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ABSTRACT 

This thesis presents a formal discussion of the use of the pseudopressure 

approach to analyze multiphase pressure- and rate-transient data of fractured wells in 

unconventional reservoirs. Among several options for the treatment of the multiphase 

flow problem, pseudopressure approach is an attractive semi-analytical choice for 

pressure- and rate-transient analysis as it reduces the problem to a single-phase flow 

analogy and enables the use of standard well-test analysis tools and techniques. 

However, the pseudopressure approach is inherently approximate and its success is 

strongly dependent on the validity of the assumptions made. Therefore, the appropriate 

use of the pseudopressure approach requires good documentation and understanding 

of its underlying assumptions. Most introductions of the pseudopressure approach for 

multiphase flow in naturally fractured media are based on numerical observations, 

extensions from known cases, or even by heuristic arguments, which do not permit 

explicitly delineating the parametric relations and associated assumptions. Therefore, in 

this thesis, both numerical and analytical approaches are used to document the 

assumptions and limits of application of the pseudopressure approach for multiphase 

flow in unconventional reservoirs. 

For ease of discussion, the problem is reduced to two-phase (oil and gas) linear 

(1D) flow in a naturally fractured porous medium. The dual-porosity idealization with 

transient interporosity flow option is used to represent the naturally fractured reservoir. 

To emulate the properties of unconventional reservoirs, the matrix is assumed to be 

very tight and the majority of the pore and pore-throat sizes are in the range of tens of 

nanometers. Due to the extreme pore proximity, the effect of capillary pressure in the 

matrix system is taken into consideration. 

The numerical model used in this research is constructed with COZSim, which is 

a specialty black-oil simulator developed to include the effect of pore proximity on phase 

behavior. The numerical model is verified under single-phase flow conditions by 

comparison to the analytical model in the Topaze software of Kappa. In this study, an 

analytical derivation of the total flow equation in terms of pseudopressure is also 

presented for two-phase flow in a linear dual-porosity medium. The analytical model 
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provides the basis of the pseudopressure definition and verifies the conditions under 

which the single-phase flow analogy can be used to analyze multiphase flow responses. 

An example case is generated by the numerical model and the results in terms of 

pseudopressure are compared with the corresponding single-phase responses.   

Comparison of the numerical results with the single-phase analog and the 

analytical derivations indicate that a single definition of pseudopressure is not possible 

for all times. The problem is caused by the capillary pressure difference between the 

matrix and fracture systems. While neglecting the effect of capillary pressure in 

pseudopressure definition causes deviation from single-phase results at late-times, 

inclusion of capillary pressure provides a match at late times but causes deviation at 

early times.  

The derivation of the analytical model indicates that single-phase definitions of 

the dual-porosity parameters (storativity and transmissibility) can be extended to 

multiphase flow as a diffusivity-weighted sum of the individual-phase parameters. The 

analytical model also provides early-, intermediate-, and late-time asymptotic solutions 

to be used in the straight-line analysis. The asymptotic solutions reveal the explicit form 

of the effective properties estimated from straight-line analysis. 

Finally, a synthetic example is analyzed by using the producing gas-oil ratio 

(GOR) to generate the saturation profile. Differences are observed between the 

produced GOR saturation predictions and the simulated saturations. This indicates, for 

dual-porosity reservoir models, the produced GOR method may not be a suitable option 

to predict the saturation profile considering the sharp pressure and saturation difference 

between the matrix and fracture due to the capillary pressure. Therefore, the produced 

GOR method may need to be enhanced in order to be applied for dual-porosity 

reservoirs which requires a further research.   
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

Well test analysis is one of the primary reservoir engineering tools to evaluate 

reservoir qualities such as flow capacity (𝑘ℎ). Assessing the healthiness of the wellbore 

condition, e.g., the skin factor (𝑆), is another advantage of the well test analysis. Over 

the years, the concept of well test analysis has been evolved to become a reservoir 

characterization tool, which can also provide reservoir characteristics such as the 

existence of faults, variability in reservoir permeability (heterogeneities) and the areal 

extent of the reservoir.  

Pressure transient analysis (PTA) relates the pressure response of the reservoir 

to a disturbance created at the well (rate changes due to production, injection, or shut-

in) to the characteristics of the reservoir. The fundamental theory of PTA relies on 

solving the pressure diffusivity equation. The diffusivity equation is a partial differential 

equation (PDE) resulting from combining three main principles, which are the mass 

balance, equation of state (EOS), and Darcy’s law, and describes the change of 

pressure in the reservoir as function of time and location.  

Because PTA uses the specific form of dependence of the observed pressure 

versus time trends to reservoir characteristics, such as the diffusivity or formation flow 

capacity, explicit statements of these dependencies through analytical formulations are 

desired. However, analytical solutions of the diffusivity equation are restricted to some 

idealized cases, such as single-phase, slightly compressible flow, mostly homogenous 

reservoirs, etc. In the other cases, either approximate approaches are used, or 

numerical solutions are utilized with their own limitations.  

Because of the limitation of the analytical solutions, the theory of PTA has been 

principally developed for single-phase flow in homogeneous reservoirs; yet, in reality, 

most reservoirs produce hydrocarbons in a multiphase flow fashion. The multiphase 

diffusivity equation is basically a set of three PDEs that describe the pressure and 

saturation profile for each phase. The following set of the PDEs are for gas, oil, and 

water, respectively, in a homogenous reservoir. 
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𝑘 ( 𝑘𝑟𝑔𝜇𝑔𝐵𝑔 + 𝑘𝑟𝑜𝜇𝑜𝐵𝑜 𝑅𝑠𝑜 + 𝑘𝑟𝑤𝜇𝑤𝐵𝑤 𝑅𝑠𝑤)𝛻2𝑝𝑔 = 𝜕𝜕𝑡 [𝜙 (𝑆𝑔𝐵𝑔 + 𝑆𝑜𝐵𝑜 𝑅𝑠𝑜 + 𝑆𝑤𝐵𝑤 𝑅𝑠𝑤)] (1.1) 

𝑘 ( 𝑘𝑟𝑜𝜇𝑜𝐵𝑜)𝛻2𝑝𝑜 = 𝜕𝜕𝑡 [𝜙 (𝑆𝑜𝐵𝑜)] (1.2) 

𝑘 ( 𝑘𝑟𝑤𝜇𝑤𝐵𝑤)𝛻2𝑝𝑤 = 𝜕𝜕𝑡 [𝜙 (𝑆𝑤𝐵𝑤)] (1.3) 

These PDEs are highly nonlinear as the relative permeability is a function of fluid 

saturation and the fluid properties such as viscosity and formation volume factor are 

pressure dependent parameters. Several attempts have been made in order to 

approximately linearize the multiphase flow equations for homogenous reservoirs. 

Martin (1959) showed that by assuming negligible capillary pressure and saturation 

gradient, the set of the PDEs can be merged into a single diffusivity equation that 

employs total mobility in order to approximately solve the resultant multiphase diffusivity 

equation. Al-Khalifah et al. (1987) assumed linear relationship between oil mobility and 

pressure and some researchers used the concept of pseudopressure function. Most of 

these attempts were conducted under the realm of a homogenous reservoir with 

relatively high permeability and porosity except Camacho-V. and Raghavan (1994). 

Another common assumption was the neglegance of capillary pressure and saturation 

gradient. 

1.2 Motivation and Problem Statement 

Pseudopressure transformation is a desirable approach to linearize multiphase 

diffusivity equation because it enables obtaining analytical solutions and using the 

standard single-phase flow analysis methods. However, even for single-phase gas flow, 

pseudopressure transformation yields an approximate linearization of the gas diffusion 

equation and to proceed with a solution, additional assumptions are required. Moreover, 

for multiphase flow, the pseudopressure definitions are mostly heuristic and can be 

validated only numerically. The downside of this approach is the hidden assumptions, 

which may not manifest themselves explicitly in numerical examinations.  
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Several pseudopressure definitions have been presented in the literature for 

multiphase flow analysis. The studies of Muskat et al. (1937) and Evinger and Muskat 

(1942) were under the realm of conventional resources and assume a homogenous 

reservoir.  Camacho-V. and Raghavan (1994) introduced a pseudopressure approach 

for naturally fractured, conventional reservoirs. Poe (2014) suggested pseudopressure 

definitions for PTA/RTA in unconventional reservoirs. One of the main difficulties in the 

definition of pseudopressure for unconventional reservoirs is the capillary-pressure 

discrepancy between the matrix and fracture media. Although Poe (2014) suggested 

that the pseudopressure approaches include capillary pressure in the definition, he did 

not provide the verification.  

In light of the above observations, there is a need for a formal investigation of the 

pseudopressure approach to be used in unconventional PTA/RTA. Such an 

investigation should not only properly account for the capillary pressure difference 

between matrix and fractures, but also explicitly document the assumptions required for 

the pseudopressure linearization to work. 

1.3 Objectives 

The broad objective of this research is to formally investigate the appropriateness 

of pseudopressure approach for unconventional PTA/RTA. It aims to propose a 

consistent definition of pseudopressure for multiphase flow in dual-porosity media, 

which accounts for high capillary pressure contrast between matrix and fractures. 

Providing a formal verification and delineating the assumptions involved in 

pseudopressure analysis are among the key objectives. One of the expectations of the 

research is to follow the standard analytical derivations and arrive at a closed form 

expression for total flow in terms of pseudopressure. This research is mainly theoretical 

and documentation of application details is not part of the objectives. 

1.4 Methodology 

The objective of this research is pursued by both analytical and numerical 

methods. The analytical method is used to derive a pseudopressure function for 

multiphase flow in naturally fractured reservoirs that considers the effect of capillary 

pressure and pore proximity. The detailed derivation of the multiphase pseudopressure 
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and the solution of the multiphase flow equation in terms of pseudopressure are 

included in this thesis. Because the analytical derivations involve several assumptions, 

a numerical approach is used to verify the analytical results and to generate data to test 

the premise that the pseudopressure approach creates a match with the single-phase 

solution. Figure 1.1 shows the workflow of this research. The numerical approach uses 

a special black-oil simulator, COZSim, which was originally developed by NITEC LCC 

with DOE/NETL funding and later improved by the research contributions from the 

Unconventional Reservoir Engineering Project (UREP) consortium at the Colorado 

School of Mines. COZSim has the following features, which are required for the 

objectives of this thesis: 

1. Naturally fractured reservoir model through “n-porosity” representation. 

2. Transient interporosity fluid transfer between matrix and fractures. 

3. Capillary pressure in the matrix medium. 

4. Pore proximity effect on the phase behavior. 

 

Figure 1.1: Methodology Diagram 



5 
 

1.5 Thesis Organization 

This thesis is organized into nine chapters:  

Chapter 1 includes a brief background for the study, provides the motivation and 

problem statement, objectives, and the methodology of the research.  

Chapter 2 is the literature review to summarize the existing work on the topic.  

Chapter 3 presents the analytical derivation of the pseudopressure approach for 

unconventional reservoirs, which is one of the main and original contributions of this 

thesis.  

Chapter 4 introduces the COZSim simulator and verifies its capabilities to 

simulate the desired multiphase flow characteristics in dual-porosity media, including 

capillary pressure and pore proximity effects. 

Chapter 5 shows the simulation models and the data used in the numerical 

evaluations.  

Chapter 6 presents the numerical validation of the pseudopressure approach.  

Chapter 7 demonstrates the straight-line analysis of multiphase pressure 

transient data in unconventional reservoirs by the pseudopressure approach. 

Chapter 8 shows the application of the pseudopressure approach on synthetic 

data using the produced GOR method, Raghavan (1976), to predict the saturation 

profile and the calculations of pseudopressure accordingly. 

Chapter 9 presents the overall conclusions and recommendations for further 

research. 
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CHAPTER 2 

LITERATURE REVIEW 

The transient analysis of multiphase flow is performed by utilizing two main 

approaches. Although more accurate to capture all details of multiphase flow physics, 

the numerical simulation approach is not usually well suited for the purposes of transient 

flow analysis. Analytical and semi-analytical approaches present better features for 

transient analysis, but they are inherently approximate. The total mobility-total 

compressibility ratio assumption is the most popular approach to analyze multiphase 

flow, especially for homogeneous and conventional reservoirs. On the other hand, the 

pseudopressure function is the other approach to analyze transient multiphase flow, 

however, this technique requires the knowledge of the saturation distribution. In this 

literature review, we will review these methods. 

2.1 The Total Mobility-Total Compressibility Ratio Approach 

Perrine (1956) came up with a simplified diffusivity equation for multiphase flow 

that is similar to single phase diffusivity equation based on an empirical observation. He 

suggested replacing the mobility and compressibility terms in the single-phase flow 

equation by the total compressibility-total mobility ratio. Afterwards, Martin (1959) 

illustrated that Perrine (1956) observation had some mathematical basis and he unified 

the PDEs for gas, oil and water into one governing multiphase diffusivity equation 

assuming negligible pressure-saturation gradient and no effect of capillary pressure. 

The final form of Perrine-Martin multiphase diffusivity equation is 

𝛻2𝑝 = 𝜙𝑐𝑡𝜆𝑡 𝜕𝑝𝜕𝑡  (2.1) 

where: 

𝜆𝑡 = 𝑘 (𝑘𝑟𝑔𝜇𝑔 + 𝑘𝑟𝑜𝜇𝑜 + 𝑘𝑟𝑤𝜇𝑤 ) 
(2.2) 

𝑐𝑡 = 𝑐𝜙 + 𝑆𝑔𝑐𝑔 + 𝑆𝑜𝑐𝑜 + 𝑆𝑤𝑐𝑤 (2.3) 
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 The Perrine-Martin approach has been used extensively in the industry; however, 

the disadvantage of this method is that it can only obtain the total mobility without any 

knowledge of the individual mobility for each phase. In addition, this method cannot 

provide any insights about the absolute permeability. Ayan and Lee (1988) found that 

Perrine-Martin method can overestimate the skin factor because of gas blockage. Under 

the same principle, Al-Khalifah et al. (1987) proposed a linear relation between the oil 

mobility and the pressure in order to determine the multiphase flow solution in terms of 

pressure-square. Below are the relations proposed by Al-Khalifah: 𝑘𝑜𝜇𝑜𝐵 = 𝑎𝑝 (2.4) 

where 𝑎 is a constant. 

𝛻2𝑝2 = 𝜙𝑐𝑡𝜆𝑡 𝜕𝑝2𝜕𝑡  (2.5) 

2.2 The Pseudopressure Approach 

Muskat et al. (1937) was one of the first researchers to evaluate the multiphase 

flow in porous media and introduced the pseudopressure integral concept. He assessed 

the impact of multiphase flow on the deliverability of a well producing both oil and gas. 

Muskat et al. (1937) focused on the homogeneous reservoir model and assumed 

steady-state flow. According to his study, the oil flow rate is given by the following 

relation: 

𝑞𝑜 = 𝑘ℎ141.2 × 𝑙𝑛(𝑟𝑒 𝑟𝑤⁄ )∫ 𝑘𝑟𝑜(𝑆𝑜)𝜇𝑜𝐵𝑜 𝑑𝑝𝑝𝑒𝑝𝑤𝑓  (2.6) 

We can see from Equation 2.6 that the relative permeability is a function of saturation, 

therefore, the integral can be evaluated only if the relation between fluid saturation and 

pressure is known. Raghavan (1976) was the first one to evaluate the integral in 

Equation 2.6 via produced Gas-Oil Ratio (GOR) to determine the saturation-pressure 

relation. Raghavan (1976) proposed the following relation: 
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𝐺𝑂𝑅 = 𝑅𝑠 + 𝑘𝑔𝜇𝑜𝐵𝑜𝑘𝑜𝜇𝑔𝐵𝑔 (2.7) 

This approach can be used for drawdown and build-up tests and it is based on the 

steady-state theory of Muskat et al. (1937).  

Boe et al. (1989) also studied the solution gas drive reservoirs and they showed 

a different pressure-saturation relationship that illustrated the change of saturation near 

the wellbore as a function of drawdown pressure.  

Several formulations of the pseudopressure function have been generated in 

order to linearize or approximately linearize the diffusivity equation. The best-known 

pseudopressure definition is by Al-Hussainy and Ramey (1966) to linearize the single-

phase real-gas flow equation. This method can also be applicable for gas condensate 

reservoirs if they are producing above the dew point pressure. The real-gas 

pseudopressure is defined by: 

𝑚(𝑝) = 2∫ 𝑝𝜇𝑔(𝑝)𝑍(𝑝) 𝑑𝑝𝑝𝑒𝑝𝑤𝑓  (2.8) 

 For multiphase pseudopressure, Evinger and Muskat (1942) were the first to 

introduce such formulation. 

𝑚(𝑝) = ∫ 𝑘𝑟𝑜𝜇𝑜𝐵𝑜 𝑑𝑝𝑝𝑒𝑝𝑤𝑓  (2.9) 

The three-zone two-phase pseudopressure is another form of multiphase 

pseudopressure integral which was introduced by Fevang and Whitson (1996). This 

definition considered the existence of a transition zone where both gas and liquid are 

present but only gas phase is mobile. The three-zone two-phase pseudopressure 

function has the following form: 

𝑚(𝑝) = ∫ ( 𝑘𝑟𝑔𝜇𝑔𝐵𝑔 + 𝑘𝑟𝑜𝜇𝑜𝐵𝑜 𝑅𝑠)𝑑𝑝𝑝∗
𝑝𝑤𝑓 +∫ ( 𝑘𝑟𝑔𝜇𝑔𝐵𝑔)𝑑𝑝𝑝𝑑𝑝∗ +∫ ( 1𝜇𝑔𝐵𝑔)𝑑𝑝𝑝𝑒𝑝𝑑  (2.10) 
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The last term in Equation 2.10 calculates the pseudopressure from the original reservoir 

pressure to the dew point pressure. This formulation mimics the saturation profile and 

the pseudopressure function is evaluated over three different zones in the reservoir. 

The first integral assesses the pseudopressure in the wellbore vicinity from the critical 

pressure to the bottomhole pressure. The second term determines the pseudopressure 

between the dew point pressure and the critical pressure. 

Al Ismail and Horne (2010) conducted a study that compares different methods 

of defining the pseudopressure functions. They concluded that the three-zone 

pseudopressure function is able to represent the pressure-saturation relationship and 

provide high accuracy in terms of skin factor and permeability. The multiphase 

pseudopressure, Evinger and Muskat (1942), provides an accurate pressure-saturation 

relationship; however, the skin factor is underestimated. The single-phase 

pseudopressure, Al-Hussainy and Ramey (1966), estimates the permeability correctly 

but overestimate the skin factor. 

2.3 Pseudopressure Approach for Dual-Porosity Reservoirs 

All of the aforementioned works have been conducted under the realm of 

conventional homogenous reservoirs. In order to reflect the physics of unconventional 

reservoirs, naturally fractured reservoir models have to be considered. Warren and Root 

(1963) presented the governing equation that describes the pressure response for 

single-phase flow in in the fracture network of a naturally fractured reservoir. 

(𝑘𝑓𝜇 )𝛻2𝑝𝑓 − (𝜙𝑐𝑡)𝑚 𝜕𝑝𝑚𝜕𝑡 = (𝜙𝑐𝑡)𝑓 𝜕𝑝𝑓𝜕𝑡  (2.11) 

 Kazemi et al. (1976) extended the Warren and Root (1963) model to the 

multiphase flow systems to account for the capillary and gravity forces by developing a 

numerical algorithm that solved the fracture flow equation using multiphase transfer 

function. 

Camacho-V. and Raghavan (1994) studied the pressure response in solution gas 

drive system for fractured reservoirs. To handle multiphase flow, they introduced two 

pseudopressure functions for the fracture and matrix media, respectively, as follows: 
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𝑚𝑓(𝑝𝑤𝑓) = ∫ 𝑘𝑟𝑜𝑓𝜇𝑜𝑓𝐵𝑜𝑓 𝑑𝑝′𝑝𝑒𝑝𝑤𝑓  (2.12) 

𝑚𝑚(𝑝𝑤𝑓) = ∫ 𝑘𝑟𝑜𝑚𝜇𝑜𝑚𝐵𝑜𝑚 𝑑𝑝′𝑝𝑒𝑝𝑤𝑓  (2.13) 

Their objective was to assess the pressure and saturation profiles of wells producing 

from fractured reservoir with solution-gas drive from their transient flow behavior. At the 

beginning, they evaluated the pressure drawdown response for dual-porosity and dual-

permeability systems. They found that the pressure drop in the dual-porosity model is 

higher at the early time where the fracture dominated the flow. However, at the late 

times, the pressure response for both models became identical. In addition, the defined 

dimensionless pseudopressure profile agrees with the liquid solution (single-phase flow) 

for both models. 

Camacho-V. and Raghavan (1994) showed the impact of relative permeability by 

varying the exponent factor of the oil and gas relative permeability. They assumed both 

exponents have the same value and simulated three different cases of the relative 

permeability. They found that, as the exponent increases, the multiphase flow effect 

becomes more pronounced at late times, where the dimensionless pressure starts 

deviating from the liquid flow solution. However, using the definition of pseudopressure, 

the profile is corrected to match the liquid flow solution. 

 Tellez-C. and Camacho-V. (1998) investigated the effects of capillary pressure 

on well test analysis for solution gas drive systems in naturally fractured reservoirs. 

They created a numerical simulator that considered the Warren and Root dual-porosity 

formulation for naturally fractured reservoirs. The initial reservoir pressure was set up to 

be equal to the bubble point pressure (solution gas drive) to insure multiphase flow 

occurrence. They found that both drawdown and build up tests showed capillary 

pressure effects in different flow periods under transient conditions. In addition, the fluid 

transfer between matrix and fracture is impacted when capillary pressure is considered. 

Tellez-C. and Camacho-V. (1998) started their research by simulating the 

pressure drawdown response of multiphase flow in a synthetic naturally fractured 
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reservoir and investigated the effect of capillary pressure in the fracture and matrix. 

They compared the pressure response against the liquid flow solution and found that 

during the homogeneous flow (matrix and fracture) period, which occur at the late time 

region, the pressure response deviated from the liquid flow solution due to multiphase 

flow effects. The deviation became more pronounced when capillary pressure was 

considered in the matrix system. The capillary pressure in the fracture system had 

practically no influence. 

In addition, Tellez-C. and Camacho-V. (1998) assessed the saturation profile in 

the matrix and fracture systems corresponding to the same simulation case mentioned 

above. They found when the matrix capillary pressure was included, the gas saturation 

in the matrix decreased while the fracture gas saturation increased. This occurred when 

the drawdown pressure started diverging from the liquid flow solution. This phenomenon 

occurred because the matrix held back the oil and released gas into the fractures. Also, 

they found the fracture capillary pressure had no influence on the well pressure 

response. 

Tellez-C. and Camacho-V. (1998) finalized their assessments with the following 

conclusions: 

1- The influence of matrix capillary pressure and fracture capillary pressure were 

observed at late times (the homogeneous flow period). The difference between 

multiphase flow and liquid flow solutions increased with time. 

2- The matrix capillary pressure was more dominant than the fracture capillary pressure. 

3- The oil flow from the matrix to the fracture is lower when the matrix capillary pressure 

was considered. 

2.4 Pseudopressure Approach for Unconventional Reservoirs 

Recently, a new study has been published by Poe (2014) that studied the effect 

of capillary pressure and relative permeability on production analysis for unconventional 

reservoirs. The author used a homogenous reservoir model with the multiphase flow 

formulation. A multiphase pseudopressure function was introduced as well as a total 
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reservoir flow rate to generate diagnostics and evaluate reservoir properties and 

completion effectiveness.  

𝑚(𝑝) = ∫ 𝑘{  
  𝑘𝑟𝑜𝑞𝑜𝜇𝑜𝐵𝑜|𝑃𝑜 + 𝑘𝑟𝑤𝑞𝑤𝜇𝑤𝐵𝑤|𝑃𝑜+𝑃𝑐𝑔𝑜+ 5.615𝑘𝑟𝑔[1000𝑞𝑔 − 𝑅𝑠𝑜𝑞𝑜 − 𝑅𝑠𝑤𝑞𝑤]𝜇𝑔𝐵𝑔|𝑃𝑜+𝑃𝑐𝑜𝑤}  

  𝑑𝑝′𝑝𝑖𝑝  (2.14) 

𝑞𝑟𝑡 = 𝑞𝑜𝐵𝑜 + 𝑞𝑤𝐵𝑤 + (1000𝑞𝑔 − 𝑅𝑠𝑜𝑞𝑜 − 𝑅𝑠𝑤𝑞𝑤)𝐵𝑔5.615  (2.15) 

Poe (2014) concluded that capillary pressure and relative permeability play an 

important role in production analysis for unconventional reservoirs. The consequences 

of ignoring the capillary pressure and relative permeability effect could be catastrophic 

as the error of estimating the fracture half-length and the effective oil permeability could 

be more than 50%. 

Similar observations have been found by Qanbari and Clarkson (2013) where 

they introduced a correction factor that eliminated or reduced the error associated with 

the analysis of multiphase flow in the cumulative oil production plot. They introduced a 

correction factor, which was the integral of Boltzmann variable with respect to 

pseudopressure.  

As for the pressure-saturation profile, Qanbari and Clarkson (2013) found that 

Raghavan (1976) method using the produced GOR was sufficient to represent the 

saturation profile which is Equation 2.10 mentioned above. They suggested a 

cumulative oil production plot based on the following equation:  

1𝑓𝑐 = √𝜋∫ 𝜉𝜂𝐷 𝑑𝑚𝐷1
0  (2.16) 

𝑚(𝑝𝑤𝑓) = ∫ [( 𝑘𝑜𝜇𝑜𝐵𝑜) ( 𝑘𝑜𝑖𝜇𝑜𝑖𝐵𝑜𝑖)⁄ ] 𝑑𝑝𝑝𝑖𝑝𝑤𝑓  (2.17) 
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(𝛥𝑚(𝑝𝑤𝑓)𝑓𝑐 )2 1𝑞𝑜 = 𝑚𝐶𝑃22 𝑄𝑜 (2.18) 

Equation 2.18 is for constant pressure production and it should reveal a straight-line 

relationship between the cumulative oil production and rate normalized pseudopressure 

with a slope of (𝑚𝐶𝑃2 2⁄ ). The authors also conducted an evaluation to notice the impact 

of excluding the correction factor. The synthetic reservoir model was set to mimic the 

multiphase flow by setting the reservoir pressure fairly close to the bubble point 

pressure and the constant bottomhole pressure was set as low as possible to ensure oil 

and gas phases were flowing towards the hydraulic fracture. 

2.5 Pore-Proximity Effects on PVT Behavior in Nanopores 

Since this research focuses on multiphase flow in unconventional reservoirs, it 

will be important to consider the effect of pore proximity on the phase behavior in matrix 

nanopores. The most important consequence of pore proximity effect is the increase of 

capillary pressure to create a pressure inequality between the liquid and gas phases in 

the matrix. Moreover, because the capillary pressures in the fracture and matrix media 

are different, there is a discontinuity in the gas phase pressure at the matrix-fracture 

interface.   

Firincioglu et al. (2013) studied the impact of pore proximity and showed that the 

bubble point was suppressed by an amount larger than the pressure difference of the 

existing phases. Also, Firincioglu et al. (2013) illustrated the effect of pore confinement 

on production performance by building a single porosity reservoir model and showed 

that the altered phase behavior (bubble-point suppression) due to pore proximity yielded 

a positive impact on oil production. This is because of the extended undersaturated flow 

period that resulted from bubble point suppression.  

Calisgan et al. (2017) extended Firincioglu et al. (2013) work to an n-porosity 

reservoir model to examine the impact of pore confinement in naturally fractured 

reservoir. Calisgan et al. (2017) found that oil and gas production decrease with 

elevated matrix capillary pressure. Also, the dual-porosity models that consider capillary 
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pressure provide an optimistic cumulative gas production compared to single-porosity 

and n-porosity reservoir models. 
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CHAPTER 3 

ANALYTICAL PSEUDOPRESSURE MODEL FOR LINEAR TWO-PHASE FLOW IN 

DUAL-POROSITY MEDIA 

This chapter presents the derivation of 1D, two-phase (oil and gas) flow equation 

for dual-porosity media. The derivation follows the standard lines of development under 

single-phase flow conditions to highlight the assumptions involved in the definition of a 

two-phase pseudopressure and the conditions for the pseudopressure responses to 

match with the single-phase responses. In Appendix A, which is linked to this chapter, 

the oil and gas flow equations are derived in Laplace domain separately. In this chapter, 

we add up the oil and gas flow equations to arrive to a total flow equation, and a 

solution is obtained in Laplace domain. Although the two-phase dual-porosity 

pseudopressure solution can be numerically inverted from Laplace domain back to the 

time domain, our interest is in deriving early-, intermediate-, and late-time asymptotic 

approximations to define the diagnostics of flow regimes. In general, the main objective 

of this chapter and Appendix A is to underline the assumptions involved in the definition 

and use of pseudopressure concept for the analysis of transient two-phase flow in dual-

porosity media and document the diagnostics of various flow regimes. 

The formulation of 1D, two-phase (oil and gas) flow equations in dual-porosity 

media requires an assumption about the continuity of phase pressures at the matrix-

fracture interface. This requirement is because of the capillary pressure difference 

between the gas pressures on the two sides of the interface. The oil pressure is 

continuous across the matrix-fracture interface; that is, 𝑝𝑓𝑜 = 𝑝𝑚𝑜 at the interface. The 

gas pressure, on the other hand, is related to oil pressure by 𝑝𝑔 = 𝑝𝑜 + 𝑝𝑐 and the 

capillary pressure, 𝑝𝑐, is a function of pore size. For the fracture medium, because of 

large pore sizes, we can assume 𝑝𝑓𝑐 ≈ 0 and 𝑝𝑓𝑔 ≈ 𝑝𝑓𝑜. For the matrix, however, due to 

small pore sizes, 𝑝𝑚𝑐 ≠ 0 and 𝑝𝑚𝑔 = 𝑝𝑚𝑜 + 𝑝𝑚𝑐. This leads to the discontinuity of gas 

pressures at the fracture-matrix interface and complicates the derivation of the solution. 

To eliminate the discontinuity at the fracture-matrix boundary, we can make two 

assumptions, which equate the matrix and fracture gas pressures. The first assumption 

is to ignore the capillary-pressure effect, which amounts to a reduction in the matrix gas 
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pressure. This assumption is expected to hold approximately at early times when the 

gas volume in the fracture network is dominated by the original gas in the fractures 

(negligible gas influx from the matrix). The second assumption is to impose the same 

matrix capillary pressure on fracture medium also, which increases the fracture gas 

pressure. This may be a suitable approximation at late times after the original gas in 

fractures is depleted and the flowing gas volume is predominantly due to the influx from 

the matrix. 

3.1 Total Flow Equation for 1-D Two-Phase (Oil and Gas) Flow in Dual-Porosity 

Media 

For Option 1 considered in Appendix A, we have the following fracture oil-flow 

equation:  𝑑2�̅�𝑓𝑜𝐷𝑑𝑥𝐷2 − 𝑠𝑓𝑜(𝑠)�̅�𝑓𝑜𝐷 = 0 (3.1) 

The inner boundary condition is given by  

(𝑑�̅�𝑓𝑜𝐷𝑑𝑥𝐷 )𝑥𝐷=0 = −𝜋𝑞𝑜𝑞𝑠  (3.2) 

and the outer boundary condition for a semi-infinite reservoir is lim𝑥𝐷→∞ �̅�𝑓𝑜𝐷 = 0 (3.3) 

Similarly, the gas-flow equation and the inner and outer boundary conditions are given, 

respectively, by 𝑑2�̅�𝑓𝑔𝐷𝑑𝑥𝐷2 − 𝑠𝑓𝑔(𝑠)�̅�𝑓𝑔𝐷 = 0 (3.4) 

(𝑑�̅�𝑓𝑔𝐷𝑑𝑥𝐷 )𝑥𝐷=0 = −𝜋𝑞𝑔𝑞𝑠  (3.5) 

and  
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lim𝑥𝐷→∞ �̅�𝑓𝑔𝐷 = 0 (3.6) 

Adding Equation 3.1, and Equation 3.4, we obtain 𝑑2�̅�𝑓𝐷𝑑𝑥𝐷2 − 𝑠𝑓𝑜𝑔(𝑠)�̅�𝑓𝐷 = 0 (3.7) 

where we have defined �̅�𝑓𝐷 = �̅�𝑓𝑜𝐷 + �̅�𝑓𝑔𝐷 (3.8) 

and 

𝑓𝑜𝑔(𝑠) = 𝑓𝑜(𝑠)�̅�𝑓𝑜𝐷 + 𝑓𝑔(𝑠)�̅�𝑓𝑔𝐷�̅�𝑓𝑜𝐷 + �̅�𝑓𝑔𝐷  (3.9) 

Similarly, from Equation 3.2, and Equation 3.5, we have 

(𝑑�̅�𝑓𝐷𝑑𝑥𝐷 )𝑥𝐷=0 = −𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠  (3.10) 

and, from Equation 3.3, and Equation 3.6, we obtain lim𝑥𝐷→∞ �̅�𝑓𝐷 = 0 (3.11) 

Equation 3.7 through Equation 3.11 suggest the definition of a new pseudopressure, in 

the form of  𝑚𝑓 = 𝑚𝑓𝑜 +𝑚𝑓𝑔 (3.12) 

That is, 
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𝑚𝑓 = ∫ 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜𝑝𝑓𝑜
𝑝𝑜𝑏 𝑑𝑝 + ∫ ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )𝑝𝑓𝑔

𝑝𝑔𝑏 𝑑𝑝
= ∫ [( 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜) +( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )]𝑝𝑓𝑜

𝑝𝑜𝑏 𝑑𝑝 

(3.13) 

For Option 2, the counterparts of Equation 3.7 through Equation 3.11 are, 

respectively, 𝑑2�̅�𝑓𝐷′𝑑𝑥𝐷2 − 𝑠𝑓𝑜𝑔′ (𝑠)�̅�𝑓𝐷′ = 0 (3.14) 

�̅�𝑓𝐷′ = �̅�𝑓𝑜𝐷′ + �̅�𝑓𝑔𝐷′  (3.15) 

𝑓𝑜𝑔′ (𝑠) = 𝑓𝑜′(𝑠)�̅�𝑓𝑜𝐷′ + 𝑓𝑔′(𝑠)�̅�𝑓𝑔𝐷�̅�𝑓𝑜𝐷′ + �̅�𝑓𝑔𝐷′  (3.16) 

(𝑑�̅�𝑓𝐷′𝑑𝑥𝐷 )𝑥𝐷=0 = −𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠  (3.17) 

and  lim𝑥𝐷→∞ �̅�𝑓𝐷′ = 0 (3.18) 

Based on Equation 3.14 to Equation 3.18, we define a new pseudopressure, in the form 

of 𝑚𝑓′ = 𝑚𝑓𝑜′ +𝑚𝑓𝑔′  (3.19) 

That is, 
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𝑚𝑓′ = ∫ 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜𝑝𝑓𝑜
𝑝𝑜𝑏 𝑑𝑝 + ∫ ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )𝑑𝑝𝑝𝑓𝑔+𝑝𝑐𝑝𝑔𝑏

= ∫ [( 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜) +( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )𝑝+𝑝𝑐] 𝑑𝑝𝑝𝑓𝑜
𝑝𝑜𝑏  

(3.20) 

If 𝑓𝑜𝑔 and 𝑓𝑜𝑔′  are independent of pressure and time (or 𝑠 in Laplace domain), 

Equation 3.7 and Equation 3.14 are linear and the same as the single-phase flow 

equation. One of the possibilities to approximately linearize Equation 3.7 and Equation 

3.14 is to assume: 

𝑓𝑜𝑔(𝑠) = 𝑓𝑜(𝑠)�̅�𝑓𝑜𝐷 + 𝑓𝑔(𝑠)�̅�𝑓𝑔𝐷�̅�𝑓𝑜𝐷 + �̅�𝑓𝑔𝐷 ≈ 𝑓𝑜(𝑠) + 𝑓𝑔(𝑠) = 𝑓𝑜𝑔(𝑠) (3.21) 

and 

𝑓𝑜𝑔′ (𝑠) = 𝑓𝑜′(𝑠)�̅�𝑓𝑜𝐷′ + 𝑓𝑔′(𝑠)�̅�𝑓𝑔𝐷�̅�𝑓𝑜𝐷′ + �̅�𝑓𝑔𝐷′ ≈ 𝑓𝑜′(𝑠) + 𝑓𝑔′(𝑠) = 𝑓𝑜𝑔′ (𝑠) (3.22) 

With the assumptions in Equation 3.22, and Equation 3.23, Equation 3.7, and Equation 

3.14 (and their associated boundary conditions) are the same as the single-phase liquid 

pressure equation in dual-porosity media and possess the same solution. Below, we 

follow the formal steps to obtain the solution of Equation 3.7 and Equation 3.14. 

3.2 Solution of The Total Flow Equation 

Option 1: The general solution of Equation 3.7 is given by 

�̅�𝑓𝐷 = 𝐴𝑒𝑥𝑝 (−√𝑠𝑓𝑜𝑔𝑥𝐷) + 𝐵 𝑒𝑥𝑝 (√𝑠𝑓𝑜𝑔𝑥𝐷) (3.23) 

By the condition given by Equation 3.11, 𝐵 = 0, and thus, 
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�̅�𝑓𝐷 = 𝐴𝑒𝑥𝑝 (−√𝑠𝑓𝑜𝑔𝑥𝐷) (3.24) 

Using the condition in Equation 3.10, we obtain  

𝐴 = 𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠√𝑠𝑓𝑜𝑔  (3.25) 

Therefore, the solution of Equation 3.7 is given by 

�̅�𝑓𝐷 = 𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠√𝑠𝑓𝑜𝑔 𝑒𝑥𝑝 (−√𝑠𝑓𝑜𝑔𝑥𝐷) (3.26) 

Equation 3.26 may be numerically inverted into time domain by an appropriate 

inverse Laplace transform algorithm. For our purposes here, we are interested in the 

asymptotic solutions of Equation 3.26 at 𝑥𝐷 = 0 (wellbore): 

�̅�𝑤𝐷 = �̅�𝑓𝐷(𝑥𝐷 = 0) = 𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠√𝑠𝑓𝑜𝑔  (3.27) 

To obtain asymptotic solutions for early, intermediate, and late times, we first 

note the asymptotic approximations of 𝑓𝑜𝑔 (the early- and late-time approximations 

correspond to the limits of the Laplace domain expression as the Laplace transform 

parameter 𝑠 approaches infinity and zero, respectively). Let us first note 

𝑓𝑜(𝑠) = 𝜂𝜂𝑓𝑜 [1 + √𝜆𝑜𝜔𝑜𝜂𝑓𝑜3𝑠𝜂 𝑡𝑎𝑛ℎ (√3𝜔𝑜𝜂𝜆𝑜𝜂𝑓𝑜 𝑠)]
=
{  
  
  𝜂𝜂𝑓𝑜 for early times𝜂𝜂𝑓𝑜√𝜆𝑜𝜔𝑜𝜂𝑓𝑜3𝑠𝜂 for intermediate times𝜂𝜂𝑓𝑜 (1 + 𝜔𝑜) for late times

 

(3.28) 
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and 

𝑓𝑔(𝑠) = 𝜂𝜂𝑓𝑔 [1 + √𝜆𝑔𝜔𝑔𝜂𝑓𝑔3𝑠𝜂�̃�𝑟 𝑡𝑎𝑛ℎ (√3𝜔𝑔𝜂𝜆𝑔𝜂𝑓𝑔 �̃�𝑟𝑠)]
=
{  
  
  𝜂𝜂𝑓𝑔 for early times𝜂𝜂𝑓𝑔√𝜆𝑔𝜔𝑔𝜂𝑓𝑔3𝑠𝜂�̃�𝑟 for intermediate times𝜂𝜂𝑓𝑔 (1 + 𝜔𝑔) for late times

 

(3.29) 

Then, we can approximate 𝑓𝑜𝑔(𝑠) defined by Equation 3.21 as follows: 

𝑓𝑜𝑔(𝑠) =
{  
   
   
  𝜂 (𝜂𝑓𝑜 + 𝜂𝑓𝑔𝜂𝑓𝑜𝜂𝑓𝑔 ) for early times
√𝜂

( 
  √𝜂𝑓𝑔�̃�𝑟 (𝜆𝑜𝜔𝑜3𝑠 ) + √𝜂𝑓𝑜 (𝜆𝑔𝜔𝑔3𝑠 )

√𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟 ) 
  for intermediate times

𝜂 [𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)𝜂𝑓𝑜𝜂𝑓𝑔 ] for late times
 (3.30) 

Substituting the approximations in Equation 3.30 into Equation 3.27, we obtain  
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�̅�𝑤𝐷 = �̅�𝑓𝐷(𝑥𝐷 = 0)

≈
{  
   
  
    
 𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠3 2⁄ √𝜂 √ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑜 + 𝜂𝑓𝑔 for early times
𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠5 4⁄ 𝜂1 4⁄ √𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟

√√𝜂𝑓𝑔�̃�𝑟 (𝜆𝑜𝜔𝑜3 ) + √𝜂𝑓𝑜 (𝜆𝑔𝜔𝑔3 ) for intermediate times
𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠3 2⁄ √𝜂 √ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔) for late times

 
(3.31) 

Selecting 𝑞 = 𝑞𝑡 = 𝑞𝑜 + 𝑞𝑔 and evaluating the inverse Laplace transform of 

Equation 3.31 yields: 

𝑚𝑓𝐷 ≈
{  
   
   
  2√𝜂√ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑜 + 𝜂𝑓𝑔√𝜋𝑡𝐷 for early times
4.561𝜂1 4⁄ √𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟

√√𝜂𝑓𝑔�̃�𝑟(𝜆𝑜𝜔𝑜) + √𝜂𝑓𝑜(𝜆𝑔𝜔𝑔) 𝑡𝐷1 4⁄  for intermediate times
2√𝜂√ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)√𝜋𝑡𝐷 for late times

 (3.32) 

In dimensional form (SI units), Equation 3.32 becomes  
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∆𝑚𝑓 ≈
{  
   
   
  1.772𝑞𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑜 + 𝜂𝑓𝑔 √𝑡 for early times
0.726𝑞𝑡𝑘𝑓ℎ𝑓𝑡√𝐿 √𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟

√√𝜂𝑓𝑔�̃�𝑟(𝜆𝑜𝜔𝑜) + √𝜂𝑓𝑜(𝜆𝑔𝜔𝑔) 𝑡1 4⁄  for intermediate times
1.722𝑞𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)√𝑡 for late times

 (3.33) 

In field units (rate in STB/D, and time in hrs.), Equation 3.33 is written as: 

∆𝑚𝑓 ≈
{  
   
   
  500.54𝑞𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑜 + 𝜂𝑓𝑔 √𝑡 for early times
644.13𝑞𝑡𝑘𝑓ℎ𝑓𝑡√𝐿 √𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟

√√𝜂𝑓𝑔�̃�𝑟(𝜆𝑜𝜔𝑜) + √𝜂𝑓𝑜(𝜆𝑔𝜔𝑔) 𝑡1 4⁄  for intermediate times
500.54𝑞𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔) √𝑡 for late times

 (3.34) 

Option 2: Following similar lines, we obtain �̅�𝑓𝐷′ = �̅�𝑓𝐷′ (𝑥𝐷 = 0)

≈
{  
   
  
    
 𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠3 2⁄ √𝜂 √ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑜 + 𝜂𝑓𝑔′ for early times
𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠5 4⁄ 𝜂1 4⁄ √𝜂𝑓𝑜𝜂𝑓𝑔′ �̃�𝑟′

√√𝜂𝑓𝑔′ �̃�𝑟′ (𝜆𝑜𝜔𝑜3 ) + √𝜂𝑓𝑜 (𝜆𝑔𝜔𝑔3 ) for intermediate times
𝜋(𝑞𝑜 + 𝑞𝑔)𝑞𝑠3 2⁄ √𝜂 √ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑔′ (1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔) for late times

 
(3.35) 
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and 

𝑚𝑓𝐷′ ≈
{  
   
   
  2√𝜂√ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑜 + 𝜂𝑓𝑔′ √𝜋𝑡𝐷 for early times
4.561𝜂1 4⁄ √𝜂𝑓𝑜𝜂𝑓𝑔′ �̃�𝑟′

√√𝜂𝑓𝑔′ �̃�𝑟′ (𝜆𝑜𝜔𝑜) + √𝜂𝑓𝑜(𝜆𝑔𝜔𝑔) 𝑡𝐷1 4⁄  for intermediate times
2√𝜂√ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑔′ (1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)√𝜋𝑡𝐷 for late times

 (3.36) 

In dimensional form and SI units, Equation 3.36 becomes 

∆𝑚𝑓′ ≈
{  
   
   
  1.772𝑞𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑜 + 𝜂𝑓𝑔′ √𝑡 for early times
0.726𝑞𝑡𝑘𝑓ℎ𝑓𝑡√𝐿 √𝜂𝑓𝑜𝜂𝑓𝑔′ �̃�𝑟′

√√𝜂𝑓𝑔′ �̃�𝑟′ (𝜆𝑜𝜔𝑜) + √𝜂𝑓𝑜(𝜆𝑔𝜔𝑔) 𝑡1 4⁄  for intermediate times
1.722𝑞𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑔′ (1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)√𝑡 for late times

 (3.37) 

In field units (rate in STB/D, and time in hrs.), the dimensional form of Equation 3.36 

is  

∆𝑚𝑓′ ≈
{  
   
   
  500.54𝑞𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑜 + 𝜂𝑓𝑔′ √𝑡 for early times
644.13𝑞𝑡𝑘𝑓ℎ𝑓𝑡√𝐿 √𝜂𝑓𝑜𝜂𝑓𝑔′ �̃�𝑟′

√√𝜂𝑓𝑔′ �̃�𝑟′ (𝜆𝑜𝜔𝑜) + √𝜂𝑓𝑜(𝜆𝑔𝜔𝑔) 𝑡1 4⁄  for intermediate times
500.54𝑞𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑔′ (1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔) √𝑡 for late times

 (3.38) 
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3.3 Discussion on the Implications of the Solutions 

It must be noted that the definition of 𝑚𝑓, Equation 3.13, was based on negligible 

matrix influx and it should create a match with the single-phase results at early times 

and the late-time results should separate from each other as a function of capillary 

pressure, 𝑝𝑐. On the other hand, the definition of 𝑚𝑓′ , Equation 3.20, was based on the 

dominance of matrix influx and it should create a match with the single-phase results at 

late times, but they will be separated from each other as a function of capillary pressure 

at early times (fracture flow only). At intermediate times, the use of neither 𝑚𝑓 nor 𝑚𝑓′  
should be expected to create a match with the single-phase results because the 

intermediate time properties of the gas in fracture will depend on the fracture and matrix 

gas pressures (and thus, the capillary pressure) and will be changing with time. 

The identification of the flow regimes on log-log diagnostic plot is independent of 

the definition of pseudopressure. If the assumptions used in the derivations above hold, 

then we should expect to have 1/2-slope at early times, 1/4 -slope at intermediate times, 

and 1/2-slope at late-times. 

For the straight-line analysis of data, we should use 𝑚𝑓 at early times and 𝑚𝑓′  at 

late times. Either definition of pseudopressure would not be justified at intermediate 

times. A heuristic approximation may be to use 𝑚𝑓′  with gas properties defined at 𝑝𝑓𝑔′ =𝑝𝑓𝑔 + (𝑝𝑐 2⁄ ). However, no theoretical justification can be provided for this approach.  

Finally, it is noted that the asymptotic solutions derived above suggest the 

following two-phase (oil and gas) definitions of the dual-porosity parameters 𝜔 and 𝜆 for 

Option 1 (early times):  

𝜔 = 𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)𝜂𝑓𝑜 + 𝜂𝑓𝑔 − 1 (3.39) 

and  
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√𝜆𝜔 = √𝜂𝑓𝑔�̃�𝑟(𝜆𝑜𝜔𝑜) + √𝜂𝑓𝑜(𝜆𝑔𝜔𝑔)�̃�𝑟(𝜂𝑓𝑜 + 𝜂𝑓𝑔)  
(3.40) 

Also defining an effective fracture two-phase permeability by: 

𝑘𝑓𝑒𝑓𝑓 = 𝑘𝑓 ℎ𝑓𝑡ℎ √ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑜 + 𝜂𝑓𝑔 = 𝑘𝑓𝑏√ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑜 + 𝜂𝑓𝑔 (3.41) 

where 𝑘𝑓𝑏 = 𝑘𝑓ℎ𝑓𝑡 ℎ⁄  is the fracture bulk permeability, we can re-write Equation 3.33 (in 

SI units) and Equation 3.34 (in field units), respectively, as follows: 

∆𝑚𝑓 ≈
{  
  
  1.772𝑞𝑡𝑘𝑓𝑒𝑓𝑓ℎ𝐿√𝑡 for early times0.726𝑞𝑡𝑘𝑓𝑒𝑓𝑓ℎ√𝐿 ( 𝑡𝜆𝜔)1 4⁄  for intermediate times
1.722𝑞𝑡𝑘𝑓𝑒𝑓𝑓ℎ𝐿√ 𝑡1 + 𝜔 for late times

 (3.42) 

and 

∆𝑚𝑓 ≈
{  
  
  500.54𝑞𝑡𝑘𝑓𝑒𝑓𝑓ℎ𝐿 √𝑡 for early times644.13𝑞𝑡𝑘𝑓𝑒𝑓𝑓ℎ√𝐿 ( 𝑡𝜆𝜔)1 4⁄  for intermediate times
500.54𝑞𝑡𝑘𝑓𝑒𝑓𝑓ℎ𝐿 √ 𝑡1 + 𝜔 for late times

 (3.43) 

The counterparts of Equation 3.42 and Equation 3.43 for Option 2 (late times) are 
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∆𝑚𝑓′ ≈
{  
  
  1.772𝑞𝑡𝑘𝑓𝑒𝑓𝑓′ ℎ𝐿√𝑡 for early times0.726𝑞𝑡𝑘𝑓𝑒𝑓𝑓′ ℎ√𝐿 ( 𝑡𝜆′𝜔′)1 4⁄  for intermediate times

1.722𝑞𝑡𝑘𝑓𝑒𝑓𝑓′ ℎ𝐿√ 𝑡1 + 𝜔′ for late times
 (3.44) 

and  

∆𝑚𝑓′ ≈
{   
  
   500.54𝑞𝑡𝑘𝑓𝑒𝑓𝑓′ ℎ𝐿 √𝑡 for early times644.13𝑞𝑡𝑘𝑓𝑒𝑓𝑓′ ℎ√𝐿 ( 𝑡𝜆′𝜔′)1 4⁄  for intermediate times500.54𝑞𝑡𝑘𝑓𝑒𝑓𝑓′ ℎ𝐿 √ 𝑡1 + 𝜔′ for late times

 (3.45) 

where 

𝑘𝑓𝑒𝑓𝑓′ = 𝑘𝑓 ℎ𝑓𝑡ℎ √ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑜 + 𝜂𝑓𝑔′ = 𝑘𝑓𝑏√ 𝜂𝑓𝑜𝜂𝑓𝑔′𝜂𝑓𝑜 + 𝜂𝑓𝑔′  (3.46) 

𝜔′ = 𝜂𝑓𝑔′ (1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)𝜂𝑓𝑜 + 𝜂𝑓𝑔′ − 1 (3.47) 

and 

√𝜆′𝜔′ = √𝜂𝑓𝑔′ �̃�𝑟′ (𝜆𝑜𝜔𝑜) + √𝜂𝑓𝑜(𝜆𝑔𝜔𝑔)�̃�𝑟′ (𝜂𝑓𝑜 + 𝜂𝑓𝑔′ )  
(3.48) 

To the best of our knowledge, the two-phase (oil and gas) definitions of the dual-

porosity parameters, 𝜔 and 𝜆 (and 𝜔′ and 𝜆′), the two-phase effective fracture 

permeability, 𝑘𝑓𝑒𝑓𝑓 (and 𝑘𝑓𝑒𝑓𝑓′ ) and the total flow solutions in term of the new parameters 

have not been reported before and constitute the important new contributions of this 
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research. These solutions also establish the equivalence of the two-phase 

pseudopressures with single-phase liquid pressures under dual-porosity conditions with 

the effect of capillary pressure. In concluding this chapter, it must be emphasized again 

that the results presented here are subject to the assumptions made in the derivations 

and may not be valid under all conditions. 

3.4 Extension to Constant Pressure Production 

The solution presented above assumes production at a constant rate. To establish the 

results for production at a constant pressure, we use the convolution property: 

∆𝑝𝑝(𝑥, 𝑡) = ∫ 𝑞𝑝(𝜏)𝑞𝑞 (𝜕∆𝑝𝑞𝜕𝑡′ )𝑡′=𝑡−𝜏 𝑑𝜏𝑡
𝑜  (3.49) 

where ∆𝑝𝑝 and 𝑞𝑝 are the pressure drop (with respect to initial pressure) and flow rate, 

respectively, for constant-pressure production case, and ∆𝑝𝑞 and 𝑞𝑞 are the 

corresponding properties for the constant-rate production case. Equation 3.49 can be 

written in terms of dimensionless variables as follows: 

𝑝𝑝𝐷(𝑥𝐷 , 𝑡𝐷) = ∫ 𝑞𝑝𝐷(𝜏𝐷) (𝜕𝑝𝑞𝐷𝜕𝑡𝐷′ )𝑡𝐷′ =𝑡𝐷−𝜏𝐷 𝑑𝜏𝐷𝑡𝐷𝑜  (3.50) 

where we have defined: 

𝑝𝑝𝐷 = 𝑝𝑖 − 𝑝𝑝(𝑥, 𝑡)𝑝𝑖 − 𝑝𝑝𝑤𝑐 = ∆𝑝𝑝(𝑥, 𝑡)∆𝑝𝑝𝑤  (3.51) 

𝑞𝐷 = 𝑞𝑝(𝑡)𝐵𝜇141.2𝑘ℎ(𝑝𝑖 − 𝑝𝑝𝑤) (3.52) 

𝑝𝑞𝐷 = 141.2𝑘ℎ𝑞𝑞𝐵𝜇 [𝑝𝑖 − 𝑝𝑞(𝑥, 𝑡)] = 141.2𝑘ℎ𝑞𝑞𝐵𝜇 ∆𝑝𝑞 (3.53) 
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𝑡𝐷 = 𝑘𝜙𝑐𝑡𝜇𝐿2 𝑡 (3.54) 

Taking the Laplace transform of Equation 3.50, we obtain: �̅�𝑝𝐷(𝑥𝐷 , 𝑠) = �̅�𝑝𝐷𝑠�̅�𝑞𝐷 (3.55) 

which, at the wellbore 𝑥𝐷 = 0, yields 

�̅�𝑝𝐷(𝑥𝐷 = 0, 𝑠) = �̅�𝑞𝐷(𝑥𝐷 = 0, 𝑠) = 1𝑠 = �̅�𝑝𝐷𝑠�̅�𝑞𝐷 (3.56) 

or 

�̅�𝐷𝑞�̅�𝐷𝑝 = 1𝑠2 (3.57) 

We can write the above relationship in terms of pseudopressure as follows: 

�̅�𝑞𝐷�̅�𝑝𝐷 = 1𝑠2 (3.58) 

where 

𝑚𝑝𝐷 = 𝑚𝑖 −𝑚𝑝(𝑥, 𝑡)𝑚𝑖 −𝑚𝑝𝑤 = ∆𝑚𝑝(𝑥, 𝑡)∆𝑚𝑝𝑤  (3.59) 

𝑞𝑝𝐷 = 𝑞𝑝(𝑡)141.2𝑘𝑓ℎ𝑓𝑡(𝑚𝑖 −𝑚𝑝𝑤) (3.60) 

𝑚𝐷𝑐 = 141.2𝑘𝑓ℎ𝑓𝑡𝑞𝑐 [𝑚𝑖 −𝑚(𝑥, 𝑡)] = 141.2𝑘𝑓ℎ𝑓𝑡𝑞𝑐 ∆𝑚𝑐 (3.61) 

𝑡𝐷 = 𝜂𝐿2 𝑡 (3.62) 
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where 𝜂 is an arbitrary constant in the units of diffusivity coefficient, and 

𝑥𝐷 = 𝑥𝐿 (3.63) 

From Equation 3.26, we have 

�̅�𝑞𝐷 = 𝜋𝑠√𝑠𝑓𝑜𝑔 𝑒𝑥𝑝 (−√𝑠𝑓𝑜𝑔𝑥𝐷) (3.64) 

Then, at 𝑥𝐷 = 0,  

�̅�𝑝𝐷 = 1𝑠2�̅�𝑞𝐷 = √𝑓𝑜𝑔√𝑠𝜋  (3.65) 

Using the approximations of 𝑓𝑜𝑔(𝑠) given in Equation 3.30, we obtain: 

�̅�𝑝𝐷 = √𝑓𝑜𝑔√𝑠𝜋

=

{  
   
  
   
   
 √𝜂 (𝜂𝑓𝑜 + 𝜂𝑓𝑔𝜂𝑓𝑜𝜂𝑓𝑔 )𝜋√𝑠 for early times

√    
       
 
√𝜂

( 
  √𝜂𝑓𝑔�̃�𝑟 (𝜆𝑜𝜔𝑜3 ) + √𝜂𝑓𝑜 (𝜆𝑔𝜔𝑔3 )

√𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟 ) 
  

𝜋𝑠5 4⁄ for intermediate times
√𝜂 [𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)𝜂𝑓𝑜𝜂𝑓𝑔 ]𝜋√𝑠 for late times

 

(3.66) 

Evaluating inverse Laplace transform of Equation 3.66 yields: 
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𝑞𝑝𝐷

=
{  
   
  
    
 1𝜋√𝜋𝑡𝐷 √𝜂 (𝜂𝑓𝑜 + 𝜂𝑓𝑔𝜂𝑓𝑜𝜂𝑓𝑔 ) for early times

11.225𝜋𝑡𝐷1 4⁄ √    
      
  
√𝜂

( 
  √𝜂𝑓𝑔�̃�𝑟 (𝜆𝑜𝜔𝑜3 ) + √𝜂𝑓𝑜 (𝜆𝑔𝜔𝑔3 )

√𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟 ) 
  for intermediate times

1𝜋√𝜋𝑡𝐷√𝜂 [𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)𝜂𝑓𝑜𝜂𝑓𝑔 ] for late times
 

(3.67) 

In dimensional form and SI units, Equation 3.67 becomes: 𝑞𝑝(𝑡)(𝑚𝑖 −𝑚𝑝𝑤)

=
{  
   
   
  2𝑘𝑓ℎ𝑓𝑡𝐿√𝜋𝑡 √(𝜂𝑓𝑜 + 𝜂𝑓𝑔𝜂𝑓𝑜𝜂𝑓𝑔 ) for early times
1.633𝑘𝑓ℎ𝑓𝑡√𝐿𝑡1 4⁄ √    

      √𝜂𝑓𝑔�̃�𝑟 (𝜆𝑜𝜔𝑜3 ) + √𝜂𝑓𝑜 (𝜆𝑔𝜔𝑔3 )
√𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟 for intermediate times

2𝑘𝑓ℎ𝑓𝑡𝐿√𝜋𝑡 √[𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)𝜂𝑓𝑜𝜂𝑓𝑔 ] for late times
 

(3.68) 

 

or 



32 
 

(𝑚𝑖 −𝑚𝑝𝑤)𝑞𝑝(𝑡)

=
{  
   
   
  √𝜋𝑡2𝑘𝑓ℎ𝑓𝑡𝐿√ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑜 + 𝜂𝑓𝑔 for early times

𝑡1 4⁄1.633𝑘𝑓ℎ𝑓𝑡√𝐿√    
      √𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟
√𝜂𝑓𝑔�̃�𝑟 (𝜆𝑜𝜔𝑜3 ) + √𝜂𝑓𝑜 (𝜆𝑔𝜔𝑔3 ) for intermediate times

√𝜋𝑡2𝑘𝑓ℎ𝑓𝑡𝐿√ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔) for late times
 

(3.69) 

In field units 𝑞𝑝(𝑡)(𝑚𝑖 −𝑚𝑝𝑤)

=
{  
   
  
    
 𝑘𝑓ℎ𝑓𝑡𝐿786.25√𝑡√(𝜂𝑓𝑜 + 𝜂𝑓𝑔𝜂𝑓𝑜𝜂𝑓𝑔 ) for early times

𝑘𝑓ℎ𝑓𝑡√𝐿443.59𝑡1 4⁄ √    
      
  
( 
  √𝜂𝑓𝑔�̃�𝑟 (𝜆𝑜𝜔𝑜3 ) + √𝜂𝑓𝑜 (𝜆𝑔𝜔𝑔3 )

√𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟 ) 
  for intermediate times

𝑘𝑓ℎ𝑓𝑡𝐿786.25√𝑡√𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔)𝜂𝑓𝑜𝜂𝑓𝑔 for late times
 

(3.70) 

or 
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(𝑚𝑖 −𝑚𝑝𝑤)𝑞𝑝(𝑡)

=
{  
   
  
    
 786.25√𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑜 + 𝜂𝑓𝑔 for early times
443.59𝑡1 4⁄𝑘𝑓ℎ𝑓𝑡√𝐿 √    

      
  
( 
  √𝜂𝑓𝑜𝜂𝑓𝑔�̃�𝑟
√𝜂𝑓𝑔�̃�𝑟 (𝜆𝑜𝜔𝑜3 ) + √𝜂𝑓𝑜 (𝜆𝑔𝜔𝑔3 )) 

  for intermediate times
786.25√𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √ 𝜂𝑓𝑜𝜂𝑓𝑔𝜂𝑓𝑔(1 + 𝜔𝑜) + 𝜂𝑓𝑜(1 + 𝜔𝑔) for late times

 

(3.71) 
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CHAPTER 4 

VERIFICATION OF THE NUMERICAL SIMULATOR 

To verify the definition of pseudopressure and assess its applicability to 

multiphase flow in unconventional reservoirs, we use the data generated by COZSim 

simulator of NITEC-UREP. This simulator has been used earlier to investigate the effect 

of pore proximity on PVT behavior and multiphase production from unconventional 

reservoirs. Results of these investigations and the details of the simulator have been 

provided by Firincioglu et al. (2013) and Calisgan et al. (2017).  Therefore, the selection 

of this simulator is because of its ability to incorporate the effects of capillary pressure 

and phase behavior under pore-confinement in dual-porosity media, its availability in our 

software library, and convenience to modify the output data options. However, before 

using the simulator for multiphase flow conditions, we verify its dual-porosity formulation 

and accuracy of transient flow results by comparison to the analytical single-phase, 

dual-porosity model of the Topaze software by KAPPA Eng.  

Below, we first present the data used in the verification example and then 

present the single-phase model to be used in the verification. Finally, we present the 

numerical model and the comparison of the analytical and numerical single-phase flow 

results. 

4.1 Data for The Verification Example 

The reservoir and fluid data used in the verification example are given in Table 

4.1. We consider a closed rectangular reservoir of uniform thickness and flow of a 

single-phase, slightly compressible fluid of constant viscosity and compressibility. The 

reservoir is naturally fractured and represented by the dual-porosity idealization [both 

pseudo-steady state (PSS) and unsteady “transient” state (USS) inter-porosity flow 

options are considered for dual-porosity behavior]. Production from the system is by an 

infinite-conductivity (planar) fracture, which penetrates the entire width (200 ft) and 

height (20 ft) of the formation and gives rise to 1D linear flow in the system. The initial 

reservoir pressure is 4,000 psi and the wellbore pressure is constant at 1,000 psi for all 

times. 
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Table 4.1: General reservoir and fluid data for the verification example 

GENERAL MODEL INFORMATION 

Fluid Model Single Phase – slightly compressible fluid 

Total Compressibility – 𝒄𝒕, (1/psi) 4.00E-06 

Viscosity – 𝝁, (cp) 0.7986 

Formation Volume Factor – 𝑩, (bbl/STB) 1.03 

Reservoir Model Naturally Fractured Reservoir 

Inter-Porosity Flow Model 
Pseudo-steady State – PSS 

Unsteady “transient” State – USS  

Initial Reservoir Pressure – 𝒑𝑹, (psi)  4000 

Bottomhole Pressure – 𝒑𝒘𝒇, (psi) 1000 

Reservoir Length – 𝒙𝒆, (ft) 1000 

Reservoir Width – 𝒚𝒆, (ft) 200 

Thickness – 𝒉, (ft) 20 

Matrix Porosity – 𝝓𝒎, (ratio) 0.07 

Fracture Porosity – 𝝓𝒇, (ratio) 0.0006 

Matrix Permeability – 𝒌𝒎, (md) 0.0001 

Effective Fracture Permeability – 𝒌𝒇,𝒆𝒇𝒇, (md) 1.00 

 

4.2 Analytical Model 

We use the KAPPA G5 – Rate Transient Analysis module to generate the 

analytical results. Figure 4.1 shows the diagnostic (log-log) plot for 1,000 hrs of 

production data. Results shown in Figure 4.1 correspond to both PSS (long dashed line) 

and USS (short dashed line) inter-porosity fluid transfer options used in the dual-

porosity formulation. 

As expected, both inter-porosity flow models merge at late times when total 

(matrix and fracture) flow defines the flow characteristics and indicate a linear flow 

regime (1/2-slope line).  In the middle-time region, different assumptions about matrix to 

fracture fluid transfer cause the change between the PSS and USS responses (zero-

slope for PSS and ¼-slope for USS). The early-time region corresponds to flow only in 

the natural fractures and is the same (linear flow indicated by ½-slope) for both inter-

porosity flow assumptions. However, due to small storage of the fracture network, this 
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flow period may not last long and for the particular case shown in Figure 4.1, starts 

transitioning to intermediate-time flow around 0.2 hr. 

 

Figure 4.1: Analytical Solution for USS & PSS inter-porosity flow model in naturally 

fractured reservoir 

4.3 Numerical Model and Verification 

After establishing the analytical solution, we use the same properties to create 

the numerical model using COZSim. Table 4.2 illustrates the gridding system and the 

model options to simulate the same behavior as in the analytical model discussed in the 

previous section. In the numerical simulator, the USS inter-porosity fluid transfer option 

is represented by an n-porosity model where matrix blocks are connected in parallel as 

shown in Figure 4.2 to create transient fluid flow in the matrix system. 

 

Figure 4.2: N-porosity model with parallel connection between multiple matrices and 

fracture 
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Table 4.2 provides the information about 1D reservoir grid system, which extends 

4,000 ft in the flow direction with 200-ft width laterally. The reservoir thickness is uniform 

and 20 ft. The simulation mode is constant bottomhole pressure at 1,000 psi. Similar to 

the analytical model, we consider both PSS and USS inter-porosity fluid transfer options 

for dual-porosity idealization. To model the transient fluid transfer, each grid block 

consists of 1-fracture and 4-matrix (n-porosity) while modeling the pseudo-steady state 

fluid transfer, each grid block consists of 1-fractrue and 1-matrix (dual-porosity).  

Table 4.2: Reservoir model gridding system 

Model Type 1-D 

Number of grids, 𝑵𝒙 × 𝑵𝒚 ×𝑵𝒛 2000 × 1 × 1 ∆𝒙 × ∆𝒚 × ∆𝒛 2 𝑓𝑡 × 200 𝑓𝑡 × 20 𝑓𝑡 
Simulation Mode Constant Pressure 

Reservoir Model  NFR 

Matrix-Fracture 

Transmissibility, 𝑻𝑬𝑿, (md.ft) 
0.01  

Inter-porosity Flow Model 

Dual-Porosity (PSS) 

# of Fractures = 1 

# of Matrix elements = 1 

N-Porosity (USS) 

# of Fractures = 1 

# of Matrix elements = 4 

In COZSim, the transmissibility term represents the matrix-fracture exchange in a 

grid block with a matrix bulk volume of 𝛥𝑥𝛥𝑦𝛥𝑧 and is given by 

𝑇𝐸𝑋 = 4.5084 × 10−3 × (𝛥𝑥𝛥𝑦𝛥𝑧) (𝑘𝑥𝐿𝑥2) (4.1) 

Since we have a 1-D model, we consider flow only in the x-direction. The 𝑘𝑥 is the 

matrix permeability and 𝐿𝑥 is the fracture spacing. The matrix-fracture exchange can be 

specified by the user in the simulator, Calisgan et al. (2017). 
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4.4 Comparison of the Results of Analytical and Numerical Models 

Figure 4.3 shows the numerical simulation results for the single-phase flow case. 

Also included in Figure 4.3 for comparison are the analytical results in Figure 4.1.  

There is an acceptable agreement between the numerical and analytical results, which 

verifies the numerical simulator to be used in the following chapters. For future 

reference, we note slight discrepancies between the numerical and analytical results at 

very early times and during transition from intermediate- to late-time flow regimes. 

These deviations are the result of gridding and time-steps used in the numerical model. 

 

Figure 4.3: Comparison between the analytical and the numerical model for naturally 

fractured reservoir  
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CHAPTER 5 

NUMERICAL MODEL 

As explained earlier, numerical results are used in this work to verify the 

assumptions of the analytical pseudopressure formulation, confirm the definition of 

pseudopressure, and provide synthetic data to assess the validity of the 

pseudopressure approach for two-phase flow in unconventional reservoirs. This chapter 

presents the reservoir and fluid properties used in the simulations and the key aspects 

of the numerical model. It also explains the numerical results, which serve as the basis 

of verification of the pseudopressure approach presented in the next chapter.  

5.1 Numerical Model Setup 

The numerical model is setup to run on the COZSim simulator. The reservoir is a 

rectangular parallelepiped with the dimensions of 2,000 ft in the x-direction (direction of 

flow), 200 ft in the y-direction and 20 ft in the z-direction, which represents the uniform 

thickness of the formation. An infinite-conductivity vertical fracture is located at x = 0 on 

(in the y-direction) and penetrates the entire length and width (y-z plane) of the 

reservoir. The mode of production is constant bottom-hole pressure causing 1D, linear 

flow (in x-direction) in the given reservoir geometry.  

There are 200 grids in the x-direction (longer side), 1 grid in the y-direction 

(shorter side), and 1 grid in the z-direction (thickness) of the reservoir resulting in 200 

total grid-blocks of 10-ft x 1-ft x 1-ft (∆𝑥 × ∆𝑦 × ∆𝑧) dimensions. The n-porosity option of 

the simulator is selected to represent the transient inter-porosity fluid transfer (USS 

inter-porosity model) for the dual-porosity idealization of the naturally fractured medium. 

After considering different options, the serial-connection of four matrix blocks has been 

selected as the optimum n-porosity configuration to yield reasonable accuracy without 

overwhelming the computational process. Total simulation time is 8,760 hr with a 

uniform time-step of 1 hr. Table 5.1 provides the information about the setup of the 

simulation model. 
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Table 5.1: Numerical model set up for multiphase flow 

Model Type  1-D 

Reservoir Grid Size  

𝑥 =  2000 𝑓𝑡 𝑦 =  200𝑓𝑡 𝑧 =  20 𝑓𝑡 
Gridding System 

∆𝑥 = 10 𝑓𝑡 −  𝑁𝑥 = 200 ∆𝑦 =  200𝑓𝑡 − 𝑁𝑦 = 1 ∆𝑧 =  20 𝑓𝑡 − 𝑁𝑧 = 1 

Reservoir Model n-porosity 

Number of Fractures 1 

Number of Matrix Blocks  4 – “Serial Connection” 

Simulation Model Constant Bottomhole Pressure 

Simulation Period  365 day 

Time-step 1 hour 

 

5.2 Reservoir Model Properties 

The reservoir properties used in the numerical model are given in Table 5.2. The 

relative permeability curves and PVT data have been provided by NITEC LCC and are 

similar to those used by Calisgan et al. (2017). Four values of matrix capillary pressure 

are considered: 𝑝𝑐𝑚 = 0, 100, 200, and 300 psi with zero-capillary pressure in the 

fracture media. [A similar simulation study has been done also by Calisgan et al. (2017) 

except that the simulations conducted in this work are for a constant capillary pressure 

distribution across the reservoir while Calisgan et al. (2017) considered variable 

capillary pressure distributions. In general, the effect of capillary pressure and pore 

proximity on our results is consistent with the observations of Calisgan et al. (2017)]. 

The initial reservoir pressure and bubble-point pressure are 3,250 psi and 2,000 

psi, respectively, and the production is at a constant bottomhole pressure of 1,000 psi; 

that is, the reservoir fluid is single-phase oil initially and two-phase, oil and gas flow 

develop slightly after the production starts and pressure drops below the bubble point. 
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Bulk porosities of matrix and fracture are 0.07 and 0.01, respectively, and the formation 

compressibility is 10-4 psi-1 for fracture and 10-5 psi-1 for matrix. Fracture bulk 

permeability is 1 md and matrix bulk permeability is 10-4 md. 

Table 5.2: Reservoir properties 

Initial Reservoir Pressure, 𝒑𝒓  (psi) 3250 

Bubble Point Pressure, 𝒑𝒃  (psi) 2000 

Bottomhole Pressure, 𝒑𝒘𝒇  (psi) 1000 

Fracture Porosity, 𝝓𝒇  (ratio) 0.01 

Matrix Porosity, 𝝓𝒎  (ratio) 0.07 

Fracture Permeability, 𝒌𝒇  (md) 1.00 

Matrix Permeability, 𝒌𝒎  (md) 0.0001 

Matrix-Fracture Exchange Transmissivity, 𝑻𝑬𝑿  (md.ft) 0.005 

Fracture Spacing, 𝑳𝒙 (ft) 1.8992 

Fracture Compressibility, 𝒄𝒇  (1/psi) 0.0001 

Matrix Compressibility, 𝒄𝒎  (1/psi) 0.00001 

 

PVT properties of the reservoir fluids are presented in Figures 5.1 – 5.3. Figure 

5.1 shows the variation of oil and gas formation volume factors and viscosities with 

pressure and the compressibilities of oil and gas vs. pressure are shown in Figure 5.2. 

In Figure 5.3, solution gas-oil ratio is presented as a function of pressure, which is 

consistent with the evolution of the free gas phase at the bubble-point pressure of 2,000 

psi.  
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Figure 5.1: Formation volume factor and viscosity of oil and gas as a function of 

pressure 

 

Figure 5.2: Oil and gas compressibilities as a function of pressure 

 

Figure 5.3: Change of solution gas-oil ratio as pressure drops during production 
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Figure 5.4: Relative permeability curves for fracture and matrix 

Oil and gas relative permeabilities used in the simulations are shown in Figure 

5.4. Relative permeability curves are presented for both fracture and matrix media. As 

customary, fracture relative permeabilities for both oil and gas phases are represented 

by straight lines. Matrix relative permeabilities, on the other hand, indicate that both oil 

and gas become mobile at relatively high saturations. As mentioned previously, the 

initial fluid saturations are 1.00 for oil-phase and 0.00 free gas-phase. Because the 

initial reservoir pressure is above the bubble-point pressure, the gas-phase is dissolved 

into the liquid and we can determine from Figure 5.3 that the initial solution gas-oil ratio 

is 768.15 SCF/STB.  

5.3 Simulation Results 

As mentioned earlier, the objective of the numerical model is to generate two-

phase, oil and gas production data to verify the pseudopressure approach for PTA/RTA 

in unconventional reservoirs. In addition to the customary concerns related to the 

imperfect linearization of the diffusion equation by the pseudopressure approach, the 

mismatch of the oil and gas pseudopressure definitions at the matrix-fracture interface 

due to capillary-pressure imbalance is a major concern in our case. Therefore, the 

simulation model is run with four different matrix capillary pressures, 𝑝𝑐 = 0, 100, 200, 

and 300 psi, (capillary pressure is assumed negligible in the fracture medium) and the 

capillary pressure is assumed to be uniformly distributed in the matrix system. 



44 
 

5.3.1 Production Performance 

Figure 5.5 shows the production and produced gas-oil-ratio (GOR) as a function 

of time for four capillary pressures in the matrix. It is noted that, as the capillary 

pressure increases, cumulative oil production decreases. Produced GOR displays a 

different behavior. Although the GOR consistently decreases as the capillary pressure 

increases from 100 psi to 200 psi, and then to 300 psi, the GOR for the zero-capillary-

pressure case appears to be lower than that for the 300-psi capillary-pressure case. To 

investigate this behavior, simulations were run also for 5 and 10 psi capillary pressure 

cases. The results are shown in Figure 5.6 and indicate that the GOR starts increasing 

around 100 hr for all cases and then reaches a plateau at a later time. Figure 5.6 shows 

that the plateau value of the GOR and the time to reach the plateau increases as the 

capillary pressure decreases. The cases for 𝑝𝑐 = 0, 5, and 10 psi in Figure 5.6, do not 

reach the plateau during the simulation period (10,000 hr). The case for 𝑝𝑐 = 100 psi, 

start approaching the plateau by 10,000 hr. For 𝑝𝑐 = 200 and 300 psi, the GOR reaches 

the plateau at 5,000 hr and 2,500 hr, respectively. The lower late-time plateau values of 

GOR at higher matrix capillary pressures is consistent with the increased bubble-point 

suppression in the matrix. Overall, the production performance and the GOR behavior 

are in line with the observations noted by Calisgan et al. (2016). 

 

Figure 5.5: Simulated production performance with different matrix capillary pressures 
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Figure 5.6: Produced GOR profile with additional cases of low capillary pressure values 

5.3.2 Fracture Mobility 

The mobilities for oil and gas in the fracture media are presented in Figure 5.7. 

As expected, the fracture oil mobility does not show sensitivity to the capillary pressure 

in matrix. On the other hand, fracture gas mobility is affected from the variation of 

capillary pressure in the matrix at late times when the matrix starts contributing to flow. 

 

Figure 5.7: Oil and Gas mobility in the fracture with different matrix capillary pressure 
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5.3.3 Saturation Profile 

Figure 5.8 shows the oil and gas saturations in the fracture as a function of 

pressure. The pressure axis starts from 1,000 psi, which is the constant bottom-hole 

pressure and reaches the maximum value of 2,000 psi, which is the bubble-point 

pressure (at pressures above the bubble-point, there is 100% oil and 0% gas in the 

system). We can observe that below 2,000 psi, oil saturation declines and gas 

saturation builds up. At around 1,350 psi, the saturation trends get reversed. It is noted 

that the saturation profiles for oil and gas in the fracture have negligible sensitivity to 

matrix capillary pressure.  

 

Figure 5.8: Oil and gas fracture saturation profile with different values of matrix capillary 

pressure 

Figure 5.9 illustrates the gas saturation profiles at different points in the reservoir 

for the zero-capillary-pressure case. In this figure, 𝑆𝑔𝑓 stands for the gas saturation in 

the fracture and 𝑆𝑔𝑚𝑖 with 𝑖 = 1, 2, 3, and 4 denotes the gas saturation in matrix block 1, 2, 3, and 4, respectively, at the reservoir location indicated on each figure. Our 

objective in presenting these results is to highlight the variations of oil and gas 

saturations, and hence the relative permeabilities, as a function of pressure, location, 

and time in the reservoir. 
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Figure 5.9: Gas saturation profile for Pc = 0 psi scenario at different point in the 

reservoir 

5.3.4 Oil Pressure Profile  

Figure 5.10 illustrates the pressure profile of the oil phase in the fracture and 

matrix in the wellbore grid. We can observe the immediate decline of pressures in the 

fracture system when the production starts. As expected, the response of the matrix 

pressures to production is delayed. The fracture pressures are relatively insensitive to 

matrix capillary pressure. Matrix pressures show no sensitivity to capillary pressure at 

early times (when the pressure is above the bubble point), some sensitivity at 

intermediate times, and little sensitivity at late times. 
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Figure 5.10: Oil pressure profile in the fracture and matrix with different values of matrix 

capillary pressure 

5.3.5 Gas Pressure Profile 

Figure 5.11 shows the gas phase pressures in the fracture and the matrix in the 

wellbore grid. Similar to the oil pressure, the gas pressure in the fracture is not sensitive 

to matrix capillary pressure. While the early- and intermediate-time sensitivity of the 

matrix gas pressure to capillary pressure is similar to that of oil pressure, at late times, 

the matrix gas pressure becomes a strong function of capillary pressure due to bubble-

point suppression (Firincioglu et al. 2013). This phenomenon is the reason for the 

discontinuity of the gas pressure at the fracture-matrix interface. 

 

Figure 5.11: Gas pressure profile in the fracture and matrix with different values of 

matrix capillary pressure 
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5.4 Simulation Stability Analysis 

Before concluding this chapter, we also present the stability analysis of the 

simulations. In order to achieve stability of simulations and prevent the error growth of 

computations, the following condition has to be met: 

6.328 × 10−3 × 𝜂𝑡∆𝑡(∆𝑥)2 ≤ 1 (5.1) 

Figure 5.12 shows the stability criteria [the left-hand-side of Equation 5.1] as a function 

of time for the single- (SPF) and multiphase (MPF) flow cases simulated in this study. 

For the multiphase-flow cases, the total (oil + gas) diffusivity has been used in Equation 

5.1. Figure 5.12 shows that the simulations were stable throughout the entire simulation 

time.  

 

Figure 5.12: Stability criteria profile of the simulation models 
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CHAPTER 6 

VALIDATION OF THE PSEUDOPRESSURE APPROACH 

In Chapter 3, an analytical derivation was presented for the definition of 

pseudopressure and pressure-transient formulation of two-phase flow in terms of 

pseudopressure. Various assumptions were involved in the analytical derivation, and 

due to the difficulty in the verification of the individual assumptions (because the 

derivations, thus the assumptions, are in Laplace domain), in this chapter, we present a 

numerical verification of the pseudopressure approach by using simulator-generated 

data. The verification is based on the qualitative observations of expected flow 

behaviors (flow regimes) and the quality of the match accomplished with the single-

phase solution. The simulation and reservoir parameters used to generate the 

numerical results used here are the same as those explained in Chapters 4 and 5. 

Because we use diagnostic features of flow regimes on log-log plots and the 

corresponding straight-line slopes on specialized Cartesian plots in the verification, we 

first review pressure-transient characteristics of single-phase, liquid flow in dual-porosity 

formations. We, then, proceed with the verification of the multiphase, dual-porosity, 

pseudopressure approach by comparison to single-phase flow characteristics. All 

results discussed in this chapter are for the constant-pressure production condition 

discussed in Chapter 3. 

6.1 Single-Phase Flow 

Although analytical single-phase (oil) solutions are available for dual-porosity 

media, for a fair comparison, we generated the single-phase flow responses discussed 

below by using the COZSim simulator for the same simulation and reservoir parameters 

presented in Chapter 5. 

Figure 6.1 shows the diagnostic plot of dimensionless pressure normalized by rate 

versus dimensionless time. The definitions of dimensionless rate-normalized pressure 

and dimensionless time are given, respectively, by 

𝑝𝑞𝐷 = 𝑘ℎ141.2𝑞𝑞𝐵𝜇 [𝑝𝑖 − 𝑝𝑞(𝑥, 𝑡)] = 𝑘ℎ141.2𝑞𝑞𝐵𝜇 ∆𝑝𝑞 
(6.1) 
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and 

𝑡𝐷 = 𝑘𝜙𝑐𝑡𝜇𝐿2 𝑡 (6.2) 

The diagnostic plot in Figure 6.1 shows clear signatures (1/2-slope straight line) of 

early-time linear flow in the fractures and late-time linear flow in the total (fracture + 

matrix) systems. For transient dual-porosity behavior, [Kazemi (1975), de Swaan O.  

(1976), and Serra et al. (1983)], depending on the contrast between the storativities of 

matrix and fracture, an intermediate-time bilinear flow regime may also develop, and, if 

the contrast is large enough, it lasts longer and displays a straight line with ¼ slope (half 

of the slope of the early- and late-time straight lines). This flow regime characterizes the 

period when matrix starts feeding into fractures while fluid originally stored in the 

fractures are still contributing to production. In Figure 6.1, this intermediate-time flow 

regime appears mostly as a transitional behavior (represented by the gradual flattening 

of the slope) and a clear ¼-slope behavior is not evident for a noticeable period. 

 

Figure 6.1: Single phase diagnostic plot 

Early Linear Flow 

½ Slope 

Fracture Flow 

Late Linear Flow 

½ Slope 

Homogeneous 
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Each flow regime shown in Figure 6.1 possesses a specific straight-line slope 

relation on a Cartesian specialty plot (pressure vs. square root of time for early- and late-

times and pressure vs. fourth root of time for intermediate-time). These slope relations 

can be used to calculate fracture and matrix properties, Torcuk et al. (2013). 

∆𝑝𝑓 =
{  
  
   
 16.256𝑞𝐵𝜇√𝑘𝑓,𝑒𝑓𝑓ℎ𝐿 √ 1(𝜙𝑐𝑡)𝑓𝜇√𝑡 for early times
127.64𝑞𝐵𝜇√𝑘𝑓,𝑒𝑓𝑓ℎ𝐿 ( 1𝜎𝑘𝑚(𝜙𝑐𝑡)𝑚𝜇)14 √𝑡4  𝑡1 4⁄  for intermediate times16.256𝑞𝐵𝜇√𝑘𝑓,𝑒𝑓𝑓ℎ𝐿 √ 1(𝜙𝑐𝑡)𝑓+𝑚𝜇√𝑡 for late times

 (6.3) 

Note that the solution provided by Torcuk et al. (2013) is for constant flow rate for a 

fracture producing from both surfaces. In this work, we consider constant bottomhole 

pressure condition with a single-sided fracture. Therefore, the analytical solution can be 

re-written as follows: 

∆𝑝𝑓𝑞 =
{  
  
   
 25.534𝐵𝜇√𝑘𝑓,𝑒𝑓𝑓ℎ𝐿√ 1(𝜙𝑐𝑡)𝑓𝜇√𝑡 for early times
200.496𝐵𝜇√𝑘𝑓,𝑒𝑓𝑓ℎ𝐿 ( 1𝜎𝑘𝑚(𝜙𝑐𝑡)𝑚𝜇)14 √𝑡4  𝑡1 4⁄  for intermediate times25.534𝐵𝜇√𝑘𝑓,𝑒𝑓𝑓ℎ𝐿√ 1(𝜙𝑐𝑡)𝑓+𝑚𝜇√𝑡 for late times

 (6.4) 

Figure 6.2 (left) shows the Cartesian plot in terms of the square root of time to 

analyze the early- and late-time linear flow regimes identified in the diagnostic plot 

(Figure 6.1). Figure 6.3 (right) illustrates the Cartesian plot with respect to the fourth root 

of time to analyze the intermediate-time flow regime, which was pronounced as the 

transition between the early- and late-time linear flows in Figure 6.1. We use Equation 

6.4 to back calculate the effective fracture permeability and Figure 6.3 shows the final 

results. We note in Figure 6.3 that the analytical solution provided by Torcuk et al. 

(2013) yields very good match of the estimated effective permeability with the simulator 
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input of 1 md (error is below 5%). This result elevates our confidence with the simulator 

and encourages to proceed with the multiphase flow analysis. 

 

Figure 6.2: Single-phase flow specialty plots for linear and bilinear flow regimes 

 

Figure 6.3: Effective fracture permeability estimates and error with respect to the 

simulation input (1 md) 

6.2 Matching Multiphase Pseudopressure with the Single-Phase Response 

The ultimate objective of pseudopressure approach is to create a single-phase-

equivalent from multiphase flow data. As discussed in Chapter 3, there are two options 

for the definition of pseudopressure. The first option neglects the capillary pressure 

effect for both matrix and fracture and the second option assumes that the gas liberated 

𝒚 = 𝟐𝟐. 𝟐𝟑𝒙 
𝒚 = 𝟏𝟕. 𝟐𝟓𝒙 𝒚 = 𝟕𝟗. 𝟒𝟒𝒙 
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in the matrix dominates total flow of gas in the system and matrix capillary pressure is 

used in the estimation of gas properties in pseudopressure calculations. 

6.2.1 Option 1: Neglecting Capillary Pressure 

The first option, which neglect capillary pressure, is to use the following 

definition: 

𝑚𝑓 = ∫ [( 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜) +( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝𝑓𝑔)]𝑝𝑓𝑜
𝑝𝑜𝑏 𝑑𝑝 (6.5) 

Although the matrix capillary-pressure does not explicitly appear in this definition, the 

actual fracture pressure and pseudopressure at a given time will be affected by the 

capillary pressure. As noted in Chapter 3, this definition may be appropriate for small 

capillary pressure (or large pore sizes) in the matrix. It is also expected that this 

definition should apply at early times when there is no (or negligible) contribution from 

matrix. 

 Because of the unit differences between pressure and pseudopressure, we 

match the multiphase pseudopressure results with the single-phase pressure results in 

terms of the following dimensionless variables:  

𝑚𝑓𝐷 = 𝑘𝑓ℎ𝑓141.2𝑞𝑡 (𝑚𝑓𝑖 −𝑚𝑓) = 𝑘𝑓ℎ𝑓141.2𝑞𝑡 ∆𝑚𝑓 
(6.6) 

𝑝𝑓𝐷 = 𝑘𝑓ℎ𝑓141.2𝑞𝑡 (𝑝𝑓𝑖 − 𝑝𝑓) = 𝑘𝑓ℎ𝑓141.2𝑞𝑡 ∆𝑝𝑓 
(6.7) 

𝑞𝑡 = 𝑞𝑜 + 1000 × 𝑞𝑔5.615  
(6.8) 

𝑡𝐷 = 𝜂𝑓𝑡𝐿2 𝑡      (6.9) 

and (6.10) 
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𝜂𝑓𝑡 = 2.637 × 10−3 {[ 𝑘𝑓𝑔𝜙𝑓𝜇𝑓𝑔𝑐𝑓𝑔𝑡 (1 + 𝑅𝑠𝑓𝑜𝜇𝑓𝑔𝐵𝑓𝑔𝑘𝑓𝑜𝜇𝑓𝑜𝐵𝑓𝑜𝑘𝑓𝑔 𝜕𝑝𝑓𝑜𝜕𝑝𝑓𝑔)]𝑝𝑓𝑔 + 𝑘𝑓𝑜𝜙𝑓𝜇𝑓𝑜𝑐𝑓𝑜𝑡} 
Figure 6.4 shows the multiphase and single-phase (liquid) responses in terms of 

dimensionless pseudopressure and dimensionless pressure vs. dimensionless time in 

log-log coordinates.  Four values of matrix capillary pressure are considered for the 

multiphase responses. As expected, at early times, the multiphase responses for all 

capillary pressures collapse (there is no influence of matrix and capillary pressure at 

early times). Moreover, the multiphase and single-phase responses match very well at 

early times.  

At intermediate times, the multiphase responses for different capillary pressures 

start separating and the separation becomes more visible at late times. This is 

consistent with the expectation that starting from intermediate-times, matrix starts 

contributing to flow and this brings the effect of matrix capillary pressure, which is not 

considered by the pseudopressure definition given in Equation 6.5. Although the log-log 

plot does not display it very well, as the magnified inset shows, there is not a good 

match between the non-zero-capillary pressure and single-phase flow responses at late 

times, which is also expected based on the discussions in Chapter 3.  

What is not expected, based on the conventional wisdom, however, is the 

mismatch of the zero-capillary pressure and single-phase flow responses. Visual 

inspection of the two curves on Figure 6.4 implies that there is a vertical and horizontal 

shift between the two responses. The explanation for this shift has been provided by the 

analytical derivations in Chapter 3. The definitions of dual-porosity parameters, 𝜔 and 𝜆, 

for multiphase flow include normalizations by the phase diffusivities and do not exactly 

correspond to the single-phase dual-porosity parameters. As is well known, the 

existence, time, and duration of the intermediate-time flow regime and the magnitude of 

pressure during this period are governed by 𝜔 and 𝜆. For example, a decrease in 𝜆 

creates a delay in the intermediate-time flow regime and an increase in the pressure 

drop (or dimensionless pressure) during this period. On the other hand, a decrease in 𝜔 
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shortens to duration of the intermediate-time flow regime and shifts the pressure drop 

(or dimensionless pressure) curve upward.  

This above discussion indicates that the definition of pseudopressure cannot exactly 

match the intermediate- and late-time multiphase responses with the corresponding 

single-phase responses in dual-porosity reservoirs. On the other hand, straight line 

analysis should be possible provided that the appropriate intermediate- and late-time 

straight lines are identified on the log-log pseudopressure vs time plot. 

 

Figure 6.4: Diagnostic plot of multiphase pseudopressure (Option 1) and single-phase 

response 

6.2.2 Option 2: Including the Capillary Pressure 

In the second option, the capillary pressure is considered in the following 

definition of pseudopressure: 
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𝑚𝑓′ = ∫ [( 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜)𝑝 + ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )𝑝+𝑝𝑐]
𝑝𝑓𝑜
𝑝𝑜𝑏  (6.11) 

This definition assumes that the gas flowing in the fractures is dominated by gas 

transferred from the matrix and, thus, its properties should be defined based on matrix 

conditions (including capillary pressure). Naturally, this assumption is not accurate at 

early times and the definition given in Equation 6.11 may create a match with the single-

phase responses at late times but should diverge at early and intermediate times.  

The use of the definition in Equation 6.11 requires that the mobility and PVT 

properties of the gas be evaluated at a different pressure than that for the oil. Figure 6.5 

shows the effect of correcting the gas pressure on the gas mobilities (𝜆𝑔𝑓 = 𝑘𝑓𝑔 𝜇𝑓𝑔⁄ ) for 

three different capillary pressures. As shown in Figure 6.5, the change in gas mobility 

due to capillary pressure is substantial for all purposes. 

 

Figure 6.5: Effect of correcting the gas pressure with respect to the capillary pressure 

on the gas mobility 

The log-log plot of the dimensionless pseudopressure computed by Equation 

6.11 is shown in Figure 6.6. As expected, this definition of pseudopressure has 

improved the match of the pseudopressure responses for different capillary pressures at 

late times but created separations at early and intermediate times. Also, there is no 

good match with the single-phase responses at late times and the mismatch is further 

pronounced at early and intermediate times (the discussion about not matching the 
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single-phase responses at intermediate times provided for Option 1 above is also valid 

here). 

 

Figure 6.6: Diagnostic plot of multiphase pseudopressure (Option 2) and single-phase 

response 

In concluding this chapter, we note that it is not possible to define a single 

pseudopressure for all times if capillary pressure effects are not negligible. If the late-

time responses are of interest, then the pseudopressure definition evaluating gas 

properties at the matrix gas pressure (𝑝𝑚𝑔 = 𝑝𝑜 + 𝑝𝑐), which was also proposed by 

Tellez-C. and Camacho-V. (1998), and Poe (2014), is the appropriate choice. 

Conversely, if early time data are to be analyzed, then capillary pressure effects can be 

neglected in the definition of pseudopressure.  

The most important outcome and contribution of this chapter is the observation 

that the definitions of dual-porosity parameters, 𝜔 and 𝜆, for multiphase flow will be 

different from the corresponding single-phase case and a match between the 
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pseudopressure and single-phase flow responses should not be expected. Derivations 

provided in Chapter 3 provide insight to this discussion and multiphase definitions of 𝜔 

and 𝜆. 
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CHAPTER 7 

MULTIPHASE STRAIGHT-LINE ANALYSIS 

In this section, we analyze the multiphase transient responses for different matrix 

capillary pressures using the analytical solutions presented in Chapter 3. In the first part 

of the analyses, we use the analytical solution without the effect of capillary pressure 

(Option 1). In the second part, we include capillary pressure in the definition of 

multiphase pseudopressure (Option 2).  

7.1 Analysis of the Responses with no-Capillary-Pressure Effect 

In Chapter 6, it was noted that the diagnostic pseudopressure plot for 𝑝𝑐 = 0 𝑝𝑠𝑖 
agrees with the single-phase flow responses. Therefore, reasonable accuracy should 

also be expected for the straight-line analysis.   

Figure 7.1 illustrates the square root of time and fourth root of time plots with the 

straight-line fitted through the time period of the specific flow regime identified on the 

diagnostic plot (Figure 6.4). Figure 7.2 shows the results of calculating the fracture 

permeability using the analytical solution presented in Chapter 3. We can see the 

application of the analytical solution yields reasonable estimate of the fracture 

permeability in the simulation model (𝑘𝑓 = 1 𝑚𝐷) for the early and late time periods but 

the accuracy of the intermediate time estimation is not as good. 

 

Figure 7.1: Square root and fourth root of time to analyze multiphase flow with Pc = 0 

psi 
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Figure 7.2: Results of straight-line analysis to estimate fracture permeability - Pc = 0 psi 

7.2 Analysis of the Responses with Capillary Pressure Effect 

Here we consider the cases of 100, 200, and 300-psi capillary pressure in the 

matrix, and the square root of time and fourth root of time plots are shown, respectively, 

in Figure 7.3 through Figure 7.5.  On each figure, results for the two definitions of 

pseudopressure (without and with including capillary pressure; Options 1 and 2, 

respectively) are displayed. We note that there is a significant difference in the slopes of 

the straight lines with and without the effect of capillary pressure in the definition of 

pseudopressure. 

 

Figure 7.3: Square root and fourth root of time to analyze multiphase flow with Pc = 100 

psi 
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Figure 7.4: Square root and fourth root of time to analyze multiphase flow with Pc = 200 

psi 

 

Figure 7.5: Square root and fourth root of time to analyze multiphase flow with Pc = 300 

psi 

7.3 Discussion of the Results 

Figure 7.6 through Figure 7.8 summarize the results of fracture permeability 

estimation by straight-line analysis.  It is clear that the fracture permeability calculation 

by neglecting the capillary pressure (Option 1) yields a good match with the simulation 

input permeability at early times, while causing a mismatch at late times. On the other 

hand, the analysis including the capillary pressure (Option 2) does not yield a highly 

accurate estimate of fracture permeability neither at early nor at late times (24% and 

31% errors, respectively). Errors in the intermediate-time analysis progressively grow 
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from the early-time-analysis to late-time-analysis ranges. However, relatively speaking, 

including capillary pressure in the definition of pseudopressure yields better results at 

intermediate and late times than not including it. (It must also be noted that for some 

practical purposes, 30% error may still be acceptable for permeability estimations). 

 

Figure 7.6: Results of straight-line analysis to estimate fracture permeability - Pc = 100 

psi 

 

Figure 7.7: Results of straight-line analysis to estimate fracture permeability - Pc = 200 

psi 
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Figure 7.8: Results of straight-line analysis to estimate fracture permeability - Pc = 300 

psi 

Before concluding this chapter, we must also note that the analysis of actual 

responses poses additional difficulties. The most important problem is the estimation of 

relative permeabilities. Because relative permeability is a function of saturation, and 

saturation is a function of pressure and time, they change at every point in the reservoir 

and it is not clear which value of relative permeability should be used in pseudopressure 

definition. There is no straightforward answer for this question but there are some 

accepted approximations. The most commonly used approximation is to use the 

following relation between the producing gas-oil-ratio (GOR) and the relative 

permeabilities suggested by Raghavan (1976) 

𝐺𝑂𝑅 = 𝑅𝑠 + 𝑘𝑔𝜇𝑜𝐵𝑜𝑘𝑜𝜇𝑔𝐵𝑔 (7.1) 

For the case of dual-porosity reservoirs, particularly with the sharp pressure and 

saturation contrasts between the matrix and fractures caused by capillary pressure, the 

success of this approach may be less than the conventional applications for solution 

gas drive reservoirs with reasonable homogeneity and larger pore sizes (lower capillary 

pressures). 

As noted in the introduction, the main observation of this dissertation is to provide 

a formal derivation of the pseudopressure definition for two-phase flow in nanoporous, 
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dual-porosity unconventional reservoirs and document the assumptions involved in the 

definition. It is not the objective of this work to provide a practical solution for the 

estimation of relative permeabilities from transient flow data. However, the following 

chapter will briefly demonstrate the application of producing GOR approach for the 

calculation of pseudopressures and indicate the range of error caused by this approach. 
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CHAPTER 8 

APPLICATION USING SYNTHETIC DATA 

In this chapter, we demonstrate the practical application of pseudopressure 

approach to actual field data. Although we still use the simulation results in the previous 

chapter, to emulate an actual analysis example, we will assume that only production 

data are provided, and, in order to evaluate the multiphase pseudopressure, we will use 

Raghavan (1976) method to predict the saturation profile from the produced GOR. 

8.1 Multiphase Pseudopressures Using Produced GOR 

Saturation data are essential to calculate multiphase pseudopressure. Raghavan 

(1976) provided a detailed procedure to calculate the saturation profile from produced 

GOR by the following relation:  

𝐺𝑂𝑅 = 𝑅𝑠 + 𝑘𝑔𝜇𝑜𝐵𝑜𝑘𝑜𝜇𝑔𝐵𝑔 (8.1) 

Because, in our case, the bottomhole pressure is constant at 1000 psi, all fluid 

properties are evaluated at that pressure level. Using the relative permeability curves 

provided in Figure 5.4, we can translate the information of gas-oil permeability ratio into 

liquid saturation.  

Figure 8.1 shows the saturation profile using the produced GOR method with the 

assumption of constant bottomhole pressure for different capillary pressures. In order to 

assess the accuracy of this method, we included the saturation profile generated by the 

simulation. We note the large error in the estimation of fracture gas saturation until 

around 800 hr, which approximately coincides with the time for the start of late-time 

linear flow due to total flow from matrix and fracture. After the total flow is established, 

the producing GOR approach yields reasonable results for the estimation of saturations 

except for the effect of capillary pressure. This observation is consistent with the original 

suggestion of Raghavan (1976) who based his suggestion to the steady-state theory of 

Evinger and Muskat (1942) and emphasized that the producing GOR approach would 

yield reasonable results after stabilized flow is established in the reservoir. The 
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underlying condition in this method is the requirement that the producing GOR should 

be a close approximation for the average GOR in the reservoir. 

 

Figure 8.1: Predict the saturation profile using produced GOR 

The inaccurate saturation profile estimation from producing GOR impacts the 

calculations of the multiphase pseudopressure. Figure 8.2 illustrates the diagnostic plots 

of dimensionless pseudopressure for different capillary pressures. In addition, we 

include the dimensionless liquid solution response for comparison in Figure 8.2. Unlike 

the theoretical discussions presented in the previous chapters, the dimensionless 

pseudopressures calculated by the use of producing GOR do not yield a single curve at 

any time for different capillary pressures and they do not match the single-phase 

responses (except for the zero-capillary-pressure case at early times). Although, the 

diagnostic features of the flow regimes (1/2- and 1/4-slope trends) are still visible, this 

does not ensure that slopes of the special Cartesian plots would be accurate to estimate 

the properties of interest. 
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Figure 8.2: Multiphase pseudopressure diagnostic plot using the produced GOR to 

predict saturation profile 

8.2 Straight-line Analysis for Synthetic Data 

Specialty plots are generated in order to conduct the straight-line analysis using 

the analytical solution presented in Chapter 3. The following form of analytical solutions 

are used to be applied for synthetic data straight-line analysis. 

∆𝑚𝑓𝑞𝑡(𝑡) =
{  
  
  786.25√𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √𝜂𝑓,𝑒𝑓𝑓 for early times443.59𝑡1 4⁄𝑘𝑓ℎ𝑓𝑡√𝐿 √√𝜂𝑓,𝑒𝑓𝑓√𝜆𝜔 for intermediate times786.25√𝑡𝑘𝑓ℎ𝑓𝑡𝐿 √𝜂𝑓,𝑒𝑓𝑓(1 + 𝜔) for late times

 (8.2) 
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The generated straight-line slopes are going to have the following definitions for early, 

intermediate, and late time, respectively: 

𝑚𝐸𝑇𝑃 = 786.25𝑘𝑓ℎ𝑓𝑡𝐿 √𝜂𝑓,𝑒𝑓𝑓 (8.3) 

𝑚𝐼𝑇𝑃 = 443.59𝑘𝑓ℎ𝑓𝑡√𝐿√√𝜂𝑓,𝑒𝑓𝑓√𝜆𝜔 (8.4) 

𝑚𝐿𝑇𝑃 = 786.25𝑘𝑓ℎ𝑓𝑡𝐿 √𝜂𝑓,𝑒𝑓𝑓(1 + 𝜔) (8.5) 

 

Figure 8.3: Square root and fourth root of time to analyze multiphase flow synthetic data 

- Pc = 0 psi  

 

Figure 8.4: Square root and fourth root of time to analyze multiphase flow synthetic data 

- Pc = 100 psi 



70 
 

 

Figure 8.5: Square root and fourth root of time to analyze multiphase flow synthetic data 

- Pc = 200 psi 

 

Figure 8.6: Square root and fourth root of time to analyze multiphase flow synthetic data 

- Pc = 300 psi 

8.3 Discussion of the Results 

In this section, we are going to back-calculate the following ratios from the slopes 

of the straight-lines generated previously. 

𝐸𝑇𝑃: 𝑘𝑓√𝜂𝑓,𝑒𝑓𝑓 = 786.25𝑚𝐸𝑇𝑃ℎ𝑓𝑡𝐿 (8.6) 

𝐼𝑇𝑃: 𝑘𝑓√√𝜂𝑓,𝑒𝑓𝑓√𝜆𝜔 = 443.59𝑚𝐼𝑇𝑃ℎ𝑓𝑡√𝐿 
(8.7) 
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𝐿𝑇𝑃: 𝑘𝑓√𝜂𝑓,𝑒𝑓𝑓(1 + 𝜔) = 786.25𝑚𝐿𝑇𝑃ℎ𝑓𝑡𝐿 (8.8) 

Figure 8.7 shows the results of back calculating the permeability-diffusivity ratios at 

early, intermediate, and late time period of different cases of matrix capillary pressure. 

In addition, we determine the error generated by calculating the same ratios using the 

simulation date. Figure 8.8 show the difference generated by conducting the same 

analysis using the simulation data with their slopes from the specialty plots. We note 

there is considerable difference between both analysis and that again due to the 

inaccurate saturation profile prediction by the produced GOR method. Therefore, we 

can conclude that produced GOR method may not be an accurate approach to estimate 

the saturation profile for dual-porosity reservoir model or may need an enhancement to 

be suitable for dual-porosity reservoir, which requires a further research. 

 

Figure 8.7: Straight-line analysis for synthetic data using produced GOR 
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Figure 8.8: The difference between simulation data and synthetic data in straight-line 

analysis results 
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CHAPTER 9 

CONCLUSIONS AND RECOMMENDATIONS 

In this work, we studied the multiphase transient analysis for unconventional 

resources by using the pseudopressure approach. Dual-porosity reservoir models were 

utilized to better represent the stimulated reservoir area and naturally fractured 

reservoirs. One of the main assumptions in multiphase well testing is the neglect of 

capillary pressure. Therefore, an important objective of this research was to observe the 

effect of matrix capillary pressure on the multiphase transient response.  

Several simulation scenarios were run with different matrix capillary pressures. 

We assumed that the capillary pressure in the fracture medium is negligible. We noted 

that the matrix capillary pressure has an effect on the production performance, as the 

cumulative oil production decreases, the capillary pressure increases. The produced 

gas-oil ratio exhibits a stabilization behavior during the late time of the production. The 

simulation results showed that oil and gas mobilities have opposite trends throughout 

the simulation period. The matrix capillary pressure impacts the gas mobility in a way 

that as the matrix capillary pressure increases gas mobility declines at the late times 

when gas starts coming from the matrix. On the other hand, oil mobility shows no 

sensitivity to the matrix capillary pressure. The simulation results showed a discontinuity 

of the gas phase pressure at the fracture-matrix interface. This discontinuity is attributed 

to the matrix capillary pressure effect in the matrix. 

We derived a two-phase, dual-porosity pseudopressure definition analytically and 

documented the assumptions and multiphase equivalents of the dual-porosity 

parameters of storativity and transmissibility. These derivations indicated that the 

definitions of multiphase and single-phase dual-porosity parameters would not match 

and there would not be a good match between the multiphase and single-phase 

responses by the definition of pseudopressure. It must be noted that the numerical 

results are generated for constant pressure production in this work. Analytical 

derivations for both constant-rate and constant-pressure production conditions have 

been presented in Chapter 3. Solutions for more general variable-rate and variable-

pressure conditions can be obtained from the constant-rate solution by superposition, 
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assuming that the pseudopressure approach linearizes the problem. In practice, it is not 

uncommon to plot the results in terms of rate-normalized pressure (∆𝑝 𝑞⁄ ) and match 

with the constant-rate solution for diagnostic purposes. Rate normalization may be an 

acceptable approximation for superposition under certain conditions, Raghavan (1993), 

and for slightly varying rates and linear flow, it may be used hydraulically fractured 

wells, Araya and Ozkan (2002).  

The derivation of the two-phase, dual-porosity pseudopressure formulation 

required making two assumptions, which amount to neglecting capillary pressure 

completely, or including the same capillary pressure (at the level of matrix capillary 

pressure) for both matrix and fracture media. Neither of these assumptions created a 

reasonably good match with the single-phase responses but the use of the latter option 

for the analysis of intermediate and late-time responses appeared to be more favorable 

(24-35% error in fracture permeability estimates from straight-lines for the theoretical 

cases).  It must also be noted that, in this thesis, capillary pressure was assumed to be 

constant and uniform. This should be interpreted as an average capillary pressure for 

the system and is consistent with the standard assumptions used in most 

pseudopressure approaches, such as the assumption of constant diffusivity.  

 Finally, as in all definitions of pseudopressure presented in the literature, the 

pseudopressure approach discussed in this work required the knowledge of saturation 

distributions to estimate effective permeabilities. Presenting a practical method to 

estimate relative permeabilities from transient well response was not an objective of this 

work but we presented an assessment of the viability of using the producing-GOR to 

estimate saturation distributions as suggested by Raghavan (1976). We have found 

that, for dual-porosity reservoirs, particularly with the sharp pressure and saturation 

contrasts between the matrix and fractures caused by capillary pressure, the producing-

GOR approach may not be a viable option to estimate saturation distributions. 
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NOMENCLATURE 𝐵𝑜: Oil formation volume factor, bbl/STB 𝐵𝑔: Gas formation volume factor, bbl/SCF 𝑐𝑡: Total compressibility, 1/psi 𝑐𝑝: Phase compressibility, 1/psi 𝑐𝜑: Medium compressibility, 1/psi 𝑓: Asymptotic solution in Laplace domain 𝐺𝑂𝑅: Produced gas-oil ratio, SCF/STB ℎ: Formation thickness, ft 𝑘: Absolute permeability, md 𝑘𝑟: Relative permeability, ratio 𝑘𝑝: Phase effective permeability, md �̃�𝑟: Integral mean value of relative permeability 𝐿: Fracture length, ft 𝐿𝑥 Fracture spacing in the x-direction, ft 𝑚 Pseudopressure function, psi/cp �̅�:  Pseudopressure function in Laplace domain 𝑝:  Pressure, psi 𝑝𝑒:  Resevoir pressure, psi 𝑝𝑐:  Capillary pressure, psi 𝑝𝑤𝑓:  Flowing bottomhole pressure, psi 
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𝑝∗:  Critical pressure, psi 𝑄𝑜:  Cumulative oil production, STB 𝑄𝑔:  Cumulative gas production, MSCF 𝑞𝑜:  Oil flow rate, STB/D 𝑞𝑔:  Gas flow rate, MSCF/D 𝑞𝑡:  Total flow rate, STB/D 𝑟𝑒:  Reservoir radius, ft 𝑟𝑤:  Wellbore radius, ft 𝑅𝑠𝑜:  Solution gas-oil ratio, SCF/STB 𝑆𝑝:  Phase saturation, ratio 𝑆:  Skin factor, dimensionless 𝑠:  Laplace parameter 𝑇𝐸𝑋:  Matrix-Fracture transmissibility, md.ft 𝑡:  Time, hrs. 𝑉:  Volume, ft3 𝑥:  Distance in the x-direction, ft 𝑦:  Distance in the y-direction, ft 𝑍:  Gas compressibility factor 𝑧:  Distance in the z-direction, ft 

Greek Symbols: 𝜂:  Diffusivity, ft2/hrs. 
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𝜆:  Interporosity flow coefficient, dimensionless 𝜇:  Viscosity, cp 𝜋:  Pi constant 𝜉:  Boltzmann variable 𝜌:  Density, Ibm/ft3 𝜎:  Matrix shape factor, 1/ft 𝜏:  Matrix mass influx, Ibm/D 𝜙:  Porosity, ratio 𝜔:  Storativity, dimensionless 

Subscripts: 𝐷:  Dimensionless 𝑏:  Base level 𝑔:  Gas phase 𝑜:  Oil phase 𝑖:  Initial condition 𝑓:  Fracture media 𝑚:  Matrix media 𝑠𝑐:  Standard condition 
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APPENDIX A 

A.1 Oil Component Equations 

Here, we construct the oil flow equations for the fracture and matrix media and 

express them in terms of pseudopressure. Then the two equations are coupled to arrive 

at a dual-porosity, oil pseudopressure equation. 

A.1.1 Flow Equations 

A.1.1.1 Fracture Flow 

We start with the mass balance, which states that 𝑚𝑎𝑠𝑠 𝑖𝑛𝑓𝑙𝑢𝑥 –  𝑚𝑎𝑠𝑠 𝑜𝑢𝑡𝑓𝑙𝑢𝑥 =  𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑚𝑎𝑠𝑠 𝑠𝑡𝑜𝑟𝑎𝑔𝑒. The terms of the mass 

balance equation are given by: 

𝑀𝑎𝑠𝑠 𝐼𝑛𝑓𝑙𝑢𝑥 =  (𝑘𝑓𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜌𝑜𝑠𝑐ℎ𝑓2 𝜕𝑝𝑓𝑜𝜕𝑥 )𝑥+𝑑𝑥 + 𝜏𝑚𝑜  (A.1) 

𝑀𝑎𝑠𝑠 𝑂𝑢𝑡𝑓𝑙𝑢𝑥 =  (𝑘𝑓𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜌𝑜𝑠𝑐ℎ𝑓2 𝜕𝑝𝑓𝑜𝜕𝑥 )𝑥, (A.2) 

and 

𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑚𝑎𝑠𝑠 𝑠𝑡𝑜𝑟𝑎𝑔𝑒 =  𝜌𝑜𝑠𝑐∆𝑉𝑓 𝜕𝜕𝑡 (𝜙𝑓𝑆𝑓𝑜𝐵𝑓𝑜 ) = 𝜌𝑜𝑠𝑐∆𝑉𝑓 𝑑𝑑𝑝𝑓𝑜 (𝜙𝑓𝑆𝑓𝑜𝐵𝑓𝑜 ) 𝜕𝑝𝑓𝑜𝜕𝑡 =
[𝜙𝑓𝜌𝑜𝑠𝑐∆𝑉𝑓𝑆𝑓𝑜𝐵𝑓𝑜 ( 1𝜙𝑓 𝑑𝜙𝑓𝑑𝑝𝑓𝑜 + 1𝑆𝑓𝑜 𝑑𝑆𝑓𝑜𝑑𝑝𝑓𝑜 − 1𝐵𝑓𝑜 𝜕𝐵𝑓𝑜𝜕𝑝𝑓𝑜)] 𝜕𝑝𝑓𝑜𝜕𝑡  , 

(A.3) 

where ∆𝑉𝑓 = ∆𝑥 ℎ𝑓2  . (A.4) 

In Equation A.1, 𝜏𝑚𝑜 is the oil mass flux from matrix into fracture, given by: 𝜏𝑚𝑜 = −(𝑘𝑚𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜌𝑜𝑠𝑐∆𝑥 𝜕𝑝𝑚𝑜𝜕𝑧 )𝑧=ℎ𝑚 2⁄   (A.5) 

Using Equation A.1, Equation A.2, Equation A.3, and Equation A.5, the following oil 

mass balance for fracture medium is obtained: 
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1∆𝑥 (𝑘𝑓𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑥 )𝑥+𝑑𝑥 − ( 2𝑘𝑚𝑘𝑚𝑟𝑜ℎ𝑓𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑧 )𝑧=ℎ𝑓 2⁄ − 1∆𝑥 (𝑘𝑓𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑥 )𝑥= [𝜙𝑓𝑆𝑓𝑜𝐵𝑓𝑜 ( 1𝜙𝑓 𝑑𝜙𝑓𝑑𝑝𝑓𝑜 + 1𝑆𝑓𝑜 𝑑𝑆𝑓𝑜𝑑𝑝𝑓𝑜 − 1𝐵𝑓𝑜 𝜕𝐵𝑓𝑜𝜕𝑝𝑓𝑜)] 𝜕𝑝𝑓𝑜𝜕𝑡  

(A.6) 

Proceeding to the limit as ∆𝑥 → 0 yields: 𝜕𝜕𝑥 ( 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑥 ) − ( 2𝑘𝑚𝑘𝑚𝑟𝑜𝑘𝑓ℎ𝑓𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑧 )𝑧=ℎ𝑚 2⁄ = 𝜙𝑓𝑐𝑓𝑜𝑡𝑘𝑓𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑡  (A.7) 

where, we have defined 𝑐𝑓𝑜𝑡 to be: 

𝑐𝑓𝑜𝑡 = 𝑆𝑓𝑜 ( 1𝜙𝑓 𝑑𝜙𝑓𝑑𝑝𝑓𝑜 + 1𝑆𝑓𝑜 𝑑𝑆𝑓𝑜𝑑𝑝𝑓𝑜 − 1𝐵𝑓𝑜 𝜕𝐵𝑓𝑜𝜕𝑝𝑓𝑜) (A.8) 

A.1.1.2 Matrix Flow 

Similar to the fracture equation, but in the z-direction and without the source 

term, we have 𝜕𝜕𝑧 ( 𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑧 ) = 𝜙𝑚𝑐𝑚𝑜𝑡𝑘𝑚𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑡  (A.9) 

where 

𝑐𝑚𝑜𝑡 = 𝑆𝑚𝑜 ( 1𝜙𝑚 𝑑𝜙𝑚𝑑𝑝𝑚𝑜 + 1𝑆𝑚𝑜 𝑑𝑆𝑚𝑜𝑑𝑝𝑚𝑜 − 1𝐵𝑚𝑜 𝜕𝐵𝑚𝑜𝜕𝑝𝑚𝑜). (A.10) 

A.1.2 Peudopressure Definitions 

Let us define a fracture oil pseudopressure by: 

𝑚𝑓𝑜 = ∫ 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜𝑝𝑓𝑜
𝑝𝑜𝑏 𝑑𝑝 (A.11) 

Then, 
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𝑚𝑓𝑜𝑖 = 𝑚𝑓𝑜(𝑝𝑓𝑜𝑖) = ∫ 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜𝑝𝑓𝑜𝑖
𝑝𝑜𝑏 𝑑𝑝 (A.12) 

and  

∆𝑚𝑓𝑜 = 𝑚𝑓𝑜𝑖 −𝑚𝑓𝑜 = ∫ 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜𝑝𝑓𝑜𝑖
𝑝𝑓𝑜 𝑑𝑝. (A.13) 

we have 𝜕∆𝑚𝑓𝑜𝜕𝑥 = 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑥  (A.14) 

𝜕2∆𝑚𝑓𝑜𝜕𝑥2 = 𝜕𝜕𝑥 ( 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑥 ) (A.15) 

and  𝜕∆𝑚𝑓𝑜𝜕𝑡 = 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑡 . (A.16) 

Similarly, let us define a matrix oil pseudopressure by 

𝑚𝑚𝑜 = ∫ 𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜𝑝𝑚𝑜
𝑝𝑜𝑏 𝑑𝑝 (A.17) 

and write: 

𝑚𝑚𝑜𝑖 = 𝑚𝑚𝑜(𝑝𝑚𝑜𝑖) = ∫ 𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜𝑝𝑚𝑜𝑖
𝑝𝑜𝑏 𝑑𝑝 (A.18) 
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∆𝑚𝑚𝑜 = 𝑚𝑚𝑜𝑖 −𝑚𝑚𝑜 = ∫ 𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜𝑝𝑚𝑜𝑖
𝑝𝑚𝑜 𝑑𝑝 (A.19) 

𝜕∆𝑚𝑚𝑜𝜕𝑧 = 𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑧  (A.20) 

𝜕2∆𝑚𝑚𝑜𝜕𝑧2 = 𝜕𝜕𝑧 ( 𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑧 ) (A.21) 

and  𝜕∆𝑚𝑚𝑜𝜕𝑡 = 𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑡  (A.22) 

We can, then, write the fracture flow Equation A.7 in pseudopressure as follows 𝜕2∆𝑚𝑓𝑜𝜕𝑥2 − (2𝑘𝑚𝑘𝑓ℎ𝑓 𝜕∆𝑚𝑚𝑜𝜕𝑧 )𝑧=ℎ𝑚 2⁄ = 1𝜂𝑓𝑜 𝜕∆𝑚𝑓𝑜𝜕𝑡  (A.23) 

where we have defined 

𝜂𝑓𝑜 = 𝑘𝑓𝑜𝜙𝑓𝑐𝑓𝑜𝑡𝜇𝑓𝑜. (A.24) 

Similarly, the matrix flow Equation A.9 in pseudopressure becomes 𝜕2∆𝑚𝑚𝑜𝜕𝑧2 = 𝜂𝑟𝑜𝜂𝑓𝑜 𝜕∆𝑚𝑚𝑜𝜕𝑡  (A.25) 

where 

𝜂𝑟𝑜 = 𝜂𝑓𝑜𝜂𝑚𝑜  (A.26) 

𝜂𝑚𝑜 = 𝑘𝑚𝑜𝜙𝑚𝑐𝑚𝑜𝑡𝜇𝑚𝑜 . (A.27) 
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Let us define the following dimensionless variables: 

𝑚𝑠𝑝𝐷 = 𝑘𝑓ℎ𝑓𝑡141.2𝑞 (𝑚𝑠𝑝𝑖 −𝑚𝑠𝑝) = 𝑘𝑓ℎ𝑓𝑡141.2𝑞 ∆𝑚𝑠𝑝      𝑠 = 𝑓 or 𝑚  and  𝑝 = 𝑜 or 𝑔 (A.28) 

where 𝑞 is an arbitrary constant in the units of oil rate, 

𝑡𝐷 = 𝜂𝐿2 𝑡 (A.29) 

where 𝜂 is an arbitrary constant in the units of diffusivity coefficient, 

𝑥𝐷 = 𝑥𝐿 (A.30) 

𝜔𝑝 = 𝜙𝑚𝑐𝑚𝑝𝑡ℎ𝑚𝜙𝑓𝑐𝑓𝑝𝑡ℎ𝑓      𝑝 = 𝑜 or 𝑔 (A.31) 

and 

𝜆𝑝 = 12𝑘𝑚𝑝ℎ𝑚𝐿2𝑘𝑓𝑝ℎ𝑓ℎ𝑚2      𝑝 = 𝑜 or 𝑔 

(A.32) 

In the application of the above definitions, we will assume that 𝜂𝑓𝑜 and 𝜂𝑚𝑜 

(defined by Equation A.24 and Equation A.27, respectively) are independent of 

pressure. Similarly, we will assume that 𝜔𝑝, given by Equation A.31, and 𝜆𝑝, given by 

Equation A.32 can be considered as constants. In Equation A.29, Equation A.30, and 

Equation A.32, 𝐿 is an arbitrary reference length, which is introduced to follow the 

standard definitions of dual-porosity parameters. The parameter 𝐿 is usually selected as 

the principal length scale of the well (for a radial reservoir flowing into a vertical well, it is 

the wellbore radius, 𝑟𝑤, and for a linear reservoir flowing into a hydraulic fracture, it is 

the half-length of the hydraulic fracture, 𝑥𝑓). Then, we can write the fracture and matrix 

flow Equation A.23 and Equation A.25, respectively, in dimensionless form as follows: 
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𝜕2𝑚𝑓𝑜𝐷𝜕𝑥𝐷2 − (𝜆𝑜3 𝑘𝑓𝑜𝑟𝑘𝑚𝑜𝑟 𝜕𝑚𝑚𝑜𝐷𝜕𝑧𝐷 )𝑧𝐷=1 = 𝜂𝜂𝑓𝑜 𝜕𝑚𝑓𝑜𝐷𝜕𝑡𝐷  (A.33) 

 

and 𝜕2𝑚𝑚𝑜𝐷𝜕𝑧𝐷2 = 3𝜔𝑜𝜆𝑜 𝜂𝜂𝑓𝑜 𝜕𝑚𝑚𝑜𝐷𝜕𝑡𝐷  (A.34) 

  

A.1.3 Coupling Matrix and Fracture Media 

To couple the matrix and fracture equations, we will assume that the dependence 

of 𝜂𝑓𝑜 and 𝜂𝑚𝑜 on pressure can be neglected. This assumption is standard for the 

conventional definition of pseudopressure for real gases [Al-Hussainy and Ramey 

(1966)] but its validity is questionable for multiphase flow. [Definition of a pseudo-time 

has also been proposed, Agarwal (1979), but it has its own limitations, Raghavan  

(1993). Nevertheless, we will proceed with this assumption and observe the 

consequences later.  

Taking the Laplace transform of the fracture Equation A.33, we obtain:  

𝑑2�̅�𝑓𝑜𝐷𝑑𝑥𝐷2 − (𝜆𝑜3 𝑘𝑓𝑜𝑟𝑘𝑚𝑜𝑟 𝑑�̅�𝑚𝑜𝐷𝑑𝑧𝐷 )𝑧=1 = 𝑠𝑜�̅�𝑓𝑜𝐷 (A.35) 

where 

𝑠𝑜 = 𝑠 𝜂𝜂𝑓𝑜 (A.36) 

and 𝑠 represents the Laplace transform parameter with respect to dimensionless time 𝑡𝐷 

given by Equation A.29. Similarly, the Laplace transform of the matrix Equation A.34 

yields 𝑑2�̅�𝑚𝑜𝐷𝑑𝑧𝐷2 = 3𝜔𝑜𝜆𝑜 𝑠𝑜�̅�𝑚𝑜𝐷 (A.37)  
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Note that, in applying the Laplace transformation to the fracture and matrix equations, 

we have used the initial condition that 𝑚𝑠𝑜𝐷𝑖 = 𝑚𝑠𝑜𝐷(𝑡𝐷 = 0) = 0 (A.38) 

Our objective is to find the solution of the fracture pseudopressure equation given 

by Equation A.35 (in the dual-porosity idealization, only fractures are directly connected 

to the well at 𝑥 =  0; therefore, the wellbore pressure is the same as the fracture 

pressure at  𝑥 =  0). To be able to do that, we should first express the matrix 

pseudopressure term in Equation A.35 in terms of fracture pseudopressure. This can be 

done by solving the matrix pseudopressure Equation A.37 with appropriate boundary 

conditions. One of the boundary conditions of the matrix flow equation is the no-flow 

boundary at the mid-point (𝑧𝐷 = 0) of the matrix thickness (a layer model is used here to 

represent the dual-porosity system) given by: 

(𝑑∆�̅�𝑚𝑜𝑑𝑧 )𝑧=0 = 0 (A.39) 

The second boundary condition is obtained from the condition of continuity of oil-

pressure at the fracture-matrix interface at 𝑧 = ℎ𝑚 2⁄ : (𝑝𝑚𝑜)𝑧=ℎ𝑚 2⁄ = (𝑝𝑓𝑜)𝑧=ℎ𝑚 2⁄ = (𝑝𝑜)𝑧=ℎ𝑚 2⁄  (A.40) 

The condition given by Equation A.40 can be written in terms of pseudopressure as 

follows: 

(∆𝑚𝑚𝑜)𝑧=ℎ𝑚 2⁄ = ∫ 𝑘𝑟𝑜𝑅 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜𝑝𝑜𝑖
(𝑝𝑜)𝑧=ℎ𝑚 2⁄ 𝑑𝑝 ≈ (�̃�𝑟𝑜𝑅)𝑧=ℎ𝑚 2⁄ ∫ 𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝑑𝑝𝑝𝑜𝑖

(𝑝𝑜)𝑧=ℎ𝑚 2⁄= (�̃�𝑟𝑜𝑅∆𝑚𝑓𝑜)𝑧=ℎ𝑚 2⁄  

(A.41) 

In Equation A.41, �̃�𝑟𝑜𝑅 is the integral mean value of 𝑘𝑟𝑜𝑅 where: 
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𝑘𝑟𝑜𝑅 = 𝑘𝑚𝑜𝑟𝜇𝑓𝑜𝐵𝑓𝑜𝑘𝑓𝑜𝑟𝜇𝑚𝑜𝐵𝑚𝑜 = 𝑘𝑚𝑜𝑟𝑘𝑓𝑜𝑟 (𝜇𝐵)𝑜𝑟 (A.42) 

and  

(𝜇𝐵)𝑜𝑟 = 𝜇𝑓𝑜𝐵𝑓𝑜𝜇𝑚𝑜𝐵𝑚𝑜 (A.43) 

Assuming that 𝑘𝑟𝑜𝑅 is a weak function of pressure, we can write the continuity of 

pressure condition at the matrix-fracture interface in Laplace domain in terms of 

dimensionless pseudopressure as: (�̅�𝑚𝑜𝐷)𝑧𝐷=1 = (�̃�𝑟𝑜𝑅�̅�𝑓𝑜𝐷)𝑧𝐷=1 (A.44) 

We now proceed with the solution of the matrix flow equation. The general 

solution of Equation A.37 is given by: 

�̅�𝑚𝑜𝐷 = 𝐴 𝑒𝑥𝑝(−√3𝜔𝑜𝜆𝑜 𝑠𝑜𝑧𝐷) + 𝐵 𝑒𝑥𝑝(√3𝜔𝑜𝜆𝑜 𝑠𝑜𝑧𝐷) (A.45) 

From the no-flow boundary condition at 𝑧𝐷 = 0 in Equation A.39, we have 𝐴 = 𝐵; thus, 

�̅�𝑚𝑜𝐷 = 𝐴 [𝑒𝑥𝑝(−√3𝜔𝑜𝜆𝑜 𝑠𝑜𝑧𝐷)+ 𝑒𝑥𝑝(√3𝜔𝑜𝜆𝑜 𝑠𝑜𝑧𝐷)] (A.46) 

Using the continuity of pressure at the matrix-fracture interface at 𝑧𝐷 = 1, Equation A.41 

yields 

(�̅�𝑚𝑜𝐷)𝑧𝐷=1 = 𝐴 [𝑒𝑥𝑝(−√3𝜔𝑜𝜆𝑜 𝑠𝑜) + 𝑒𝑥𝑝(√3𝜔𝑜𝜆𝑜 𝑠𝑜)] = (�̃�𝑟𝑜𝑅�̅�𝑓𝑜𝐷)𝑧𝐷=1 (A.47) 

Then, 
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𝐴 = (�̃�𝑟𝑜𝑅�̅�𝑓𝑜𝐷)𝑧𝐷=1𝑒𝑥𝑝 (−√3𝜔𝑜𝜆𝑜 𝑠𝑜) + 𝑒𝑥𝑝 (√3𝜔𝑜𝜆𝑜 𝑠𝑜) 
(A.48) 

and thus, the matrix oil-flow solution is given by 

�̅�𝑚𝑜𝐷 = 𝑒𝑥𝑝 (−√3𝜔𝑜𝜆𝑜 𝑠𝑜𝑧𝐷) + 𝑒𝑥𝑝 (√3𝜔𝑜𝜆𝑜 𝑠𝑜𝑧𝐷)𝑒𝑥𝑝 (−√3𝜔𝑜𝜆𝑜 𝑠𝑜) + 𝑒𝑥𝑝 (√3𝜔𝑜𝜆𝑜 𝑠𝑜) (�̃�𝑟𝑜𝑅�̅�𝑓𝑜𝐷)𝑧𝐷=1 (A.49) 

Evaluating the derivative of the matrix solution at 𝑧𝐷 = 1 yields 

(𝑑�̅�𝑚𝑜𝐷𝑑𝑧𝐷 )𝑧𝐷=1
= −√3𝜔𝑜𝜆𝑜 𝑠𝑜 𝑒𝑥𝑝 (−√3𝜔𝑜𝜆𝑜 𝑠𝑜) + √3𝜔𝑜𝜆𝑜 𝑠𝑜 𝑒𝑥𝑝 (√3𝜔𝑜𝜆𝑜 𝑠𝑜)𝑒𝑥𝑝 (−√3𝜔𝑜𝜆𝑜 𝑠𝑜) + 𝑒𝑥𝑝 (√3𝜔𝑜𝜆𝑜 𝑠𝑜) (�̃�𝑟𝑜𝑅�̅�𝑓𝑜𝐷𝑜)𝑧𝐷=1 

(A.50) 

which, upon rearranging, becomes 

(𝑑�̅�𝑚𝑜𝐷𝑑𝑧𝐷 )𝑧𝐷=1 = −(�̃�𝑟𝑜𝑅�̅�𝑓𝑜𝐷)𝑧𝐷=1√3𝜔𝑜𝜆𝑜 𝑠𝑜 𝑡𝑎𝑛ℎ (√3𝜔𝑜𝜆𝑜 𝑠𝑜) (A-1) 

Substituting Equation A.51 into the fracture Equation A.35, we obtain 

𝑑2�̅�𝑓𝑜𝐷𝑑𝑥𝐷2 − 𝑠𝑜 [√𝜆𝑜𝜔𝑜3𝑠𝑜 𝑡𝑎𝑛ℎ (√3𝜔𝑜𝜆𝑜 𝑠𝑜) + 1] �̅�𝑓𝑜𝐷 = 0 (A.51) 

In Equation A.52, we have assumed that �̃�𝑟𝑜𝑅 ≈ (𝑘𝑟𝑜𝑅)𝑧𝐷=1, fracture pseudopressure is 

independent of 𝑧, and 𝜇𝑓𝑜𝐵𝑓𝑜 = 𝜇𝑚𝑜𝐵𝑚𝑜. Rearranging Equation A.52 yields 
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𝑑2�̅�𝑓𝑜𝐷𝑑𝑥𝐷2 − 𝑠𝑓𝑜(𝑠)�̅�𝑓𝑜𝐷 = 0 (A.52) 

where we have defined 

𝑓𝑜(𝑠) = 𝜂𝜂𝑓𝑜 [√𝜆𝑜𝜔𝑜𝜂𝑓𝑜3𝑠𝜂 𝑡𝑎𝑛ℎ (√3𝜔𝑜𝜂𝜆𝑜𝜂𝑓𝑜 𝑠) + 1] (A.53) 

A.2 Gas Component Equations 

Construction of the gas flow equations for the fracture and matrix media follows 

similar lines to the derivation of the oil flow equations. Below, we also define the gas 

pseudopressure for matrix and fracture and couple the matrix and fracture solution to 

derive the dual-porosity, gas pseudopressure equation. 

A.2.1 Flow Equations  

A.2.1.1 Fracture Flow 

The terms of the gas mass balance equation are given by 

𝑀𝑎𝑠𝑠 𝐼𝑛𝑓𝑙𝑢𝑥 = (𝑘𝑓𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 𝜌𝑔𝑠𝑐ℎ𝑓2 𝜕𝑝𝑓𝑔𝜕𝑥 + 𝑘𝑓𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝑅𝑠𝑓𝑜𝜌𝑔𝑠𝑐ℎ𝑓2 𝜕𝑝𝑓𝑜𝜕𝑥 )𝑥+𝑑𝑥𝑝𝑓𝑔  
+ (𝜏𝑚𝑔)𝑝𝑚𝑔

 

(A.54) 

𝑀𝑎𝑠𝑠 𝑂𝑢𝑡𝑓𝑙𝑢𝑥 =  (𝑘𝑓𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 𝜌𝑔𝑠𝑐ℎ𝑓2 𝜕𝑝𝑓𝑔𝜕𝑥 + 𝑘𝑓𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝑅𝑠𝑜𝑓𝜌𝑔𝑠𝑐ℎ𝑓2 𝜕𝑝𝑓𝑜𝜕𝑥 )𝑥𝑝𝑓𝑔 (A.55) 

and 
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𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑚𝑎𝑠𝑠 𝑠𝑡𝑜𝑟𝑎𝑔𝑒 =  𝜌𝑔𝑠𝑐∆𝑉𝑓 𝜕𝜕𝑡 [𝜙𝑓 (𝑆𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑆𝑓𝑜𝐵𝑓𝑜 )]𝑝𝑓𝑔
= 𝜌𝑔𝑠𝑐∆𝑉𝑓 𝜕𝜕𝑝𝑓𝑔 [𝜙𝑓 (𝑆𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑆𝑓𝑜𝐵𝑓𝑜 )]𝑝𝑓𝑔 𝜕𝑝𝑓𝑔𝜕𝑡= {𝜙𝑓𝜌𝑔𝑠𝑐∆𝑉𝑓 [𝑆𝑓𝑔𝐵𝑓𝑔 ( 1𝜙𝑓 𝑑𝜙𝑓𝑑𝑝𝑓𝑔 + 1𝑆𝑓𝑔 𝑑𝑆𝑓𝑔𝑑𝑝𝑓𝑔 − 1𝐵𝑓𝑔 𝜕𝐵𝑓𝑔𝜕𝑝𝑓𝑔)+ 𝑅𝑠𝑓𝑜𝑆𝑓𝑜𝐵𝑓𝑜 ( 1𝜙𝑓 𝑑𝜙𝑓𝑑𝑝𝑓𝑜 + 1𝑆𝑓𝑜 𝑑𝑆𝑓𝑜𝑑𝑝𝑓𝑜 − 1𝐵𝑓𝑜 𝜕𝐵𝑓𝑜𝜕𝑝𝑓𝑜+ 1𝑅𝑠𝑓𝑜 𝜕𝑅𝑠𝑓𝑜𝜕𝑝𝑓𝑜 ) 𝑑𝑝𝑓𝑜𝑑𝑝𝑓𝑔]}𝑝𝑓𝑔 𝜕𝑝𝑓𝑔𝜕𝑡  

(A.56) 

In Equation A.55, Equation A.56 and Equation A.57, we have used the superscripts 𝑝𝑓𝑔 

and 𝑝𝑚𝑔 to indicate that the physical properties are to be defined at the fracture and 

matrix gas pressures, respectively. This is because of the difference between the 

fracture and matrix pressures at the matrix-fracture interface due to capillary pressure. 

Rearranging Equation A.57, we obtain 𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑚𝑎𝑠𝑠 𝑠𝑡𝑜𝑟𝑎𝑔𝑒= {𝜙𝑓𝜌𝑔𝑠𝑐∆𝑉𝑓𝑆𝑓𝑔𝐵𝑓𝑔 [( 1𝜙𝑓 𝑑𝜙𝑓𝑑𝑝𝑓𝑔 + 1𝑆𝑓𝑔 𝑑𝑆𝑓𝑔𝑑𝑝𝑓𝑔 − 1𝐵𝑓𝑔 𝜕𝐵𝑓𝑔𝜕𝑝𝑓𝑔)+ 𝑅𝑠𝑓𝑜𝐵𝑓𝑔𝑆𝑓𝑜𝐵𝑓𝑜𝑆𝑓𝑔 ( 1𝜙𝑓 𝑑𝜙𝑓𝑑𝑝𝑓𝑜 + 1𝑆𝑓𝑜 𝑑𝑆𝑓𝑜𝑑𝑝𝑓𝑜 − 1𝐵𝑓𝑜 𝜕𝐵𝑓𝑜𝜕𝑝𝑓𝑜+ 1𝑅𝑠𝑓𝑜 𝜕𝑅𝑠𝑓𝑜𝜕𝑝𝑓𝑜 ) 𝑑𝑝𝑓𝑜𝑑𝑝𝑓𝑔]}𝑝𝑓𝑔 𝜕𝑝𝑓𝑔𝜕𝑡  

(A.57) 

Defining 
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𝑐𝑓𝑔𝑡 = 𝑆𝑓𝑔 [( 1𝜙𝑓 𝑑𝜙𝑓𝑑𝑝𝑓𝑔 + 1𝑆𝑓𝑔 𝑑𝑆𝑓𝑔𝑑𝑝𝑓𝑔 − 1𝐵𝑓𝑔 𝜕𝐵𝑓𝑔𝜕𝑝𝑓𝑔)+ 𝑅𝑠𝑓𝑜𝐵𝑓𝑔𝑆𝑓𝑜𝐵𝑓𝑜𝑆𝑓𝑔 ( 1𝜙𝑓 𝑑𝜙𝑓𝑑𝑝𝑓𝑜 + 1𝑆𝑓𝑜 𝑑𝑆𝑓𝑜𝑑𝑝𝑓𝑜 − 1𝐵𝑓𝑜 𝜕𝐵𝑓𝑜𝜕𝑝𝑓𝑜+ 1𝑅𝑠𝑓𝑜 𝜕𝑅𝑠𝑓𝑜𝜕𝑝𝑓𝑜 ) 𝑑𝑝𝑓𝑜𝑑𝑝𝑓𝑔]𝑝𝑓𝑔  

(A.58) 

we have 

𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑚𝑎𝑠𝑠 𝑠𝑡𝑜𝑟𝑎𝑔𝑒 =  (𝜙𝑓𝜌𝑔𝑠𝑐∆𝑉𝑓𝑐𝑓𝑔𝑡𝐵𝑓𝑔 )𝑝𝑓𝑔 𝜕𝑝𝑓𝑔𝜕𝑡  (A.59) 

In Equation A.55, (𝜏𝑚𝑔)𝑝𝑚𝑔
 is the gas influx from matrix into fractures given by 

(𝜏𝑚𝑔)𝑝𝑚𝑔 = −(𝑘𝑚𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 𝜌𝑔𝑠𝑐∆𝑥 𝜕𝑝𝑚𝑔′𝜕𝑧 + 𝑘𝑚𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝑅𝑠𝑚𝑜𝜌𝑔𝑠𝑐∆𝑥 𝜕𝑝𝑚𝑜𝜕𝑧 )𝑧=ℎ𝑚 2⁄
𝑝𝑚𝑔

= −(𝑘𝑚𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 𝜌𝑔𝑠𝑐∆𝑥 𝜕𝑝𝑚𝑔′𝜕𝑧 + 𝑘𝑚𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝑅𝑠𝑚𝑜𝜌𝑔𝑠𝑐∆𝑥 𝜕𝑝𝑚𝑜𝜕𝑧 )𝑧=ℎ𝑚 2⁄
𝑝𝑚𝑔

 

(A.60) 

Then, the gas mass balance equation is 1∆𝑥 ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 𝜕𝑝𝑓𝑔𝜕𝑥 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑥 )𝑥+𝑑𝑥𝑝𝑓𝑔
− 2𝑘𝑚𝑘𝑓ℎ𝑓 ( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 𝜕𝑝𝑚𝑔′𝜕𝑧 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑧 )𝑧=ℎ𝑚 2⁄

𝑝𝑚𝑔

− 1∆𝑥 ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 𝜕𝑝𝑓𝑔𝜕𝑥 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑥 )𝑥𝑝𝑓𝑔 = (𝜙𝑓𝑐𝑓𝑔𝑡𝑘𝑓𝐵𝑓𝑔 )𝑝𝑓𝑔 𝜕𝑝𝑓𝑔𝜕𝑡  

(A.61) 

Proceeding to the limit as ∆𝑥 → 0 yields 
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𝜕𝜕𝑥 ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝𝑓𝑔)𝑝𝑓𝑔 𝜕𝑝𝑓𝑔𝜕𝑥
− 2𝑘𝑚𝑘𝑓ℎ𝑓 [( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝𝑚𝑔′ )𝜕𝑝𝑚𝑔′𝜕𝑧 ]𝑧=ℎ𝑚 2⁄

𝑝𝑓𝑔+𝑝𝑐
= (𝜙𝑓𝑐𝑓𝑔𝑡𝑘𝑓𝐵𝑓𝑔 )𝑝𝑓𝑔 𝜕𝑝𝑓𝑔𝜕𝑡  

(A.62) 

A.2.1.2 Matrix Flow 

Similar to fracture gas mass balance, matrix gas mass balance is defined by 𝜕𝜕𝑧 ( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝𝑚𝑔)𝑝𝑚𝑔 𝜕𝑝𝑚𝑔𝜕𝑧 = (𝜙𝑚𝑐𝑚𝑔𝑡𝑘𝑚𝐵𝑚𝑔 )𝑝𝑚𝑔 𝜕𝑝𝑚𝑔𝜕𝑡  (A.63) 

where we have defined 

𝑐𝑚𝑔𝑡 = 𝑆𝑚𝑔 [( 1𝜙𝑚 𝑑𝜙𝑚𝑑𝑝𝑚𝑔 + 1𝑆𝑚𝑔 𝑑𝑆𝑚𝑔𝑑𝑝𝑚𝑔 − 1𝐵𝑚𝑔 𝜕𝐵𝑔𝜕𝑝𝑚𝑔)+ 𝑅𝑠𝑚𝑜𝐵𝑚𝑔𝑆𝑚𝑜𝐵𝑚𝑜𝑆𝑚𝑔 ( 1𝜙𝑚 𝑑𝜙𝑚𝑑𝑝𝑚𝑜 + 1𝑆𝑚𝑜 𝑑𝑆𝑚𝑜𝑑𝑝𝑚𝑜 − 1𝐵𝑚𝑜 𝜕𝐵𝑚𝑜𝜕𝑝𝑚𝑜+ 1𝑅𝑠𝑚𝑜 𝜕𝑅𝑠𝑚𝑜𝜕𝑝𝑚𝑜 ) 𝑑𝑝𝑚𝑜𝑑𝑝𝑚𝑔]𝑝𝑚𝑔
 

(A.64) 

A.2.2 Pseudopressure Definitions 

We define the fracture gas pseudopressure by 

𝑚𝑓𝑔 = ∫ ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )𝑝𝑓𝑔
𝑝𝑔𝑏 𝑑𝑝 (A.65) 

Also defining 

𝑚𝑓𝑔𝑖 = 𝑚𝑓𝑔(𝑝𝑓𝑔𝑖) = ∫ ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )𝑝𝑓𝑔𝑖
𝑝𝑔𝑏 𝑑𝑝 (A.66) 

and considering that 
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∆𝑚𝑓𝑔 = 𝑚𝑓𝑔𝑖 −𝑚𝑓𝑔 (A.67) 

we write 𝜕∆𝑚𝑓𝑔𝜕𝑥 = ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝𝑓𝑔)𝜕𝑝𝑓𝑔𝜕𝑥  (A.68) 

𝜕2∆𝑚𝑓𝑔𝜕𝑥2 = 𝜕𝜕𝑥 [( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝𝑓𝑔)𝜕𝑝𝑓𝑔𝜕𝑥 ] (A.69) 

and: 𝜕∆𝑚𝑓𝑔𝜕𝑡 = ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝𝑓𝑔)𝜕𝑝𝑓𝑔𝜕𝑡  (A.70) 

 

For matrix gas pseudopressure, we define 

𝑚𝑚𝑔 = ∫ ( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝 )𝑝𝑚𝑔
𝑝𝑔𝑏 𝑑𝑝 (A.71) 

and 

𝑚𝑚𝑔𝑖 = 𝑚𝑚𝑔(𝑝𝑚𝑔𝑖) = ∫ ( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝 )𝑝𝑚𝑔𝑖
𝑝𝑔𝑏 𝑑𝑝 (A.72) 

Thus, ∆𝑚𝑚𝑔 = 𝑚𝑚𝑔𝑖 −𝑚𝑚𝑔 (A.73) 

Then, we can write 
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𝜕∆𝑚𝑚𝑔𝜕𝑧 = ( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝𝑚𝑔)𝜕𝑝𝑚𝑔𝜕𝑧  (A.74) 

𝜕2∆𝑚𝑚𝑔𝜕𝑧2 = 𝜕𝜕𝑧 [( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝𝑚𝑔)𝜕𝑝𝑚𝑔𝜕𝑧 ] (A.75) 

and: 𝜕∆𝑚𝑚𝑔𝜕𝑡 = ( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝𝑚𝑔)𝜕𝑝𝑚𝑔𝜕𝑡  (A.76) 

The fracture gas-flow Equation A.63 can be written in terms of pseudopressures as 

follows: 

(𝜕2∆𝑚𝑓𝑔𝜕𝑥2 )𝑝𝑓𝑔 − (2𝑘𝑚𝑘𝑓ℎ𝑓 𝜕∆𝑚𝑚𝑔𝜕𝑧 )𝑧=ℎ𝑚 2⁄
𝑝𝑚𝑔 = ( 1𝜂𝑓𝑔 𝜕∆𝑚𝑓𝑔𝜕𝑡 )𝑝𝑓𝑔  (A.77) 

where: 

𝜂𝑓𝑔 = 𝑘𝑓𝑔 + 𝑅𝑠𝑓𝑜𝜇𝑓𝑔𝐵𝑓𝑔𝑘𝑓𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝𝑓𝑔𝜙𝑓𝜇𝑓𝑔𝑐𝑓𝑔𝑡  
(A.78) 

Similarly, the matrix flow Equation A.64 is given in terms of pseudopressure as follows: 

(𝜕2∆𝑚𝑚𝑔𝜕𝑧2 )𝑝𝑚𝑔 = (𝜂𝑟𝑔𝜂𝑓𝑔 𝜕∆𝑚𝑚𝑔𝜕𝑡 )𝑝𝑚𝑔
 (A.79) 

where: 

𝜂𝑟𝑔 = 𝜂𝑓𝑔𝜂𝑚𝑔 (A.80) 

and 
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𝜂𝑚𝑔 = 𝑘𝑚𝑔 + 𝑅𝑠𝑚𝑜𝜇𝑚𝑔𝐵𝑚𝑔𝑘𝑚𝑜𝜇𝑜𝑚𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝𝑚𝑔𝜙𝑚𝜇𝑚𝑔𝑐𝑚𝑔𝑡  
(A.81) 

In terms of dimensionless variables, Equation A.28, Equation A.29, Equation 

A.30, Equation A.31, and Equation A.32, we can write the fracture and matrix gas-flow 

equations [Equation A.78 and Equation A.80, respectively] as follows: 

(𝜕2𝑚𝑓𝑔𝐷𝜕𝑥𝐷2 )𝑝𝑓𝑔 − (𝜆𝑔3 𝑘𝑓𝑔𝑟𝑘𝑚𝑔𝑟 𝜕𝑚𝑚𝑔𝐷𝜕𝑧𝐷 )𝑧𝐷=1𝑝𝑚𝑔 = ( 𝜂𝜂𝑓𝑔 𝜕𝑚𝑓𝑔𝐷𝜕𝑡𝐷 )𝑝𝑓𝑔  (A.82) 

and  

(𝜕2𝑚𝑚𝑔𝐷𝜕𝑧𝐷2 )𝑝𝑚𝑔 = ( 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟 𝜂𝜂𝑓𝑔 𝜕∆𝑚𝑚𝑔𝜕𝑡𝐷 )𝑝𝑚𝑔
 (A.83) 

where  

𝑅𝑟 = 1 + 𝑅𝑠𝑓𝑜𝜇𝑓𝑔𝐵𝑓𝑔𝑘𝑓𝑜𝜇𝑓𝑜𝐵𝑓𝑜𝑘𝑓𝑔1 + 𝑅𝑠𝑚𝑜𝜇𝑚𝑔𝐵𝑚𝑔𝑘𝑚𝑜𝜇𝑜𝑚𝐵𝑚𝑜𝑘𝑚𝑔  (A.84) 

and 

𝜇𝑔𝑟 = 𝜇𝑓𝑔𝜇𝑚𝑔 (A.85) 

A.2.3 Coupling Matrix and Fracture Media 

Following similar lines and making similar assumptions to the oil-flow equations, 

we take the Laplace transforms of the dimensionless fracture and matrix equations 

[Equation A.83 and Equation A.84, respectively] to obtain 

(𝜕2�̅�𝑓𝑔𝐷𝜕𝑥𝐷2 ) − (𝜆𝑔3 𝑘𝑓𝑔𝑟𝑘𝑚𝑔𝑟 𝜕�̅�𝑚𝑔𝐷𝜕𝑧𝐷 )𝑧𝐷=1 = 𝑠 𝜂𝜂𝑓𝑔 �̅�𝑓𝑔𝐷 (A.86) 
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where 𝜕2�̅�𝑚𝑔𝐷𝜕𝑧𝐷2 = 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 �̅�𝑚𝑔𝐷 (A.87) 

In Equation A.87 and Equation A.88, we have dropped the superscripts 𝑝𝑓𝑔 and 𝑝𝑚𝑔 for 

brevity with the convention that the fracture and matrix gas properties are evaluated at 

the corresponding fracture and matrix gas pressures. Note that, in applying the Laplace 

transformation to the fracture and matrix gas-flow equations, we have used the initial 

condition that 𝑚𝑠𝑔𝐷𝑖 = 𝑚𝑠𝑔𝐷(𝑡𝐷 = 0) = 0 (A.88) 

The no-flow boundary condition at the mid-point (𝑧𝐷 = 0) of the matrix thickness is given 

by 

(𝑑�̅�𝑚𝑔𝐷𝑑𝑧𝐷 )𝑧𝐷=0 = 0 (A.89) 

Considering the effect of capillary pressure in the matrix, the condition of continuity of 

gas-pressure at the fracture-matrix interface at 𝑧 = ℎ𝑚 2⁄  is written as (𝑝𝑚𝑔)𝑧=ℎ𝑚 2⁄ = (𝑝𝑚𝑜)𝑧=ℎ𝑚 2⁄ + 𝑝𝑐 = (𝑝𝑓𝑔)𝑧=ℎ𝑚 2⁄ + 𝑝𝑐 (A.90) 

In terms of pseudopressure, Equation 3.91 can be written as 
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(𝑚𝑚𝑔)𝑧=ℎ𝑚 2⁄ = (𝑚𝑚𝑔)𝑧=ℎ𝑚 2⁄(𝑝𝑚𝑔) = ∫ ( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝 )(𝑝𝑚𝑔)𝑧=ℎ𝑚 2⁄𝑝𝑔𝑏 𝑑𝑝
= (𝑚𝑚𝑔)𝑧=ℎ𝑚 2⁄(𝑝𝑓𝑔+𝑝𝑐)
= ∫ ( 𝑘𝑚𝑟𝑔𝜇𝑚𝑔𝐵𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑟𝑜𝜇𝑚𝑜𝐵𝑚𝑜 𝜕𝑝𝑚𝑜𝜕𝑝 )(𝑝𝑓𝑔+𝑝𝑐)𝑧=ℎ𝑚 2⁄𝑝𝑔𝑏 𝑑𝑝
= ∫ 𝑘𝑟𝑔𝑅 ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )𝑑𝑝(𝑝𝑓𝑔+𝑝𝑐)𝑧=ℎ𝑚 2⁄𝑝𝑔𝑏= (�̃�𝑟𝑔𝑅)𝑧=ℎ𝑚 2⁄(𝑝𝑓𝑔+𝑝𝑐)𝑧=ℎ𝑚 2⁄ ∫ ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔(𝑝𝑓𝑔+𝑝𝑐)𝑧=ℎ𝑚 2⁄𝑝𝑔𝑏+ 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )𝑑𝑝 = (�̃�𝑟𝑔𝑅𝑚𝑓𝑔)𝑧=ℎ𝑚 2⁄(𝑝𝑓𝑔+𝑝𝑐)𝑧=ℎ𝑚 2⁄
= (�̃�𝑟𝑔𝑅𝑚𝑓𝑔′ )𝑧=ℎ𝑚 2⁄  

(A.91) 

In Equation A.92, �̃�𝑟𝑔𝑅 is the integral mean value of 𝑘𝑟𝑔𝑅 defined by 

𝑘𝑟𝑔𝑅 = 𝑘𝑚𝑔𝜇𝑚𝑔𝐵𝑚𝑔𝑘𝑓𝑔𝜇𝑓𝑔𝐵𝑓𝑔 𝑅𝑟 =
𝑘𝑚𝑔𝑘𝑓𝑔𝑅𝑟 (𝜇𝐵)𝑔𝑟 (A.92) 

where 

(𝜇𝐵)𝑔𝑟 = 𝜇𝑓𝑔𝐵𝑓𝑔𝜇𝑚𝑔𝐵𝑚𝑔 (A.93) 

and 𝑚𝑓𝑔′  is defined by 

𝑚𝑓𝑔′ = (𝑚𝑓𝑔)𝑧=ℎ𝑚 2⁄(𝑝𝑓𝑔+𝑝𝑐) = ∫ ( 𝑘𝑓𝑟𝑔𝜇𝑓𝑔𝐵𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑟𝑜𝜇𝑓𝑜𝐵𝑓𝑜 𝜕𝑝𝑓𝑜𝜕𝑝 )𝑑𝑝(𝑝𝑓𝑔+𝑝𝑐)𝑧=ℎ𝑚 2⁄𝑝𝑔𝑏  (A.94) 
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Assuming that 𝑘𝑟𝑔𝑅 is a weak function of pressure, the Laplace transform of the 

continuity of dimensionless pseudopressure condition at the matrix-fracture interface 

can be written as follows: (∆�̅�𝑚𝑔𝐷)𝑧𝐷=1 = (�̃�𝑟𝑔𝑅∆�̅�𝑓𝑔𝐷′ )𝑧𝐷=1 (A.95) 

The general solution of the matrix gas-flow Equation A.88 is given by 

�̅�𝑚𝑔𝐷 = 𝐴𝑒𝑥𝑝(−√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 𝑧𝐷) + 𝐵 𝑒𝑥𝑝(√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 𝑧𝐷) (A.96) 

From the no-flow boundary condition at 𝑧𝐷 = 0, Equation A.90, we have 𝐴 = 𝐵. Thus, 

�̅�𝑚𝑔𝐷 = 𝐴 [𝑒𝑥𝑝(−√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 𝑧𝐷) + 𝑒𝑥𝑝(√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 𝑧𝐷)] (A.97) 

Using the continuity of pressure at the matrix-fracture interface at 𝑧𝐷 = 1, Equation 

A.96, yields 

(�̅�𝑚𝑔𝐷)𝑧𝐷=1 = 𝐴 [𝑒𝑥𝑝(−√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔) + 𝑒𝑥𝑝(√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔)]= (�̃�𝑟𝑔𝑅�̅�𝑓𝑔𝐷′ )𝑧𝐷=1 

(A.98) 

Then, 

𝐴 = (�̃�𝑟𝑔𝑅𝑚𝑓𝑔𝐷′ )𝑧𝐷=1𝑒𝑥𝑝(−√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔) + 𝑒𝑥𝑝(√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔) 

(A.99) 

and thus, the gas-flow solution for matrix is given by 
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�̅�𝑚𝑔𝐷

= 𝑒𝑥𝑝(−√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 𝑧𝐷) + 𝑒𝑥𝑝(√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 𝑧𝐷)
𝑒𝑥𝑝(−√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔) + 𝑒𝑥𝑝(√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔) (�̃�𝑟𝑔𝑅�̅�𝑓𝑔𝐷′ )𝑧𝐷=1 

(A.100) 

 

Evaluating the derivative of the matrix gas-flow solution at 𝑧𝐷 = 1, we have: 

(𝑑�̅�𝑚𝑔𝐷𝑑𝑧𝐷 )𝑧𝐷=1 = [−√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 𝑒𝑥𝑝(−√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔)
+√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 𝑒𝑥𝑝(√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔)] (�̃�𝑟𝑔𝑅�̅�𝑓𝑔𝐷′ )𝑧𝐷=1
÷ [𝑒𝑥𝑝(−√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔)+ 𝑒𝑥𝑝(√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔)] 

(A.101) 

which, upon rearranging, yields 

(𝑑�̅�𝑚𝑔𝐷𝑑𝑧𝐷 )𝑧𝐷=1 = (�̃�𝑟𝑔𝑅�̅�𝑓𝑔𝐷′ )𝑧𝐷=1√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔 𝑡𝑎𝑛ℎ (√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔) (A.102) 

Substituting Equation A.103 into the fracture gas-flow Equation A.87, we obtain 

𝑑2�̅�𝑓𝑔𝐷𝑑𝑥𝐷2 − (𝜇𝐵)𝑔𝑟√ 𝜆𝑔𝜔𝑔3𝜇𝑔𝑟𝑅𝑟 𝑠 𝜂𝜂𝑓𝑔 𝑡𝑎𝑛ℎ (√ 3𝜔𝑔𝜇𝑔𝑟𝜆𝑔 𝑅𝑟𝑠 𝜂𝜂𝑓𝑔)�̅�𝑓𝑔𝐷′ − 𝑠 𝜂𝜂𝑓𝑔 �̅�𝑓𝑔𝐷 = 0 (A.103) 

where we have assumed that �̃�𝑟𝑜𝑅 ≈ (𝑘𝑟𝑜𝑅)𝑧𝐷=1 and the fracture pseudopressure is 

independent of 𝑧.  
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Equation A.99 includes two pseudopressures, �̅�𝑚𝑔𝐷 and �̅�𝑓𝑔𝐷′ , and cannot be 

solved without additional assumptions. Here, we will consider two options. 

Option 1: The gas flowing in the fractures is dominated by the gas originally in 

the fractures or liberated from the oil in the fractures; that is, the volume of gas influx 

from matrix into fractures is negligible compared to the volume of gas already in the 

fracture.  

In this case, we can neglect the capillary pressure in the matrix and approximate 𝑚𝑓𝑔′ = 𝑚𝑚𝑔 + 𝑝𝑐 ≈ 𝑚𝑓𝑔 to write 𝑑2�̅�𝑓𝑔𝐷𝑑𝑥𝐷2 − 𝑠𝑓𝑔(𝑠)�̅�𝑓𝑔𝐷 = 0 (A.104) 

where we have defined 

𝑓𝑔(𝑠) = 𝜂𝜂𝑓𝑔 [1 + √𝜆𝑔𝜔𝑔𝜂𝑓𝑔3𝑠𝜂�̃�𝑟 𝑡𝑎𝑛ℎ (√3𝜔𝑔𝜂𝜆𝑔𝜂𝑓𝑔 �̃�𝑟𝑠)] (A.105) 

and  

�̃�𝑟 = 1 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑜𝑘𝑓𝑔1 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑜𝑘𝑚𝑔 = 𝑘𝑚𝑔𝑘𝑓𝑔 ( 𝑘𝑓𝑔 + 𝑅𝑠𝑓𝑜𝑘𝑓𝑜𝑘𝑚𝑔 + 𝑅𝑠𝑚𝑜𝑘𝑚𝑜) (A.106) 

In Equation A.105 through Equation A.107, we have assumed that, if 𝑚𝑓𝑔′ = 𝑚𝑓𝑔, then 𝜇𝑓𝑜 = 𝜇𝑚𝑜, 𝜇𝑓𝑔 = 𝜇𝑚𝑔, 𝐵𝑓𝑜 = 𝐵𝑚𝑜, and 𝐵𝑓𝑔 = 𝐵𝑚𝑔. This form of the fracture gas-flow 

equation should be a reasonable approximation at early times when flow from matrix is 

negligible. 

Option 2: The volume of gas originally in fractures is mostly depleted (negligible) 

and the gas influx from matrix into the fractures dominates the flowing gas volume in 

fractures.  
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In this case, the effect of capillary pressure can be emphasized by assuming 𝑝𝑓𝑔′ ≈ 𝑝𝑚𝑔 = 𝑝𝑚𝑜 + 𝑝𝑐 = 𝑝𝑓𝑜 + 𝑝𝑐 = 𝑝𝑓𝑔 + 𝑝𝑐, which yields 𝑑2�̅�𝑓𝑔𝐷′𝑑𝑥𝐷2 − 𝑠𝑓𝑔′(𝑠)�̅�𝑓𝑔𝐷′ = 0 (A.107) 

where 𝑓𝑔′(𝑠) = [𝑓𝑔(𝑠)]𝑝𝑓𝑔′  and 𝑓𝑔(𝑠) is given by Equation A.106. Similar to Option 1, 

because the same gas pressure is used for all terms, here we have assumed that 𝜇𝑓𝑜 =𝜇𝑚𝑜, 𝜇𝑓𝑔 = 𝜇𝑚𝑔, 𝐵𝑓𝑜 = 𝐵𝑚𝑜, and 𝐵𝑓𝑔 = 𝐵𝑚𝑔. This form of the fracture gas-flow equation 

should be a reasonable approximation at late times when the gas flow in the fracture 

system is mostly due to the influx from the matrix. 
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