessed using single flawed gypsum specimens under uniaxial compression loading. The
analysis showed that the crack branching methodology accurately predicted tensile wing
cracks in terms of their location and initiation angle, which may otherwise need
enrichment for crack tip singularity in traditional XFEM models. Additionally, the
XFEM-based user element was able to predict the formation of both primary and

secondary cracks and thus can replicate real cracking patterns with reasonable accuracy.
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7.1.5  Application of XFEM-based User-elements in Predicting Secondary Cracks under
Compression Loading

e This study assessed the applicability of the XFEM-based user element in simulating
secondary cracks in pre-cracked gypsum specimens under compressive loading, along
with investigating the influence of crack initiation criteria on the path of secondary
cracks. Two secondary crack initiation criteria, namely: (a) Maximum shear stress (MSS)
and (b) Traction-based mixed-mode (TMM) criteria, were used in this study. The two
criteria mainly differed in the initiation angle of shear cracks. The MSS criterion resulted
in fracture being initiated at 450 from the horizontal axis irrespective of flaw number or
its orientation. In contrast, the TMM criteria showed shear cracks initiated at different
angles for different flaw configurations of gypsum specimens.

¢ In single-flaw gypsum specimens, the XFEM-based user element could accurately predict
various characteristics of tensile wing cracks, such as its initiation angle and offset
distance. Additionally, both crack initiation criteria showed similar patterns of secondary
cracks, which agreed with experimental observations. The two secondary crack initiation
criteria mainly differed in the path and length of shear cracks, with the TMM criterion
predicting shorter shear cracks.

e In double flaw gypsum specimens, XFEM-based user elements with MSS criterion
predicted crack coalescence in both qualitative (coalescence type and its mode) and
quantitative (crack coalescence stress) sense, thereby replicating overall cracking

patterns.

236



7.2 Major Contribution

The specific scientific contributions of this thesis to advance the state of knowledge
associated with the fracture processes zone development in quasi-brittle materials can be

summarized in detail as follows:

¢ A novel DIC-based methodology was developed that can characterize the FPZ evolution
in Barre granite specimens in a consistent manner. This methodology showed
significantly lower variability in FPZ characteristics, such as its length and width, and
parameters of the cohesive zone model, such as critical opening displacement, compared
to existing studies on mode I loading in rocks.

e For the first time, a unique integrated approach was used to quantify uncertainty in
material and fracture properties, along with assessing their effect on the variability in the
overall fracture behavior of Barre granite specimens.

e For the first time, a systematic evolution was done toward the relative importance of
fracture properties of Barre granite specimens in governing its global response and FPZ
development under mode I loading.

e [t was established that the novel DIC-based methodology is also a reliable approach for
characterizing the FPZ evolution under mode II loading, irrespective of the fracture mode
obtained.

e [t was established that the SBC geometry could be a good alternative for estimating mode
II fracture toughness compared to other known testing configurations, such as punch-

through shear tests based on similar fracture patterns obtained in two geometries. The
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SBC geometry can be monitored using optical techniques such as DIC, which provide
explicit evidence of the fracture mode and other deformation characteristics that cannot
be applied to the punch-through shear testing.

It was established from the DIC-based analysis that known mode II geometries, such as
punch-through shear and SBC tests, might not necessarily result in pure shear cracks,
especially when applied confining stress is lower than the material's tensile strength.

A novel XFEM-based user element was developed in this research capable of simulating
multiple crack interactions, including crack branching mechanism in quasi-brittle
materials traditionally limited to dynamic fracture problems. As a result, the XFEM-
based user element can simulate the formation of multiple crack types from the body of
pre-existing cracks. This was a major shortcoming of other XFEM models that limited
their application to rock fracturing problems.

A new cohesive zone model for compression-induced shear cracks was implemented that
accounts for both cohesion degradation and frictional sliding in the propagating fracture.
This model accounts for both frictional energy dissipation and fracture energy release
during the FPZ development, making it consistent with the fracture mechanics theory of

frictional cracks.

Recommendations for Future Research

The thesis aimed to provide an improved understanding of the fracture process zone and its

influence on fracturing in quasi-brittle material using laboratory testing and computational

modeling. There are various ways to expand the research pursued in this thesis, which could

include the following.
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The development of experimentally verified softening models for mode II and mixed-
mode V11 fractures in rocks. As current research mainly focuses on identifying suitable
geometry for mode II testing. The next critical step is determining a reliable constitutive
model that accounts for the material softening inside the FPZ of mode II and mixed-mode
I/IT cracks. This would expand the capability of a numerical model in predicting the
initiation and propagation of various crack types in quasi-brittle materials such as rocks
and other rock-like materials. To circumvent this limitation, existing numerical studies
assume similar constitutive behaviors of material for mode I and mode II cracks, along
with calibrating fracture properties to match the experimental results. This can work for
homogeneous and isotropic materials such as gypsum, as shown in current research;
however, it may not be applicable to other heterogeneous rocks.

The XFEM-based user element developed in this thesis represents an important starting
point for a compelling computational framework for its applications in the rock
structures, such as slope stability and tunnel design across multiple rock formations. For
instance, this XFEM-based user element, due to its capability to simulate multiple crack
types and their interactions, can become an effective tool in investigating failure
mechanisms of jointed rock slopes.

Simulating heterogeneous rock material using random field theory which allows the
incorporation of spatial variation of fracture properties through finite element mesh, can
be another addition to the XFEM model. The current research used the random variable
approach to investigate the influence of variability in the material parameters of Barre

granite. However, this approach may not be applicable to highly heterogeneous and
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anisotropic rocks such as shale, where localized material behavior would significantly
affect the fracture path and its overall failure. Alternatively, the XFEM model using
random field theory can account for random fracture propagation patterns in such rocks

due to its capability of simulating crack branching in quasi-brittle material.
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Prasoon Garg

From: Omid Moradian

Sent Thursday, January 12, 2023 4:01 PM
Tao: Prasoen Garg

Subject: Re: Co-auther Permission Garg

Hello Prasoon,

sure, | hereby give you my consent to use the full content of the paper in your Phd thesis.
Best

Omid

From: Prasoon Garg <pgarg @mines. edu>
Sent: Thursday, January 12, 2023 3:52:35 PM
To: Omid Moradian <moradian@mines.edu>
Subject: Co-author Permission Garg

Hello Dr. Omid,

Please disregard the earlier email. I hope you are doing well. I'm close to submitting nv PhD. thesis work here at the
Colorado School of mines.

Tam writing this email to kindly ask vour consent to use the fiull content of the paper enfitled below:
A novel methodelogy for characterizing ffacture process zone evelution in Barre granite specimens under mode I loading.

to be included in my Ph.D_ thesis as required by the school. The co-author permission can be gven by responding to this
email.

Tam thankfill for your time.

Prasoon Garg

Ph.D. Candidate

Coolbaugh Hall- 108

Department of Civil and Environmental Engineering
Colorado School of Mines

Golden, Colorado, USA.

Prasoon Garg

Ph.D. Candidate

Coolbaugh Hall- 108

Department of Civil and Environmental Engineering
Colorade School of Mines

Golden, Colorado, USA.
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Prasoon Garg

From: Sana Zafar

Sent Thursday, January 12, 2023 3:57 PM
To: Prazcon Garg

Subject: RE: Co-author Permission Garg
Yes.

Sana

From: Prasoon Garg <pgarg@mines.edu>
Sent: Thursday, January 12, 2023 3:55 PM
To: Sana Zafar <sanazafar@mines.edu=
Subject: Co-author Permission Garg

Hello Sana,

Thope you are doing well. I'm close to submiting my Ph.D. thesis work here at the Colorado School of mines.

Tam writing this email to kindly ask vour consent to use the fill content of the paper enfitled below:

A novel methodology for characterizing facture process Zone evolution in Barre granite specimens under mode I loading

to be included in my Ph.D. thesis as required by the school. The co-author permission can be given by responding to this
email.

Tam thankfill for vour time.

Prasoon Garg

Ph.D. Candidate

Cool baugh Hall- 108

Department of Civil and Environmental Engineering
Colorade School of Mines

Golden. Colorado, USA.
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Prasoon Garg

From: Bhardwaj Pandit < bhardwajpandit33 @ gmail.com:>
Sent Thursday, January 12, 2023 6:36 PM

To: Prasoon Garg

Subject: [External] Re: Co-author Permission Garg

Dear Prasoon,
| give my approval to have the aforementioned work (paper) to be included in your thesis.
On Fri, Jan 13, 2023 at 4:27 AM Prasoon Garg <pgarg@mines edus> wrote:

Hello Dr. Pandit.

Thope you are doing well. I'm close to submitting my PhD. thesis work here at the Colorado School of mines.

Tam writing this email to kindly ask vour consent to use the fill content of the paper enfitled below:

An Integrated Approach jfor Evaiuation of Linear Cohesive Zone Modei’s Performance in Fracturing of Rocks

to be induded in my Ph.D. thesis as required by the school. The co-author permission can be given by responding to this
ermail_

Tam thankfil for your time.

Prasoon Garg

Ph.D. Candidate

Coolbaugh Hall- 108

Department of Civil and Environmental Engineering

Colorado School of Mines
Golden, Colorado, USA.
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Prasoon Garg

From: Prof. Sivakurnar babu G L <glsivakumar@ gmail.com:>
Sent Thursday, January 12, 2023 £:3% PM

To: Prasoon Garg

Ca Sivakurmar Babu; Bhardwaj Pandit

Subject: [External] Re: Co-author Permission Garg

Dear Prasoon

It is fine with me.

Best wishes

On Fri, Jan 13, 2023, 04:32 Prasoon Garg <pgarg @mines. edu> wrote:

Hello Prof. Babu,

Thope vou are doing well. I'm close to submitting mv Ph D). thesis work here at the Colorado School of mines.

Tam writing this email to kindly ask your consent to use the filll content of the paper enfitled below:

_An Integrated Approach for Evaluation of Linear Cohesive Zone Model 's Performarnc e in Frachiring of Rocks

to be induded in my Ph.D. thesis as required by the school. The co-author pernission can be given by responding to this
email. Thope you will not mind and can grant such permission to me.

Tam thankfil for your time.

Prasoon Garg

Ph.D. Candidate

Coolbaugh Hall- 108

Department of Civil and Environmental Engineeting

Colorado School of Mines
Golden, Colorado, USA.
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