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ABSTRACT 

 In an ever increasingly technological world, it is frequently the case that as industries 

search for solutions to problems of light-weighting, high-temperature applications, 

biocompatibility, and cost, they turn towards anisotropic and asymmetric materials such as 

magnesium (Mg) alloy plate, titanium (Ti) alloy forgings, 3D-printed nickel (Ni) based 

superalloys, super-elastic Ni-Ti binary alloy extrusions, and a whole host of composites to name 

but a few. Anisotropy and asymmetry are not only interesting or potentially useful in niche cases, 

but increasingly vital to understanding and successfully using advanced materials. And yet, the 

paucity of clear and in-depth understanding and capable mathematical descriptions of the elastic 

limit for these materials marks a gap in engineering knowledge, a gap worth considering and 

studying. 

 Galileo once wrote about the importance of comprehending the mathematics of a 

particular scientific endeavor as a prerequisite to understanding the science itself. Quoting from 

Sillman Drake’s 1957 translation of Galileo Galilei’s 1623 book Il Saggiatore (page 25 of the 

original work): 

[The philosophy of the universe] cannot be understood unless one first learns to 

comprehend the language and read the letters in which it is composed. It is written in the 

language of mathematics and its characters are triangles, circles, and other geometric 

figures without which it is humanly impossible to understand a single word of it; without 

these, one wanders about in a dark labyrinth. 

This is no less relevant a sentiment in the niche field of solid mechanics or the even more 

specialized domain of inelastic anisotropy and asymmetry. As such, any endeavor to understand 

these aspects of material behavior must begin by comprehending the mathematics which underlie 
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and describe them. The geometry of the elastic limit for the most anisotropic of materials 

requires the actions on each component of stress, or strain, to be considered as independent – 

unique from other combinations of actions. This demands a six-dimensional perspective to 

adequately describe anisotropic inelasticity. 

By describing techniques for visualizing and comprehending such a geometry, new 

approaches are proposed for mathematically capturing a greater range of behaviors for the elastic 

limit and for calibrating such theories experimentally. These novel approaches are first tested on 

the macro-scale inelastic character of a 3D-printed Ni-based superalloy, Inconel 718, to 

demonstrate their efficacy. The concepts are subsequently studied through applications to the 

micro-scale phenomena in Ti which give rise to bulk yield behaviors and to dwell-fatigue 

failures: grain-scale anisotropic elastic limits. Specifically, multiple in-situ X-ray diffraction 

experiments are proposed and carried out to monitor the states of stress and strain at the grain-

scale in order to allow for grain-scale calibrations of anisotropy and asymmetry and for mapping 

the anisotropic interactions of neighboring grains during dwell-fatigue loading. 

 

 

 

 

 

 

 

 

 



 v 

TABLE OF CONTENTS 

ABSTRACT .............................................................................................................................. iii 

TABLE OF CONTENTS ............................................................................................................ v 

LIST OF FIGURES ................................................................................................................. xiii 

LIST OF TABLES................................................................................................................. xxiv 

ACKNOWLEDGEMENTS .................................................................................................. xxvii 

CHAPTER 1     INTRODUCTION ............................................................................................. 1 

 1.1     An Overarching Perspective ........................................................................................ 1 

 1.1.1     A Mechanical Engineer’s Perspective on Process-Structure-Property 

  Relations ............................................................................................................ 1 

 1.1.2     Anisotropy and Asymmetry ................................................................................ 3 

 1.2     Thesis Organization..................................................................................................... 4 

CHAPTER 2     SIX-DIMENSIONAL ELASTIC LIMIT HYPERSURFACES: NECESSITY, 

  VISUALIZATION, AND APPLICATION DEMONSTRATED FOR 

  ADDITIVELY MANUFACTURED INCONEL 718 ...................................... 11 

 2.1     Introduction ............................................................................................................... 11 

 2.1.1     Motivation ........................................................................................................ 11 

 2.1.2     Examining the Underlying Dimensionality of Stress Space ............................... 15 

 2.1.2.1     Equivalent Stress States ........................................................................... 15 

 2.1.2.2     Why the “45˚ Axis Assumption” Only Applies to Isotropic Yield 

  Surfaces ................................................................................................... 18 

 2.1.2.3     A Necessary Approach in Higher Dimensions .......................................... 20 

 2.2     Methods Developed for Comprehension and Calibration ........................................... 25 

 2.2.1     Visualizing a 6D Yield Hypersurface ................................................................ 25 

 2.2.2     Calibrating the Limit Hypersurface ................................................................... 33 



 vi 

 2.2.2.1     Rank 4 Structural Tensor of Plastic Anisotropy: Discussion of 

  Components ............................................................................................ 33 

 2.2.2.2     Calibration Case Study ............................................................................. 36 

 2.3     6D Hypersurface Application to Additively Manufactured Inconel 718 ..................... 44 

 2.3.1     Additive Manufacturing .................................................................................... 44 

 2.3.2     Specimen Machining ........................................................................................ 45 

 2.3.3     Mechanical Testing........................................................................................... 47 

 2.4     Results ...................................................................................................................... 47 

 2.4.1     Experimental Results ........................................................................................ 47 

 2.4.2     6D Hypersurface Calibration ............................................................................ 49 

 2.5     Discussion ................................................................................................................. 53 

 2.6     Conclusions ............................................................................................................... 54 

 2.7     References................................................................................................................. 56 

CHAPTER 3     A NEW TRICLINIC-ASYMMETRIC YIELD CRITERION FOR 

  PRESSURE INSENSITIVE MATERIALS: EMPLOYING AN IMPICIT 

  DESCRIPTION OF DISTORTIONAL ASYMMETRY AND 

  ANISOTROPY ............................................................................................... 60 

 3.1     Introduction ............................................................................................................... 60 

 3.1.1     Motivating a New Theory ................................................................................. 60 

 3.1.2     A Preliminary on Explicit and Implicit Anisotropies ......................................... 62 

 3.2     Theoretical Development .......................................................................................... 67 

 3.2.1     Development of a Fully Implicit Anisotropic and Asymmetric Yield 

  Potential ........................................................................................................... 67 

 3.2.2     Demonstrating Convexity ................................................................................. 73 

 3.2.2.1     Reversing the Order of Operations ........................................................... 74 



 vii 

 3.2.2.2     Considering One Orthant at a Time .......................................................... 76 

 3.2.2.3     Demonstrating a Convex Union ............................................................... 77 

 3.2.2.3.1     Union of Adjacent Orthants ............................................................. 77 

 3.2.2.3.2     Inductive Procedure for Successive Convex Unions ........................ 81 

 3.3     Results ...................................................................................................................... 84 

 3.3.1     Applications to Prior Experimental Data ........................................................... 84 

 3.3.1.1     Assumptions and Calibrations Using the Proposed Model ........................ 84 

 3.3.1.2     Applications to Textured Mg-Th Plate ..................................................... 87 

 3.3.1.3     Applications to Textured Mg-Li Plate ...................................................... 90 

 3.3.1.4     Applications to Ti Alloy Sheet ................................................................. 94 

 3.3.2     Additive Inconel 718 Experimental Data .......................................................... 97 

 3.3.3     Calibrations of Additive Inconel 718 ................................................................ 99 

 3.3.3.1     Initial Calibrations and Comparisons of the Assumptions on Tjk ............... 99 

 3.3.3.2     Considerations for Calibrating the Shape Parameter ............................... 104 

 3.4     Discussion ............................................................................................................... 107 

 3.5     Conclusions ............................................................................................................. 109 

 3.6     References............................................................................................................... 110 

CHAPTER 4     ADDITIONAL INSIGHTS ON ANISOTROPY AND ASYMMETRY 

  IN CALIBRATING THE ELASTIC LIMIT ................................................. 113 

 4.1     Introduction ............................................................................................................. 113 

 4.2     Theoretical Considerations ...................................................................................... 114 

 4.2.1     Anisotropy in the Elastic Limit ....................................................................... 114 

 4.2.2     Asymmetry Effects in the Elastic Limit .......................................................... 120 

 4.3     Experimental Calibration of the Elastic Limit .......................................................... 126 



 viii 

 4.3.1     Bulk Material Calibration ............................................................................... 127 

 4.3.1.1     Orthotropic Bulk Materials .................................................................... 128 

 4.3.1.2     Hexagonal and Tetragonal Bulk Materials .............................................. 131 

 4.3.2     Rolled Plate Material Calibration .................................................................... 133 

 4.3.3     Rolled Sheet Material Calibration ................................................................... 134 

 4.3.4     Calibration of Extruded Bars .......................................................................... 137 

 4.3.5     Calibration of Drawn Wires ............................................................................ 139 

 4.3.6     Calibration of Extruded Tubes – Cylindrical Coordinate Considerations ......... 142 

 4.3.6.1     Cylindrical Coordinate Axial Strengths (Orthotropy) ............................. 143 

 4.3.6.2     Cylindrical Coordinate Shear Strengths (Orthotropy) ............................. 145 

 4.3.6.3     Hexagonal and Tetragonal Assumptions for Cylindrical Frames............. 148 

 4.3.6.4     Applications to Tubes Produced Using ShAPE ...................................... 149 

 4.4     Discussion ............................................................................................................... 150 

 4.5     Conclusions ............................................................................................................. 153 

 4.6     References............................................................................................................... 155 

CHAPTER 5     ANISOTROPIC AND ASYMMETRIC CALIBRATION OF 

  EMBEDDED SINGLE CRYSTAL YIELD USING FAR FIELD HEDM ..... 160 

 5.1     Introduction ............................................................................................................. 160 

 5.1.1     Motivating a New Approach ........................................................................... 160 

 5.1.2     A Preliminary on High Energy Diffraction Microscopy (HEDM) ................... 163 

 5.2     Materials and Experimental Methods ...................................................................... 173 

 5.2.1     Rolled Ti7Al Plate .......................................................................................... 173 

 5.2.2     Specimen Machining ...................................................................................... 174 

 5.2.3     Mechanical Testing......................................................................................... 175 



 ix 

 5.2.4     HEDM Experiments ....................................................................................... 177 

 5.3     Data Analysis .......................................................................................................... 181 

 5.3.1     Quantifying Plasticity ..................................................................................... 182 

 5.3.2     Identifying Yield Onset .................................................................................. 187 

 5.3.3     Regression Based Calibration ......................................................................... 189 

 5.4     Results (Visualization) ............................................................................................ 193 

 5.5     Discussion ............................................................................................................... 196 

 5.6     Conclusions ............................................................................................................. 197 

 5.7     References............................................................................................................... 198 

CHAPTER 6     COMBINED X-RAY INVESTIGATION OF NOTCHED COLD DWELL 

  FATIGUE FRACTURE INITIATION IN TITANIUM ALLOYS................. 204 

 6.1     Introduction ............................................................................................................. 204 

 6.2     Materials and Experimental Methods ...................................................................... 210 

 6.2.1     Rolled Ti7Al Plate .......................................................................................... 210 

 6.2.2     Specimen Machining and Measurements ........................................................ 211 

 6.2.3     Initial HEDM Scans at Zero Load ................................................................... 216 

 6.2.4     In-situ Dwell Fatigue Testing.......................................................................... 218 

 6.2.4.1     Sample M-N6-1 ..................................................................................... 222 

 6.2.4.2     Sample M-N6-2 ..................................................................................... 223 

 6.2.4.3     Sample M-N12-5 ................................................................................... 224 

 6.2.4.4     Sample M-N12-3 ................................................................................... 225 

 6.2.4.5     Sample M-N12-1 ................................................................................... 227 

 6.2.5     Final HEDM Scans at Dwell Load .................................................................. 228 

 6.3     Data Analysis Methodology .................................................................................... 230 



 x 

 6.4     Preliminary Results ................................................................................................. 233 

 6.5     Discussion ............................................................................................................... 239 

 6.6     Conclusions ............................................................................................................. 240 

 6.7     References............................................................................................................... 241 

CHAPTER 7     AN EXPANDED MARTENSITE VARIANT SELECTION THEORY 

  ACCOUNTING FOR TRANSFORMATION ROTATIONS AND 

  APPLIED STRESS FIELDS: PREDICTIONS OF VARIANT CLUSTERS 

  IN TITANIUM ............................................................................................. 245 

 7.1     Introduction ............................................................................................................. 245 

 7.1.1     Notes on Terminology Relating to the PTMC ................................................. 246 

 7.1.2     Background on the β to α Transformation in Titanium .................................... 247 

 7.1.3     Self- and Stress-Accommodating Variant Clusters .......................................... 248 

 7.2     Single Variant Strain Energy Formulation Considering Rotation ............................. 250 

 7.2.1     A Need to Consider Rotational Energy ........................................................... 250 

 7.2.2     The Physics of Rotational Energy of a Single Martensite Variant.................... 254 

 7.3     Strain Energy Formulation for Clusters of Multiple Variants ................................... 256 

 7.3.1     How to Mathematically Consider Variant Clusters.......................................... 256 

 7.3.2     Derivation of an Average Strain Energy Expression ....................................... 257 

 7.4     Verification: Prediction of Self-Accommodation Variant Clusters for Titanium ...... 264 

 7.4.1     Determination of the Elastic Constants for CP Titanium ................................. 264 

 7.4.2     The Computational Process and Simplifying Assumptions.............................. 265 

 7.4.3     Results for Energy Determined Preference – Stress Free ................................. 269 

 7.5     Further Applications of the Energy Approach .......................................................... 271 

 7.5.1     Predictions for Energy Determined Preference – Under Applied Stress ........... 272 

 7.6     Conclusions ............................................................................................................. 276 



 xi 

 7.7     References............................................................................................................... 277 

CHAPTER 8     FUTURE WORK .......................................................................................... 282 

 8.1     Organization............................................................................................................ 282 

 8.2     Chapter 2: 6D Visualization .................................................................................... 282 

 8.3     Chapter 3: Proposed Anisotropic-Asymmetric Yield Function ................................. 283 

 8.4     Chapter 4: Additional Insights on Calibration .......................................................... 284 

 8.5     Chapter 5: Embedded Single Crystal Yield .............................................................. 286 

 8.6     Chapter 6: Dwell Fatigue Combined X-ray Characterization ................................... 288 

 8.7     Chapter 7: Martensitic Variant Selection ................................................................. 289 

 8.8     References............................................................................................................... 290 

APPENDIX A     ERROR CALCULATIONS FOR THE 45˚ AXIS ASSUMPTION .............. 293 

APPENDIX B     OFF-AXIS TENSION TEST CALIBRATION EQUATIONS ..................... 297 

APPENDIX C     MECHANICAL TESTING SPECIMEN GEOMETRIES ............................ 301 

APPENDIX D     FORMAL PROOF OF CONVEXITY FOR PROPOSED YIELD 

  CRITERION ............................................................................................... 303 

 D.1     Proof Setup: Signal Space ...................................................................................... 303 

 D.2     Proof Setup: Transformations ................................................................................. 303 

 D.3     Transformation of Convex Sets .............................................................................. 304 

 D.4     Orthant-wise Decomposition and Proof of Convexity ............................................. 306 

 D.5     Convex Unions of Adjacent Orthants...................................................................... 308 

 D.6     Inductive Argument for Convex Unions ................................................................. 308 

 D.7     Introducing Additional Transformations ................................................................. 310 

APPENDIX E     CALIBRATION EQUATIONS FOR PROPOSED YIELD CRITERION .... 313 

APPENDIX F     SUPPLEMENTARY MATERIAL FOR CHAPTER 7................................. 317 



 xii 

 F.1     Equivalency of Equation 8 to the General Axis Angle (for small angles) ................. 318 

 F.2     References .............................................................................................................. 322 

APPENDIX G     PERMISSIONS TO USE COPYRIGHTED MATERIALS FOR 

  CHAPTER 7 ............................................................................................... 323 

APPENDIX H     CHRONOLOGICAL LIST OF REFERENCES .......................................... 325 

 H.1     References from Before the 1900’s ......................................................................... 325 

 H.2     References from 1900 – 1924 ................................................................................. 325 

 H.3     References from 1925 – 1949 ................................................................................. 325 

 H.4     References from the 1950’s .................................................................................... 326 

 H.5     References from the 1960’s .................................................................................... 326 

 H.6     References from the 1970’s .................................................................................... 327 

 H.7     References from the 1980’s .................................................................................... 328 

 H.8     References from the 1990’s .................................................................................... 329 

 H.9     References from 2000 – 2004 ................................................................................. 330 

 H.10     References from 2005 – 2009 ............................................................................... 332 

 H.11     References from 2010 – 2014 ............................................................................... 335 

 H.12     References from 2015 – 2019 ............................................................................... 338 

 H.13     References from 2020 – 2021 ............................................................................... 343 

 

 

 

 

 

 



 xiii 

LIST OF FIGURES 

Figure 1.1     Basic depiction of the process-structure-property relationship for materials. ........... 2 

Figure 1.2     Basic depiction of the process-structure-property relationship for materials, now 

including the mechanical state and the component (or system level) behavior as 

part of the complete set of interactions to be discussed. ......................................... 3 

Figure 1.3     The process-structure-property relationship for materials, including the 

mechanical state and the component (or system level) behavior, as presented in 

Figure 1.2. The numbered regions in this figure correspond to the topics 

discussed throughout the thesis in order. Chapters 2-4 focus on region one, 

properties. Ch.5 focuses on region two, the link between structure and 

properties. Ch.6 focuses on region three, the interactions between structure, 

properties, and mechanical state, along with the resulting behavior(s). Ch.7 

focuses on region four, the link between process and structure. ............................. 6 

Figure 1.4     Illustration of the linear flow of the thesis. The regions marked one, two, three, 

and four correspond to the same regions noted in Figure 1.3. Chapters 2-4 

correspond to the three blocks in region one. Ch.5 corresponds to the two blocks 

in region two. Ch.6 corresponds to the two blocks in region three. The work 

from regions two and three are interconnected and rely in part on the results 

from region one. Ch.7 corresponds to region four, and although conceptually 

related to the rest of the work, no direct connection exists between it and 

previous chapters. ................................................................................................. 7 

Figure 2.1     Visual depictions of the relationships between shear and axial stress states for (a) 

isotropic and (b) anisotropic materials. ................................................................ 16 

Figure 2.2     von Mises yield criterion depicted as (a) a 3D limit surface, (b) a 2D projection, 

and (c) a Pi-Plane projection. .............................................................................. 18 

Figure 2.3     Illustration of the shear axis visualization for isotropic limit surfaces (a) in 2D 

and (b) extrapolated into the Pi-Plane. ................................................................. 20 

Figure 2.4     Illustrations of overlapping axial and shear limit surfaces for (a) a non-

coincident case and (b) a case in which the two surfaces coincide at the uniaxial 

and pure shear strengths. ..................................................................................... 20 

Figure 2.5     Illustration of the procedure for constructing anisotropic yield functions and the 

associated yield hypersurface. ............................................................................. 23 

Figure 2.6      3D-to-1D dimensional compression plot of a classic 3D sphere. .......................... 25 

Figure 2.7     4D-to-2D dimensional compression of a 4D hypersphere. .................................... 26 

Figure 2.8     4D-to-1D dimensional compression of a 4D hypersphere. .................................... 27 



 xiv 

Figure 2.9     5D-to-2D dimensional compression of a 5D hypersphere. .................................... 28 

Figure 2.10     Visualization of a 6D hypercylinder with a 5D hypersphere cross-section, 

looking down the hypercylinder’s free axis. Two inserts have been added to the 

plot for scaling purposes, along with one insert to assist in the visualization of 

the symmetries. The insert in the upper left is an enlargement of the minor axis 

plot located at the (0,0,0) position in the major axes system with a scale added. 

All minor axis plots are equally scaled. The insert in the upper right is the color 

scale representing the third minor axis in all of the minor axis plots; all minor 

axis plots are equally scaled. The bottom right insert is a trace of the bounding 

surface in the major axis plot where the minor axis plots approach a single 

point, (0,0,0), and illustrates the symmetries that may be less apparent due to 

the pixilation from a limited use of minor axis plots. Although more minor axis 

plots could be utilized to increase the major axis fidelity and eliminate the need 

for this third insert, doing so would make the minor axis plots less discernible. . 30 

Figure 2.11     Complete set of 2D projections for the hypersurface in Figure 2.10. Note that 

all intercepts are at either 1 or -1. ....................................................................... 31 

Figure 2.12     Complete set of 3D projections for the hypersurface in Figure 2.10. 

Everywhere the shape intercepts is either at 1 or -1. ........................................... 32 

Figure 2.13     Tension-Compression ratios for various 'k' and 'a' parameter values for the 

Cazacu et al. 2006 yield potential. ..................................................................... 37 

Figure 2.14     Conceptual illustration of the samples cut from the printed Inconel 718 block. 

Samples labeled C and T are axial specimens (compression and tension 

respectively). Samples labeled S are shear specimens (mirror versions achieve 

positive vs. negative shear). Samples labeled M are off-axis tensile specimens 

producing effective multiaxial stress states. ....................................................... 46 

Figure 2.15     Yield strength results for the additively manufactured Inconel 718. The light 

bars show the experimentally measured mean strength with a ±2 standard 

deviation error bar. The dark bars show the predicted strength using the 

calibration coefficients given in Table 2.4. The Calibration “Training” Data, 

including the axial and shear data, was used to solve for the calibration 

coefficients, and the Testing Data was withheld for purpose of verification. ...... 51 

Figure 2.16     The complete set of 2D projections for the calibrated yield hypersurface for the 

additive Inconel 718. The tic marks are spaced at 250 MPa intervals and the 

field of each projection is ±1,250 MPa in both the vertical and horizontal 

coordinates. ....................................................................................................... 51 

Figure 2.17     The complete set of 3D projections for the calibrated yield hypersurface for the 

additive Inconel 718. The tic marks are spaced at 250 MPa intervals and the 

field of each projection is ±1,250 MPa in both the vertical and horizontal 

coordinates. The first set shows positive values of the 3rd axis and the second 

set shows the negative values of the 3rd axis. ...................................................... 52 



 xv 

Figure 2.18     Yield strength results for the additively manufactured Inconel 718. The light 

bars show the experimentally measured mean strength with a ±2 standard 

deviation error band. The dark bars show the predicted strength using the 

calibration coefficients in Table 2.4. The yellow bars show the strengths 

predicted under the 45  ̊axis assumption. ............................................................ 54 

Figure 3.1     Illustration of stretching (a-j) and shearing (k-t) for a single 2D projection of a 

hypersurface, showing the difference between explicit (a-e & k-o) and implicit 

(f-j & p-t) anisotropy. .......................................................................................... 65 

Figure 3.2     Map of possible yield potentials categorized by the character of the definitions 

for anisotropy and asymmetry as either explicit or implicit. Implicit definitions 

are treated as a change of basis, and only those changes in basis which could be 

demonstrated to preserve convexity are included in the map................................ 66 

Figure 3.3     2D unit ball defined using exponent values of 1, 1.5, 2, 4, and 100. ...................... 69 

Figure 3.4     Asymmetric warping of a 2D unit ball achieved through asymmetric control of 

imposed anisotropy for each axis. Explicit warping is shown in a-e and implicit 

warping in f-j. ..................................................................................................... 69 

Figure 3.5     Kinking in the surface of a 2D unit ball produced by the application of 

asymmetric triclinicity. The case of explicit transformation is shown in a-e and 

the case of implicit transformation is shown in f-j. .............................................. 71 

Figure 3.6     Example of the orthant naming convention in 2D, allowing for a visual 

demonstration of adjacent and non-adjacent orthants. Here, all quadrant pairs 

are adjacent to one another, except for the pair "##	and "%% and the pair "%# 

and "#%, both of which have more than one uncommon subscript. ...................... 78 

Figure 3.7     2D examples of the orthogonal projection property of the unit ball. The example 

includes unit balls generated from three different p-norms. ................................. 78 

Figure 3.8     2D example of preserved orthogonal projection property and the result that the 

projections into Hk of adjacent orthant subsets reside in the region defined as the 

intersection of the two orthant subsets ................................................................. 79 

Figure 3.9     2D example of the union of two adjacent orthant subsets of Q. The points w and 

v are arbitrarily located in "%# and "## respectively. The point z lies on the 

line segment connecting them such that it falls on the y-axis. The points y and x 

lie on the line segments &'(((( and )&((( respectively .................................................. 80 

Figure 3.10     2D example of preserved orthogonal projection property and the result that the 

projections into Hj of adjacent super-orthant subsets reside in the region 

defined as the intersection of the two super-orthant subsets. ............................... 82 



 xvi 

Figure 3.11     Pi-plane plots for Mg-Th alloy. Proposed theory fits using Assumption-1 

calibration parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) 

are shown with experimental data marked using squares. ................................... 89 

Figure 3.12     Pi-plane plots for Mg-Th alloy. Proposed theory fits using Assumption-2 

calibration parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) 

are shown with experimental data marked using squares. ................................... 90 

Figure 3.13     Pi-plane plots for Mg-Li alloy. Proposed theory fits using Assumption-1 

calibration parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) 

are shown with experimental data marked using squares. ................................... 92 

Figure 3.14    Pi-plane plots for Mg-Li alloy. Proposed theory fits using Assumption-2 

calibration parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) 

are shown with experimental data marked using squares. ................................... 93 

Figure 3.15     Pi-plane plots for Ti-4Al-1/4O2 alloy. Proposed theory fits using Assumption-1 

calibration parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) 

are shown with experimental data marked using squares. ................................... 96 

Figure 3.16     Pi-plane plots for Ti-4Al-1/4O2 alloy. Proposed theory fits using Assumption-2 

calibration parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) 

are shown with experimental data marked using squares. ................................... 97 

Figure 3.17     Pi-plane plots for AM Inconel 718. Proposed theory fits using Assumption-1 

calibration parameters (black dotted line), Assumption-2 calibration 

parameters (blue dashed line), and Full-Fit calibration parameters (solid grey 

line) are compared with the Cazacu et al. (2006) fit (purple dotted line) and 

the experimental data (blue squares). ............................................................... 102 

Figure 3.18     Complete set of 2D projections comparing the proposed model calibrated 

using the Full-Fit with p=2 (blue) and the Cazacu et al. (2006) model (purple). 103 

Figure 3.19     Bar chart comparing the predictions between the proposed model calibrated 

using the Full-Fit with p=2 (gold), the Cazacu et al. model (black), and the 

experimentally determined yield strengths (grey). ............................................ 104 

Figure 3.20     Complete set of 2D projections comparing the proposed model calibrated 

using the Full-Fit with p=1.48 (blue) and the Cazacu et al. (2006) model 

(purple)............................................................................................................ 106 

Figure 3.21     Bar chart comparing the predictions between the proposed model calibrated 

using the Full-Fit with p=1.48 (gold), the Cazacu et al. model (black), and the 

experimentally determined yield strengths (grey). ............................................ 107 

Figure 4.1     Demonstration of the effects of anisotropy and distortional asymmetry when 

viewed from the pi-plane. .................................................................................. 120 



 xvii 

Figure 4.2     Demonstration of increasing tension-compression ratio until the convexity limit 

is reached, producing an equilateral triangle. ..................................................... 121 

Figure 4.3     Visualization of the 2:1 tension-compression asymmetry ratio for the limiting 

case of an equilateral triangle. This results from a known geometric property of 

triangles. ........................................................................................................... 122 

Figure 4.4     Examples of exceeding the 2:1 limit for the tension-compression ratio. (a) 

shows the 2:1 limiting case. (b-e) show transversely isotropic cases. (f) shows a 

pressure sensitive case. ...................................................................................... 123 

Figure 4.5     Demonstration of the differences between distortional and translational 

asymmetry. Translational asymmetry, often produced by accumulated 

kinematic hardening is not limited to the same 2:1 tension-compression 

asymmetry ratio as isotropic distortional asymmetry. Additionally, the two can 

be combined to more accurately describe certain cases of material asymmetry. . 125 

Figure 4.6     Comparison of the stress states generated by a direct shear test (a-b) and a 

torsion test (c-d). The direct shear test (a) generates a uniform cartesian shear 

state (b) during mechanical loading. The torsion test (c) convolutes four 

cardinal cartesian shear states (d) along with all intermediate, combined, shear 

states between them. ......................................................................................... 129 

Figure 4.7     Summary of most of the mechanical tests discussed for calibrating bulk 

materials with orthotropic-asymmetric behavior. Specifically, tension and 

compression samples are shown in each cardinal direction; three shear samples 

are shown: one for (-) z-x shear, one for (+) x-y shear, and one for (-) x-y 

shear; and three different off-axis tensile samples are also included. .................. 131 

Figure 4.8     Demonstration of the mechanical testing samples for rolled plate materials, with 

coordinates defined. Those samples in blue (in the rolled plate) can be 

extracted from the plate, whereas the red samples (to the far left) cannot be 

extracted from the plate. .................................................................................... 133 

Figure 4.9     Demonstration of the mechanical testing samples for rolled sheet materials, 

with coordinates defined. Those samples in blue (in the rolled sheet) can be 

extracted from the plate, whereas the red samples (to the far left and around the 

perimeter) cannot be extracted from the sheet. ................................................... 135 

Figure 4.10     Demonstration of the mechanical testing samples for extruded bar materials, 

with coordinates defined. Those samples in blue (in the extruded bar) can be 

extracted from the bar, whereas the red samples (to the far left) cannot be 

extracted from the bar. ..................................................................................... 138 

Figure 4.11     Demonstration of the mechanical testing samples for drawn wire materials, 

with coordinates defined. Those samples in blue (in the wire) can be extracted 

from the wire, whereas the red samples (to the far left) cannot be extracted 

from the wire. .................................................................................................. 140 



 xviii 

Figure 4.12     R-ϴ-Z coordinate system for extruded tube materials. ...................................... 143 

Figure 4.13     Cylindrically orthotropic shear behaviors. a) Z-ϴ shear, b) R-ϴ shear, c) R-Z 

shear. ............................................................................................................... 146 

Figure 4.14     Mechanical tests proposed for calibrating the shear properties of a 

cylindrically orthotropic asymmetric material. a) Simple torsion of the tube 

(capped) provides Z-ϴ shear. b) Differential inner-outer torsion of the Brosius 

et al. (2011) twin bridge shear sample [47] provides R-ϴ shear. c) Differential 

inner-outer translation of the Brosius et al. (2011) twin bridge shear sample 

provides R-Z shear. ......................................................................................... 148 

Figure 5.1     General HEDM experimental setup, where a sample is placed on a rotating 

stage between an incident high energy x-ray beam and an area detector. ........... 164 

Figure 5.2     Simulated diffraction patterns for MgAZ31, a magnesium alloy. a) Powder 

pattern b) HEDM pattern. The HEDM pattern was created by summing all 

patterns for the full 360  ̊rotation of a single crystal sample. .............................. 165 

Figure 5.3     Demonstration of transmitted x-rays, which are not diffracted or absorbed by 

the sample. a) Simulated detector results for MgAZ31, with transmitted x-rays 

indicated by an arrow. b) Experimental setup showing the transmitted x-rays 

(green) relative to a set of diffracted x-rays (purple). ......................................... 166 

Figure 5.4     Illustration of the Debye-Scherrer rings. a) Debye-Scherrer rings on an area 

detector for an HEDM experiment. b) The path travelled by x-rays for a single 

diffraction event. c) The x- ray light cone of all possible diffraction events for a 

given crystallographic plane. d) All possible light cones for a given 

experimental setup. ........................................................................................... 167 

Figure 5.5     Illustration of the *-+-2, coordinates. * indicates the sample rotation angle. + 

indicates position circumferentially around the detector. 2, indicates position 

radially from the center of the detector. ............................................................. 168 

Figure 5.6     Illustration of how deviations from the expected spot position in the x-y 

coordinate directions correspond to the spatial position of the center of mass 

for each grain. ................................................................................................... 169 

Figure 5.7     Demonstration of deviations in *-+-2, space resulting from large lattice 

distortions. The gray spots in the diffraction pattern except on the left represent 

the expected spot position, and the magenta spots indicate measured positions 

under an imposed lattice distortion. The atomic lattices on the right 

demonstrate the changes corresponding to stretches in the d-spacing (top) and 

changes in the angles between different planes (bottom). .................................. 170 

Figure 5.8     Demonstration of the correlation between the intensity of a spot, the number of 

x- rays diffracted, and the volume of a grain. ..................................................... 171 



 xix 

Figure 5.9     Box-beam nf-HEDM pattern from a Ti7Al experiment performed at the 

Advanced Photon Source (APS) at Argonne National Lab (ANL). .................... 172 

Figure 5.10     Mechanical tests specimen geometries, with units in mm. a) compression 

pillars. b) tension specimens. These specimens were wire EDM’s from the 

rolled Ti7Al plate. ........................................................................................... 175 

Figure 5.11     Illustration of how spots behave as plasticity (specifically slip) starts to happen 

in their corresponding grain(s). ........................................................................ 183 

Figure 5.12     Illustration of effects of attenuation changes on spot behavior combined with 

the onset of plasticity (a) and the continuation of elasticity (b). ........................ 184 

Figure 5.13     Examples of 3D spots spreading in the x-direction only, the y-direction only, 

and in both directions....................................................................................... 185 

Figure 5.14     Approximation of a full 4D gaussian as viewed from 3D space, using intensity 

as the 4th dimension. Here, the three spatial dimensions mimic the 3D domain 

in physical space. ............................................................................................. 186 

Figure 5.15     Illustration of what the elastic (and microplastic) to plastic transition could 

hypothetically look like in terms of the spot spread parameter. ........................ 188 

Figure 5.16     Demonstration of a simpler data set which can be projected into a 2D space of 

coordinates σ, distance from zero stress, and θ, position around the elastic 

limit. a) shows a von Mises yield criterion fitting the data, and b) shows a 

variable exponent model fitting the data........................................................... 190 

Figure 5.17     Demonstration of the differences between best fits made using each of the 

RMS errors from Equation 5.3 (bound-based), Equation 5.4 (peak load), and 

Equation 5.5 (weighted average). ..................................................................... 191 

Figure 5.18     Generic illustration of the proposed error plots. The complete set of 2D 

orthogonal projections is used to visualize the elastic limit, and the data points 

close to each projection plane are represented using orthogonal projections 

into the plane. In this generic example the data points are not shaded 

according to either variation. Variation one would shade according to distance 

to the projection plane and variation two would shade according to magnitude 

of error. ........................................................................................................... 195 

Figure 5.19     Examples of error comparisons between a 28-parameter model and a reduced 

13- parameter model. The upper line compares the two fits where the 

orthotropic fit can readily be used, and the lower line compares the two fits for 

a case where the orthotropic fit cannot be used. ............................................... 196 

Figure 6.1     Dwell fatigue loading versus time examples: (a) The loading profile of stress- 

controlled dwell fatigue versus classic cyclic fatigue is shown. (b) Illustration 



 xx 

of the average loading experienced by a Ti-alloy turbine disc during a single 

flight, which exhibits a dwell period during cruise – adapted from [1]. .............. 205 

Figure 6.2     Illustration of the crystal-scale mechanism of dwell debits in the - (hexagonal) 

phase of Ti-alloys, adapted from [2]. ................................................................. 206 

Figure 6.3     Fatigue striation formation process, shown for a single fatigue load cycle. (a) 

The crack is sessile at zero load. (b) The crack opens as load is applied. (c) As 

the load nears its peak, the crack extends forward and blunts as a result of 

plasticity. (d) Upon load reduction, the crack is forced shut causing plastic 

phenomena to extend the crack at 45 ̊ angles to the blunted tip. (e) The crack 

returns to a sessile state at zero load, with one more fully developed striation 

present. ............................................................................................................. 208 

Figure 6.4     Machinist drawings for: (a) the overall geometry, (b) the notch geometry in the 

gage for the N6-type notches, and (c) the notch geometry in the gage for the 

N12-type notches. Note that these specified measurements vary from the 

realized geometry measurements as reported in throughout this section. ............ 212 

Figure 6.5     Example of the notch profile. (a) shows the ten separate line profiles overlaid 

on top of each other. (b) shows the average curve with error bands showing 

two standard deviations on either side of the average curve. .............................. 213 

Figure 6.6     Illustration of the points and triangles used to calculate the average notch 

radius. (a) Shows the depth criterion for the otter most points of the set of nine. 

(b-e) show the triangles used to calculate four circumradii for use in the 

average notch radius calculation. ....................................................................... 214 

Figure 6.7     The circle which fits the curvature of the notch profile as calculated using the 

average circumradius method described. ........................................................... 215 

Figure 6.8     Illustration of the different scan strategies used for the preliminary scan setup: 

(a) Single-layer 900µm tall box beam for tomography scans. (b) Tri-layer 

series of 500µm tall box beams for ff-HEDM scans. (c) Penta-layer series of 

100µm tall box beams for nf-HEDM scans and the accompanying ff-HEDM 

scans for seeding. (d) Combined set of scans, showing the overlapping regions. 217 

Figure 6.9     Illustration of the hypothesized correlation between rogueness value and dwell 

fatigue failure mechanism activation. The dwell debit is presumed to increase 

slightly, as a result of stress localizations, prior to rogueness reaching the 

threshold value. At the threshold value, dwell fatigue failure mechanisms are 

hypothesized to significantly impact the life of the part by generating new 

crack initiation sites in the form of newly nucleated voids. Beyond the 

threshold value, the dwell debit is hypothesized to increase at a significantly 

higher rate as void nucleation and crack initiation events experience greater 

driving forces. ................................................................................................... 232 



 xxi 

Figure 6.10     Some of the possible void growth and/or nucleation events in the sample M-

N6-2. Initial void structure is shown in red and final void structure is shown in 

green. Some noise is also present. Likely voids showing growth are circled in 

blue and possible nucleation events are circled in black. .................................. 235 

Figure 6.11     The largest three cracks identified in sample M-N12-5. (a) All of the cracks 

emanating from the tip of the notch in a 3D view. (b-e) 2D cross-sectional 

view of each of the largest three cracks. (d-e) Two views of the largest crack, 

with (d) showing the intersection with the surface of the sample and (e) 

showing a view deeper into the sample. ........................................................... 236 

Figure 6.12     The hairline crack observed in sample M-N12-3, showing four different cross- 

sections progressing down through the sample in the direction of the arrow. 

Notice that the crack likely started as two distinct cracks (a), which joined 

together (b) before detection. ........................................................................... 237 

Figure 6.13     Crack structures at the end of cycling sample M-N12-1. (a-b) show oblique 

views of both the left and right notch tips and the cracks emanating from 

them. (c-d) show two 2D cross-sectional views of the left notch (a). (e-g) 

show three 2D cross-sectional views of the right notch (b). The arrows 

indicate the order of the cross-sectional views when moving down through the 

sample from the top. This indicates, for example, that the large crack in (c-d) 

is growing up into the sample at an angle. ........................................................ 238 

Figure 7.1     (a) Crystallographic depiction of the strain associated with a martensitic 

transformation for a single variant (known as the Bain strain). (b) Complete 

crystallographic depiction of the strains and rotations associated with a 

martensitic transformation. ................................................................................ 251 

Figure 7.2     Plot of von Mises strain against average angle of rotation for all 220 possible 

triplets under considered under section 5.2.1.1 of WAS [10], where black dots 

represent 12 triplet cases and gray dots represent 4 triplet cases. The eight 

preferred variant clusters are represented by the two points in the box at the 

lower left of the plot. To help the reader notice that these do not correspond to 

the lowest von Mises strain, a dotted line has been inserted at 2% strain. ........... 253 

Figure 7.3     Depiction of the Eshelby (a) and Walpole (b) inclusion approaches to 

computing energy associated with a martensitic transformation. ........................ 255 

Figure 7.4     Graphical depiction of the combination of strain states in a triplet (a cluster of 3 

unique martensite variants)................................................................................ 257 

Figure 7.5     (a) Integral approach to solving for the average external stress field associated 

with a martensitic variant. (b) Consolidation approach to combining the 

internal and external fields of different martensitic laths in a triplet. .................. 259 



 xxii 

Figure 7.6     Strain energy density (SED) for triplets corresponding to the (01(1)2[1(11]2 slip 

system in C.P. Ti, with invariant lines parallel to [0.299, 0.675, 0.675]β and 

invariant plane normal parallel to (0.218, 0.791, -0.572)β as calculated using 

the Walpole form of the strain energy. The SED values have been normalized 

by dividing by the minimum calculated load-free SED (that for the 2-4-12 

triplet). The box indicates the 8 preferred variants indicated by WAS. ............... 270 

Figure 7.7     (a-d) Evolution of the Normalized Strain Energy Density (SED) with applied 

uniaxial tensile load for each of the eight identified preferred triplets under 

stress-free conditions. Directions of the applied load are indicated explicitly in 

Equation 7.47, where a) shows the (100) direction, b) shows the (110) 

direction, c) shows the (111) direction, and d) shows all three. (e) Plot showing 

all 220 possible triplets and the evolution of the associated normalized strain 

energy density (SED) with the applied uniaxial tension in the (100) direction. 

The box indicates which triplets produce normalized SED less than 104 

between load magnitudes of 200 MPa to 600 MPa. ........................................... 275 

Figure A.1     2D yield loci depicting the upper and lower limits for shear-dependent shear 

strengths (i.e., the maximum and minimum values over all possible shear 

strengths). ......................................................................................................... 293 

Figure A.2     2D yield loci from previous figure depicting an arbitrary shear strength 

(between the minimum and maximum) with the associated minimum and 

maximum yield loci illustrating the separation (error) between these possible 

limit surfaces. .................................................................................................... 294 

Figure A.3     Illustration of error between axial and shear limit surfaces for an anisotropic 

material, where arbitrary strength ratios are now being considered. ................... 295 

Figure A.4     Maximum radial error (misinterpreted distance from the origin) for a general 

anisotropic case for axial strength ratios ranging from 10-2 to 102. ..................... 296 

Figure B.1     Sample angle designations for uniaxial tests used to determine 'k'. ..................... 297 

Figure C.1     Drawing excerpt showing measurements for tensile and compression 

specimens. ........................................................................................................ 301 

Figure C.2     Drawing excerpt showing measurements for shear specimens............................ 302 

Figure C.3     Drawing excerpt showing measurements for reduced-sized shear specimens. .... 302 

Figure G.1     Email sent out to co-authors. ............................................................................. 323 

Figure G.2     Response from co-author Adam Pilchak. ........................................................... 323 

Figure G.3     Response from co-author Satish Rao. ................................................................ 323 

Figure G.4     Response from co-author Eric Payton. ............................................................... 324 



 xxiii 

Figure G.5     Response from co-author Aaron Stebner. .......................................................... 324 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 xxiv 

LIST OF TABLES 

Table 1.1     Quick reference for the chapters of the thesis, including the relevant regions of 

Figure 1.3 and Figure 1.4 as discussed in this chapter. .......................................... 10 

Table 2.1     Laser powder bed fusion (Concept Laser M2) settings. .......................................... 44 

Table 2.2     Composition of the Inconel 718 powder used and the AM block. Reproduced 

from [40]. ............................................................................................................. 45 

Table 2.3     Experimental Results Summary. ............................................................................ 49 

Table 2.4     Calibration coefficients for additively manufactured Inconel 718 case study. 

Parameters were fit using a potential limit of 5 = 100. .......................................... 50 

Table 3.1     Summary of yield criteria based for various implementations of asymmetry for 

both isotropic and anisotropic materials. Adapted from similar tables in [5].......... 61 

Table 3.2     Proposed Theory Calibrations for Mg-Th Alloy. .................................................... 88 

Table 3.3     Cazacu et al. (2006) Calibrations for Mg-Th Alloy. ............................................... 88 

Table 3.4     Proposed Theory Calibrations for Mg-Li Alloy. .................................................... 91 

Table 3.5     Cazacu et al. (2006) Calibrations for Mg-Li Alloy. ................................................ 91 

Table 3.6     Proposed Theory Calibrations for Ti-4Al-1/4O2 Alloy. .......................................... 94 

Table 3.7     Cazacu et al. (2006) Calibrations for Ti-4Al-1/4O2 Alloy. ..................................... 95 

Table 3.8     Experimental Results Summary. ............................................................................ 98 

Table 3.9     Cazacu et al. (2006) Calibrations for AM Inconel 718. ........................................ 100 

Table 3.10     Proposed Theory Calibrations for AM Inconel 718. ........................................... 100 

Table 3.11     Proposed Theory Calibrations for AM Inconel 718 with a free exponential 

parameter. ......................................................................................................... 105 

Table 4.1     Summary the implications of select assumed material symmetries. ............... 116-117 

Table 5.1     Composition of the as processed Ti7Al. ............................................................... 174 

Table 5.2     Summary of forces, displacements, and x-ray measurements for the compression 

sample c-y-1-a. This sample was compressed in the roll direction of the Ti7Al 

plate. .................................................................................................................. 178 



 xxv 

Table 5.3     Summary of forces, displacements, and x-ray measurements for the compression 

sample c-z-7-a. This sample was compressed in the normal direction of the 

Ti7Al plate. ........................................................................................................ 178 

Table 5.4     Summary of forces, displacements, and x-ray measurements for the compression 

sample c-x-3-a. This sample was compressed in the transverse direction of the 

Ti7Al plate. ........................................................................................................ 179 

Table 5.5     Summary of forces, displacements, and x-ray measurements for the compression 

sample c-xy-5-a. This sample was compressed along the direction 45  ̊between 

the roll direction and transverse direction of the Ti7Al plate. .............................. 179 

Table 5.6     Summary of forces, displacements, and x-ray measurements for the tension 

specimen t-x-9-a. This sample was oriented for load in the transverse direction 

of the Ti7Al plate. .............................................................................................. 180 

Table 5.7     Summary of forces, displacements, and x-ray measurements for the tension 

specimen t-xy-11-a. This sample was oriented for load in the direction 45 ̊ 

between the roll direction and transverse direction of the Ti7Al plate. ................ 180 

Table 5.8     Summary of forces, displacements, and x-ray measurements for the tension 

specimen t-y-12-a. This sample was oriented for load in the roll direction of the 

Ti7Al plate. ........................................................................................................ 181 

Table 6.1     Notch geometry measurements (depth and radius) for all ten specimens .............. 216 

Table 6.2     Deben Microtest Tomography (DMT) PID control limitations. Report of 

minimum and maximum recorded overshoot at percentages of the maximum 

actuator speed. .................................................................................................... 219 

Table 6.3     Example yield determination procedure (sample M-N12-3). Steps noted ‘HOLD’ 

indicate points where the peak load was held for the load-train to relax. ............. 221 

Table 6.4     List of tomography scans and corresponding cycle numbers (M-N6-1). ............... 223 

Table 6.5     List of tomography scans and corresponding cycle numbers (M-N6-2). ............... 224 

Table 6.6     List of tomography scans and corresponding cycle numbers (M-N12-5). ............. 225 

Table 6.7     List of tomography scans and corresponding cycle numbers (M-N12-3). ............. 227 

Table 6.8     List of tomography scans and corresponding cycle numbers (M-N12-1). ............. 228 

Table 7.1     Elastic Constants for BCC and HCP Ti, near the martensitic transformation 

temperature with Voigt and Reuss averaged bounds for equivalent isotropic 

elastic constants shear modulus (µ) and Poisson’s ratio (ν). ................................ 265 

Table A.1     Error bounds under the assumption of shear dependence. ................................... 296 



 xxvi 

Table F.1     List of Burgers orientation relationships for identifying the 12 habit plane 

variants. .............................................................................................................. 317 

Table F.2     Possible slip systems corresponding to the inhomogeneous shear (P2). ............... 317 

Table F.3     Habit plane calculations for slip system I for each of the four solution sets. ......... 317 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 xxvii 

ACKNOWLEDGEMENTS 

 

First and foremost, I want to thank my advisor, Prof. Aaron Stebner, who saw potential in 

me and my ideas, provided immeasurable opportunities, and dispensed guidance and support 

thorughout my graduate experience. He spoke my language and helped me to better convey my 

ideas and comprehension of concepts to others. Thanks for teaching me how to be a researcher, 

an academic, and a teacher. And to my co-advisor, Prof. Craig Brice, who helped me to keep 

everything on course and helped manage my ridiculous experimental goals near the end, thank 

you. I would have been overwhelmed and unable to bring things to a close without your help. 

I couldn’t have completed my PhD program without the help of all of my thesis 

committee members. Prof. Branden Kappes, thank you for bearing with a high performance 

computing dullard such as I have tended to be and for enthusiastically helping me with HEDM 

data collections, data storage, and data processing. Also thanks for helping me mull over tough 

physics and mathematics concepts and for frequently asking “why?” Dr. Adam Pilchak, thank 

you for your belief in me and your support, guidance, and collaboration while at the Air Force 

Research Lab. Thanks for finding a was to get me out to Wright Patterson AFB for a summer 

and for providing such an intellectually engaging puzzle while there. And to Prof.’s John Berger 

and Kip Findley, thank you for tollerating my myriad of questions and visits to your offices 

regarding course work, research, intellectual curiosities, and teaching discussions both before 

you were a part of my committee and afterwards. Again, thaks to my entire thesis committee for 

the time and effort in advising, engaging, and guiding me through the end of my graduate 

experience. 

Thanks to all of the professors and experts who took time out of their schedules to answer 

my questions, help with translations (both foreign language and mathematics), engage in 



 xxviii 

discussions of theory and practice, and generally provide guidance. This includes but is not 

limited to: Jeff Ackerman, Kester Clarke, Lauren Ferguson, Paul Martin, Alexandra Newman, 

Eric Payton, Brian Thomas, Mike Wakin, and Jeramy Zimmerman. 

I also want to thank all of the beamline scientists who provided support and expertise 

durring planning, experimental execution, and post-processing of the data. This includes but is 

not limited to: Jonathan Almer, Joel Bernier, Peter Kenesei, Ali Mashayekhi, Kelly Nygren, Jun-

Sang Park, and Kate Shanks. 

I was also given the wonderful opportunity to teach as part of my graduate experience – 

an extraordinary chance to learn and grow myself, while sharing my own experience and 

knowledge with students to help them to learn and grow as well. I want to thank everyone who 

had a hand in making that happen and provided guidance along the way: Jeff Ackerman, John 

Berger, Kristine Csavina, Steve Geer, Ventzi Karaivanov, Tony Petrella, Sam Spiegel, and 

Aaron Stebner. 

I would also like to thank the group of people who often acted as both colleagues and 

friends, assisting with experiments, mathimatical rabbit holes, academic presentations and 

posters, and academic studies and projects. Again including but by no means not limited to: 

Ashley Bucsek, Peter Caltagirone, Cheikh Cisse, Jinesh Dahal, Dana Drake, Tom Gallmeyer, 

David Grimmer, Garrison Hommer, Nate Johnson, Garon Kirschbaum, Bryan Marsh, Byron 

McArthur, Sean Mills, and Aruvi Moorthy. 

And of course, I couldn’t have done any of this without the support of my family and 

friends. Thank you to my mother, Martha Brunson; my father, Tim Brunson; and my brother, 

Austin Brunson, for instilling me with a love of science, mathematics, problem solving, and 

engineering; for inspiring and encouraging me to have fun and to pursue what I enjoy; and for 



 xxix 

teaching me the dedication and determination to never give up and to always find a way thorugh. 

To all of my family and my friends, thanks for enduring the long and often labyrinthine 

responses I often gave to the seemingly simple questions like “What are you working on?” And 

thank you to all of my friends who have shared the occassional (or not so occassional) workouts, 

late night training, camping trips, game nights, trivia nights, hikes, cocktails, cookouts, and all 

other morale and comaraderie experiences that helped raise and maintain high spirits over the 

past five years and change. Y’all are awesome! 

Finally, I would like to acknowledge the Colorado School of Mines, the Army Research 

Lab, the Air Force Research Lab, and the National Science Foundation for their generous 

finaincial support. 

 



 1 

CHAPTER 1 

INTRODUCTION 

1.1.   An Overarching Perspective 

All of the varied motivations for the work presented here are provided in detail in the 

introductions of individual chapters. Therefore, this global introduction serves as an overarching 

perspective to provide context for the different investigations discussed in chapters 2-7. In 

addition, the organization of this thesis in terms of that overarching context is provided in §1.2. 

 

1.1.1.   A Mechanical Engineer’s Perspective on Process-Structure-Property Relations 

The idea that the manufacturing process imparts an effect on the properties of the 

resulting material isn’t alarming or even entirely novel. Blacksmiths developed and used 

processing methods to imbue their creations with specific properties – the quintessential image 

of a blacksmith quenching a work-piece is just one such example. Most mechanical engineers 

understand this concept to greater or lesser degrees, having at least heard the terms hot rolled or 

cold rolled in terms of steel and recognizing that the two do are indeed different. What can be 

new to a mechanical engineer at the onset of digging deeper into the field of solid mechanics and 

exploring materials science, is the idea that it is possible to develop enough of an understanding 

of the relationships between process and properties to be able to reasonably predict one from the 

other – it’s not just an art, but a science. In part, this requires the inclusion of a material’s 

structure in the mix as an intermediary. This process-structure-property relationship (Figure 1.1) 

may have seemed vaguely connected to the research presented here initially, but has served as a 

hidden hand in much of the decision making throughout the investigations described in this 

thesis, especially in the later chapters. 
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Figure 1.1: Basic depiction of the process-structure-property relationship for materials. 

 

 For mechanical engineers it is also natural to consider the mechanical state describing 

how a component is used and the stresses and strains resulting from applied loads. Mechanical 

engineers often design components and systems to endure specific loading cases, relying on 

material properties to resist mechanical states in order to impart the desired behavior. Forensic 

engineers and failure analysists tend to get involved when this reliance on predicted interactions 

between material properties and applied mechanical states breaks down and unexpected 

behaviors ensue. This is where things tend to get interesting and often motivate new research in 

solid mechanics, materials science, and related disciplines. Figure 1.2 incorporates the 

mechanical state and component, or system, behavior into the process-structure-property diagram 

from Figure 1.1. 
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Figure 1.2: Basic depiction of the process-structure-property relationship for materials, now 

including the mechanical state and the component (or system level) behavior as part of the 

complete set of interactions to be discussed. 

 

1.1.2.   Anisotropy and Asymmetry 

Upon entering the world of solid mechanics and materials science in today’s 

technological society, a mechanical engineer could easily find themselves working with material 

systems that behave weirdly, for lack of a better word. Materials such as magnesium (Mg) alloy 

plate, titanium (Ti) alloy forgings, 3D-printed nickel (Ni) based superalloys, super-elastic Ni-Ti 
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binary alloy extrusions, and a whole host of composites to name but a few such weird materials. 

For example, Mg plate is highly anisotropic and asymmetric (in fact all of the listed examples are 

to some degree). Anisotropy and asymmetry can be something very new to mechanical engineers 

that are used to using von Mises or Tresca to describe any ductile material system. But the more 

that technology advances and industries search for solutions to problems of light-weighting, 

high-temperature applications, biocompatibility, and cost, the more frequently they turn towards 

these weird anisotropic materials. Anisotropy and asymmetry are not only interesting or 

potentially useful in niche cases, but increasingly vital to understanding and successfully using 

advanced materials. And yet, the paucity of clear and in-depth understanding and capable 

mathematical descriptions of the elastic limit for these materials marks a gap in engineering 

knowledge. A gap worth considering and studying. 

 

1.2.   Thesis Organization 

This thesis follows the perspective of a mechanical engineer and solid mechanician, 

starting by developing a better understanding of anisotropic and asymmetric elastic limits. From 

the perspective of material properties, anisotropy and asymmetry are described mathematically 

(rather than structurally) starting in Ch.2, where after further motivating the importance of 

anisotropy and asymmetry, the ideas of stress as a six-dimensional object and the elastic limit as 

a hypersurface in six-dimensional stress space are introduced and discussed. New visualization 

techniques are developed to improve understanding; inform calibration of the elastic limit; and 

aid in applying, evaluating, and interpreting the yield behavior of anisotropic and asymmetric 

materials. The techniques developed and discussed are applied and tested using 18 different 

mechanical tests (including geometry and orientation) for an additively manufactured (AM) Ni 
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based superalloy, Inconel 718. The results demonstrate the need for considering the full higher-

dimensional character of the elastic limit. 

The property perspective continues in Ch.3, where the conceptual understanding resulting 

from Ch.2 is applied to develop a new yield function, extending the current capabilities of 

anisotropic and asymmetric yield criteria. The new yield function proposed in Ch.3 is motivated 

by the limitations of practical existing functions and the untenability of technically complete 

formulations using hundreds of parameters. A function is composed to allow for orthotropically-

asymmetric descriptions and overall triclinic behavior. The function is demonstrated convex 

using a newly developed geometric approach to proving convexity and is compared to an 

existing theory using data on Mg and Ti alloy sheets along with the data collected in Ch.2 on an 

AM Inconel 718 alloy. 

This property perspective closes with a chapter on additional insights on anisotropy and 

asymmetry in calibrating the elastic limit. Ch.4 discusses methods for calibrating a variety of as 

manufactured material systems including: bulk, rolled plate, rolled sheet, extruded bar, drawn 

wire, and extruded tubes. The methods include existing standards, mechanical tests with large or 

small bodies of research and no standards, and newly proposed mechanical tests or new 

applications of existing mechanical tests. 

Figure 1.3 helps to map the different chapters to specific regions within the process-

structure-property diagram presented in Figure 1.2. Collectively, Chapters 2-4 are denoted as 

region one in Figure 1.3, as they primarily focus on properties in an entirely mathematical sense. 

Figure 1.4 illustrates more linearly the flow of the entire thesis, marking the same regions as in 

Figure 1.3 and providing chapter specific context. 
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Figure 1.3: The process-structure-property relationship for materials, including the mechanical 

state and the component (or system level) behavior, as presented in Figure 1.2. The numbered 

regions in this figure correspond to the topics discussed throughout the thesis in order. Chapters 

2-4 focus on region one, properties. Ch.5 focuses on region two, the link between structure and 

properties. Ch.6 focuses on region three, the interactions between structure, properties, and 

mechanical state, along with the resulting behavior(s). Ch.7 focuses on region four, the link 

between process and structure. 

 



 7 

 

Figure 1.4: Illustration of the linear flow of the thesis. The regions marked one, two, three, and 

four correspond to the same regions noted in Figure 1.3. Chapters 2-4 correspond to the three 

blocks in region one. Ch.5 corresponds to the two blocks in region two. Ch.6 corresponds to the 

two blocks in region three. The work from regions two and three are interconnected and rely in 

part on the results from region one. Ch.7 corresponds to region four, and although conceptually 

related to the rest of the work, no direct connection exists between it and previous chapters. 

 

 Turing towards the connection between structure and property, region two in Figure 1.4, 

Ch.5 endeavors to address calibration of the elastic limit by considering the grain-scale behavior. 

This chapter is motivated by two ideas: reducing the number of mechanical tests while producing 

statistically significant results not predicated on any symmetry assumptions and calibrating at a 

scale which can be used to determine macro-scale properties (through homogenization) and to 
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interrogate micro-scale phenomena. A micromechanical experiment is proposed and described 

using high energy diffraction microscopy (HEDM) to measure in-situ grain-scale stresses in 

seven samples under mechanical load in order to calibrate the embedded single crystal yield 

behavior. This experiment is illustrated in region two of Figure 1.4, where the arrows indicate the 

dependence on the work of Chapters 2-4 and the relationship between the work of Ch.5 and the 

work of Ch.6. 

 In Ch.6, dwell fatigue is considered. Dwell fatigue is a micro-scale phenomenon which 

results from interactions of the mechanical state with both the microstructure and the properties 

at the micro-scale. Dwell fatigue is described and motivated in detail in Ch.6, but in short, the 

failure mode is the motivation for the failing jet engine used in Figure 1.2 and Figure 1.3 to 

illustrate the behavior of a component or system. In Figure 1.3, region three is positioned to 

capture the complex interactions of mechanical state, structure, and properties and their influence 

on behavior. In Ch.6, an experiment is described for quantifying the microstructure non-

destructively, applying dwell fatigue in-situ to monitor for micro-scale internal damage events, 

and post-dwell-fatigue measurements of grain-scale stresses while under applied load. Ch.6 

proposes to apply the single crystal yield results from Ch.5 to quantify the plastic potential of 

interacting grains in the vicinity of damage events in order to help better define the conditions 

which give rise to failure under the mechanical state of dwell fatigue. Figure 1.4 illustrates this 

experiment in region three and the previously noted connections with Ch.5. 

 Although not chronologically the last investigation, the penultimate chapter, Ch.7, 

addresses the last conceptual step through the process-structure-property-mechanical state 

relationship map, partly disconnected from the rest of the work presented in the thesis. In Ch.7, a 

martensite variant selection theory is proposed for predicting variant clusters and preferred 
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variants while accounting for transformation rotations and applied stress fields. The theory is 

applied to Ti to demonstrate validity (using previous experimental results) and to make 

predictions of changes in the preferred variants under certain applied stress states. Indicated as 

region four in Figure 1.3, this work serves to help predict the microstructure of a component 

based on processing history. Serving as a partial aside from the work in Chapters 2-6, Ch.7 is 

separated from the other chapters in Figure 1.4, where region four corresponds to this theoretical 

work. 

 The final chapter, Ch.8, addresses potential future work which could build upon the 

investigations and results presented in Chapters 2-7. Since much of the future work related to 

each individual investigation is discussed in detail in the individual chapters, Ch.8 serves as a 

summary. Appendices A-F provide supplemental information, derivations, and proofs. Appendix 

G provides the permissions required to reproduce Ch.8 here (having been previously published). 

Table 1.1, on the next page, provides a quick and condensed reference for the layout of the thesis 

by chapter, along with references to the regions of Figure 1.3 and Figure 1.4 discussed in the 

introduction. 
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Table 1.1: Quick reference for the chapters of the thesis, including the relevant regions of Figure 

1.3 and Figure 1.4 as discussed in this chapter. 

Chapter 

Number 
Title 

First 

Page 

Region 

Number 

1 Introduction 1 N/A 

2 

Six-Dimensional Elastic Limit Hypersurfaces: 

Necessity, Visualization, and Application 

Demonstrated for Additively Manufactured Inconel 718 

11 1 

3 

A New Triclinic-Asymmetric Yield Criterion 

for Pressure Insensitive Materials: 

Employing an Implicit Description 

of Distortional Asymmetry and Anisotropy 

60 1 

4 
Additional Insights on Anisotropy and Asymmetry 

in Calibrating the Elastic Limit 
113 1 

5 

Anisotropic and Asymmetric Calibration 

of Embedded Single Crystal Yield 

Using Far Field HEDM 

160 2 

6 

Combined X-ray Investigation 

of Notched Cold Dwell Fatigue Fracture Initiation 

in Titanium Alloys 

204 3 

7 

An Expanded Martensite Variant Selection Theory Accounting 

for Transformation Rotations and Applied Stress Fields: 

Predictions of Variant Clusters in Titanium 

245 4 

8 Future Work 282 N/A 

A Appendix A: Error Calculations for the 45˚ Axis Assumption 293 N/A 

B Appendix B: Off-Axis Tension Calibration Equations 297 N/A 

C Appendix C: Mechanical Testing Specimen Geometries 301 N/A 

D 
Appendix D: 

Formal Proof of Convexity for Proposed Yield Criterion 
303 N/A 

E Appendix E: Calibration Equations for Proposed Yield Criterion 313 N/A 

F Appendix F: Supplementary Material for Chapter 7 317 N/A 

G 
Appendix G: 

Permissions to Use Copyrighted Materials for Chapter 7 
323 N/A 
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CHAPTER 2 

SIX-DIMENSIONAL ELASTIC LIMIT HYPERSURFACES: 

NECESSITY, VISUALIZATION, AND APPLICATION 

DEMONSTRATED FOR ADDITIVELY 

MANUFACTURED INCONEL 718 

2.1.   Introduction 

2.1.1  Motivation 

One classic material assumption evoked by engineers is material isotropy, whereby the 

behavior of a material in response to some external stimulus is independent of the orientation of 

the material with respect to that stimulus. Using this assumption in mechanics, scholars such as 

Tresca (1864) [1], Huber (1904) [2], Mises (1913) [3], Drucker (1951) [4], Hershey (1954) [5], 

and Hosford (1972) [6] developed mathematical models of the onset of inelastic deformation, or 

yielding of the elastic material response. Over the past century, these isotropic yield theories, 

including graphical techniques derived from these theories, have been globally integrated into 

standard engineering education curriculum. However, in an increasingly technological world, it 

is more frequent the case that advanced materials innovations such as fiber-reinforced 

composites, lightweight alloys, and now additively manufactured materials stray farther from the 

orientation-independent idealizations of von Mises. In response, the field of solid mechanics has 

since evolved to include the study and description of anisotropic and otherwise non-uniformly 

behaving materials; e.g., Tsai & Wu [7], Barlat [8]–[10], Kuroda & Tvergaard [11], [12], 

Banabic [13]–[15], and Kuwabara et al. [16]. In some cases, some of the same visualization and 

calibration techniques that were developed under the assumption of isotropy have been inherited 

as standard practice in modeling anisotropic materials, with loss of context. Without appropriate 
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calibrations and comprehension – specifically in regard to the dimensionality of the elastic limit, 

any new theory, and many existing theories, fail to be fully capable. As such, it is the aim of this 

chapter to address two important aspects related to applying such theories: their comprehension 

and their calibration. In the process of doing so, a new approach to visualizing the elastic limit in 

six dimensions will be presented along with supporting evidence to demonstrate the necessity of 

considering the complete six-dimensional nature of the elastic limit in making accurate 

predictions of material behavior. 

Before continuing to describe the requisite background and to provide a more detailed 

description of our goals, it is necessary to address the aforementioned discrepancy in 

understanding of the dimensional nature of the elastic limit. In short, a gap exists in 

comprehension across the field. Mathematicians and those familiar with abstract geometric 

concepts may dismiss the idea that the elastic limit of a material, prescribed using Cauchy stress, 

describes a five-dimensional hypersurface embedded in a six-dimensional hyperspace as trivial 

or common knowledge. In the strictest sense, they would be correct – just consider that any fully 

anisotropic function, prescribed using Cauchy stress, is written using six independent variables, 

the six components of the Cauchy stress tensor. Because such a function uses six independent 

variables, it must describe something in 6D. However, to many non-mathematicians, such as 

many of the materials scientists, mechanical engineers, and metallurgists who employ these 

criteria, the idea is not obvious, and without explanation can be considered as foreign or absurd. 

The authors ask the mathematicians reading to consider what the psychologist Steven Pinker [17] 

calls the “curse of knowledge,” a term coined first by economists Camerer et al. [18] and 

described succinctly by statistical communicator Tim Harford [19] as “once you know a subject 
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fairly well, it is enormously difficult to put yourself in the position of someone who doesn’t 

know it.” 

The tendency for scientists and engineers to consider the elastic limit as a surface in 

either 2D or 3D space likely stems, as noted earlier, from developing an initial understanding 

based on isotropic assumptions and methods and is reinforced by the use of texts in 

undergraduate and graduate studies such as Dieter [20], which simply notes that “Yielding 

begins when the state of stress reaches the surface of the cylinder, which is called the yield 

surface.” In Dieter, this statement follows the section on anisotropic yield and precedes only an 

allusion to the idea that “some work… indicates that the yield surface is not a cylinder of 

uniform radius,” and nothing regarding the idea of a higher dimensional character. And today, 

some still use a 2D surface in a 3D space to describe, visualize, and calibrate anisotropic elastic 

limits [20], [21]. 

It should be noted that there are some materials scientists, mechanical engineers, and 

metallurgists who do recognize the higher dimensional character of the elastic limit, either 

inexplicitly through the use of additional and appropriate projections [22]–[27] or explicitly by 

concretely stating the 6D nature of the elastic limit [8]–[10], [28]. Despite the presence of some 

comprehending scientists and engineers, there is a lack of in-depth explanations, resulting in the 

aforementioned gap in understanding across the field. One of the goals of this article is to help 

bridge that gap in order to both forward the field as a whole and to lay the foundation for the 

development of the proposed new yield theory in Ch.3. The latter being necessary, since current 

theories were extended through the use of a higher-dimensional geometric perspective. 

Throughout the remainder of the introduction, we provide a discussion targeted at 

bridging the gap in comprehension around the six-dimensional nature of the elastic limit (§2.1.2). 



 14 

Specifically, in §2.1.2.1 we proceed to present an explanation, building upon the ideas of Barlat 

[8]–[10], as to why the reduced dimension eigenspace is insufficient to fully define a state of 

stress for an anisotropic solid. Following this proof, the common practice of using an axis drawn 

at 45˚ to the x- and y- axes to represent a state of pure x-y shear (and analogs), hereafter referred 

to as “the 45˚ axis assumption,” is examined in §2.1.2.2. An explanation is provided for why this 

practice, which was inherited from applications of isotropic theories, does not accurately 

represent shear strength in an arbitrary anisotropic solid. A current description of 6D yield 

functions is presented in §2.1.2.3 together with insights into convex surface relationships 

between 6D and reduced dimension spaces. Then, new 6D hypersurface analysis techniques are 

presented in §2.2. Graphical techniques for visualizing 6D elastic limit hypersurfaces are 

presented in §2.2.1, including complete sets of orthogonal projections to lower dimensions, to 

enable use and interpretation of 6D hypersurfaces in modeling elastic limits of anisotropic solid 

materials. Implications with regard to calibrating the elastic limit in 6D are discussed in §2.2.2 

including the development of analytic and numeric calibration methodologies in §2.2.2.2. The 

experimental materials and methods used to quantify the yield behavior of an additively 

manufactured (laser powder bed fusion) Inconel 718 are presented in §2.3. In the results section, 

§2.4, the experimental results for the additively manufactured Inconel 718 are first presented in 

§2.4.1 and then in §2.4.2, the 6D methodology presented in §2.2 is demonstrated in determining 

the elastic limit hypersurface of additively manufactured Inconel 718. The discussion given in 

§2.5 connects the new results given in §2.4 to support the efficacy of the limitations of classical 

(3D) approaches discussed in §2.1.2. Finally, the major conclusions of this work are summarized 

in §2.6. 
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Finally, it should be noted that in the remainder of the article, we write the discussion 

using stress-based limit surfaces for convenience. Generally, the same approaches presented here 

can be applied to strain-based limits, or other choices of state variables, as well. 

 

2.1.2  Examining the Underlying Dimensionality of Stress Space 

Eigenvalue decomposition is a classic technique used to reduce the dimension of a set of 

data or information [29], [30]. Indeed, many approaches to formulating the yield potentials that 

underpin yield theories use the eigenvalues of a set of stress states that can be described by 

symmetric second-order tensors, such as the Cauchy stress tensor (a.k.a. the three principal 

stresses, or stress “invariants”) as internal variables (e.g., [1], [3]–[6], [31]–[34]). The set of 

stress states that corresponds with a set of principal stresses contains all stress states that are 

related to the principal stress state by rotations (but not stretches). It is the assumption that all 

rotations of the stress state are equivalent that makes this approach completely valid under an 

assumption of material isotropy, yet equally as impractical when the material is anisotropic. Note 

that in this work, only symmetric stress tensors are considered. 

 

2.1.2.1  Equivalent Stress States 

Consider the commonly studied rotations from a states of pure shear stress into a 

principal stress state. These rotations underpin the graphical Mohr’s circle approach that is used 

to teach multiaxial stress states and stress transformations in undergraduate engineering 

curricula. In Figure 2.1, two cases considering such a rotation in 2D are demonstrated side by 

side: Figure 2.1a depicts the implications of this rotation under an assumption of material 

isotropy, while Figure 2.1b represents the rotation applied to a generally anisotropic material. 
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The first line compares a biaxial (plane) tension-compression stress state to a state of pure shear. 

Under the isotropic assumption, the pure shear and biaxial stress states are equivalent, as shown 

by the graphical depiction of an Eigenvalue decomposition (second row of subfigures) that is the 

basis of the graphical proof given in Figure 2.1a. However, if material anisotropy is assumed, 

then the pure shear and biaxial stress states are not equal,  as depicted in Figure 2.1b by 

considering a rotation of the shear stress state to one of zero shear, holding the material frame 

fixed (the Eigenvalue decomposition, 2nd row), and then comparing that biaxial stress state to the 

one applied directly to the original material (3rd row), and realizing that the two stress states are 

not the same due to the unique orientation of the material with respect to the stress state when 

rotated back (4th row). 

 
Figure 2.1: Visual depictions of  the relationships between shear and axial stress states for (a) 

isotropic and (b) anisotropic materials. 
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Considering this result in 3D space, it is evident that the complete description of the 

elastic limit for an arbitrarily anisotropic material requires six dimensions. As follows from 

Figure 2.1, these six dimensions could be considered as three dimensions for the stress state in 

the principal coordinate system and three angular dimensions to define the orientation of that 

stress state relative to the material coordinate system. This approach, however intuitive, is more 

tedious when it comes to mathematical implementation of a yield theory, as two tensors need to 

be tracked – the principal stress tensor and the tensor that rotates the material coordinate system 

to align with the principal stress coordinate system. Instead, less mathematical bookkeeping is 

needed to simply use the six independent components of a symmetric stress tensor that has a 

coordinate frame aligned with the material coordinate frame as the six dimensions, three 

dimensions associated with the three axial stress components and the other three dimensions with 

the shear stress components. The six-dimensional stress space approach was alluded to by Barlat 

in his 1987 papers [9], [10] and further discussed in 1991 [8] in regard to tri-component plane 

stress yield surfaces. The take-away point from those works important to this work is that the 

six-dimensional stress space approach implies that any limit surface (such as a yield or 

transformation surface) is actually a 6D hypersurface, in which the classic image of a 3D surface 

plotted against the axial stresses is only one of multiple lower dimensional slices or projections, 

which in and of itself portrays an incomplete picture. 

As an additional note on the dimensionality of the elastic limit, it is important to clarify 

the terminology being used. The region of elastic behavior, existing in six dimensions can be 

described as a 6D object; the boundary between this region and the region describing inelastic 

behavior is necessarily a five-dimensional hypersurface. Why is the hypersurface only 5D? To 

answer this, consider a standard cube floating in 3D space. If the cube were made of a fluid such 
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as water, then an ant could swim through the volume. The swimming ant would have three 

degrees of freedom, navigating up-and-down, left-and-right, and forwards-and-backwards. But if 

the cube were solid, such that the ant is forced to navigate solely on the surface of the cube, then 

the ant would only be allowed two degrees of freedom, left-and-right and forwards-and-

backwards. With regards to the dimensionality of the cube, it is a 3D object, however the surface 

of that cube possesses one less dimension, making it a 2D surface. The same is true for the 

hypersurface bounding the 6D region of elastic behavior of a material; it is a 5D hypersurface. 

 

2.1.2.2  Why the “45˚ Axis Assumption” Only Applies to Isotropic Yield Surfaces 

Figure 2.2 depicts the von Mises limit surface for yielding in isotropic solids as a full 3D 

surface in Eigenspace (Figure 2.2a) and as a projection onto both the x-y plane (Figure 2.2b) and 

the Pi-Plane (Figure 2.2c). Because the stress transformation depicted in Figure 2.1a is valid for 

states of pure shear under the assumption of isotropy, it is common practice to consider an axis 

oriented  45˚ relative to the x- and y- axes to represent a state of pure shear, again referred to in 

this work as “the 45˚ axis assumption.”  This assumption is illustrated in Figure 2.3a and 

extrapolated into the Pi-Plane in Figure 2.3b, in which the yield strengths for uniaxial tension 

and compression have been indicated, along with the yield strengths in pure shear. 

 

 
Figure 2.2: von Mises yield criterion depicted as (a) a 3D limit surface, (b) a 2D projection, and 

(c) a Pi-Plane projection. 
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This graphical technique fails in the case of a generally anisotropic material such as that 

illustrated in Figure 2.1b. If we consider that the shear strengths of a material are independent of 

the axial strengths of that material, or otherwise not equivalent to the equal biaxial tension-

compression strength of an unrotated material element, then the points that represent yielding in 

pure shear should not necessarily lie at the intersection of the projection of the limit surface into 

a plane defined by two of the axial stress components and the 45˚ axes, as drawn in Figure 2.3a. 

Such a situation is depicted in Figure 2.4a, in which a projection of the limit surface due to only 

the axial stresses is shown fully shaded (in blue), while one due only to shear stresses is shown 

hatched (in orange). Now consider a case where these axial stress and shear stress limit surface 

projections are coupled by the “45˚ axis assumption” in the Cartesian projections (Figure 2.3a), 

yet still unique with respect to each other. Such a case results in agreement at 15˚ intervals 

around the Pi-Plane projections (e.g., Figure 2.4b). If a non-isotropic material is loaded in pure 

shear, it will yield either before or after reaching the equal biaxial tension-compression limit 

unless the two surfaces are coincident at the pure shear limit. This example suggests that the six 

components of a symmetric stress tensor should be considered six independent variables for an 

arbitrarily anisotropic material system. Even if such a condition is met, errors can still arise by 

not considering the complete six-dimensional character of the stress space, as seen in the gaps 

between the two surfaces shown in Figure 2.4b. It is possible to quantify the theoretical limits of 

these errors (see Appendix A) and determine that in the case that the condition is met, for a 

material without asymmetry, the error is bounded at 40.4% for a 1:1 axial strength ratio and at 

100% for a 1:∞ axial strength ratio, while when the 6 components are fully independent, the 

error is unbounded at any axial strength ratio. 
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Figure 2.3: Illustration of the shear axis visualization for isotropic limit surfaces (a) in 2D and (b) 

extrapolated into the Pi-Plane. 

 

 
Figure 2.4: Illustrations of overlapping axial and shear limit surfaces for (a) a non-coincident 

case and (b) a case in which the two surfaces coincide at the uniaxial and pure shear strengths. 

 

2.1.2.3  A Necessary Approach in Higher Dimensions 

To provide further context and perspective to the necessity of five-dimensional 

hypersurfaces to describe the elastic limit in six dimensions, a foundational anisotropic yield 

criterion is discussed and analyzed in this final section of our review. In 1948, Hill [35] 

developed an anisotropic yield function for materials with orthotropic symmetry by modifying 
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the von Mises yield criterion. Equation 2.1 below (Equation 5 from [35]) contains six 

characteristic material constants that effectively weight the influence of each element of stress on 

the yield potential. 

 

 2"	 ≡ %&'(( − '**+
,
+ .('** − '00), + 2&'00 − '((+

,
 (2.1) 

+23'(*, + 24'*0, + 25'0(, = 1 

 

Another way to interpret Hill’s orthotropic yield function is to treat it as constructed 

implicitly by using a two-part procedure: 

1. a linear transformation from the immediate stress space (or experimentally determined 

stress) into an equivalent isotropic stress space 

2. the implementation of an isotropic yield theory 

Under the linear transformation, the new stress state behaves the same as one acting on an 

isotropic material such that it is independent of orientation. To demonstrate this procedure, 

consider the above expression rewritten in deviatoric stress space: 

 

 2"	 ≡ 8900, + :9((, + ;9**, + 239(*, + 249*0, + 2590(, = 1 (2.2) 

where 

8 = 2(. + 2) − % : = 2(% + 2) − . ; = 2(% + .) − 2 

 

This new expression can now be written in terms of an equivalent isotropic deviatoric 

stress space: 
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with 

 =∗ =	ℿ(?)= (2.4) 

 

where S is the deviatoric stress, S* is the transformed deviatoric stress in equivalent isotropic 

stress space, and ℿ(4) is the rank 4 structural tensor of plastic anisotropy [34], which acts as a 

linear transform between the immediate (anisotropic) stress space and the equivalent isotropic 

stress space. In standard Voigt notation, the components of Equation 2.4 take the following form: 
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Decomposed in this form, it is clear that the Hill expression (Equation 2.1) is an implementation 

of the von Mises yield criterion for isotropic solids (Equation 2.3).  

Expanding upon this idea of treating anisotropy as a linear transformation to an 

equivalent isotropic stress space, once transformed, all of the classical methods for treating 

isotropic solids are applicable. For example, Equation 2.3 could have been written in terms of the 

principal stresses: 

 

 2"	 ≡ 9∗H, + 9∗,, + 9∗I, 	= 1 (2.5) 
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where 9∗J for i = 1, 2, 3 are the 3 eigenvalues of S*. This is not to say that the limit hypersurface 

in full six-dimensional stress space is not necessary, but rather to point out both the advantages 

of this perspective and how one could easily assume that only three dimensions are required. 

Figure 2.5 illustrates this complete procedure from 6D stress space to equivalent isotropic stress 

space and the successive dimension reductions to a scalar value or plastic potential. It is 

imperative that the entire inverse procedure be followed to construct a complete limit 

hypersurface in 6D. Some scholars in the past have assumed that because the stress is applied to 

a 3D object, only the three dimensions of stress determined in the Eigen-space need be 

transformed back into the immediate stress space. However, failing to first invert the dimension 

reduction into Eigen-space prior to inverting to the immediate stress space results in incomplete 

or invalid illustrations of the limit hypersurface. To visualize the problems that arise by omitting 

that particular step, return to Figure 2.1. 

 

 
Figure 2.5: Illustration of the procedure for constructing anisotropic yield functions and the 

associated yield hypersurface. 

 

As a contrast to Hill’s 1948 yield theory [35], the Cazacu et al. (2006) anisotropic and 

asymmetric yield function [31], Equation 2.6, can serve as another example for this procedure. 

Here, the procedure defined by Figure 2.5 is technically replaced by a similar procedure (found 

in Ch.3) describing asymmetric material systems. That said, the same basic logic applies and is 
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more clearly followed since the yield function is untenable when not written in terms of principal 

stresses, and ℿ(4) is not limited to a diagonal form. 

 

 K =	∑ (|9∗J| − N9
∗
J)
OI

JPH  (2.6) 

 

where ‘k’ and ‘a’ are additional material parameters in the equivalent isotropic space and S* is 

computed as in Equation 2.4, but with a more general definition of ℿ(4). Here, since the yield 

function also accounts for asymmetry, ℿ(4) accounts for both the orientation-dependent relative 

strengths and the orientation-dependent relative asymmetries. 

Indeed, many anisotropic elastic limit hypersurfaces can be (re)formulated as a sequence 

of the transformations depicted in Figure 2.5, and later in Ch.3 as well. This implicit perspective 

is invaluable for determining the convexity of hypersurfaces in 6D. More specifically, following 

logic similar to that found in Barlat (1991) [8] allows for the understanding that proving 3D 

convexity in the Eigenspace, for elastic limits which fit formulations similar to the one depicted 

in Figure 2.5, is sufficient to provide convexity in 6D for a full 5D hypersurface. More exactly, 

Lippmann [36] demonstrated that if a yield surface is convex in the 3D Eigenspace, then it must 

also be convex in the 6D equivalent isotropic stress space. Rockafellar [37] and Eggleston [38] 

have noted that a linear transformation performed on a convex surface, or hypersurface, does not 

affect the convexity of that surface. Hence, the transference of convexity bestowed by the 

preceding argument is independent of the methodology implemented to originally demonstrate 

convexity in 3D. 
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2.2.    Methods Developed for Comprehension and Calibration 

2.2.1  Visualizing a 6D Yield Hypersurface 

Barlat explored the case in which a 2D material space (plane stress) results in three 

unique values of stress and a 3D (or tri-component) yield surface [9], [10]. His resulting plots are 

helpful in demonstrating the idea of a yield surface that uses axial and shear stresses as 

independent coordinate axes. However, visualizing elastic limit surfaces in more than three 

spatial dimensions requires a new, albeit not inherently intuitive, graphical approach. This 

section starts by introducing visualizations of regular spheres and hyperspheres of increasing 

dimensionality and complexity to develop a framework for visualizing other types of 

hypersurfaces. A hypersphere, like the sphere, is simply a body that extends the same distance 

from an origin in every direction, regardless of the number of spatial dimensions.  

Consider first a classic 3D sphere. If one of the 3 dimensions is chosen as the ‘major’ (or 

primary) axis, then by moving along this axis and recording evenly spaced snap-shots of the two 

remaining ‘minor’ axes, the plot in Figure 2.6 can be created. To help visualize the meaning of 

the plot, imagine each of the circles pivoted about their individual vertical axes by 90˚ such that, 

when stacked together with the spaces appropriately filled, the original sphere is recovered. This 

plot will be referenced as a 3D-to-1D dimensional compression since the 3D object was reduced 

to a plot along a single major axis. 

 

 
Figure 2.6: 3D-to-1D dimensional compression plot of a classic 3D sphere. 

 



 26 

Now consider a 4D hypersphere. The only difference between this shape and the sphere 

is that another orthogonal direction exists in which the body can be considered to expand under 

the same rules as the other three. Graphically, another major axis can be used to plot how the 

shape evolves in this 4th orthogonal direction. Figure 2.7 shows the result of such an approach, 

where two minor axes are plotted as 2D loci through the space spanned by the two major axes. 

This plot would therefore be considered a 4D-to-2D dimensional compression. Certain 

symmetries that would be expected by a hypersphere are clearly visible using this technique. 

 

 
Figure 2.7: 4D-to-2D dimensional compression of a 4D hypersphere. 
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The same hypersphere can be visualized by employing a different technique. Here, the 

additional major axis can be compressed into a third minor axis. This would be the same as 

traveling along a single major axis and plotting evenly spaced 3D loci of the hypersphere (Figure 

2.8), which can be considered as a 4D-to-1D dimensional compression. Note however, that if the 

negative direction of the third minor axis behaves differently (i.e., there is asymmetry in that 

direction), then a second 4D-to-1D set of 3D loci is required to visualize the ‘undersides.’  

Extending another dimension, and applying the same logic as before to a 5D hypersphere, 

considering two major axes and three minor axes, Figure 2.9 (5D-to-2D dimensional 

compression of a 5D hypersphere) can be plotted. 

 

 
Figure 2.8: 4D-to-1D dimensional compression of a 4D hypersphere. 

 

With computer modeling, we could extend this procedure to 6 dimensions by imagining a 

third major axis coming out of the page, producing a 3D field of 3D minor axes which possesses 

a continuation of the symmetries from Figure 2.9, though such a graphic would be difficult to 

print in a journal. 
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Figure 2.9: 5D-to-2D dimensional compression of a 5D hypersphere. 

 

The ability to compress the higher dimensional space into a graphic on a single sheet of 

paper is greatly diminished. However, elastic yielding events of most engineering materials are 

pressure insensitive, hence yield events are unaffected by an increase or decrease in the 

hydrostatic stress. This idea has been used to reduce the 3D isotropic yield surface in the 

Eigenspace to a 2D plot in the Pi-Plane by looking down the hydrostatic axis. In such a plot, the 

additional dimension coming out of the page does not affect the shape or size of the surface, 
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producing a cylinder (as in Figure 2.2). Provided the yield behavior is pressure-insensitive, the 

same logic can be used to create a graphical depiction of a 6D yield hypersurface, whereby 

making the three major axes the axial stress components and the three minor axes the shear stress 

components allows the rotation of the major axes to look down the hydrostatic axis (itself a 

major axis of the plot). To help illustrate this process, consider a simpler 6D object such as a 

hypercylinder with a 5D hypersphere as the cross-section, plotted using the same techniques 

discussed above and making use of the Pi-Plane to orient the viewing axis parallel to the free 

axis of the cylinder (see Figure 2.10). 

While these graphical techniques ultimately allow the visualization of up to a full elastic 

yield hypersurface in 6D (or other types of hypersurfaces in up to 6 dimensions) the plots are 

dense and require persistence to interpret them, until intuition is developed in the higher 

dimensional spaces. If desired, these graphical methods can be augmented using a series of 

projections from higher dimensional space into more familiar 3D or 2D spaces to help parse the 

information, symmetries, and correlations between a few of the individual strength components 

at a time (vs. simultaneously examining all correlations). Because any such projection is the 

locus defined by the intersection of an affine set with a convex set, convexity is preserved. 

However, by using projections into lower dimensional space, some information can be lost such 

as higher order correlations between more than 3 strength components (which might occur in 

materials with bulk monoclinic symmetry) or higher degrees of symmetry that exist in a partially 

rotated coordinate frame (such as when properties are not measured in the material coordinate 

frame). The remainder of this section discusses how the hypersurface in 6D from Figure 2.10 

appears when projected into 2D and 3D. 
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Figure 2.10: Visualization of a 6D hypercylinder with a 5D hypersphere cross-section, looking 

down the hypercylinder’s free axis. Two inserts have been added to the plot for scaling purposes, 

along with one insert to assist in the visualization of the symmetries. The insert in the upper left 

is an enlargement of the minor axis plot located at the (0,0,0) position in the major axes system 

with a scale added. All minor axis plots are equally scaled. The insert in the upper right is the 

color scale representing the third minor axis in all of the minor axis plots; all minor axis plots are 

equally scaled. The bottom right insert is a trace of the bounding surface in the major axis plot 

where the minor axis plots approach a single point, (0,0,0), and illustrates the symmetries that 

may be less apparent due to the pixilation from a limited use of minor axis plots. Although more 

minor axis plots could be utilized to increase the major axis fidelity and eliminate the need for 

this third insert, doing so would make the minor axis plots less discernible. 

 



 31 

In general, the number of orthogonal projections into a kth dimensional space from an nth 

dimensional space can be computed using combinations, specifically n combination k (written 

here as nCk). Equation 2.7 shows the calculation for nCk. With six unique directions, a complete 

set of 2D projections would require 6C2, or 15, independent plots. Figure 2.11 shows this 

complete set for the 6D hypercylinder from Figure 2.10. To more directly compare with yield 

hypersurfaces and mechanics applications, the three major axes are denoted σa, σb, and σc and the 

3 minor axes are denoted τbc, τac, and τab. 

 

 ;QR
	 =	

R!

Q(RTQ)!
 (2.7) 

 

 
Figure 2.11: Complete set of 2D projections for the hypersurface in Figure 2.10. Note that all 

intercepts are at either 1 or -1. 
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Notice that these projections do not indicate what happens under a state of hydrostatic 

stress, i.e., the cylindricity of the hypersurface. More information, such as the cylindricity and 

other spatial symmetries, and more relationships between the independent stress directions can 

be recognized by plotting 3D projections instead of 2D projections. The complete set of 3D 

projections requires 6C3, or 20, independent plots, as shown in Figure 2.12. 

 

 
Figure 2.12: Complete set of 3D projections for the hypersurface in Figure 2.10. Everywhere the 

shape intercepts is either at 1 or -1. 

 

These visualization tools can be useful to discern material symmetries, beyond those 

assumed at the point of model calibration, which may be present. They can inform those using a 

model on the expected material behavior under combined loading scenarios, including weak and 

strong load configurations. The projection sets in particular make comparing multiple yield 
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theories extremely convenient – as will be demonstrated in Ch.3. Beyond improving 

comprehension and comparability of calibrated yield criteria, the visualization methods 

presented can also improve calibration procedures which employ graphical means. Such 

procedures often require an engineer or scientist to visually compare plotted data to a current 

estimated model calibration, adjusting and improving the parameters of the model until a 

sufficient fit between the experimental data and the calibrated model is achieved. In cases where 

such methods are employed, it is necessary that appropriate graphical tools are used. More 

discussion regarding calibration of the elastic limit follows in §2.2.2. 

 

2.2.2  Calibrating the Limit Hypersurface 

Yield surface calibration is necessary to employ a theoretical model to make predictions 

in a real-world material system. Although a 5D hypersurface might sound daunting to calibrate, 

the same set of parameters that have historically been considered must be determined. The only 

difference is that if graphical methods were used in lower dimensions, then they must be 

replaced by either 6D graphical methods (like those in Figure 2.10 – 2.12) or analytic 

calculations. 

 

2.2.2.1  Rank 4 Structural Tensor of Plastic Anisotropy: Discussion of Components 

For any limit theory that can be decomposed as described in Figure 2.5, the first 

consideration for calibration is the 4th rank structural tensor of plastic anisotropy ℿ(4) (the linear 

transformation from the anisotropic to the equivalent isotropic space), which can be represented 

in Voigt notation by a 6 x 6 matrix. There are several properties of ℿ(4) that are generally 

universal across different limit theories, which will be discussed considering the five 5 Regions 
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of the matrix given in Equation 2.8. In every case, the values of the components of ℿ(4) are not 

restricted by the necessary condition of convexity of the hypersurface, as per the arguments of 

§2.1.2.3. 

  (2.8) 

 

Together, Region 1 and Region 2 describe standard orthotropy as used in Hill’s 1948 

anisotropic yield theory (Equations 2.1 – 2.5). It should be noted that ℿ(4) does not correspond to 

the elastic stiffness matrix (C), and therefore the meaning behind individual elements is different. 

Regions 1 and 2 describe the relative axial and shear strengths of the material respectively. 

Unlike in elasticity, Region 3 does not represent the Poisson response. Region 3  however, 

contains the coefficients necessary to completely describe an orthotropic (or lower symmetry) 

solid due to the inherently coupled nature of the axial strengths with regard to a yield potential. 

Due to the use of the deviatoric stresses in most yield criteria, the coefficients in Regions 1 and 3 

are coupled, and should therefore be determined simultaneously when calibrating. Region 3 can 

further be used to impart anisotropies in tension-compression asymmetry. Region 4 

overdetermines a standard symmetric, anisotropic solid but could also be used to help describe 

anisotropies present in an asymmetric material. If such a yield potential is used, then Regions 1 

and 3 can be calibrated together to account for axial anisotropies in both strength and asymmetry, 

and Regions 2 and 4 can be calibrated together to account for analogous shear anisotropies. 
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In elasticity, Region 5 would contain shear coupling parameters that indicate shear strains 

resulting from axial loads and vice versa. A mathematically similar, yet physically unique 

phenomenon is described by the Region 5 parameters in ℿ(4). Non-zero parameters in Region 5 

indicate that axial loading can cause shear yielding and vice versa. In other words, materials with 

non-zero Region 5 parameters (such as those with trigonal or monoclinic bulk symmetry) would 

be able to yield from hydrostatic loading alone, mimicking pressure-sensitive behavior. 

Tension and compression data for all three material directions can be used to construct a 

set of six equations to solve for the parameters in Regions 1 and 3. In the event that tension-

compression symmetry exists, only three unique equations are constructed and all of the Region 

3 coefficients are zero or otherwise predictably dependent on the Region 1 coefficients. Positive 

and negative direct shear data can be used to similarly determine the coefficients for Regions 2 

and 4. If shear strengths are symmetric, then only three unique shear equations can be 

constructed and all of the Region 4 coefficients are zero. 

Note that in torsion tests, cartesian asymmetry and anisotropy are convoluted as a result 

of the presence of orthogonal shear stress states in both positive and negative senses. For 

example, torsion about the z-axis produces a gradient from positive U0*, to positive U(*, to 

negative U0*, to negative U(*, and back to positive U0*. Hence, it is not possible to distinguish 

which shear strength limit resulted in the onset of plasticity and therefore asymmetry or 

anisotropy in shear for a material with a cartesian reference frame cannot be determined. As a 

result, direct shear tests are always preferred for calibration data in materials with cartesian 

symmetries. Torsion data could however be used in cases where the material symmetries exist in 

a polar (or cylindrical) sense or in the case of isotropic and symmetric shear strengths in the 

plane normal to the axis of torsion. 
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2.2.2.2  Calibration Case Study 

Analytic methods are of particular interest since the determination of constants for 

models of anisotropic systems can be difficult and time intensive [39], and because some classic 

graphical calibration approaches are more complex, yet complete in six-dimensional space. To 

demonstrate how to analytically calibrate the coefficients of ℿ(4), a case study is presented using 

the Cazacu et al. 2006 yield potential given in Equation 2.6 for asymmetric and anisotropic 

solids [31]. This yield potential accounts for isotropic tension-compression asymmetry through 

the use of two constants ‘k’ and ‘a’. The constant ‘k’ directly represents the isotropic asymmetry 

of the material, and the constant ‘a’ acts to modify the shape of the yield surface in a similar way 

to Hershey’s model from 1954 [5]. By modifying the curvature of the yield surface through the 

shape parameter ‘a’, the isotropic asymmetry parameter ‘k’ can account for greater or lesser 

degrees of asymmetry. This effect can be seen by plotting the tension-compression asymmetry 

over the range of valid ‘k’ values and for various values of ‘a’ (Figure 2.13 , after Fig. 4 of 

Cazacu et al. [31]), where VW VX⁄  is the asymmetry ratio for an isotropic material; i.e., ℿ(4) is set 

to an identity matrix. 

To start the process of calibrating ℿ(4), initial values for the parameters ‘a’ and ‘k’ are 

assumed. These initial guesses for ‘a’ and ‘k’ should be guided by the expected isotropic 

asymmetry (due to processing methodology, other known material physics, and/or experience) of 

the material using Figure 2.13. However, one should also consider that large values of ‘a’ will 

lead to sharp corners on the yield hypersurface that may result in increases in numerical costs as 

curvature gradients become more extreme, depending on the chosen numerical methods used for 

implementation.  Generally, for numerical stability/speed, a small value of ‘a’ is recommended, 

noting that further asymmetry can still be imposed through Region 1 and 3 coefficients of ℿ(4); 
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i.e., additional asymmetry can be introduced together with the anisotropy. Should the parameters 

‘a’ and ‘k’ be chosen such that an insufficient isotropic asymmetry is available, then the 

equations used to determine the coefficients of ℿ(4) will have no solution, and larger values of ‘a’ 

and/or ‘k’ should be selected and the values of ℿ(4) recalculated. 

 

 
Figure 2.13: Tension-Compression ratios for various 'k' and 'a' parameter values for the Cazacu 

et al. 2006 yield potential. 
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Having assumed values for ‘a’ and ‘k’, the elements of ℿ(4) can be determined 

analytically. The following relations exist from the definition of S* (Equation 2.4): 

 

 

9∗00 =	ΠHH900 +	ΠH,9(( +	ΠHI9**	 		 9∗(* = 	Π??9(* +	Π?[9*0 +	Π?\90(	9∗(( = 	ΠH,900 +	Π,,9(( +	Π,I9** 		 9∗*0 =	Π?[9(* +	Π[[9*0 +	Π[\90(	9∗** =	ΠHI900 +	Π,I9(( +	ΠII9** 		 	9∗0( =	Π?\9(* +	Π[\9*0 +	Π\\90(
 (2.9) 

 

Assuming that the material is asymmetric and that tension and compression tests have 

been performed for all three material directions (x, y, and z), the following relations can be 

formulated: 

 

 

K =	 ]^ΠH,'_`0 +	ΠHI'_`0 − 2ΠHH'_`0^ + 	N&ΠH,'_`0 +	ΠHI'_`0 − 2ΠHH'_`0+3 b
O
 

					+	]^Π,,'_`0 +	Π,I'_`0 − 2ΠH,'_`0^ + 	N&Π,,'_`0 +	Π,I'_`0 − 2ΠH,'_`0+3 b
O
 

					+	]^Π,I'_`0 +	ΠII'_`0 − 2ΠHI'_`0^ + 	N&Π,I'_`0 +	ΠII'_`0 − 2ΠHI'_`0+3 b
O
 

(2.10) 

 

 

K =	 ]^ΠH,'_c0 +	ΠHI'_c0 − 2ΠHH'_c0^ − N&ΠH,'_c0 +	ΠHI'_c0 − 2ΠHH'_c0+3 b
O
 

					+	]^Π,,'_c0 +	Π,I'_c0 − 2ΠH,'_c0^ − N&Π,,'_c0 +	Π,I'_c0 − 2ΠH,'_c0+3 b
O
 

					+	]^Π,I'_c0 +	ΠII'_c0 − 2ΠHI'_c0^ − N&Π,I'_c0 +	ΠII'_c0 − 2ΠHI'_c0+3 b
O
 

(2.11) 
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K =	 deΠHH'_`( +	ΠHI'_`( − 2ΠH,'_`(e + 	N fΠHH'_`( +	ΠHI'_`( − 2ΠH,'_`(g3 h
O

 

					+	deΠH,'_`( +	Π,I'_`( − 2Π,,'_`(e + 	N fΠH,'_`( +	Π,I'_`( − 2Π,,'_`(g3 h
O
 

					+	deΠHI'_`( +	ΠII'_`( − 2Π,I'_`(e + 	N fΠHI'_`( +	ΠII'_`( − 2Π,I'_`(g3 h
O
 

(2.12) 

 

 

 

K = 	 deΠHH'_c( +	ΠHI'_c( − 2ΠH,'_c(e − 	N fΠHH'_c( +	ΠHI'_c( − 2ΠH,'_c(g3 h
O
 

					+	deΠH,'_c( +	Π,I'_c( − 2Π,,'_c(e − 	N fΠH,'_c( +	Π,I'_c( − 2Π,,'_c(g3 h
O
 

					+	deΠHI'_c( +	ΠII'_c( − 2Π,I'_c(e − 	N fΠHI'_c( +	ΠII'_c( − 2Π,I'_c(g3 h
O
 

(2.13) 

 

 

 

K =	 ]^ΠHH'_`* +	ΠH,'_`* − 2ΠHI'_`*^ + 	N&ΠHH'_`* +	ΠH,'_`* − 2ΠHI'_`*+3 bO 

					+	]^ΠH,'_`* +	Π,,'_`* − 2Π,I'_`*^ + 	N&ΠH,'_`* +	Π,,'_`* − 2Π,I'_`*+3 bO 

					+	]^ΠHI'_`* +	Π,I'_`* − 2ΠII'_`*^ + 	N&ΠHI'_`* +	Π,I'_`* − 2ΠII'_`*+3 bO 

(2.14) 
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K =	 ]^ΠHH'_c* +	ΠH,'_c* − 2ΠHI'_c*^ − 	N&ΠHH'_c* +	ΠH,'_c* − 2ΠHI'_c*+3 b
O
 

					+	]^ΠH,'_c* +	Π,,'_c* − 2Π,I'_c*^ − 	N&ΠH,'_c* +	Π,,'_c* − 2Π,I'_c*+3 b
O
 

					+	]^ΠHI'_c* +	Π,I'_c* − 2ΠII'_c*^ − 	N&ΠHI'_c* +	Π,I'_c* − 2ΠII'_c*+3 b
O
 

(2.15) 

 

where '_`0, '_`( , and '_`*  are the tensile yield strengths in the x-, y-, and z- directions, 

respectively, and '_c0, '_c( , and '_c* are the compressive yield strengths in the x-, y- and z- 

directions, respectively. These relations can be used to directly solve for ΠHH, Π,,, ΠII, Π,I, 

ΠHI, and ΠH, for given values of ‘a’ and ‘k’. 

Applying the same logic to the shear properties provides further insight into the 2006 

Cazacu et al. yield potential that hasn’t been previously discussed. Equations 2.16 and 2.17 show 

the resulting relations for the positive and negative shear strengths in the y-z direction: 

 

 K =	 ieΠ??U_j(*e + 	NΠ??U_j(*k
O +	ieΠ??U_j(*e − 	NΠ??U_j(*k

O
 (2.16) 

 

 K =	 ieΠ??U_T(*e − 	NΠ??U_T(*kO +	ieΠ??U_T(*e + 	NΠ??U_T(*kO (2.17) 

 

where U_j(* and U_T(* are the positive and negative shear strengths, respectively. Since K and 

Π?? are constants, Equations 2.16 and 2.17 dictate the requisite shear relationship: U_j(* =
	U_T(* 	. This requirement of shear strength symmetry follows for all three orthogonal directions; 

hence the 2006 Cazacu et al. yield potential can only model materials that exhibit symmetric 
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shear strengths. As a result, only one direct shear test is needed in each orthogonal direction to 

calibrate this yield potential, and the following relations can be used to fit the remaining 

constants of ℿ(4): 

 

 K =	 ieΠ??U_(*e + 	NΠ??U_(*k
O
+	ieΠ??U_(*e − 	NΠ??U_(*k

O
 (2.18) 

 

 K =	 ieΠ[[U_*0|e + 	NΠ[[U_*0k
O
+	l^Π[[U_*0^ − 	NΠ[[U_*0m

O
 (2.19) 

 

 K =	 ieΠ\\U_0(e + 	NΠ\\U_0(k
O
+	ieΠ\\U_0(e − 	NΠ\\U_0(k

O
 (2.20) 

 

where U_(* , U_*0, and U_0( are the shear strengths in the y-z, z-x, and x-y directions, 

respectively, as determined by direct shear tests. These relations can be used to directly solve for 

Π??, Π[[, and Π\\ for given values of ‘a’ and ‘k’. Additionally, Π[\, Π?\, and Π?[ should be set 

to zero. 

Having calibrated ℿ(4), at least two more experimental strengths are needed to now 

uniquely determine values for ‘a’ and ‘k’. Although ‘k’ appears in the relations for the shear 

coefficients, since there is no asymmetry in shear, axial-shear tests do not provide an additional 

independent relation that can be used to solve for ‘k’. As a result, biaxial data points are 

necessary to be able to uniquely define ‘k’. There are, however, only some biaxial stress states 

that provide the new information needed to determine ‘a’ and ‘k’, since multiple 6-dimensional 

stress states correspond to the same 5-dimensional deviatoric stress state, and this yield potential 

assumes pressure insensitivity. For example, a 1:1 tension-tension stress state applied in the x-y 
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plane is identical to a uniaxial compression stress state applied in the z-direction with regard to 

the deviatoric stress state that is created. For this reason, either tension-compression or unequal 

tension-tension (preferably 1:2) mechanical tests are recommended. 

A biaxial test to achieve a 1:2 biaxial tension stress state provides the needed data, but 

practically such a test requires an experimental setup that is not common in most labs, as well as 

larger and most likely more difficult to manufacture samples. In place of the biaxial test, a 

similar stress state could be generated by testing a tensile sample cut at an angle to one of the 

material coordinate frame directions. A sample cut at either cosTH qr,
Is or cosTH qrH

Is, 35.26˚ 

or 54.74˚ respectively, results in a stress state with a 2:1 or 1:2 biaxial stress ratio with the 

addition of a √2 magnitude in plane shear stress once transformed into the material coordinate 

frame. As discussed above, shear does not impact the determination of ‘k’, allowing the same 

relations to be evaluated utilizing this simpler sample geometry and test setup. The associated 

mathematical relationships are more complicated for these off-axis tensile specimens than for a 

biaxial sample, but have been evaluated for samples cut at both angles for all three material 

coordinate frame directions and are provided in Appendix B. As an example, the relationship for 

the sample cut 35˚ counterclockwise from the y-axis in the xy-plane is given here: 

 

 K =	ftuvwxyI gO [|(Π,I −	ΠII)| − N(Π,I −	ΠII)]O 

 +	ftuvwxyI gO l^(ΠH, −	ΠHI) cos,&|(I[0+ +	(Π,, −	Π,I) sin,&|(I[0+ −	√2Π\\ sin&2|(I[0+^ 
 −N f(ΠH, −	ΠHI) cos,&|(I[0+ +	(Π,, −	Π,I) sin,&|(I[0+ −	√2Π\\ sin&2|(I[0+gkO (2.21) 

 +	ftuvwxyI gO l^(ΠH, −	ΠHI) sin,&|(I[0+ +	(Π,, −	Π,I) cos,&|(I[0+ +	√2Π\\ sin&2|(I[0+^ 
 −N f(ΠH, −	ΠHI) sin,&|(I[0+ +	(Π,, −	Π,I) cos,&|(I[0+ +	√2Π\\ sin&2|(I[0+gkO 
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where 

2|(I[0 = 	 cotTH Äq(ΠH, −	ΠHI) −	(Π,, −	Π,I)−2√2Π\\ sÅ 

 

and where '_(I[0  is the uniaxial yield strength for the test being performed, with subscripts 

identifying the relative axis (y), the angle of offset (35˚), and the second axis in the plane (x). 

Since this test could be performed for up to six unique combinations, it is possible to generate 

enough data to overdetermine the system. Should it be desired, this strategy could be used to 

perform a regression-like analysis to ascertain a best fit for the data. This approach is 

recommended since in 2D axial-axial projections ‘k’ and ‘a’ both act to modify the overall shape 

of the hypersurface, and various loading directions (or combinations of directions) may be more 

or less sensitive to changes in ‘k’ and ‘a’, making them difficult to calibrate using only two data 

points. 

Once the values of ‘a’ and ‘k’ have been appropriately determined, they will need to be 

used to re-compute the coefficients of ℿ(4). An iterative process can then be used to solve for ‘a’ 

and ‘k’ along with the coefficients of ℿ(4) until convergence is achieved. Since these analytic 

solutions are transcendental, requiring iterative approaches to find solutions, it is perhaps more 

practical to solve all 15 equations simultaneously using a nonlinear least squares regression 

approach. For solutions to these equations, the nonlinear least squares solver in Matlab was used 

to generate a best fit solution. 
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2.3.   6D Hypersurface Application to Additively Manufactured Inconel 718 

2.3.1 Additive Manufacturing 

The material used in this study was Inconel 718 manufactured by a laser powder bed 

fusion process on a Concept Laser M2 Cusing multilaser system using manufacturer-

recommended settings and manufacturer-supplied 10 to 45 µm spherical powders, as previously 

documented in [40]. In summary, the machine used two 200 W fiber lasers, with power, speed, 

spot size, and overlap settings listed in Table 2.1. Additionally, a 90˚ rotation in subsequent 

layers was used for the 5 mm x 5 mm serpentine “inner skin” laser scan strategy. Unlike the 

previous work that fabricated free-standing specimens [41], here, samples were extracted from a 

solid 4” x 4” x 3 7/8” block of AM material, hence material fabricated with the “outer skin” and 

“contour” parts of the build path was not tested (see § 2.3.2). Fabrication was performed under 

an argon atmosphere with oxygen concentration held between 0.40% and 0.60%.  The 

compositions of the Inconel 718 powder and the produced parts were analyzed using inductively 

coupled plasma – atomic emission spectroscopy (ICP-AES) and are listed in Table 2.2 [40].  To 

retain as much build anisotropy as possible from the additive manufacturing, the block was not 

heat treated. 

 

Table 2.1: Laser powder bed fusion (Concept Laser M2) settings. 

Laser Power Scanning Speed Laser Focus Spot Size Powder Layer Thickness 

160 W 800 mm/s 80 µm 50 µm 
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Table 2.2: Composition of the Inconel 718 powder used and the AM block. Reproduced from 

[40]. 

 Ni Cr Fe Nb Mo Ti Al Co C O N 

Powder (wt.%) 53.13 19.07 18.23 5.11 3.06 0.89 0.42 0.027 0.047 0.020 0.016 

Build (wt.%) 53.10 18.91 18.34 5.15 3.06 0.90 0.43 0.071 0.030 0.024 0.023 

 

2.3.2  Specimen Machining 

Individual test specimens were wire electrical discharge machined (EDM’d) out of the 4” 

x 4” x 3 7/8” additively manufactured block to avoid variations introduced by surface roughness 

and near-surface porosity defects; i.e., to attain a “bulk” property calibration. Specimen 

geometries included tensile bars, compression pillars, and direct shear specimens. Specific 

specimen dimensions can be found in Appendix C, with a complete drawing package provided as 

a Supplemental Electronic File. Figure 2.14a is a conceptual diagram of some of the samples cut 

from the “bulk” block. First, the outer 1/8” of the block was EDM’d away to remove near surface 

porosity and defects and to help ensure a more homogeneous composition between samples. 

Next, 1/8” thick plates wire EDM’d from the four side faces and the top face (Figure 2.14b); the 

samples were then all machined from these plates in order to avoid potential compositional and 

textural deviations throughout the block. Using EDM, the tensile bars were extracted in each 

direction of the block (x-, y-, and z-) as well as at 35.26˚ and 54.74˚ to the x-, y-, and z-

directions; the compression pillars were taken in the x-, y-, and z-directions; and the direct shear 

specimens were taken in both the positive and negative sense in each of the x-, y-, and z-

directions. The tensile bars were modeled after the ASTM E8 sub-size specimen [42], but 

reduced to fit the block dimensions. Parallelepiped compression samples with a 2:1 height to 

width aspect ratio were used. Direct shear specimens were modeled after the ASTM B831 single 

shear specimen [43], and reduced in size to fit the block dimensions. 
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Figure 2.14: a) Conceptual illustration of the samples cut from the printed Inconel 718 block. 

Samples labeled C and T are axial specimens (compression and tension respectively). Samples 

labeled S are shear specimens (mirror versions achieve positive vs. negative shear). Samples 

labeled M are off-axis tensile specimens producing effective multiaxial stress states. b) Exploded 

view rendering of the 1/8” thick plates from which all of the testing specimens were machined. 



 47 

2.3.3  Mechanical Testing 

All testing was performed on an MTS Landmark 370.10 servo-hydraulic load frame 

equipped with an MTS 609 alignment fixture and an MTS 661.20H-03 force transducer (100kN 

capacity load cell). Prior to testing, the thickness and width of the tensile and compressive 

sample gage sections were measured to ±0.01mm precision using digital calipers, and the cross-

sectional areas of the shear specimens were measured using a combination of digital calipers and 

optical microscopy digital measurements (using a Keyence VHX-5000 digital microscope) for a 

thickness precision of ±0.01mm and a width precision of ±0.001mm. For tensile specimens, 

monotonic tension at a cross-head speed of 0.6 mm/min was used, and the specimens were 

loaded until fracture. Shear specimens were loaded in monotonic tension at a cross-head speed of 

0.48 mm/min until fracture. Compression specimens were subjected to monotonic compression 

at a cross-head speed of 0.48 mm/min, and the specimens were loaded until a minimum of a 50% 

reduction in the initial specimen height was achieved. Fractures were not observed of the 

compression specimens. For this work, the resulting data were analyzed to determine the elastic 

limits. Directly recorded force and displacement data were used to compute 0.04 mm offset yield 

strengths. This offset nominally equates to 0.25% strain offset for the tensile tests, a 0.625% 

strain offset for the compression tests, and a 1.9˚ shear strain offset for the shear tests. 

 

2.4.   Results 

2.4.1  Experimental Results 

Table 2.3 summarizes the mechanical test results using means and standard deviations of 

the 0.04 mm offset yield strengths for the indicated quantity of tests performed for each 

specimen type and orientation. It is interesting to note the following apparent trends: 
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1. All compressive strengths are significantly greater than all tensile strengths. 

2. Both the tension and the compression strengths in the cardinal directions of the build 

plane (X and Y directions) do not significantly differ, with only 8 MPa and 22 MPa 

differences, respectively. 

3. Axial strengths in the build direction (Z) are significantly lower than the respective 

strengths in the build plane (X and Y directions). 

4. The greatest tensile strengths measured occurred at 35˚ out of the build plane. 

5. Positive shear strengths are not significantly different from their respective negative 

shear strengths. 

6. Shear strengths in the cardinal planes orthogonal to the build plane (XZ and YZ 

planes) are significantly similar. 

7. The shear strengths in the build plane (positive and negative XY shear) are 

significantly weaker than those out of the plane (positive and negative XZ and YZ 

shear). 

 

These data show that complex trends exist, with the most notable being that the in plane 

axial strengths are greater than those out of the build plane, while the opposite trend is true for 

shear strengths, with the shear strength in the build plane being significantly weaker than those 

out of the build plane. These data suggest that testing only axial properties in the predominant 

orthogonal directions is not sufficient to attain the anisotropy and asymmetry of laser powder bed 

fusion manufactured Inconel 718. 
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Table 2.3: Experimental Results Summary. 

Row Strength Symbol Strength Definition Mean St. Dev. Number 

1 '_`Ç
 X-Dir. Tension 731 4.2 2 

2 '_`É
 Y-Dir. Tension 723 4.5 4 

3 '_`Ñ
 Z-Dir. Tension 662 11.8 4 

4 '_cÇ
 X-Dir. Compression 870 10.8 4 

5 '_cÉ
 Y-Dir. Compression 848 20.5 4 

6 '_cÑ
 Z-Dir. Compression 794 21.2 4 

7 U_jÉÑ
 YZ-Plane Pos. Shear 514 8.6 3 

8 U_jÑÇ
 ZX-Plane Pos. Shear 519 6.2 3 

9 U_jÇÉ
 XY-Plane Pos. Shear 453 24.2 4 

10 U_TÉÑ
 YZ-Plane Neg. Shear 518 21.6 5 

11 U_TÑÇ
 ZX-Plane Neg. Shear 527 15.3 5 

12 U_TÇÑ
 XY-Plane Neg. Shear 444 4.2 4 

13 '_ÉI[Ç
 35˚ Toward X from Y 698 16.5 4 

14 '_ÑI[É
 35˚ Toward Y from Z 738 12.8 4 

15 '_ÇI[Ñ
 35˚ Toward Z from X 790 12.5 4 

16 '_É[[Ç
 35˚ Toward Y from X 706 18.4 4 

17 '_Ñ[[É
 35˚ Toward Z from Y 771 17.7 4 

18 '_Ç[[Ñ
 35˚ Toward X from Z 744 6.3 4 

 

2.4.2  6D Hypersurface Calibration 

The data in Table 2.3 were used to fit the 2006 Cazacu et al. yield potential (Equation 

2.6). This particular yield potential is feasible because the data in Table 2.3 demonstrates that the 
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shear strengths reasonably follow a symmetry assumption, which was shown to be a requirement 

of this potential in deriving Equations 2.18 – 2.22 in § 2.2.2.2. Considering this requirement, the 

2006 Cazacu et al. potential is viable for modeling materials that demonstrate orthotropic 

anisotropy, or higher symmetry anisotropy, coupled with tension-compression asymmetry. The 

calibration given in Table 2.4 was achieved by fitting the data given in the first 12 rows of Table 

2.3 (i.e. tension, compression, and shear). Specifically, an exponential shape parameter a = 2 was 

assumed, and Equations 2.10 – 2.15 and Equations 2.18 – 2.20 were solved numerically using 

Matlab’s nonlinear least squares system solver to include the asymmetry parameter, k. The 

results were confirmed by plotting the measured (experimental) strengths along with the strength 

values predicted by Equations 2.10 – 2.15, Equations 2.18 – 2.20 , and Equations B.1 – B.6 and 

the ±2 standard deviation intervals for the measured values, as shown in Figure 2.15. Note that 

the data from rows 13 – 18 of Table 2.3 (i.e. the off-axis tension values) indicate “testing” of the 

yield potential calibration as indicated in Figure 2.15, since they were not used to determine the 

parameters given in Table 2.4. Using this calibration and the graphical methodology given in § 

2.2.1, the complete set of 2D projections (Figure 2.16) and the complete set of 3D projections 

(Figure 2.17) for the resulting 5D yield hypersurface were generated. We proceed to further 

discuss the interpretation and implications of these results in §2.5. 

 

Table 2.4: Calibration coefficients for additively manufactured Inconel 718 case study. 

Parameters were fit using a potential limit of K = 100. 

 ΠHH Π,, ΠII Π,I ΠHI ΠH, Π?? Π[[ Π\\ Ü N 

Fit at K = 100 0.0170 0.0166 0.0180 0.0010 0.0016 0.0025 0.0132 0.0130 0.0152 2 -0.274 
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Figure 2.15: Yield strength results for the additively manufactured Inconel 718. The light bars 

show the experimentally measured mean strength with a ±2 standard deviation error bar. The 

dark bars show the predicted strength using the calibration coefficients given in Table 2.4. The 

Calibration “Training” Data, including the axial and shear data, was used to solve for the 

calibration coefficients, and the Testing Data was withheld for purpose of verification. 

 

 
Figure 2.16: The complete set of 2D projections for the calibrated yield hypersurface for the 

additive Inconel 718. The tic marks are spaced at 250 MPa intervals and the field of each 

projection is ±1,250 MPa in both the vertical and horizontal coordinates. 
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Figure 2.17: The complete set of 3D projections for the calibrated yield hypersurface for the 

additive Inconel 718. The tic marks are spaced at 250 MPa intervals and the field of each 

projection is ±1,250 MPa in both the vertical and horizontal coordinates. The first set shows 

positive values of the 3rd axis and the second set shows the negative values of the 3rd axis. 
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2.5. Discussion 

As demonstrated in Figure 2.15, the use of the analytic methods presented and derived for 

the 2006 Cazacu et al. yield potential in § 2.2 provides an effective calibration technique. In the 

presented calibration, the additional information from the off-axis tensile tests could have been 

utilized in a regression-like analysis to provide the most optimal calibration. Instead, the data 

was reserved as a test set for the purpose of verification, and the exponent ‘a’ was assumed to be 

2, and the parameter ‘k’ was minimized. With this in mind, and recognizing that the number of 

individual tests of each kind of specimen varied from 2-5, it is reasonable to consider the fit 

good. The tested off-axis tensile strengths vary from the experimental mean by as little as 0.1 and 

as much as 3.5 standard deviations, with an average variation of 1.7 standard deviations. 

Although this demonstration clearly illustrates the effectiveness of both the analytic 

calibration technique and the use of 5D hypersurfaces to model the elastic limit of anisotropic 

and asymmetric materials in full 6D, stronger evidence of the need for the 6D consideration can 

be gleaned through an additional comparison. Specifically, if the 45˚ axis assumption (see § 

1.2.2) had been used instead of treating the shear strengths as independent axes in stress space, 

the resulting “best” calibration would have determined the shear strengths and off axis tensile 

strengths indicated with yellow bars in Figure 2.18. As expected, due to the near isotropic nature 

of the xy-plane, there is less difference in the corresponding predictions made with the 45˚ axis 

assumption that is often used out of context and the 6D methodology. The xy-plane shear 

strength prediction varies by 0.8 standard deviations for positive shear and 6.9 standard 

deviations for negative shear, 20 MPa and 29 MPa respectively and 4.5% and 6.6% deviation 

from the experimental mean respectively. The off-axis tensile strength predictions in the xy-

plane vary by 1.3 and 1.8 standard deviations (or 23 MPa and 29 MPa or 3.3% and 4.2% of the 
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experimental mean). Also, as expected the anisotropy out of the xy-plane leads to more dramatic 

differences in the two calibrated predictions, with those based in the invalid 45˚ axis assumption 

deviating significantly from the experimental values. The shear strengths deviate by up to 15.7 

standard deviations, 105 MPa, and 20% of the experimental mean, and the off-axis tensile 

strengths deviate by up to 11.5 standard deviations, 92 MPa, and 11.7% of the experimental 

mean. 

 

 
Figure 2.18: Yield strength results for the additively manufactured Inconel 718. The light bars 

show the experimentally measured mean strength with a ±2 standard deviation error band. The 

dark bars show the predicted strength using the calibration coefficients in Table 2.4. The yellow 

bars show the strengths predicted under the 45˚ axis assumption. 

 

2.6.   Conclusions  

The concepts discussed in this paper are framed in the context of stress with examples taken 

with regard specifically to elastic yielding, still they are wholly geometric in their roots and are 

therefore applicable to any type of material limit surface (yield, phase transformation, twin 

potential, anelasticity, etc.) with any choice of state variable (stress or strain) as long as the 
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consideration of isotropy, when required, is held within the frame of the chosen state variable. 

The following are the major conclusions of this paper: 

1. A 6-dimensional representation of stress becomes necessary when describing an 

anisotropic material limit condition. 

2. Visualization in 6D or an appropriate series of projections is necessary to properly 

observe a material response. 

3. The classic use of a 2D limit surface projection into a biaxial space with a 45˚ axis used 

to represent shear response is only valid for isotropic limit conditions. 

4. Misrepresentation, using invalid projections, of a symmetric, orthotropic material during 

calibration can produce errors in calibrations up to 100% 

5. An effective analytic calibration technique was developed and demonstrated that is 

compatible to the full 6D interpretation of the elastic limit. 

 

Using a more complete perspective of the elastic limit will allow researchers to correctly 

calibrate existing models and visualize the predictions made by those models, and also to 

critically evaluate those models and their applicability to real-world material systems. 

Experiments, like those demonstrated here, can now be developed to properly calibrate material 

systems produced by various classical manufacturing methods, such as extrusion, rolling, 

drawing, and forging, and more modern manufacturing methods such as powder-bed or direct-

deposit additive methods. Assumptions regarding large scale material symmetry can be made 

and subsequently tested, for example: Do additively manufactured materials possess transverse 

isotropy, orthotropy, or a lower bulk symmetry such as monoclinicity? Such a query can now be 

tested by experimentally calibrating an existing orthotropic model and plotting additional data 
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points in 6D hyperspace to determine whether or not they fall on the limit hypersurface. In the 

Inconel 718 case used as an example in this work, the calibration results and off-axis tensile test 

data can be further utilized to demonstrate that the orthotropic assumption was sufficient and that 

lower symmetry is not necessary to accurately describe the elastic limit. 

Should such bulk material symmetries such as monoclinictiy and triclinicity be achievable 

through new processing technologies, then new theories can be readily developed from the six-

dimensional perspective. For example: materials with bulk asymmetry and monoclinicity in 

yielding would require an extension of the existing Cazacu et al. yield potential for a complete 

description of the limit hypersurface to be achievable. As solid mechanicians continue to explore 

the behaviors of anisotropic solids, and continue to develop new ways of describing their 

behaviors, a complete perspective of the elastic limit will become an invaluable tool for 

understanding and critical evaluation. 
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CHAPTER 3 

A NEW TRICLINIC-ASYMMETRIC YIELD CRITERION 

FOR PRESSURE INSENSITIVE MATERIALS: 

EMPLOYING AN IMPLICIT DESCRIPTION 

OF DISTORTIONAL ASYMMETRY 

AND ANISOTROPY 

3.1. Introduction 

3.1.1 Motivating a New Theory 

With an ever-increasing drive for light-weighting structures in every industry from 

aerospace and automotive to wind and solar power, structural materials with anisotropic and/or 

asymmetric behavior are becoming more popular in design. Anisotropy and asymmetry can be 

found in everything from heavily textured sheet metal [1] and extruded shape memory rods [2] to 

3D printed metal structures [3]. Since an accurate and efficient description of the elastic limit is 

necessary to describe both the deformation during manufacturing processes and the final 

component strength and/or behavior, the authors propose a new yield criterion for anisotropic 

and anisotropically asymmetric solids. 

In 1948, Hill proposed the original orthotropic yield criterion [4], where anisotropy was 

accounted for explicitly. Since then, the treatment of general anisotropy has been rewritten in an 

implicit form, where the use of linear transformations has allowed for all possible material 

symmetries up to triclinic to be captured [5]–[7]. Since Hill’s incorporation of anisotropy (and 

briefly before), several authors have addressed asymmetry using a variety of approaches [5], [8]–

[17]. Generally, these approaches can be categorized by their inclusion or exclusion of 

anisotropy and by the nature of their description, either explicit or implicit. Table 3.1 
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summarizes many of these approaches. Although not wholly encompassing, it is generally 

considered that the explicit descriptions of distortional asymmetry which include anisotropy are 

impractical due to an overabundance of coefficients, whereas the implicit descriptions are 

incomplete and/or limited in their modelling capability. The authors seek to maintain the 

practicality of the implicit descriptions, while extending current capabilities to encompass a 

greater breadth of anisotropic and asymmetric characteristics. 

 

Table 3.1: Summary of yield criteria based for various implementations of asymmetry for both 

isotropic and anisotropic materials. Adapted from similar tables in [5]. 

 ISOTROPY ANISOTROPY 

NO ASYMMETRY von Mises 

!(	$%&) 
(3*+, = . 

Hill 

!(	$%&∗ ) 
2*+,∗ = 1 

   

EXPLICIT: 

CENTER-SHIFTING 

ASYMMETRY 

Drucker-Prager 

!(	$%&, $34) 
5*67 + 	(*+, = . 

Tsai-Wu 

!(	$%&∗ , $34∗ ) 
*67∗ + 	2*+,∗ = 1 

   

EXPLICIT: 

DISTORTIONAL 

ASYMMETRY 

Drucker 

!(	$%&, $9&) 
*+,: − <*:,+ = .= 

Kowalsky et al. 

!(	$%&∗ , $9&∗ ) 
2*+,∗ + 3*:,∗ = 1 

   

IMPLICIT: 

TYPE 1 

Raniecki-Mróz 

!(	$%&, $9&) 
*+,: +⁄ − <*:, = .: 

Cazacu-Barlat (2004) 

!?ℿ(A), &B 
*+,∗C: +⁄ − <*:,∗C = .: 

   

IMPLICIT: 

TYPE 2 

Cazacu-Plunkett-Barlat 2006 

!(	&D) 
E?|GH| − .IGHBJ
:

HK6
= 2.J 

Cazacu-Plunkett-Barlat 2006 

& 

Plunkett-Cazacu-Barlat 2008 

!?ℿ(A), &B 

 

Throughout the remainder of the introduction, we discuss the difference between explicit 

and implicit definitions of anisotropic and asymmetric behavior, with terms to be used 
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throughout the article clearly defined in §3.1.2. We then describe our new yield function, proof 

of convexity and applications. We present both prior experimental results of rolled HCP 

materials and our own results from Ch.2 on additive Inconel 718 to demonstrate the efficacy of 

our new model. Specifically, in §3.2.1 we develop a fully implicit, anisotropic and asymmetric, 

pressure insensitive yield function capable of capturing anisotropic (up to triclinic), 

anisotropically-asymmetric (up to orthotropic) behavior of the elastic limit. A novel geometric 

approach is described in §3.2.2 to demonstrate convexity of the proposed yield criterion, with a 

detailed formal mathematical proof provided in the appendices. The results section §3.3, is 

comprised of three subsections. The first subsection, §3.3.1, is dedicated to applications of the 

newly proposed theory to prior experimental data for magnesium and titanium alloys. The 

second subsection, §3.3.2, reviews the experimental results for the additively manufactured 

Inconel 718 from Ch.2. The final subsection, §3.3.3, explores various calibration approaches for 

the newly proposed yield theory using the data from §3.3.2. The discussion given in §3.4 

provides insights into the functional form ultimately achieved in §3.2.1 and triclinicity as well as 

the implications for associated plastic flow models and potential avenues for future work. 

Finally, the major objectives and conclusions of this work are summarized in §3.5. 

 

3.1.2 A Preliminary on Explicit and Implicit Anisotropies 

For purpose of notational consistency and ease of future discussion, the following 

definitions will be used for stress invariants (Equation 3.1) and for deviatoric stress invariants 

(Equation 3.2): 
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L6 = *67 = MNN
L+ = *+7 =

6

+
?MHHMOO −	MHOMOHB

L: = *:7 = PQR?MHOB
 (3.1) 

 

 

*6 = *6, = 0

*+ = *+, =
6

+
?GHOGOHB

*: = *:, = PQR?GHOB =
6

:
?GHOGONGNHB

 (3.2) 

 

Furthermore, the following equivalent definitions (Equation 3.3) will help orient the reader to 

future discussions: 

 

 

*67 = M: L(+)

*+, =
6

+
?G: L(U): GB

*:, =
6

:
?G: L(=): G: GB

 (3.3) 

 

where I(2), I(4), and I(6) are identity tensors of 2nd, 4th, and 6th orders respectively. 

An explicit description of anisotropy applies the anisotropy directly in the calculation of 

the invariants or yield potential. Equation 3.4 demonstrates this through the calculation of 

transformed stress invariants *67∗ , *+,∗ , and *:,∗ : 

 

 

*67∗ = M:ℿ(+)

*+,∗ = 6

+
?G:ℿ(U): GB

*:,∗ = 6

:
?G: ℿ(=): G: GB

 (3.4) 

 

where ℿ(+), ℿ(U), and ℿ(=) are structural tensors of anisotropy. Although not all unique, ℿ(+) 

contains 9 elements, ℿ(U) contains 81 elements, and ℿ(=) contains 729 elements. As noted in 

Table 3.1, explicitly defined anisotropic-asymmetric criteria either rely on *67∗  (center-shifting) or 



 64 

*:,∗  (distortional); as a result, they can be either limited by ℿ(+) (with a reliance on pressure 

sensitivity) or untenable by ℿ(=) respectively. 

An implicit description of anisotropy applies the anisotropy to the stress tensor and/or 

deviatoric stress tensor prior to calculation of the invariants or yield potential. Equation 3.5 

demonstrates this for *+,∗  using an intermediate calculation of the transformed deviatoric stress, Σ: 

 

 
Σ = 	ℿ(U): G

*+,∗ = 	 6
+
?Σ: L(U): ΣB (3.5) 

 

where ℿ(U) from Equation 3.5 is not the same as that from Equation 3.4, differing appropriately 

such that *+,∗  has the same value. Implicit descriptions of the anisotropy allow for greater 

flexibility in generating yield criteria, particularly with regard to exponential shape parameters 

such as those described for isotropic systems by Hosford [18]. 

Conceptually this reduces to the idea that explicit anisotropy stretches and/or distorts the 

hypersurface bounding the elastic region, in essence changing the function itself; whereas 

implicit anisotropy stretches and/or distorts the axes underlying the bounding hypersurface, 

effectively changing the basis of the function, Figure 3.1. 
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Figure 3.1: Illustration of stretching (a-j) and shearing (k-t) for a single 2D projection of a 

hypersurface, showing the difference between explicit (a-e & k-o) and implicit (f-j & p-t) 

anisotropy. 

 

Although Table 3.1 only divides the anisotropic character into either explicit or implicit 

applications, it is reasonable to similarly subdivide the asymmetric character of potential yield 

criteria. By considering the implicit definitions of either anisotropy or asymmetry as a change of 

basis, the map depicted in Figure 3.2 can be generated. In Figure 3.2, arrows represent an 

implicit definition (of anisotropy, asymmetry, or both), an implicit dimension reduction (via 

eigenvalue decomposition), or transcription to a scalar potential (in an algebraic form). It should 

be noted that the anisotropic-symmetric “equivalent symmetric” space cannot necessarily 
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undergo a dimension reduction via eigenvalue decomposition due to violating the isotropy 

assumption underlying Lippmann’s proof [19] that such a dimension reduction (and its reverse) 

preserves convexity of a convex hypersurface. This means that although such a yield potential 

could still be transcribed algebraically, it would necessarily require all 6 components of stress 

and could not be constructed using only the eigenvalues of the chosen state variable. 

 

 
Figure 3.2: Map of possible yield potentials categorized by the character of the definitions for 

anisotropy and asymmetry as either explicit or implicit. Implicit definitions are treated as a 

change of basis, and only those changes in basis which could be demonstrated to preserve 

convexity are included in the map. 
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Considering the map in Figure 3.2, several new terms are defined to describe the 

constitutive space generated by each new change of basis. The term “immediate” stress space is 

used to define the constitutive space of the real-world, that in which measurements are being 

made. The terms “equivalent isotropic,” “equivalent symmetric,” and “equivalent isotropic-

symmetric” describe constitutive spaces where respectively the anisotropies, asymmetries, or 

both have been captured in the change of basis. Although not perfect representations of the 

higher-dimensional character or the complete set of possible geometries (see Ch.2, §2.2.1 for 

more realistic plots), the cartoons provided help to capture some of the changes that occur in the 

geometry of the elastic limit when moving from one basis to another. 

Exploring existing implicit theories for capturing anisotropy and asymmetry (Table 3.1), 

it can be noted that limitations exist. These include, but are not limited to: restrictions to 

orthotropy and an absence of asymmetry in shear. Due to the flexibility of implicit anisotropic 

descriptions, and the generally reduced and more tenable parameter space when compared to 

explicit descriptions, the authors have chosen to expand upon existing implicit criteria to capture 

the aforementioned behaviors: lower symmetry (i.e. triclinicity) and shear asymmetry. 

 

3.2. Theoretical Development 

3.2.1 Development of a Fully Implicit Anisotropic and Asymmetric Yield Potential 

Choosing a state variable of stress, a yield potential with a fully implicit definition of 

both anisotropy and asymmetry could be developed with an algebraic description that exists in 

either a reduced, or eigen, stress space or in the full six-parameter stress space (center right-most, 

or lower right-most in Figure 3.2). In both cases, the “equivalent isotropic-symmetric” stress 

space must be attained, and for sake of simplicity and reducing the overall number of steps for 



 68 

calibrations and applications, the authors chose to construct a potential with an algebraic 

description in the full six-parameter stress space (i.e. without the use of an eigenvalue 

decomposition). Starting with the second deviatoric stress invariant, J2s, and noting that it can be 

written in the following form using the six-index Voigt notation for the stress deviator: 

 

 *+, = 12WEGH+
:

HK6
+ 2EGH+

=

HKU
X = 12WE|GH|+

:

HK6
+ 2E|GH|+

=

HKU
X (3.6) 

 

the authors used Hershey [20], Hosford [18], and Cazacu, et al. [15] as motivation for the 

following isotropic yield potential, recognizing that the intersection of a mildly stretched six-

dimensional ball defined by the p-norm with the deviatoric plane provides a valid isotropic yield 

potential, where p=2 reduces to the von Mises criterion, J2s: 

 

 Y =	E|GH|Z
:

HK6
+ 2E|GH|Z

=

HKU
 (3.7) 

 

This homogeneous function of degree p in stresses behaves similar to the classical n-

dimensional ball defined by the p-norm, allowing for inflation and deflation of the yield 

hypersurface to provide isotropic curvature control, as demonstrated in Figure 3.3. 
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Figure 3.3: 2D unit ball defined using exponent values of 1, 1.5, 2, 4, and 100. 

 

Asymmetry is achieved through independent warping of the positive and negative axes 

for a given direction, i.e. through asymmetric control of the anisotropy for each axis. This is 

conceptually demonstrated in Figure 3.4 using a 2D unit ball, in both an explicit and an implicit 

sense. 

 

 
Figure 3.4: Asymmetric warping of a 2D unit ball achieved through asymmetric control of 

imposed anisotropy for each axis. Explicit warping is shown in a-e and implicit warping in f-j. 
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In order to achieve this independent control, the anisotropy and asymmetry were coupled 

for the orthotropic case and introduced implicitly using the following transformation: 

 

 ΨH = \HO ]^GO^ + GO2 _ + H̀O ]^GO^ − GO2 _ (3.8) 

 

Here, Pij and Nij represent linear transformations on positive and negative spaces of deviatoric 

stress respectively. These transformations are orthotropic, represented by diagonal 6x6 matrices 

with diagonal values strictly greater than zero. Considering that the factor of 2 multiplying the 

shear stress terms can be absorbed into the definitions of Pij and Nij, Equation 3.9 can be used as 

the fully implicit yield potential: 

 

 Y =	E|ΨH|Z
=

HK6
 (3.9) 

 

Furthermore, triclinic capability may be introduced by means of an additional 

transformation. By recognizing that a linear transformation representing triclinicity functionally 

represents a change of angles between coupled axes from an implicit perspective (Figure 3.1 p-t), 

it is possible to deduce that the asymmetric introduction of triclinic relationships could 

necessarily provide a non-convex transformation. This is demonstrated in Figure 3.5, where the 

application of asymmetric triclinicity on a 2D unit ball produces a kinking effect. 
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Figure 3.5: Kinking in the surface of a 2D unit ball produced by the application of asymmetric 

triclinicity. The case of explicit transformation is shown in a-e and the case of implicit 

transformation is shown in f-j. 

 

Although the kinking effect is difficult to observe directly in the case of the implicit 

transformation (Figure 3.5 f-j), it is apparent in the case of the explicit transformation (Figure 3.5 

a-e). This implies that triclinic behavior cannot be captured by simply allowing Pij and Nij to 

assume a non-diagonal character, and quite possibly that triclinic behavior (i.e. the coupling of 

individual components of stress) is necessarily symmetric with regards to the elastic limit. This 

would make intuitive sense, because even for a material where the tensile and compressive 

strengths, or the positive and negative shear strengths, differ, the initial angles within the 

material are the same. 

Consider for example a monoclinic crystal, where the macroscopic strength results from 

atomic interactions between nearest neighbors. These interactions produce fundamental strength 

directions (anisotropy coupled to asymmetry) which are not necessarily in an orthogonal 

reference frame. The strengths in these fundamental directions may be asymmetric, but the angle 

between these fundamental directions is independent of the sign of the load. A monoclinic, or in 

the general case triclinic, transformation should therefore capture the angular relations between 
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the fundamental strength directions prior to applying the asymmetries – essentially 

orthotropizing the strengths and then using the orthotropic transformation described in Equation 

3.8. Applying this logic provides Equation 3.10. 

 

 

aO = 	bONGN			
ΨH 	= \HO ]^aO^ + aO2 _ + H̀O ]^aO^ − aO2 _ (3.10) 

 

Here, ωj is the orthotropized deviatoric stress, Tjk is a linear transformation represented by a 6x6 

matrix with a diagonal of all ones (for the sake of uniqueness of the calibration solution), and Ψi	
has	been	updated	to	transform	the	orthotropized deviatoric stress. The transformed stress 

deviator, Ψi, is still applied to Equation 3.9 to produce a fully implicit yield potential. 

The yield potential described above is pressure insensitive, anisotropic (up to triclinic), 

anisotropically-asymmetric (up to orthotropic) through distortional asymmetry, and fully 

implicit. This is sufficient to capture many effects including independent and asymmetric 

unidirectional (uniaxial or single-shear) strengths, coupling effects, and overall curvature of the 

yield hypersurface. However, the authors would be remiss to not include a simple variation to 

account for previously accumulated kinematic hardening (such as related to the Bauschinger 

effect and/or back-stresses) in the form of a center shift, especially since such an addition also 

allows for control of the hypersurface normal at the points of intersection with the stress axes. 

Similar to the case of introducing triclinicity, this additional consideration should be included 

preceding all others. 
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<N =	GN − rN			aO = 	bON<N			
ΨH 	= \HO ]^aO^ + aO2 _ + H̀O ]^aO^ − aO2 _

 (3.11) 

 

Here, ck is the center-shifted deviatoric stress, and is used in place of the stress deviator in the 

orthotropization. The anisotropic-asymmetric transformation remains unmodified and can still be 

used in Equation 3.9 to construct the fully implicit form of this additional yield potential. 

 

3.2.2 Demonstrating Convexity 

In many previous convexity tests of yield criteria, the proof may be undertaken in a three-

dimensional space, usually the result of an Eigenvalue decomposition (e.g. [14]–[16], [21], [22]). 

The authors leveraging such a simplification have been able to rely on Lippman’s 1970 proof 

[19], in concert with the known convexity preservation of linear transforms [23] to extend their 

results into the “immediate” stress space. Although an Eigenvalue decomposition could reduce 

the dimensionality of our proposed criterion, we would not be able to extend any demonstrated 

convexity any further than the “equivalent isotropic-symmetric” stress space. The 

transformations from this space back to the “immediate” stress space are not yet verified to 

unconditionally preserve convexity in the same way that standard linear transformations have 

been. Furthermore, methods such as determining the Hessian are additionally complicated due to 

the mathematical structure (namely the absolute values) and the size of the calculation when 

considered in the full six dimensions. As a result, the authors have decided to develop a novel 

geometric approach to demonstrating the convexity of the proposed criterion. This approach is 

conceptually described in this section, and a complete and detailed mathematical proof is 

provided in Appendix D for the interested reader. 
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To demonstrate convexity in the “immediate” stress space, the geometric approach 

developed utilizes three key concepts: 

1. The order of operations of an implicit transformation are reversed from those in an 

identically acting explicit transformation. This reduces the focus of the proof to only 

the third line of Equation 3.11, since lines 1 and 2 (a translation and a linear 

transformation) are already understood to preserve convexity. 

2. Divide the complete 6D space into individual orthants, and demonstrate that within 

each orthant, the elastic region is convex. By focusing only on line three of Equation 

3.11, this becomes almost trivial – Ψ describes a transformation that from the 

perspective of any single orthant is a standard linear transformation. 

3. Demonstrate that the union of all 64 orthants is a convex union. 

 

3.2.2.1 Reversing the Order of Operations 

In developing the function described in §3.2.1, an implicit approach was taken. Starting 

with a description of the elastic limit for an isotropic and symmetric material system, 

transformations of the underlying basis were described to account for different aspects of 

anisotropy and asymmetry. These transformations moved the starting basis, one step at a time, 

from the “equivalent isotropic-symmetric” stress space towards the “immediate” stress space of a 

terribly anisotropic and asymmetric material. The final transformation effectively re-centers the 

basis (to align with the zero-stress state of an isotropic and symmetric material), then shears the 

angles between basis vectors (back to the orthogonal basis of an isotropic and symmetric 

material), and finally adjusts the lengths of the basis vectors, and their negatives (back to the 

orthonormal basis of an isotropic and symmetric material). All of these operations were acting on 
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the basis of the elastic region rather than the elastic region itself – an implicit description of 

anisotropy and asymmetry. To reverse the order of operations, we take advantage of the change 

in perspective from an implicit to an explicit description of the same transformations. 

Changing perspective from a transformation acting on the basis of a set to a 

transformation acting on the set itself describes the application of the inverse to both sides of the 

equation. Rewriting Equation 3.11 using a function to represent each transformation makes this 

idea more digestible. In Equation 3.12, the function C represents the centering transformation of 

line 1, the function Ω represents the orthotropization of line 2, and ψ represents the final 

transformation of line 3. 

 

 Ψ = ψuΩ?v(G)Bw (3.12) 

 

Applying the inverse functions one after the other takes the description of the elastic limit 

from the “equivalent isotropic-symmetric” stress space, Ψ, into the “immediate” stress space, s. 

This is demonstrated step-by-step in Equation 3.13: 

 

 

ψx6(Ψ) = Ω?v(G)B = a
			

Ωx6?ψx6(Ψ)B = v(G) = <			
vx6 uΩx6?ψx6(Ψ)Bw = G

 (3.13) 

 

Where Ψ represents a transformed basis in which the elastic limit can be described using an 

isotropic and symmetric criterion known to be convex, s represents the basis of interest where 

convexity must be demonstrated. But from Equation 3.13, the problem can be simplified as 

discussed earlier. The function vx6 still represents a simple translation, which preserves 
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convexity since it doesn’t alter the shape of the set in question. Additionally, the function Ωx6 

represents the inverse of an invertible linear transformation, making it also a linear 

transformation, which preserves convexity as well [23]. This only leaves the function ψx6, 

which if demonstrated to preserve convexity implies that the entire transformation preserves 

convexity, making the elastic region convex in the “immediate” stress space. 

 

3.2.2.2 Considering One Orthant at a Time 

Although the transformation ψ as a whole is quite difficult to quickly demonstrate that it 

preserves convexity, consideration of a single orthant to the exclusion of all others proves 

otherwise. Another way to write Equation 3.8 is to use a simple linear transformation, Equation 

3.14, where the operating matrix depends only on the orthant in which the operation is taking 

place. 

 

 ΨH 	= yHOaO (3.14) 

where 

yHO = z\HO, aO ≥ 0
H̀O , aO ≤ 0 

 

Since a given orthant is defined by a fixed sign (positive or negative) for each component 

of aO, it follows that yHO  is a constant matrix for a given orthant. Furthermore, since both \HO and 

H̀O are diagonal matrices with entries on the diagonal that are strictly greater than zero, it follows 

that yHO  is also a diagonal matrix with strictly positive entries on the diagonal. This makes both 

the transform ψ and its inverse, ψx6, linear transformations that preserve convexity within a 

given orthant. 



 77 

 

3.2.2.3 Demonstrating a Convex Union 

The logic used to demonstrate that the union of the orthants of ψx6(Ψ) is a convex set is 

comprised of 2 main parts: 

1. Show that any two adjacent orthants form a convex union for the case where ψx6 acts 

on a unit ball in 6D. 

2. Show that an inductive procedure exists to form successive convex unions of previous 

convex unions. 

 

3.2.2.3.1 Union of Adjacent Orthants 

Consider a set Q in 6D hyperspace divided into 64 subsets, each the intersection of Q 

with one of the orthants of ℝ=. An arbitrary orthant in 6D hyperspace can be identified by 

specifying the sign for each coordinate in ℝ=. Using subscripts to track these signs, each subset 

of Q can be given a specific name, such as ~xxxxxx for the orthant where all coordinates have 

negative signs, ~���xxx for the orthant where coordinates 1-3 have positive signs and 

coordinates 4-6 have negative signs, and ~����x� for the orthant where all coordinates have 

positive signs except for coordinate 5. Adjacent orthants are defined by specifying the sign of 

any 5 of the 6 coordinates to be equal and the sign of the remaining coordinate to be different. 

For example, using the above notation, ~xxxxxx is adjacent to ~xxxxx�. Figure 3.6 illustrates 

an example for a 2D case. Considering Figure 3.6, all quadrant pairs are adjacent to one another, 

except for the pair ~�� and ~xx and the pair ~x� and ~�x, both of which have more than one 

uncommon subscript. 
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Figure 3.6: Example of the orthant naming convention in 2D, allowing for a visual demonstration 

of adjacent and non-adjacent orthants. Here, all quadrant pairs are adjacent to one another, 

except for the pair  ~�� and ~xx and the pair ~x� and ~�x, both of which have more than one 

uncommon subscript. 

 

There exists a useful property of the unit ball in n-dimensional space. If a hyperplane, 

ℍN , is defined as the hyperplane orthogonal to the kth direction, or axis, and with the kth 

coordinate value equal to zero, then every orthogonal projection from a point in the unit ball onto 

ℍN  remains in the unit ball. Figure 3.7 shows this property in a 2D example with unit balls 

corresponding to p-norms of p=1, p=2, and p=∞. 

 

 
Figure 3.7: 2D examples of the orthogonal projection property of the unit ball. The example 

includes unit balls generated from three different p-norms. 
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The transformation ψ and its inverse, ψx6, preserve this behavior. This can readily be 

demonstrated for a single orthant, where	ψ and ψx6 are reduced to linear operators representable 

by diagonal matrices with strictly greater than zero diagonal entries. Such a transformation both 

limits the transformed kth coordinate value to depend solely on the untransformed kth coordinate 

value and the remaining transformed coordinate values to have no dependence on the 

untransformed kth coordinate value. This preserves the projection property from Figure 3.7 for 

each orthant subset of ~ = ψx6(Ψ). Furthermore, it also follows from the reduced orthant-wise 

definitions of	ψ and ψx6 that adjacent orthants produce the same transformation within their 

shared hyperplane. This provides that for any two adjacent orthants with shared hyperplane ℍN , 

every orthogonal projection from any point in either orthant subset of Q onto ℍN  resides in the 

region defined as the intersection of the two orthant subsets. Figure 3.8 provides an example of 

this in 2D, where the adjacent orthants ~x� and ~�� are considered and the intersection of these 

subsets is defined as ~Å�. 

 

 
Figure 3.8: 2D example of preserved orthogonal projection property and the result that the 

projections into Hk of adjacent orthant subsets reside in the region defined as the intersection of 

the two orthant subsets 
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This allows us to use the definition of a convex set to demonstrate that the union of these 

two adjacent orthant subsets is convex. Consider Figure 3.9, where a point v is defined in ~�� 

and a point w is defined in ~x�. On the line connecting v and w, a point z is defined which lies 

in the hyperplane ℍ∗� (the y axis). When orthogonally projecting the line segment ÇÉÑÑÑÑ onto ℍ∗�, 

every point between v and w remains between v and w. The new line, \(ÇÉÑÑÑÑ), connects the 

points P(v) and P(w) which both necessarily reside in the region ~Å�. Since both ~x� and ~�� 

are demonstrated to be convex, §2.2.2, their intersection, ~Å�, must also be convex. Therefore 

P(v) and P(w) are points in a convex set, proving that every point on the line \(ÇÉÑÑÑÑ) is also in 

~Å�. This includes the point P(z). 

 

 
Figure 3.9: 2D example of the union of two adjacent orthant subsets of Q. The points w and v are 

arbitrarily located in ~x� and ~�� respectively. The point z lies on the line segment connecting 

them such that it falls on the y-axis. The points y and x lie on the line segments ÖÉÑÑÑÑ and ÇÖÑÑÑ 

respectively 

 

Since P(z) = z, by the definition that z lies in ℍ∗�, we have that z is part of both ~x� and 

~��. This allows us to define a point x on the line segment ÇÖÑÑÑ and a point y on the line segment 

ÖÉÑÑÑÑ. Since v and z are both in ~��, every x between v and z is also in ~��. Similarly, since w 

and z are both in ~x�, every y between w and z is also in ~x�. Furthermore, had v and w been 
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chosen to both reside in only one of the two orthant subsets, then it’s trivial to show that every 

point on the line between them is within the union ~∗� = ~x� ∪ ~��. Therefore, any point z on 

the line connecting any two points v and w in ~∗�, must be included in the set ~∗�. This proves 

that the union of two adjacent orthant subsets of Q is convex. Again, a more detailed and 

complete proof in 6D is provided in Appendix D for the interested reader. 

 

3.2.2.3.2 Inductive Procedure for Successive Convex Unions 

Consider the following definition in 6D of the union of two adjacent orthant subsets of Q: 

 

~xxxxx∗ =	~xxxxxx ∪ ~xxxxx� 

 

The same properties of the orthant sets of Q which allowed the union of two adjacent orthant sets 

of Q extend to the union of those orthant sets. This allows for an inductive argument, illustrated 

in 2D in Figure 3.10. In the 2D example the orthogonal projection property extends to the subsets 

~∗� and ~∗x. These two adjacent subsets, called super-orthants to differentiate from the orthant-

wise argument, demonstrate the same property of projecting onto their joining hyperplane, ℍO. 

That is, the intersection of these super-orthant subsets is defined as ~∗Å, and the points projected 

from both ~∗� and ~∗x can be shown to reside in ~∗Å. The same arguments then follow to 

demonstrate that ~∗∗ = ~∗� ∪ ~∗x is a convex union as well. 
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Figure 3.10: 2D example of preserved orthogonal projection property and the result that the 

projections into Hj of adjacent super-orthant subsets reside in the region defined as the 

intersection of the two super-orthant subsets. 
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The inductive argument, outlined in more detail in Appendix D, therefore allows for the 

successive union of super-orthant subsets to preserve convexity up to the final union which 

generates the complete set Q: 

 

~xxxx∗∗ = 	~xxxxx∗ ∪ ~xxxx�∗ 

~x��∗∗∗ =	~x��x∗∗ ∪ ~x���∗∗ 

~�x∗∗∗∗ =	~�xx∗∗∗ ∪ ~�x�∗∗∗ 

~�∗∗∗∗∗ = 	~�x∗∗∗∗ ∪ ~��∗∗∗∗ 

~ = ~∗∗∗∗∗∗ =	~x∗∗∗∗∗ ∪ ~�∗∗∗∗∗ 

 

The only remaining caveat to be considered is that the logic of this proof was predicated on using 

a complete 6D unit ball as the starting point. This is sufficient for the case where non-deviatoric 

stresses are used: Ψ = ψuΩ?v(M)Bw, but Equation 3.12 clearly uses deviatoric stress 

components in the transformation. The convexity from using M can be readily transferred to the 

case of using s, since s is a subset of M. Essentially, s is the intersection of M with the hydrostatic 

hyperplane, defined as hydrostatic stress equals zero. Since the hydrostatic hyperplane is a 

convex set, the set produced by intersecting it with Ψ is also convex. The full hypercylinder can 

therefore be defined by taking this intersection and then allowing the hydrostatic axis to serve as 

a free parameter, continuing to preserve convexity. 
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3.3. Results 

3.3.1 Applications to Prior Experimental Data 

One of the most capable and widely implemented yield criteria for capturing both 

distortional asymmetry and anisotropy is the criterion proposed by Cazacu et al. in 2006 [15]. To 

provide a direct comparison between our newly proposed criterion and the current state of the 

art, we first reference the results reported by Kelley and Hosford (1968) [24] and by Lee and 

Backofen (1966) [25], the same prior experimental data used by Cazacu et al. in 2006 [15]. The 

calibrations to these data sets for the Cazacu et al. (2006) model are pulled directly from those 

reported in the original article. The calibration to these data sets under two different assumptions 

are discussed initially in §3.3.1.1, with some derivation details provided in Appendix E. The 

resulting fits for the new model are presented and compared with those using the Cazacu et al. 

(2006) model in §3.3.1.2, §3.3.1.3, and §3.3.1.4. The results for the Mg-Th alloy from the Kelley 

and Hosford (1968) work are presented in §3.3.1.2. The results for the Mg-Li alloy from the 

Kelley and Hosford (1968) work are presented in §3.3.1.3. The results for the Ti-4Al-1/4O2 alloy 

from the Lee and Backofen (1966) work are presented in §3.3.1.4. 

 

3.3.1.1 Assumptions and Calibrations Using the Proposed Model 

Unlike the Cazacu et al. model, which has six free anisotropic parameters, a lone 

asymmetry scaling parameter, and an exponential shape parameter, the proposed model reduces 

the number of parameters for an orthotropic case to include six anisotropy/asymmetry parameters 

and an exponential shape parameter. This assumes no center shifting and some analytic solution 

for the off-diagonal components of Tjk from Equation 3.11. There are three different assumptions 

considered as plausible for reducing the parameter space such that Tjk is no longer independent in 
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the case of orthotropic symmetry. The first is to simply assume that Tjk = Ijk, or that the 

orthotropizing transformation is the identity transformation. The calibration equations for this 

assumption can be found by substituting Tjk = Ijk into the equations in Appendix E. For the 

remainder of the article, this assumption will be referred to as Assumption-1. 

The second assumption is based on the idea of conserving the deviatoric relation after the 

complete anisotropic transformation is applied. The concept of using pressure insensitivity 

relations is discussed in detail by Ganczarski and Skrzypek when describing the general 

anisotropic von Mises criterion and its application [26]. These relations are derived for several 

cases and are used to reduce the number of independent coefficients in the case of triclinic 

material systems from 21 to 15 and in the case of orthotropic material systems from 9 to 6. The 

assumption, as presented by Ganczarski and Skrzypek can be summarized in Equation 3.15 for 

the case of orthotropy. An additional assumption is made, both by Ganczarski and Skrzypek and 

by the authors, that the material coordinate frame aligns with the material testing frame. This 

imparts symmetry to Tjk, specifically that Tjk = Tkj. 

 

 EΠHO
:

HK6
= 0, ∀	â = 1: 3 (3.15) 

 

In Equation 3.15, ΠHO is the 6x6 Voigt notation form of the 4th rank structural tensor of 

plastic anisotropy ℿ(4) (the linear transformation from the anisotropic to the equivalent isotropic 

space). In order to compose a similar condition, the orthant-wise form described in Equation 3.14 

must be used, resulting in the system of equations presented in Equation 3.16: 
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y66 +	y++b6+ +y::b6: = 0

			
y66b6+ +	y++ + y::b+: = 0

			

y66b6+ +	y++b+: +y:: = 0

 (3.16) 

 

There exists an explicit solution for each component of Tjk, Equation 3.17, however a 

problem becomes apparent when trying to implement the solution. The solution only exists under 

two conditions: the asymmetry is zero (Pij = Nij); or the solution is allowed to vary for each 

orthant. The first removes asymmetry from the model, removing functionality from the model, 

and the later makes Tjk no longer a standard linear transformation. Neither is a desirable 

condition. To work around this issue, the original assumption is modified from the general 

conservation of pressure insensitivity used by Ganczarski and Skrzypek to a specific 

conservation of the deviatoric relation for the case of either all positive axial stress values or all 

negative axial stress values. The authors have chosen to use the case of preserving the deviatoric 

relations for all positive axial stress values. Equation 3.18 rewrites the solutions from Equation 

3.17 using the all positive special case. 

 

 

b6+ =
y::

+
−y66

+
−y++

+

2y66y++			

b6: =
y++

+
−y::

+
− y66

+

2y::y66			

b+: =
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+
− y++

+
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+
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 (3.17) 
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+
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+
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The calibration equations for the assumption shown in Equation 3.18 for determining the values 

of Tjk can be found by substituting the above expressions for Tjk into the equations in Appendix 

E. For the remainder of the article, this assumption will be referred to as Assumption-2. 

 

3.3.1.2 Applications to Textured Mg-Th Plate 

The Mg-Th alloy tested and reported on by Kelley and Hosford in 1968 [24] came from 

textured plates. The specific Mg-Th alloy was binary with 0.5% Th content. The experimental 

data of concern was generated using standard uniaxial compression tests in the roll, transverse, 

and normal directions along with standard uniaxial tension tests in the roll and transverse 

directions. The experimental data provide yield stresses for three levels of plastic strain: 1%, 5%, 

and 10%. Provided that no data is available that can be used to calibrate the shear behavior, all 

plots show only the theoretical fits in the pi-plane. Table 3.2 gives the coefficients for fitting the 

experimental data applying the two assumptions discussed in §3.3.1.1. Table 3.3 gives the 

coefficients reported by Cazacu et al. for fitting their 2006 model of the same data [15]. 
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Table 3.2: Proposed Theory Calibrations for Mg-Th Alloy. 

Assumption-1 

 P11 P22 P33 N11 N22 N33 T12 T13 T23 ɸ 

1% 0.1005 3.7002 15.8165 12.9910 12.7505 9.853 0 0 0 106 

5% 3.8422 4.0832 11.3529 10.2441 10.0448 7.1002 0 0 0 106 

10% 5.5411 5.4062 6.2815 5.8059 6.3184 5.8540 0 0 0 106 

 

Assumption-2 

 P11 P22 P33 N11 N22 N33 T12 T13 T23 ɸ 

1% 4.4944 4.8058 5.8758 10.3742 9.7707 4.5245 -0.2030 -0.5989 -0.6626 106 

5% 4.1841 4.2482 5.1497 7.7004 7.4860 3.0331 -0.2541 -0.6028 -0.6185 106 

10% 3.7952 3.7597 3.9448 3.9524 4.3533 3.6720 -0.4547 -0.5287 -0.5156 106 

 

Table 3.3: Cazacu et al. (2006) Calibrations for Mg-Th Alloy. 

 k C11 C22 C33 C12 C13 C23 ɸ 

1% 0.3539 1.0000 0.9517 0.4654 0.4802 0.2592 0.2017 3042 

5% 0.2763 1.0000 0.9894 0.1238 0.3750 0.0858 0.0659 6703 

10% 0.0598 1.0000 1.4018 0.7484 0.6336 0.2332 0.5614 12550 

 

The fits of the experimental data corresponding to the calibrated Cazacu et al. model are 

provided using dashed lines in Figure 3.11 and Figure 3.12. The fit applying the T = I 

assumption is provided in Figure 3.11 using solid lines. The fit applying the deviatoric relation 

conservation assumption is provided in Figure 3.12 using solid lines. The yield loci resulting 

from the proposed theory calibrations using Assumption-1 and Assumption-2 are dissimilar for 

the Mg-Th alloy case for the 1% and 5% plastic strain conditions but are similar for the 10% 

plastic strain condition. The fits from the proposed theory are comparable to those made using 

the Cazacu et al. (2006) model only in the case of calibrations using Assumption-2. 
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Figure 3.11: Pi-plane plots for Mg-Th alloy. Proposed theory fits using Assumption-1 calibration 

parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) are shown with experimental 

data marked using squares. 
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Figure 3.12: Pi-plane plots for Mg-Th alloy. Proposed theory fits using Assumption-2 calibration 

parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) are shown with experimental 

data marked using squares. 

 

3.3.1.3 Applications to Textured Mg-Li Plate 

The Mg-Li alloy tested and reported on by Kelley and Hosford in 1968 [24] came from 

textured plates. The specific Mg-Li alloy was binary with 4% Li content. The experimental data 
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of concern was generated using standard uniaxial compression tests in the roll, transverse, and 

normal directions along with standard uniaxial tension tests in the roll and transverse directions. 

The experimental data provide yield stresses for three levels of plastic strain: 1%, 5%, and 10%. 

Provided that no data is available that can be used to calibrate the shear behavior, all plots show 

only the theoretical fits in the pi-plane. Table 3.4 gives the coefficients for fitting the 

experimental data applying the two assumptions discussed in §3.1.1. Table 3.5 gives the 

coefficients reported by Cazacu et al. for fitting their 2006 model of the same data [15]. 

 

Table 3.4: Proposed Theory Calibrations for Mg-Li Alloy. 

Assumption-1 

 P11 P22 P33 N11 N22 N33 T12 T13 T23 ɸ 

1% 10.9994 15.1584 20.1348 18.5537 19.2727 12.9695 0 0 0 106 

5% 7.9386 9.7505 14.9556 13.1335 13.5730 7.1781 0 0 0 106 

10% 8.6586 8.8490 9.4465 7.4177 7.8320 4.7879 0 0 0 106 

 

Assumption-2 

 P11 P22 P33 N11 N22 N33 T12 T13 T23 ɸ 

1% 9.4859 10.5382 11.2586 14.1064 12.8557 6.3919 -0.3715 -0.4948 -0.6230 106 

5% 6.7730 7.2763 8.0717 9.9124 9.4108 2.0002 -0.3416 -0.5312 -0.6149 106 

10% 5.9064 5.9618 6.1041 5.1196 5.2877 2.8402 -0.4710 -0.5076 -0.5210 106 

 

Table 3.5: Cazacu et al. (2006) Calibrations for Mg-Li Alloy. 

 k C11 C22 C33 C12 C13 C23 ɸ 

1% 0.2026 1.0000 0.9783 0.1497 0.5871 0.6975 0.2840 932 

5% 0.2982 1.0000 1.0940 0.1764 0.6103 0.8056 0.5745 1830 

10% 0.1763 1.0000 1.0437 0.2946 0.5324 0.8602 0.8404 3660 

 

The fits of the experimental data corresponding to the calibrated Cazacu et al. model are 

provided using dashed lines in Figure 3.13 and Figure 3.14. The fit applying the T = I 

assumption is provided in Figure 3.13 using solid lines. The fit applying the deviatoric relation 

conservation assumption is provided in Figure 3.14 using solid lines. The yield loci resulting 
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from the proposed theory calibrations using Assumption-1 and Assumption-2 are similar for the 

Mg-Li alloy case, with minor deviations  noticeable for the 5% plastic strain condition. The fits 

from the proposed theory are comparable to those made using the Cazacu et al. (2006) model. 

 

 
Figure 3.13: Pi-plane plots for Mg-Li alloy. Proposed theory fits using Assumption-1 calibration 

parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) are shown with experimental 

data marked using squares. 
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Figure 3.14: Pi-plane plots for Mg-Li alloy. Proposed theory fits using Assumption-2 calibration 

parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) are shown with experimental 

data marked using squares. 
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3.3.1.4 Applications to Ti Alloy Sheet 

The Ti-4Al-1/4O2 alloy tested and reported on by Lee and Backofen in 1966 [25] came 

from 3/16 inch rolled sheet. The Ti-4Al-1/4O2 alloy is an all α-phase (hcp) Ti alloy with the 

nominal compositions reported in weight percent and was tested in an annealed condition. The 

experimental data of concern was generated using standard uniaxial compression tests in the roll, 

transverse, and normal directions along with standard uniaxial tension tests in the roll and 

transverse directions. The experimental data provide yield stresses for three relevant levels of 

plastic strain: 0.2%, 1%, and 4%. Provided that no data is available that can be used to calibrate 

the shear behavior, all plots show only the theoretical fits in the pi-plane. Table 3.6 gives the 

coefficients for fitting the experimental data applying the two assumptions discussed in §3.1.1. 

Table 3.7 gives the coefficients reported by Cazacu et al. for fitting their 2006 model of the same 

data [15]. 

 

Table 3.6: Proposed Theory Calibrations for Ti-4Al-1/4O2 Alloy. 

Assumption-1 

 P11 P22 P33 N11 N22 N33 T12 T13 T23 ɸ 

0.2% 1.8035 1.7657 1.0882 2.3236 2.6218 0.9354 0 0 0 106 

1% 1.9531 1.9478 1.3244 1.6114 1.6912 0.0001 0 0 0 106 

4% 1.8508 1.9023 0.9848 1.3719 1.3464 0.0001 0 0 0 106 

 

Assumption-2 

 P11 P22 P33 N11 N22 N33 T12 T13 T23 ɸ 

0.2% 1.0821 1.0808 0.9828 1.4840 1.6911 0.8269 -0.5871 -0.4554 -0.4533 106 

1% 1.2236 1.2241 1.0664 0.9661 1.0232 0.5535 -0.6204 -0.4353 -0.4360 106 

4% 1.1594 1.1712 0.9088 0.7388 0.6869 0.5292 -0.6960 -0.3788 -0.4010 106 
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Table 3.7: Cazacu et al. (2006) Calibrations for Ti-4Al-1/4O2 Alloy. 

 k C11 C22 C33 C12 C13 C23 ɸ 

0.2% 0.1556 1.0000 1.2967 0.3422 0.2285 0.0374 0.2439 195618 

1% -0.1868 1.0000 0.9562 1.0861 0.0431 0.3369 0.3139 275719 

4% -0.2577 1.0000 1.0422 0.8825 0.2178 0.3635 0.3754 256228 

 

The fits of the experimental data corresponding to the calibrated Cazacu et al. model are 

provided using dashed lines in Figure 3.15 and Figure 3.16. The fit applying the T = I 

assumption is provided in Figure 3.15 using solid lines. The fit applying the deviatoric relation 

conservation assumption is provided in Figure 3.16 using solid lines. The yield loci resulting 

from the proposed theory calibrations using Assumption-1 and Assumption-2 are dissimilar for 

the Ti alloy case for the 1% and 4% plastic strain conditions but are similar for the 0.2% plastic 

strain condition. The fits from the proposed theory using Assumption-1 are not valid for the 1% 

and 4% plastic strain conditions, this can be seen not only in the fits, but also in the calibrations 

themselves, since N33 approaches zero before a solution can actually be reached. The fits from 

the proposed theory in the case of calibrations using Assumption-2 are however accurate and 

comparable to those made using the Cazacu et al. (2006) model. This implies that Assumption-2 

is the better assumption. 
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Figure 3.15: Pi-plane plots for Ti-4Al-1/4O2 alloy. Proposed theory fits using Assumption-1 

calibration parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) are shown with 

experimental data marked using squares. 
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Figure 3.16: Pi-plane plots for Ti-4Al-1/4O2 alloy. Proposed theory fits using Assumption-2 

calibration parameters (solid lines) and Cazacu et al. (2006) fits (dashed lines) are shown with 

experimental data marked using squares. 

 

3.3.2 Additive Inconel 718 Experimental Data 

Table 3.8 summarizes the mechanical test results from Ch.2§2.4.1 for the additively 

manufactured Inconel 718 experiments using means and standard deviations of the 0.04 mm 
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offset yield strengths for the indicated quantity of tests performed for each specimen type and 

orientation. 

 

Table 3.8: Experimental Results Summary. 

Row Strength Symbol Strength Definition Mean St. Dev. Number 

1 MÅäã
 X-Dir. Tension 731 4.2 2 

2 MÅäå
 Y-Dir. Tension 723 4.5 4 

3 MÅäç
 Z-Dir. Tension 662 11.8 4 

4 MÅéã
 X-Dir. Compression 870 10.8 4 

5 MÅéå
 Y-Dir. Compression 848 20.5 4 

6 MÅéç
 Z-Dir. Compression 794 21.2 4 

7 èÅ�åç
 YZ-Plane Pos. Shear 514 8.6 3 

8 èÅ�çã
 ZX-Plane Pos. Shear 519 6.2 3 

9 èÅ�ãå
 XY-Plane Pos. Shear 453 24.2 4 

10 èÅxåç
 YZ-Plane Neg. Shear 518 21.6 5 

11 èÅxçã
 ZX-Plane Neg. Shear 527 15.3 5 

12 èÅxãç
 XY-Plane Neg. Shear 444 4.2 4 

13 MÅå:êã
 35˚ Toward X from Y 698 16.5 4 

14 MÅç:êå
 35˚ Toward Y from Z 738 12.8 4 

15 MÅã:êç
 35˚ Toward Z from X 790 12.5 4 

16 MÅåêêã
 35˚ Toward Y from X 706 18.4 4 

17 MÅçêêå
 35˚ Toward Z from Y 771 17.7 4 

18 MÅãêêç
 35˚ Toward X from Z 744 6.3 4 
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3.3.3 Calibrations of Additive Inconel 718 

The data in Table 3.8 were used to fit first the 2006 Cazacu et al. yield potential [15] to 

provide a comparison between various different fits of our newly proposed criterion and the 

current state of the art. All available data were used to provide a best-fit using a nonlinear least 

squares regression. Details for this and all other calibration procedures used in this section are 

provided in Appendix E for the interested reader. The calibration of the proposed model for the 

data in Table 3.8 using the two assumptions discussed in §3.3.1 are provided in §3.3.3.1. In 

addition to these two fits, a third fit is made using no assumptions for the values of Tjk beyond 

requiring that Tjk = Tkj, referred to as the Full-Fit for the remainder of the article. These three fits 

of the proposed model are compared with the Cazacu et al. (2006) model and each other using a 

simple pi-plane projection. The Full-Fit is then compared in greater detail to the Cazacu et al. 

(2006) model by using a complete set of 2D projections and a bar chart presentation near the end 

of §3.3.3.1. Considering a Full-Fit calibration where the exponential shape parameter, p, is 

included as a free parameter is discussed in §3.3.3.2, with similar comparisons made near the end 

of the section using a complete set of 2D projections and a bar chart presentation. 

 

3.3.3.1 Initial Calibrations and Comparisons of the Assumptions on Tjk 

Table 3.9 gives the coefficients for fitting all of the additively manufactured Inconel 718 

experimental data presented in Table 3.8 using the Cazacu et al. (2006) criterion [15] assuming 

a=2. Specifically, a best-fit was achieved using all 18 different mean yield points and a nonlinear 

least squares regression method. Further calibration details can be found in Ch.2§2.2. 
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Table 3.9: Cazacu et al. (2006) Calibrations for AM Inconel 718. 

k C11 C22 C33 C12 C13 C23 C44 C55 C66 ɸ 
-0.274 0.0170 0.0166 0.0180 0.0025 0.0016 0.0010 0.0132 0.0130 0.0152 100 

 

Table 3.10 gives the coefficients for fitting the additively manufactured Inconel 718 

experimental data applying Assumption-1 and Assumption-2 from §3.1. Additionally, a third 

calibration is performed using only the Tjk = Tkj assumption, the Full-Fit, and is given in Table 

3.10. The first two calibrations utilize rows 1-12 of Table 3.8 and the Full-Fit uses all 18 rows of 

Table 3.8. All three methods use a nonlinear least squares regression method to achieve a best-fit 

with an assumed shape parameter of p=2. The complete set of calibration equations can be found 

in Appendix E. It should be noted that an exact analytic solution exists for the shear strength 

coefficients; as a result, these are the same for all three calibrations. 

 

Table 3.10: Proposed Theory Calibrations for AM Inconel 718. 

Assumption-1 
P11 P22 P33 P44 P55 P66 T12 T13 T23 
1.8678 1.9053 2.1524 1.3757 1.3624 1.5609 0 0 0 

N11 N22 N33 N44 N55 N66  ɸ  

0.9523 1.0481 1.3376 1.3651 1.3418 1.5926  106  

 

Assumption-2 
P11 P22 P33 P44 P55 P66 T12 T13 T23 
1.2862 1.2975 1.3722 1.3757 1.3624 1.5609 -0.4358 -0.5252 -0.5370 

N11 N22 N33 N44 N55 N66  ɸ  

0.7227 0.7521 0.7621 1.3651 1.3418 1.5926  106  

 

Full-Fit 
P11 P22 P33 P44 P55 P66 T12 T13 T23 

1.6363 1.4548 1.3895 1.3757 1.3624 1.5609 -0.2024 -0.3598 -0.6149 

N11 N22 N33 N44 N55 N66  ɸ  

1.1539 0.6553 0.0001 1.3651 1.3418 1.5926  106  
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The fits of the experimental data are provided in Figure 3.17, with the fit corresponding 

to the calibrated Cazacu et al. (2006) model provided using a dotted line, the fit applying 

Assumption-1 provided using a darker dotted line, the fit applying Assumption-2 provided using 

a dashed line, and the Full-Fit results provided using a solid line. The yield loci resulting from 

the proposed theory calibrations using Assumption-1 and Assumption-2 are essentially identical 

in the pi-plane. Minor deviations exist between these fits and the Full-Fit from the proposed 

theory. Similarly, minor deviations between the Assumption-1 and Assumption-2 fits and the 

Cazacu et al. (2006) model. The Full-Fit tends to under predict slightly in the pi-plane and the 

Cazacu et al. (2006) model tends to over predict slightly in the pi-plane. In general, all four fit 

are comparable when viewed from the pi-plane. 

The proposed model calibrated using the Full-Fit and the Cazacu et al. (2006) model are 

further compared using a complete set of 2D projections similar to that demonstrated in 

Ch.2§2.1. Figure 3.18 demonstrates the differences between the two models more completely 

than shown in Figure 3.17. In addition to the 2D projection sets, a bar chart is used to directly 

compare the predictions between the two models for all 18 experimentally determined yield 

strengths, Figure 3.19. 
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Figure 3.17: Pi-plane plots for AM Inconel 718. Proposed theory fits using Assumption-1 

calibration parameters (black dotted line), Assumption-2 calibration parameters (blue dashed 

line), and Full-Fit calibration parameters (solid grey line) are compared with the Cazacu et al. 

(2006) fit (purple dotted line) and the experimental data (blue squares). 
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Figure 3.18: Complete set of 2D projections comparing the proposed model calibrated using the 

Full-Fit with p=2 (blue) and the Cazacu et al. (2006) model (purple). 
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Figure 3.19: Bar chart comparing the predictions between the proposed model calibrated using 

the Full-Fit with p=2 (gold), the Cazacu et al. model (black), and the experimentally determined 

yield strengths (grey). 

 

3.3.3.2 Considerations for Calibrating the Shape Parameter 

The results from the above calibration demonstrated a decent, but distinctly poorer 

calibration for the proposed model when compared to the Cazacu et al. (2006) model. The 

proposed model however, allows for non-integer values of the exponential shape parameter, p, 

whereas the Cazacu et al. (2006) model restricts the exponential parameter to integer values 

starting at 1 [15] according to the original article. Under this restriction, the best choice of the 

exponent is 2. Allowing our function to be calibrated with the exponent as a free parameter 

significantly increases the ability to fit experimental data, this was demonstrated when initially 

deriving the function in Figure 3.3. Table 3.11 gives the coefficients for fitting the additively 
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manufactured Inconel 718 experimental data applying the Full-Fit with the exponent included as 

a free parameter. 

 

Table 3.11: Proposed Theory Calibrations for AM Inconel 718 with a free exponential 

parameter. 

Full-Fit with Exponent 
P11 P22 P33 P44 P55 P66 T12 T13 T23 

3.9812 3.8558 4.1381 13.6953 13.5634 15.5395 -4.3989 -4.6632 -4.9265 

N11 N22 N33 N44 N55 N66  ɸ p 

1.2472 0.7638 0.9124 13.5896 13.3575 15.8545  106 1.4812 

 

The proposed model calibrated using the Full-Fit with the exponent included as a free 

parameter and the Cazacu et al. (2006) model are compared using a complete set of 2D 

projections in Figure 3.20 and with a bar chart directly comparing the predictions between the 

two models with the experimentally determined yield strengths in Figure 3.21. Note that this 

calibration provides not only an improved fit over the assumption of a fixed exponential value of 

p=2, but also an improvement when compared with the Cazacu et al. model. It should also be 

noted that although the p=1.48 fit results in increased alignment with the Cazacu et al. model in 

some instances, the deviation from the Cazacu et al. model is exaggerated in other instances. 

This is further addressed in the Discussion section. 
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Figure 3.20: Complete set of 2D projections comparing the proposed model calibrated using the 

Full-Fit with p=1.48 (blue) and the Cazacu et al. (2006) model (purple). 
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Figure 3.21: Bar chart comparing the predictions between the proposed model calibrated using 

the Full-Fit with p=1.48 (gold), the Cazacu et al. model (black), and the experimentally 

determined yield strengths (grey). 

 

3.4. Discussion 

In §3.2.1, it is reasoned that a triclinic transformation cannot be applied in tandem with 

an asymmetric transformation without restrictions, or more specifically that the triclinic character 

of the elastic limit needs to be symmetric. This is demonstrated using the example in Figure 3.5 

where subfigures a-e demonstrate the explicit transform and the loss of convexity and the 

subfigures f-j demonstrate the equivalent implicit transform and the intuitive perspective of angle 

changes resulting from a triclinic change of basis. The idea is further reinforced by the structure 

of the geometric proof of convexity, specifically in §3.2.2.3.1 the property exploited to 

demonstrate preservation of convexity for our asymmetric transformation is the orthogonal 

projection onto a coordinate plane. A triclinic transformation can destroy this property by 
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allowing some of the elastic limit to shear beyond the region intersecting the coordinate plane. 

As a result, the triclinic character must be imparted after the asymmetric transformation (in an 

explicit sense) to the hypersurface as a whole so as not to promote the kinking effect shown in 

Figure 3.5. 

The physical reasoning posited in §3.2.1 is that “even for a material where the tensile and 

compressive strengths, or the positive and negative shear strengths, differ, the initial angles 

within the material are the same.” To expand on this idea, consider the atomic structure for a 

monoclinic or triclinic crystal. The reference frame should be understood as necessarily non-

orthogonal, but similarly understood as necessarily symmetric – the crystal structure at zero load 

is independent of the sign of the load about to be applied. This logic extends beyond metallic 

alloys and into the world of composites, where the material basis can be far from orthogonal. In 

both cases the implicit description of material behavior (i.e. elastic limit) should be described in 

the appropriate non-orthogonal frame. Our theory achieves this by capturing the triclinicity first, 

before applying an asymmetric-orthotropic description. This implies that the proposed model 

would readily extend to describing the elastic limit for non-orthogonal fiber composites and 

similar composite systems possessed of asymmetric behaviors. 

Beyond the potential of extending our description of the elastic limit to include non-

metallic materials, there also exists another possibility in extending our description to capture 

plastic flow behaviors for metallic materials. In modelling metallic systems, a common 

assumption made to predict plastic flow and the evolution of the elastic limit is the associative 

flow rule. Although mathematically elegant, essentially defining the hypersurface evolution as a 

function of the hypersurface normal, deviations from observed experimental behavior is 

commonly expected for this approach [27]. Recently however, the associative flow rule has been 
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used to successfully qualitatively capture the material phenomena described by Poynting (1909, 

1912) [28], [29] and Swift (1947) [30], hereafter referred to as the Poynting-Swift effect. Cazacu 

et al. [31], [32] and Revil-Baudard et al. [33] demonstrate how curvature effects on the yield 

hypersurface resulting from asymmetric material models produce a Poynting-Swift effect similar 

to what is experimentally observed. Applying the logic from these studies suggests that the 

Cazacu et al. (2006) model [15] predicts a Poynting-Swift effect in the additively manufactured 

Inconel 718 investigated in this article. The logic also suggests that a Poynting-Swift effect is not 

to be expected when considering the calibrations presented in §3.3.3 for our proposed model. By 

including a center-shift in the calibration as proposed at the end of §3.2.1 as an extension of the 

model, it is possible to generate a calibration which does include a Poynting-Swift effect. In fact, 

it may be possible to calibrate the model to include not only a qualitative Poynting-Swift effect 

under an associative flow rule, but a quantitative description of the effect. Future work should be 

undertaken to further investigate this described application of the model and to investigate the 

possibility of Poynting-Swift effects in additively manufactured materials. Such targeted 

computational and experimental investigations could extend both the application space for the 

proposed model and our understanding of additively manufactured alloys. 

 

3.5. Conclusions 

In this article, a new yield function is proposed to capture a greater range of possible 

combined anisotropic and asymmetric behaviors than the current state of the art. Specifically, a 

function is developed to capture orthotropic distortional asymmetry coupled with general 

triclinic anisotropy. An extension is also proposed to account for previously accumulated 
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kinematic hardening in the form of center-shifting, translational control of the hypersurface. 

These major conclusions are summarized below: 

1. A new yield function was proposed to accommodate combined triclinic and asymmetric 

behavior of the elastic limit. 

2. A novel approach to demonstrating convexity of a yield function was presented and used 

to prove the convexity of the proposed yield function. 

 

Along with the major conclusions of this article, there was one additional main objective, to 

propose common terminology for use in describing implicit yield theories. 
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CHAPTER 4 

ADDITIONAL INSIGHTS ON ANISOTROPY AND ASYMMETRY 

IN CALIBRATING THE ELASTIC LIMIT 

4.1.   Introduction 

By now the reader should be comfortable with the idea that both anisotropy and 

asymmetry are relevant, important and increasingly prevalent in the evolving world of 

engineering and materials science. Previously, in Ch. 2 and Ch.3,  the ideas of anisotropy and 

asymmetry have been addressed generally, without specific considerations of various symmetry 

classes and the manufacturing methods which produce materials with such symmetries. But it is 

important to consider these different symmetry classes and especially the manufacturing methods 

which often lead to anisotropy and/or asymmetry. Many different manufactured material cases 

exist which exhibit anisotropy and/or asymmetry to varying degrees. Some examples include 

rolled sheet and plate [1]–[12], extruded bars [13], [14], extruded tubes [15]–[18], 3D-printed 

parts [19]–[21], and drawn wires [22]–[24]. In each case, different considerations are necessary 

which ultimately lead to different mechanical tests being required for calibrating the elastic limit. 

In this chapter we explore symmetry cases and specifically focus on the differences in 

calibration experiments necessary for various symmetries with regard to the geometric 

constraints resulting from the manufacturing methods used. Initially, theoretical considerations 

are discussed for anisotropic elastic limits in §4.2.1 and for asymmetric elastic limits in §4.2.2. In 

§4.3, six different manufactured material cases are considered, with suggestions of mechanical 

tests capable of capturing all necessary anisotropic and/or asymmetric features of the elastic 

limit. Bulk materials are discussed in §4.3.1 to lay the foundation for the simplest case, where 

each strength can be easily paired to a simple mechanical test. Building off of this foundation, 
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§4.3.2 and §4.3.3 address rolled plates and sheets respectively, assuming orthotropy, but also 

allowing for higher symmetry assumptions to be considered. The cases of extruded bars and 

drawn wires are considered in §4.3.4 and §4.3.5 respectively under the assumptions of cartesian 

material coordinates and tetragonality. Finally, in §4.3.6, extruded tubes are considered with the 

assumption of orthotropy in a cylindrical material coordinate frame. In each case, standard 

mechanical tests are suggested when possible and new mechanical tests are proposed when 

required. The discussion provided in §4.4 outlines future investigations for the newly proposed 

mechanical tests and summarizes some best practices for calibrating anisotropic and asymmetric 

material systems. The major conclusions of this chapter are then presented in §4.5. 

 

4.2.   Theoretical Considerations 

4.2.1.   Anisotropy in the Elastic Limit 

Anisotropy is a long studied concept in materials science, with applications to crystal 

symmetries, macroscopic continuum scale elasticity, and macroscopic continuum scale plasticity. 

Many of the terms used at the crystal scale are directly applied to similar mathematical behaviors 

at the continuum scale. Elastic anisotropy was described in extensive detail by Nye in the 1950’s, 

with little changing or otherwise being updated since [25]. One of the most useful descriptions 

produced by Nye are the symmetry cartoons of the stiffness and compliance matrices from Table 

9 of [25] which can be used to not only reduce the different classes of anisotropies to a single 

number of independent constants, but also provides a visual demonstration for comparing these 

classes of anisotropy to each other and to experimentally determined properties for real 

materials. Plastic anisotropy has lacked such a detailed discussion until recently, with Skrzypek 

and Ganczarski neatly summarizing these discussions in their 2015 book “Mechanics of 
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Anisotropic Materials” [26]. Building off of the descriptions, derivations, and symmetry 

discussions from Skrzypek and Ganczarski, including similar symmetry cartoons they developed 

for a handful of the plastic symmetry cases, we summarize those most applicable to commonly 

manufactured materials systems and then proceed in §4.3 to propose experimental procedures for 

determining these independent constants. 

Table 4.1 summarizes the anisotropic symmetry cases starting at isotropy and progressing 

to lower symmetry cases with increasing numbers of independent constants necessary to describe 

such a material system. In Table 4.1, the cartoon depictions of the 6x6 matrix representation of 

the structural tensors of plastic anisotropy, referred to as the anisotropy matrix symmetries for 

the remainder of the chapter, use symbols similar to those used by Nye [25] and later by 

Skrzypek and Ganczarski [26]. Solid circles (  ) indicate non-zero, independent elements of the 

matrix. Open circles (  ) indicate non-zero elements that are dependent on one or more 

independent elements. Solid connected circles (  ) indicate non-zero, independent elements 

of the matrix which are the same value. Open connected circles (  ) indicate dependent non-

zero elements that have the same value. Gray versions of these symbols (   ,  ,   ) indicate 

the same values being mirrored across the diagonal – all of these matrix representations are 

symmetric. 

Isotropic materials require a single independent strength parameter to define the elastic 

limit – examples of theories describing such materials include von Mises [27], [28] and Tresca 

[29]. Essentially, the axial strengths are identical in the x, y, and z directions and the shear 

strengths are identical in the x, y, and z planes. Additionally, the shear strengths can be described 

by a known functional relationship of the axial strengths which varies based on the theory being 

used to describe the elastic limit. Row one of Table 4.1 summarizes these properties. 
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Table 4.1: Summary the implications of select assumed material symmetries. 

Material Symmetry 

Class 
Strength Relationships 

Anisotropy Matrix 

Symmetries 

Number of 

Independent 

Constants 

Isotropy 

 

{Behavior Exhibited by 

Isotropic Materials} 

!" = !$ = !% 

 

&$% = &%" = &"$ 

 

&"$ = '(!") 

 

1 

Cubicity 

 

{Behavior Exhibited by 

Cubic Materials} 

!" = !$ = !% 

 

&$% = &%" = &"$ 

 

2 

Hexagonality 

(Transverse Isotropy) 

 

{Behavior Exhibited by 

Hexagonal Materials} 

!" = !$ ≠ !% 

 

&$% = &%" ≠ &"$ 

 

&"$ = '(!") 

 

3 

Tetragonality 

(Transverse Cubicity) 

 

{Behavior Exhibited by 

Tetragonal Materials} 

!" = !$ ≠ !% 

 

&$% = &%" ≠ &"$ 

 

4 
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Table 4.1 Continued 

Material Symmetry 

Class 
Strength Relationships 

Anisotropy Matrix 

Symmetries 

Number of 

Independent 

Constants 

Orthotropy 

 

{Behavior Exhibited by 

Orthotropic Materials} 

!" ≠ !$ ≠ !% 

 

&$% ≠ &%" ≠ &"$ 

 

6 

Triclinicity 

 

{Behavior Exhibited by 

Triclinic Materials} 

!" ≠ !$ ≠ !% 

 

&$% ≠ &%" ≠ &"$ 

 

The angles between the 

stress axes are not 

governed by a fixed value 

or functional relationship 
 

21 

Reduced Triclinicity 

 

{Behavior Exhibited by 

Triclinic Materials 

Under Additional 

Assumptions} 

Triclinic material behavior 

(see above) with assumed 

pressure insensitivity 

conditions maintained 

following the applied 

transformation. 

 

15 

 

Cubic materials represent the simplest deviation from true material isotropy, requiring 

two independent strength parameters to define the anisotropies of the elastic limit. Specifically, 

although the axial strengths are identical in the x, y, and z directions and the shear strengths are 

identical in the x, y, and z planes, cubicity indicates that the axial and shear strengths are 

independent of each other. Row two of Table 4.1 summarizes these properties. Note that this is a 
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distinctly different behavior from that described using the isotropic Hershey [30] and Hosford 

[31] models which use exponential shape parameters to control the relationship between axial 

and shear strengths. For low degrees of cubicity, approaching isotropy, very little difference 

exists between a cubic Hill [32] or cubic von Mises [26]–[28] and a Hershey [30] or Hosford 

[31] model, but as the material symmetry deviates increasing amounts from true isotropy, the 

errors resulting from assuming isotropy increase (see Ch.2 for discussions of estimating such 

errors).  

 Transverse isotropy is often used to collectively refer to both hexagonality and 

tetragonality, but it is worth distinguishing between these material symmetry cases. Hexagonal 

symmetry, true transverse isotropy, indicates that the in-plane axial strengths (x and y) are 

identical and the out-of-plane shear strengths (yz and zx)  are identical. Additionally, the in-plane 

shear strength is functionally dependent on the in-plane axial strengths, making the in-plane 

behavior truly isotopic, and limiting the number of independent material parameters to three. 

Hexagonality is summarized in row three of Table 4.1. Tetragonal symmetry, transverse cubicity, 

similarly indicates that the in-plane axial strengths are identical and the out-of-plane shear 

strengths are identical, but lacks the coupling of in-plane axial and shear terms. This causes the 

in-plane behavior to be cubic instead of isotropic, and ultimately necessitates the use of four 

independent material parameters. Both of these material symmetries are common in the cases of 

extruded and drawn materials such as bars, tubes, and wires. Depending on the accuracy 

required, it may or may not be necessary to consider testing for tetragonality rather than 

assuming the simpler hexagonality. 

 From here, we skip over the case of trigonal material systems due to a lack of previous 

investigations and a significantly reduced collection of related real-world manufactured material 
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systems. Moving directly to orthotropy, we consider orthotropic yield as described by Hill’s 

criterion [32] and by the pressure insensitive orthotropic von Mises criterion, as addressed by 

Skrzypek and Ganczarski [33]. Orthotropic symmetry implies that all three axial strengths are 

independent from each other and all three shear strengths are independent from each other. 

Additionally, the material reference frame is generally restricted to require that all stress axes are 

orthogonal to each other, making only six independent parameters necessary to capture the 

material behavior. Technically, in the case of the axial stresses however, the deviatoric constraint 

does produce a non-orthogonal, but otherwise functionally predictable, relationship between the 

axial stress axes. This relationship is discussed in the context of the newly proposed yield 

criterion in Ch.3 §3.3.1.1. Row five of Table 4.1 summarizes the orthotropic symmetry case. 

Orthotropy is common in the cases of rolled sheet and plate and can also manifest in bulk 

material systems such as 3D printed solids. 

 Although neither monoclinicity nor triclinicity are common in traditionally manufactured 

material systems, for the sake of completeness triclinic materials systems are also summarized in 

Table 4.1. Monoclinic plastic symmetry, like trigonal plastic symmetry is less studied due to 

both a lack of bulk material cases and since monoclinic behavior can be captured by a triclinic 

model. For this reason, we skip directly to triclinicity. Triclinic material behavior implies that 

none of the material strengths are dependent on each other and that the angles between the 

strength axes do not follow a fixed functional relationship. This generally necessitates all 21 

parameters, but in the case of the pressure insensitive anisotropic von Mises criterion, as 

addressed by Skrzypek and Ganczarski [33] the number of independent values can be reduced to 

15. These symmetry cases are summarized in Table 4.1, rows six and seven. 
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4.2.2.   Asymmetry Effects in the Elastic Limit 

In addition to anisotropy, material asymmetry is an often necessary consideration which 

deviates from the ideal isotropic-symmetric material assumptions. Figure 4.1 shows the effects in 

the pi-plane of anisotropy and distortional asymmetry, a subset of asymmetry which achieves a 

tension-compression strength ratio unequal to one by distorting the shape of the elastic limit. 

Here, the isotropic-symmetric surface is stretched to achieve an anisotropic-symmetric character; 

the isotropic-symmetric surface is distorted from circular to triangular to achieve an isotropic-

asymmetric character; and both transformations are combined to achieve an anisotropic-

asymmetric character. 

 

 

Figure 4.1: Demonstration of the effects of anisotropy and distortional asymmetry when viewed 

from the pi-plane. 
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 Distortional asymmetry is generally used for materials where asymmetry is present not 

only in heavily processed cases, but also in the single crystal case or even in the cast state. 

Examples include magnesium and titanium alloys, which occasionally possess asymmetry at the 

crystal scale and occasionally when cast due to the strength differential effect produced by 

twinning [1], [7], [15], [34], [35]. For the case of isotropic distortional asymmetry, a geometric 

limit exists for the maximum possible tension-compression asymmetry ratio for pressure 

insensitive materials. The upper limit is 2:1, or 1:2 for cases where compressive strength is 

greater than tensile strength. Because convexity must be preserved when describing the elastic 

limit [36]–[38], the shape of the elastic limit for such a material approaches an equilateral 

triangle in the pi-plane as the tension-compression ratio increases. This is demonstrated in Figure 

4.2 where, starting from an isotropic-symmetric surface, the compressive strengths are reduced 

until the point where any further reduction would impose a non-convex shape. 

 

 

Figure 4.2: Demonstration of increasing tension-compression ratio until the convexity limit is 

reached, producing an equilateral triangle. 
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The 2:1 upper limit can then be found by first recognizing that the centroid of the 

resulting equilateral triangle bounding the elastic limit lies at the origin of the pi-plane. This can 

be demonstrated by realizing that the stress axes intercept both the vertices and the centers of 

each side of the triangle. This makes the segments of the stress axes within the elastic limit the 

medians of the equilateral triangle, and the medians all intersect at the centroid, or at (0, 0, 0) in 

stress space. From here a standard geometric property can be applied which states that the 

centroid of a triangle divides each median into segments with the ratio 2:1 [39]. Therefore, the 

upper limit of the tension-compression ratio (visualized in Figure 4.3) for an isotropic, 

distortionally asymmetric material is 2:1. 

 

 

Figure 4.3: Visualization of the 2:1 tension-compression asymmetry ratio for the limiting case of 

an equilateral triangle. This results from a known geometric property of triangles. 

 

 It is possible to exceed this limit through the inclusion of anisotropy. The most 

straightforward case is to consider transverse isotropy that converts the equilateral-triangular 

elastic limit into an isosceles triangle. This is demonstrated in Figure 4.4b, transversely isotropic 

case one. Several other cases exist where anisotropy coupled with distortional asymmetry can 
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produce tension-compression ratios exceeding 2:1. In fact, even when restricted to transverse 

isotropy, multiple configurations are possible which produce the same tension-compression 

ratios greater than 2:1. Figure 4.4 b-e provide four such examples. The first two cases in Figure 

4.4, b and c, demonstrate different tension-compression ratios for the transvers plane (x-y) and 

the out-of-plane direction, z. Cases two and three in Figure 4.4, c and d, demonstrate a reverse 

tension-compression ratio between the transverse plane (x-y) and the out-of-plane direction, z. 

And cases three and four in Figure 4.4, d and e, demonstrate a difference in the smoothness of 

the surface, generated from different exponential shape parameters. These cases together show 

the importance of calibrating all relevant parameters for a given material symmetry. 

 

 

Figure 4.4: Examples of exceeding the 2:1 limit for the tension-compression ratio. (a) shows the 

2:1 limiting case. (b-e) show transversely isotropic cases. (f) shows a pressure sensitive case. 
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 It is also possible to confuse pressure sensitivity for a greater tension-compression 

asymmetry ratio. Since the hydrostatic stress components of uniaxial tension and uniaxial 

compression are different, it is possible to exceed the 2:1 tension-compression ratio while 

preserving isotropy for pressure sensitive materials. This results in a seemingly non-convex 

elastic limit, Figure 4.4f, when the points from tension and compression mechanical tests are 

projected orthogonally onto the pi-plane. In the example from Figure 4.4f, considering a pressure 

sensitive elastic limit which contracts towards the hydrostatic axis in the negative hydrostatic 

direction and/or expands away from the hydrostatic axis in the positive hydrostatic direction 

readily resolves the convexity issue. Since the plot was generated by projecting individual points 

onto the pi-plane rather than through an intersection of the actual higher-dimensional surface 

with the pi-plane, convexity was not preserved in Figure 4.4f. This should serve as a warning to 

check for pressure sensitivity in cases of large tension-compression asymmetry. 

 One final consideration is worth noting in regards to material asymmetry. Plastic 

asymmetry can also manifest from accumulated kinematic hardening resulting from the 

processing history. Generally referred to as the Bauschinger effect [40], this phenomenon 

produces an increase in the tensile strength, hardening, commensurate with a decrease in the 

compressive strength, softening, through translation of the elastic limit without changing the 

overall shape [41]. Figure 4.5 demonstrates the differences between asymmetry generated by 

elastic limit distortion and the translation produced by accumulated kinematic hardening. Here, a 

2:1 tension-compression ratio produced by each method can also be superimposed to produce a 

4:1 tension-compression ratio. Such coupling is possible using the newly proposed yield theory 

from Ch.3. However, generally we would recommend considering only one manifestation of 

asymmetry at a time (either distortion or translation), and only reconsider coupling the two if a 
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single manifestation cannot completely fit the data. Including both manifestations of asymmetry 

will tend to require additional mechanical testing to provide enough data for a valid calibration to 

be achieved. 

 

 

Figure 4.5: Demonstration of the differences between distortional and translational asymmetry. 

Translational asymmetry, often produced by accumulated kinematic hardening is not limited to 

the same 2:1 tension-compression asymmetry ratio as isotropic distortional asymmetry. 

Additionally, the two can be combined to more accurately describe certain cases of material 

asymmetry. 

 

4.3.   Experimental Calibration of the Elastic Limit 

Theories describing or predicting the behavior of a material system, even when 

completely understood and fully capable of describing the system in question, are useless 
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without a valid calibration. In an ideal scenario a mechanician would be provided with strength 

values for every conceivable loading case in order to generate a set of parameters producing a 

best fit. Additionally, said mechanician would be able to choose those loading cases which most 

directly relate to each parameter in a theory to simplify the fitting procedure and minimize the 

number of data points required for a valid calibration. And finally, all of the innumerate 

remaining loading cases could be used to test and/or improve the fit, allowing for validation and 

quantification of the goodness of fit for their model. In the real-world however theoretical 

mechanicians aren’t so lucky – they require experiments to determine each loading case, and in 

fact multiple instances of each to capture variation in real-world materials – it isn’t always 

possible to experimentally measure the ideal loading cases which would simplify calibration – 

and any additional loading cases are often associated with additional time, cost, and complexity, 

making such options limited even in the best scenarios. In this section, we aim to consider those 

real-world scenarios for six different manufactured material cases, providing suggestions for the 

mechanical tests to be used for calibrating all pertinent anisotropic and/or asymmetric aspects of 

the elastic limit. 

Starting with bulk materials in §4.3.1, we consider the nearly ideal case. We use this case 

to explore what the minimum requirements are for calibrating orthotropic-asymmetric material 

systems, what reductions are possible for the higher symmetry assumptions of hexagonality and 

tetragonality, and what additional mechanical tests are most useful in testing the goodness of fit 

and validating the model. From there, we move on to rolled plate in §4.3.2 and rolled sheet 

materials in §4.3.3. Under the assumption of orthotropy, we consider which ideal mechanical 

tests remain feasible and which need to be replaced. For those tests no longer plausible, we posit 

replacement mechanical tests which can provide the same necessary data with limited increase in 
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complexity for the calibration procedures and goodness of fit analyses. For the case of rolled 

sheet materials, a new mechanical test is proposed using an existing sample geometry. In 

sections §4.3.4 and §4.3.5 we consider the assumptions of transverse isotropy and transverse 

cubicity for two different cases. In §4.3.4 we consider extruded rods and bars and in §4.3.5 we 

consider drawn wires, following a similar set of considerations as in §4.3.2 and §4.3.3. One final 

case is considered in §4.3.6, where orthotropic-asymmetry is assumed in a non-cartesian 

coordinate frame. Specifically, we consider extruded tubes where the material coordinate frame 

is best modelled using cylindrical coordinates. Here, some new mechanical tests are proposed 

with a suggested new sample geometry to capture certain loading cases which can’t be captured 

using standard mechanical tests. The goal for each section is to provide a guide for calibration of 

practical anisotropic and asymmetric materials that helps to maximize efficiency while 

minimizing loss of information and/or incomplete fits. 

 

4.3.1.   Bulk Material Calibration 

Bulk materials, as discussed here, include any material system where the processed form 

is considered homogeneous throughout (at the scale of mechanical testing) and exists in a large 

enough volume to allow for tension, compression, and direct-shear specimens to be extracted in 

any direction. Examples include castings, thick plates (thick enough to extract samples through 

the thickness direction), and 3D-printed solids. Although castings tend to be anisotropic to a 

lesser degree, or not at all, the other two cases provide excellent examples for considering 

orthotropy and/or transverse isotropy [1], [6], [19]–[21], [35], [42]–[44]. For the examples 

discussed in §4.3.1, we will assume that both anisotropy and asymmetry are present, requiring 

twice the number of mechanical tests to calibrate as compared to symmetric-anisotropic cases. 
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§4.3.1.1 considers the case of orthotropy and §4.3.1.2 follows by discussing what reductions are 

possible for the higher symmetry assumptions of hexagonality and tetragonality. 

 

4.3.1.1   Orthotropic Bulk Materials 

Referencing Table 4.1, we see that six parameters are required to describe an orthotropic 

elastic limit. To include asymmetry, this number is doubled to indicate 12 required parameters, 

and thus 12 mechanical tests for a complete calibration. This assumes that only one of the two 

asymmetry mechanisms discussed in §4.2.2 is active in the material system; should both 

mechanisms be active, then 18 mechanical tests would be required for calibration. We will 

proceed under the single asymmetry mechanism assumption for the remainder of this sub-section 

and the following sub-sections of §4.3. Starting by considering the axial behavior, we can use 

tension and compression tests to easily quantify the asymmetry. By extracting tension and 

compression samples in the three principle material directions, such as the roll-direction (RD), 

transverse-direction (TD), and normal-direction (ND), we can quantify the axial anisotropy in 

full. 

It is not uncommon for mechanicians to want to turn towards torsion tests to calibrate the 

anisotropy in shear for a material system [33]. This however is a mistake for orthotropic 

materials with a cartesian material frame. Figure 4.6 compares the stress states generated by a 

direct-shear test and a torsion test. The direct shear test, Figure 4.6a, generates a uniform 

cartesian shear state, Figure 4.6b, during mechanical loading. The torsion test, Figure 4.6c, 

convolves four cardinal cartesian shear states, Figure 4.6d, along with all intermediate, 

combined, shear states between them. More specifically, a direct shear sample cut from the x-y 

plane such that loading is applied in the y-direction generates either a positive x-y shear state or a 
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negative x-y shear state depending on the chirality, right-handed or left-handed version of the 

sample. This allows for isolating both the positive and negative cases for each of the x-y, y-z, 

and z-x shear strengths. The torsion sample machined perpendicular to the x-y plane generates 

(+) z-x shear, (+) y-z shear, (-) z-x shear, and (-) y-z shear simultaneously. This convolves all of 

these shear strengths, disallowing any one strength from being isolated and measured for use in 

effective calibration. For these reasons, we recommend using direct shear tests to determine the 

positive and negative x-y, y-z, and z-x shear strengths. 

 

 

Figure 4.6: Comparison of the stress states generated by a direct shear test (a-b) and a torsion test 

(c-d). The direct shear test (a) generates a uniform cartesian shear state (b) during mechanical 

loading. The torsion test (c) convolves four cardinal cartesian shear states (d) along with all 

intermediate, combined, shear states between them. 

 

 See ASTM standard B831 for a simple direct-shear test [45]. This is the test we 

recommend, and as such have used as the model for the direct-shear geometry in all of the 

figures throughout §4.3. Various other shear tests are available, but mechanicians must be careful 
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to consider the stress state(s) being generated in other tests. For example, of the three shear tests 

investigated by Yin et al. (2014) [46], two generate a single  shear stress, but one convolves the 

positive and negative versions of the in-plane shear. Specifically, the ASTM B831 shear test [45] 

and the twin bridge shear test [47] isolate a single shear state, and the Miyauchi shear test [48] 

does not. 

 In addition to samples used for model calibration, it is suggested as good practice to 

extract additional mechanical samples which produce unique stress states to use for validation 

and quantification of the goodness of fit for the calibrated model. Stress states that are easy to 

generate, relatively simple, and significantly different from those used in the calibration are 

recommended. The off-axis tensile samples discussed in detail in Ch.2, and again in Ch.3, are 

extremely fitting for this use. The 35.26˚ and 54.74˚ angled tensile samples generate 2:1 and 1:2 

biaxial tension ratios with √2 magnitude in plane shear (shear sign depending on the direction of 

rotation from 0˚). Figure 4.7 summarizes most of the mechanical tests discussed for calibrating 

bulk materials with orthotropic-asymmetric behavior. Note that the 18 samples (24 if you allow 

for both directions of rotation for the off-axis tension samples) do not fit well in a single easy to 

digest graphic – in §4.3.2 - §4.3.5 similar graphics are used with the additional validation 

specimens not shown to allow for all 12 or fewer necessary samples to be illustrated. 
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Figure 4.7: Summary of most of the mechanical tests discussed for calibrating bulk materials 

with orthotropic-asymmetric behavior. Specifically, tension and compression samples are shown 

in each cardinal direction; three shear samples are shown: one for (-) z-x shear, one for (+) x-y 

shear, and one for (-) x-y shear; and three different off-axis tensile samples are also included. 

 

4.3.1.2   Hexagonal and Tetragonal Bulk Materials 

Referencing Table 4.1, we see that three parameters are required to describe a hexagonal 

(transversely isotropic) elastic limit and four parameters are required to describe a tetragonal 

(transversely cubic) elastic limit. To include asymmetry, these numbers are doubled to indicate 

six and eight required parameters respectively, and thus six or eight mechanical tests for a 

complete calibration. Again, this assumes that only one of the two asymmetry mechanisms 

discussed in §4.2.2 is active in the material system. We could start over, by building up from no 

mechanical tests until we have accounted for every independent material behavior, but since the 

work has already been done to consider orthotropy, it is easier and faster to consider which 

mechanical tests to keep and which can be disregarded as redundant. By following this 

procedure, in future sections only the lower symmetry arguments need to be presented. The 

reader can then apply the same logic that follows in the event that a higher symmetry assumption 

is warranted for a specific case. 
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The simplest way to identify which mechanical tests are redundant for a higher symmetry 

is to refer back to Table 4.1 and consider first which parameters are newly identical, represented 

by connected circles (  ,  ) and then which parameters are newly dependent, represented 

by open circles (  ). When going from orthogonality to tetragonality, two pairs of parameters go 

from independent to identical. We’ll consider specifically that x=y defines our specific flavor of 

tetragonality. The first redundant mechanical tests are therefore the x and y tension and 

compression tests – only one of each, either x or y, is required. We’ll assume that the x-direction 

tests are kept and the y-direction tests are removed from the experimental design, although this 

choice is completely arbitrary. The second redundant mechanical tests are the out-of-plane shear 

tests: z-x shear and y-z shear – only the positive and negative versions of one, either z-x or y-z, is 

required. Here we’ll keep the z-x shear and remove the y-z shear from the experimental design. 

This ultimately leaves us with the following: x-tension, z-tension, x-compression, z-compression, 

(+) z-x shear, (-) z-x shear, (+) x-y shear, and (-) x-y shear. This is a total of eight mechanical 

tests for tetragonality, as expected. 

For hexagonality, we can start from the lower tetragonal symmetry and reduce from 

there. When going from tetragonality to hexagonality, one of the independent parameters 

becomes dependent on one or more other parameters. Following the same considerations as in 

the previous paragraph, the newly redundant mechanical test is the x-y shear test since the x-y 

shear parameter is now a dependent parameter. Removing this mechanical test, both positive and 

negative, from the experimental design produces the following set of required tests: x-tension, z-

tension, x-compression, z-compression, and (+) z-x shear, (-) z-x shear. This is a total of six 

mechanical tests for hexagonality, as expected. 
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4.3.2.   Rolled Plate Material Calibration 

Rolled plate materials, for the purpose of the current discussion, include any material 

system produced by rolling such that it can be considered homogeneous throughout (at the scale 

of mechanical testing) and is thick enough to extract compression samples though the thickness 

in any orientation, but not thick enough to extract tension or direct-shear samples though the 

thickness. These thickness requirements are illustrated in Figure 4.8, where the blue samples can 

be extracted and the red samples cannot. For the examples discussed in §4.3.2, we will assume 

that both anisotropy and asymmetry are present and that only one asymmetry mechanism is 

active. Furthermore, orthotropy will be assumed, as the reader can follow the steps laid out in 

§4.3.1.2 to reduce the experimental design for higher symmetry cases. To aid in consistency 

across subsections, the RD will be considered as the x-direction, the TD will be considered as the 

y-direction, and the ND will be considered as the z-direction, see Figure 4.8. 

 

 

Figure 4.8: Demonstration of the mechanical testing samples for rolled plate materials, with 

coordinates defined. Those samples in blue (in the rolled plate) can be extracted from the plate, 

whereas the red samples (to the far left) cannot be extracted from the plate. 
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 Starting with the results from §4.3.1, we can ask which mechanical tests are still feasible 

and which are no longer practical. Tension, compression, and direct-shear tests extracted from 

the x-y plane can still be used. These are: x-tension, y-tension, x-compression, y-compression, 

(+) x-y shear, and (-) x-y shear. Additionally, the z-compression samples can also still be used. 

This leaves the following stress states missing from the experimental design: z-tension, (+) y-z 

shear, (-) y-z shear, (+) z-x shear, and (-) z-x shear. By assuming pressure insensitivity, biaxial 

compression can be used to replace tension in the third direction. Therefore 45˚ x-y compression 

equates to z-tension combined with x-y shear of equal magnitude. 

Additionally, the direction of rotation (+) 45˚ versus (-) 45˚ can be used to isolate either a 

positive or negative shear. This provides a way to replace the missing direct-shear tests with 45˚ 

compression tests. Specifically, a 45˚ y-z compression equates to x-tension combined with y-z 

shear and a 45˚ z-x compression equates to y-tension combined with z-x shear. Taken together, 

this provides the following replacement mechanical tests: 45˚ x-y compression (either (+) or (-) 

rotation), (+) 45˚ y-z compression, (-) 45˚ y-z compression, (+) 45˚ z-x compression, and (-) 45˚ 

z-x compression. Combined with the seven mechanical tests preserved from the bulk material 

experimental design, this provides a total of 12 mechanical tests for the 12 required parameters 

for the orthotropic-asymmetric material system being considered. All 12 of these mechanical 

tests are shown in Figure 4.8, with each of the x-compression, y-compression, and z-compression 

repeated to help orient the reader. 

 

4.3.3.   Rolled Sheet Material Calibration 

Rolled sheet materials, for the purpose of the current discussion, include any material 

system produced by rolling such that it can be considered homogeneous throughout (at the scale 
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of mechanical testing) and is not thick enough to extract compression samples though the 

thickness in any orientation and is therefore also not thick enough to extract tension or direct-

shear samples though the thickness. These thickness requirements are illustrated in Figure 4.9, 

where the blue samples can be extracted and the red samples cannot. We will continue to assume 

that both anisotropy and asymmetry are present and that only one asymmetry mechanism is 

active. We also continue to assume orthotropy, as the reader can still follow the steps laid out in 

§4.3.1.2 to reduce the experimental design for higher symmetry cases. Finally, we maintain the 

naming convention of coordinates laid out in the previous section, see Figure 4.9. 

 

 

Figure 4.9: Demonstration of the mechanical testing samples for rolled sheet materials, with 

coordinates defined. Those samples in blue (in the rolled sheet) can be extracted from the plate, 

whereas the red samples (to the far left and around the perimeter) cannot be extracted from the 

sheet. 

 

Starting with the results from §4.3.2, we find that the same mechanical tests from the 

bulk material case that could be retained are still feasible for thin sheets and can readily be used 

again. These are: x-tension, y-tension, x-compression, y-compression, z-compression, (+) x-y 
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shear, and (-) x-y shear. This leaves the following stress states missing from the experimental 

design: z-tension, (+) y-z shear, (-) y-z shear, (+) z-x shear, and (-) z-x shear. By assuming 

pressure insensitivity and following the same logic as before, 45˚ x-y compression equates to z-

tension combined with x-y shear of equal magnitude and can still be used to replace the z-tension 

mechanical test from the bulk material calibration experimental design. The other 45˚ 

compression samples proposed for the rolled plate calibration experimental design for capturing 

the out-of-plane shear behavior are no longer considered feasible due to the sheet being too thin 

to extract compression pillars at out-of-plane angles. Note that thicker sheets where this is still 

possible are grouped with the rolled plates for the purpose of this discussion. 

To replace the out-of-plane shear tests, we must consider mechanical test which as of 

now do not have clear standards developed for sheet metals. The closest standard capable of 

measuring a pure out-of-plane shear state in a thin sample comes from the world of composites: 

ASTM D3846 [49]. In this standard, a double notched shear specimen is loaded in compression 

while help between two reinforcing plates (the loading jig in the standard) to avoid out of plane 

buckling and twisting. These mechanical tests have been successfully used to measure through-

thickness shear in composites [50], and an analogue for thin sheet metal was explored by 

Gardner in 2013 [51]  and further analyzed in detail by Gu et al. in 2017 [52]. The geometry is 

essentially a strip in a given direction with one notch cut on either side of the gage section on 

opposing faces of the strip, see Figure 4.9 for renderings of these samples. The strip direction 

combined with the out-of-plane direction combine to determine the shear plane, and similar to 

the direct-shear specimens used for bulk measurements, the chirality of the strip specimen 

geometry determines the handedness of the shear state, allowing for both positive and negative 

shear to be generated. For example, a strip sample machined to be long in the x-direction would 
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generate a z-x shear state and a strip sample machined to be long in the y-direction would 

generate a y-z shear state. This provides the following replacement mechanical tests for out-of-

plane shear: (+) y-z double notched shear specimen, (-) y-z double notched shear specimen, (+) 

z-x double notched shear specimen, and (-) z-x double notched shear specimen. Combined with 

the seven mechanical tests preserved from the bulk material experimental design and the 45˚ x-y 

compression replacement preserved from the rolled plate experimental design, this provides a 

total of 12 mechanical tests for the 12 required parameters for the orthotropic-asymmetric 

material system being considered. All 12 of these mechanical tests are illustrated in Figure 4.9. 

 

4.3.4.   Calibration of Extruded Bars 

 Extruded bar materials, for the purpose of the current discussion, include any material 

system produced by extrusion, or similar methods, such that it can be considered homogeneous 

throughout (at the scale of mechanical testing) and is thick enough in the transverse directions to 

extract compression samples though the thickness in any orientation, but not thick enough in the 

transverse directions to extract tension or direct-shear samples though the thickness. These 

thickness requirements are illustrated in Figure 4.10, where, the blue samples can be extracted 

and the red samples cannot. We will continue to assume that both anisotropy and asymmetry are 

present and that only one asymmetry mechanism is active, but will now consider hexagonality 

and tetragonality to be assumed for these processed materials. This higher symmetry assumption 

is made to reflect real-world expectations; if the two transverse directions are not similar, then 

some of the mechanical tests can be repeated, treating both transverse directions as unique. The 

extrusion direction (ED) will be considered as the z-direction and the two transverse directions 

(TD1 and TD2) will be considered as the x- and y- directions, see Figure 4.10. 
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Figure 4.10: Demonstration of the mechanical testing samples for extruded bar materials, with 

coordinates defined. Those samples in blue (in the extruded bar) can be extracted from the bar, 

whereas the red samples (to the far left) cannot be extracted from the bar. 

 

Starting with the tetragonality (x=y) results from §4.3.2, we can ask which mechanical 

tests are still feasible and which are no longer practical. Tension, compression, and direct-shear 

tests extracted in the z-direction can still be used. These are: z-tension, z-compression, (+) z-x 

shear, and (-) z-x shear. Additionally, the x-compression samples (or the y-compression samples) 

can also still be used. This leaves the following stress states missing from the experimental 

design: x-tension, (+) x-y shear, and (-) x-y shear. Assuming pressure insensitivity and following 

the same logic as for the rolled plate material experimental design, 45˚ y-z compression equates 

to x-tension combined with y-z shear of equal magnitude and can be used to replace the x-

tension mechanical test from the bulk material calibration experimental design, keeping in mind 
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that under a tetragonality assumption, y-z shear is the same as z-x shear. Similarly, 45˚ x-y 

compression equates to z-tension combined with x-y shear of equal magnitude and can be used 

to replace the x-y shear tests from the bulk material calibration experimental design. This 

provides the following replacement mechanical tests: 45˚ y-z compression (either positive or 

negative), (+) 45˚ x-y compression, and (-) 45˚ x-y compression. Combined with the five 

mechanical tests preserved from the bulk material experimental design, this provides a total of 

eight mechanical tests for the eight required parameters for the tetragonal-asymmetric material 

system being considered. All eight of these mechanical tests, including both positive and 

negative options for the 45˚ y-z compression to total nine blue sample geometries, are illustrated 

in Figure 4.10. 

 Generally, it’s worth doing the additional two mechanical tests to check for tetragonality 

rather than assuming hexagonality, but should the reader want to assume the higher symmetry 

case, then the experimental design reduction mirrors that from §4.3.2. The redundant mechanical 

tests are the 45˚ x-y compression tests since the x-y shear parameter is now a dependent 

parameter. Removing these mechanical tests, both positive and negative, from the experimental 

design produces the following set of required tests: z-tension, z-compression, x-compression, 45˚ 

y-z compression (either positive or negative), (+) z-x shear, and (-) z-x shear. This is a total of 

six mechanical tests for asymmetric-hexagonality, as expected. 

 

4.3.5.   Calibration of Drawn Wires 

 Drawn wire materials, for the purpose of the current discussion, include any material 

system produced by drawing, extrusion, or similar methods, such that it can be considered 

homogeneous throughout (at the scale of mechanical testing) and is thick enough to in the 
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transverse directions to extract compression samples though the thickness in any orientation, but 

not thick enough in the transverse directions to extract tension or direct-shear samples though the 

thickness. Additionally, the wire is assumed to be thick enough to extract tension and torsion 

samples along the wire length, but not direct shear samples. These thickness requirements are 

illustrated in Figure 4.11, where, as before, the blue samples can be extracted and the red 

samples cannot. We will continue to assume that both anisotropy and asymmetry are present and 

that only one asymmetry mechanism is active, and similar to the extruded bar case will consider 

hexagonality and tetragonality to be assumed for these processed materials. We also maintain the 

naming convention of coordinates laid out in the previous section, see Figure 4.11. 

 

 

Figure 4.11: Demonstration of the mechanical testing samples for drawn wire materials, with 

coordinates defined. Those samples in blue (in the wire) can be extracted from the wire, whereas 

the red samples (to the far left) cannot be extracted from the wire. 
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 Starting with the tetragonality (x=y) results from §4.3.2, we can again ask which 

mechanical tests are still feasible and which are no longer practical. Tension and compression, 

tests extracted in the z-direction can still be used. These are: z-tension and z-compression. 

Additionally, the x-compression samples (or the y-compression samples) can also still be used. 

This leaves the following stress states missing from the experimental design: x-tension, (+) x-y 

shear, (-) x-y shear, (+) z-x shear, and (-) z-x shear. Assuming pressure insensitivity and 

following the same logic as for the rolled plate material experimental design, 45˚ y-z 

compression again equates to x-tension combined with y-z shear of equal magnitude and can be 

used to replace the x-tension mechanical test from the bulk material calibration experimental 

design, keeping in mind that under a tetragonality assumption, y-z shear is the same as z-x shear. 

Similarly, we can again use 45˚ x-y compression, equating to z-tension combined with x-y shear 

of equal magnitude, to replace the x-y shear tests from the bulk material calibration experimental 

design. This provides the following replacement mechanical tests, as with the extruded bar case: 

45˚ y-z compression (either positive or negative), (+) 45˚ x-y compression, and (-) 45˚ x-y 

compression. 

 The added complication is the lack of a transferable x-z shear test from the bulk material 

experimental design to the case of drawn wire materials. For lack of a better option, torsion tests 

in the z-direction can be used as a replacement. This does disallow the determination of 

asymmetry in the x-z (or y-z) shear properties, but is otherwise viable since the two convolved 

shear states are x-z and y-z, which under the assumptions of both tetragonality and hexagonality 

are one in the same. By including the z-axis torsion test, the complete set of mechanical tests for 

a tetragonal-asymmetric drawn wire material are: z-tension, z-torsion, z-compression, x-

compression, 45˚ y-z compression (either positive or negative), (+) 45˚ x-y compression, and (-) 
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45˚ x-y compression. Note that this is only seven mechanical tests, which, as expected, is one 

short of the target eight for tetragonal-asymmetric materials in general. Six of these seven 

mechanical test specimens are illustrated in Figure 4.11, with one of the 45˚ x-y compression 

specimens omitted to avoid cluttering the image. The same considerations regarding 

hexagonality apply as in §4.3.4. 

 

4.3.6.   Calibration of Extruded Tubes – Cylindrical Coordinate Considerations 

Extruded tube materials, as discussed here, include any material system where the 

processed form is considered homogeneous throughout (at the scale of mechanical testing), can 

be reasonably described using polar coordinates within the cross-section, and are processed to be 

hollow their full length (in the z-direction). Figure 4.12 illustrates the coordinate system 

described. It has been demonstrated that extruded tubes can possess orthotropic-asymmetry in 

the R-ϴ-Z  coordinate frame using limited bulk measurements supplemented by hardness 

measurements [15]. Considering that extruded tubes closely resemble rolled plate or sheet in a 

cylindrical reference frame, with ND = R, TD = ϴ, and RD = Z, this is not surprising. Here, we 

will consider the mechanical tests needed to quantify the anisotropy and asymmetry present in 

these cylindrical reference frame materials, assuming, as before, that only one asymmetry 

mechanism is active. §4.3.6.1 and §4.3.6.2  consider the case of orthotropy,  with §4.3.6.1 

addressing the axial strength measurements and §4.3.6.2 addressing the shear strength 

measurements. §4.3.6.3 follows by discussing what reductions are possible for the higher 

symmetry assumptions of hexagonality and tetragonality, and §4.3.6.4 closes with a discussion 

of the potential applications to tubes made using shear assisted processing and extrusion 

(ShAPE), a recent processing development for extruded tube materials. 
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Figure 4.12: R-ϴ-Z coordinate system for extruded tube materials. 

 

4.3.6.1   Cylindrical Coordinate Axial Strengths (Orthotropy) 

Referencing Table 4.1, we see that six parameters are required to describe an orthotropic 

elastic limit, this applies not only to cartesian coordinates, but also to the cylindrical coordinates 

of present concern. To include asymmetry, this number is doubled to indicate 12 required 

parameters, and thus 12 mechanical tests for a complete calibration. Starting by considering the 

axial behavior, we find the longitudinal direction, Z, the easiest to address. The positive and 

negative strengths can be quantified using tension and compression tests, similar to those for 

every preceding material system discussed in §4.3. ASTM E8 [53] provides explicit instructions 

for tension testing tubular materials in the longitudinal direction, including the options of using 

the whole tubular cross section for small-diameter tubes and using excised tensile samples for 

large-diameter tubes. ASTM E9 [54], which governs compression testing, does not include 

specific cases for tubular materials, although similar logic of using whole cross sections for 

small-diameter tubes and excised samples for large diameter tubes can readily be applied. 
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Extracting similar samples in the other two cardinal directions isn’t necessarily as 

straightforward. For the transverse direction, ϴ, tensile loading, ASTM E8 [53] does provide a 

suggestion of excising a ring of material, flattening that ring, and then excising a tension sample 

from the newly flattened ring. This has the potential to introduce changes to the anisotropy and 

asymmetry in the material system, including hardening or softening, which could ultimately 

influence the results of the transverse tensile strength measurement. Another viable approach is 

to use an open ended internal pressure test to induce a hoop stress until yield and/or rupture in 

the transverse direction. Surprisingly, ASTM does not have a standard for such a test for metallic 

materials, however two standards exist for similar tests in polymer materials, ASTM D1599 [55] 

and ASMT D2837 [56]. In the case of using an internal pressure test, it is important to consider 

safety since a pressurized system is being taken to the point of failure. ASTM D1599 does 

include submerging the test sample in a bath of fluid, which has the potential to mitigate some 

safety concerns. Despite this, ASTM D1599 does state: “This standard does not purport to 

address all of the safety concerns, if any, associated with its use. It is the responsibility of the 

user of this standard to establish appropriate safety, health, and environmental practices and 

determine the applicability of regulatory limitations prior to use.” 

The compressive strength in the transverse direction can readily be measured using 

compression samples extracted from the tube wall with loading faces perpendicular, or nearly so, 

to the transverse axis. Similarly, the compressive strength in the radial direction can be measured 

using compression samples extracted from the tube wall with loading faces perpendicular, or 

nearly so, to the radial axis. Tensile loading in the radial direction however requires something a 

little more creative. By capping the ends of a small tubular section, such that pressure can be 

applied externally to induce both hoop and longitudinal compressive stresses, we can generate a 
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0:2:1 compressive load in the R-ϴ-Z frame. By then assuming pressure insensitivity, the stress 

state generated can be considered as -1:1:0 compression, or 1:-1:0 tension. That is a tensile radial 

load combined with a compressive hoop load. This provides a viable stress state for the sixth and 

final parameter necessary to calibrate the axial behavior of the tubular material. The six 

recommended tests are therefore: Z-tension, Z-compression, open ended internal pressure, ϴ-

compression, R-compression, and capped external pressure. 

 

4.3.6.2   Cylindrical Coordinate Shear Strengths (Orthotropy) 

Here, mechanicians are perfectly reasonable to turn towards torsion tests to calibrate a 

portion of the anisotropy in shear for a cylindrically orthotropic material system. Torsion 

however is only capable of addressing two of the six shear strengths required to fully capture 

orthotropic asymmetry. Although ASTM does provide a standard (E143) for torsion testing, 

however limited [57], it does not include comparable tests for the remaining four shear strengths. 

To help identify what these remaining tests should look like, we will first consider what each 

shear state looks like in a cylindrical coordinate frame. Consider that x-y shear, y-z shear, and z-

x shear can all be described as one plane moving in the other direction. Specifically, we have 

either the x-plane moving in the y-direction or the y-plane moving in the x-direction for x-y 

shear; either the y-plane moving in the z-direction or the z-plane moving in the y-direction for y-

z shear; and either the z-plane moving in the x-direction or the x-plane moving in the z-direction 

for z-x shear. In cylindrical coordinates this translates to the following: 

• Z-ϴ shear: either the Z-plane moving in the ϴ-direction or the ϴ-plane moving in 

the Z-direction. 
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• R-ϴ shear: either the R-plane moving in the ϴ-direction or the ϴ-plane moving in 

the R-direction. 

• R-Z shear: either the R-plane moving in the Z-direction or the Z-plane moving in 

the R-direction. 

The first case listed for each shear state is easier to achieve than the second case listed for 

each shear state. For this reason, we will be using the shear behaviors demonstrated in Figure 

4.13 to capture the shear behavior for cylindrically orthotropic materials. From left to right in 

Figure 4.13 we have the Z-plane moving in the ϴ-direction (simple torsion), the R-plane moving 

in the ϴ-direction (differential inner-outer surface torsion), and the R-plane moving in the Z-

direction (differential inner-outer surface axial motion). 

 

 

Figure 4.13: Cylindrically orthotropic shear behaviors. a) Z-ϴ shear, b) R-ϴ shear, c) R-Z shear 
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In the case of simple torsion, the tube can either be loaded as is, or plugged on either end 

to make it easier to grip without inducing stress concentrations at the ends. The plugged version 

is shown in Figure 4.14a. Positive and negative Z-ϴ shear can be attained by using both 

clockwise and counterclockwise torsional loading. R-ϴ shear and R-Z shear however require a 

little more consideration. Although it may be conceptually easy to fix the inner surface of the 

tube and either rotate or translate the outer surface, practically this can lead to difficulties. As 

such, it is recommended to excise a short ring, approaching a thin disc, and then machine the 

Brosius et al (2011) twin bridge shear specimen for sheet metal materials [47]. This geometry, 

illustrated in Figure 4.14 b-c, was originally designed to improve on the ASTM B831 direct 

shear specimen by providing a counter moment internal to the sample to prevent misalignment of 

the gage section during large strain mechanical testing. When the same geometry is excised from 

a tubular material, it provides a gage section which can be controlled by manipulating the inner 

and outer faces of the tube independently. R-ϴ shear can be achieved by using the sample 

geometry as designed – clamping the inner and outer surfaces and rotating them in opposite 

directions. R-Z shear can be achieved through a similar setup – clamping the inner and outer 

surfaces and translating them in opposite directions, perpendicular to the plane of the sample. 

These loading states are also demonstrated in Figure 4.14 b-c. Positive and negative R-ϴ shear 

can be attained by rotating the outer surface clockwise or counterclockwise to the inner surface. 

Similarly, positive and negative R-Z shear can be attained by translating the outer surface up or 

down relative to the inner surface. Including the two torsion tests, this provides a total of six 

mechanical tests recommended for measuring the shear properties that can be used to calibrate 

the shear behavior of the tubular material. 
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Figure 4.14: Mechanical tests proposed for calibrating the shear properties of a cylindrically 

orthotropic asymmetric material. a) Simple torsion of the tube (capped) provides Z-ϴ shear. b) 

Differential inner-outer torsion of the Brosius et al. (2011) twin bridge shear sample [47] 

provides R-ϴ shear. c) Differential inner-outer translation of the Brosius et al. (2011) twin bridge 

shear sample provides R-Z shear. 

 

4.3.6.3   Hexagonal and Tetragonal Assumptions for Cylindrical Frames 

By following the same procedures laid out in §4.3.1.2, we can quickly reduce the 

experimental design from the 12 mechanical tests developed and discussed in §4.3.6.1 and 

§4.3.6.2 to either eight mechanical tests for tetragonal-asymmetric assumptions or six 

mechanical tests for hexagonal-asymmetric assumptions. Transversely symmetric extruded tubes 

are generally defined as R=ϴ. This assumption leaves the Z-direction as the unique direction, 

providing that either the ϴ-direction tension or the R-direction tension is redundant and that 

either the ϴ-direction compression or the R-direction compression is redundant. Since the 

simplest tension test of the two is the open ended internal pressure test for transverse tensile 
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strength and the two compression tests are essentially identical, we recommend foregoing the 

radial tests. 

The second redundant mechanical tests are the R-ϴ shear and the R-Z shear tests. Since 

the R-ϴ shear test is more studied, albeit for rectilinear applications [46], [47], we recommend 

foregoing the R-Z shear tests. For tetragonal-asymmetry this leaves the following: Z-tension, Z-

compression, open ended internal pressure testing, ϴ-compression, simple torsion (clockwise), 

simple torsion (counterclockwise), differential inner-outer torsion (clockwise), and differential 

inner-outer torsion (counterclockwise). 

For hexagonality we can start from tetragonal-asymmetry and reduce from there. The 

newly redundant state of stress is the R-ϴ shear since the R-ϴ shear parameter is now a 

dependent parameter under the transverse isotropy assumption. This leaves the following six 

mechanical tests: Z-tension, Z-compression, open ended internal pressure testing, ϴ-

compression, simple torsion (clockwise), simple torsion (counterclockwise). 

 

4.3.6.4   Applications to Tubes Produced Using ShAPE 

Shear assisted processing and extrusion (ShAPE) is essentially a circularly-symmetric 

extrusion process using a rotating, grooved die to laterally shear the material, generating heat, at 

the plane of extrusion. For the case of extruded tubes using ShAPE, the mandrel remains static 

while the material is sheared in the ϴ-direction around the mandrel at the plane of the die. For 

more detail on the process, see [58], [59]. The process evokes the idea that the ϴ-direction is 

being treated even more differently from the R-direction than in standard extrusion, which 

should amplify certain anisotropies in the material behavior. The opposite is being claimed by 

recent studies purporting that ShAPE reduces or eliminates anisotropy and asymmetry [58], [60]. 
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 Despite these claims, Whalen et al. (2019) [58] and Zhang et al (2021) [60] both report 

significant crystallographic texture still present in the material system following ShAPE. Not 

enough mechanical tests were conducted to warrant the claims of anisotropic and/or asymmetric 

reduction or elimination despite the crystallographic textures. In fact, the textures seem to be 

rotated from the cardinal directions of the material. Since certain orientations of HCP materials 

tend to possess tension-compression ratios greater than one and other orientations tend to possess 

tension-compression ratios less than one, there must be certain orientations which approach one. 

For this reason, the material asymmetry could easily be hidden if enough mechanical tests are not 

utilized to capture the complete elastic limit behavior. 

 Admittedly, there is research showing materials made using ShAPE which do possess 

insignificant crystallographic texture which could actually have reduced or eliminated anisotropy 

and/or asymmetry [61]. That said, more studies also exist which demonstrate strong 

crystallographic texture after ShAPE [59]. This would indicate that more research is needed on 

ShAPE, and especially that future research should use the complete experimental designs laid out 

in §4.3.6. Additionally, validation mechanical tests, as discussed in §4.3.1, should be developed 

for extruded tubes which generate unique stress states to probe the cardinal material directions in 

order to ensure that all anisotropic and asymmetric behaviors have been accounted for 

appropriately. 

 

4.4.   Discussion 

In general, we’ve presented four guidelines amidst all of the detail that relates to any 

experimental design for material system calibration. The first is to assume a single asymmetry 

mechanism at a time, but to be prepared to use additional experimental data to calibrate 
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combined asymmetry mechanisms if the initial fit(s) is/are insufficient. Along these lines, it is 

also prudent to err on the side of lower symmetry and always aim to include validation 

mechanical tests to check the final calibrated model against unique stress states. These validation 

mechanical tests can also serve as the additional experimental data for calibrating combined 

asymmetry mechanisms should that become necessary. With regard specifically to distortional 

asymmetry, it is especially important to recognize that an isotropic assumption implies a 2:1 

tension-compression ratio limit (or less depending on the model curvature limits), and that if a 

ratio approaching this limit or exceeding this limit is attained, then anisotropy is most likely 

present. And the fourth and final guideline for calibration is to ensure that the mechanical tests 

being used create roughly uniform stress states across the entire gage that can be defined as such 

in the material reference frame being investigated – i.e. torsion tests work for cylindrical 

coordinates, but not for cartesian coordinates. 

In addition to providing guidelines and specific detailed recipes for developing 

experimental designs for calibrating the elastic limit, several opportunities for future work and 

investigations pervade the discussions of this chapter. Many of the mechanical tests described are 

lacking official standards and some are lacking sufficient scientific investigations. For example, 

standards for out-of-plane shear testing in sheet metals should be written based on the work of 

Gardner (2013) [51] and Gu et al. (2017) [52]. Additionally, future work could be done on these 

tests to derive improvements in the sample geometry and testing procedures to produce more 

uniform stress states throughout the gage. Investigations could be performed to study how or if 

the through thickness shear properties change while moving from the top surface of a sheet to the 

bottom of a sheet. An entirely new investigation on drawn wires could seek to apply the basic 

sample geometry from Gardner (2013) [51] and Gu et al. (2017) [52] to measure shear out of the 
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cross sectional plane, especially for assessing asymmetry in shear for drawn wires. Even greater 

gaps exist in regards to mechanical testing of extruded tubes. 

No ASTM standard exists for torsional yield strength determination, or open ended 

internal pressure testing of metallic tubes and pipes for determining transverse tensile yield 

strength. These standards do have similar standards in existence that could be used for reference, 

but others do not. Standards should be written for capped external pressure tests of metallic tubes 

and pipes, for differential inner-outer torsion testing and for differential inner-outer translation 

testing. All of these also require experimental and computational investigations: for evaluating 

experimental procedures for the different pressure tests and for evaluating the Brosius et al. 

(2011) sample geometry for the differential inner-outer torsion and translation tests. New sample 

geometries could be investigated, especially for testing for R-ϴ shear and R-Z shear, including 

H-ring samples and grooved tube samples. Entirely different mechanical tests should also be 

investigated for generating new and unique stress states in cylindrically symmetric tubular 

materials for use in validating calibrations. Even the seemingly simple radial and transverse 

compression tests could benefit from studies to determine if samples with parallel faces are 

equally as effective as samples with faces machined perpendicular to the R and/or ϴ directions 

(i.e. curved or slanted loading faces). And the ultimate future work would include developing 

standards for anisotropic and asymmetric metallic material strength calibration. Such a standard 

would need to include results from all of the above future work to provide cases for different 

material symmetries, validation standards, and options for different processed material 

geometries. 
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4.5.   Conclusions 

The concepts discussed in this section were often stated in terms of determining yield in 

terms of stress, but the ideas are applicable to determination of any material limit hypersurface 

(yield, phase transformation, twin potential, anelasticity, etc.) for either stress or strain based 

criteria. Material properties at the scale of the mechanical tests being proposed were generally 

assumed to be homogeneous and no provisions were given regarding strain rate of the 

mechanical tests, although several of the mechanical test would require reconfiguring or 

replacement to study high strain rate or impact driven material limits. The following are the 

major conclusions of this chapter: 

1. An upper limit exists on the tension-compression ratio for an isotropic distortionally 

asymmetric elastic limit. The upper limit is 2:1 for cases where tensile strength exceeds 

compressive strength and 1:2 for cases where compressive strength exceeds tensile 

strength. 

2. For anisotropic-asymmetric material systems with one asymmetric mechanism active the 

following number of mechanical tests are recommended based on assumed material 

symmetry: 

• Orthotropic à 12 

• Tetragonal à 8 

• Hexagonal à 6 

3. Complete suites of mechanical tests were proposed for calibrating orthotropic-

asymmetric materials, where one asymmetric mechanism is active, for the following 

cases: 

• Bulk materials 
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• Rolled plate 

• Rolled sheet 

4. Torsion tests were demonstrated to be ineffective for use in calibrating the shear behavior 

in orthotropic materials. 

5. Complete suites of mechanical tests were proposed for calibrating tetragonal-asymmetric 

materials, where one asymmetry mechanism is active, for the following cases: 

• Extruded bar 

• Drawn wire 

6. A complete suite of mechanical tests was proposed for calibrating extruded tubes with 

cylindrically orthotropic-asymmetric behavior, where one asymmetric mechanism is 

active. 

7. New mechanical tests were proposed as necessary including: 

• Open ended internal pressure testing for determining transverse strength in 

metallic tubes 

• Capped external pressure testing for determining radial tensile strength in metallic 

tubes 

• Differential inner-outer torsion testing for determining R-ϴ shear properties in 

metallic tubes 

• Differential inner-outer translation testing for determining R-Z shear properties in 

metallic tubes 

 

 



 155 

4.6.   References 

[1] O. Cazacu and Barlat, “A criterion for description of anisotropy and yield differential 

effects in pressure-insensitive metals,” Int. J. Plast., vol. 20, no. 11, pp. 2027–2045, Nov. 

2004, doi: 10.1016/j.ijplas.2003.11.021. 

[2] O. Cazacu, B. Plunkett, and F. Barlat, “Orthotropic yield criterion for hexagonal closed 

packed metals,” Int. J. Plast., vol. 22, no. 7, pp. 1171–1194, Jul. 2006, doi: 

10.1016/j.ijplas.2005.06.001. 

[3] B. Plunkett, O. Cazacu, and F. Barlat, “Orthotropic yield criteria for description of the 

anisotropy in tension and compression of sheet metals,” Int. J. Plast., vol. 24, no. 5, pp. 

847–866, May 2008, doi: 10.1016/j.ijplas.2007.07.013. 

[4] F. Barlat, “Crystallographic texture, anisotropic yield surfaces and forming limits of sheet 

metals,” Mater. Sci. Eng., vol. 91, pp. 55–72, 1987. 

[5] F. Barlat and O. Richmond, “Prediction of Tricomponent Plane Stress Yield Surfaces and 

Associated Flow and Failure Behavior of Strongly Textured F.C.C. Polycrystalline Sheets,” 

Mater. Sci. Eng., vol. 95, p. 15, 1987. 

[6] F. Barlat, D. J. Lege, and J. C. Brem, “A six-component yield function for anisotropic 

materials,” Int. J. Plast., vol. 7, no. 7, pp. 693–712, Jan. 1991, doi: 10.1016/0749-

6419(91)90052-Z. 

[7] H. Aretz and F. Barlat, “New convex yield functions for orthotropic metal plasticity,” Int. J. 

Non-Linear Mech., vol. 51, pp. 97–111, May 2013, doi: 10.1016/j.ijnonlinmec.2012.12.007. 

[8] D. Banabic, T. Kuwabara, T. Balan, and D. S. Comsa, “An anisotropic yield criterion for 

sheet metals,” J. Mater. Process. Technol., vol. 157–158, pp. 462–465, Dec. 2004, doi: 

10.1016/j.jmatprotec.2004.07.106. 

[9] D. Banabic, O. Cazacu, F. Barlat, D. Comsa, S. Wagner, and K. Siegert, “Description of 

anisotropic behaviour of AA3103-0 aluminium alloy using two recent yield criteria,” J. 

Phys. IV, vol. 105, pp. 297–304, Mar. 2003, doi: 10.1051/jp4:20030200. 

[10] F. Barlat et al., “Plane stress yield function for aluminum alloy sheets – part 1: theory,” Int. 

J. Plast., vol. 19, pp. 1297–1319, 2003. 

[11] F. Djavanroodi and M. Janbakhsh, “Formability Characterization of Titanium Alloy 

Sheets,” in Titanium Alloys - Advances in Properties Control, J. Sieniawski, Ed. InTech, 

2013. doi: 10.5772/55889. 

[12] S. C. Soare and A. A. Benzerga, “On the modeling of asymmetric yield functions,” Int. J. 

Solids Struct., vol. 80, pp. 486–500, Feb. 2016, doi: 10.1016/j.ijsolstr.2015.10.009. 



 156 

[13] L. Lu et al., “Anisotropic deformation of extruded magnesium alloy AZ31 under uniaxial 

compression: A study with simultaneous in situ synchrotron x-ray imaging and diffraction,” 

Acta Mater., vol. 120, pp. 86–94, Nov. 2016, doi: 10.1016/j.actamat.2016.08.029. 

[14] C. E. Sobrero, P. La Roca, A. Roatta, R. E. Bolmaro, and J. Malarría, “Shape memory 

properties of highly textured Cu–Al–Ni–(Ti) alloys,” Mater. Sci. Eng. A, vol. 536, pp. 207–

215, Feb. 2012, doi: 10.1016/j.msea.2011.12.104. 

[15] H. Li, H. Q. Zhang, H. Yang, M. W. Fu, and H. Yang, “Anisotropic and asymmetrical 

yielding and its evolution in plastic deformation: Titanium tubular materials,” Int. J. Plast., 

vol. 90, pp. 177–211, Mar. 2017, doi: 10.1016/j.ijplas.2017.01.004. 

[16] O. Cazacu, B. Revil-Baudard, and F. Barlat, “New interpretation of monotonic Swift 

effects: Role of tension–compression asymmetry,” Mech. Mater., vol. 57, pp. 42–52, Feb. 

2013, doi: 10.1016/j.mechmat.2012.10.007. 

[17] O. Cazacu, B. Revil-Baudard, and F. Barlat, “New interpretation of cyclic Swift effects,” 

Eur. J. Mech. - ASolids, vol. 44, pp. 82–90, Mar. 2014, doi: 

10.1016/j.euromechsol.2013.10.005. 

[18] B. Revil-Baudard, N. Chandola, O. Cazacu, and F. Barlat, “Correlation between swift 

effects and tension–compression asymmetry in various polycrystalline materials,” J. Mech. 

Phys. Solids, vol. 70, pp. 104–115, Oct. 2014, doi: 10.1016/j.jmps.2014.05.012. 

[19] T. G. Gallmeyer, S. Moorthy, B. B. Kappes, M. J. Mills, B. Amin-Ahmadi, and A. P. 

Stebner, “Knowledge of process-structure-property relationships to engineer better heat 

treatments for laser powder bed fusion additive manufactured Inconel 718,” Addit. Manuf., 

vol. 31, p. 100977, Jan. 2020, doi: 10.1016/j.addma.2019.100977. 

[20] S. Moorthy, “Modeling and Characterization of Mechanical Properties in Laser Powder Bed 

Fusion Additive Manufactured Inconel 718,” Master’s Thesis, Colorado School of Mines, 

2018. 

[21] A. E. Wilson-Heid, S. Qin, and A. M. Beese, “Multiaxial plasticity and fracture behavior of 

stainless steel 316L by laser powder bed fusion: Experiments and computational modeling,” 

Acta Mater., vol. 199, pp. 578–592, Oct. 2020, doi: 10.1016/j.actamat.2020.08.066. 

[22] K. Rajan and R. Petkie, “Microtexture and anisotropy in wire drawn copper,” Mater. Sci. 

Eng. A, vol. 257, no. 1, pp. 185–197, Nov. 1998, doi: 10.1016/S0921-5093(98)00838-7. 

[23] T. Suzuki, Y. Tomota, M. Isaka, A. Moriai, N. Minakawa, and Y. Morii, “Strength 

Anisotropy and Residual Stress in Drawn Pearlite Steel Wire,” ISIJ Int., vol. 44, no. 8, pp. 

1426–1430, 2004, doi: 10.2355/isijinternational.44.1426. 

[24] B. Carlsson and P. Huml, “Determination of the Material Properties of an Anisotropic 

Metal Wire,” CIRP Ann., vol. 45, no. 1, pp. 231–233, Jan. 1996, doi: 10.1016/S0007-

8506(07)63053-4. 



 157 

[25] J. F. Nye, Physical Properties of Crystals: Their Representation by Tensors and Matrices, 

2nd ed. Clarendon Press, 1985. 

[26] J. Skrzypek and A. Ganczarski, Eds., Mechanics of anisotropic materials. 2015. 

[27] R von Mises, “Mechanik der festen Körper im plastisch deformablen Zustand,” 

Nachrichten Von K. Ges. Wiss. Zu Gött. Math.- Phys. Kl., vol. 4, pp. 582–592, 1913. 

[28] R. V. Mises, “Mechanik der plastischen Formänderung von Kristallen,” ZAMM - Z. Für 

Angew. Math. Mech., vol. 8, no. 3, pp. 161–185, 1928, doi: 10.1002/zamm.19280080302. 

[29] H Tresca, “Sur I’ecoulement des corps solides soumis a de fortes pression,” Comptes 

Rendus Hebd. Seances L’Academie Sci., vol. Rend 56, pp. 754–758, 1864. 

[30] A. V. Hershey, “The plasticity of an isotropic aggregate of anisotropic face-centered cubic 

crystals,” J. Appl. Mech.-Trans. ASME, vol. 21, no. 3, pp. 241–249, 1954. 

[31] W. F. Hosford, “A Generalized Isotropic Yield Criterion,” J. Appl. Mech., vol. 39, no. 2, p. 

607, 1972, doi: 10.1115/1.3422732. 

[32] R. Hill, “A theory of the yielding and plastic flow of anisotropic metals,” Proc R. Soc 

Lond., vol. A193, pp. 281–297, 1948. 

[33] Artur W. Ganczarski and Jacek J. Skrzypek, “Chapter 5: Termination of Elastic Range of 

Pressure Insensitive Materials - Isotropic and Anisotropic Initial Yield Criteria,” in 

Mechanics of Anisotropic Materials, New York, NY: Springer International Publishing, 

2015, pp. 159–208. 

[34] J. Cheng and S. Ghosh, “Crystal plasticity finite element modeling of discrete twin 

evolution in polycrystalline magnesium,” J. Mech. Phys. Solids, Dec. 2016, doi: 

10.1016/j.jmps.2016.12.008. 

[35] E. W. Kelley and W. F. Hosford, “The Deformation Characteristics of Textured 

Magnesium,” Trans. Metall. Soc. AIME, vol. 242, pp. 654–661, 1968. 

[36] Drucker, D.C., “A more fundamental approach to plastic stress-strain relations,” Proc. 1st 

US Natl. Congr. Appl. Mech., pp. 487–491, 1951. 

[37] Drucker, D.C., “On the postulate of stability of material in the mechanics of continua,” J. 

Mec., vol. 3, pp. 235–249, 1964. 

[38] Artur W. Ganczarski and Jacek J. Skrzypek, “Chapter 4: General Concept of Limit Surfaces 

- Convexity and Normality Rules, Material Stability,” in Mechanics of Anisotropic 

Materials, New York, NY: Springer International Publishing, 2015, pp. 133–157. 

[39] A. S. Posamentier and C. T. Salkind, Challenging Problems in Geometry. Courier 

Corporation, 1996. 



 158 

[40] Bauschinger, J., “Ueber die Quercontraction und-Dilatation bei der Längenausdehnung 

und-Zusammendrückung prismatischer Körper,” Leipzig, 1879. 

[41] R. I. Borja, Plasticity: Modeling & Computation. Springer Science & Business Media, 

2013. 

[42] F. Kabirian and A. S. Khan, “Anisotropic yield criteria in σ–τ stress space for materials 

with yield asymmetry,” Int. J. Solids Struct., vol. 67–68, pp. 116–126, Aug. 2015, doi: 

10.1016/j.ijsolstr.2015.04.006. 

[43] J. B. Stewart and O. Cazacu, “Analytical yield criterion for an anisotropic material 

containing spherical voids and exhibiting tension–compression asymmetry,” Int. J. Solids 

Struct., vol. 48, no. 2, pp. 357–373, Jan. 2011, doi: 10.1016/j.ijsolstr.2010.10.009. 

[44] B. Revil-Baudard, O. Cazacu, P. Flater, and G. Kleiser, “Plastic deformation of high-purity 

α-titanium: Model development and validation using the Taylor cylinder impact test,” 

Mech. Mater., vol. 80, pp. 264–275, Jan. 2015, doi: 10.1016/j.mechmat.2014.03.010. 

[45] B07 Committee, “Test Method for Shear Testing of Thin Aluminum Alloy Products,” 

ASTM International, ASTM B831. doi: 10.1520/B0831-19. 

[46] Q. Yin et al., “An experimental and numerical investigation of different shear test 

configurations for sheet metal characterization,” Int. J. Solids Struct., vol. 51, no. 5, pp. 

1066–1074, Mar. 2014, doi: 10.1016/j.ijsolstr.2013.12.006. 

[47] A. Brosius, Q. Yin, A. Güner, and A. E. Tekkaya, “A New Shear Test for Sheet Metal 

Characterization,” Steel Res. Int., vol. 82, no. 4, pp. 323–328, Apr. 2011, doi: 

10.1002/srin.201000163. 

[48] Miyauchi, K., “A proposal for a planar simple shear test in sheet metals,” Sci. Pap. Inst. 

Phys. Chem. Res. Jpn., vol. 78, no. 3, pp. 27–40, 1984. 

[49] D20 Committee, “Test Method for In-Plane Shear Strength of Reinforced Plastics,” ASTM 

International, 2008. doi: 10.1520/D3846-08. 

[50] M. May and S. R. Hallett, “An assessment of through-thickness shear tests for initiation of 

fatigue failure,” Compos. Part Appl. Sci. Manuf., vol. 41, no. 11, pp. 1570–1578, Nov. 

2010, doi: 10.1016/j.compositesa.2010.07.005. 

[51] Kevin Alexander Gardner, “Experimental Techniques for Shear Testing of Thin Sheet 

Metals and Compression Testing at Intermediate Strain Rates,” Master’s Thesis, The Ohio 

State University, 2013. 

[52] B. Gu et al., “A new specimen for out-of-plane shear strength of advanced high strength 

steel sheets,” J. Phys. Conf. Ser., vol. 896, p. 012024, Sep. 2017, doi: 10.1088/1742-

6596/896/1/012024. 



 159 

[53] E28 Committee, “Test Methods for Tension Testing of Metallic Materials,” ASTM 

International, ASTM E8, 2016. doi: 10.1520/E0008_E0008M-16A. 

[54] E28 Committee, “Test Methods of Compression Testing of Metallic Materials at Room 

Temperature,” ASTM International, ASTM E9, 2019. doi: 10.1520/E0009-19. 

[55] F17 Committee, “Test Method for Resistance to Short-Time Hydraulic Pressure of Plastic 

Pipe, Tubing, and Fittings,” ASTM International, ASTM D1599, 2018. doi: 

10.1520/D1599-18. 

[56] F17 Committee, “Test Method for Obtaining Hydrostatic Design Basis for Thermoplastic 

Pipe Materials or Pressure Design Basis for Thermoplastic Pipe Products,” ASTM 

International, ASTM D2837, 2021. doi: 10.1520/D2837-21. 

[57] E28 Committee, “Test Method for Shear Modulus at Room Temperature,” ASTM 

International, ASTM E143, 2020. doi: 10.1520/E0143-20. 

[58] S. Whalen, N. Overman, V. Joshi, T. Varga, D. Graff, and C. Lavender, “Magnesium alloy 

ZK60 tubing made by Shear Assisted Processing and Extrusion (ShAPE),” Mater. Sci. Eng. 

A, vol. 755, pp. 278–288, May 2019, doi: 10.1016/j.msea.2019.04.013. 

[59] M. Jamalian, V. V. Joshi, S. Whalen, C. Lavender, and D. P. Field, “Microstructure and 

Texture Evolution of Magnesium alloy after Shear Assisted Processing and Extrusion 

(ShAPETM),” IOP Conf. Ser. Mater. Sci. Eng., vol. 375, p. 012007, Jun. 2018, doi: 

10.1088/1757-899X/375/1/012007. 

[60] Dalong Zhang, Jens Darsell, Nicole Overman, Darrell R. Herling, and Vineet V. Joshi, 

“Eliminating Yield Asymmetry and Enhancing Ductility in Mg Alloys by Shear Assisted 

Processing and Extrusion,” in Magnesium Technology 2021, Springer International 

Publishing, 2021, pp. 91–99. 

[61] N. R. Overman et al., “Homogenization and texture development in rapidly solidified 

AZ91E consolidated by Shear Assisted Processing and Extrusion (ShAPE),” Mater. Sci. 

Eng. A, vol. 701, pp. 56–68, Jul. 2017, doi: 10.1016/j.msea.2017.06.062. 

 

 

 

 



 160 

CHAPTER 5 

ANISOTROPIC AND ASYMMETRIC CALIBRATION 

OF EMBEDDED SINGLE CRYSTAL YIELD 

USING FAR FIELD HEDM 

5.1.   Introduction 

5.1.1.   Motivating a New Approach 

The importance of considering anisotropy and asymmetry in quantifying the elastic limit 

of a material system was addressed in Ch.2 and Ch.3. The practicalities of experimental design 

for calibrating such material behaviors under certain symmetry assumptions were addressed in 

detail in Ch.4. But limitations do exist in the application of such concepts when considering 

greater levels of anisotropy, combined asymmetry mechanisms, and possible pressure sensitivity. 

Starting by recalling some of the numbers from Ch.4, we have that an orthotropic-asymmetric 

material system with only one asymmetry mechanism active requires 12 mechanical tests to 

calibrate yield, and an orthotropic-asymmetric material system with both distortional asymmetry 

and accumulated kinematic hardening, or translational asymmetry, requires 18 mechanical tests 

to calibrate yield. These numbers quickly grow when orthotropy can no longer be confidently 

assumed [1]. 

Under an assumption of symmetric triclinicity, 15 mechanical tests are necessary if 

assuming pressure insensitivity as well. Including distortional asymmetry with triclinic and 

pressure insensitive behavior doubles the requisite number of mechanical tests to 30, and 

allowing for translational asymmetry as well further increases this to 36 tests. If there is reason to 

believe the material system is pressure sensitive, then triclinic-symmetry requires 21 tests, 

triclinic distortional asymmetry requires 42 tests, and triclinic character with both distortional 
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and translational asymmetry requires 48 tests. This doesn’t yet include a spare test to account for 

the exponential shape parameter of many yield criteria [2]–[9] or one or more additional 

mechanical tests for validation purposes, bringing the possible total up to 50 or more mechanical 

tests to calibrate the elastic limit without making any assumptions. 

Materials however are not perfectly consistent and tend to have measurable and 

meaningful variation in properties from one manufactured specimen to the next [10]–[13]. For 

this reason, it is often necessary to capture the variation in material properties by repeating each 

mechanical test multiple times in order to determine statistical measures of average behavior and 

variance. At least three repeated tests are generally considered the minimum necessary for 

calculating viable statistics, with five to ten being recommended as good practice, with even 

more becoming necessary as the material system is found to have a large spread. Considering 

three as a minimum, five as most likely, and ten as ideal, we find that calibrating under no 

material assumptions warrants 150, 250, or 500 mechanical tests or more depending on the 

number of validation tests and the expected or realized standard deviation in measured 

properties. This can become very expensive very fast, for both the time to perform all of these 

tests and the financial cost of materials and sample machining. 

And it gets worse – the results of such an expensive investigation are only transferable to 

the same material system with the same heat treatments, manufacturing methods, and overall 

processing history. This is because small changes in alloy composition, microstructure, grain 

texture, and crystallographic texture all impact the anisotropy, asymmetry, overall strength, 

ductility, pressure sensitivity, and even the variance in measured properties. In short, the results 

of such a calibration, although phenomenally useful for the exact material system tested, is 

minimally transferable to other material systems or processing methods. 
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For metallic materials, the properties of the single crystal, or individual grain, are still 

possessed of complex anisotropies, asymmetries, pressure sensitivities, and variance about mean 

values, but do provide more potential for transferability between different processing histories 

when homogenized to describe bulk material behaviors [11], [14]–[16]. Single crystal properties 

can be used in computational models to predict the bulk behaviors of new materials with new 

processing histories [17]–[20]. The grain-scale properties can also be used to analytically predict 

properties for different textures and porosity content [15], [21]–[23]. Calibrating at the grain-

scale can also open the door to applications beyond the homogenized bulk, such as studying 

grain scale phenomena like the granular yield interactions of dwell fatigue [24], [25] or the 

baseline grain strengths for grain boundary sliding studies or Hall-Petch investigations [26], [27]. 

As useful as calibration at the grain-scale would be, the same obstacles exist if no 

assumptions are to be made. That is, 150, 250, or 500 mechanical tests are expensive both in 

time and financial cost. This cost is amplified by the increased difficulty of generating and 

testing single crystal samples. In addition, there is the question of ex-situ crystal behavior 

differing from in-situ grain behavior, where grain boundaries and confinement have the potential 

to skew the material behavior. By investigating embedded single crystals, in-situ grains, we can 

mitigate this final concern while significantly reducing the overall number of independent 

mechanical tests required. By using high energy diffraction microscopy, HEDM, (described in 

§5.1.2) it is possible to use polycrystalline specimens to gather hundreds of data points [28]–[31] 

describing yield with a handful of mechanical tests, reducing the number of specimens from 500 

to between five and ten. 

In this chapter we describe how HEDM can be used to calibrate the embedded single 

crystal yield with few mechanical tests and we outline the experiments developed to do so. We 
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first review HEDM in §5.1.2, explaining how it works and what types of data can be collected. 

Then, we outline the materials and specifics of the experiments performed in §5.2. In §5.3 the 

analysis techniques are presented for converting the HEDM data into a fully calibrated model of 

the elastic limit for an embedded single crystal. Specifically, §5.3.1 and §5.3.2 explain the 

methods developed for quantifying plasticity and for identifying the onset of yield; and §5.3.3 

details the regression based calibration approach to be employed. The results section, §5.4, 

outlines the expected results and the tools developed to visualize them since the experimental 

data was only recently collected and has yet to be fully processed. The work is summarized in 

§5.5 along with the presentation of remaining work and future work. Finally, major conclusions 

are provided in §5.6. 

 

5.1.2.   A Preliminary on High Energy Diffraction Microscopy (HEDM) 

High energy diffraction microscopy, or HEDM, is an experimental technique capable of 

elucidating grain-level information throughout a volume nondestructively. HEDM is achieved by 

passing high energy x-rays from a synchrotron radiation source through a monocrystalline or 

polycrystalline sample and collecting the diffraction patterns using an area detector, see Figure 

5.1. The x-rays are monochromatic and collimated to produce clear diffraction patterns which 

allow for measuring individual diffraction events separately. By rotating the specimen a full 

360˚, enough information is collected to reconstruct a 3D representation of the microstructure 

similar to that collected using a scanning electron microscope (SEM) and serial section electron 

backscatter diffraction (EBSD) microscopy techniques. Specifically, grain positions, grain 

orientations, grain elastic strains, grain volumes, and grain morphologies can be studied in a 3D 

volume nondestructively using HEDM, allowing in-situ experimental monitoring [28]–[38]. 
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Figure 5.1: General HEDM experimental setup, where a sample is placed on a rotating stage 

between an incident high energy x-ray beam and an area detector. 

 

 Bragg’s equation, Equation 5.1, can be used to determine the angle at which a beam of x-

rays will diffract through a crystal given the wavelength of the incident x-rays, !, and the 

interplanar spacing, d [39]. According to Bragg’s law, diffraction occurs for every individual 

crystal throughout the illuminated volume of a polycrystal and that unique grain orientations will 

produce unique diffraction events. Powder diffraction is the result of around 10,000 or more 

grains in an illuminated volume, allowing for illumination at all possible orientations. This 

results in complete rings of indistinguishable diffraction events. HEDM is different because 

samples with relatively few grains exposed to the incident x-rays are utilized. This allows for 

distinct diffraction events to be measured on the detector as individual spots. This is what 

provides unique grain-by-grain information [28], [39]. Figure 5.2 demonstrates the difference 

between a powder diffraction pattern, Figure 5.2a, and an HEDM diffraction pattern, Figure 

5.2b, by simulating diffraction events for MgAZ31, a magnesium alloy. 
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 2$ sin ( = *! (5.1) 

 

 

Figure 5.2: Simulated diffraction patterns for MgAZ31, a magnesium alloy. a) Powder pattern b) 

HEDM pattern. The HEDM pattern was created by summing all patterns for the full 360˚ 

rotation of a single crystal sample. 

 

 Describing the elements of a standard HEDM diffraction pattern will help to explain how 

the experiment is capable of achieving so many different measurements. The most obvious and 

most problematic element of an area diffraction pattern is the bright spot in the center where 

transmitted x-rays, those neither diffracted not absorbed, hit the detector. These are often 

undesired and shielding material such as lead is placed in front of the detector in the center to 

protect it from overexposure [39]. Figure 5.3 includes this feature in a simulated HEDM pattern 

for MgAZ31, Figure 5.3a, and demonstrates the path taken by these x-rays relative to a set of 

diffracted x-rays in the experimental setup, Figure 5.3b. 
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Figure 5.3: Demonstration of transmitted x-rays, which are not diffracted or absorbed by the 

sample. a) Simulated detector results for MgAZ31, with transmitted x-rays indicated by an 

arrow. b) Experimental setup showing the transmitted x-rays (green) relative to a set of diffracted 

x-rays (purple). 

 

 The first useful feature is the set of rings that would have formed in traditional powder 

diffraction experiments. These are the Debye-Scherrer Rings, and they indicate which Bragg 

condition is being met for each and every spot [39]. Figure 5.4 illustrates the Debye-Scherrer 

rings on an area detector for an HEDM experiment and the relationship to the experimental 

setup. Figure 5.4b indicates the path travelled by x-rays meeting the Bragg condition for a single 

grain at an angle of 2θ. Every possible orientation which allows for diffraction off the same set 

of crystallographic planes forms a diffraction cone at the same angle as the lone diffraction 

event, Figure 5.4c. By considering all possible d-spacings which are capable of producing valid 

solutions to Bragg’s equation within the angular space of the detector results in a set of cones, 

Figure 5.4d. Where the set of all possible solutions to Bragg’s equation (the set of cones) 

intersect the plane of the detector, we see a set of concentric rings – the Debye-Scherrer rings. 

Since each ring corresponds to all of the diffraction events for a single crystallographic plane, by 
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identifying which ring a diffraction event is closest to, it is possible to map that diffraction spot 

to a specific crystallographic plane. 

 

 

Figure 5.4: Illustration of the Debye-Scherrer rings. a) Debye-Scherrer rings on an area detector 

for an HEDM experiment. b) The path travelled by x-rays for a single diffraction event. c) The x-

ray light cone of all possible diffraction events for a given crystallographic plane. d) All possible 

light cones for a given experimental setup. 

 

 Using this information, the gross spot position can be used to calculate the orientation of 

each grain in the material. By recording individual area diffraction patterns at 0.1˚ or 0.25˚ 

increments, the position of a diffraction event is recorded in +---2( space throughout the 
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experiment. Figure 5.5 illustrates these coordinates, where + indicates the sample rotation angle, 

- indicates position circumferentially around the detector (i.e. where on a given Debye Scherrer 

ring), and 2( indicates position radially from the center of the detector (i.e. which Debye 

Scherrer ring). Since there are multiple diffraction events for each grain throughout the 

experiment, it is possible to use regression analysis to determine the orientation for each grain 

[28], [29], [32]–[35]. 

 

 

Figure 5.5: Illustration of the +---2( coordinates. + indicates the sample rotation angle. - indicates 

position circumferentially around the detector. 2( indicates position radially from the center of the 

detector. 

 

 Deviations from the gross spot position can be used to characterize grain position and 

strain. Deviations in an x-y sense on the detector are the result of translating the responsible 

crystal or grain in the x-ray beam. Figure 5.6 demonstrates this effect by modelling three 

different diffraction events. When centered in the x-ray beam, the events produce the gray 

diffraction spots; by translating each grain a different amount in different directions, the orange 
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diffraction events can be produced. The corresponding translation from center of the beam is 

shown using hexagonal crystals below the expanded insets of each pair of events. Since 

diffraction events are occurring at multiple + values throughout the experiment for every grain, 

it is possible to use these x-y deviations to calculate the center of mass position of each grain 

[28], [29], [32]–[35]. 

 

 

Figure 5.6: Illustration of how deviations from the expected spot position in the x-y coordinate 

directions correspond to the spatial position of the center of mass for each grain. 

 

 These are not the only deviations from the gross spot position which are captured during 

an HEDM experiment. Deviations in the +---2( space result from distortions in the crystal 

lattice for each grain. Figure 5.7 demonstrates this for large lattice distortions, where changes in 
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the spacing between planes correspond to changes in 2( and changes in the angles between 

different planes correspond to changes in the + and - values. By using all of spots associated to a 

given grain, these crystal lattice distortions can be calculated as part of a more involved 

regression analysis also including the orientation and position, where all of the properties of each 

grain are solved simultaneously [28], [29], [32]–[35]. These lattice parameter distortions 

represent elastic strains within individual grains, and can be used to construct the full elastic 

strain tensor for every grain in the illuminated volume [40]. Since these strains are purely elastic, 

only measuring regular lattice distortions and not plastic phenomena, they can be used to 

calculate the stress state for each grain [37], [38], [41]–[44]. 

 

 

Figure 5.7: Demonstration of deviations in +---2( space resulting from large lattice distortions. 

The gray spots in the diffraction pattern except on the left represent the expected spot position, 

and the magenta spots indicate measured positions under an imposed lattice distortion. The 

atomic lattices on the right demonstrate the changes corresponding to stretches in the d-spacing 

(top) and changes in the angles between different planes (bottom). 
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 Finally, the number of x-rays that are diffracted by each grain is proportional to the size 

of that grain – bigger grains intersect the paths of more x-rays and therefore diffract more x-rays. 

This correlates to higher intensity spots on the area detector for larger grains and lower intensity 

spots on the area detector for smaller grains, Figure 5.8. By integrating the intensity for each spot 

in +---2( space, the percent of the volume that is illuminated in total can be calculated for each 

grain providing a relative grain volume [28], [29], [32]–[35]. 

 

 

Figure 5.8: Demonstration of the correlation between the intensity of a spot, the number of x-

rays diffracted, and the volume of a grain. 

 

 Collectively, the features discussed mean that HEDM techniques can provide details 

regarding diffraction planes, grain orientations, x-y-z position of the center of mass, elastic 

strains (and by extension stress states), and grain volumes. The diffraction patterns can be 

processed using standard software packages such as MIDAS [32]–[34], HEXRD [35], and 
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IceNine [45] to produce reconstructions containing all of this information for each grain in the 

illuminated volume. Although every piece of information outline above is present in any 

collection of HEDM patterns, the distance to the detector can be used to amplify certain aspects 

of the pattern. This provides generally two types of HEDM, near-field and far-field. Near-field 

HEDM (nf-HEDM) is the result of placing the detector close to the sample, on the order of 

several millimeters. This amplifies positional shifts and deviations of the spots, resulting in more 

accurate grain positions, and even the ability to record and reconstruct grain morphologies [28], 

[29]. Since the examples provided from Figure 5.1 to Figure 5.8 used Far-field HEDM (ff-

HEDM) patterns, Figure 5.9 is provided to illustrate what a nf-HEDM pattern looks like. 

 

 

Figure 5.9: Box-beam nf-HEDM pattern from a Ti7Al experiment performed at the Advanced 

Photon Source (APS) at Argonne National Lab (ANL). 

 

 Placing the detector a significant distance from the sample, generally on the order of one 

meter away, results in ff-HEDM. This amplifies angular shifts and deviations resulting from 
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changes in the lattice parameters for each grain. This allows for the elastic strains to be measured 

to high accuracy as a grain average strain [28], [29]. Additionally, through advanced techniques 

the identification of plastic phenomena is also possible using ff-HEDM patterns [29]–[31]. 

Furthermore, it is possible to combine the results of the two techniques, resulting in both 

accurate grain morphology reconstructions and accurate elastic strain measurements. This has 

been demonstrated in several instances by multiple research groups [46]–[55]. When combined 

with other techniques such as digital image correlation (DIC), in-situ loading platforms, x-ray 

tomography, or in-situ thermal control, HEDM can be a powerful experimental technique 

providing a wealth of experimental data. 

 

5.2.   Materials and Experimental Methods 

5.2.1.   Rolled Ti7Al Plate 

The material used in this investigation was a rolled Ti7Al plate produced by the Air 

Force Research Laboratory (AFRL) at Wright-Patterson Air Force Base (AFB), OH. The 

resulting composition is presented in Table 5.1 [25]. The alloy was first cast in ~50lb melts into 

3in diameter graphite molds and subsequently cut into 1.325 in think preforms and heat treated 

for 1 hour at 1800˚F. These preforms were then hot rolled to a 5% thickness reduction per pass 

for a total of 35 passes, with 3 min duration reheats at 1800˚F between passes. The rolled plates 

were further processed by annealing and creep flattening at 1750˚F for 24 hours. Finally, the 

plates were sandblasted, resulting in a final thickness of ~0.24in. The final material was .-phase 

(HCP crystal structure) with a strong basal fiber texture in the normal direction (ND) and a 

secondary, weaker, prismatic texture in the rolling direction (RD) and the transverse direction 

(TD). The grains were ideally composed for HEDM experiments, with an equiaxed geometry 



 174 

and approximately 100µm diameter in size. The lattice parameters were experimentally 

determined to be c = 4.6767 and a = 2.9300, providing a c/a ratio of 1.596 [25]. Additionally, the 

alloy contained .-2 precipitates (Ti-3Al) which are useful in promoting planar slip and 

suppressing the twinning tendencies of most HCP systems [56], [57]. For more detailed analysis 

and discussion of the specific preparation of Ti7Al used, see Hommer (2018) [25]. 

 

Table 5.1: Composition of the as processed Ti7Al. 

 Ti Al O Fe C H N 

Composition (wt.%) 92.76 7.1 0.08 0.05 0.01 0.0024 0.002 

 

5.2.2.   Specimen Machining 

Traditional machining methods tend to produce extensive plastic deformation in Ti7Al 

due to the nearly perfectly plastic stress-strain behavior of the material [25]. To avoid 

prematurely introducing plasticity in the gage of our mechanical testing specimens, the 

individual specimens were wire electrical discharge machined (EDM’d) out of the rolled plates. 

Two copies were machined of seven different specimen geometries and orientations, for a total 

of 14 specimens. The duplicates were intended as backup specimens in the event of damage or 

catastrophic experimental failures such as premature loading; these copies were luckily not used. 

Of the seven samples utilized, there were four compression pillars at various orientations and 

three tension specimens at various orientations. The compression pillars were parallelepipeds 

with orthogonal faces and dimensions of 1mm x 1mm x 2mm. Figure 5.10a shows the machinist 

drawing of these samples. The compression pillars were excised with the 2mm dimension in the 

following orientations: parallel to the RD, parallel to the TD, parallel to the ND, and at a 45˚ 

angle between the RD and the TD. The tension specimens were designed to fit the pin grip setup 
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of the compact load frame at the Advanced Photon Source (APS). Figure 5.10b shows the 

machinist drawing of these samples. The tension specimens were excised from the Ti7Al plate in 

the following orientations: parallel to the RD, parallel to the TD, and at a 45˚ angle between the 

RD and the TD. 

 

 

Figure 5.10: Mechanical tests specimen geometries, with units in mm. a) compression pillars. b) 

tension specimens. These specimens were wire EDM’s from the rolled Ti7Al plate. 

 

5.2.3.   Mechanical Testing 

Although similar in most regards, the experimental setup between the compression pillars 

and the tension specimens did require using two separate load frames. A rotational and axial-

torsion motion system (RAMS3) load frame was equipped with M2 tool steel compression 

platens for loading the compression pillars. The RAMS3 system allowed for the load frame grips 

to be rotated within the load frame support structure, allowing the compression pillars to be 

rotated a full 360˚ about the loading axis without blocking or shadowing the x-ray beam. A 

compact load frame was used for applying load to the tension specimens. This load frame was 

mounted on a rotation stage such that the entire frame was rotated about the loading axis. 
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Although a full 360˚ rotation was still achieved, 40˚ intervals were skipped on opposite sides to 

avoid collecting HEDM data when the beam was being blocked by the support posts. 

In both cases (for compression and tension samples) load was applied and held using 

displacement control at a strain rate of 5x10-3s-1. Initial ‘load free’ HEDM scans were taken 

under preloads of between -10N and 5N, with negative preloads for compression pillars and 

positive preloads for tension specimens. Force set points were used in ±100 N increments down 

to -300N for compression pillars and up to 300N for tension specimens, with HEDM scans 

recorded every ±100 N. These first three steps were then used to estimate the load-train 

compliance, including specimen stiffness, in order to assign a sample-specific displacement step-

size roughly equivalent to ±100 N of elastic response. Future set points were determined by 

incrementing by this displacement step-size, with HEDM scans recorded every increment until 

the diffraction patterns showed excessive amounts of plasticity in the form of highly spread 

spots. This totaled 14 steps, including the ‘load free’ initial scan, for most specimens. One 

tension specimen was stopped after only 13 steps, and one compression pillar required 19 steps 

before significant plasticity was achieved. For the first four steps, no significant hold time was 

required between reaching the set point and starting the HEDM scans. For the remaining set 

points, hold times between two and ten minutes were used to allow for most of the relaxation to 

occur before the HEDM scans were commenced. Periodically, the HEDM scans were also 

accompanied by x-ray computed tomography (XRCT) scans to help track large scale plastic 

deformation. More details regarding the x-ray aspects of the experimental setup are discussed in 

§5.2.4 which follows. 

 



 177 

5.2.4.   HEDM Experiments 

Both the compression and tension experiments were performed using the ff-HEDM setup 

at the APS beamline 1-ID. Although the two experimental setups were not identical, efforts were 

made to keep them as similar as possible. Both HEDM setups used a Hf edge to produce a 

monochromatic x-ray beam with energy of 65.35keV and wavelength of 0.1897 . A 400µm tall 

by 2.1mm wide box beam was used to illuminate the middle of each specimen, with the beam 

centered vertically in the gage and the gage centered horizontally in the beam. The full 360˚ 

rotation was used, with no omitted intervals for the compression pillars and with opposing 40˚ 

intervals omitted for the tension specimens due to the load frame geometry. In both cases, 0.25˚ 

rotation steps were used with a 0.2s exposure time for each diffraction pattern. For the 

compression pillars, a GE3 area detector was used, and for the tension specimens, a GE5 detector 

was used. In both cases the sample to detector distance was approximately 940mm, with the 

exact distance and spatial calibrations determined using NIST standard CeO2 powder for the 

compression pillar setup and using a LaB6 NIST standard for the tension specimen setup. In 

addition to collecting ff-HEDM data, x-ray computed tomography (XRCT) data were collected 

periodically throughout all mechanical tests. A summary of the mechanical forces and 

displacements along with which x-ray data were collected for each load-step of each specimen is 

provided in Tables 5.2 – 5.5 for the compression pillars and in Tables 5.6 – 5.8 for the tension 

specimens. Recall that each experiment was ended once extensive plasticity was identified in the 

ff-HEDM diffraction patterns in the form of excessive spot spreading.	
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Table 5.2: Summary of forces, displacements, and x-ray measurements for the compression 

sample c-y-1-a. This sample was compressed in the roll direction of the Ti7Al plate. 

Load Step Force (N) Displacement (µm) X-ray Scan(s) 

0 -7 0 HEDM, XRCT 

1 -100 -18 HEDM, XRCT 

2 -200 -32 HEDM 

3 -300 -45 HEDM 

4 -404 -58 HEDM 

5 -504 -71 HEDM, XRCT 

6 -591 -84 HEDM 

7 -642 -97 HEDM 

8 -692 -110 HEDM 

9 -695 -123 HEDM 

10 -727 -136 HEDM, XRCT 

11 -747 -149 HEDM 

12 -753 -162 HEDM 

13 -771 -175 HEDM, XRCT 

 

Table 5.3: Summary of forces, displacements, and x-ray measurements for the compression 

sample c-z-7-a. This sample was compressed in the normal direction of the Ti7Al plate. 

Load Step Force (N) Displacement (µm) X-ray Scan(s) 

0 -10 0 HEDM, XRCT 

1 -100 -14 HEDM, XRCT 

2 -200 -27 HEDM 

3 -300 -38 HEDM 

4 -404 -49 HEDM 

5 -506 -60 HEDM, XRCT 

6 -610 -71 HEDM 

7 -713 -82 HEDM 

8 -812 -93 HEDM 

9 -907 -104 HEDM 

10 -997 -115 HEDM, XRCT 

11 -1053 -126 HEDM 

12 -1127 -137 HEDM 

13 -1200 -148 HEDM 

14 -1255 -159 HEDM, XRCT 

15 -1294 -170 HEDM 

16 -1335 -181 HEDM 

17 -1371 -192 HEDM 

18 -1404 -203 HEDM, XRCT 
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Table 5.4: Summary of forces, displacements, and x-ray measurements for the compression 

sample c-x-3-a. This sample was compressed in the transverse direction of the Ti7Al plate. 

Load Step Force (N) Displacement (µm) X-ray Scan(s) 

0 -9 0 HEDM, XRCT 

1 -100 -19 HEDM, XRCT 

2 -200 -32 HEDM 

3 -300 -45 HEDM 

4 -409 -58 HEDM 

5 -518 -71 HEDM 

6 -608 -84 HEDM, XRCT 

7 -667 -97 HEDM 

8 -705 -110 HEDM 

9 -727 -123 HEDM 

10 -742 -136 HEDM, XRCT 

11 -746 -149 HEDM 

12 -754 -162 HEDM 

13 -771 -175 HEDM, XRCT 

 

Table 5.5: Summary of forces, displacements, and x-ray measurements for the compression 

sample c-xy-5-a. This sample was compressed along the direction 45˚ between the roll direction 

and transverse direction of the Ti7Al plate. 

Load Step Force (N) Displacement (µm) X-ray Scan(s) 

0 -10 0 HEDM, XRCT 

1 -100 -19 HEDM, XRCT 

2 -200 -33 HEDM 

3 -300 -45 HEDM 

4 -396 -57 HEDM 

5 -492 -69 HEDM 

6 -573 -81 HEDM, XRCT 

7 -638 -93 HEDM 

8 -664 -105 HEDM 

9 -668 -117 HEDM 

10 -692 -129 HEDM, XRCT 

11 -701 -141 HEDM 

12 -718 -153 HEDM 

13 -728 -165 HEDM, XRCT 
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Table 5.6: Summary of forces, displacements, and x-ray measurements for the tension specimen 

t-x-9-a. This sample was oriented for load in the transverse direction of the Ti7Al plate. 

Load Step Force (N) Displacement (µm) X-ray Scan(s) 

0 4 0 HEDM, XRCT 

1 100 70 HEDM, XRCT 

2 200 112 HEDM 

3 300 146 HEDM 

4 400 180 HEDM 

5 497 214 HEDM 

6 592 248 HEDM, XRCT 

7 655 282 HEDM 

8 642 316 HEDM 

9 631 350 HEDM 

10 647 384 HEDM, XRCT 

11 616 418 HEDM 

12 650 452 HEDM 

13 651 486 HEDM, XRCT 

 

Table 5.7: Summary of forces, displacements, and x-ray measurements for the tension specimen 

t-xy-11-a. This sample was oriented for load in the direction 45˚ between the roll direction and 

transverse direction of the Ti7Al plate. 

Load Step Force (N) Displacement (µm) X-ray Scan(s) 

0 5 0 HEDM, XRCT 

1 100 58 HEDM, XRCT 

2 200 98 HEDM 

3 300 136 HEDM 

4 414 174 HEDM 

5 532 212 HEDM 

6 632 245 HEDM, XRCT 

7 621 278 HEDM 

8 638 311 HEDM 

9 623 344 HEDM 

10 637 377 HEDM, XRCT 

11 628 410 HEDM 

12 637 443 HEDM, XRCT 
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Table 5.8: Summary of forces, displacements, and x-ray measurements for the tension specimen 

t-y-12-a. This sample was oriented for load in the roll direction of the Ti7Al plate. 

Load Step Force (N) Displacement (µm) X-ray Scan(s) 

0 5 0 HEDM, XRCT 

1 100 55 HEDM, XRCT 

2 200 100 HEDM 

3 300 142 HEDM 

4 397 178 HEDM 

5 498 214 HEDM 

6 597 250 HEDM, XRCT 

7 592 286 HEDM 

8 608 322 HEDM 

9 596 358 HEDM 

10 608 394 HEDM, XRCT 

11 601 430 HEDM 

12 605 466 HEDM 

13 601 502 HEDM, XRCT 

 

5.3.   Data Analysis 

The HEDM diffraction patterns are being processed using the open-source software 

HEXRD [35], [58] (version 0.8). Once calibrations have been achieved for the different detector 

setups, HEXRD will be used to reconstruct the illuminated volume of grains for each load step of 

each mechanical test. The grains-file for each load step (list of grains reconstructed along with all 

related grain-level data) will be used to compile a spots-file for each load step (list of every 

relevant diffraction spot along with related spot-level data). The spots-files will be used to check 

for plasticity and then correlated back to the appropriate grains to report the elastic strains before 

and at the onset of yielding. After all load steps capable of being reconstructed have been 

analyzed for all seven mechanical tests, a non-linear least squares regression approach will be 

used to calibrate the grain-scale elastic limit for Ti-7Al. The discussion of this overall analysis is 

divided into three main subsections: §5.3.1 explains analyzing the individual spots to identify 

plasticity; §5.3.2 elaborates on using spots-level plasticity indicators to define the onset of yield 

at the grain-level and to ultimately report relevant elastic strain information; and §5.3.3 develops 
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a regression based calibration methodology using three possible RMS error terms based on the 

interpretation of the grain-level data. 

 

5.3.1.   Quantifying Plasticity 

Generally, the volume of the grain correlates to the integrated intensity of each of the 

spots corresponding to that grain, see §5.1.2, making the integrated intensity constant as long as 

the volume of the grain can be assumed constant. There are however, other factors to consider 

when mapping spot intensity to grain volume which can make the integrated intensity change 

from one load step to the next – detector noise and x-ray beam attenuation. The detector noise is 

usually removed by thresholding the diffraction patterns such that any data below an assigned 

threshold value is set to zero. This has the effect of trimming the outer fringes of larger spots and 

significantly reducing smaller spots, or even eliminating them all together. By adjusting the x-ray 

beam attenuation, it is possible to increase or decrease the total amount of x-rays which pass 

through the illuminated volume, which has the effect of globally increasing or decreasing the 

intensity of all spots relative to the noise. Although limited by the peak intensities of the largest 

spots, attenuation is generally reduced as much as possible to increase the intensity of as many 

spots as possible above the detector noise. Throughout a given experiment, as spots evolve, the 

attenuation is often adjusted to maximize the number of spots which are above the noise for each 

HEDM scan. 

It was alluded to in §5.1.2, especially in Figure 5.8, that individual diffraction spots in a 

ff-HEDM pattern are gaussian like in shape. This idea is useful when evaluating how spots 

evolve as a result of plastic deformation within a grain. Pagan and Miller (2014) explain slip as 

introducing an ever increasing set of small misorientations across the grain [29]. This has the 
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effect of spreading out a diffraction spot in orientation space (i.e. the grain develops a gradient of 

orientations) [29]. Figure 5.11 shows how two spots, represented as gaussians, get shorter (lower 

peak intensity) and wider (spread out over more pixels on the detector) when plasticity starts to 

happen in their corresponding grain(s). This means that monitoring for reductions in height 

and/or increases in the full-width-half-max, FWHM, of each spot should provide insight into 

when slip starts to occur for each grain. 

 

 

Figure 5.11: Illustration of how spots behave as plasticity (specifically slip) starts to happen in 

their corresponding grain(s). 

 

 When implementing this idea, a problem arises. The changes in spot height and FWHM 

are an effect of both plasticity and changes in the attenuation. Figure 5.12 illustrates two 

examples of this problem. If the attenuation is decreased (more x-rays illuminating the sample) at 

the same time as plasticity causes a spot to spread, Figure 5.12a, then the height can stay constant 

while the FWHM increases. However, if the attenuation is decreased (more x-rays illuminating 

the sample) and the grain continues to behave elastically, Figure 5.12b, then the FWHM can still 

increase as the entire spot increases in size. This implies that neither the height nor the FWHM 

can be used alone to identify spot spread, and by extension the onset of plasticity. 
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Figure 5.12: Illustration of effects of attenuation changes on spot behavior combined with the 

onset of plasticity (a) and the continuation of elasticity (b). 

 

 Recalling that the spot shape is roughly gaussian does indicate two possible solutions for 

the confounding effects of changes in attenuation: 

1. Normalize the spots by their integrated intensity. 

2. Create a ratio of height to FWHM. 

In order to decide which option is preferred, we need to consider the dimensionality of the spots. 

Up to this point we have illustrated the spots as 2D gaussians, with a 1D domain representing 

position on the detector. To capture the full spot behavior, as seen on the area detector, we 

require a 2D domain (for example x-y or --2(), producing a 3D gaussian. This is still easy to 

visualize in one’s mind as a 3D bell-shape, which could be stretched in one direction only as the 
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spot spreads, or in both directions. See Figure 5.13 for examples of spot spread in the x-direction, 

y-direction, and both directions. This raises the question of which FWHM is used, or if an 

average FWHM is used. In whichever case is used, the question remains of how sensitive it is to 

a spot spreading event. 

 

 

Figure 5.13: Examples of 3D spots spreading in the x-direction only, the y-direction only, and in 

both directions. 

 

 In truth, we actually require a 3D domain to capture the full behavior in +---2( space. 

This implies a 4D gaussian, which is slightly more difficult to visualize, but can be thought of as 

a 3D ellipsoidal onion. The intensity values can be mapped to positions within the 3D ellipsoid 

such that any 2D cross section through the ‘peak’ looks like a 3D gaussian drawn with contour 

lines rather than using a 3rd physical axis. Figure 5.14 approximates what a full 4D gaussian 
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looks like in 3D space, with intensity as the 4th dimension. Notice that the actual 4D spot can 

spread in any direction in its 3D domain (+---2( space). This amplifies the effects seen in Figure 

5.13, where the FWHM changes based on where it is measured, and the average behavior is less 

sensitive to spread in a single direction. 

 

 

Figure 5.14: Approximation of a full 4D gaussian as viewed from 3D space, using intensity as 

the 4th dimension. Here, the three spatial dimensions mimic the 3D domain in physical space. 

 

Referring back to Figure 5.13 there is a feature that is equally sensitive no matter how the 

spot spreads, the height. As a result of this unambiguous sensitivity, we will use a normalized 

height to monitor for spot spreading. Equation 5.2 shows the spot spread parameter, which 

inverts the normalized peak intensity so that the parameter increases with increased spot spread: 

 

 0 = 1 2345	6*73*8679
6*73:;473$	6*73*8679<

=>
 (5.2) 
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When 0 increases above a fixed percent of the original value, calculated at load step zero, the 

spot will be flagged as indicating plasticity in its associated grain. 

 

5.3.2.   Identifying Yield Onset 

In the above section, the spot spread parameter, 0, was developed to indicate how much a 

single spot is spreading; however, quantifying the presence of spot spread does not immediately 

indicate the onset of yielding. Yielding is generally a gradual phenomenon, not an abrupt, 

discrete point in the history of a material’s behavior. Some nonlinear microplasticity tends to 

occur pre-yield due to limited dislocation motion. As such, yield is usually qualified as a point 

after some prescribed amount of plastic strain has accumulated [59]. For this reason, a 

meaningful change in 0 which identifies the onset of yield needs to be tuned to reflect the 

transition from microplasticity to larger scale plastic accumulation. Figure 5.15 shows what this 

transition could hypothetically look like, and indicates that a spike in 0 behavior is likely the best 

indicator of the onset of yield. In addition to tuning the 0, or change in 0, threshold, there is also 

the possibility of anomalous spikes and deviations in 0 due to noise in the experimental data. To 

account for this and help avoid false or premature indications of yield, multiple 0 spikes will be 

required to classify a yield event. By tracking which spots are part of which grains, we will be 

able to require a specific number of spikes for a given grain, such as two, four, or six, before 

identifying that grain as having yielded. 
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Figure 5.15: Illustration of what the elastic (and microplastic) to plastic transition could 

hypothetically look like in terms of the spot spread parameter. 

 

 Once the load step corresponding to the onset of yield has been identified for as many 

grains in a sample as possible, two different tensor values will be recorded for each yielded 

grain: the elastic strain at the identified yield step and the elastic strain at the preceding load step. 

Both values are necessary since it is unknown at what point between the preceding load step and 

the load step at which yield was detected, the yield point actually occurred. For materials that are 

perfectly plastic (i.e. do not harden) the distinction is irrelevant since the elastic strain state at 

every point beyond yield is the same as that at yield. But for real materials, some consideration 

of hardening is warranted. 
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5.3.3.   Regression Based Calibration 

After recording the pre-yield and post-yield elastic strain states for every yield event that 

was detected across all seven mechanical tests, the data will be used to calibrate the elastic limit 

at the grain scale. To see how this can be done we’ll start by considering a simpler data set that is 

isotropic, symmetric, and pressure insensitive. For such a case, it is possible to reduce each 

second order tensor representation of elastic strain, or stress, to a single value representing 

distance from zero in the pi-plane. This provides a way to reduce the complex set of paired 

tensors (pre-yield stress and post-yield stress) to a set of simple bounds on distance from zero at 

different points around the elastic limit surface. Figure 5.16a shows this reduction using a 

projection of the von Mises yield criterion in the pi-plane to define the coordinates ? and (. For 

such a case, the best fit could aim to stay within the pre-yield/post-yield bounds, minimizing the 

distance beyond either the upper or lower bound. 

 In the case of von Mises, the yield surface takes the form of a horizontal line. This allows 

for simple linear regression techniques to be employed to find the best fit. In order to allow for 

any fit where the line passed through the ? bounds at a point in ( space, the root mean square 

(RMS) error term would need to take a form similar to that in Equation 5.3. Equation 5.3 uses 

Heaviside step functions to zero the error in the range between the pre-yield and post yield 

bounds. In Figure 5.16b, the von Mises yield criterion is replaced by a Hershey (1954) [2] or 

Hosford (1972) [3] style variable exponent isotropic-asymmetric yield criterion. The yield 

surface, when projected into the ?-( space, forms a sinusoid-like curve where the value of the 

exponent controls how flat or sharp the wave is (varying from flat to a triangular wave). 

Although not much more complicated, and able to use the same error term from Equation 5.3, 

non-linear regression techniques are now required to determine the best fit. 
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Figure 5.16: Demonstration of a simpler data set which can be projected into a 2D space of 

coordinates ?, distance from zero stress, and (, position around the elastic limit. a) shows a von 

Mises yield criterion fitting the data, and b) shows a variable exponent model fitting the data. 

 

 @∑B4C DEℋG?HIJ − ?LMNOP G?HIJ − ?LMNOQ, EℋG?LMN − ?HRSNOP G?LMN − ?HRSNOQTU  
(5.3) 

 

 To simplify the regression analysis, it is possible to reduce the pre-yield/post-yield 

bounds to a single value. For the case of perfectly plastic materials, the peak load (post-yield) 

best represents the actual yield points and can therefore be used in place of the range. This 

reduces the RMS error term to the expression in Equation 5.4. Alternatively, a weighted average 
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of the pre-yield and post-yield values can be used to represent a material which undergoes some 

degree of hardening. This produces an RMS error term similar to that in Equation 5.5, where ‘a’ 

and ‘b’ are weights for the pre-yield and post-yield stresses respectively. Figure 5.17 

demonstrates how this affects the best fit line in the case of a von Mises yield criterion: using 

only the peak load values increases the predicted yield strength; and a weighted average has the 

potential to split the difference between the peak-load fit and the bounded fit. 

 

 @∑G?LMN − ?HRSNOQU  (5.4) 

 

 V∑W14?HIJ + Y?HRSN4 + Y < − ?LMNZQU  
(5.5) 

 

 

Figure 5.17: Demonstration of the differences between best fits made using each of the RMS 

errors from Equation 5.3 (bound-based), Equation 5.4 (peak load), and Equation 5.5 (weighted 

average). 
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 When considering anisotropy, the full 6D representation of the elastic limit is necessary. 

This means that the 5D hypersurface cannot by meaningfully reduced to a 2D representation 

without significant loss of context and geometric relations between data points. Although this 

complicates the visualization of the errors, it does not significantly complicate the process of 

determining the best fit. The same RMS error equations can be adapted for use with anisotropic 

yield criteria, and non-linear least squares methods can be used to determine the best fit for all 

parameters in the yield criteria. Equations 5.6 – 5.8 reconfigure Equations 5.3 – 5.5, where the 

distance value ? is replaced by the percent yield [, as calculated by the working calibration of 

the yield criterion being fit. Note that this means that [ = 1 at the point of yielding. This does 

require an initial guess and a numerical solver for implementation, but can readily be done using 

Matlab’s built in lsqnonlin function. 

 

 @∑B4C DEℋG[HIJ − 1OP G[HIJ − 1OQ, EℋG1 − [HRSNOP G1 − [HRSNOQTU  
(5.6) 

 

 @∑G1 − [HRSNOQU  (5.7) 

 

 V∑ W14[HIJ + Y[HRSN4 + Y < − 1ZQU  
(5.8) 
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5.4.   Results (Visualization) 

The data are presently still being processed with the HEXRD software discussed in §5.3. 

Until all of the reconstructions are completed and the yield events have been identified, the 

regression based calibration cannot be performed. In lieu of presenting the calibration results, 

hypothetical results will be used to demonstrate the proposed data visualization methods for 

presenting the results once analysis has been completed. Given the number of expected yield 

events, near 1000, there are generally two questions that can be asked about the data in relation 

to a proposed calibration: How well does the calibrated model fit the data? And can a higher 

symmetry assumption produce an equally good fit? 

The question of goodness of fit between a calibrated model and the experimental data can 

be addressed by using the RMS errors introduced by Equation 5.6 – 5.8 to provide an average 

percent deviation in the experimental data and the model’s predicted yield behavior. Although a 

useful overall descriptor, the RMS error cannot identify if this results from spread in the 

experimental data , a general size misfit (for example an over- or under- prediction everywhere), 

or a misfit in shape (for example over-predicting in some areas and under-predicting in others). 

The first possibility – errors resulting from spread in the experimental data – is both expected 

and acceptable. The error in such a case is unavoidable and does not reflect on the choice of 

model or the regression based calibration. The second possibility – errors resulting from a 

universal over-sizing or under-sizing – is likely an artifact of the regression method and/or the 

choice of RMS error used during calibration. If the general shape is correct, then the model 

choice is likely valid and the fit can be improved by tuning the calibration. The third possibility – 

errors resulting from a mismatch between the data shape and the model shape – raises the most 
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concern. In this case, the calibration may still be to blame, but the choice of model may also be 

insufficient, missing some crucial description of the material’s behavior. 

In order to help identify the character of the RMS error, two variations of the same plot 

are proposed. Figure 5.18 demonstrates a generic version, where the calibrated model is plotted 

using the complete set of 2D orthogonal projections discussed in Ch.2. The first variation would 

project the experimental data points onto each projection plane within a predefined orthogonal 

distance and shade the data points according to how close to the projection plane they actually 

are. For example: 

 Consider a data point with ?] = 150`a4, ?b = 15`a4, and ?c = 20`a4. For an 

orthogonal distance limit of 25MPa, the point would appear in the ?]?b projection and 

the ?c?] projection, but not the ?b?c projection. It would also appear in the ?]d]b, ?]dbc, 

and ?]dc] projections if the distance limit allowed for orthogonal distances exactly equal 

to 25MPa. No other projection would contain the data point. Additionally, the data point 

would be darker in the ?]?b projection, lighter in the ?c?] projection, and nearly 

imperceptible in the ?]d∗∗ projections, indicating how close the point is to each 

projection plane. 

The second variation would use the same projection set and projection rules for the data points, 

but shade the data points based on their error (corresponding to the relevant RMS error 

calculation). In this version, higher errors would equate to darker data points. The two versions 

complement each other by indicating which data points are farther from the predicted value and 

how relevant they are to each projection. 
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Figure 5.18: Generic illustration of the proposed error plots. The complete set of 2D orthogonal 

projections is used to visualize the elastic limit, and the data points close to each projection plane 

are represented using orthogonal projections into the plane. In this generic example the data 

points are not shaded according to either variation. Variation one would shade according to 

distance to the projection plane and variation two would shade according to magnitude of error. 

 

 The question about whether a higher symmetry assumption produces an equally good fit 

can be answered by comparing the RMS error of the higher symmetry fit to the RMS error of a 

lower symmetry fit. We expect the RMS error to change, and particularly to increase, but 

excepting large clear increases in the RMS error, it could be difficult to discern if the difference 

is significant. Here, a visual tool may help to characterize the differences in the two fits. By 

plotting the individual errors of the lower symmetry model against the errors produced using the 

higher symmetry model, trends can be identified to help answer the question. Specifically, trends 

which deviate significantly from a straight line with slope approximately equal to one indicate 

some character of the elastic limit which is missed by the higher symmetry assumption. Figure 
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5.19 provides two examples using a 28-parameter model where an orthotropic assumption 

reduces it to 13 parameters. One data set produces a linear trend with slope ≈ 1 indicating that 

the orthotropic assumption is applicable, and the other data set produces a linear trend with slope 

< 1 indicating a worse fit with an orthotropic assumption. This plot provides a quick comparison 

between the two cases, and elaboration in the case of deviation between them can be achieved by 

returning to the plots described by Figure 5.18 and plotting both calibrated models on the same 

set of projections.	

 

 

Figure 5.19: Examples of error comparisons between a 28-parameter model and a reduced 13-

parameter model. The upper line compares the two fits where the orthotropic fit can readily be 

used, and the lower line compares the two fits for a case where the orthotropic fit cannot be used. 

 

5.5.   Discussion 

This investigation, although not complete, is nearing completion. The mechanical test 

specimens were manufactured as described in §5.2.1 and §5.2.2 and were subsequently tested 

following the procedures described in §5.2.3 and §5.2.4. The raw HEDM data has been 

transferred to the Colorado School of Mines data storage facilities and is awaiting analysis. The 
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HEXRD software is in the process of being installed, debugged, and made functional on the 

Colorado School of Mines high performance computing (HPC) resources. Additionally, the 

HEDM data are being transferred to Cornell University in order to begin processing them using 

the version of HEXRD software currently functioning on their computer farm. Data analysis 

software is also in the process of being written for calculating the spot spread parameter, 0, for 

the HEDM reconstructions. 

Remaining work includes: completing the HEDM reconstructions using HEXRD, testing 

the 0 calculation software and applying it to identify spot spreading events, developing and using 

software for identifying yield from the spot spreading events (as described in §5.3.2), adapting 

the software used in Ch.3 for nonlinear least squares yield calibrations to use the RMS errors 

described in §5.3.3, and analyzing the eventual results using the methods described in §5.4. 

Future work would include comparing the effectiveness of different yield models, comparing the 

experimental results to theoretical slip activation models, and homogenizing the results to 

produce a calibrated bulk yield model for the rolled Ti7Al plate from which the specimens were 

extracted. Additionally, future researchers could apply this technique to other material systems. 

This could include adapting the yield determination methods to account for twinning and/or 

phase transformations. Similarly, it could be adapted to determine shape-memory model 

calibrations or adapted to other processing methods of the same material(s) in order to predict 

new bulk properties through the use of homogenization techniques. 

 

5.6.   Conclusions 

 The proposed method for calibrating the embedded single crystal yield properties has the 

potential both to allow for evaluating the actual anisotropies and asymmetries without any pre-
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supposed assumptions and to reduce the number of experiments required for statistically rigorous 

calibrations from hundreds to less than a dozen. To date, the following are the major conclusions 

of this work: 

1. A new experimental approach for determining grain-scale yield was proposed. 

2. Experiments were conducted using in-situ HEDM methods as proposed, and the 

necessary data to test the described yield calibration approach were collected. 

3. RMS error terms were proposed for use in the regression based calibration of the 

grain-scale yield behavior. 

4. Visualization methods were proposed for analyzing the eventual results of the 

study. 
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CHAPTER 6 

COMBINED X-RAY INVESTIGATION OF 

NOTCHED COLD DWELL FATIGUE 

FRACTURE INITITIAON IN 

TITANIUM ALLOYS 

6.1.   Introduction 

Titanium (Ti) alloys possess some of the greatest strength to weight ratios of all metal 

alloy systems, allowing the reduction of material required in rotating and self-supporting 

applications where a major component of the stress results from body forces (such as centripetal 

and gravitational). As a result of this particular benefit, along with good corrosion resistance, 

good fatigue performance, and maintained properties at elevated temperatures, Ti alloys are 

commonly used in aerospace applications such as turbine compressor discs. Despite this myriad 

of strengths, the ! phase of Ti alloys (e.g., Ti-6Al-4V), is susceptible to dwell fatigue as a result 

of the low symmetry hexagonal close packed (hcp) crystal structure. Dwell fatigue is a failure 

mechanism associated with cyclic loading that involves sustained periods of stress (Figure 6.1a), 

where a dwell period at peak load causes a lifetime reduction (dwell debit) compared to regular 

cyclic fatigue. As demonstrated in Figure 6.1b, adapted from [1], for a single flight cycle, cyclic 

dwell loading is experienced by jet engine turbine compressor discs over the course of their 

lifetime. This makes dwell fatigue an important consideration for the design of Ti alloy 

aerospace components, such as compressor discs. 
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Figure 6.1: Dwell fatigue loading versus time examples: (a) The loading profile of stress- 

controlled dwell fatigue versus classic cyclic fatigue is shown. (b) Illustration of the average 

loading experienced by a Ti-alloy turbine disc during a single flight, which exhibits a dwell 

period during cruise – adapted from [1]. 

 

 Since cold dwell fatigue is still an active area of research [1]–[39], dwell-sensitive 

component design is generally performed conservatively, resulting in parts that are overdesigned, 

and both heavier and more expensive than necessary. This is understandable since dwell fatigue 

failure generally starts by nucleation of subsurface voids and the initiation of subsurface cracks, 

making surface level inspections ineffective at detecting dwell fatigue initiation. Damage tolerant 

design of aircraft components tends to specify inspection cycles based on the size of flaws and 

cracks that can be detected and the number of cycles before an undetected flaw becomes 

dangerous [40]. Since dwell fatigue initiates subsurface, and proceeds to propagate subsurface, it 

is likely that cracks grow beyond the safe size for a given inspection schedule, and are not 

detected. Both the safety concerns and the potential for refining component designs to save 

weight and cost demand a deeper understanding of dwell fatigue, the mechanisms which drive it, 

and how it differs from other forms of crack initiation and growth. It is therefore imperative to 

develop a better understanding of the micromechanics at work in cold dwell fatigue. 
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It is generally accepted that this dwell debit is due to a load shedding mechanism between 

plastically soft and hard grains, as demonstrated in Figure 6.2, adapted from [2]. Considering the 

applied load, “soft” grains are oriented for easy basal slip, while “hard” grains are not. This 

heterogeneity in crystallographic texture, and as a result in the anisotropy of yield behavior, leads 

to plastic flow in the soft grains at loads below the macroscopic yield stress of the bulk material 

(essentially a form of microstructural creep). This local deformation at stresses where the hard 

grains do not plastically deform results in dislocation pile-up at boundaries between hard and soft 

grains. As dwell fatigue is presently understood, these interface pile ups ultimately promote the 

nucleation of voids, initiation of cracks, and accelerated early stage propagation of cracks. This 

mechanism is most prolific at low temperatures, typically less than 200 ˚C, where there are large 

disparities in activation energies between basal and prismatic slip relative to pyramidal slip. At 

higher temperatures, thermal activation reduces these disparities. Thus, this mechanism is most 

likely to lead to failures in the cold compressor stages of turbines. 

 

 

Figure 6.2: Illustration of the crystal-scale mechanism of dwell debits in the ! (hexagonal) phase 

of Ti-alloys, adapted from [2]. 
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 There are two primary mechanisms of crack propagation: incremental growth and fast 

fracture. Incremental growth is typical for fatigue loading, and often results in a fracture surface 

feature known as fatigue striations [41]–[43]. The process of fatigue striation formation, shown 

for a single fatigue load cycle in Figure 6.3 (adapted from [43]), starts with a crack that is sessile 

at zero load (Figure 6.3a). The crack opens as load is applied (Figure 6.3b), and as the load nears 

its peak, the crack extends forward and blunts as a result of plasticity (Figure 6.3c). Upon load 

reduction, the crack is forced shut causing plastic phenomena to extend the crack at 45˚ angles to 

the blunted tip (Figure 6.3d). When the crack returns to a sessile state at zero load, it has 

accumulated one more fully developed striation (Figure 6.3e). Fast fracture is typically the result 

of a large increase in the stress intensity (∆K) near an existing crack front and tends to produce 

faceted fracture surfaces – this kind of crack extension is well described using linear elastic 

fracture mechanics. It has been observed that ! phase Ti alloys subjected to constant stress dwell 

fatigue exhibit a low ∆K faceted crack growth (FCG), which results in relatively large intervals 

of crack growth for each load-step that terminate in crack arrest marks on the fracture surface 

[3], [4]. Additionally, similar tests using constant strain dwell fatigue have demonstrated a crack 

propagation that is dominated by classic incremental (striation producing) growth. In short, a 

constant strain application sees a lower dwell debit than a constant stress application. 
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Figure 6.3: Fatigue striation formation process, shown for a single fatigue load cycle. (a) The 

crack is sessile at zero load. (b) The crack opens as load is applied. (c) As the load nears its peak, 

the crack extends forward and blunts as a result of plasticity. (d) Upon load reduction, the crack 

is forced shut causing plastic phenomena to extend the crack at 45˚ angles to the blunted tip. (e) 

The crack returns to a sessile state at zero load, with one more fully developed striation present. 

 

Real components, such as turbine compressor discs, possess stress concentrators which 

have the potential to alter the expected dwell fatigue response. For example, in the region 

surrounding a stress concentrator, along with altering the character of the state of stress spatially 

(introducing multiaxial effects), the stress gradient has the potential to produce locally high 

stresses resulting in local yielding and relaxation of crack-tip stresses during incremental growth. 

This means that crack propagation could proceed similar to the classic incremental growth, 

producing fatigue striations, regardless of global boundary conditions (load or displacement 
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control). However, experiments to date have demonstrated otherwise - notched !-Ti specimens 

subjected to constant stress dwell fatigue exhibit low ∆K FCG. As a result, real components 

experience even higher dwell debits than are expected by the current level of understanding. 

 Significant strides can be made towards understanding dwell fatigue by addressing two 

major questions: Which grain pairs are susceptible for a given stress field? And what is the 

minimum dwell load for such a pair to cause dwell mechanisms to activate? These questions 

provide a foundation upon which concerns about stress concentrators and low ∆K FCG can start 

to be resolved. By understanding what combinations of relative orientations and stress states 

promote dwell fatigue failure mechanics, we can start to recognize how notches affect dwell 

mechanisms and if they affect the differences between stress and strain boundary condition 

behaviors. With a fundamental description, we can also begin to better understand the effects of 

local plastic relaxation. By including the effects of dwell load magnitude, we can also gain 

insights into the differences between activation of mechanisms leading to low ∆K FCG and those 

resulting in slow incremental crack growth. To answer these underlying questions, we propose 

that a threshold exists for neighbor grain disparity (rogueness) at a given stress configuration 

(uniaxial, biaxial, shear, mixed, etc.), below which dwell fatigue mechanisms cannot activate. 

Such a threshold should be independent of part geometry (stress concentrations or not) and only 

depend on the local granular stress states, orientations, and propensity for plasticity. 

 To identify this rogueness threshold, notched uniaxial specimens and a combination of x-

ray techniques can be used to measure stress states of individual grains and to monitor for dwell 

fatigue fracture initiation events, such as void nucleation, crack initiation, and early stage crack 

growth. Specifically, high energy diffraction microscopy (HEDM), as described in Ch.5 §5.1.2, 

can be used to record the microstructure and residual stress states of notched specimens; in-situ 
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dwell fatigue loading using x-ray tomography can be used to monitor for dwell fatigue fracture 

initiation events; and HEDM can again be used to record grain-scale stress states while applying 

the dwell load to the specimens after significant cyclic loading has been experienced. By 

applying the grain-scale calibrated yield criterion results from the research described in Ch.5, it 

is possible to reduce the stress data to percent yield descriptions of each grain. This makes it 

possible to calculate ratios of propensity for plasticity for each grain pair which is representative 

of both the stresses being applied and the individual grain orientations. These ratios can then be 

correlated to the measured dwell fatigue initiation events to quantify a threshold for rogueness. 

We describe the materials used and the experiments performed in §6.2. Specifically, the 

material and specimen geometries are outlined in §6.2.1 and §6.2.2; the initial HEDM scans are 

described in §6.2.3; the in-situ dwell fatigue testing is detailed in §6.2.4; and §6.2.5 explains the 

final HEDM scans at the dwell load after dwell fatigue initiation events have been detected. In 

§6.3 the analysis techniques are presented for processing the experimental data and for 

calculating rogueness values for grain pairs. Preliminary results are presented in §6.4 and the 

discussion in §6.5 summarizes the completed work and presents the remaining work and 

potential future work. Lastly, major conclusions are provided in §6.6. 

 

6.2.   Materials and Experimental Methods 

6.2.1.   Rolled Ti7Al Plate 

The material used in this investigation was the same rolled Ti7Al plate produced by the 

Air Force Research Laboratory (AFRL) that was used in the work from Ch.5. For details on the 

material chemistry and processing history, see Ch.5 §5.2.1. As a quick summary: the 

composition was 7.1% Al, 0.08% O, 0.05% Fe, 0.01% C, 0.0024% H, 0.002% N, and the 
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balance was Ti; The plate was hot rolled using 35 passes at a 5% thickness reduction per pass; 

and the plates were annealed and creep flattened for 24 hours to attain the desired grain 

properties for HEDM experimental measurements. As a reminder, the high aluminum content is 

necessary to provide an !-phase (HCP crystal structure) material with twinning suppressed in 

favor of planar slip. 

 

6.2.2.   Specimen Machining and Measurements 

For the same reasons presented in Ch.5 §5.2.2, the notched tension specimens for this 

study were wire electrical discharge machined (EDM’d) out of the rolled Ti7Al plates. Five 

copies were machined of two different notch geometries. All specimens were machined with the 

tension axis in the roll direction and with the notches cut in the faces orthogonal to the transverse 

direction. The specimen geometry was a modified standard RAMS tension sample, with notches 

cut in opposite faces of the gage section. Figure 6.4 provides machinist drawings for the overall 

geometry (a), and for the gage geometry for the two different notch types (b-c). The N6-type 

notch geometry was originally specified with a notch radius of 1/6 mm, Figure 6.4b, but was 

ultimately wire EDM’d with an average notch radius of 218µm and standard deviation of 9.4µm. 

The N12-type notch geometry was originally specified with a radius of 1/12 mm, Figure 6.4c, 

but was ultimately wire EDM’d with an average radius of 160µm and standard deviation of 

4.3µm. In both cases, the notches are designed to transition from a circular root to a tangent 

plane at 45˚ from the surface perpendicular such that the depth is 240µm from the surface to the 

bottom of the notch. For the N6-type notch geometry the as EDM’d notch depth averaged 154µm 

with a 3.4µm standard deviation, and for the N12-type notch geometry the as EDM’d notch 

depth averaged 147µm with a 2.5µm standard deviation. The realized measurements and 
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geometry differed from the original specifications due to limitations in the wire EDM process as 

a result of the wire diameter used in the machining process. 

 

 

Figure 6.4: Machinist drawings for: (a) the overall geometry, (b) the notch geometry in the gage 

for the N6-type notches, and (c) the notch geometry in the gage for the N12-type notches. Note 

that these specified measurements vary from the realized geometry measurements as reported in 

throughout this section. 
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 The specimen gage section widths were measured to ±0.001mm precision using optical 

microscopy digital measurements (using a Keyence VHX-5000 digital microscope). The notches 

were then mapped in 3D using the z-stitch function with the same digital microscope. Ten line 

profiles were then extracted from each 3D reconstruction, perpendicular to the notch. The line 

profiles were averaged, and the average profile was used to determine the average notch radius 

and depth. Figure 6.5a shows an example of the ten profiles used for one of the notches overlaid 

on top of each other. Figure 6.5b shows the resulting average curve with error bands showing 

two standard deviations on either side of the mean. 

 

 

Figure 6.5: Example of the notch profile. (a) shows the ten separate line profiles overlaid on top 

of each other. (b) shows the average curve with error bands showing two standard deviations on 

either side of the average curve. 

 

 To determine an effective notch radius from the average profile, the center of the notch 

was identified as the lowest point and four additional points were identified on either side of 

center, evenly spaced, with the farthest point on either side located 52% as deep as the center 

point. Figure 6.6a illustrates the point placement of these nine points along an example notch 

profile. The 52% depth was identified by inspection of the actual profile geometries which 

showed that the notch geometry retained a circular shape for approximately half of the depth; a 
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2% buffer was chosen to allow for minor deviations in this trend. Using these nine points 

(numbered left to right in Figure 6.6b-e), four triangles were constructed: 1-6-9 (Figure 6.6b), 1-

4-9 (Figure 6.6c), 2-4-7 (Figure 6.6d), and 3-6-8 (Figure 6.6e). The circumradius was calculated 

for these four triangles independently, and the four circumradii were averaged to produce an 

accurate approximation of the average notch radius. Figure 6.7 shows the circle fitting the 

curvature of the notch profile as calculated using this method. 

 

 

Figure 6.6: Illustration of the points and triangles used to calculate the average notch radius. (a) 

Shows the depth criterion for the otter most points of the set of nine. (b-e) show the triangles 

used to calculate four circumradii for use in the average notch radius calculation. 
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Figure 6.7: The circle which fits the curvature of the notch profile as calculated using the average 

circumradius method described. 

 

 The notch geometries for both notches on all ten specimens are provided in Table 6.1 

along with the mean and standard deviations noted earlier. The naming convention uses the letter 

M to indicate that these specimens are the second generation of notched RAMS tension 

specimens, intended for use in medium-cycle dwell fatigue (first generation were used in low-

cycle dwell fatigue investigations). The notch geometry type is indicated second, and the sample 

number is noted last. The sample name therefore takes the form: M-N6-# or M-N12-#. 
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Table 6.1: Notch geometry measurements (depth and radius) for all ten specimens 

    AVERAGE 

NAME FACE DEPTH (µm) RADIUS (µm) DEPTH (µm) RADIUS (µm) 

M-N6-1 
a 153 219 

Mean = 154 

St. Dev. = 3.4 

Mean = 218 

St. Dev. = 9.4 

b 151 207 

M-N6-2 
a 150 215 

b 156 211 

M-N6-3 
a 151 234 

b 154 209 

M-N6-4 
a 153 233 

b 152 212 

M-N6-5 
a 154 222 

b 162 218 

M-N12-1 
a 150 162 

Mean = 147 

St. Dev. = 2.5 

Mean = 160 

St. Dev. = 4.3 

b 146 158 

M-N12-2 
a 142 154 

b 148 163 

M-N12-3 
a 147 154 

b 149 161 

M-N12-4 
a 148 168 

b 149 163 

M-N12-5 
a 145 158 

b 144 160 

 

6.2.3.   Initial HEDM Scans at Zero Load 

Of the ten notched specimens listed in Table 6.1, six were ultimately scanned at zero load 

in preparation for later stages of the experiment using a combined HEDM setup at the Advanced 

Photon Source (APS) beamline 1-ID. The specimens subjected to preliminary scans were the 

following: M-N6-1, M-N6-2, M-N6-4, M-N12-5, M-N12-3, and M-N12-1. The combined 

HEDM setup used a Ho edge to produce a monochromatic x-ray beam with energy of 55.62 keV 

and wavelength of 0.2229 . A total of four distinct scan strategies were employed for each 

specimen: a single-layer tomography scan, a tri-layer far-field HEDM (ff-HEDM) scan, a penta-

layer near-field HEDM (nf-HEDM) scan, and a matching penta-layer ff-HEDM scan for seeding 

the nf-HEDM reconstructions. These four scans are summarized in Figure 6.8. The single-layer 
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tomography scan used a 900µm tall by 2.1mm wide box beam to illuminate the center of a given 

specimen, with the notches centered vertically in the beam and the overall gage centered 

horizontally in the beam, Figure 6.8a. The tri-layer ff-HEDM scan used a 500µm tall by 2.1mm 

wide box beam to illuminate three successive and contiguous layers forming a large block 

positioned with the notches centered vertically and the overall gage centered horizontally, Figure 

6.8b. The penta-layer nf-HEDM scan and the matching penta-layer ff-HEDM scan used a 100µm 

tall by 2.1mm wide box beam to illuminate five successive and contiguous layers forming a 

small block of scans positioned with the notches centered vertically and the overall gage centered 

horizontally, Figure 6.8c. For the ff-HEDM scans, full 360˚ rotation was used with no omitted 

intervals, an " step size of 0.25˚, and an exposure time of 0.2s for each diffraction pattern. For 

the nf-HEDM scans, a 180˚ rotation was used with no omitted intervals, an " step size of 0.25˚, 

and an exposure time of 2.5s per frame. The ff-HEDM setup used a GE3 area detector at an 

approximate sample to detector distance of 1009mm, with the exact distance and spatial 

calibrations determined using NIST standard CeO2 powder. 

 

 

Figure 6.8: Illustration of the different scan strategies used for the preliminary scan setup: (a) 

Single-layer 900µm tall box beam for tomography scans. (b) Tri-layer series of 500µm tall box 

beams for ff-HEDM scans. (c) Penta-layer series of 100µm tall box beams for nf-HEDM scans 

and the accompanying ff-HEDM scans for seeding. (d) Combined set of scans, showing the 

overlapping regions. 
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6.2.4.   In-situ Dwell Fatigue Testing 

After the preliminary scans, five of the six notched specimens were cycled in-situ at the 

Colorado School of Mines (CSM) using a Zeiss Xradia Versa 520 (ZXV) to monitor for void 

nucleation and crack initiation. By using a source distance of -81mm, a detector distance of 

272.5mm, a 4x objective, and a binning of one, we achieved a voxel size of 0.77µm. The 

combination of high resolution and low x-ray attenuation from Ti required long duration scans at 

high x-ray flux in order to reduce noise and spurious measurements. To do this, maximum 

voltage, 160kV, and maximum power, 10W, were used at all times, and four different scan 

strategies were implemented during cyclic testing. 

Initial and final tomography scans were used to provide the lowest noise measurements to 

ensure that the initial and final void and crack structures were accurately recorded. These scans 

used a 180s exposure time per frame and took 801 total frames through a full 360˚ rotation. 

These long scans were used sparingly since they required 43 hours or longer to run from start to 

finish. Shorter duration overnight tomography scans were used to provide periodic full 3D 

tomography reconstructions. These scans used a 150s exposure time per frame and took only 201 

total frames through a full 360˚ rotation. These scans produced noisy reconstructions that were 

useful in detecting or confirming only large, clear features such as cracks or voids with one or 

more dimensions longer than 10µm. In addition to the two full tomography scans, two types of 

single frame x-ray images were used during the day to supplement the live x-ray video feed. 

Every five cycles, a single frame image was taken with a 110s exposure time. These images were 

taken at 12˚-14˚ off perpendicular to the front face (one of the unnotched faces) and were 

primarily used to monitor for macro-scale plasticity which could jeopardize the ability to use ff-

HEDM to accurately measure the stress states in the grains after cyclic loading. The second 
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single frame image type was a long exposure (660s exposure time) image taken perfectly aligned 

perpendicular to the front face. These long exposure images were used at higher cycle counts to 

monitor for crack-initiation. They were normally taken every 25-100 cycles once started and 

more frequently as warranted when indicators of crack initiation were found. 

The specimens were mechanically loaded in-situ using a Deben Microtest Tomography 

(DMT) tensile/compression stage designed for use within x-ray imaging machines such as the 

ZXV. The DMT stage model used was load limited to 5kN in either tension or compression. The 

PID (position-integral-derivative) control software was unsuccessful at avoiding significant 

overshooting of the target load when the actuator speed was above 20% of maximum speed 

within the load range intended for our cyclic testing. Table 6.2 illustrates the DMT stage 

limitations related to PID control and motor speed. In order to avoid overshooting the dwell load, 

a motor speed of 20% was chosen for all cyclic testing. The force resolution was dependent on 

hardware gain settings, but generally varied between ±0.5N and ±2.0N for the hardware gains 

used in our cyclic testing. Additionally, the force scale could be zeroed to within ±2.0N by 

following standard load-offset calibration procedures. This means that for most reported forces 

there is an associated ±2.5N to ±4.0N error. 

 

Table 6.2: Deben Microtest Tomography (DMT) PID control limitations. Report of minimum 

and maximum recorded overshoot at percentages of the maximum actuator speed. 

Motor 

Speed 

Minimum 

Overshoot 

Maximum 

Overshoot 

100% 10N 75N 

50% 5N 25N 

20% 2N 10N 
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 Based on preliminary studies and previous experimentation, it was known that the yield 

strength could vary from one sample to the next by nearly 100% due to the limited number of 

grains present in the gage section between the two notches. In order to account for this sample 

variation, each specimen was taken through a yield determination process to approximate the 

elastic limit. This process started by calculating the minimum cross-sectional area and from that, 

the force which would produce 50MPa of stress (not accounting for stress-concentration effects). 

The sample was then loaded to this initial force, F1, and unloaded to 10N. A ‘zero load’ of 10N 

was consistently used to avoid a combination of overshoot and force measurement error 

combining to produce a compressive load which could back the sample out of the custom grips. 

Successive load-unload steps were made to 2 F1, 10N, 3 F1, 10N, 4 F1, and 10N. The change in 

displacement from 3 F1 to 4 F1 was used to determine a safe displacement step size, #step. 

Loading and unloading was continued, incrementing the loaded state by #step each time. 

Periodically, as viscoelastic effects were starting to become significant in the load-train, the load 

was sustained for 10-20 minutes before returning to 10N and then restarting the load-unload 

stepping process. An example is provided in Table 6.3, showing the yield determination process 

for sample M-N12-3. The complete load-unload cycles with an incremental increase in the peak 

load were used to both avoid excessively yielding the specimen once the yield point was 

identified and to slowly ratchet out anelastic behavior to help more clearly identify the onset of 

yield. In the Table 6.3 example, everything was force control until after step 17 at which point 

the load increases were in displacement control and the load decreases were in force control. 

There were a total of five peak load holds for relaxation, including the final hold at the newly 

determined yield strength (310N). Upon unloading to 10N, an additional 2µm of relaxation had 

occurred in the load-train, providing a final displacement of 30µm. 
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Table 6.3: Example yield determination procedure (sample M-N12-3). Steps noted ‘HOLD’ 

indicate points where the peak load was held for the load-train to relax. 

Step # Force (N) Disp. (µm)  Step # Force (N) Disp.(µm) 

1 10 0  43 10 10 

2 35 3  44 283 60 

3 10 0  45 10 13 

4 70 9  46 (HOLD) 283 60 

5 10 0  47 10 15 

6 105 15  48 87 25 

7 10 0  49 10 15 

8 (HOLD) 140 21  50 146 35 

9 10 1  51 10 15 

10 35 4  52 198 45 

11 10 0  53 10 15 

12 70 10  54 225 50 

13 10 1  55 10 15 

14 105 16  56 251 55 

15 10 1  57 10 15 

16 140 22  58 275 60 

17 10 1  59 10 15 

18 170 26  60 292 65 

19 10 1  61 10 16 

20 193 31  62 294 70 

21 10 2  63 10 21 

22 216 36  64 (HOLD) 291 70 

23 10 3  65 10 23 

24 231 41  66 32 25 

25 10 5  67 10 23 

26 251 46  68 101 35 

27 10 6  69 10 23 

28 (HOLD) 250 47  70 153 45 

29 10 8  71 10 23 

30 100 20  72 206 55 

31 10 7  73 10 23 

32 156 30  74 233 60 

33 10 8  75 10 23 

34 183 35  76 258 65 

35 10 8  77 10 23 

36 209 40  78 284 70 

37 10 8  79 10 23 

38 235 45  80 300 75 

39 10 8  81 10 25 

40 259 50  82 310 80 

41 10 8  83 10 28 

42 274 55  84 (HOLD) 310 80 
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 The remainder of this section is divided into subsections detailing the particular 

procedures and outcomes for each specimen. In general, a specimen was first subjected to yield 

determination and the initial dwell force was assigned accordingly and applied for the initial (43 

hour) tomography scan. Following the initial scan, dwell fatigue cycling at room temperature 

was commenced, with short exposure single frame images taken every five cycles, long exposure 

single frame images taken as warranted, and overnight tomography scans taken every 24-48 

hours. Once cycling was ended, either due to time constraints or identified dwell fatigue failure 

initiation indictors, a final (43 hour) tomography scan was collected before removing the sample. 

§6.2.4.1 details sample M-N6-1; §6.2.4.2 details sample M-N6-2; §6.2.4.3 details sample M-

N12-5; §6.2.4.4 details sample M-N12-3; and §6.2.4.5 details sample M-N12-1. 

 

6.2.4.1.   Sample M-N6-1 

Sample M-N6-1 had a minimum cross-sectional area of 0.674mm2 prior to loading. The 

yield determination procedure identified an approximate yield force of 370N. The initial dwell 

force was assigned as 280N, or 75.7% of yield. The initial scan held this dwell force for 43hr. 

57min. The cyclic loading used a dwell period of 120s and a ‘zero load’ of 10N. After 950 cycles 

at 280N the dwell force was increased to 300N, or 81.1% of yield. After cycle number 1350 long 

exposure single frame images started being periodically collected. After cycle number 1725 the 

dwell force was increased to 315N, or 85.1% of yield. After cycle 2050 the dwell force was 

again increased, this time to 335N, or 90.5% of yield. Following cycle 2400, a final tomography 

scan was collected under 335N of applied load for 43hr. 33min. No clear indicators of void 

nucleation or crack initiation were observed. Cyclic testing of sample M-N6-1 was ended due to 

time constraints. Table 6.4 lists what tomography scans were taken at which cycle numbers. 
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Table 6.4: List of tomography scans and corresponding cycle numbers (M-N6-1). 

Cycle # Scan Type 

0 Initial Scan (43hr) 

175 Overnight Scan (10hr) 

350 Overnight Scan (10hr) 

525 Overnight Scan (10hr) 

700 Overnight Scan (10hr) 

875 Overnight Scan (10hr) 

1075 Overnight Scan (10hr) 

1250 Overnight Scan (10hr) 

1425 Overnight Scan (10hr) 

1600 Overnight Scan (10hr) 

1700 Overnight Scan (10hr) 

1850 Overnight Scan (10hr) 

2025 Overnight Scan (10hr) 

2200 Overnight Scan (10hr) 

2350 Overnight Scan (10hr) 

2400 Final Scan (43hr) 

 

6.2.4.2.   Sample M-N6-2 

Sample M-N6-2 had a minimum cross-sectional area of 0.691mm2 prior to loading. The 

yield determination procedure identified an approximate yield force of 280N. The initial dwell 

force was assigned as 210N, or 75.0% of yield. The initial scan held this dwell force for 44hr. 

5min. The cyclic loading used a dwell period of 120s and a ‘zero load’ of 10N. After cycle 

number 200 long exposure single frame images started being periodically collected. After 900 

cycles at 210N the dwell force was increased to 225N, or 80.4% of yield. After cycle number 

1350 the dwell force was increased to 240N, or 85.7% of yield. After cycle number 1750 the 

dwell force was increased to 250N, or 89.3% of yield. After cycle 2050 the dwell force was 

again increased, this time to 265N, or 94.6% of yield. After cycle 2375 the dwell force was 

increased to the full 280N, or 100% of yield. After cycle 2700 the dwell force was yet again 

increased, this time to 295N, or 105.4% of yield. And after 3025 cycles, the dwell force was 

increased to 310N, or 110.7% of yield. Following cycle 3250, a final tomography scan was 
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collected under 295N of applied load for 43hr. 37min. No clear indicators of void nucleation or 

crack initiation were observed, although some strong possibilities were noted. Cyclic testing of 

sample M-N6-2 was ended due to time constraints. Table 6.5 lists what tomography scans were 

taken at which cycle numbers. 

 

Table 6.5: List of tomography scans and corresponding cycle numbers (M-N6-2). 

Cycle # Scan Type 

0 Initial Scan (43hr) 

225 Overnight Scan (10hr) 

475 Overnight Scan (10hr) 

650 Overnight Scan (10hr) 

825 Overnight Scan (10hr) 

1000 Overnight Scan (10hr) 

1175 Overnight Scan (10hr) 

1350 Overnight Scan (10hr) 

1500 Overnight Scan (10hr) 

1700 Overnight Scan (10hr) 

1875 Overnight Scan (10hr) 

2050 Overnight Scan (10hr) 

2225 Overnight Scan (10hr) 

2375 Overnight Scan (10hr) 

2525 Overnight Scan (10hr) 

2700 Overnight Scan (10hr) 

2875 Overnight Scan (10hr) 

3025 Overnight Scan (10hr) 

3200 Overnight Scan (10hr) 

3250 Final Scan (43hr) 

 

6.2.4.3.   Sample M-N12-5 

Sample M-N12-5 had a minimum cross-sectional area of 0.691mm2 prior to loading. The 

yield determination procedure identified an approximate yield force of 585N. The initial dwell 

force was assigned as 470N, or 80.3% of yield. The initial scan held this dwell force for 43hr. 

53min. The cyclic loading used a dwell period of 120s and a ‘zero load’ of 10N. After two early 

long exposure scans at 25 and 50 cycles for future reference, periodic long exposure scans 
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commenced at cycle number 225. After 400 cycles at 470N the dwell force was increased to 

495N, or 84.6% of yield. After cycle number 650 possible slip bands were identified in a long 

exposure single frame image (ultimately identified as a set of short cracks). Additional long 

exposure single frame images were taken at cycle 655 and cycle 660 at which point it was 

confirmed that some form of damage had been sustained, and the dwell force was dropped back 

to 470N, or 80.3% of yield. At cycle number 700, a midday full tomography scan was 

commenced to investigate the extent of the damage accumulated so far and to confirm if the 

damage was slip bands or crack initiation. Following this scan, an additional 50 cycles were 

accumulated and an overnight scan was started following cycle 750. Once the results of the full 

tomography scan at 700 cycles was processed, de-noised, and reviewed, it was confirmed that 

cracks had initiated, and upon cursory inspection of the initial reconstruction following the cycle 

750 tomography scan, the cracks were noted to be growing slowly. The cyclic testing was 

terminated and a final tomography scan was collected under 470N of applied load for 43hr. 

34min. Table 6.6 lists what tomography scans were taken at which cycle numbers. 

 

Table 6.6: List of tomography scans and corresponding cycle numbers (M-N12-5). 

Cycle # Scan Type 

0 Initial Scan (43hr) 

400 Overnight Scan (10hr) 

700 Midday Scan (10hr) 

750 Overnight Scan (10hr) 

750 Final Scan (43hr) 

 

6.2.4.4.   Sample M-N12-3 

Sample M-N12-3 had a minimum cross-sectional area of 0.684mm2 prior to loading. The 

yield determination procedure identified an approximate yield force of 310N. The initial dwell 

force was assigned as 250N, or 80.6% of yield. The initial scan held this dwell force for 43hr. 



 226 

43min. The cyclic loading used a dwell period of 120s and a ‘zero load’ of 10N. After two early 

long exposure scans at 25 and 50 cycles for future reference, periodic long exposure scans 

commenced at cycle number 200. After 500 cycles at 250N the dwell force was increased to 

265N, or 85.5% of yield. After cycle number 850 the dwell force was increased to 280N, or 

90.3% of yield. After cycle number 1175 the dwell force was increased to 295N, or 95.2% of 

yield. After cycle number 1325 the dwell force was increased to the full 310N, or 100% of yield. 

After cycle number 1500 the dwell force was increased to 325N, or 104.8% of yield. After cycle 

number 1675 the dwell force was increased to 340N, or 109.7% of yield. After cycle number 

2000 the dwell force was increased to 355N, or 114.5% of yield. After cycle number 2175 the 

dwell force was again increased, this time to 370N, or 119.4% of yield. After cycle number 2325 

the dwell force was increased a small amount to 380N, or 122.6% of yield, and after cycle 

number 2350 the dwell force was increased another small amount to 390N, or 125.8% of yield. 

Following cycle number 2500, a final scan (43hr.) was commenced due to time constraints, with 

the intent of returning to this sample if possible. The scan at cycle 2500 held 390N for 43hr. 

43min. Returning to the sample several days later, the sample load-train was relaxed for 30 

minutes at 340N and for another 45 minutes at 390N. After cycle number 2675 the dwell force 

was increased to 405N, or 130.6% of yield. After cycle number 2825 the dwell force was again 

increased, this time to 420N, or 135.5% of yield. Following a long exposure scan at cycle 

number 2975, a possible crack initiation event was detected and the dwell force was reduced to 

405N, or 130.6% of yield. Following cycle 3125, a final tomography scan was collected under 

405N of applied load for 43hr. 56min. A clear, but barely distinguishable hairline crack was 

identified in the final tomography scan. Table 6.7 lists what tomography scans were taken at 

which cycle numbers. 
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Table 6.7: List of tomography scans and corresponding cycle numbers (M-N12-3). 

Cycle # Scan Type 

0 Initial Scan (43hr) 

500 Overnight Scan (10hr) 

975 Overnight Scan (10hr) 

1175 Overnight Scan (10hr) 

1325 Overnight Scan (10hr) 

1500 Overnight Scan (10hr) 

1675 Overnight Scan (10hr) 

1850 Overnight Scan (10hr) 

2000 Overnight Scan (10hr) 

2175 Overnight Scan (10hr) 

2325 Overnight Scan (10hr) 

2500 Pre-Final Scan (43hr) 

2650 Overnight Scan (10hr) 

2800 Overnight Scan (10hr) 

2975 Overnight Scan (10hr) 

3125 Final Scan (43hr) 

 

6.2.4.5.   Sample M-N12-1 

Sample M-N12-1 had a minimum cross-sectional area of 0.677mm2 prior to loading. The 

yield determination procedure identified an approximate yield force of 540N. The initial dwell 

force was assigned as 430N, or 79.6% of yield. The initial scan held this dwell force for 43hr. 

44min. The cyclic loading used a dwell period of 120s and a ‘zero load’ of 10N. After two early 

long exposure scans at 25 and 50 cycles for future reference, periodic long exposure scans 

commenced at cycle number 125. After 250 cycles at 430N the dwell force was increased to 

460N, or 85.2% of yield. After cycle number 525 the dwell force was again increased, this time 

to 485N, or 89.8% of yield. Excessive ratcheting was observed between cycle 525 and 550, with 

a total of 4µm of accumulated plastic strain in the sample. After cycle 550, the dwell force was 

reduced to 460N, or 85.2% of yield to prevent further macro-scale plastic deformation. After 

cycle number 750 the long exposure single frame image that was taken indicated a possible 

crack, with confirmation at cycle 775 and after reviewing the fully reconstructed and denoised 
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overnight full tomography scan from cycle 725. After an additional 50 cycles, the cracks were 

confirmed to be growing slowly and the cyclic testing was terminated and a final tomography 

scan was collected under 460N of applied load for 48hr. 10min. Table 6.8 lists what tomography 

scans were taken at which cycle numbers. 

 

Table 6.8: List of tomography scans and corresponding cycle numbers (M-N12-1). 

Cycle # Scan Type 

0 Initial Scan (43hr) 

350 Overnight Scan (10hr) 

525 Overnight Scan (10hr) 

575 Overnight Scan (10hr) 

725 Overnight Scan (10hr) 

825 Final Scan (43hr) 

 

6.2.5.   Final HEDM Scans at Dwell Load 

All five of the notched specimens subjected to in-situ dwell fatigue mechanical testing 

(M-N6-1, M-N6-2, M-N12-5, M-N12-3, and M-N12-1) were scanned again using a combined 

HEDM setup similar to that described in §6.2.3. The post-cyclic-testing scans were performed at 

the Cornell High Energy Synchrotron Source (CHESS), at the Forming and Shaping Technology 

(FAST) beamline, under an applied load commensurate with the final dwell load used during 

cyclic testing. The combined HEDM setup again used a Ho edge to produce a monochromatic x-

ray beam with energy of 55.7keV and wavelength of 0.2226 . The same four distinct scan 

strategies described in §6.2.3 were employed for each specimen: a 900µm tall single-layer 

tomography scan, a tri-layer ff-HEDM scan with 500µm tall layers, a penta-layer nf-HEDM scan 

with 100µm tall layers, and a matching penta-layer ff-HEDM scan for seeding the nf-HEDM 

reconstructions. See FFF6.8. In every case except for the 900µm tall tomography beam, the 

notches were again centered vertically and the overall gage was centered horizontally. Since the 
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beam at CHESS was asymmetric, with the intensity lessening below about 600µm from the top, 

the tomography scans positioned the notches 10% - 15% above center vertically to ensure 

optimal data in the region surrounding the notches. For the ff-HEDM scans, full 360˚ rotation 

was used with no omitted intervals, an " step size of 0.25˚, and an exposure time of 0.25s for 

each diffraction pattern. For the nf-HEDM scans, a 180˚ rotation was used with no omitted 

intervals, an " step size of 0.25˚, and an exposure time of either 3s or 2.75s per frame. The first 

four samples used a 3s exposure, and the last sample (M-N12-1) used a 2.75s exposure due to 

unexpected time constraints from multiple beam-down events. The ff-HEDM setup used a 

Dexela area detector at an approximate sample to detector distance of 690mm, with the exact 

distance and spatial calibrations determined using NIST standard CeO2 powder. The nf-HEDM 

and tomography setups used a 4.5mm sample to detector distance. 

Due to the use of displacement control settings to avoid promoting crack growth and/or 

failure in the specimens during the final scans, each dwell force was roughly attained and the 

details of specific applied forces are provided here. A 15 minute relaxation period was used to 

allow the most significant portion of relaxation to be accounted for and the dwell load to be 

adjusted before starting the x-ray scans. Sample M-N6-1 was initially loaded to 333N; only 1N 

of relaxation was observed, and the dwell load was left unadjusted. Minimal relaxation occurred 

over the duration of the combined HEDM scans. Sample M-N6-2 was initially loaded to 304N; 

only 1N of relaxation was observed, and the dwell load was moderately increased to 307N. 

Minimal relaxation occurred over the duration of the combined HEDM scans. Sample M-N12-5 

was initially loaded to 466N; 9N of relaxation was observed, and the dwell load was increased 

back to 464N. Over the duration of the combined HEDM scans, an additional 17N of relaxation 

was experienced. Sample M-N12-3 was initially loaded to 401N; between 3N and 4N of 
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relaxation was observed, and the dwell load was moderately increased to 403N. Over the 

duration of the combined HEDM scans, an additional 8N of relaxation was experienced. Sample 

M-N12-1 was initially loaded to 458N; 11N of relaxation was observed, and the dwell load was 

increased back to 456N. Over the duration of the combined HEDM scans, an additional 19N of 

relaxation was experienced. 

 

6.3.   Data Analysis Methodology 

The far-field and near-field HEDM diffraction patterns are being processed using the 

open-source software HEXRD [44], [45] (version 0.8). Once calibrations have been achieved for 

both the pre- and post- cyclic testing ff-HEDM setups, HEXRD will be used to reconstruct both 

the tri-layer illuminated volume of grains and the penta-layer illuminated volume of grains for 

the pre-cycling and post-cycling conditions. The penta-layer grains-files (list of grains 

reconstructed along with all related grain-level data) will be used to seed the penta-layer nf-

HEDM reconstructions, also using HEXRD. The pre-cycling results will be reserved and 

reported as initial conditions for use in future computational mechanics investigations, including 

validation studies of dwell fatigue simulations. The post-cycling grains-files from the tri-layer ff-

HEDM scans will be further processed using the calibrated elastic limit results from the 

completed Ch.5 study to convert elastic strains into a percentage of grain-scale yield. This will 

provide rough distributions of percent yield at the final dwell force for each specimen in the 

region immediately surrounding the twin notch and the more distant surrounding regions. 

By correlating the grains identified in the post-cyclic tri-layer ff-HEDM scans with the 

post-cyclic penta-layer nf-HEDM reconstruction results, an accurate spatial distribution of local 

percent yield will be generated in the region immediately surrounding the twin notch for each 
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specimen. This more accurate spatial distribution can be used to isolate exact areas of interest 

where large differences in local plastic potential are present under the applied dwell force. To 

quantify this difference, Equation 6.1 will be used to calculate a rogueness value for each grain 

pair – that is to say that each grain boundary will be assigned a rogueness value. 

 

 ( =
*+,-.

*/012
− 1 (6.1) 

 

 In Equation 6.1, ( = rogueness, *+,-. is the larger of the two percent yield quantities (i.e. 

the soft grain’s plastic potential), */012 is the smaller of the two percent yield quantities (i.e. the 

hard grain’s plastic potential). The equation is designed to increase from zero, where zero 

corresponds to two neighbor grains with equal plastic potential under the current externally 

applied load. For example, consider a grain boundary with one grain at 64% of yield and the 

other at 96% of yield. In this scenario, the 64% yield grain is the hard grain (*/012 = 0.64), and 

the 96% yield grain is the soft grain (*+,-. = 0.96). Equation 6.2 demonstrates the calculation, 

which produces a rogueness value of 50%. 

 

 ( =
0.96

0.64
− 1 = 0.50 = 50% (6.2) 

 

 To further expand on the meaning of this rogueness value, consider two more cases. The 

case ( ≈ 0% implies that the two neighbor grains have an approximately equal drive towards 

yielding. The case ( ≈ 100% implies that the soft grain in the pair is twice as driven as the hard 

grain to begin plastically deforming. As ( increases, it is hypothesized that the potential for 
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activating dwell fatigue failure mechanisms also increases, and that beyond some threshold 

value, dwell mechanisms can activate and further increase in ( serves to increase the dwell debit 

experienced in the fatigue life. Figure 6.9 illustrates this effect with a hypothetical plot of dwell 

debit experienced by a part versus the peak rogueness value experienced by a grain pair in the 

part. 

 

 

Figure 6.9: Illustration of the hypothesized correlation between rogueness value and dwell 

fatigue failure mechanism activation. The dwell debit is presumed to increase slightly, as a result 

of stress localizations, prior to rogueness reaching the threshold value. At the threshold value, 

dwell fatigue failure mechanisms are hypothesized to significantly impact the life of the part by 

generating new crack initiation sites in the form of newly nucleated voids. Beyond the threshold 

value, the dwell debit is hypothesized to increase at a significantly higher rate as void nucleation 

and crack initiation events experience greater driving forces. 

 

 To test this hypothesis, the nf-HEDM reconstructions will be used to create grain 

boundary maps which can be overlaid with the in-situ tomography results to correlate void 
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nucleation and crack initiation events with specific grain boundaries. By color-coding the 

boundaries based on rogueness, these dwell mechanisms can be mapped to specific rogueness 

values. Similarly, by overlaying the full spatial distribution of percent yield, the magnitude of 

dwell load at the grain-scale can be correlated to specific dwell mechanisms. The combination of 

rogueness and maximum yield potential experienced can then be used to begin identifying a 

threshold for dwell fatigue failure initiation. 

 

6.4.   Preliminary Results 

The data are presently still being processed with the HEXRD software discussed in §6.3. 

Until all of the tri-layer ff-HEDM reconstructions are complete and the study described in Ch.5 

is finished, the rough distribution of percent yield at the final dwell load cannot be completed. 

Similarly, until all of the penta-layer HEDM reconstructions are completed and correlated with 

the rough distribution of percent yield, the more spatially accurate map cannot be generated and 

the rogueness calculations discussed in §6.3 cannot be performed. Despite incomplete processing 

of the HEDM data, the in-situ tomography data can still be presented and discussed. Of the five 

samples cyclically loaded in-situ, three produced cracks and two did not. The two not pushed to 

the point of cracking were the first two samples tested, and as such were not pushed as hard as 

later samples. The dwell load was not increased as quickly or as many times as with later 

samples. As the experiment continued, samples were pushed to higher dwell loads more quickly. 

In combination with this, the last three samples both had a sharper notch geometry and 

experienced a more aggressive yield determination. This ultimately led to confirmed crack 

initiation terminating all of the last three cyclic test periods. 
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Cyclic testing for M-N6-1 was ended early due to time constraints. As a result, no clear 

indications of void nucleation or crack initiation were found. In part, this is due to noise in the 

tomography data. It is possible that small voids did nucleate, but cannot be distinguished from 

the noise in the scans. Once the HEDM data is processed, the set of initial and final in-situ 

tomography scans will be revisited to target regions of high rogueness. If potential newly 

nucleated voids are identified in these regions, then the synchrotron tomography data from 

CHESS will be used in an attempt to determine if the regions of interest are new voids or 

experimental noise. 

Cyclic testing for sample M-N6-2 was also ended early due to time constraints, and 

although no clear indications of void nucleation or crack initiation were found which could be 

distinguished from noise, some cases identified were strong contenders. Once the HEDM data is 

processed, these possible void nucleation sites will be reassessed and compared to the 

tomography data from CHESS. Figure 6.10 shows some of these contending cases, where the 

regions identified in red represent the initial void structure (and some noise) and the regions in 

green represent the final void structure (and some noise). In both cases, regions of intensity 

above the applied threshold with fewer than 36 contiguous voxels (as denoted using adjacent 

faces to define contact between voxels) were assumed as noise and removed from the 

reconstructions. The initial/final void pairs that are circled in blue show signs of void growth 

over the duration of the cyclic testing. The void cluster circled in both blue and black also 

appears to have initiated a new void in the cluster. The void circled in black could be a new void 

nucleated near an existing void. All other green regions may be either noise (more likely) or 

newly nucleated voids. 
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Figure 6.10: Some of the possible void growth and/or nucleation events in the sample M-N6-2. 

Initial void structure is shown in red and final void structure is shown in green. Some noise is 

also present. Likely voids showing growth are circled in blue and possible nucleation events are 

circled in black. 

 

 Sample M-N12-5 was the first sample to exhibit confirmed crack initiation. Three large 

cracks were identified in the region near the root of one of the two notches. The crack 

penetrating the deepest into the specimen appeared to grow up at a 45˚ angle from near the notch 

tip, and the other two grew down at a 45˚ angle from near the notch tip. A myriad of even 

smaller cracks also grew at similar angles from the same notch tip. No cracks were observed near 

the second notch. All of the observed cracks either started at the surface or initiated immediately 

subsurface and quickly grew to the surface. The longest of the three cracks, in the longest 

direction, was between 190µm and 200µm. The shortest of these four clear cracks was between 



 236 

130µm and 140µm in the longest direction. The size is difficult to clearly state due to the 

torturous path most of the cracks followed. Figure 6.11a shows the entire set of cracks emanating 

from the notch in a 3D perspective. The three largest cracks are called out in Figure 6.11b-d, 

using 2D cross-section views. Figure 6.11e shows another view of the longest crack deeper into 

the sample. 

 

 

Figure 6.11: The largest three cracks identified in sample M-N12-5. (a) All of the cracks 

emanating from the tip of the notch in a 3D view. (b-e) 2D cross-sectional view of each of the 

largest three cracks. (d-e) Two views of the largest crack, with (d) showing the intersection with 

the surface of the sample and (e) showing a view deeper into the sample. 

 

 Cyclic testing of sample M-N12-3 was at first ended due to time constraints. Upon 

revisiting the sample, crack initiation was successfully induced. Only one significant crack was 

initiated, but it was not opened wide enough for the tomography reconstruction software to 
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clearly distinguish it from noise – it was identified initially by visual inspection of the 

tomography data. This crack is approximately 230µm long at the widest point. Notice that most 

of the crack is not identified by the analysis software as different (green) from the bulk (gray 

scale), even with a threshold which preserves significant amounts of noise in other regions of the 

scan. The crack appears to actually be two hairline cracks that joined together before being 

detected. In Figure 6.12, four different cross-sections are shown of this crack, moving down 

through the sample as indicated by the arrow. There is about 10µm translation from (a) to (b), 

about 28.5µm translation from (b) to (c), and about 4.6µm translation from (c) to (d). 

 

 

Figure 6.12: The hairline crack observed in sample M-N12-3, showing four different cross-

sections progressing down through the sample in the direction of the arrow. Notice that the crack 

likely started as two distinct cracks (a), which joined together (b) before detection. 
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 Sample M-N12-1 was the second sample to exhibit confirmed crack initiation. Several 

cracks were identified and confirmed to be slowly growing before the cyclic testing was 

terminated. This was the only sample to have cracks initiate from both notches, with the longest 

crack measuring between 190µm and 200µm. Figure 6.13 shows these cracks, providing oblique 

views (a-b) of the tips of both notches and the cracks emanating from them and select cross-

sectional views (c-g). Figure 6.13 (c-d) are 2D cross-sectional views of the left notch (a). Figure 

6.13 (e-g) are 2D cross-sectional views of the right notch (b). The arrows indicate the order of 

the cross-sectional views when moving down from the top of the specimen. 

 

 

Figure 6.13: Crack structures at the end of cycling sample M-N12-1. (a-b) show oblique views of 

both the left and right notch tips and the cracks emanating from them. (c-d) show two 2D cross-

sectional views of the left notch (a). (e-g) show three 2D cross-sectional views of the right notch 

(b). The arrows indicate the order of the cross-sectional views when moving down through the 

sample from the top. This indicates, for example, that the large crack in (c-d) is growing up into 

the sample at an angle. 
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6.5.   Discussion 

This investigation is not yet complete and still has several outstanding analyses, including 

the completion of the work from Ch.5, HEDM reconstructions, and post-processing. That said, 

much of the experimental work has been completed. The mechanical test specimens were 

manufactured and measured as described in §6.2.1 and §6.2.2. All testing described in §6.2.3 - 

§6.2.5 was subsequently performed, including preliminary HEDM scans, in-situ cold dwell 

fatigue cyclic testing, and post-cyclic HEDM scans. The raw data has been consolidated at the 

Colorado School of Mines and is awaiting analysis. The HEXRD software is in the process of 

being installed, debugged, and made functional on the Colorado School of Mines high 

performance computing (HPC) resources. Additionally, the HEDM data are being transferred to 

Cornel University in order to begin processing them using the version of HEXRD software 

currently functioning on their computer farm. 

Remaining work includes: completing the Ch.5 embedded single crystal yield calibration, 

reconstructing the post-cyclic tri-layer ff-HEDM scans, developing and implementing software 

to convert elastic strain data into percent yield data, reconstructing the post-cyclic penta-layer nf-

HEDM scans and correlating the results with the percent yield data to produce spatial maps of 

plastic potential, and analyzing the plastic potential maps along with the in-situ tomography 

results using the rogueness calculations described in §6.3 to correlate grain pair rogueness to 

void nucleation and crack initiation events. Future work could include repeating the 

investigations using specimens designed to place stress concentrators, such as notches and/or 

holes, at or near grain pairs of interest. In such an investigation, unnotched uniaxial samples 

would be characterized using ff-HEDM to approximately locate grain pairs of interest; using that 

knowledge, notches and/or holes could be EDM’d at specific locations to interrogate choice 
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grain pair interactions using a similar methodology as presented in this chapter. Alternatively, 

biaxial or thermally controlled variations of this investigation could be pursued to isolate specific 

stress configurations or to quantify the thermal effects on grain pair interactions. Additionally, 

future researchers could apply the results of this study to inform or test computational mechanics 

models for predicting dwell fatigue behavior in ! phase of Ti alloys. With enough similar studies 

(admittedly dozens or hundreds more depending on the configuration of the specimens), a viable 

threshold for safe dwell fatigue operation could be identified which mitigates or minimizes dwell 

debit. This threshold could be included in FEA software packages to aid in engineering design 

and evaluation of critical components. 

 

6.6.   Conclusions 

 The proposed and executed experimental strategy for investigating dwell fatigue in ! 

phase Ti has the potential to both inform computational models and future dwell fatigue studies. 

The proposed analysis methods also have the potential to provide a new criterion for designing 

against dwell fatigue related failures. To date, the following are the major conclusions of this 

work: 

1. A new experimental approach for correlating grain-scale stresses and grain pair 

interactions with dwell fatigue failure initiation events was proposed. 

2. Experiments were conducted using the pre- and post- combined HEDM strategies 

and in-situ x-ray tomography methods that were proposed. 

3. A new parameter for quantifying the rogueness of a grain pair was proposed, 

which is hypothesized to correlate with the dwell debit experienced due to dwell 

fatigue loading. 
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CHAPTER 7 

AN EXPANDED MARTENSITE VARIANT SELECTION THEORY ACCOUNTING FOR 

TRANSFORMATION ROTATIONS AND APPLIED STRESS FIELDS: 

PREDICTIONS OF VARIANT CLUSTERS IN TITANIUM 

Published in JOM: The Journal of the Minerals, Metals & Materials Society 

Zach D. Brunson1, Adam L. Pilchak2, Satish Rao2,3, Eric J. Payton2, Aaron P. Stebner1* 

 

7.1. Introduction 

 The invariant plane-strain-based phenomenological theory of martensite crystallography 

(PTMC) [1], [2] is central to nearly all micromechanical martensite research. This theoretical 

construct is capable of predicting a myriad of martensite microstructure features in diverse 

material systems including steels, titanium alloys, shape memory alloys, and even bacteria (e.g., 

[3]–[14]), given only the austenite and martensite crystal structures, the appropriate plane of 

lattice-invariant-deformation, and the lattice invariant shear mechanism. One of the primary 

limitations to the PTMC is that these predictions do not consider interactions, geometric effects 

of transformed regions, and internally developed or externally imposed fields, which may bias 

the variant(s) of martensite formed thereby impacting material properties, as was definitively 

shown for stress-induced transformations in shape memory alloys by Paranjape et al. and Bucsek 

et al. [15]–[17]. Examples in considering the b (BCC) to a (HCP) transformation in Ti, which 

will be the primary focus of this work, include Divinski et al. [18] hypothesizing that anisotropy 
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in local thermal expansion coefficients may lead to formation of local stresses that influence 

variant selection. Humbert et al. [19], [20] have also argued in favor of approaches that minimize 

elastic strain energy at grain or phase boundaries. Semiatin et al. [21] demonstrated that 

concurrent straining during cooling or prestraining to 0.1 immediately prior cooling resulted in 

measurable differences in variant selection in Ti-6Al-4V sheet. Gey et al. [22] and Glavicic et al. 

[23] showed that extensive slip on {110} planes at hot working conditions resulted in 

preferential transformation to (0001) via the Burgers orientation relationship, viz. (0001)α||(011)β 

and (0001)%||(011)' and [2*110]%||[111*]'. Considering the range of possible mechanisms, it is 

important to have a common framework in which to assess the relative contribution of each to 

the final transformation texture. 

In 2000, Ledbetter and Dunn sought to amalgamate the PTMC with Eshelby inclusion 

theory to produce a more complete foundation for investigating phenomena compelled by energy 

minimization, such as interactions, geometric effects, and external impositions [24]. They 

effectively demonstrated an equivalence between the two theories for Fe-31Ni under the 

assumptions of the PTMC (such as no external applied stress field). This advancement lifted 

many of the previous “self-accommodation” limitations (i.e., only considering the thermal 

transformation, free of defects, neighborhood constraints, and external forces) of the PTMC by 

allowing for the inclusion of phenomena such as externally imposed stresses or strains. 

 

7.1.1 Notes on Terminology Relating to the PTMC 

 For the purpose of defining the terminology used in reference to the PTMC see Equation 

7.1, where the PTMC relations are defined using the Bowles-Mackenzie notation [2]. 
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 , = ./ ∙ .1	, , = 4 ∙ 5	, ./ = 4 ∙ 5 ∙ .1
6/ (7.1) 

 

S has been called the transformation strain, the total deformation, or the invariant line strain; we 

will use the term total deformation to acknowledge this tensor as a deformation gradient rather 

than a strain tensor according to present-day continuum mechanics. R represents the rotation 

(aligning the habit plane) and B is the Bain strain (lattice stretch). The term P2, and 

interchangeably P2
-1, has been called the second invariant plane strain, the complimentary shear, 

and the inhomogeneous shear; the authors use the name inhomogeneous shear. The tensor P1 has 

been described as the shape strain, the first invariant plane strain, and the total shape change. 

Much like the total deformation (S) however, P1 represents a deformation gradient (comprised of 

both strain and rotation) and the authors use the term shape deformation to reflect this 

mathematical character. 

 

7.1.2 Background on the b to a Transformation in Titanium 

 Pure titanium exists in the a-phase (HCP) at room temperature up to the a-b 

transformation temperature. Above this temperature, often taken as 883˚C [25], titanium exists in 

the solid b-phase (BCC) up to its melting point of 1668˚C [26]. Generally considered as a 

martensitic transformation, the b to a transformation in titanium has been found to obey the 

Burgers relationship [25], [26]: 

 

{11*0}9//(0001);, 〈111〉9//〈112*0〉; 

 

For this Burgers orientation relationship, there are 12 crystallographically unique habit plane 

variants that can form (refer to Appendix F for supplementary material including Table F.1) [25]. 
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The authors use the naming convention shown in supplementary Table F.1 to identify each 

variant throughout the article. 

 Unalloyed titanium shows no internal twinning within the martensitic plates that form, 

leading to the assumption that the inhomogeneous shear (P2) corresponds with a slip system. 

There exist six slip systems where slip planes and directions correlate to within 5˚ between the 

a- and b-phases (Appendix F, Table F.2). Of these six, four are crystallographically unique, with 

slip system I equivalent to II and slip system IV equivalent to V [25]. 

 When considering each crystallographically unique slip system, there exist two invariant 

line solutions and 2 invariant plane solutions. This provides four possible cases for each of the 

four possible slip systems to which the PTMC could be applied. Take for example slip system I, 

which produces the invariant line solutions u1 = [0.299, 0.675, 0.675] and u2 = [-0.859, 0.362, 

0.362] and the invariant plane normal solutions h1 = (0.791, 0.281, 0.572) and h2 = (0.218, 0.791, 

-0.572), when represented in the b-phase axes. By applying the PTMC, the theoretical habit 

planes shown in supplementary Table F.3 (Appendix F) can be calculated. Considering the 

experimentally observed habit plane of {3 3 4}, an angular deviation can also be computed 

between the theoretical habit plane and the observed habit plane. This value (Appendix F, Table 

F.3) can then be used to exclude certain of these 16 cases (4 systems and 4 solutions each) on the 

basis of experimental evidence [25]. 

 

7.1.3 Self- and Stress-Accommodating Variant Clusters 

 While investigating the effects of self-accommodation on >/>	boundary populations in 

pure titanium, Wang, Aindow, and Starink (WAS) proposed a process for determining preferred 

variant clusters [25]. They initially assumed all feasible slip systems (Appendix F Table F.2) in 
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pure Ti and applied the PTMC to solve for the habit planes for each case, ignoring cases where 

the predicted habit plane deviated from the experimentally observed {3 3 4} habit plane. For the 

each of the remaining cases, WAS solved for the shape deformations for each variant and 

endeavored to identify which of the 220 possible triplets (variant clusters of three habit plane 

variants) were energetically favorable when cooling from the β phase field. To do this, average 

shape deformations were computed for all 220 combinations of 3 variants using an additive 

average approach similar to that derived by Cobbold [27]. WAS also repeated this procedure for 

all of the 495 possible quartet combinations (variant clusters of four habit plane variants) with 

valid habit planes. To quantify which clusters minimized strain energy, WAS claim to compare 

the “shear elements” and “dilatational strains” of all these possible average shape deformations. 

In attempting to duplicate the work of WAS, it becomes evident that the equation(s) to 

compute the measure they used to compare variant cluster favorability was omitted, hence a 

variety of approaches may be considered. The second invariant of deviatoric strain (von Mises 

strain) provides inconsistent results, as do quadratic averages of shear strain and axial strain. The 

only calculation matching both the description by WAS and their results is the second invariant 

of the shape deformation itself, a computation with no physical analogue to strain energy. The 

shape deformation computed by the PTMC is in fact a deformation gradient, including both 

stretch and rotation, which suggests that the rotational aspect of the transformation necessarily 

must be considered. This line of reasoning suggests that the approach of Ledbetter and Dunn 

should be extended to include rotational energy for applications to martensitic transformations 

where there is significant rotation as part of the shape deformation. 

 Rotational energy can be accounted for by extending the results of Ledbetter and Dunn 

through the use of a modified Eshelby micromechanical theory developed by Walpole [28]. 
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Here, we compose a theoretical framework to account for the elastic stress and strain fields 

internal to and externally surrounding the individual martensitic plates within self-

accommodating clusters. This framework is verified to reproduce the commercially pure (CP) 

titanium experimental results from WAS; then new predictions of the energetic preference of 

stress-accommodating triplet variant clusters in response to applied external stress fields are 

made. 

 

7.2. Single Variant Strain Energy Formulation Considering Rotation 

7.2.1 A Need to Consider Rotational Energy 

Classical approaches to energy minimization in martensitic transformations consider the 

symmetric component of the shape deformation computed via the PTMC, usually in the form of 

Green-Lagrange strain (EG) (Equation 7.2 & Equation 7.4) or small strain (Equation 7.6): 

 

 
?@ =

1
2
(AB ∙ A − D) =

1
2
(EB ∙ E − D) 

(7.2) 

 

Where F is the shape deformation (deformation gradient), which is composed of a stretch U and 

a rotation R [29]: 

 E = 4 ∙ A (7.3) 

 

By substituting the definition of the deformation gradient and converting to the displacement 

components, we get the following definition in terms of the displacement gradient (FG,H): 

 

 
?@ =

1
2
IFG,H + FH,G + FK,H ∙ FK,GL 

(7.4) 
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for 

 FG,H = EGH − MGH (7.5) 

 

And the small strain comes from dropping the second order term such that: 

 

 
NGH =

1
2
OFG,H + FH,GP 

(7.6) 

 

This approach accounts for the strain depicted in Figure 7.1a, where the rotational element of the 

shape deformation is ignored. 

 

 
Figure 7.1: (a) Crystallographic depiction of the strain associated with a martensitic 

transformation for a single variant (known as the Bain strain). (b) Complete crystallographic 

depiction of the strains and rotations associated with a martensitic transformation. 
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If the triplets associated with the first slip system for CP Titanium ((01*1)'[1*11]' or 

(1*101);[1*21*3*];) addressed by WAS [25] are considered (specifically for the invariant-line-

invariant-plane combination (u1, h2) in section 5.2.1.1 of WAS), then the average shape 

deformations may be decomposed into symmetric/stretch (U) and rotation (R) parts via Equation 

7.3. Green-Lagrange strain is computed from the symmetric part, and further reduced to a 

representative scalar in the form of von Mises strain (the second invariant of EG). The 2-norm of 

the deviatoric elements of the rotation part, as demonstrated in Equation 7.7, approximately 

represents the sine of the angle of rotation about a general axis associated with the average 

rotation of the triplet (proof in Appendix F: Equations F.1 – F.19). Specifically, by applying 

Equation 7.8, an average angle of rotation can be calculated: 

 

 R1S = T12 (4GH − MGH 4KK3 )(4GH − MGH 4UU3 ) (7.7) 

 

 VWXY = sin6/(R1S) (7.8) 

 

By plotting the average von Mises strain against this approximate average angle of 

rotation, and identifying which triplets are identified by WAS as experimentally preferred, it 

becomes clear that the classical approach of exclusively considering the symmetric contributions 

to strain energy is insufficient. Figure 7.2 shows this plot, with the experimentally preferred 

triplets identified with a box. 
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Figure 7.2: Plot of von Mises strain against average angle of rotation for all 220 possible triplets 

under considered under section 5.2.1.1 of WAS [10], where black dots represent 12 triplet cases 

and gray dots represent 4 triplet cases. The eight preferred variant clusters are represented by the 

two points in the box at the lower left of the plot. To help the reader notice that these do not 

correspond to the lowest von Mises strain, a dotted line has been inserted at 2% strain. 

 

Here it can be seen that the triplets that minimize rotation are preferred to those that 

minimize strain. This result implies that the complete character of the martensitic transformation 

should be considered in the calculation of an energy term, including both the deformation and 

rotation elements, as shown in Figure 7.1b. This is not entirely unexpected from a mathematical 

perspective since the deformation gradient describes not only an overall change in bulk shape, 

but also the explicit relation between initial and final states of every point within that bulk. Since 

the deformation gradient is unique (in that no two can represent the same relation between initial 

and final states) and the polar decomposition is also unique, the rotation is found to be necessary 

to properly describe the complete deformation mathematically. 
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7.2.2 The Physics of Rotational Energy of a Single Martensitic Variant 

 If one considers a rigid metal bar at rest upon the surface of a table, and were to rotate the 

bar by a fixed angular amount (say 5˚), then there would be no energy stored in the rotation. If, 

however, an elastic metal bar at rest upon the same table were compressed, or otherwise 

elastically deformed, then energy is stored in the elastic deformation. It then follows that if the 

same rigid metal bar was considered at rest embedded within an elastic medium, and was then 

rotated by the same fixed amount, there would be energy stored in the matrix material. It is due 

to the un-isolated nature of the martensitic transformation that the rotation must be considered. 

 To derive the elastic energy of the stretch caused by a martensitic transformation, as 

considered classically in Figure 7.1a, the procedure shown in Figure 7.4a can be developed. This 

procedure illustrates the approach taken by Ledbetter and Dunn [24] when applying Eshelby 

inclusion theory to martensitic transformations. Starting with austenite, an ellipsoidal region to 

be transformed is excised from the matrix. This region is allowed to freely, uniformly deform as 

in Figure 7.1a, at which point the excised region is considered to have taken on the 

crystallography of the martensite. Finally, an eigen-strain is applied to the excised region in order 

to re-insert it into the matrix and the standard Eshelby approach [30] can be used to “weld” the 

region back into place and to equilibrate the entire system. Energy can then be computed using 

the stresses and strains of the system in the final equilibrium state. 
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Figure 7.3: Depiction of the Eshelby (a) and Walpole (b) inclusion approaches to computing 

energy associated with a martensitic transformation. 

 

 To include the rotational element of the martensitic transformation, as shown in Figure 

7.1b, the procedure must be amended to the one shown in Figure 7.3b. Here, following the 

excision and deformation of an ellipsoidal region, the appropriate rotation is applied. At this 

point the excised region is considered to be transformed to martensite. However, with the 

inclusion of a rotation, the original Eshelby approach from 1957 is no longer applicable [30]. 
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Both an eigen-strain and an eigen-rotation are necessary to re-insert the transformed ellipsoid. 

This consideration requires the Walpole rotated inclusion approach from 1991 to “weld” the 

region back into place and to equilibrate the system [28]. 

 The energy equation, as derived by Walpole [28], for computing the strain energy of the 

equilibrated system in such a scenario is presented in Equation 7.9: 

 

 
] =

1
2
^ONGH.GHKU

∗ NKU + NGH4GHKU
∗ `KU + `GHaGHKU

∗ `KUP (7.9) 

 

Where NGH is the symmetric small strain tensor, `GH  is the antisymmetric small rotation tensor, 

and .GHKU
∗ , 4GHKU

∗ , aGHKU
∗  are 4th order tensors accounting for the elastic properties and variant 

geometry. 

 

7.3. Strain Energy Formulation for Clusters of Multiple Variants 

7.3.1 How to Mathematically Consider Variant Clusters 

 A determination of the strain energy associated with a variant cluster can be contrived as 

the strain energy of an aggregate region representing the average effects of the component 

variants in close proximity to one another. Visually, consider Figure 7.4, where three martensitic 

inclusions, representing three different variants (A, B, and C) are first treated independently to 

solve for internal and external strain fields. These inclusions are then geographically summed by 

bringing them in from infinity to a proximal location. Now, the strain field within each inclusion 

is a function of the original internal strain and the original external strains of its neighbors. A 

boundary can now be drawn to include the three martensitic inclusions, and the strain energy of 

the aggregate can be used to compare against other triplets. 
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Figure 7.4: Graphical depiction of the combination of strain states in a triplet (a cluster of 3 

unique martensite variants). 

 

7.3.2 Derivation of an Average Strain Energy Expression 

To achieve this aggregation mathematically, the superposition criterion discussed in 

section 5b of [28] for the addition of an external (or applied) strain field is implemented. Here, in 

Equation 7.10, the superscripts denote the internal state (I), the applied state (A), and the net state 

(B).  An applied state describes a state imposed over the entire body (both inclusion and matrix). 

 

 FG,H
b = FG,H

c + FG,H
d  (7.10) 

 

This generates the following relations from Equation 81 of [28]: 

 

 NGH
c = NGH

b − NGH
d 					,					`GH

c = `GH
b − `GH

d  (7.11) 

 

It should be noted that for the purposes of martensitic transformations, the net state (B) 

corresponds to the shape deformation as computed by the PTMC because the shape deformation 

represents the net deformation necessary to achieve the crystallographic transformation. 

 By taking the applied state of one variant to be a function of the external states  of the 

remaining variants, as shown in Equation 7.12 for a triplet: 
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 NGHdd = e fNGHgb	, NGHghi (7.12) 

 

Such that the sum of applied strains equates to the sum of external strains, as shown in Equation 

7.13: 

 NGHdd + NGHdb + NGHdh =	NGHgd + NGHgb + NGHg h  (7.13) 

 

One possible set of functions which meets these criteria is shown below where ∗c indexes over 

the three different variants: 

 

 NGHdc =jkNGHgl2 m ,
l

		∀	o ≠ D (7.14) 

 

This provides a means of treating the external strain fields of neighboring (Jth) variants as an 

apparent applied strain field from the perspective of the Ith variant. A challenge arises at this 

point in the derivation. The strain field internal to the boundary of an inclusion is assumed 

constant, as are the net strain and the applied strain in Equation 7.11. The external strain field as 

computed in [28] however, is not constant. To meet this challenge, the integrated stresses may 

instead be considered. Following the argument presented in Figure 7.5, it is possible to solve for 

the integrated external stress. 
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Figure 7.5: (a) Integral approach to solving for the average external stress field associated with a 

martensitic variant. (b) Consolidation approach to combining the internal and external fields of 

different martensitic laths in a triplet. 
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 First, consider that the stress of the entire system (for a single isolated inclusion) can be 

completely described by the volume of the inclusion and the volume of the exterior (Figure 7.5a-

1). If the stress is integrated over the volume of the entire system, then this integral may be 

decomposed into a sum of integrals over the inclusion and the exterior volume separately (Figure 

7.5a-2). With the assumption of no external stress or strain field, the integral of stress over the 

system goes to zero (Figure 7.5a-3). This result provides the relation in Figure 7.5a-4 where the 

integral of the external stress is equal to the negative of the integral of the internal stress. 

 Now, the stress external to one variant is taken to be wholly contained throughout the 

volume enclosed within the neighboring variant boundaries and evenly distributed. This 

assumption, along with the outcome of combining it with the result from Figure 7.5a is presented 

in Figure 7.5b. This result provides the setup required for the derivation of a set of six equations 

for solving for the residual state of deformation for a triplet, three for the symmetric strain and 

three for the antisymmetric rotation. 

 Starting with the equations for computing symmetric and antisymmetric stress (qGHc  and rGHc  

respectively) internal to an inclusion from an imposed strain and rotation (NKUc  and `KUc  

respectively), the applied stress state for each variant inclusion can be derived: 

 

 sqGHc = .GHKU∗ NKUc + 4GHKU∗ `KUc
rGHc = 4KUGH∗ NKUc +aGHKU∗ `KUc t (7.15) 

 

Recall the expression for applied stress from Figure 7.5b and concatenate as in Equation 7.14 to 

produce an expression for the apparent applied stress of the Ith variant in terms of the internal 

stresses of the Jth variants: 
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⎩⎪
⎨
⎪⎧qGHd c =j−kqGHc l2 m

l
rGHdc =j−krGHc l2 m

l ⎭⎪
⎬
⎪⎫,			∀	o ≠ D (7.16) 

 

The strain as seen in the Ith variant cluster resulting from the external strains of the Jth variant 

clusters can be solved using the forward form of Equation 7.15: 

 

 | NGHdc = .GHKU cqKUd c + 4GHKU crKUd c`GHd c = 4KUGH cqKUd c + aGHKU crKUd c} ,			~�	ÄFÅ	�~	D (7.17) 

 

Combining Equation 7.16 and Equation 7.17 provides: 

 

 

⎩⎪
⎨
⎪⎧ NGHdc = .GHKU cjk−qKUc l2 m

l
+ 4GHKU cjk−rKUc l2 m

l
`GHd c = 4KUGH cjk−qKUc l2 m

l
+ aGHKU cjk−rKUc l2 m

l ⎭⎪
⎬
⎪⎫,			∀	o ≠ D (7.18) 

 

Combining Equation 7.18 and Equation 7.11 provides an expression for the strains internal to the 

Ith variant in terms of the net strain and the stresses internal to the Jth variants: 

 

 

⎩⎪
⎨
⎪⎧ NGHc c = NGHbc + .GHKUcjkqKUc l2 m

l
+ 4GHKUcjkrKUc l2 m

l
`GHc c = `GHb c + 4KUGH cjkqKUc l2 m

l
+ aGHKU cjkrKUc l2 m

l ⎭⎪
⎬
⎪⎫,			∀	o ≠ D (7.19) 

 

And finally combining Equation 7.19 and Equation 7.15 provides: 
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⎩⎪⎪
⎨
⎪⎪⎧ NGHc c = NGHbc + Ç12É Ñ .GHKU c f.KUÖÜ∗ lNÖÜc l + 4KUÖÜ∗ l`ÖÜc li									+4GHKUc f4ÖÜKU∗ lNÖÜc l + aKUÖÜ∗ l`ÖÜc liá					
`GHc c = `GHb c + Ç12É Ñ4KUGH c f.KUÖÜ∗ lNÖÜc l + 4KUÖÜ∗ l`ÖÜc li									+aGHKUc f4ÖÜKU∗ lNÖÜc l + aKUÖÜ∗ l`ÖÜc liá⎭⎪⎪

⎬
⎪⎪⎫ , ∀	o ≠ D (7.20) 

 

To simplify notation, consider the following definitions: 

 

 

⎩⎪⎨
⎪⎧àGHÖÜcl = .GHKUc.KUÖÜ∗ l + 4GHKU c4ÖÜKU∗ lâGHÖÜcl = .GHKU c4KUÖÜ∗ l + 4GHKU caKUÖÜ∗ läGHÖÜcl = 4KUGH c.KUÖÜ∗ l + aGHKU c4ÖÜKU∗ lãGHÖÜcl = .GHKU c4KUÖÜ∗ l +aGHKU caKUÖÜ∗ l⎭⎪⎬

⎪⎫,			∀	o ≠ D (7.21) 

 

Applying these definitions, provides: 

 

 å NGHc c = NGHbc + Ç12ÉfàGHÖÜclNÖÜc l + âGHÖÜcl`ÖÜc li`GHc c = `GHb c + Ç12É fäGHÖÜclNÖÜc l + ãGHÖÜcl`ÖÜc liç,			∀	o ≠ D (7.22) 

 

Absorbing the factor of 
/1 into the coefficients à, â, ä, and ã produces the following: 

 

 

⎩⎪
⎪⎨
⎪⎪
⎧àéGHÖÜcl = Ç12É àGHÖÜclâèGHÖÜcl = Ç12É âGHÖÜcläèGHÖÜcl = Ç12É äGHÖÜclãéGHÖÜcl = Ç12É ãGHÖÜcl⎭⎪

⎪⎬
⎪⎪
⎫
,			∀	o ≠ D (7.23) 
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By rearranging this set of equations, a multilinear system can be constructed where all unknown 

quantities are able to be moved to one side: 

 

 | NGHc c − àéGHÖÜclNÖÜc l − âèGHÖÜcl`ÖÜc l = NGHbc`GHc c − äèGHÖÜclNÖÜc l − ãéGHÖÜcl`ÖÜc l = `GHb c},			∀	o ≠ D (7.24) 

 

Expanding and writing in matrix form provides: 

 

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎡ 1 −àéGHÖÜ/1 −àéGHÖÜ/ì−àéGHÖÜ1/ 1 −àéGHÖÜ1ì−àéGHÖÜì/ −àéGHÖÜì1 1

0 −âèGHÖÜ/1 −âèGHÖÜ/ì−âèGHÖÜ1/ 0 −âèGHÖÜ1ì−âèGHÖÜì/ −âèGHÖÜì1 0
0 −äèGHÖÜ/1 −äèGHÖÜ/ì−äèGHÖÜ1/ 0 −äèGHÖÜ1ì−äèGHÖÜì/ −äèGHÖÜì1 0

1 −ãéGHÖÜ/1 −ãéGHÖÜ/ì−ãéGHÖÜ1/ 1 −ãéGHÖÜ1ì−ãéGHÖÜì/ −ãéGHÖÜì1 1 ⎦⎥
⎥⎥
⎥⎥
⎥⎥
⎤

⎩⎪
⎪⎪
⎨
⎪⎪⎪
⎧NGHc /NGHc 1NGHc ì`GHc /`GHc 1`GHc ì⎭⎪

⎪⎪
⎬
⎪⎪⎪
⎫
=

⎩⎪
⎪⎪
⎨
⎪⎪⎪
⎧NGHb/NGHb1NGHbì`GHb /`GHb 1`GHb ì⎭⎪

⎪⎪
⎬
⎪⎪⎪
⎫

 

(7.25) 

 

To solve for the resultant internal strains for a cluster of N-variants, modify the definitions of àé, 
âè, äè, and ãé such that: 

 

 

⎩⎪
⎪⎨
⎪⎪
⎧àéGHÖÜcl = Ç 1R − 1É àGHÖÜcl
âèGHÖÜcl = Ç 1R − 1ÉâGHÖÜcl
äèGHÖÜcl = Ç 1R − 1É äGHÖÜcl
ãéGHÖÜcl = Ç 1R − 1É ãGHÖÜcl⎭⎪

⎪⎬
⎪⎪
⎫
,			∀	o ≠ D (7.26) 

 

And expand for I and J equal to 1 to N. 
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7.4. Verification: Prediction of Self-Accommodation Variant Clusters for Titanium 

7.4.1 Determination of the Elastic Constants for CP Titanium  

Elastic constants are needed to perform the derived calculations. Atomistic molecular 

dynamics simulations at finite temperatures using a MEAM spline potential developed for pure 

Ti [31] were used to calculate the elastic constants of a-Ti (HCP) at 1200K and b-Ti (BCC) at 

1300K. The MEAM spline interatomic potential gives a a-b transformation temperature of 

1250K for pure Ti [31]. The molecular dynamics code LAMMPS [32] was used to perform the 

calculations. A finite temperature elastic constant determination script developed for LAMMPS 

[32] was employed. The theory behind this approach is given by Ray et.al. [33]. Initially, the 

finite temperature lattice parameters for the HCP phase at 1200K and BCC phase at 1300K were 

determined using molecular dynamics NPT simulations. Then, molecular dynamics simulations 

at finite temperatures are performed to calculate the elastic constants using a fluctuation formula 

involving the internal stress tensor [33]. The calculated elastic constants of the HCP a-phase at 

1200K and the BCC b-phase at 1300K are given in Table 7.1. The elastic constants predicted by 

the MEAM potential are within 10% of first principles and experimental values for the a, b and 

w phases of Ti at 0K [31]. The a-b transformation temperature for Ti predicted by the potential 

is within 100K of experimental value [31]. 

As expected, the shear elastic constant, (C11-C12)/2 of the b-phase is very low, 7GPa, 

indicating shear elastic instability of this phase near the transformation temperature. Considering 

the Voigt and Reuss averaged bounds for the equivalent isotropic shear modulus (µ) and 

Poisson’s ratio (ν) for each of the two phases [34], [35], the last four columns of Table 7.1 can be 

composed. 
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Table 7.1: Elastic Constants for BCC and HCP Ti, near the martensitic transformation 

temperature with Voigt and Reuss averaged bounds for equivalent isotropic elastic constants 

shear modulus (µ) and Poisson’s ratio (n). 

  Single Crystal Elastic Constants (GPa) µ (GPa) n 

Phase T (K) C11 C33 C12 C13 C44 C66 Voigt Reuss Voigt Reuss 

b (BCC) 1300 91 91 77 77 38 38 25.6 13.7 0.358 0.421 

a (HCP 1200 117 127 81 54 28 18 26.3 24.0 0.355 0.366 

 

7.4.2 The Computational Process and Simplifying Assumptions 

 The simplifying assumption of isotropy was adopted to avoid numerical and 

computational complexity associated with implementing the full anisotropic form of the Walpole 

Tensors (.,4,a, .∗, 4∗ , a∗). This assumption allows the isotropic formulation developed in 

section 3c of [28] to be used, where the additional assumption of an extremely oblate spheroidal 

shape for the inclusions (martensitic variants) is also taken. Further, the exact forms of the 

Walpole Tensors described in section 4b of [28] are employed for the calculations that follow: 

 

 

.GHKU =
/
1
óòOôGöH + öGôHP(ôKöU + öKôU) +

/
1
5òOöGõH + õGöHP(öKõU + õKöU)

+ /
1
úòOõGôH + ôGõHP(õKôU + ôKõU) + .GHKU

ù  
(7.27) 

 

 

aGHKU =
/
ûü
(5 + ú)OôGöH − öGôHP(ôKöU − öKôU)

+ /
ûü
(ú + ó)OöGõH − õGöHP(öKõU − õKöU)

+ /
ûü
(ó + 5)OõGôH − ôGõHP(õKôU − ôKõU) 

(7.28) 
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4GHKU = 6/
ûü(5 − ú)OôGöH + öGôHP(ôKöU − öKôU)

+ 6/
ûü(ú − ó)OöGõH + õGöHP(öKõU − õKöU)

+ 6/
ûü(ó − 5)OõGôH + ôGõHP(õKôU − ôKõU) 

(7.29) 

 

 

.GHKU∗ = †(5 + ú)ó∗4âóò ¢ OôGöH + öGôHP(ôKöU + öKôU)

+ †(ú + ó)5∗4â5ò ¢ OöGõH + õGöHP(öKõU + õKöU)

+ †(ó + 5)ú∗4âúò ¢ OõGôH + ôGõHP(õKôU + ôKõU) + .GHKUùù  

(7.30) 

 

 

aGHKU∗ = /
1ó∗OôGöH − öGôHP(ôKöU − öKôU) + /

15∗OöGõH − õGöHP(öKõU − õKöU)
+ /

1ú∗OõGôH − ôGõHP(õKôU − ôKõU) (7.31) 

 

 

4GHKU∗ = †(5 − ú)ó∗4âóò ¢ OôGöH + öGôHP(ôKöU − öKôU)

+ †(ú − ó)5∗4â5ò ¢ OöGõH + õGöHP(öKõU − õKöU)

+ †(ó − 5)ú∗4âúò ¢ OõGôH + ôGõHP(õKôU − ôKõU) 

(7.32) 

 

Where 
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.GHKUù = † (1 − 2ä)2â(1 − ä)¢ OóõGõHõKõU + 5ôGôHôKôU + úöGöHöKöUP
+ † óù2â(1 − ä)¢ OôGôH − öGöHP(ôKôU − öKöU)
+ † 5ù2â(1 − ä)¢ OöGöH − õGõHP(öKöU − õKõU)
+ † úù2â(1 − ä)¢ OõGõH − ôGôHP(õKõU − ôKôU) 

(7.33) 

 

 

.GHKUùù = †2â(1 − ä)9§ ¢ s†9(óù5ù + 5ùúù + úùóù)(1 − 2ä) ¢ MGHMKU 
+3•¶OMGHõKõU + õGõHMKUP + ?OMGHôKôU + ôGôHMKUP + EOMGHöKöU + öGöHMKUPß 

+[25ù + 2úù − óù + (1 − 2ä)(2ó5 + 2úó − 5ú)]OôGôH − öGöHP(ôKôU − öKöU) 
+[2úù + 2óù − 5ù + (1 − 2ä)(25ú + 2ó5 − úó)]OöGöH − õGõHP(öKöU − õKõU) 

						+[2óù + 25ù − úù + (1 − 2ä)(2úó + 25ú − ó5)]OõGõH − ôGôHP(õKõU − ôKôU)		 } 

(7.34) 

 

And the scalar coefficients are defined as: 

 

 

⎩⎪⎨
⎪⎧ó = 5 = öOö − ®1õP2(ö1 − õ1)

ú = õ fõ − ©2 öi(õ1 − ö1) ⎭⎪⎬
⎪⎫

 (7.35) 

 

 

⎩⎨
⎧óù = 5ù = õ1ó − ö1ú2(õ1 − ö1)

úù = ó − óù4 ⎭⎬
⎫

 (7.36) 
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⎩⎨
⎧óùù = 5ùù = 2óù

(1 − ä)
úùù = 2úù

(1 − ä) ⎭⎬
⎫

 (7.37) 

 

 

⎩⎪
⎨
⎪⎧óò = 5ò = 5 + ú − óùù

2â
úò = ó + 5 − úùù

2â ⎭⎪
⎬
⎪⎫

 (7.38) 

 

 

⎩⎪
⎨
⎪⎧ó∗ = 5∗ = 4â1óò

(2âóò)(5 + ú) − (5 − ú)1
ú∗ = 4â1úò

(2âúò)(ó + 5) − (ó − 5)1 ⎭⎪
⎬
⎪⎫

 (7.39) 

 

 

⎩⎪
⎪⎨
⎪⎪
⎧ ¶ = ? = 5(óù + 25ù) + ú(óù + 2úù) + (1 − 2ä)5ú					E = ó(úù + 2óù) + 5(úù + 25ù) + (1 − 2ä)ó5					§ = óù5ù + 5ùúù + úùóù+(1 − 2ä)[ó5(óù + 5ù) + 5ú(5ù + úù) + úó(úù + óù)]

+(1 − 2ä)1ó5ú ⎭⎪
⎪⎬
⎪⎪
⎫

 (7.40) 

 

Where â is the shear modulus; ä is the Poisson’s ratio; and õ, ô, ö are the semi-major radii of the 

ellipsoidal inclusion. Specifically, õ = ô ≫ ö is the necessary condition of extreme oblateness. 

The vectors õG , ôG , öG represent the principal directions of the ellipsoid defined in the austenite 

coordinate frame. Specifically, in the case of the penny-shaped martensitic variants in C.P. Ti, 

the normal of the variant (corresponding to the öG direction) is aligned with the habit plane 

normal of the variant being analyzed. 
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7.4.3 Results for Energy Determined Preference – Stress Free 

 For the case of C.P. Ti, the analysis from Wang, Aindow, and Starink (WAS) section 

5.2.1.1 [25] is repeated. This analysis represents one of the 16 cases discussed in section 1.2 of 

this article. Furthermore, the analysis is restricted to the consideration of triplets since these were 

found experimentally preferred to other compositions, such as quartets, by WAS. Consider the 

slip system (01*1)'[1*11]' (corresponding to (1*101);[1*21*3*];) and the martensitic 

transformations corresponding to an invariant line direction of [0.299, 0.675, 0.675]β and 

invariant plane normal of (0.218, 0.791, -0.572)β (identified as u1 and h2 in section 5.2 of WAS) 

for a cluster of three variants. A median set of material properties for an isotropic assumption, 

based on the Voigt averaged and Reuss averaged bounds for CP Ti, are taken as: 

 

 ´â ≅ 25Æ.õ
ä ≈ 0.36 ≤ (7.41) 

 

The results, by solving the system, Equation 7.25, for all 220 combinations of three 

variants are presented in Figure 7.6. The 8 preferred variants are indicated with a boxed outline. 

The normalized strain energy density (SED) values for these variants, as calculated, range 

between 1 and 1097, where the values have been normalized by the minimum calculated load-

free SED (that for the 2-4-12 triplet). The non-preferred 212 combinations range between 

1.4 × 10û and 4.8	 × 10µ. These results demonstrate agreement with the preferred triplets 

identified by WAS experimentally. Additionally, this process was repeated using the elastic 

constants from all four bounds in Table 7.1 (i.e. Voigt and Reuss bounds for both α and β) and 

the results are nearly identical, indicating that distinguishing between the austenite and 
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martensite phases, in this case of CP Ti with an isotropic assumption, does not significantly 

affect the physics of the problem at hand. 

 

 
Figure 7.6: Strain energy density (SED) for triplets corresponding to the (01*1)9[1*11]9 slip 

system in C.P. Ti, with invariant lines parallel to [0.299, 0.675, 0.675]β and invariant plane 

normal parallel to (0.218, 0.791, -0.572)β as calculated using the Walpole form of the strain 

energy. The SED values have been normalized by dividing by the minimum calculated load-free 

SED (that for the 2-4-12 triplet). The box indicates the 8 preferred variants indicated by WAS. 

 

 Despite the system of equations, as solved to generate the plot in Figure 7.6, being an ill-

conditioned problem approaching numerical instability, the distinct jump in energy between 

forming preferred triplets and any other of the 212 remaining possibilities is still captured. Since 

the eight preferred triplets represent 2 crystallographically distinct triplets, the range of solutions 

presented within the box demonstrates the numerical issues that arise from the solution process 

that was used. The aspect ratio used for the calculations depicted in Figure 7.6 was 1:104, a value 

representing a likely maximum at the point of nucleation [36]. The computational process used 

becomes unstable near an aspect ratio of 1:105, and the analytical assumptions make the solution 

vanish at an aspect ratio of exactly one and unreasonable while approaching one. That 

observation noted, the same eight preferred triplets demonstrate the lowest energies from aspect 

ratios of 1:10 to 1:104, demonstrating agreement over the complete range of expected aspect 

ratios [36]–[41]. 
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7.5. Further Applications of the Energy Approach 

The framework developed here can be employed to analytically investigate variant 

cluster preference in martensitic transformations where the martensitic laths take on a penny-

shape. For needle-shaped laths, Equation 7.35 can be redefined as: 

 

 

⎩⎪
⎨
⎪⎧ó = 5 = fö1 − õ1 ln f2öõ ii2(ö1 − õ1)

ú = õ1 f1 − ln f2öõ ii(õ1 − ö1) ⎭⎪
⎬
⎪⎫

 (7.42) 

 

It is also possible to extend this framework to include martensitic transformations in a 

field of constant applied stress. To do this, the assumption made in Figure 7.5a-3 can be adjusted 

such that a non-zero magnitude can be applied. This propagates into the equations being derived 

by first modifying Equation 7.16 to the form: 

 

 

⎩⎪
⎨
⎪⎧qGHdc = qGH∑ +j−kqGHc l2 m

l
rGHdc = rGH∑ +j−krGHc l2 m

l ⎭⎪
⎬
⎪⎫,			∀	o ≠ D (7.43) 

 

Where qGH∑  is the symmetric applied stress field over the entire austenitic region and rGH∑  is the 

antisymmetric applied stress field. Updating Equation 7.19 provides: 

 



   

 

272 

 

⎩⎪
⎪⎪⎪
⎨
⎪⎪⎪
⎪⎧ NGHc c = NGHb c − f.GHKU cqKU∑ + 4GHKU crKU∑ i
+.GHKU cjkqKUc l2 ml + 4GHKU cjkrKUc l2 ml										`GHc c = `GHb c − f4KUGH cqKU∑ + aGHKUcrKU∑ i
+4KUGH cjkqKUc l2 ml + aGHKU cjkrKUc l2 ml ⎭⎪

⎪⎪⎪
⎬
⎪⎪⎪
⎪⎫

,			∀	o ≠ D (7.44) 

 

By absorbing the applied strain field into the net field terms (i.e., by combining the applied state 

and the shape deformation) the following definitions can be used to simplify Equation 7.44: 

 

 ∏ NGHh c = NGHbc − f.GHKUcqKU∑ + 4GHKU crKU∑ i`GHh c = `GHb c − f4KUGHcqKU∑ +aGHKU crKU∑ iπ (7.45) 

 

With this combined strain definition, Equation 7.25 can be readily updated to: 

 

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎡ 1 −àéGHÖÜ/1 −àéGHÖÜ/ì−àéGHÖÜ1/ 1 −àéGHÖÜ1ì−àéGHÖÜì/ −àéGHÖÜì1 1

0 −âèGHÖÜ/1 −âèGHÖÜ/ì−âèGHÖÜ1/ 0 −âèGHÖÜ1ì−âèGHÖÜì/ −âèGHÖÜì1 0
0 −äèGHÖÜ/1 −äèGHÖÜ/ì−äèGHÖÜ1/ 0 −äèGHÖÜ1ì−äèGHÖÜì/ −äèGHÖÜì1 0

1 −ãéGHÖÜ/1 −ãéGHÖÜ/ì−ãéGHÖÜ1/ 1 −ãéGHÖÜ1ì−ãéGHÖÜì/ −ãéGHÖÜì1 1 ⎦⎥
⎥⎥
⎥⎥
⎥⎥
⎤

⎩⎪⎪
⎪⎨
⎪⎪⎪
⎧NGHc /NGHc 1NGHc ì`GHc /`GHc 1`GHc ì⎭⎪

⎪⎪⎬
⎪⎪⎪
⎫
=
⎩⎪⎪
⎪⎨
⎪⎪⎪
⎧NGHh /NGHh 1NGHh ì`GHh /`GHh 1`GHh ì⎭⎪

⎪⎪⎬
⎪⎪⎪
⎫

 

(7.46) 

 

7.5.1 Predictions for Energy Determined Preference – Under Applied Stress 

 Continuing the assumptions from section 4.3, Equation 7.46 can be solved for an 

innumerable set of applied stress conditions. To demonstrate the insights that may be gained 
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from such computations, a small subset of possible uniaxial tensile loads is considered. 

Specifically, uniaxial tension applied in the (100), (110), and (111) crystallographic directions in 

the prior β grain are studied. Equation 7.47 shows the stress tensors utilized, where X ranges 

from 1 MPa to 1 GPa in magnitude. 

 

 ∫(/ªª) = º Ω1 0 00 0 00 0 0æ ∫(//ª) = º2 Ω
1 1 01 1 00 0 0æ ∫(///) = º3 Ω

1 1 11 1 11 1 1æ (7.47) 

 

Figure 7.7 (a-d) shows the evolution of the normalized strain energy density (SED) associated 

with each of the eight stress-free preferred triplets for these three cases of applied stress. For all 

following calculations, SED values are normalized by the minimum calculated load-free SED. 

Although these eight triplets can provide some insights into the effects of transformation 

under applied tension, it is necessary to consider all 220 possible triplets in order to draw 

conclusions or make predictions. The most intriguing of these three cases, when considering all 

triplets, is the (100) direction load (Figure 7.7e). The superimposed box highlights those triplets 

with normalized strain energy density below 104 for applied loads of magnitude between 200 

MPa and 600 MPa. Based on these results, it is expected that quenching a β grain of C.P. 

titanium while under uniaxial tension in the (100) direction of magnitude between 200 MPa and 

600 MPa will produce a collection of preferred triplets including some previously uncommon 

and devoid of some previously preferred. Specifically, those triplets indicated by Figure 7.7e are 

expected for the load(s) for which they are inside the bounds of the box. For example, at 300 

MPa, the expected triplets include: B-D-L, F-H-J, A-E-I, J-K-L, B-D-I, and F-G-K. Note that 

further analysis would need to be performed for the cases of pairs, quartets, single variants, and 
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other cluster possibilities to see if there are newly preferred clusters beyond the set of 220 triplets 

considered here. 

Furthermore, triaxial compressive loads were investigated with the effects of 

transformations during processing such as hot isostatic pressing in mind. Results are not plotted 

since the calculations demonstrate the expected trend that such a triaxial load imparts no effect 

on the preference of variants and variant clusters. This result is expected because energetic 

preferences arise as the result of differences in the stress and strain states of individual variants, 

and by extension the clusters they compose. Because the shape deformation for each variant 

relates to that of another through a permutation operation, the hydrostatic component for each 

variant is identical. Therefore, every variant cluster is expected to accommodate the same 

quantity of hydrostatic stress or strain. As a result, triaxial applied stresses are not expected to 

garner any change to the order of preference among clusters. 

 In addition to similar applied stress studies, this analytical framework can be applied to 

study the effects of several different microstructural features on variant preference and variant 

cluster preference. By returning to the article by Walpole [28], it is possible to derive expressions 

for anisotropic elastic properties. Alternatively, or in tandem, it is possible to repose the 

inclusion problem as an inhomogeneous inhomogeneity problem [30] to explore the effects of 

martensite elastic properties. The applied stress-field form could even be applied in studies of 

dislocation seeded martensite laths and clusters by using continuum strain-field solutions for the 

stress and strain surrounding dislocations [42]. 
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Figure 7.7: (a-d) Evolution of the Normalized Strain Energy Density (SED) with applied uniaxial 

tensile load for each of the eight identified preferred triplets under stress-free conditions. 

Directions of the applied load are indicated explicitly in Equation 7.47, where a) shows the (100) 

direction, b) shows the (110) direction, c) shows the (111) direction, and d) shows all three. (e) 

Plot showing all 220 possible triplets and the evolution of the associated normalized strain 

energy density (SED) with the applied uniaxial tension in the (100) direction. The box indicates 

which triplets produce normalized SED less than 104 between load magnitudes of 200 MPa to 

600 MPa. 
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7.6. Conclusions 

 The objective of this article is to apply micromechanical theories to better capture the 

physics of martensitic transformations with regard to energy minimization criteria. Specifically, 

the authors conclude the following: 

 

1. Rotational aspects of the shape deformation resulting from martensitic transformations 

needs to be considered along with the symmetric strain when determining energy 

minimization criteria. 

2. Appropriate weighting of symmetric (strain) and antisymmetric (rotation) terms can be 

achieved through the application of a rotated ellipsoidal inclusion approach. Walpole’s 

derivations from 1991 [28] include the appropriate physics for such an approach. 

3. The rotated inclusion approach can be extended to variant clusters for the calculation of 

strain energy of the cluster as a whole. This allows for determination of preferred clusters 

via self-accommodation. 

4. Simplification to isotropic elastic constants can still capture the necessary physics to 

correctly identify preferred variants and variant clustering. 

5. This technique was also modified for the inclusion of external stress and strain effects, 

and this ability was demonstrated for various cases of applied uniaxial tension. 

Additionally, a prediction was made regarding the expected stress-accommodating 

clusters resulting from transformation under a specific applied uniaxial tensile load. 

 

These results, together with recent work by Bucsek [15], indicate the importance of 

accounting for the rotational aspects of martensitic transformations. Historically, these rotations 
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have been ignored in micromechanical models [24] due to their smallness – with rotations on the 

order of a few degrees considered relatively insignificant. This work shows that even though the 

rotations associated with martensitic transformations are only a few degrees, the rotational aspect 

can significantly change the micromechanical calculations, even to the point of overshadowing 

the effects of classical symmetric strain.  

 By applying a methodology that captures a greater extent of the physics at play during 

martensitic transformations, more accurate predictions can be made and more aspects of the 

martensite-austenite relationship can be studied. For example: variant preference can be 

meaningfully investigated, including under residual elastic strain or in the vicinity of dislocation 

cores; martensitic region geometry can be accounted for, allowing for the study of energetic 

differences between plates, needles, and the various aspect ratios of each; and the effects of 

elastic properties of the austenite and martensite phases can be explored. In addition to future 

investigations into the physics of martensitic transformations, future work should also be 

employed to optimize the numerical and computational implementations of these calculations 

and to further understand the associated uncertainty and sensitivity of these calculations. 
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CHAPTER 8 

FUTURE WORK 

8.1.   Organization 

All of the individual chapters (2-7) provide some level of discussion pertaining to future 

work and/or future applications, either in the ‘Discussion’ section or the ‘Conclusions’ section of 

the chapter. Specifically, chapters 3-6 consider possible future work in their ‘Discussion’ 

sections and Ch.2 and Ch.7 provide brief discussions of future work in their ‘Conclusions’ 

sections. In this chapter summaries are provided for each chapter (2-7) regarding recommended, 

suggested, and possible future work. Many of the ideas presented in a given chapter will be 

restated here along with occassional extensions and/or elaborations. This chapter is divided into 

seven sections: §8.1 describes this organization, §8.2 relates to Ch.2, §8.3 to Ch.3, and so on to 

§8.7 which describes future work for Ch.7. 

 

8.2.   Chapter 2: 6D Visualization 

Most, if not all, of the future work presented in the ‘Conclusion’ section of Ch.2 directly 

pertains to investigations and/or results presented in the chapters which follow it. This isn’t 

entirely unexpected since the work in Ch.2 was foundational for much of the work that followed 

it. These future work ideas that were already addressed in subsequent chapters includes: 

applications to the evaluation of calibration results (used in Ch.3), the development of a new 

yield theories (see also Ch.3), informing the development of calibration experiments for 

anisotropic materials (as discussed in Ch.4), informing validation efforts and methodologies for 

calibrations of anisotropic materials (see also Ch.4), and the testing of material symmetry 

assumptions for inelastic behaviors (discussed briefly in Ch.4 and also considered in Ch.5). 
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In addition to extensions addressed in subsequent chapters, other future work potential 

remains. It is suggested to extend the tools and methods discussed and presented in Ch.2 to 

include flow vectors along with yield points plotted on the yield hypersurface. These could be 

used to identify the applicability of associative flow rules or to otherwise track the evolution of 

the yield hypersurface. Also, it may be possible to adapt and/or extend these visualization 

techniques to describe stress intensity limits (critical stress intensity) for multiaxial loading of 

anisotropic material systems with given crack geometries. 

 

8.3.   Chapter 3: Proposed Anisotropic-Asymmetric Yield Function 

The most straightforward and immediately practical future work recommendation of the 

yield theory proposed in Ch.3 is to explore applications beyond metallic materials. Specifically, 

it is recommended that the new theory be tested for fitting composites yield and/or failure data. 

The combination of asymmetry and non-orthotropic character achievable with this yield function 

lends itself to describing non-orthogonal fiber composites like those investigated by Tsai in the 

1960’s [1]. Along similar lines, it may be possible to apply the same mathematics to describe 

similarly anisotropic and asymmetric instances of shape-memory and/or super-elastic material 

behaviors. 

In addition to extending the applicability of the mathematics and methods presented in 

Ch.3, it is suggested to develop ways to integrate associative plastic flow rules into the 

applications of the newly proposed yield theory. This could take the form of using associative 

plastic flow assumptions along with measured plastic flow (through use of digital image 

correlation, DIC) in order to calibrate the curvature of the yield hypersurface. This could have 

the benefit of improving the calibration in general and/or of reducing the number of mechanical 
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tests necessary to fully calibrate the yield function. Another means of integrating associated 

plastic flow rules would be to use an FEA software, such as ABAQUS, to predict the plastic flow 

behavior from the calibrated yield function. Predictions, especially those demonstrating the 

Poynting-Swift effect [2]–[4], could then be tested experimentally to determine if the proposed 

yield function can quantitatively describe the flow behavior, an improvement on the qualitative 

demonstrations for existing theories by Cazacu et al. [5], [6] and Revil-Baudard et al. [7]. And 

finally, similar to these general investigations in regards to associated plastic flow and the 

Poynting-Swift effect, it would also be suggested to investigate whether or not the Poynting-

Swift effect is present in 3D printed metallic alloys, such as the Inconel 718 used in Ch.2 and 

Ch.3. 

 

8.4.   Chapter 4: Additional Insights on Calibration 

In Ch.4, several different ASTM standards are referenced to provide details for the 

myriad of mechanical tests discussed. However, many of the mechanical tests recommended for 

the different situations lack a distinct ASTM standard. As such, part of the future work 

suggestions for this chapter includes enumerating seven ideas for new ASTM standards; some of 

these could readily be adapted from existing similar standards or be accomplished by including 

the material in updated version of existing standards, others could be adapted from existing 

research, and others would require new research to flush out details and best practices. These 

new, or revised, suggested ASTM standards with current analogues include: a standard for out-

of-plane shear testing in sheet metals (possibly referencing a similar standard for composites, 

ASTM D3846 [8]), an ASTM standard for torsional yield determination (possibly included in a 

revision of the standard for torsional modulus determination, ASTM E143 [9]), and an ASTM 
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standard for pressure testing (open-ended) metallic material tubes and pipes for the purpose of 

determining yield pressure and rupture pressure (possibly adapted from the standards for 

polymeric materials, ASTM D1599 [10] and ASTM D2837 [11]). The recommended new ASTM 

standards based on existing or new research without current analogues would include: a standard 

for capped external pressure for metallic material tubes and pipes, a standard for differential 

inner-outer torsion, a standard for differential inner-outer translation, and a standard for 

anisotropic and asymmetric metallic material strength calibration. The last standard in this list 

(for anisotropic/asymmetric metallic materials) should be developed to include various material 

symmetry cases, validation standards for the calibration, and special material geometry 

considerations (such as sheet, bar, wire, etc.). 

As mentioned above, some of the proposed ASTM standards would be built on existing 

research, and some would require additional or entirely new research to develop improved 

specimen geometries and best practices. Future investigations on sample geometry for out-of-

plane shear testing of sheet metals should include building upon the work by Gardner (2013) 

[12] and Gu et al. (2017) [13], but should focus on creating more uniform stress states in the 

gage section and on the implications of through thickness property variations and the potential 

impacts on the measured properties using these samples. Future investigations could also apply 

these out-of-plane shear testing sample geometries to drawn wire materials to allow for 

measuring asymmetry in shear in the planes parallel to the wire direction. In addition to the 

orthotropic shear tests, future work should focus on the sample geometries described by Brosius 

et al. (2011) [14] and their applications to cylindrically symmetric materials such as extruded 

tubes. The stress states generated using inner-outer torsion and inner-outer translation should be 

investigated and efforts should be made to improve the geometries to make the stresses more 
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uniform. Finally, there should be investigations into the application of capped external pressure 

testing for determining the tensile properties in the radial direction of extruded tubes, specifically 

with regards to the experimental setup, in-situ strain measurements, and the sample geometry 

required to prevent buckling before yielding. 

In addition to improving existing specimen geometries, new geometries could be 

explored for the inner-outer torsion and inner-outer translation mechanical tests discussed in 

Ch.4. Also, new specimen geometries need to be devised and investigated, both computationally 

and experimentally, for creating new multiaxial stress states in extruded tube materials for the 

purposes of validation of calibration results. This would be especially pertinent to calibrating 

materials made using shear assisted processing and extrusion (ShAPE) [15], [16] for the reasons 

outlined near the end of Ch.4. Future work could also include studies on refining the sample 

geometry and testing strategies for non-longitudinal compressive strengths in extruded tubes. 

The question regarding whether or not compression specimens with parallel planar faces in a 

cartesian coordinate frame influence the results for compressive strength in the true cylindrical 

reference frame. Sample geometries using curved or non-parallel faces, which are perpendicular 

to the cylindrical coordinates of interest, could be tested, and the results could be compared to 

those found using traditional compressive pillars for highly anisotropic extruded tube materials.  

 

8.5.   Chapter 5: Embedded Single Crystal Yield 

The immediate future work from Ch.5 is to address the remaining work for the intended 

scope of the project. This starts with completing the far-field high energy diffraction microscopy 

(ff-HEDM) reconstructions from the experimental data collected at the Advanced Photon Source 

(APS), using the HEXRD software discussed in Ch.5. Once the ff-HEDM data has been 
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reconstructed, the spot spread calculation software can be tested and used to identify spot 

spreading events, which can in turn be used to develop and implement software for quantifying 

yield for each relevant grain in the experimental data set. With yield states in hand for all grains 

that yielded during the experiment, the non-linear least squares regression software used in Ch.3 

can be readily adapted as discussed in Ch.5 to calibrate the embedded single crystal yield 

behavior for the different RMS error variations presented in Ch.5, using the newly proposed 

yield criterion from Ch.3. 

Once the remaining work is complete, several different analyses and applications open 

the doors for future work. It is suggested that the results for calibrated embedded single crystal 

yield be compared using different macro-scale yield models, and using various symmetry 

assumptions – methods for such comparisons are discussed in Ch.5. Comparisons between the 

measured, embedded yield behavior, the calibrated model(s), and theoretical slip activation 

models are also suggested. Additional future work should also include developing a 

homogenization scheme for the newly proposed yield theory and applying it to homogenize the 

single crystal calibration to produce a macro-scale calibrated yield criterion. The methods 

presented in Ch.5 could also be applied to other metals. It may also be possible to develop 

modifications to adapt the HEDM calibration methods to account for twinning (such as with 

most Mg alloys or with TWIP steels) and/or phase transformations (such as with TRIP steels). If 

phase transformation adaptations are made, then these methods could be extended to include 

calibrating the phase transformation envelopes for shape-memory and/or super-elastic materials. 

Future work could also include using the techniques from Ch.5 to investigate the effects of 

hydrogen embrittlement on grain scale yield behavior, including changes in anisotropy and/or 

asymmetry. 
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8.6.   Chapter 6: Dwell Fatigue Combined X-ray Characterization 

There is also remaining work to be addressed from Ch.6 for the intended scope of the 

project. Since the Ch.6 experimental analysis builds upon the results from the Ch.5 work, it is 

necessary to complete the remaining work from Ch.5 in order to proceed with the remaining 

work from Ch.6. Other remaining work includes: reconstructing the post-cyclic ff-HEDM data 

and converting the elastic strain results into percent yield; reconstructing the near field HEDM 

(nf-HEDM) data and correlating those results with the ff-HEDM percent yield map to create a 

refined and more accurate spatial description of percent yield in the vicinity of the twin notches; 

converting the spatial map of percent yield into a map of grain boundaries with rogueness values 

calculated for each interface; and comparing these data with the in-situ tomography data to draw 

correlations between rogueness and damage events. 

Follow-up investigations are recommended using targeted placement of stress 

concentrators to amplify the stress near grain pairs of interest. This could be accomplished by 

creating unnotched tension samples, characterizing them using ff-HEDM to identify regions of 

interest, and then wire electrical discharge machining (EDMing) notches and/or holes to focus 

the applied dwell fatigue near these regions of interest. Similar methods could also be used for 

biaxial experiments, which would add the ability to control the multiaxiality of the stress state in 

the vicinity of the stress concentrators to apply choice stress states to specific grain pairs of 

interest. Future work could also include the addition of thermally controlled environments to 

allow for investigations at elevated temperatures – such as evaluating the effect on void 

nucleation and/or crack initiation thresholds and the temperature above which the dwell debit 

ceases to have an effect on the lifetime of components. 
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In addition to elaborating on the experimental design, the results from the completed 

analysis of the Ch.6 work could be used to inform or validate computational mechanics studies, 

especially once the initial state ff-HEDM data are reconstructed to provide initial residual stress 

states in the gage section of the specimens. By collecting additional data, especially using the 

targeted stress concentrator placement approach, it could eventually be possible to identify a 

threshold and/or endurance limit equivalent for dwell fatigue which incorporates the orientation 

distribution function (ODF) for specific processing methods. Such a threshold could be applied 

by designers to reduce unnecessary material in designs and to modify the design of a component 

to significantly reduce or entirely eliminate the possibility of dwell-fatigue induced shortening of 

component life. This could be achieved through additional future work, where the relation 

between ODF and stress multiaxiality could be used to generate a lookup table that could be 

incorporated into FEA packages to provide the ability to produce factor of safety plots against 

dwell fatigue from standard FEA results. 

 

8.7.   Chapter 7: Martensitic Variant Selection 

In Ch.7, some predictions were made regarding the preferred martensitic variants for Ti 

in the case of transformation under certain applied stress states. Future work should include 

experimental investigations to test these predictions. Beyond experimental confirmations, it is 

suggested that future work focus on applying the theories developed to study the physics of 

martensite transformations. Such investigations should include variant preference studies for the 

cases of transformations in materials with various residual stress states, for the case of 

transforming in the vicinity of an isolated dislocation, and for the case of transforming in a forest 

of dislocations resulting from accumulated plastic deformation. The effects of elasticity 
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properties on preferred variants should also be explored, including differing properties for 

austenite and martensite and the impact of anisotropic elastic properties. Finally, it could be 

possible to use the presented theories to investigate the preferred variant geometries. The 

energetic preference of plates versus needles, and every aspect ratio in between could be 

explored, along with the effects of dislocations on the preferred geometry. 

In addition to future investigations regarding the physics martensitic transformations, 

future work should also be employed to optimize the numerical and computational 

implementations of these calculations and to further understand the associated uncertainty and 

sensitivity of these calculations. Much of the numerical issues associated with implementing the 

calculations presented in Ch.7 stem from the need to sequentially compute a multitude of 

calculations involving both very small and very large numbers. This is necessary due to a paucity 

of well-developed algebra for higher order tensorial operations. Future work, which could 

significantly benefit the theories presented in Ch.7 and their implementation, but which is not 

directly related to materials science, solid mechanics, or mechanical engineering, would include 

expanding the mathematics of higher order tensor algebra – specifically, addressing the algebra 

of inverses, transposes, and similar operations for 6th order tensors (and higher) for general cases 

and for cases of different tensor symmetries. Such work could have impacts well beyond the 

materials sciences and engineering. 
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APPENDIX A 

ERROR CALCULATIONS FOR THE 45˚ AXIS ASSUMPTION 

 

If the 45˚ axis assumption is intended for use only as an approximation, then a looser 

assumption may be considered by which only the limits of the uniaxial and pure shear cases 

coincide. By including an additional assumption where the 2D locus of the limit surface is 

perpendicular to the axial stress axes at the points of transection in the non-shear regions, then 

convexity of the limit surface can be maintained by evoking geometric bounds on the acceptable 

shear strengths. The loci associated with these upper and lower limits of shear strength are shown 

in Figure A.1 for a generic material with a 1:1 strength ratio. For both the upper and lower limit 

cases, it should be noted that the two limit surfaces perfectly coincide. This means that to 

maintain convexity, there must be no error in using the classical visualization techniques for 

these limiting cases, and that such a material would necessarily be isotropic in the plane 

described by this 2D locus. 

 

Figure A.1: 2D yield loci depicting the upper and lower limits for shear-dependent shear 

strengths (i.e., the maximum and minimum values over all possible shear strengths). 
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However, in between the bounds shown in Figure A.1, anisotropic shear dependent cases 

exist (Figure A.2). In these cases, a maximum error between the two surfaces can be calculated 

for the greatest error orientation, as indicated with red double arrows. Here, the surface geometry 

illustrated as the “Min Yield Surface” in Figure A.2 is the smallest possible surface that 

maintains convexity and coincidence at the necessary points. Analogously, the “Max Yield 

Surface” represents the greatest separation under the same constraints. Figure A.3 shows this 

situation for a material with an arbitrary strength ratio, isolating the 4th quadrant for better 

visualization. Here, the slope of the “Max Yield Surface” passing through the shear strength 

point is adjustable and results in changes in the maximum error. 

 

 

Figure A.2: 2D yield loci from previous figure depicting an arbitrary shear strength (between the 

minimum and maximum) with the associated minimum and maximum yield loci illustrating the 

separation (error) between these possible limit surfaces. 
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Figure A.3: Illustration of error between axial and shear limit surfaces for an anisotropic 

material, where arbitrary strength ratios are now being considered. 

 

By exploring all possible outer bounding surfaces along with all possible shear strengths, 

an upper bound on the maximum error can be computed. The results for a range of axial strength 

ratios between the ! and " directions #$%$&' are provided in Figure A.4. Additionally, Table A.1 

lists error bounds for select strength ratios. The bound asymptotically approaches 100% error, 

which represents the possibility of misinterpreting the shear and axial strength interactions of a 

2D yield locus by up to a factor of two when using the 45˚ axis assumption to calibrate the yield 

potential of a shear-dependent, anisotropic material, without any data/information about these 

strength interactions. In other words, if an anisotropic material is shear-dependent, then the 

classical approach of calibrating yield potentials by utilizing only the Eigenspace could be 

reasonably accurate, with the maximum error in employing this method/assumption bounded at 

100%. However, if the material does not possess shear-dependence, or violates the additional 

perpendicularity assumption noted at the beginning of this section then the error associated with 

using the 45˚ axis assumption is unbounded. 
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Table A.1: Error bounds under the assumption of shear dependence. 

Maximum Percent Radial Error for Select Axial Strength Ratios 

Strength Ratio 1 : 1 1 : 1.33 1 : 1.5 1 : 2 1 : 2.5 1 : 3 1 : 4 

Max Error 40.41% 48.93% 53.72% 65.38% 72.78% 77.78% 83.97% 

 

 

Figure A.4: Maximum radial error (misinterpreted distance from the origin) for a general 

anisotropic case for axial strength ratios ranging from 10-2 to 102. 
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APPENDIX B 

OFF-AXIS TENSION TEST CALIBRATION EQUATIONS 

 

The relations for the determination of ‘k’ and ‘a’ for the calibration of the Cazacu 2006 

yield hypersurface as discussed in § 2.2.2 are presented below. Recall that these relations are 

based on a set of 6 uniaxial tension tests conducted on samples cut at an angle of cos+, -./
01 

and cos+, -.,
01, evaluating to 35.26˚ and 54.74˚, from each of the 3 material coordinate 

directions. The samples are cut at the angles described in Figure B.1 with the indicated uniaxial 

yield stresses called out as used in the relations that follow. 

 

 

Figure B.1: Sample angle designations for uniaxial tests used to determine 'k'. 

 

The following definitions of 2 are used to condense the 6 expressions for angled tensile 

tests: 
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224056 = 	 cot+, :-(Π,/ −	Π,0) −	(Π// −	Π/0)−2√2Π@@ 1A 

 

224556 =	 cot+, :-(Π,, −	Π,0) −	(Π,/ −	Π/0)−2√2Π@@ 1A 

 

22B054 = 	 cot+, :-(Π/0 −	Π,/) −	(Π00 −	Π,0)−2√2ΠCC 1A 

 

22B554 = 	 cot+, :-(Π// −	Π,/) −	(Π/0 −	Π,0)−2√2ΠCC 1A 

 

22605B =	 cot+, :-(Π,0 −	Π/0) −	(Π,, −	Π,/)−2√2Π55 1A 

 

22655B = 	 cot+, :-(Π00 −	Π/0) −	(Π,0 −	Π,/)−2√2Π55 1A 

 

These 6 expressions can be used to solve for the predicted yield strength given a series of 

assumed values of ‘a’ and a series of assumed values of ‘k’: 
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 D =	#$EFGHI0 '
J
[|(Π/0 −	Π00)| − M(Π/0 −	Π00)]J 

 +	#$EFGHI0 '
J
PQ(Π,/ −	Π,0) cos/R24056S +	(Π// −	Π/0) sin/R24056S −	√2Π@@ sinR224056SQ 

 −M #(Π,/ −	Π,0) cos/R24056S +	(Π// −	Π/0) sin/R24056S −	√2Π@@ sinR224056S'V
J
 (B.1) 

 +	#$EFGHI0 '
J
PQ(Π,/ −	Π,0) sin/R24056S +	(Π// −	Π/0) cos/R24056S +	√2Π@@ sinR224056SQ 

 −M #(Π,/ −	Π,0) sin/R24056S +	(Π// −	Π/0) cos/R24056S +	√2Π@@ sinR224056S'V
J
 

 

 

 D =	#$EFHHI0 '
J
[|(Π,0 −	Π00)| − M(Π,0 −	Π00)]J 

 +	#$EFHHI0 '
J
PQ(Π,, −	Π,0) cos/R24556S +	(Π,/ −	Π/0) sin/R24556S −	√2Π@@ sinR224556SQ 

 −M #(Π,, −	Π,0) cos/R24556S +	(Π,/ −	Π/0) sin/R24556S −	√2Π@@ sinR224556S'V
J
 (B.2) 

 +	#$EFHHI0 '
J
PQ(Π,, −	Π,0) sin/R24556S +	(Π,/ −	Π/0) cos/R24556S +	√2Π@@ sinR224556SQ 

 −M #(Π,, −	Π,0) sin/R24556S +	(Π,/ −	Π/0) cos/R24556S +	√2Π@@ sinR224556S'V
J
 

 

 

 D =	#$EWGHF0 '
J
[|(Π,0 −	Π,,)| − M(Π,0 −	Π,,)]J 

 +	#$EWGHF0 '
J
PQ(Π/0 −	Π,/) cos/R2B054S +	(Π00 −	Π,0) sin/R2B054S −	√2ΠCC sinR22B054SQ 

 −M #(Π/0 −	Π,/) cos/R2B054S +	(Π00 −	Π,0) sin/R2B054S −	√2ΠCC sinR22B054S'V
J
 (B.3) 

 +	#$EWGHF0 '
J
PQ(Π/0 −	Π,/) sin/R2B054S +	(Π00 −	Π,0) cos/R2B054S +	√2ΠCC sinR22B054SQ 

 −M #(Π/0 −	Π,/) sin/R2B054S +	(Π00 −	Π,0) cos/R2B054S +	√2ΠCC sinR22B054S'V
J
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 D =	#$EWHHF0 '
J
[|(Π,/ −	Π,,)| − M(Π,/ −	Π,,)]J 

 +	#$EWHHF0 '
J
PQ(Π// −	Π,/) cos/R2B554S +	(Π/0 −	Π,0) sin/R2B554S −	√2ΠCC sinR22B554SQ 

 −M #(Π// −	Π,/) cos/R2B554S +	(Π/0 −	Π,0) sin/R2B554S −	√2ΠCC sinR22B554S'V
J
 (B.4) 

 +	#$EWHHF0 '
J
PQ(Π// −	Π,/) sin/R2B554S +	(Π/0 −	Π,0) cos/R2B554S +	√2ΠCC sinR22B554SQ 

 −M #(Π// −	Π,/) sin/R2B554S +	(Π/0 −	Π,0) cos/R2B554S +	√2ΠCC sinR22B554S'V
J
 

 

 

 D =	#$EIGHW0 '
J
[|(Π,/ −	Π//)| − M(Π,/ −	Π//)]J 

 +	#$EIGHW0 '
J
PQ(Π,0 −	Π/0) cos/(2605B) +	(Π,, −	Π,/) sin/(2605B) −	√2Π55 sin(22605B)Q 

 −M #(Π,0 −	Π/0) cos/(2605B) +	(Π,, −	Π,/) sin/(2605B) −	√2Π55 sin(22605B)'V
J
 (B.5) 

 +	#$EIGHW0 '
J
PQ(Π,0 −	Π/0) sin/(2605B) +	(Π,, −	Π,/) cos/(2605B) +	√2Π55 sin(22605B)Q 

 −M #(Π,0 −	Π/0) sin/(2605B) +	(Π,, −	Π,/) cos/(2605B) +	√2Π55 sin(22605B)'V
J
 

 

 

 D =	#$EIHHW0 '
J
[|(Π/0 −	Π//)| − M(Π/0 −	Π//)]J 

 +	#$EIHHW0 '
J
PQ(Π00 −	Π/0) cos/(2655B) +	(Π,0 −	Π,/) sin/(2655B) −	√2Π55 sin(22655B)Q 

 −M #(Π00 −	Π/0) cos/(2655B) +	(Π,0 −	Π,/) sin/(2655B) −	√2Π55 sin(22655B)'V
J
 (B.6) 

 +	#$EIHHW0 '
J
PQ(Π00 −	Π/0) sin/(2655B) +	(Π,0 −	Π,/) cos/(2655B) +	√2Π55 sin(22655B)Q 

 −M #(Π00 −	Π/0) sin/(2655B) +	(Π,0 −	Π,/) cos/(2655B) +	√2Π55 sin(22655B)'V
J
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APPENDIX C 

MECHANICAL TESTING SPECIMEN GEOMETRIES 

 

This appendix serves to provide excerpts from the complete drawing package that may be 

found in the Supplemental Electronic File. The figures in Appendix C provide all required 

dimensions to describe the specimen geometries used for the additive Inconel 718 mechanical 

testing. The Supplemental Electronic File provides context for all 72 specimens excised from the 

block for the investigations in this article, including orientations and detailed locations in the 

additively manufactured block. Figure C.1 provides measurements for the tensile bars and 

compression pillars to be cut from 1/8-inch-thick plates. Figure C.2 provides measurements for 

the shear specimens (positive and negative) cut from 1/8-inch-thick plates specifically from the 

sides of the block, and Figure C.3 provides the same for shear specimens cut from the smaller 

plates taken from the top face of the block (down-sized due to space constraints). 

 

 

Figure C.1: Drawing excerpt showing measurements for tensile and compression specimens. 
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Figure C.2: Drawing excerpt showing measurements for shear specimens. 

 

 

Figure C.3: Drawing excerpt showing measurements for reduced-sized shear specimens. 
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APPENDIX D 

FORMAL PROOF OF CONVEXITY FOR PROPOSED YIELD CRITERION 

 

Along with the introduction of a proposed new yield function in Ch.3 §3.2.1, a new 

conceptual approach to demonstrating convexity is presented in Ch.3 §3.2.2. Although much of 

the same logic used in the formal proof is presented, some gaps exist in the conceptual and visual 

explanation provided in Ch.3 §3.2.2. This appendix section serves to remedy any mathematical 

shortcomings of Ch.3 §3.2.2 by providing a detailed and rigorous proof of convexity. This 

geometric proof is divided into several steps presented in independent subsections. The 

preliminary steps are provided in §D.1 - §D.3, a decomposition into an orthant-wise functional 

form is discussed in §D.4, a procedure for preserving convexity through unions of subsets is 

introduced in §D.5 - §D.6, and a consideration of additional transformations is provided in §D.7. 

 

D.1 Proof Setup: Signal Space 

Consider the space ℝY. For each M ∈ {1,2, … , _}, let ab ⊂	 ℝ
Y denote the linear subspace 

orthogonal to the Mth coordinate axis: ab = {d ∈ 	ℝY: d(M) = 0}. Let ghi(⋅) denote the operator 

that projects a point orthogonally onto the subspace ab , and note that for any d ∈ ℝY, ghi(d) 

merely sets the Mth entry of d to zero. 

 

D.2 Proof Setup: Transformations 

For any M ∈ {1,2,… , _}, let kb denote a certain set of transformations that operate parallel to 

the Mth coordinate axis and do not otherwise depend on the Mth coordinate. Specifically, a 

transformation l:	ℝY → ℝY	belongs to kb if it maps any d ∈ ℝY to n = l(d), where the 

following two conditions are met: 
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• T1: n(M) = ob(d(M)) for some function ob :	ℝ → ℝ that is monotone increasing and 

satisfies ob(0) = 0. 

• T2: for every p ≠ M, n(p) = or(d(1),… , d(M − 1), d(M + 1),… , d(_)) for some fixed 

function or :	ℝY → ℝ. 

 

The structure of transformations in kb implies the following lemma. 

 

Lemma 1: Any l ∈	kb commutes with ghi; that is, for any d ∈ 	ℝY, ghiRl(d)S = l(ghi(d)). 

 

D.3 Transformations of Convex Sets 

F ix M ∈ {1,2,… , _}, and consider a set s ⊂ ℝY. Define: 

• st = {d ∈ s: d(M) = 0} = 	ab ∩ s. 

• s+ = {d ∈ s: d(M) ≤ 0}. 

• sw = {d ∈ s: d(M) ≥ 0}. 

 

Note that s = 	s+ ∪ sw =	s+ ∪ sw ∪ st. 

 

Throughout this section, we will suppose that that s satisfies the following two conditions: 

• B1: s is convex. 

• B2: For any point ! ∈ s, the orthogonal projection of ! onto ab  belongs to st: 

ghi(!) ∈ st. 

 

Combining assumption B2 with Lemma 1, we reach the following corollary. 
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Corollary 1: Suppose s ⊂ ℝY satisfies B2. Then for any point ! ∈ s and any l ∈	kb, 

ghi(l(!)) ∈ l(st). 

 

We are now ready to state a main result about preserving convexity of s	 after the transformation 

by l ∈	kb . 

 

Lemma 2: Let l ∈	kb. Suppose s ⊂ ℝY satisfies B1 and B2, and suppose l(s+) and l(sw) 

are convex. Then l(s) is convex. 

 

Proof of Lemma 2: 

Consider two arbitrary points z,{ ∈ l(s). It suffices to prove that all points on the line 

segment joining z and { belong to l(s). If both z and { belong to l(s+) or both z and { 

belong to l(sw), this is trivial since we have supposed that l(s+) and l(sw) are convex. 

Thus, for the remainder of the proof, we assume without loss of generality that z ∈ l(s+), { ∈

l(sw), and neither point belongs to l(st). 

Let | = }z + (1 − }){ (with } ∈ (0,1))	denote the point on the line segment joining z 

and {  such that |(M) = 0. Since z ∈ l(s+) and { ∈ l(sw), there exist ! ∈ s+ and " ∈ sw 

such that that z = l(!) and { = l("). Therefore, we can write: 

 

| = 	ghi(|)	

				= ghiR}l(!) + (1 − })l(")S	

				= }ghiRl(!)S + (1 − })ghiRl(")S	

				= }l #ghi(!)' + (1 − })l(ghi(")) 
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where the first equality follows since |(M) = 0, the third equality follows since ghi  is linear, and 

the fourth inequality follows from Lemma 1.  We see then that | is on the line segment joining 

l#ghi(!)' and l(ghi(")). From assumption B2, we know that ghi(!) ∈ st and ghi(") ∈ st. 

Therefore, l#ghi(!)' ∈ l(st) and l#ghi(")' ∈ l(st).  
Since l(s+) is convex and l(st) = 	l(s+) ∩ ab  is the intersection of two convex sets, 

l(st) is convex. Thus, we conclude that | ∈ l(st). Since st is a subset of both s+ and sw, we 

conclude that | ∈ l(s+) and | ∈ l(sw) as well.  

Finally, consider any ~ ∈ (0,1) and let � = ~z + (1 − ~){. If ~ < }, then �	is on the 

line segment joining z and |, which both belong to the convex set l(s+), and so � ∈ l(s+) as 

well. If ~ > }, then �	is on the line segment joining | and {, which both belong to the convex 

set l(sw), and so � ∈ l(sw) as well. We conclude that all points on the line segment joining z 

and { belong to l(s). Therefore, l(s) is convex.  

 

D.4 Orthant-wise Decomposition and Proof of Convexity 

We now restrict our attention to the space ℝ@.  Consider an operator l:ℝ@ → ℝ@ defined 

as follows: for any d ∈ ℝ@, 

 

 Rl(d)Sr = ÇℂÑrw #|6Ö|w6Ö/ ' +	ℂÑr+ #|6Ö|+6Ö/ 'V = ÜℂÑrwdÑ,			dÑ ≥ 0	
ℂÑr+dÑ,			dÑ ≤ 0  (D.1) 

where ℂÑrw , ℂÑr+ > 0 for á = p and ℂÑrw , ℂÑr+ = 0 for á ≠ p for á, p = {1,2,… ,6}. 
 

Note that for any M ∈ {1,2,… , _}, l belongs to the class of transformations kb. Let the 

space ℝ@ be equipped with an arbitrary â-norm, and let g = äd ∈ ℝ@:	||d||ã ≤ 1å ⊂ ℝ@ denote 
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the closed unit ball containing all points of distance ≤ 1 from the origin as measured in the â-

norm. Note that g is necessarily convex. Let ç = l(g). Our goal is to show that ç is convex. 

We will start by arguing that l preserves the convexity of orthants of g. Let è ∈ {1,2}@ denote a 

vector containing entries equal only to 1 or 2, and let ℝê
@ denote the corresponding orthant of ℝ@ 

containing all vectors d ∈ ℝ@ such that d(á) ≥ 0 if è(á) = 1 and d(á) ≤ 0 if è(á) = 2.  

 

Define gê = g ∩ ℝê
@ . Similarly, define çê = ç ∩ ℝê

@ . 

 

Lemma 3: For any è ∈ {1,2}@, l acts as a linear, bijective mapping from ℝê
@ to ℝê

@.  

 

Proof of Lemma 3: 

The linearity follows from the definition of l and the fact that within ℝê
@, all points d 

have the same sign pattern. The bijectivity follows from the fact that all ℂÑr
w  and ℂÑr

+  are diagonal 

matrices with strictly positive values on the diagonal.  

 

Corollary 2: For any è ∈ {1,2}@, çê = l(gê), and l is linear when restricted to gê.  

 

Lemma 4: For any è ∈ {1,2}@, çê is convex.  

 

Proof of Lemma 4: 

This follows by combining the facts that gê is convex and that and l is linear when 

restricted to gê.  
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D.5 Convex Unions of Adjacent Orthants 

Let è, â ∈ {1,2}@ be two vectors that differ in only one position M ∈ {1,2,… ,6}. That is, 

è(M) ≠ â(M), but è(á) = â(á) for all á ≠ M. In this case, all vectors in ℝê
@ are distinguished from 

those in ℝã
@  simply by the sign of their Mth coordinate. We refer to ℝê

@ and ℝã
@  as adjacent 

orthants. From Lemma 4, we know that çê and çã are convex. Our goal is to prove that the 

union of çê and çã is convex. 

 

Lemma 5: çê ∪ çã	is convex. 

 

Proof of Lemma 5: 

This follows by applying Lemma 2, where we let s = gê ∪ gã, s+ = gê, and sw = gã 

(supposing without loss of generality that è(M) = 2 and â(M) = 1). Condition B1 is satisfied 

because s is an intersection of the convex unit ball and the convex set of all vectors with the 

same sign pattern on indices á ≠ M determined by è(á) = â(á). Condition B2 is satisfied because 

for any point ! ∈ s, the projection of ! onto ab  merely zeros out !(M) while leaving all other 

entries of ! (and in particular their signs) unchanged. Therefore, ghi(!) ∈ s and ghi(!) ∈ ab , 

and so ghi(!) ∈ s ∩ ab = st. 

From Lemma 4, we know that çê = l(s+) and çã = l(sw) are convex. Thus, all of the 

conditions of Lemma 2 are satisfied, and we conclude that çê ∪ çã = l(s)	is convex.  

 

D.6 Inductive Argument for Convex Unions 

Continuing this argument inductively, we conclude that ç = l(g) is convex. 
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Theorem 1: ç = l(g) is convex. 

 

Proof of Theorem 1: 

Define 

 

ç,,,,, = 	ç,,,,,, ∪ ç,,,,,/  

 

Since ç,,,,,, and ç,,,,,/ correspond to adjacent orthants, Lemma 5 implies that ç,,,,, is 

convex. Similarly, for any è ∈ {1,2}5, define çê =	çê, ∪ çê/.  Lemma 5 implies that çê is 

convex. 

Next, let è, â ∈ {1,2}5 be two vectors that differ in only one position M ∈ {1,2, … ,5}. That 

is, è(M) ≠ â(M), but è(á) = â(á) for all á ≠ M. Consider gê , gã ⊂ g such that çê = l(gê) and 

çã = l(gã). Define s = gê ∪ gã, s+ = gê, and sw = gã (supposing without loss of generality 

that è(M) = 2 and â(M) = 1). Note that all vectors in gê are distinguished from those in gã 

simply by the sign of their Mth coordinate. Condition B1 is satisfied because s is convex. 

Condition B2 is satisfied because for any point ! ∈ s, the projection of ! onto ab  merely zeros 

out !(M) while leaving all other entries of ! (and in particular their signs) unchanged. Therefore, 

ghi(!) ∈ s and ghi(!) ∈ ab , and so ghi(!) ∈ s ∩ ab = st. Since we know that çê and çã are 

convex from the first paragraph above, we apply Lemma 5 to conclude that çê ∪ çã is convex. 

Now for any è ∈ {1,2}C, define çê =	çê, ∪ çê/.  The paragraph above implies that çê is 

convex. Using similar arguments to the paragraph above, we can also conclude that for any 

è, â ∈ {1,2}C that differ in only one position, çê ∪ çã is convex. 
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We can repeat the above arguments, taking unions in the fourth coordinate, then the third, 

second, and first. The conclusion is that ç is convex.  

 

D.7 Introducing Additional Transformations 

Consider the transformation defined in Equation D.1, which has been demonstrated to 

preserve convexity when applied to a unit hyper-ball defined by arbitrary p-norm and centered at 

the origin. Let’s call this transformation í+, and the 6D unit hyper-ball Dì defined, as above, in 

the basis Ψ. The transformation presented in Equation D.2 therefore preserves convexity 

following the proof from §8.1.6: 

 

 Dï = í+,(Dì) = ñℂïìw -|Dì| + Dì2 1 +	ℂïì+ -|Dì| − Dì2 1ó (D.2) 

 

By following the above transformation with an invertible linear transformation, Ω+,, 

which acts on Dï, the transformation presented in Equation D.3 can be generated. Because linear 

transformations preserve convexity, Dô is a convex set as well. 

 

 Dô = Ω+,(Dï) = kôï+,Dï (D.3) 

 

Additionally, by following the above transformation with a reversible translation, s+,, which 

acts on Dô, the transformation presented in Equation D.4 can be generated. Because translations 

do not affect the shape of a set, Döô, is a convex set as well. 

 

 Döô = s+,(Dô) = Dô + "ô (D.4) 
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Furthermore, by following the above transformation with a transformation, õ, composed of 

intersecting with a hyper-plane aú, defined as the hydrostatic hyper-plane where aú = {d ∈
	ℝ@: d, + d/ + d0 = 0}, the transformation presented in Equation D.5 can be generated. Because 

intersecting a convex set with another convex set produces a new convex set, Dù is also a convex 

set. 

 

 Dù = õRDöôS = Dô ∩ aú  (D.5) 

 

This cumulatively generates the transformation in Equation D.6: 

 

 Dù = õ ûs+, #Ω+,Rí+,(Dì)S'ü (D.6) 

 

When rewritten using the forward transformations as a series of changes of basis, i.e. 

converting from explicit to implicit form, Equation D.7 is produced: 

 

 

Dì =†|ΨÑ|ã
@

Ñ°,			
ΨÑ = íR¢rS = gÑr -Q¢rQ + ¢r2 1 + £Ñr -Q¢rQ − ¢r2 1

			¢r = krb§b			§b = •b − "b

 
(D.7) 
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where •b is the deviatoric stress, krb is the inverse of kôï
+,, and gÑr and £Ñr are the inverses of 

ℂïì
w  and ℂïì

+  respectively. The convexity of Dì in the basis of deviatoric stress is demonstrated 

by following the same logic as above because Dì in the basis of deviatoric stress is the set D¶. 
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APPENDIX E 

CALIBRATION EQUATIONS FOR PROPOSED YIELD CRITERION 

 

Consider Equation 3.10 and Equation 3.9 for defining the yield function, i.e. without a 

center-shift included. To simplify notation and keep the final equations short, the expression 

from Equation 3.14 is used to denote the orthotropic-asymmetric transform. The general case, 

where Tjk is not assumed to have a known value, results in an impossibility of knowing before 

the calibration is solved if  íÑr  is a equal to either gÑr or £Ñr in certain cases. As a consequence, 

the equations derived following the procedures from Ch.2§2.2 contain the term íÑr  in several 

cases. In all of the derivations, it was assumed that Tjk = Tkj. 

The equations resulting from solving the axial strength relations are: 

 

 

D =	#ßt®63 '
ã
[í,,ã|2 − k,/ − k,0|ã 

+í//ã|2k,/ − 1 − k/0|ã +í00ã|2k,0 − k/0 − 1|ã] 
(E.1) 

 

 

D = 	ûßt®43 ü
ã
[í,,ã|−1 + 2k,/ − k,0|ã 

+í//ã|−k,/ + 2 − k/0|ã +í00ã|−k,0 + 2k/0 − 1|ã] 
(E.2) 

 

 

D = 	#ßt®B3 '
ã [í,,ã|−1 − k,/ + 2k,0|ã 

+í//ã|−k,/ − 1 + 2k/0|ã +í00ã|−k,0 − k/0 + 2|ã] 
(E.3) 
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D =	#ßtô63 '
ã
[í,,ã|−2 + k,/ + k,0|ã 

+í//ã|−2k,/ + 1 + k/0|ã +í00ã|−2k,0 + k/0 + 1|ã] 
(E.4) 

 

 

D =	ûßtô43 ü
ã
[í,,ã|1 − 2k,/ + k,0|ã 

+í//ã|k,/ − 2 + k/0|ã +í00ã|k,0 − 2k/0 + 1|ã] 
(E.5) 

 

 

D =	#ßtôB3 '
ã [í,,ã|1 + k,/ − 2k,0|ã 

+í//ã|k,/ + 1 − 2k/0|ã +í00ã|k,0 + k/0 − 2|ã] 
(E.6) 

 

The equations resulting from solving the shear strength relations are: 

 

 D = #™tw4BgCC'
ã
 (E.7) 

 

 D = R™twB6g55S
ã
 (E.8) 

 

 D = #™tw64g@@'
ã
 (E.9) 

 

 D = #™t+4B£CC'
ã
 (E.10) 

 

 D = R™t+B6£55S
ã
 (E.11) 
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 D = #™t+64£@@'
ã
 (E.12) 

 

The equations resulting from solving the off-axis tension test relations are: 

 

 

D =	ûßt40563 ü
ã
[í,,ã|k,/ − k,0|ã +í//ã|1 − k/0|ã 

+í00ã|k/0 − 1|ã + R√2	í@@SãV 
(E.13) 

 

 

D =	ûßt45563 ü
ã
[í,,ã|1 − k,0|ã + í//ã|k,/ − k/0|ã 

+í00ã|k,0 − 1|ã + R√2	í@@SãV 
(E.14) 

 

 

D =	ûßtB0543 ü
ã
[í,,ã|k,0 − 1|ã + í//ã|k/0 − k,/|ã 

+í00ã|1 − k,0|ã + R√2	íCCSãV 
(E.15) 

 

 

D =	ûßtB5543 ü
ã
[í,,ã|k,/ − 1|ã +í//ã|1 − k,/|ã 

+í00ã|k/0 − k,0|ã + R√2	íCCSãV 
(E.16) 

 

 

D =	#ßt605B3 '
ã
[í,,ã|1 − k,/|ã +í//ã|k,/ − 1|ã 

+í00ã|k,0 − k/0|ã + R√2	í55SãV 
(E.17) 
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D =	#ßt655B3 '
ã
[í,,ã|k,0 − k,/|ã +í//ã|k/0 − 1|ã 

+í00ã|1 − k/0|ã + R√2	í55S
ãV 

(E.18) 
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APPENDIX F 

SUPPLEMENTARY MATERIAL FOR CHAPTER 7 

 

Table F.1: List of Burgers orientation relationships for identifying the 12 habit plane variants. 

Variants Orientation Relationship 

A (11́0)¨//(0001)Æ , [111]¨//[112́0]Æ  

B (101́)¨//(0001)Æ , [111]¨//[112́0]Æ 

C (011́)¨//(0001)Æ , [111]¨//[112́0]Æ 

D (110)¨//(0001)Æ , [1́11]¨//[112́0]Æ 

E (101)¨//(0001)Æ , [1́11]¨//[112́0]Æ 

F (011́)¨//(0001)Æ , [1́11]¨//[112́0]Æ 

G (110)¨//(0001)Æ , [11́1]¨//[112́0]Æ 

H (101́)¨//(0001)Æ , [11́1]¨//[112́0]Æ 

I (011)¨//(0001)Æ , [11́1]¨//[112́0]Æ 

J (11́0)¨//(0001)Æ , [111́]¨//[112́0]Æ 

K (101)¨//(0001)Æ , [111́]¨//[112́0]Æ 

L (011)¨//(0001)Æ , [111́]¨//[112́0]Æ 

 

Table F.2: Possible slip systems corresponding to the inhomogeneous shear (P2). 

Slip System a (HCP) b (BCC) 

I (1́101)Æ[1́21́3́]Æ  (01́1)¨[1́11]¨ 

II (1́101́)Æ[1́21́3́]Æ (1́01)¨[11́1]¨ 

III (0001)Æ[112́0]Æ (11́0)¨[111]¨ 

IV (1́101)Æ[112́0]Æ (01́1)¨[111]¨ 

V (1́101́)Æ[112́0]Æ (1́01)¨[111]¨ 

VI (1́100)Æ[112́0]Æ (1́1́2)¨[111]¨ 

 

Table F.3: Habit plane calculations for slip system I for each of the four solution sets. 

Solution Set Habit Plane Angular Deviation 

(u1,h1) (-0.954, 0.228, 0.195) 29.3˚ 

(u2,h2) (0.184, 0.878, -0.442) 22.4˚ 

(u1,h2) (0.496, 0.494, -0.714) 2.2˚ 

(u2,h1) (0.506, 0.489, 0.710) 2.1˚ 
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F.1.   Equivalency of Equation 8 to the General Axis Angle (for small angles) 

Starting with the combination of Equations 7.7 and 7.8 from Ch.7 (Equation F.1), an 

equivalency with the angle of rotation about a general axis under the assumption of small angles 

is demonstrated. 

 

 sin ØJ∞± = ≤12 (≥Ñr − ¥Ñr ≥bb3 )(≥Ñr − ¥Ñr ≥µµ3 ) (F.1) 

 

From Lyons 1998 [1] the following equation for the rotation tensor in terms of the unit direction 

_∂ of the general axis and the angle of rotation Ø: 

 

≥ =	 ∑ cos Ø + _6/(1 − cosØ) _6_4(1 − cosØ) − _B sin Ø _6_B(1 − cosØ) + _4 sin Ø_6_4(1 − cos Ø) + _B sin Ø cosØ + _4/(1 − cos Ø) _4_B(1 − cosØ) − _6 sin Ø_6_B(1 − cos Ø) − _4 sin Ø _4_B(1 − cosØ) + _6 sin Ø cos Ø + _B/(1 − cosØ) ∏ 
(F.2) 

 

where _6, _4, and _B are the components of  the unit direction vector _∂. From Equation F.2 the 

following can be generated to describe the cosine of the angle Ø: 

 

 cosØ = ≥bb − 12  (F.3) 
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By the small angle theorem, the approximate relationship in Equation F.4 can be used 

along with Equation F.3 to produce the relationship in Equation F.5. 

 

 cosØ ≈ 1 −
sin/ Ø

2
 (F.4) 

 

 ≥bb ≈ 3− sin/ Ø (F.5) 

 

Applying the assumption that Ø = 	ØJ∞± , it can be demonstrated that Equation F.5 remains true, 

thereby demonstrating that Ø ≈ 	ØJ∞± under the assumption of small angles. 

 

 ≥bb ≈ 3− sin/ ØJ∞± (F.6) 

 

Applying the definition of sin ØJ∞± from Equation F.1 to Equation F.6 produces: 

 

 ≥bb ≈ 3 −
1

2
(≥Ñr − ¥Ñr

≥bb

3
)(≥Ñr − ¥Ñr

≥µµ

3
) (F.7) 

 

Through some manipulation Equation S-7 can be reduced to: 

 

 2≥bb ≈ 6 − ≥Ñr≥Ñr +
1

3
≥bb
/  (F.8) 

 

And further reduced to: 

 

 
1

3
(≥bb − 3)

/ ≈ ≥Ñr≥Ñr − 3 (F.9) 
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From Equation F.9, it is necessary to turn to component-wise manipulations to continue. 

Expanding the left-hand side by employing the definitions in Equation F.2 results in the 

following expression. Here, C will represent cosØJ∞±: 

 

 

1
3 #3∫

/ + 2∫(1 − ∫)R_6/ + _4/ + _B/S + (1 − ∫)/R_6C + _4C + _BCS'

+ 23 #3∫
/ + 2∫(1 − ∫)R_6/ + _4/ + _B/S

+ (1 − ∫)/R_6/_4/ + _6/_B/ + _4/_B/S'

− 2 #3∫ + (1 − ∫)R_6/ + _4/ + _B/S' + 3 

(F.10) 

 

Recalling that _∂ is a unit direction such that _6/ + _4/ + _B/ = 1, Equation F.10 can be reduced: 

 

 R3∫/ + 2∫(1 − ∫)S + 13 (1 − ∫)
/ − 2R3∫ + (1 − ∫)S + 3 (F.11) 

 

Expanding the right-hand side by employing the definitions in Equation F.2 results in the 

following expression. Here S will represent sin ØJ∞±  along with C representing cosØJ∞±: 
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R∫/ + _6C(1 − ∫)/ + 2∫_6/(1 − ∫)S + #∫/ + _4C(1 − ∫)/ + 2∫_4/(1 − ∫)'

+ R∫/ + _BC(1 − ∫)/ + 2∫_B/(1 − ∫)S

+ R_6/_4/(1 − ∫)/ + _B/ª/ − 2_6_4_B(1 − ∫)ªS

+ R_6/_B/(1 − ∫)/ + _4/ª/ + 2_6_4_B(1 − ∫)ªS

+ R_6/_4/(1 − ∫)/ + _B/ª/ + 2_6_4_B(1 − ∫)ªS

+ R_4/_B/(1 − ∫)/ + _6/ª/ − 2_6_4_B(1 − ∫)ªS

+ R_6/_B/(1 − ∫)/ + _4/ª/ − 2_6_4_B(1 − ∫)ªS

+ R_4/_B/(1 − ∫)/ + _6/ª/ + 2_6_4_B(1 − ∫)ªS − 3 

(F.12) 

 

Cancelling appropriate terms and again recalling that _∂ is a unit direction, Equation F.12 can be 

reduced to the following expression: 

 

 3∫/ + 2∫(1 − ∫) + (1 − ∫)/ + 2ª/ − 3 (F.13) 

 

Expanding the left-hand side and recombining it with the right-hand side gives: 

 

 

3∫/ + 2∫(1 − ∫) − 6∫ − 2(1 − ∫) + 3 + 13 (1 − ∫)
/

≈ 	3∫/ + 2∫(1 − ∫) + (1 − ∫)/ + 2ª/ − 3 

(F.14) 

 

Cancelling appropriate terms, combining like terms, and dividing both sides by 2 results in: 

 

 −3∫ − (1 − ∫) − 13 (1 − ∫)
/ ≈ ª/ − 3 (F.15) 
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Expanding the left-hand side and multiplying both sides by 3 produces: 

 

 −3 − 6∫ − 1 + 2∫ − ∫/ ≈ 3ª/ − 9 (F.16) 

 

Combining like terms and rearranging results in the following: 

 

 5 − 4∫ ≈ 3ª/ + ∫/ (F.17) 

 

Which can be further reduced through the application of the Pythagorean trigonometric identity: 

 

 4 − 4∫ ≈ 2ª/ (F.18) 

 

Dividing by 4 and rearranging Equation F.18, and replacing C and S with complete expressions 

gives the following: 

 

 cos ØJ∞± ≈ 1−
sin/ ØJ∞±

2
 (F.19) 

 

Here, the application of the assumption that Ø = 	ØJ∞± has demonstrated that Equation F.5 

remains true by reproducing Equation F.4, one of the results of the small angle theorem. 

Therefore Ø ≈ 	ØJ∞±  under the assumption of small angles. ☐ 
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APPENDIX G 

PERMISSIONS TO USE COPYRIGHTED MATERIALS FOR CHAPTER 7 

 

 

Figure G.1: Email sent out to co-authors. 

 

 

Figure G.2: Response from co-author Adam Pilchak. 

 

 

Figure G.3: Response from co-author Satish Rao. 
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Figure G.4: Response from co-author Eric Payton. 

 

 

Figure G.5: Response from co-author Aaron Stebner. 
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