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ABSTRACT 

From practice, the strength of casing varies with environment after installation. Mechanical 

and chemical damage caused by operation and production will degrade the mechanical properties 

of casing. With weaker casing strength, casing failure will happen unpredictably. To prevent 

casing failure, it is important to evaluate the casing strength. In this study, the burst strength 

degradation of casing with damage and deformation is investigated using the Finite Element 

Method (FEM). Damages include crescent-shaped wear by tool joint and slickline. The 

deformations include elastic deformation by bending moment and plastic deformation by curved 

well trajectory. The main objective of this study is to generate mathematical relationships between 

the burst resistance degradation and damage/deformation with different magnitudes and 

geometries. 

FEM is widely used as an approximate numerical method for solving field mechanics 

problems. In this study, damage and deformations were added to a finite element casing model 

which went through a verification and validation process. The pressures applied on the model were 

adjusted until the von Mises stress met with the material strength. The final pressures were 

recorded as the burst strength. Burst strength data were later used to explore the effect of different 

damage/deformation on burst strength. 

In this study, linear relationships between the pressure applied and von Mises stress were 

observed in simulation cases. From the regression analysis, the relationship between the burst 

strength and thickness remaining/cut depth was determined to be exponential functions. The 

relationships between the newly created parameters, cut area and cut arc length were determined to 

be logarithmic function and piecewise linear functions respectively. From the principal stress 

analysis, the damage on the casing was found to increase the local tangential stress significantly; it 

was also found the damage can increase the local axial stress.  

Based on the results, the initial damage on a casing brings the largest burst resistance 

reduction as compared to following damage with the same increment on cut depth. Pipes with a 

smaller outer diameter resulted in a larger burst strength degradation with the same cut depth. A 
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casing with crescent-shaped damage had a smaller burst strength than a uniform thickness casing 

with the same thickness remaining.  

This study also provides two possible methods to estimate the burst strength with a given 

damage geometry. The first method finds the effect of each individual parameter in the damage 

geometry function on burst strength degradation, and establishes universal mathematical functions 

between damage geometry parameters and burst strength degradation. The second method 

develops a stress concentration factor function for tangential stress near the damaged zone in the 

casing model. The von Mises stress and burst strength can be determined with hypothetical axial 

stress and radial stress. 

This study reveals how burst strength changes with crescent-shaped damage and 

deformations in detail, which can help to better evaluate the burst strength of casing in the field. In 

the future, more research can be done using higher order elements, more complex loading 

conditions and updated material models with metal plasticity and damage.  
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1. CHAPTER 1 

INTRODUCTION 

Casing is commonly used in drilling and completion operations as an important 

component of well structures. Different from pipe, casing has a size from 4.5 to 20 inch. Casing 

installation happens after drilling operations proceed to a certain depth; a group of large 

diameter pipes are placed to a predetermined depth and cemented in place. The main functions 

of casing include maintaining wellbore stability, protecting freshwater zones from 

contamination and providing well pressure control.  

Casing cost is one of the biggest parts in overall well cost. Casing failure before 

production will delay the well construction progress; casing failure after production will 

threaten the equipment attached to the casing and production tools contained by the casing. 

Therefore, proper casing design is required for casing to survive under different extreme 

environments. 

However, just good casing design cannot prevent casing from failure. The strength of 

casing varies with the environment after installation. Mechanical and chemical damage caused 

by operation and production will degrade the mechanical properties of casing. With weaker 

casing strength, casing failure will happen unpredictably.  

To prevent casing failure, it is important to maintain and evaluate the casing conditions. 

Decreasing potential damage can be important to maintain the casing properties. For example, 

casing with special material can be applied in hostile environments to prevent damage. 

Operation process can also be utilized to protect casing by removing unnecessary operations. 

However, some damages are unforeseeable and unavoidable. In this case, it is important to 

evaluate the casing condition. If casing underwent heavy damage, inserting new casing into the 

old one to maintain integrity may be a good solution. The damaged casing portion can also be 

abandoned if necessary. If casings only have medium to slight level of damage, it is worthwhile 

to keep the casing in place. To use the damaged casing, evaluation of the casing strength 
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becomes important. The evaluation result can be used as a reference for future operations to set 

necessary safety factors and limits to prevent failure. 

1.1 Previous Work and Discussion 

Song et al. (1992) developed a function that can calculate the internal pressure capacity of 

casing with crescent-shaped wear. Tangential stress functions on the inner and outer surfaces of 

the casing were derived from bipolar coordinates, which was believed to be able to better 

describe the geometry of the damaged cross-section. Von Mises stress can be calculated with 

axial stress and radial stress, and rupture pressure can be determined by equaling von Mises to 

the true fracture stress. The data required for rupture pressure are the sizes of the casing and 

drill pipe that result in damage, material strength and thickness remaining. 

BP Amoco Casing Design Manual (1999) presented a method to estimate the casing wear 

and relative burst strength degradation, which is also widely used in the petroleum industry. 

With operation parameters such as dogleg severity, drill pipe tension/compression, side load, 

wear coefficient and equivalent rotating hours, percentage wear of a casing can be obtained 

from relative charts. 

Percentage wear was commonly used as a casing wear index, which is defined as: 

 % 𝑤𝑒𝑎𝑟 = 𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑡𝑖𝑐𝑘𝑛𝑒𝑠𝑠𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑡𝑖𝑐𝑘𝑛𝑒𝑠𝑠 × 100 (1.1) 

 

Percentage wear was used to calculate wear factor Fwear, which can be calculated as: 

 𝐹𝑤𝑒𝑎𝑟 = 1 −% 𝑤𝑒𝑎𝑟100  (1.2) 

 

Fwear was used to find degradation on casing’s mechanical performance. From the casing 

design, three criteria used are burst, collapse and tension. After wear happened, the resistance 

of casing to pressures and loads will be less. A new burst rating can be calculated from the 

original API burst rating multiplied by Fwear. 

Wu and Zhang (2005) indicated that a linear or near linear relationship exists between 

casing burst strength and the thickness remaining for casing with uniform thickness. A casing 
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model with a rectangular shaped damage was used to derive the tangential stress function near 

the damage in a worn casing. The results from the derived tangential stress function were 

compared to the results using the finite element method. Their comparison indicated that the 

derived tangential stress function can provide reasonable prediction of tangential stress with 

necessary correction factor to determine the difference between the crescent shaped damage 

and rectangular shaped damage. The results from finite element analysis also show that the full 

yield and rupture burst strength reduces linearly as the casing wear increases, but the initial 

yield burst resistance reduces non-linearly with casing wear. 

Taylor et al. (2015) discussed the effect of bending and axial compression on pipeline 

burst resistance. The finite element method was applied in this research. 2D solid elements and 

shell elements were used to find the effect of bending and axial stress correspondingly. From 

the results, the burst capacity reduced by load controlled bending, but not significantly affected 

by displacement controlled bending. The thermally induced axial loading was found to have 

minor effect on the burst. 

Yu et al. (2018) focused on the effect of accumulative wear of drill pipes and tool joints on 

a casing model. Compared to the damaged casing model with single crescent-shaped damage, 

the accumulative crescent-shaped damage model was believed to better estimate the stress 

condition. Meanwhile, the accumulative damage model has a higher requirement on damage 

estimation using operation parameters. Damage probing techniques may also be required to 

determine the damage condition. The finite element method was applied to a sample 

accumulative damage model. It was found that alternate accumulative wear can result in higher 

wear depth compared to single wear. Von Mises stress comparison indicated the maximum von 

Mises stresses of the alternate accumulative wear of tool joint and drill pipe were close to the 

maximum von Mises stresses of the drill pipe, which has a smaller diameter compared to the 

tool joint; it was also found that the maximum von Mises stress has a near linear relationship 

with wear depth before the wear depth exceeds half of the total thickness, and von Mises stress 

increases rapidly after the wear depth exceed half of the total thickness. 
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From the development on damage/wear estimation and burst resistance estimation 

methods, charts and tables with different operation parameters were replaced by the software, 

which can estimate the casing wear faster and with higher accuracy. In the past, the common 

method to correlate the burst resistance and percentage wear of casing was to use simplified 

models like the uniform thickness model or eccentric model. However, the regular–shaped 

wear in these models is rare in reality. The burst estimated from the simplified models can be 

conservative, which may mislead the following operation. Another method is to create an 

analytical function for specific principal stress like tangential stress. Although a function is 

developed for casing with crescent-shaped wear, the assumptions on radial stress and axial 

stress can still cause error on von Mises stress and burst resistance estimation. 

Presently, the finite element method is widely applied to find the relationship between 

burst resistance and casing damage with complex geometry. Some researches focused on the 

relationships between wear geometry and burst degradation, but research also focused on how 

bending and axial stress resulted from loading and deformation affects the burst resistance. 

From a casing wear mechanism, wear usually happened at the curved casing portion, where 

non-uniformed wear combines with deformation that can degrade the burst resistance even 

more. Using single damage/deformation as the variable may not be able to reflect the real burst 

resistance accurately. This research will mainly focus on determining the relationship between 

different wear geometries and relative burst resistance using the finite element method, 

bending moment and axial stress will be built in damaged casing models later to further explore 

the burst resistance close to the real conditions. 

Compared to previous work, instead of plotting the burst resistance with thickness 

remaining for a specific combination of casing and tool joint (drill pipe), this research will 

focus more on the relationships between crescent-shaped wear geometry and burst resistance. 

Crescent-shaped wear geometry will be quantified as mathematical functions, or represented 

by parameters like cut areas, which highly depends on wear geometry. 3D elements will also be 

used to find the effect of crescent-shaped wear on principal stresses, which can provide more 

accurate von Mises stress compared to the methods that used assumed principal stresses. 
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1.2 Research Objectives 

Research objective: evaluate how casing damage/deformation degrades the burst 

resistance. 

Thesis objective: Use Finite Element Analysis (FEA) to estimate new burst resistance for 

casing with damage and deformation. Possible damages include crescent-shaped wear by tool 

joint (drill pipe) and slickline. Deformations include elastic deformation from bending moment 

and plastic deformation by curved well trajectory. The goal is to correlate the 

damage/deformation type and magnitude with burst resistance degradation, and generate 

mathematical relationships between the burst resistance degradation and damage/deformation 

with different magnitudes and geometries. 

1.3 Methodology 

General procedures for the burst resistance determination using the finite element method 

can be summarized as follows: 

1. Build an analytical casing model to calculate burst resistance for an undamaged 

casing. 

2. Build an undamaged casing model in FE software, increase the inner pressure 

until von Mises stress reaches to the yield strength of the material. Record the burst 

resistance from the FEA tool. 

3. Compare the results from the analytical model and FEA model. Modify the FEA 

model until validation against the analytical model is achieved. 

4. Build crescent-shaped wear from tool joints and slickline on the undamaged 

model. Use results from the FEA tool to generate relationships between maximum von 

Mises stress and different damage geometries. 

5. Apply axial stress to the damaged casing model. Use results from the FEA tool to 

explore the effect of axial stress on von Mises stress and burst resistance. 
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6. Apply moment or load to generate bending stress on the damaged model. Use 

results from the FEA tool to find how burst resistances change under different dogleg 

severity (5 and 10 degrees/100ft). 

7. Apply internal pressure on the deformed casing model, explore how plastic 

deformation can affect the burst resistance of a casing 

  

General procedures for the FEA can be summarized as follows (Karaivanov 2019) 

1. Obtain Geometry – usually from CAD 

2. Select Materials 

3. Define Fixtures 

4. Define External Loads 

5. Discretize Geometry With a Mesh of Nodes/Elements 

6. Complete Numerical Solution of FE Model 

7. Review and Interpret the Results 

8. Conduct Verification and Validation (V&V) of FE model  
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2.  

CHAPTER 2 

LITERATURE REVIEW 

In this chapter, a summary of different casing wear patterns and casing wear types are 

provided. The fundamental finite element analysis theory is also discussed. 

2.1 Casing Wear Pattern 

Casing wear patterns including adhesive wear, abrasive wears result from two 

circumstances are discussed in this section. 

2.1.1 Adhesive Wear  

Adhesive wear happens due to the tendency of material on one body to adhere to the 

contacted body, the attractive forces between different molecules become obvious with small 

intermolecular distance. Some material will be removed from the original body and adhere to 

the new contacted body during the separation process of two bodies. Figure 2.1 shows the 

process of adhesive wear. This material transfer is commonly observed from casing to tool 

joints. Adhesive wear usually occurs on a non-smooth wear face (Stachowiak and Batchelor 

2014). 

 

 

 

Figure 2.1: Material transformation in adhesive wear process (Stachowiak and Batchelor 

2014). 
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2.1.2 Abrasive Wear 

Abrasive wear happens when a hard body cuts through a softer body. The bulge on harder 

body creates scratches on the softer body and removes material. With continuous cutting action, 

material from the softer body can be removed uniformly. Figure 2.2 shows the process of 

abrasive wear. The mechanism for PDC bit to remove the rock is a good example of abrasive 

wear (Stachowiak and Batchelor 2014). 

 

 

Figure 2.2: Abrasive wear-Machining (Stachowiak and Batchelor 2014). 

 

 

Two abrasive wear types are commonly observed in casing. 

Machining  

When casing comes into contact with a rotating tool joint, the tungsten carbide particles 

on the tool joint wear the inner casing surface.  

Grinding/polishing 

Hard particles trapped between a rotating tool joint and casing surface can cause wear to 

both pieces of equipment (Stachowiak and Batchelor 2014). 

2.2 Casing Wear Type 

Casing wear by tool joint /drill pipe and wear by slickline will be mainly applied in finite 

element simulations. The major difference between drill pipe and slickline is the magnitude of 

their outer diameter. Comparing the wear and the relative burst resistances from tools with 

obvious size difference on size highlights this effect. 
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2.2.1 Casing Wear by Tool Joint and Drill Pipe. 

Direction drilling has become a common practice in unconventional resource exploitation. 

However, the increased contact between the curved hole and the drilling strings in directional 

drilling results in a big increase in torque and drag compared to vertical well. During the 

drilling process, drilling strings cannot be centralized due to the bending of pipe with high 

stiffness. With continuous rotation, drilling pipe and tool joint on drill strings will cause a 

crescent-shaped wear on casing contacted area. Figure 2.3 shows cross section geometry of 

casing wear by tool joint. Some part of casing can experience a series of wear from different 

drill pipes and tool joints during the drilling process. In this case, the wear geometry will be 

complex compared to one crescent-shaped wear from single contact. 

 
Figure 2.3: Rotating tool joint wears crescent grooves in casing (Pegasus Vertex 2015). 

2.2.2 Casing Wear by Slickline/Wireline. 

Compare to tool joint and drill pipe, slickline does not have applied torque in operation, it 

also has a much smaller stiffness and diameter. When slickline is used in curved well, it will 

not be centralized at every location. The loaded slickline will contact with inner surface of 

casing, high side loading will be applied on casing by slickline especially when slickline has 

tension inside. The running slickline will cut the casing contacted as a wire saw. Slickline will 

also cause a crescent wear with smaller contact area.  
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2.3 Fundamental FEA Theory 

In the stress analysis of a system or a structure, analytical methods in solid mechanics can 

be easily applied to infinitesimal elements in a simple structure. However, for some complex 

structures, it can be extremely hard to find an analytical (closed-form) solution of the partial 

differential equations which describe the phenomena. Finite Element method (FEM) is a 

method to find a solution (shape functions) for a complex structure. In FE method, the structure 

needs to be divided into regular, discrete and finite pieces. Each piece is called an element. 

Creating shape function on individual elements is easier. The process of Finite Element 

Analysis (FEA) is using an element with predefined properties and boundary conditions to 

solve the behavior of the structure. With assembly of the element, the global stiffness matrix 

can be constructed. By applying loading conditions and fixtures, the overall reaction of the 

structure can be obtained. The reaction of each element can be solved individually.  

Compared with analytical methods, one important advantage of the FE method is that it 

can provide solution for complex geometry in a relatively simple way. Instead of solving one 

complex partial differential equation, many simpler equations are solved in FEA. In this 

process, the high difficulty of the solving one equation transfers to a large amount of 

calculations. Fortunately, with the help of computers, a large amount of calculations can be 

handled properly. FE method is not only used in solid mechanics, but also widely applied in 

many types of analysis such as thermal, fluid and electrostatic.  

FE method cannot provide an analytical solution from the principle. In other words, FEA 

is an approximate numerical method for solving the governing mathematical equations of solid 

mechanics problems in field. 

Figure 2.4 shows a simple example of using FE method to provide an approximate 

solution for a real problem. In this example, 1D truss system with three elements was used to 

simulate the physical system.  
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Figure 2.4: Using FEA model to simulate physical system (Petrella 2019). 

 

 

The uniform elastic rod like truss can be equivalent to a linear spring. Stiffness (spring 

constant) of each spring is expressed as k. Nodal displacement along the element axis is 

expressed as u; the external load other than internal spring force applied on each node in 

positive x direction is expressed as F.  

From Hooke’s law, 𝐹 = 𝑘𝑥  x is spring deformation. The internal spring force in element 

1 is: 

 𝐹 = 𝑘1(𝑢2 − 𝑢1) (2.1) 

 

From solid mechanics, force in the elastic rod can be expressed as: 

 𝐹 = 𝜎𝐴 = 𝐸𝜀𝐴 = 𝐸𝐴∆𝐿𝐿 = 𝐸𝐴𝐿 ∆𝐿 (2.2) 

 

Since both ∆𝐿 and x represent the total deformation, the spring constant k can be 

expressed as: 

 𝑘 = 𝐸𝐴𝐿  (2.3) 

 

Where, 

E = Young’s Modulus, psi 

A = Cross-section area, inch2 

L = Length, inch 
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From the physical system, the spring system is in compression. Therefore, the equations 

system will be built with compression. Displacement vector and load vector will not be 

specified until boundary conditions are plugged in during the last step. Figure 2.5 shows the 

force equilibrium of entire system, force equilibrium in element 1 and force equilibrium of 

node one and node two in order. 

 

 
Figure 2.5: Force equilibrium of entire system, element and node. 

 

 

Element 1 consists of node 1 and 2, the force equilibrium of node 1 is: 

 𝑅 + 𝑓1 − 𝑘1(𝑢2 − 𝑢1) = 0 (2.4) 

 

Where R is the reaction force applied by fixture. The internal force of spring can be 

expressed as total external force applied on node one as: 

 𝑘1(𝑢2 − 𝑢1) = 𝑅 + 𝑓1 (2.5) 

 

Let  1 = 𝑅 + 𝑓1, 𝑘1(𝑢2 − 𝑢1) = 𝐹1. The force equilibrium of node 2 is: 

 𝑓2 + 𝑘1(𝑢2 − 𝑢1) − 𝑘2(𝑢3 − 𝑢2) = 0 (2.6) 

 

 𝑘2(𝑢3 − 𝑢2) = 𝐹1 + 𝑓2 (2.7) 
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The force equilibrium of node 1 and 2 can be rewritten as: 

 𝑢1𝑘1 − 𝑢2𝑘1 = −𝐹1 and −𝑢1𝑘1 + 𝑢2𝑘1 = 𝐹1 (2.8) 

 

In matrix form: 

 [ 𝑘1 −𝑘1−𝑘1 𝑘1 ] 2𝑢1𝑢23 = {−𝐹1𝐹1 } (2.9) 

 

 , - = 0 𝑘 −𝑘−𝑘 𝑘 1 is the stiffness matrix. Displacement vector * + = 2𝑢1𝑢23 contains all 

nodal degrees of freedom (DOF). Load vector *𝐹+ = {𝐹1𝐹2} represents the load on nodes.  

Element 2 consists of node 2 and 3, the force equilibrium of node 2 is: 

 −𝑘2(𝑢3 − 𝑢2) = −(𝐹1+𝑓2) (2.10) 

 

The force equilibrium of node 3 is: 

 𝑓3 + 𝑘2(𝑢3 − 𝑢2) − 𝑘3(𝑢4 − 𝑢3) = 0 (2.11) 

 

 𝑘3(𝑢4 − 𝑢3) = 𝐹1 + 𝑓2 + 𝑓3 (2.12) 

 

The force equilibrium of node 2 and 3 can be rewritten as: 

 𝑢2𝑘2 − 𝑢3𝑘2 = −(𝐹1+𝑓2) (2.13) 

 

 −𝑢2𝑘2 + 𝑢3𝑘2 = 𝐹1+𝑓2 (2.14) 

 

In matrix form: 

 [ 𝑘2 −𝑘2−𝑘2 𝑘2 ] 2𝑢2𝑢33 = {−(𝐹1 + 𝑓2)𝐹1 + 𝑓2 } (2.15) 

 

Element 3 consists of node 3 and 4, the force equilibrium of node 3 is: 

 −𝑘3(𝑢4 − 𝑢3) = −(𝐹1 + 𝑓2 + 𝑓3) (2.16) 

 

The force equilibrium of node 4 is 𝑓4 + 𝑘3(𝑢4 − 𝑢3) = 0   
The force equilibrium of node 3 and 4 in matrix form can be rewritten as: 

 [ 𝑘3 −𝑘3−𝑘3 𝑘3 ] 2𝑢3𝑢43 = {−(𝐹1 + 𝑓2 + 𝑓3)−𝑓4 } (2.17) 
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Each local matrix equation can be expanded to a global equation by adding new rows and 

columns in stiffness matrix and load vector, and filling the empty spaces with zero. For 

example, the local matrix equation for element 1 can be expanded as: 

 [ 𝑘1 −𝑘1 0 0−𝑘1 𝑘1 0 00 0 0 00 0 0 0],
𝑢1𝑢2𝑢3𝑢4- = {

−𝐹1𝐹100 } (2.18) 

 

By adding the expanded matrix equation for element 2, the global equation becomes: 

 [ 𝑘1 −𝑘1 0 0−𝑘1 𝑘1 + 𝑘2 −𝑘2 00 −𝑘2 𝑘2 00 0 0 0] ,
𝑢1𝑢2𝑢3𝑢4- = {

−𝐹1−𝑓2𝐹1 + 𝑓20 } (2.19) 

 

The row/column number of the global stiffness matrix equals to nodes number multiplied 

by the DOF of each node. By adding all expanded matrices together, the global equation can be 

constructed. This process is known as model assembly. The global equation system is 

expressed as: 

 [ 𝑘1 −𝑘1 0 0−𝑘1 𝑘1 + 𝑘2 −𝑘2 00 −𝑘2 𝑘2 + 𝑘3 −𝑘30 0 −𝑘3 𝑘3 ] ,
𝑢1𝑢2𝑢3𝑢4- = {

−𝐹1−𝑓2−𝑓3−𝑓4} (2.20) 

 

There is a shortcut to construct the stiffness matrix.  

The stiffness matrix is a square matrix.  

The position i, j where i=j is the sum of the stiffness constant of the elements connect with 

node i. For example, node 2 connects with elements 1 and 2. The 2, 2 position in stiffness 

matrix is k1+k2.  

The position i, j where i j is the negative value of the stiffness constant between node i 

and j. For example, the element 3 is between node 3 and 4. Both the 3, 4 and 4, 3 positions in 

stiffness matrix are -k3.  
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If there is not an element which directly connect two nodes i and j, the value in position i,j 

is zero. For example, no element connects node 1 and 3 directly. Both the 1, 3 and 3, 1 positions 

in stiffness matrix are 0. 

From the physical system, the left side (node 1) of the system is fixed and has unknown 

reaction force, force F in negative direction is applied on node 4 and no external load applied 

on node 1, 2 and 3. Therefore, f1 =f2 =f3 = 0 and f4 = -F 

The global system with given boundaries conditions can be expressed as: 

 [ 𝑘1 −𝑘1 0 0−𝑘1 𝑘1 + 𝑘2 −𝑘2 00 −𝑘2 𝑘2 + 𝑘3 −𝑘30 0 −𝑘3 𝑘3 ] ,
𝑢1𝑢2𝑢3𝑢4- = ,

−𝑅00𝐹 - (2.21) 

 

It can be found that a global stiffness matrix is only a function of structural geometry, but 

does not change with boundary conditions. If the structure is in tension, the global stiffness 

matrix will remain the same but the terms in the load vector will have different signs. 

Since node 1 is fixed, the displacement of u1 is zero. All the values relate to u1 (the first 

column of the stiffness matrix) can be move to the load vector. Global equation becomes: 

 [0 −𝑘1 0 00 𝑘1 + 𝑘2 𝑘2 00 𝑘2 𝑘2 + 𝑘3 −𝑘30 0 −𝑘3 𝑘3 ]{
0𝑢2𝑢3𝑢4} = {

−𝑅 − 𝑘1𝑢1𝑢1𝑘10𝐹 } (2.22) 

 

To remove the nodal equilibrium equation for node 1, the row containing known node 

displacement can be removed. The column with same number can be removed. For known 

node 1, the first row of the equation system and the first column of stiffness matrix can be 

removed. Expressed as: 

 [𝑘1 + 𝑘2 𝑘2 0𝑘2 𝑘2 + 𝑘3 −𝑘30 −𝑘3 𝑘3 ] {𝑢2𝑢3𝑢4} = {𝑘1𝑢10𝐹 } (2.23) 

 

With this final version of global equation system, the displacement vector will be firstly 

solved:  

 



 

16 

 
since ,𝐾-*𝑢+ = *𝐹+   *𝑢+ = ,𝐾-;1*𝐹+ (2.24) 

 ,𝐾-;1 is the inversed (reciprocal) matrix of the stiffness matrix, ,𝐾-,𝐾-;1 =   where I is 

the identity matrix. For square matrix: 

 ,𝐾-;1 = 1det(𝐾) 𝑎𝑑𝑗(𝐾) (2.25) 

 

det (K) is the determinant of matrix and adj (k) is the adjugate matrix. Without modifying 

the stiffness matrix with a known displacement, the original stiffness matrix will have a 

determinant equal to zero, which makes the stiffness matrix singular (not invertible). 

Physically, when loads are applied on a structure without constraints, the structure will move 

but not deform as expected, which known as rigid body motion. 

With known reciprocal matrix and load vector, the displacement vector can be solved. By 

multiplying the original stiffness matrix with the solved displacement vector, expressed as ,𝐾-*𝑢 + = *𝐹 +, the load vector can be solved, the loads in the load vector include external load 

applied on each node and reaction force.  

A shortcut to fix the node is to apply a spring with extremely high stiffness kc. To fix the 

node 1 in this example, a very stiff spring element can be put on the left side of node 1 as shown 

in Figure 2.6. Now, node 1 connects with two spring elements, and the 1, 1 position in stiffness 

matrix becomes k1+ kc. From Equation 2.4, since the reaction force by stiff spring is 𝑅 = 𝑘𝑐𝑢1, 

this equation can be rewritten as 𝑢1(𝑘1 − 𝑘𝑐) − 𝑢2𝑘1 = 𝑓1 = 0 in this case. 

 

Figure 2.6: A spring with extremely high stiffness can act like a fixture. 
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However, this method is only applied on node with constraints. If the displacement of a 

node is known but not zero, the method of adding stiff spring will not work. 

From the previous step, instead of dividing a structure into finite pieces, the FEA process 

is more like constructing a structure with regular elements. The shape function of each element 

was pre-defined. The shape functions array of the entire structure can be constructed with the 

shape functions of each element with shared nodes. With boundary conditions, the shape 

functions array that can represent the entire structure can be finally determined.  

Since the geometry of the structure used in the example is relatively simple, the analytical 

solution of displacement can be easily found. The results from the analytical method and FEA 

can be compared. It is obvious that a structure rebuilt with three elements cannot precisely 

represent the original structure. More elements with smaller size are needed at this point; this 

process of increasing the element number is also known as mesh refinement. From practice, for 

a structure without stress intensity, the solution of FEA will converge eventually. The values in 

the solution will no longer change with increasing element number; this process is known as 

mesh convergence. The difference between the analytical and FEA solution will decrease with 

mesh convergence in a correctly performed FEA process. After mesh convergence, the pursuit 

of smaller elements becomes unnecessary. Trading tiny increments on calculation accuracy 

with rapidly increasing cost is not economic. The process of increasing the resolution of an 

image is very similar to mesh refinement. The pixel that constructs the image is also known as 

picture element. For example, it is hard to identify objects on a picture with four pixels. When 

pixels increase to a certain number, most of the objects in the photo can be identified. At this 

point, increasing pixel number will no longer be helpful. The cost-optimal way to run a large 

amount of FE simulations is using the critical element size that just leads to mesh convergence. 

Finding the critical level of element size needs continuous attempts. Element size needs to be 

decreased with small amounts until mesh convergence is proven. For a single FEA, finding a 

critical level of element size is unnecessary, but mesh convergence is always required for 

reasonable results. Figure 2.7 shows the process of mesh convergence. 
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Figure 2.7: Mesh convergence (Petrella 2017) 

 

 

Different values from FEA solutions have different rates of mesh convergence. For 

example, displacement value usually converges before stress value. Therefore, stress was used 

as the indicator to determine if the mesh is converged. A commonly used method is to decrease 

the element size to half of its previous size and compare the maximum von Mises stress from 

FEA. If the change of von Mises stress is less than 5%, current mesh can be regarded as 

converged.  

Generally, the critical element size that leads to mesh convergence is dependent on the 

dimension and geometry of the structure. However, it is not guaranteed that the mesh will 

remain converged under different boundary conditions. 

In this example, the direct results solved are nodal displacements. The displacement field 

can be described using linear equation. Strain and stress can be calculated from nodal 

displacement with dimension and Young’s Modulus of each part in the structure. Strain can be 

expressed as 𝜀 = 𝑑 𝑑𝑥 and stress can be expressed as 𝜎 = 𝐸 𝑑 𝑑𝑥. For a beam model constructed 

by a finite number of elements, the displacement field is continuous, but the first derivative of 

displacement field is not continuous. Stress calculated from the first derivative of displacement 

field will not be continuous between two elements as well. This is the main reason for 

displacement to converge before stress.  
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Increasing element numbers can decrease the stress gap between elements, but the gap 

will always exist. To avoid the stress gap, shape function [N] was developed on Lagrange 

interpolation, which can construct a curve to go through certain points. Shape function is 

created to interpolate axial stress from nodal values. The shape function for a simple element 

can be obtained directly. However, the shape functions for more complex elements have to be 

solved based on element’s characteristic. 

Assume the displacement field can be described by a polynomial. By solving the 

coefficient matrix with known displacement field of a single element and corresponding 

polynomial terms, shape functions ⌊𝑁⌋ for a single field can be obtained. The degree of 

polynomial used in shape function is determined by total degree of freedom of elements. And 

shape function array [N] can be constructed by shape functions from each node to get general 

shape functions which describe the entire structure. With the shape function array [N], three 

major field functions can be expressed as: 

Displacement field *𝑢+ = , -*d+ where *d+ is the nodal Degree of Freedom (DOF). 

Strain field *𝜀+ = , -, -*d+ = , -*d+ where , - = , -,𝑁-. 
Stress field *𝜎+ = 𝐸*𝜀+ + 𝜎  

By using the principle of virtual work, which describes the sum of virtual work applied by 

force is zero inside a structure in static equilibrium, stiffness matrix for any type of element can 

be calculated from matrix [B] as: 

 ,𝑘- = ∫, -𝑇,𝐸-, -𝑑𝑣 (2.26) 

 

Using the principle of virtual work is one way to create the shape functions based on the 

principle of energy. From the principle of energy, the energy involved in the deformation 

process like strain energy, work done by external force or other virtual works needs to be 

calculated. The shape functions created based on principle of energy only have to satisfy the 

boundary conditions of the displacement. Principle of minimum potential energy, which based 

on the principle of energy, can also be used to construct the shape functions on discrete piece 

and later generate the shape functions for entire structure by shape function assembly.  
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One of major difference of different type of element is the polynomial terms used inside 

the shape function. For example, 1D element only has x terms with different degrees, 2D 

element also has y terms and 3D element has both y and z terms.  

In SolidWorks simulation, the software can reconstruct the entire structure with 

predefined elements using the element size and meshing method as input. Once the loads are 

applied on the finite element model, the equivalent nodal load can be automatically calculated 

by the software. With constraints applied to fix nodes in certain zones, software can solve 

differential equations and provide visualized results. 

The element used in the SolidWorks simulation is second order tetrahedron element TET 

10. As mentioned previously, the second order element has a continuous first order derivative, 

which helps to avoid the gap between stresses at nodes. Each TET 10 element has ten nodes, 

which include four corner nodes and six mid-side nodes. Each node has three degrees of 

freedom; the total DOF of this element is 30. Compared to TET 4, which only has four nodes 

on vertices, TET 10 element can better match the curved edge in structure and it has more 

realistic performance under bending. Figure 2.8 shows the comparison between TET 4 and 

TET 10 elements. 

 

Figure 2.8: TET 4 and TET 10 elements (Petrella 2019). 

 

 

Shear locking and volume locking are common defects of tetrahedron elements. Shear 

locking results in smaller bending deformation than expected. Volume locking appears when 

the material has extremely large stiffness. In TET 10 elements, shear locking will not be a 
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serious problem due to the second order displacement function. And volume locking should 

not affect the result since the material used will deform under reasonable loading conditions. 

2.4 Failure (Yielding) Criteria 

Generally, materials can be classified into two major groups: ductile material and brittle 

material. An important factor to identify if a material is ductile or brittle is the value of strain at 

failure. When an increasing stress is applied to ductile material, ductile material will first 

experience elastic deformation and plastic deformation in order, and it will finally fail after the 

stress exceed the yield strength and ultimate strength. At the failure point, ductile material will 

have noticeable deformation. Brittle materials usually have higher Young’s modulus. 

Compared to ductile materials, it can have very small strain under high stress. With an 

increasing stress, brittle material will first experience elastic deformation. After a very short 

plastic deformation process, the internal stress of material will exceed the yield strength and 

ultimate strength and materials will fail quickly. Brittle materials will have very small 

deformation at the failure point. From practice, materials with strain less than 5% at fracture 

(failure) can be classified as brittle material. Materials with strain more than 5% at fracture can 

be classified as ductile material. Whether a material is ductile and brittle is determined by the 

material structure, and the structure is mainly determined by elements and types of chemical 

bonding. For example, materials will experience bonds stretch and slip planes shear correspond 

with elastic and plastic deformation. Materials like steel with metallic bonding can have 

dislocation easily, which result that metal can experience both slip bonds stretch and slip planes 

shear. Ceramic, which made of metal cations and nonmetal anions, has ionic bonding and 

covalent bonding. Compare with metallic bonding, ionic bonding is a directional bonding and 

it has much stronger bond strength. Therefore, the dislocation motion in ceramics becomes 

difficult. Since the motion of dislocation in response to applied stress is extremely hard in 

ceramics, plastic deformation in ceramics is limited.  

The failure criteria for ductile material and brittle material are also different. For brittle 

material, there are two failure theories (Ugural and Fenster 2011).  
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2.4.1 Maximum-Normal-Stress Theory 

For materials to have equal strength in tension and compression in plane-stress cases 

(σ3=0), the ultimate strength of material can be compared to the absolute value of principal 

stress in each direction. If any principal stress is larger than the ultimate strength of material, 

failure will occur. 

2.4.2 Mohr’s (Mohr-Coulomb) Failure Criterion 

For materials to have different strength in tension and compression in plane-stress cases, 

if both principal stresses are positive, failure will occur if any principal stress is larger than the 

ultimate strength of tension. If both principal stresses are positive, failure will occur if any 

principal stress is smaller than the ultimate strength of compression. If principal stress one is 

positive and principal stress two is negative, failure will occur if the difference between the 

ratios of principal stress and the absolute value of its relative ultimate strength is equal or 

bigger than one, expressed as: 

 
𝜎1|𝜎 𝑙𝑡 𝑡| − 𝜎2|𝜎 𝑙𝑡 𝑐| ≥ 1 (2.27) 

 

For ductile material, there are three failure theories. 

Maximum-normal-stress theory described previously can also be applied to predict the 

failure of ductile material (Ugural and Fenster 2011). 

Where, σ1 and σ2 = Stresses on principal directions, psi σult t = Ultimate tensile strength, psi σult c = Ultimate compressive strength, psi 
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2.4.3 Maximum-Shear-Stress Theory (Tresca Yield Criterion) 

Maximum-shear-stress theory came from experiential observation that a ductile material 

yields as a result of slip or shear along crystalline planes. This theory predicts that failure by 

comparing the maximum shearing stress with the maximum shearing stress that will causes 

failure in the same material in simple tension. 

Tresca stress can be expressed as: 

 𝜎𝑡𝑟𝑒 𝑐𝑎 = |𝜎1 − 𝜎3| (2.28) 

 

If Tresca stress is larger than yield strength, failure will occur. 

2.4.4 Maximum-Distortion-Energy Theory (von Mises Criterion) 

This theory predicts the failure by comparing distortional strain-energy density with the 

distortional strain-energy density that will causes failure in the same material in simple tension. 

The von Mises stress (effective stress) can be calculated as: 

 2𝜎𝑣2 = (𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2 (2.29) 

If von Mises stress is equal or larger than yield strength, failure will occur. 

 

Principal stress can be calculated by solving the eigenvalue of stress matrix (roots of 

stress cubic equation). For plane-stress cases, principal stress can be calculated by constructing 

Mohr's circle or using equation:  

 𝜎1,2 = 𝜎𝑥 + 𝜎𝑦2 ± √.𝜎𝑥 − 𝜎𝑦2 /2 + 𝜏𝑥𝑦2  (2.30) 

 

In a cylindrical system, three principal stresses are axial stress, radial stress and tangential 

stress. 

For the burst resistance calculation of casing, the failure criteria of ductile material will be 

used. There is no specific advantage for each failure theory in ductile material failure criteria. 

Different failure theories can be compared by plotting the function of each theory under plane 

stress condition on the same plot. From comparison shown in Figure 2.9, the shape of 
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maximum-normal-stress theory is a square (A). The shape of maximum-distortion-energy 

theory is an ellipse (E). The shape of maximum-shear-stress theory (Tresca) is a hexagon (D). 

Compared to the two other theories, maximum-normal-stress theory shows large differences in 

the second and forth quadrants especially when 𝜎1 = −𝜎2, which is also known as pure shear 

condition. The curve of maximum-normal-stress theory shows that failure will occur when 

both tension and compression reach to the yield strength. From practice, the tension and 

compression in plane stress conditions will result in Poisson effect in same directions, which 

can accelerate the failure. Therefore, maximum-normal-stress theory may overestimate the 

loads for failure to occur.  

It is also obvious that Tresca theory predicts failure at the lowest load level with shear 

stress. This observation indicates that Tresca theory is the most conservative theory under 

shear stress condition, which will result stronger design that can survive in tougher load 

condition. If there is no shear stress at failure point, Tresca yield criterion and von Mises 

criterion will have the same result. Maximum-distortion-energy theory shows load in one 

direction can exceed the yield strength of material when loads have the same direction 

(tension-tension, compression-compression). From practice, the same direction loads in plane 

stress condition will result in Poisson effect in different directions, which can neutralize the 

deformation in one direction. Therefore, maximum-distortion-energy theory can provide more 

reasonable failure predictions for same direction conditions at first and third quadrants of 

Figure 2.9. Since casing has an axis symmetry shape and stresses (tangential, axial) in burst 

failure are tension, maximum-distortion-energy theory will be used in theoretic calculation and 

FEA software to predict the failure. 
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Figure 2.9: Comparison between different Failure criteria (Sampaio and Eustes 2019) 
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3.  

CHAPTER 3 

THEORETICAL STRESSES CALCULATION METHODS 

Chapter 3 introduces three major stress calculation methods for hollow cylinders 

including thin-walled cylinder stress method, Barlow equation and Lamé equation. The 

introduction for each method includes the derivations of the strain and stress functions, 

discussion on different loading conditions. Chapter 3 also includes a comparison of burst 

resistance using different methods under multiple loading conditions. 

3.1 Thin-Walled Cylinder Stress/Strain 

For a thin-walled cylinder vessel, the thickness is assumed to be very small compared to 

the radius and diameter; this relationship can be expressed as r>>t. By the definition from 

Advanced Mechanics of Materials and Applied Elasticity (Ugural and Fenster 2011), for 

cylinders generally classified as thin-walled, the wall thickness should not exceed the inner 

radius by more than approximately 10%, which is expressed as 𝑟 𝑡 ≥ 10 or 
  𝑡 ≥ 20. 

Where, 

ri = Inner radius of the cylinder, inches 

Di = Inner diameter of the cylinder, inches 

t = Cylinder thickness, inches 

3.1.1 Axial Stress in Thin-Walled Cylinders 

For a cylinder with open ends, the internal pressure will not result in axial stress on the 

cylinder. For a cylinder with closed ends, if both internal pressure pi and outer pressure po are 

applied on a cylindrical vessel with inner radius ri, outer radius ro and thickness t. Since the 

internal pressure has the opposite direction than axial stress, stress σz in the axial direction can 
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be calculated by balancing all the force in the axial direction. The forces generated by internal 

and external pressures can be calculated by function F = p∙A.  

The applied area of internal pressure in the axial direction is the cross-section area inside 

cylindrical vessel calculated as Aai = πri
2.  

The applied area of external pressure in the axial direction is the cross-section area outside 

cylindrical vessel calculated as Aao = πro
2.The force generated by internal and external pressure 

is p    2 − p    2. 

This force is balanced by the force acting on the vessel’s cross-section in axial direction. 

Axial stress σa can be calculated as: 

 𝜎𝑎 = 𝐹𝐴𝑥 = 𝑝 𝜋𝑟 2 − 𝑝𝑜𝜋𝑟𝑜2𝜋𝑟𝑜2 − 𝜋𝑟 2 = 𝑝 𝜋𝑟 2 − 𝑝𝑜𝜋𝑟𝑜2𝑟𝑜2 − 𝑟 2  (3.1) 

 

If only internal pressure is applied on the vessel. Axial stress equation can be rewritten as: 

 𝜎𝑎 = 𝐹𝐴𝑥 = 𝑝 𝜋𝑟 2𝜋𝑟𝑜2 − 𝜋𝑟 2 = 𝑝 𝑟 2𝑟𝑜2 − 𝑟 2 (3.2) 

 

With the relationship ro = ri + t, Axial stress σz can be rewritten as: 

 𝜎𝑎 = 𝑝 𝑟 2(𝑟 + 𝑡)2 − 𝑟 2 = 𝑝 𝑟 2𝑡2 + 2𝑟 𝑡 (3.3) 

 

In a thin-walled cylinder with small thickness, the t2 in the axial stress equation can be 

regarded as a very small value compared with other terms, and it is reasonable to remove the t2 

term for calculation convenience. The expression of axial stress σa can be rewritten as: 

 𝜎𝑎 = 𝑝 𝑟 22𝑟 𝑡 = 𝑝 𝑟 2𝑡 = 𝑝 𝐷 4𝑡  (3.4) 

 

Another approach to calculate the axial stress is to use a shortcut to calculate the cross 

section area of a cylindrical vessel. If we assume that the cross section of a cylindrical vessel 

can be straightened as a rectangle with a length of 2πri and width of t. Then the cross-section 

area can be calculated as: 

 𝐴𝑥 = 𝑡 ∙ 2𝜋𝑟  (3.5) 
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Axial stress σz can be calculated as:  

 𝜎𝑎 = 𝐹𝐴𝑥 = 𝑝 𝜋𝑟 2𝑡 ∙ 2𝜋𝑟 = 𝑝 𝑟 2𝑡  (3.6) 

 

However, the real annular cross section can never be straightened as a rectangle. The 

straightened shape will have different side lengths of 2πri and 2πro, which cannot form four 

right angles required by a rectangle. If we calculate the annular cross section area using 

equation, a small triangle with area of πt2 is neglected. It is the same as the disregarded t2 term 

in the previous approach. Thus we can only use this shortcut approach for a thin-walled 

cylinder vessel. For a thick wall cylindrical vessel, the value of πt2 can no longer be ignored, so 

using a shortcut to calculate cross-section area will cause obvious error. 

3.1.2 Tangential Stress in Thin-Walled Cylinder 

To obtain the equation to calculate the tangential (hoop) or circumferential stress for 

cylindrical vessel, force balance method in the tangential direction is applied. Assume the 

length of the cylindrical vessel part is l. The applied area of internal pressure in the tangential 

direction is Ati = 2ri ∙ l. The applied area of external pressure in the tangential direction is 

Ato=2ro∙l. The force generated by internal pressure and external can by calculated by 

function 2p 𝑙  − 2p 𝑙  . This force is balanced by the force acting on the vessel’s 

cross-section in tangential direction. Tangential stress σθ can be calculated as: 

 𝜎𝜃 = 𝐹𝐴𝑥 = 2𝑝 𝑙𝑟 − 2𝑝𝑜𝑙𝑟𝑜2𝑡𝑙 = 𝑝 𝑟 − 𝑝𝑜𝑟𝑜𝑡  (3.7) 

 

If only internal pressure is applied on the vessel, tangential stress equation can be 

rewritten as: 

 𝜎𝜃 = 𝑝 𝑟 𝑡 = 𝑝 𝐷 2𝑡  (3.8) 

 

It is noticeable that the tangential stress result from both internal pressure (pi) and external 

pressure (po) is different from the tangential stress result from a differential pressure pd applied 

on one side, where pd = p i - po. Assuming a differential pressure is applied on the inner surface 
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of a cylinder, the difference of tangential stress between internal/external pressure conditions 

and differential pressure condition can be calculated as: 

 
𝑑𝜎𝜃 𝑡𝑖𝑛 = 𝑝 𝑟 − 𝑝𝑜𝑟𝑜𝑡 − 𝑝𝑑𝑟 𝑡 = 𝑝 𝑟 − 𝑝𝑜𝑟𝑜𝑡 − 𝑝 𝑟 − 𝑝𝑜𝑟 𝑡 = 𝑝𝑜(𝑟 − 𝑟𝑜)𝑡= −𝑝𝑜 

(3.9) 

 

Therefore, the difference is equal to negative value of external pressure applied. The ratio 

of tangential stress between internal/external pressures condition and differential pressure 

condition can be calculated as: 

 𝑟𝜎𝜃 𝑡𝑖𝑛 = 𝑝 𝑟 − 𝑝𝑜𝑟𝑜𝑝𝑑𝑟 = 𝑝 𝑟 − 𝑝𝑜𝑟𝑜𝑝 𝑟 − 𝑝𝑜𝑟 = 𝑝 𝑟 − 𝑝𝑜𝑟 − 𝑝𝑜𝑡𝑝 𝑟 − 𝑝𝑜𝑟 = 1 − 𝑝𝑜𝑡(𝑝 − 𝑝𝑜)𝑟  (3.10) 

 

An effective pressure (pe) applied on the inner surface that can result a same tangential 

stress as the internal/external pressures condition can be calculated as: 

 
𝑝 𝑟 − 𝑝𝑜𝑟𝑜𝑡 = 𝑝𝑒𝑟 𝑡  (3.11) 

 

 𝑝𝑒 = 𝑝 − 𝑝𝑜 𝑟𝑜𝑟 = 𝑝 − 𝑝𝑜 − 𝑝𝑜 𝑟𝑜 − 𝑟 𝑟 = 𝑝𝑑 − 𝑝𝑜 𝑡𝑟  (3.12) 

 

From the result, the effective pressure should be smaller than differential pressure. By the 

definition of the thin-walled cylinder, the ratio of wall thickness and inner radius (t/ri) should 

be less or equal to 0.1. Therefore, the difference between effective pressure and differential 

pressure is relatively small in thin-walled cylinders. 

3.1.3 Radial Stress in Thin-Walled Cylinder 

By definition, radial stress is stress towards or away from the central axis of a component. 

The force balance at the inner/outer surface in radial direction indicates that the radial stress is 

equal to the negative value of the pressure applied. For a thin-walled cylinder with internal and 

external pressures, radial stress at the inner surface is equal to negative internal pressure 

applied and radial stress at the outer surface is equal to negative external pressure applied. If 

only external pressure is applied, radial stress at the inner surface is equal to zero and radial 
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stress at the outer surface is equal to negative external pressure applied. If only internal 

pressure is applied, radial stress at the inner surface is equal to negative internal pressure 

applied, expressed as: 

 𝜎𝑟<𝑟 = −𝑝  (3.13) 

 

And the radial stress at the outer surface is equal to zero, expressed as: 

 𝜎𝑟<𝑟𝑜 = 0 (3.14) 

 

By plugging in the radial stress at the inner surface into tangential stress equation, the 

magnitudes of radial stress and tangential stress can be compared at a same location. Based on 

Equation 3.8, where σ =      = ;     , radial stress can be expressed as σ = −σ 𝑡  . Since the 

ratio of wall thickness and inner radius (t/ri) should be less or equal to 0.1 in a thin-walled 

cylinder, the maximum radial stress in a thin-walled cylinder is only 10% of the tangential 

stress on magnitude. Therefore, radial stress in a thin walled cylinder can be ignored, and radial 

stresses at the inner surface and outer surface are both considered to be zero.  

By comparing the tangential stress and axial stress under the same loading conditions, it is 

obvious that the tangential stress is twice as large as the axial stress. With the ratio of tangential 

stress and radial stress, all ratios between tangential stress, axial stress and radial stress can be 

calculated. If only internal pressure is applied on a closed end cylinder vessel with t/ri ratio of 

0.1, the stress ratio (tangential: axial: radial) at inner surface of cylinder can be calculated as 

10:5:-1. For a cylindrical vessel made with isotropic material, if the internal pressure increases 

continuously, the tangential stress will reach to the yield strength of material at first. By this 

reason, comparing tangential stress and yield strength is used as a quick method to determine if 

cylinder will fail under a certain pressure.  

In conclusion, in a thin-walled cylinder, since the change of tangential stress in the 

thickness is very small, the tangential stress is assumed to be constant through the cylinder wall. 

For an open-end cylinder without extra axial stress applied, axial stress equals to zero. For a 

closed-ends cylinder, the axial stress equation is simplified by removing small value term 
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contains t2 and axial stress is a constant value. The radial stress can be ignored due to its small 

value compare with tangential stress and axial stress. 

3.1.4 Strain in Thin-Walled Cylinder 

For a pressurized vessel with open ends, only the tangential stress exists. With tangential 

stress, tangential strain can be calculated using the relationship between stress and strain, 

expressed as: 

 𝜀𝜃 = 𝜎𝜃𝐸 = 𝑝 𝑟 𝑡𝐸  (3.15) 

 

 With the equation of tangential strain, the change in circumference can be calculated 

with original circumference C=2πr.  𝑐 =  ∙ 𝜀𝜃 = 2𝜋𝑟 𝑝𝑟 𝑡 . With the change in circumference, 

and relationship between circumference and radius, the radial expansion can be expressed as: 

 𝛿𝑟 = 𝑟 𝜀𝜃 = 𝑝 𝑟 2𝑡𝐸  (3.16) 

 

For a pressurized vessel with closed ends, fluid acts on the end of the vessel and result in 

axial load. Therefore, both tangential stress and axial stress can exist in a closed-end vessel 

system. For a petroleum tubular like casing, it is not necessary to be a closed ends vessel 

system, but the weight of casing and other stress during casing setting will still cause axial 

stress inside the casing. From the mechanics of materials, when elastic material has tension in 

one direction, it will expand in the tensile direction and will contract in the perpendicular 

directions. This behavior is called the Poisson effect. And Poisson’s ratio is used to measure 

the Poisson effect, it is defined as: 

 𝑣 = − 𝜀𝑙𝑎𝑡𝑒𝑟𝑎𝑙𝜀𝑙𝑜𝑛𝑔 𝑡 𝑑 𝑛𝑎𝑙 (3.17) 

 

Where, εlateral  = Lateral strain εlongitudinal  = Longitudinal strain 
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To avoid a have negative Poisson’s ratio value, a negative sign is added in the ratio. For 

example, if a cube made of elastic material has a stress in the x direction, strain will also appear 

in the y direction although no stress was applied in that direction. By the definition of the 

Poisson effect, the strain in the y direction can be expressed as 𝜀𝑦 = −𝑣      When stresses are 

applied in both x and y directions, the strain in x and y directions can be expressed as: 

 𝜀𝑥 = 𝜎𝑥𝐸 − 𝑣 𝜎𝑦𝐸  (3.18) 

 

 𝜀𝑦 = 𝜎𝑦𝐸 − 𝑣 𝜎𝑥𝐸  (3.19) 

 

For the thin-walled vessel with all three principal stresses, the radial strain can be 

expressed as: 

 𝜀𝑟 = 𝜎𝑟𝐸 − 𝑣 𝜎𝜃𝐸 − 𝑣 𝜎𝑎𝐸  (3.20) 

 

The tangential strain can be expressed as: 

 𝜀𝜃 = 𝜎𝜃𝐸 − 𝑣 𝜎𝑟𝐸 − 𝑣 𝜎𝑧𝐸  (3.21) 

 

The axial strain can be expressed as:  

 𝜀𝑎 = 𝜎𝑎𝐸 − 𝑣 𝜎𝑟𝐸 − 𝑣 𝜎𝜃𝐸  (3.22) 

 

In reality, radial stress is usually considered to have small effect to von Mises stress in 

thin-walled cylinders. And it is neglected for calculation convenience. Under this condition, 

the tangential strain can be written as 𝜀𝜃 =    − 𝑣    . With the tangential stress and axial stress 

can be written as a function of thickness and radius. Tangential strain can be rewritten as: 

  𝜀𝜃 = 1𝐸 .𝑝𝑟𝑡 − 𝑣 𝑝𝑟2𝑡/ = 𝑝𝑟𝑡𝐸 .1 − 𝑣2/ (3.23) 

 

The axial strain can be rewritten as: 

 𝜀𝑎 = 1𝐸 .𝑝𝑟2𝑡 − 𝑣 𝑝𝑟𝑡 / = 𝑝𝑟𝑡𝐸 (12 − 𝑣) (3.24) 
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The radial expansion can be expressed as: 

 𝛿𝑟 = 𝑟𝜀𝜃 = 𝑝𝑟2𝑡𝐸 .1 − 𝑣2/ (3.25) 

3.2 Barlow Equation 

From the tangential stress function in a thin-walled cylinder, the maximum allowable 

pressure (burst pressure) can be calculated by setting the tangential stress equal to the yield 

strength of a material, express as: 

 𝑝 = 2𝑡𝜎𝜃𝐷  (3.26) 

 

And 

 𝑝𝑚𝑎𝑥 = 2𝑡𝑌𝑃𝐷 = 2𝑌𝑃𝐷 𝑡  (3.27) 

 

In petroleum casing design, the tangential stress function for a thin-walled cylinder was 

also modified to find the maximum allowable pressure by setting the tangential stress to the 

yield strength of material. This equation is known as Barlow equation and it is used to 

determine the burst resistance of casing under the uniaxial loading condition. Barlow equation 

is expressed as: 

 𝑝𝑏 = 0 875(2𝑌𝑃𝑂𝐷𝑡 ) (3.28) 

 

And b in pb represents the burst pressure. Since Barlow equation is derived from 

thin-walled cylinder stress equations, it has the same assumptions as thin-walled equations, 

which includes constant tangential stress, constant axial stress and zero radial stress under 

uniaxial and biaxial loading conditions. 

However, compared to the maximum allowable pressure converted from tangential stress 

equation, Barlow equation uses the outer diameter (OD) instead of the inner diameter (ID) on 
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the same location. With the relationship OD = ID + 2t, the OD used in Barlow equation can be 

replaced. And the new Barlow equation for a casing with zero eccentricity can be expressed as: 

 pb = 2𝑌𝑃 𝐷 + 2𝑡𝑡 = 2𝑌𝑃 𝐷𝑡 + 2 (3.29) 

 

Equation 3.29 indicates the Barlow equation will generate a smaller allowable internal 

pressure compare to the pressure function converted from tangential stress equation with same 

input. This difference is caused by the conservative casing design strategy. By using the 

smaller burst resistance calculated from Barlow equation in casing design, actual casing is 

stronger than the strength estimated, and it has less chance to fail by burst pressure. Using OD 

to replace the ID actually avoids the difference between thin-walled and thick-walled cylinders. 

Using OD in internal pressure calculation is same as adding a safety factor in casing design for 

burst pressure. This safety factor can be relatively small for thin-walled cylinders and can be 

large for thick-walled cylinders depending on cylinder thickness. With the modification, 

Barlow equation can be applied for both thin-walled and thick-walled cylinder pressure 

calculations.  

The difference of burst resistance calculated from two stress equations is a function of 

wall thickness and inner radius ratio. From the definition of the thin-walled cylinder vessel, the 

ratio of inner diameter and thickness (ID/t) should have a minimum value of 20. If 20 is used as 

a sample ratio of inner diameter and thickness, the ratio of maximum allowable pressure 

calculated from the converted equation and Barlow equation is 1.1. For a thin walled cylinder 

vessel with ratio of inner diameter and thickness (ID/t) larger than 20, the difference between 

two maximum allowable pressure calculating method will be smaller. For example, if a 

thin-walled cylinder vessel has a ID/t ratio of 40, the difference of maximum allowable 

pressure calculated from the converted equation and Barlow equation is 5%. The difference of 

maximum allowable pressure from the two methods can be expressed as: 

 𝐷𝑖𝑓𝑓% = ( 1 𝐷𝑡 ÷ 1 𝐷𝑡 + 2 − 1) × 100% (3.30) 
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 𝐷𝑖𝑓𝑓% = ( 𝐷𝑡 + 2 𝐷𝑡 − 1) × 100% = 2𝑡 𝐷 × 100% (3.31) 

 

For a thick-walled cylinder vessel with a ratio of inner diameter and thickness (ID/t) 

smaller than 20, the difference between two maximum allowable pressure calculating method 

will be obvious and cannot be neglected, which also indicates the limit of applying the Barlow 

equation. 

In the manufacturing process of seamless tubulars, a solid bar is heated and pierced to 

become a hollow cylinder. Due to the technical restriction, seamless tubulars may have 

non-uniform thickness. For seamless tubulars, the outer diameter of the tubulars and the inner 

diameter of the hollow space are constant, but the distance between the centers of two circles 

constructed by OD and ID is different from products. The degree of non-uniform can be 

quantitated by eccentricity, which can be expressed as: 

 𝐸𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 = 𝑡𝑚𝑎𝑥 − 𝑡𝑚 𝑛2𝑡  (3.32) 

 

Where, 

tmax = maximum thickness in a seamless tubular, inches 

tmin = minimum thickness in a seamless tubular, inches 

t = Thickness of a uniform hollow cylinder with the same inner and outer diameter, inches 

 

The upper limit for seamless tubulars eccentricity is 12.5%. The 0.875 in Barlow equation 

is used as a safety factor to compromise this 12.5% tolerance on thickness.  

The original Barlow equation which uses yield strength of material can only be applied for 

the uniaxial condition. With the presence of stresses in other directions, the limit of tangential 

stress will change. To consider the effect of biaxial and triaxial stress conditions into the burst 

resistance calculation, Barlow equation needs to be modified using effective yield strength to 

replace original yield strength.  
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For biaxial stress conditions with tangential stress and axial stress, instead of comparing 

stress in a single direction with yield strength, von Mises stress is used for failure evaluation. 

With known axial stress, by equaling von Mises stress to yield strength of material, tangential 

stress can be solved. 

The von Mises stress equation in a cylindrical system can be expressed as: 

 2𝜎𝑣2 = (𝜎𝜃 − 𝜎𝑎)2 + (𝜎𝑎 − 𝜎𝑟)2 + (𝜎𝑟 − 𝜎𝜃)2 (3.33) 

 

Failure condition can be achieved by setting 𝜎𝑣 = 𝑌𝑃. And radial stress is 0 for biaxial 

stress condition. 

The von Mises stress equation can be write as: 

 2𝑌𝑃2 = (𝜎𝜃 − 𝜎𝑎)2 + (𝜎𝑎)2 + (−𝜎𝜃)2 (3.34) 

 

 𝜎𝜃2 + 𝜎𝑎2 − 𝜎𝜃𝜎𝑎 − 𝑌𝑃2 = 0 (3.35) 

 

 𝜎𝜃 = 𝜎𝑎 ±√𝜎𝑎2 − 4(𝜎𝑎2 − 𝑌𝑃2)2  (3.36) 

 

For burst resistance calculation, the tangential stress is positive. By setting effective yield 

strength to tangential stress as: 

 𝑌𝑃𝑒 = 𝜎𝜃 = 𝜎𝑎 +√4𝑌𝑃2 − 3𝜎𝑎22 = √𝑌𝑃2 − 3.𝜎𝑎2 /2 + 𝜎𝑎2  (3.37) 

 

Axial stress is positive for tension and negative for compression. 

For triaxial stress condition with stresses in three directions, with known axial stress and 

radial stress, by equaling von Mises stress to yield strength of material, tangential stress can be 

solved as: 

 2𝑌𝑃2 = (𝜎𝜃 − 𝜎𝑎)2 + (𝜎𝑎 − 𝜎𝑟)2 + (𝜎𝑟 − 𝜎𝜃)2 (3.38) 

 

 𝜎𝜃2 − (𝜎𝑎 + 𝜎𝑟)𝜎𝜃 + 𝜎𝑎2 + 𝜎𝑟2 − 𝜎𝑎𝜎𝑟 − 𝑌𝑃2 = 0 (3.39) 

 

 𝜎𝜃 = 𝜎𝑎 + 𝜎𝑟 ±√(𝜎𝑎 + 𝜎𝑟)2 − 4(𝜎𝑎2 + 𝜎𝑟2 − 𝜎𝑎𝜎𝑟 − 𝑌𝑃2)2  (3.40) 
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For burst resistance calculation, the tangential stress is positive. By setting effective yield 

strength to tangential stress as: 

 

𝑌𝑃𝑒 = 𝜎𝜃 = 𝜎𝑎 + 𝜎𝑟2 + √(𝜎𝑎 + 𝜎𝑟)24 − (𝜎𝑎2 + 𝜎𝑟2 − 𝜎𝑎𝜎𝑟 − 𝑌𝑃2)
= √𝑌𝑃2 − 3 (𝜎𝑎2 + 𝜎𝑟2)2 + 3𝜎𝑎𝜎𝑟2 + 𝜎𝑎 + 𝜎𝑟2  

(3.41) 

 

Axial stress is positive for tension and negative for compression. 

Effective yield strength will be used in Barlow equation to determine new burst resistance 

under multiple stress conditions, expressed as: 

 𝑝𝑏 = 0 875(2𝑌𝑃𝑒𝑂𝐷𝑡 ) (3.42) 

 

In casing design process for burst loading, the first step is to determine the internal and 

external pressure functions for different depth regimes. The second step is to calculate actual 

burst pressure function expressed as pab = pi – po. Then casing will be selected by cost or weight. 

With known casing type and safety factor, the burst resistance of a casing can be determined. 

By comparing the casing burst resistance and actual burst pressure, the minimum and 

maximum casing setting depth can be calculated. In the design process, an absolute 

(differential) internal pressure replaces the internal and external pressures in real condition. As 

proved previously in the thin-walled cylinder stress equation, internal/external pressures 

condition and differential pressure condition will result in different tangential stress and further 

result different von Mises stress, which indicates that the current casing design process for 

burst loading will cause error. 

 

 

 

 



 

38 

3.3 Thick-Walled Cylinder Stress/Strain (Lamé Equation) 

This section mainly focuses on derivation of Lamé equation, Lamé equation with only 

internal pressure applied and the comparison between differential stress and effective stress 

using Lamé equation.  

3.3.1 Equilibrium Equation of Symmetrical Part 

For a thick-walled cylindrical vessel, the thickness is no longer small compared to the 

radius. And thickness can be larger than inner radius sometimes. Under this condition, the 

stresses in the inner and outer surface can have big difference in value. Tangential stress and 

radial stress cannot be assumed to be constant through the cylinder wall. A thick-walled 

cylinder has a ratio of inner radius and wall thickness smaller than 10, which expressed as 𝑟 𝑡  10 or 
  𝑡  20. 

For an element abcd from a thick-walled cylinder described by polar coordinates shown 

in Figure 3.1, the force acting on each side of the element can be calculated using stress 

multiplied by relative area.  

The radial force acts on the side dc is (𝜎𝑟 +     𝑟 𝑑𝑟)(𝑟 + 𝑑𝑟)𝑑 . The radial force acts on 

the side ab is −(𝜎𝑟)(𝑟𝑑 ).  𝑑𝜃2  is the angle between tangent line of arcs cd and direction perpendicular to side bc and 

ad. The radial force acting on the side bc by shear stress is −𝜏𝑟𝜃𝑑𝑟 ∙ 𝑐𝑜𝑠 𝑑𝜃2 . The radial force 

acts on the side bc by hoop stress is −(𝜎𝜃)(𝑑𝑟) ∙ 𝑠𝑖𝑛 𝑑𝜃2 . The radial force act on the side ad by 

shear stress is .𝜏𝑟𝜃 +      𝜃 𝑑 / 𝑑𝑟 ∙ 𝑐𝑜𝑠 𝑑𝜃2 .  
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Figure 3.1: Stress element in polar coordinates (Ugural and Fenster 2011) 

 

 

The radial force act on the side ad by hoop stress is −(𝜎𝜃 +     𝜃 𝑑 )𝑑𝑟 ∙ 𝑠𝑖𝑛 𝑑𝜃2 . The body 

force can be expressed as 𝐹𝑟𝑑𝑟𝑑 . 

The equilibrium of radial forces can be expressed as: (𝜎𝑟 +  𝜎𝑟 𝑟 𝑑𝑟)(𝑟 + 𝑑𝑟)𝑑 −(𝜎𝑟)(𝑟𝑑 ) − 𝜏𝑟𝜃𝑑𝑟 ∙ 𝑐𝑜𝑠 𝑑 2 −(𝜎𝜃)(𝑑𝑟) ∙ 𝑠𝑖𝑛 𝑑 2+ (𝜏𝑟𝜃 +  𝜏𝑟𝜃  𝑑 )𝑑𝑟 ∙ 𝑐𝑜𝑠 𝑑 2 −(𝜎𝜃 +  𝜎𝜃  𝑑 )𝑑𝑟 ∙ 𝑠𝑖𝑛 𝑑 2 + 𝐹𝑟𝑑𝑟𝑑 = 0 𝑠𝑖𝑛 𝑑𝜃2  can be simplified to be 
  2 , and cos   2  can be replaced by 1 for a small 𝑑θ value. 

Terms containing higher-order infinitesimals like 
𝑑  𝑟  and 

𝑑  2𝑟  can be removed. After dividing 

every term in the equilibrium equation by 𝑟𝑑𝑟𝑑 , the equation becomes: 

 
 𝜎𝑟 𝑟 + 1𝑟  𝜏𝑟𝜃  + 𝜎𝑟−𝜎𝜃𝑟 + 𝐹𝑟 = 0 (3.43) 

 

For an axis symmetry part, the shear stresses no longer exist. Assuming there is no body 

force, the equilibrium equation becomes: 

 
 𝜎𝑟 𝑟 + 𝜎𝑟−𝜎𝜃𝑟 = 0 (3.44) 

 

For an element abcd that only moves radially under loading, the radial strain can be 

expressed as  
  𝜀𝑟 =  𝑢 𝑟 (3.45) 
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Where, 

u = radial displacement, inches 

r =radius, inches 

 

The tangential strain (diameter strain) can be calculated as: 

  𝜀𝜃 = (𝑟 + 𝑢)𝑑 − 𝑟𝑑 𝑑 = 𝑢𝑟 (3.46) 

 

Assuming that the ends of the cylinder are open and unconstrained, the axial stress σ  
equal to zero, the cylinder has plane stress conditions. From Hooke’s law, the radial strain can 

be expressed as  
  𝜀𝑟 = 𝜎𝑟𝐸 − 𝑣 𝜎𝜃𝐸  (3.47) 

 

The tangential strain can be expressed as 𝜀𝜃 =    − 𝑣    . From radial strain function, 𝜎𝑟 = 𝜀𝑟𝐸 + 𝑣𝜎𝜃, from tangential strain function, 𝜎𝜃 = 𝜀𝜃𝐸 + 𝑣𝜎𝑟   By combining two 

equations, radial stress can be expressed as: 

 𝜎𝑟 = 𝜀𝑟𝐸 + 𝑣(𝜀𝜃𝐸 + 𝑣𝜎𝑟) (3.48) 

 

 
𝜎𝑟1 − 𝑣2 = 𝜀𝑟𝐸 + 𝑣𝜀𝜃𝐸 (3.49) 

 

 𝜎𝑟 = 𝐸1 − 𝑣2 (𝜀𝑟 + 𝑣𝜀𝜃) (3.50) 

 

Using the same method, tangential stress can be expressed as: 

 𝜎𝜃 = 𝐸1 − 𝑣2 (𝜀𝜃 + 𝑣𝜀𝑟) (3.51) 

By replacing 𝜀𝑟 and 𝜀𝜃 by    𝑟  and 
 𝑟, radial stress and tangential stress can be 

expressed as: 

 𝜎𝑟 = 𝐸1 − 𝑣2 ( 𝑢 𝑟 + 𝑣 𝑢𝑟) (3.52) 

 

 𝜎𝜃 = 𝐸1 − 𝑣2 (𝑢𝑟 + 𝑣  𝑢 𝑟) (3.53) 
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Substituting the stresses equations into Equation 3.44, the equilibrium equation of axis 

symmetrical part: 

 

 𝜎𝑟 𝑟 + 𝜎𝑟−𝜎𝜃𝑟 = 0 𝑑𝑑𝑟 [ 𝐸1 − 𝑣2 ( 𝑢 𝑟 + 𝑣𝑢 1𝑟)] + 1𝑟 𝐸1 − 𝑣2 ( 𝑢 𝑟 + 𝑣 𝑢𝑟 − 𝑢𝑟 − 𝑣  𝑢 𝑟) = 0 𝐸1 − 𝑣2 4𝑑2𝑢𝑑𝑟2 + 𝑣 1𝑟 𝑑𝑢𝑑𝑟 − 𝑣𝑢 1𝑟25 + 𝐸1 − 𝑣2 [1𝑟 𝑑𝑢𝑑𝑟 (1 − 𝑣) − 𝑢 1𝑟 (1 − 𝑣)] = 0 

Since 𝐸  0 𝑑2𝑢𝑑𝑟2 + 1𝑟 𝑑𝑢𝑑𝑟 (𝑣 + 1 − 𝑣) + 𝑢𝑟2 (−𝑣 − 1 + 𝑣) = 0 𝑑2𝑢𝑑𝑟2 + 1𝑟 𝑑𝑢𝑑𝑟 − 𝑢𝑟2 = 0 

(3.54) 

 

For this homogeneous differential equation, power relationship 𝑢 = 𝑟  can be applied to 

find the solution. 

 

𝛼(𝛼 − 1)𝑟 ;2 + 𝛼 1𝑟 𝑟 ;1 − 𝑟 𝑟2 = 0  𝛼(𝛼 − 1)𝑟 ;2 + 𝛼𝑟 ;2 − 𝑟 ;2 = 0 Since 𝑟 ;2  0 𝛼2 − 𝛼 + 𝛼 − 1 = 0 𝛼 = ±1  (3.55) 

 

By solving this differential equation, u can be expressed as:  

 𝑢 =  1𝑟 +  2𝑟  (3.56) 

 

 
 𝑢 𝑟 =  1 −  2𝑟2 (3.57) 

 

 
𝑢𝑟 =  1 +  2𝑟2 (3.58) 

 

Radial stress can be expressed as: 

 
𝜎𝑟 = 𝐸1 − 𝑣2 [ 1 −  2𝑟2 + 𝑣( 1 +  2𝑟2)] = 𝐸1 − 𝑣2 6(1 + 𝑣) 1 + (𝑣 − 1) 2𝑟2 7 
 

(3.59) 

 

 𝜎𝑟 = 𝐸1 − 𝑣2 6(1 + 𝑣) 1 − (1 − 𝑣)𝑟2  27 (3.60) 
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 𝜎𝜃 = 𝐸1 − 𝑣2 6(1 + 𝑣) 1 + (1 − 𝑣)𝑟2  27 (3.61) 

 

For a cylinder with internal and external pressures pi and po, boundary conditions can be 

applied as (𝜎𝑟)𝑟<𝑟 = 𝑝  and (𝜎𝑟)𝑟<𝑟𝑜 = 𝑝   Intermediate parameters C1 and C2 can be solved 

as: 

  1 = 1 − 𝑣𝐸 𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜𝑟𝑜2 − 𝑟 2  (3.62) 

 

  2 = 1 − 𝑣𝐸 𝑟 2𝑟𝑜2(𝑝 − 𝑝𝑜)𝑟𝑜2 − 𝑟 2  (3.63) 

 

With known intermediate parameters C1 and C2 values, radial stress and tangential stress 

at radius r can be expressed as: 

 𝜎𝑟 = 𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜𝑟𝑜2 − 𝑟 2 − (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2  (3.64) 

 

 𝜎𝜃 = 𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜𝑟𝑜2 − 𝑟 2 + (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2  (3.65) 

 

 𝑢 = 1 − 𝑣𝐸 𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜𝑟𝑜2 − 𝑟 2 𝑟 + 1 − 𝑣𝐸 𝑟 2𝑟𝑜2(𝑝 − 𝑝𝑜)(𝑟𝑜2 − 𝑟 2)𝑟  (3.66) 

 

These equations were first derived by French engineer G. Lamé and are known as Lamé 

equation.  

If only internal pressure is applied on the thick walled cylinder, Lamé equation can be 

simplified by eliminating all po terms: 

 𝜎𝑟 = 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 41 − 𝑟𝑜2𝑟25 (3.67) 
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 𝜎𝜃 = 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟25 (3.68) 

 

 𝑢 = 1 − 𝑣𝐸 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 𝑟 + 1 − 𝑣𝐸 𝑟 2𝑟𝑜2𝑝 (𝑟𝑜2 − 𝑟 2)𝑟 (3.69) 

 

If the ends of the cylinder are closed and not constrained, the axial stress σa exist. The 

axial stress can be calculated using force equilibrium. 

 𝑝 𝜋𝑟 2 − 𝑝𝑜𝜋𝑟𝑜2 = (𝜋𝑟𝑜2 − 𝜋𝑟 2)𝜎𝑧 (3.70) 

 

 𝜎𝑎 = 𝑝 𝑟 2 − 𝑝𝑜𝑟𝑜2𝑟𝑜2 − 𝑟 2  (3.71) 

 

If only internal pressure is applied on the thick walled cylinder, axial stress equation can 

be expressed as: 

 𝜎𝑎 = 𝑝 𝑟 2𝑟𝑜2 − 𝑟 2 (3.72) 

 

Equation 3.72 matches with the axial stress equation with internal pressure for thin-walled 

cylinder (Equation 3.2). 

For a non-constrained closed end cylinder, the tangential strain can be expressed as: 

 𝜀𝜃 = 𝜎𝑎𝐸 − 𝑣 𝜎𝑟𝐸 − 𝑣 𝜎𝜃𝐸 = 1𝐸 ,𝜎𝑎 − 𝑣(𝜎𝑟 + 𝜎𝜃)- (3.73) 

 

The radial expansion can be expressed as:  

 δ = 𝑢 = 𝑟𝜀𝜃 = 𝑟𝐸 ,𝜎𝑎 − 𝑣(𝜎𝑟 + 𝜎𝜃)- (3.74) 

 

The axial (longitudinal) strain for can be expressed as: 

 𝜀𝑎 = 𝜎𝑎𝐸 − 𝑣 𝜎𝑟𝐸 − 𝑣 𝜎𝜃𝐸 = 1𝐸 ,𝜎𝑎 − 𝑣(𝜎𝑟 + 𝜎𝜃)- (3.75) 

 

The axial displacement for cylinder with original length li is: 
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 δ = 𝑙 𝐸 ,𝜎𝑎 − 𝑣(𝜎𝑟 + 𝜎𝜃)- (3.76) 

 

The axial strain for open ends cylinder can be expressed as: 

 𝜀𝑎 = − 1𝐸 ,𝑣(𝜎𝑟 + 𝜎𝜃)- = − 21 − 𝑣 𝑐1 = constant (3.77) 

 

The axial stress for open and free ends cylinder can be expressed as: 

 ∫ 𝜎𝑎 ∙ 2𝜋𝑟𝑑𝑟 =𝑟𝑜𝑟 𝜋𝑐(𝑟𝑜2 − 𝑟 2) = 0 (3.78) 

 

In conclusion, in a thick-walled cylinder, both tangential stress and radial stress are 

functions of the radius; in other words, tangential stress and radial stress vary with radial 

position in cylinder wall. If only internal pressure is applied, tangential stress has a larger value 

than radial stress. For an open-end cylinder without extra axial stress applied, axial stress 

equals to zero and longitudinal strain is a constant value. For a closed-end cylinder, the axial 

stress equation is a constant value. In addition, it matches with the axial stress equation for a 

thin walled cylinder before simplification. 

3.3.2 Comparison between Differential Stress and Effective Stress 

It is noticeable that the tangential stress result from both internal pressure (pi) and external 

pressure (po) is different from the tangential stress result from a differential pressure (pd = pi-po) 

applied on one side. Assuming a differential pressure is applied on the inner surface of a 

cylinder, the difference of tangential stress between internal/external pressures conditions and 

differential pressure conditions can be calculated as: 

 

𝑑𝜎𝜃 𝑡𝑖𝑐𝑘 = 𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜𝑟𝑜2 − 𝑟 2 + (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2 − 𝑟 2𝑝𝑑𝑟𝑜2 − 𝑟 2 − 𝑝𝑑𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2 
= 𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜𝑟𝑜2 − 𝑟 2 + (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2 − 𝑟 2(𝑝 − 𝑝𝑜)𝑟𝑜2 − 𝑟 2 − (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2  

(3.79) 
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= 𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜 − 𝑟 2𝑝 + 𝑟 2𝑝𝑜𝑟𝑜2 − 𝑟 2 = 𝑝𝑜(𝑟 2 − 𝑟𝑜2)𝑟𝑜2 − 𝑟 2 = −𝑝𝑜 

 

Therefore, the difference is equal to the negative value of the external pressure applied. 

This value matches with the tangential stress difference in a thin-walled cylinder. Compared to 

the tangential stress equation, the radial stress equation has a minus as connection. By 

repeating this process for the radial stress equation, the difference of radial stress between 

internal/external pressures conditions and differential pressure conditions is also equal to the 

negative value of external pressure applied, expressed as: 𝑑𝜎𝜃 𝑡𝑖𝑐𝑘 = 𝑑𝜎𝑟 𝑡𝑖𝑐𝑘 = −𝑝𝑜 

The ratio of tangential stress between internal/ external pressures condition and 

differential pressure condition can be calculated as: 

 

𝑟𝜎𝜃 𝑡𝑖𝑐𝑘 = 𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜𝑟𝑜2 − 𝑟 2 + (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2 𝑟 2𝑝𝑑𝑟𝑜2 − 𝑟 2 + 𝑝𝑑𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2
= 𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜𝑟𝑜2 − 𝑟 2 + (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2𝑟 2(𝑝 − 𝑝𝑜)𝑟𝑜2 − 𝑟 2 + (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2  

= 𝑟2𝑝 − 𝑝𝑜 (𝑝 − 𝑝𝑜 .𝑟𝑜𝑟 /2) + 𝑟𝑜2𝑟2 + 𝑟𝑜2 = 𝑟2𝑝 − 𝑝𝑜 (𝑝 − 𝑝𝑜 − 𝑝𝑜 𝑟𝑜2 − 𝑟 2𝑟 2 ) + 𝑟𝑜2𝑟2 + 𝑟𝑜2  

= 1 − 𝑟2𝑝𝑜(𝑟𝑜2 − 𝑟 2)𝑟 2(𝑝 − 𝑝𝑜)(𝑟2 + 𝑟𝑜2) 
(3.80) 

By repeating this process for the radial stress equation, the ratio of radial stress between 

internal/ external pressures conditions and differential pressure conditions can be calculated as: 

 𝑟𝜎𝑟 𝑡𝑖𝑐𝑘 = 1 − 𝑟2𝑝𝑜(𝑟𝑜2 − 𝑟 2)𝑟 2(𝑝 − 𝑝𝑜)(𝑟2 − 𝑟𝑜2) (3.81) 

 

In a thin-walled cylinder, the ratio of tangential stress between internal/external pressure 

conditions and differential pressure condition is calculated at the inner surface where r=ri. The 

ratio in thick-walled cylinder can be expressed as: 
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𝑟𝜎𝜃 𝑡𝑖𝑐𝑘𝑟<𝑟 = 1 − 𝑝𝑜(𝑟𝑜2 − 𝑟 2)(𝑝 − 𝑝𝑜)(𝑟 2 + 𝑟𝑜2) 𝑟𝜎𝑟 𝑡𝑖𝑐𝑘𝑟<𝑟 = 1 + 𝑝𝑜𝑝𝑖 − 𝑝𝑜 

(3.82) 

 

Compared to the ratio equation of tangential stress in a thin-walled cylinder, the ratio 

equation from Lamé equation is quadratic and more complex. 

An effective pressure (peθ) applied on an inner surface that can result in the same 

tangential stress as the internal/external pressure conditions can be calculated as: 

 

𝑟 2𝑝 − 𝑟𝑜2𝑝𝑜𝑟𝑜2 − 𝑟 2 + (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2 = 𝑟 2𝑝𝑒𝜃𝑟𝑜2 − 𝑟 2 + 𝑝𝑒𝜃𝑟 2𝑟𝑜2(𝑟𝑜2 − 𝑟 2)𝑟2 
𝑝𝑒𝜃 = 𝑟2𝑟 2𝑝 − 𝑟2𝑟𝑜2𝑝𝑜 + (𝑝 − 𝑝𝑜)𝑟 2𝑟𝑜2𝑟 2(𝑟2 + 𝑟𝑜2)  

𝑝𝑒𝜃 = 𝑟2𝑝 − 𝑟2𝑟𝑜2𝑟 2 𝑝𝑜 + (𝑝 − 𝑝𝑜)𝑟𝑜2𝑟2 + 𝑟𝑜2
= 𝑟2 (𝑝 − 𝑟 2𝑟 2 𝑝𝑜) + (𝑝 − 𝑝𝑜)𝑟𝑜2 − 𝑟2 𝑟𝑜2 − 𝑟 2𝑟 2 𝑝𝑜𝑟2 + 𝑟𝑜2  

𝑝𝑒𝜃 = (𝑝 − 𝑝𝑜) − 𝑟2𝑝𝑜 𝑟𝑜2 − 𝑟 2𝑟 2(𝑟2 + 𝑟𝑜2) = 𝑝𝑑 − 𝑟2𝑝𝑜 𝑟𝑜2 − 𝑟 2𝑟 2(𝑟2 + 𝑟𝑜2) 

(3.83) 

 

At r = ri: 

 𝑝𝑒𝜃  = 𝑝𝑑 − 𝑝𝑜 𝑟𝑜2 − 𝑟 2𝑟 2 + 𝑟𝑜2 (3.84) 

 

By repeating this process for radial stress equation, an effective pressure (per) applied on 

inner surface that can result in the same radial stress as the internal/ external pressures 

condition can be calculated as: 

 
𝑝𝑒𝑟 = (𝑝 − 𝑝𝑜) − 𝑟2𝑝𝑜 𝑟𝑜2 − 𝑟 2𝑟 2(𝑟2 − 𝑟𝑜2) = 𝑝𝑑 − 𝑟2𝑝𝑜 𝑟𝑜2 − 𝑟 2𝑟 2(𝑟2 − 𝑟𝑜2) 

 

(3.85) 

At r=ri 
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 pe = 𝑝𝑑 + 𝑝𝑜 = 𝑝  (3.86) 

 

By equaling effective pressure functions for tangential and radial stress, since 𝑟𝑜2 − 𝑟 2  0, 𝑝𝑜  0, 𝑟  0 𝑎𝑛𝑑 𝑟𝑜2  0  An effective pressure that can result in the same tangential and 

radial stress compare to internal/external pressures condition at same time does not exist. 

 𝑝𝑑 − 𝑟2𝑝𝑜 𝑟𝑜2 − 𝑟 2𝑟 2(𝑟2 + 𝑟𝑜2) = 𝑝𝑑 − 𝑟2𝑝𝑜 𝑟𝑜2 − 𝑟 2𝑟 2(𝑟2 − 𝑟𝑜2) (3.87) 

 

However, it is still possible to find a pressure that results in the same von Mises stress 

under biaxial and triaxial loading conditions compared with internal/external pressure 

conditions. For example, if an open-end casing model (5.5 inch OD, 4.778 inch ID) has 

internal and external pressure of 58 psi and 43 psi, the tangential stress and radial stress at the 

inner surface are 64.29 psi and -58 psi. The von Mises stress is 105.95 psi. An internal pressure 

of 13.76 psi can result in the same von Mises stress, but tangential stress and radial stress at the 

inner surface are different, which are 98.40 psi and -13.76 psi. One direct method to solve for 

pressure is equaling two von Mises stress equations and solving for the internal pressure on one 

side with known external/internal pressure on the other side. And the internal pressure solved 

will be a function of radius since von Mises stress varies with radius for thick-walled cylinders. 

Solving the pressure function directly can be complex, since maximum von Mises stress 

always appears on inner or outer surface of casing in burst and collapse condition, calculating 

internal pressure at r = ri or r = ro can be used as a short cut. For open-end cylinders with 

tangential stress and radial stress, the inter pressure stress can be expressed as: 

 𝜎𝜃2 + 𝜎𝑟2 − 𝜎𝑟𝜎𝜃 = 𝜎𝑣2 (3.88) 

 

 

𝑝 2 ( 𝑟 2𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟 25)2 + (−𝑝 )2 + 𝑝 2 𝑟 2𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟 25 = 𝜎𝑣2 

𝑝 2 *( 𝑟 2𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟 25)2 + 1 + 𝑟 2𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟 25+ = 𝜎𝑣2 

(3.89) 

Setting 𝑟 2𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟 25 = inte mediate va iable A 
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 𝑝 = √ 𝜎𝑣2𝐴2 + 𝐴 + 1 (3.90) 

 

In conclusion, from the Lamé stress equation, an internal pressure cannot replace 

internal/external pressures directly to result in the same tangential stress and radial stress at the 

same time. With a given radius, an internal pressure which results in the same von Mises stress 

can be calculated. 

3.4 Value Comparison from Barlow, Thin Wall and Lamé Equations 

From the casing model, the ratio of wall thickness and inner radius (t/ri) was 0.151, which 

is larger than the ratio of the thin walled cylinder (0.1). However, this casing is also not a 

typical thick walled cylinder since the ratio is very close to the limit of a thin-walled cylinder, 

which indicates that a thin-walled cylinder stress equation and Barlow equation should also 

provide reasonable results compared to Lamé equation, which is valid for both thin and thick 

walled cylinders.  

3.4.1 Uniaxial Stress Condition (σr = 0, σa = 0 and σθ ≠ 0) 

When an internal pressure is applied on a cylinder, the pressure will always result in radial 

stress and tangential stress at same time. The radial stress is negligible in Barlow equation and 

thin-walled cylinder equation due to its small value. Since there is no uniaxial stress condition 

in Lamé equation, only the results from Barlow equation and the thin walled cylinder stress 

equation will be compared. Von Mises stress under uniaxial stress condition can be expressed 

as: 𝜎𝑣 = 𝑌𝑃 = 𝜎𝜃 

Burst resistance can be calculated from Barlow equation directly as: 𝑃𝑏 = 2𝑌𝑃𝑂𝐷𝑡 = 14,440 psi 
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With known von Mises stress, Burst resistance can be calculated from thin-walled 

cylinder stress equation. 𝑝 = 16,622 02 psi   𝜎𝜃 = 𝑝 𝑟 𝑡 = 𝑝 𝐷 2𝑡 = 110,000 psi 
From comparison, burst resistance from Barlow equation is more conservative. 

3.4.2 Biaxial Stress Condition (σr = 0, σa ≠ 0 and σθ ≠ 0) 

Since radial stress cannot be ignored in Lamé equation, only the results from Barlow 

equation and thin-walled cylinder stress equation will be compared. Von Mises stress under 

biaxial stress condition can be expressed as: 

 𝜎𝑣2 = 𝑌𝑃2 = 𝜎𝜃2 + 𝜎𝑎2 − 𝜎𝑎𝜎𝜃 (3.91) 

 

Burst resistance can be calculated from Barlow equation using effective yield strength 

calculated with axial load. 𝑝𝑏 = 2𝑌𝑃𝑒𝑂𝐷𝑡 = 16,673 86 𝑝𝑠𝑖 
𝜎𝑎 = 63,508 53 psi 𝑌𝑃𝑒 = √𝑌𝑃2 − 3.𝜎𝑎2 /2 + 𝜎𝑎2 = 127,017 06 psi 

Burst resistance can be calculated from thin-walled cylinder stress equation using the 

Goal Seek function in Excel by setting von Mises stress to yield strength of material with 

changing internal pressure. 𝑝 = 19193 45 psi   𝜎𝑎 = 𝑝 𝑟 2𝑡 = 63508 53 psi 𝜎𝜃 = 𝑝 𝑟 𝑡 = 127017 06 psi 
Burst resistance can also be calculated from equation: 

 .𝑝 𝑟 2𝑡 /2 + .𝑝 𝑟 𝑡 /2 − 𝑝 2𝑟 22𝑡2 = 𝑌𝑃2 (3.92) 
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 𝑝 2 43𝑟 24𝑡25 = 𝑌𝑃2 (3.93) 

 

 𝑝 = 2√33 𝑡 ∙ 𝑌𝑃𝑟  (3.94) 

 

From comparison, burst resistance from Barlow equation is more conservative. The 

difference between two burst resistances is about 0.151, which is same as the difference in the 

uniaxial stress condition. 

3.4.3 Another Biaxial Stress Condition (σr ≠ 0, σa = 0 and σθ ≠ 0) 

An example for this stress condition can be an open ends cylinder with internal pressure. 

Von Mises stress under special biaxial stress condition can be expressed as: 

 σv2 = 𝑌𝑃2 = 𝜎𝜃2 + 𝜎𝑟2 − 𝜎𝑟𝜎𝜃 (3.95) 

Since effective yield point is a function of radial stress, and burst resistance can be 

calculated from Barlow equation using effective yield point, the final burst resistance can be 

determined with an iteration process. The iteration can be achieved using Goal Seek function in 

Excel by adjusting the radial stress until the burst resistance equals to negative values of radial 

stress: 𝑝𝑏 = 2𝑌𝑃𝑒𝑂𝐷𝑡 = 13,474 13 psi 
𝜎𝑟 = −𝑝𝑏 = −13,474 13 psi 𝑌𝑃𝑒 = √𝑌𝑃2 − 3.𝜎𝑟2 /2 + 𝜎𝑟2 = 102,642 26 psi 

Another method is to calculate the internal pressure directly. From Barlow equation: 𝑌𝑃𝑒 = 𝜎𝜃 = 𝑝 𝑟𝑜𝑡  and 𝜎𝑟 = −𝑝𝑏 = −𝑝  
Effective yield strength equation can be expressed as: 
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𝑝 𝑟𝑜𝑡 = √𝑌𝑃2 − 3.𝑝 2/2 − 𝑝 2  (3.96) 

 

 𝑝 2𝑟𝑜 + 𝑡2𝑡 = √𝑌𝑃2 − 3.𝑝 2/2 (3.97) 

 

    𝑝 2 (2𝑟𝑜 + 𝑡2𝑡 )2 = 𝑌𝑃2 − 0 75𝑝 2 (3.98) 

 

By setting 2𝑟𝑜:𝑡2𝑡  as intermediate variable B: 

 𝑝 2( 2 + 0 75) = 𝑌𝑃2 (3.99) 

 

𝑝 = √ 𝑌𝑃2 2 + 0 75  and  = 2𝑟 + 2𝑡 + 𝑡2𝑡 = 𝑟 𝑡 + 1 5 

O  𝑝 = 𝑌𝑃2√𝑟 𝑡 + 2 25 

Burst resistance can be calculated from thin-walled cylinder stress equation using Goal 

Seek function in Excel by setting von Mises stress to yield strength of material with changing 

internal pressure.  𝑝 = 15,341 23 psi  𝜎𝑟 = −𝑝 = −15,341 23 psi 𝜎𝜃 = 𝑝 𝑟 𝑡 = 101,524 10 psi 
Burst resistance can also be calculated from equation: 

 .𝑝 𝑟 𝑡 /2 + (−𝑝 )2 + 𝑝 2𝑟 𝑡 = 𝑌𝑃2 (3.100) 

 

 𝑝 2 4𝑟 2𝑡2 + 1 + 𝑟 𝑡 5 = 𝑌𝑃2   (3.101) 

 

 
𝑝 = 𝑌𝑃√𝑟𝑜2𝑡2 − 𝑟 𝑡  

(3.102) 
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Burst resistance calculated from Lamé equation at r = ri: 𝑝 = 14,282 57 psi 𝜎𝑟 = 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 41 − 𝑟𝑜2𝑟25 = −14,282 57 psi 
 𝜎𝜃 = 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟25 = 102,161 08 psi  

The function to calculate the internal pressure directly was derived as Equation 3.89 in 

previous section. 

From comparison, tangential stress from Lamé equation is larger than tangential stress 

from the thin-walled cylinder equation. Burst resistance from Barlow equation is more 

conservative than other methods. 

3.4.4 Triaxial Stress Condition (σr ≠ 0, σa ≠ 0 and σθ ≠ 0) 

An example for this stress condition can be a closed ends cylinder with internal pressure. 

Von Mises stress Equation 3.33 under this triaxial stress condition can be expressed as: 

 σv2 = 2𝑌𝑃2 = (𝜎𝜃 − 𝜎𝑎)2 + (𝜎𝑎 − 𝜎𝑟)2 + (𝜎𝑟 − 𝜎𝜃)2 (3.103) 

 

Burst resistance can be calculated from Barlow equation using effective yield strength 

calculated with axial load and radial stress with an iteration process. Pb = 2𝑌𝑃𝑒𝑂𝐷𝑡 = 14,738 61 psi 
𝜎𝑟 = −𝑝𝑏 = −14,738 61 psi 𝜎𝑎 = 47,929 07 psi 𝑌𝑃𝑒 = √𝑌𝑃2 − 3 (𝜎𝑎2 + 𝜎𝑟2)2 + 3𝜎𝑎𝜎𝑟2 + 𝜎𝑎 + 𝜎𝑟2 = 112,274 75 psi 

Burst resistance can be calculated from the thin-walled cylinder stress equation using the 

Goal Seek function in Excel by setting von Mises stress to yield strength of material with 

changing internal pressure.  𝑝 = 16,626 19 psi 𝜎𝑟 = −𝑝 = −16,626 19 psi 
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σ = p   2𝑡 = 55,013 81 psi 𝜎𝜃 = 𝑝 𝑟 𝑡 = 110,027 63 psi   
Burst resistance calculated from Lamé equation at r = ri is: 𝑝 = 15,579 46 psi 𝜎𝑟 = 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 41 − 𝑟𝑜2𝑟25 = −15,579 46 psi 

𝜎𝑎 = 𝑝 𝑟 2𝑟𝑜2 − 𝑟 2 = 47,929 07 psi 
𝜎𝜃 = 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟25 = 111,437 60 psi 

From comparison, all three methods provide reasonable results. Burst resistance from 

Barlow equation is more conservative than values from other methods.  
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4.  

CHAPTER 4  

FINITE ELEMENT MODEL 

This chapter introduces the process of building casing models, determining simulation 

parameters and result probing in FEA software. Casing model was selected based on the 

quality of the results probed in each casing model. Model meshing strategy and pressure 

setting strategy are also included in this section. 

4.1 Material 

The material section included two major parts: assumptions on material and material 

properties used in the simulations. 

4.1.1 Assumptions on Material 

In this paper, the material used has four major assumptions: 

1. The material is continuous. 

2. The material has a linear elasticity. 

3. The material is homogeneous. 

4. The material is isotropic. 

The first and second assumptions are important for applying FE method. With continuity 

assumption, that no gap or interstice exists inside the material, the deformation of material can 

be described by continuous functions. With the assumption that the material has a linear 

elasticity, the relationship between strain and stress can be described as linear equations. In the 

simulations, the yield strength was used to determine the failure of material, which is beyond 

the limitation of elastic deformation. However, the deformation curve of the material used was 

not built in the FE software, thus all the deformation will be regarded as elastic deformation 

with a constant modulus. 
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The third and fourth assumptions are based on the material. The main reason for the 

assumption of isotropic material is that the chemical bonding which constructs metal is 

non-directional bonding. Therefore, the properties of the material should be the same in all 

directions. The material used is alloy rather than pure metal, the type of chemical bonding still 

remains the same, but alloys usually have better mechanical properties than pure metal. 

Compared to pure metal, alloy has more than one type of element inside. In steel, due to the 

relative small size of carbon atoms, iron atoms and carbons atoms form an interstitial solid 

solution. The impurity atoms distort lattice and generate strain. This strain can act as barriers to 

dislocation motion, which increases the material strength. Creating interstitial solid solution is 

one way to achieve a solid-solution strengthening method. In steel, this strengthening method 

cooperates with other methods like grain size reduction. Steel alloy is a typical homogeneous 

material; the material properties are the same in different locations. 

Although the steel is regarded as an isotropic material, the properties of a material can be 

changed during operations. In the casing setting process, the casing with a straight shape will 

undergo stresses and moments. Some parts of a casing can deform permanently to fit the 

curved well trajectory. During the plastic deformation, a group of atoms entirely moves a 

distance from nearby atom groups and creates linear defects called dislocations. Dislocations 

will accumulate, interact with one another, and serve as pinning points or obstacles that 

significantly impede their motion. This leads to an increase in the yield strength and tensile 

strength of the material and a subsequent decrease in ductility. For a steel bar that had plastic 

deformation in a certain direction, from strain hardening theory, the material will become 

stronger and harder. However, a change in these mechanical properties is not guaranteed to be 

the same on all directions. Strictly speaking, a material after strain hardening may no longer be 

an isotropic material. For a deformed casing, the dislocations are hybrid and happened in 

different directions. Therefore, the difference in mechanical properties from directions should 

be small.  

If the change of material properties due to mechanical deformation is considered in 

simulation, the simulation will be nonlinear. Whether the material is still isotropic after plastic 
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deformation and how much it will affect the material is still undetermined, the assumptions and 

corresponding strategy used in the simulation can cause differences between simulations and 

experiment. 

4.1.2 Material Properties 

Table 4.1 shows the material properties of casing from API Spec 5CT. 

 

 

Table 4.1: Material properties of P110 casing 

 
 

The material used in the finite element simulation was created in SolidWorks based on 

real material. Figure 4.1 shows the material properties defined in the SolidWorks.  

 

Figure 4.1: Material properties of steel built in SolidWorks simulation 

 

Minimum Yield strength 110,000 psi 

Minimum Tensile strength 125,000 psi 

Total elongation under load 0.6 %

Density 0.286 lb/cubic inch
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4.2 Model Geometry 

Casing used in model is P110, 5.5 in., 20lb/ft production casing. Table 4.2 shows the 

dimension of the casing. 

 

 

Table 4.2: Dimension of casing model 

 

 

The tool joint (drill pipe) used to cut the casing model has an outer diameter of 2.875 inch. 

The slickline used to cut the casing model has an outer diameter of 0.625 inch. 

4.3 Model Setup 

In reality, casing is allowed to expand radially and axially in a downward direction. 

Instead of a fully fixed fixture, a roller fixture on z (axial) direction will be applied on the upper 

face of the casing part to prevent upward movement but allow the radial expansion. When an 

internal pressure is applied on a cylinder, the cylinder will deform uniformly in radial direction 

and cylinder body will not have radial displacement in any direction. Unfortunately, in 

SolidWorks Simulation, only a roller fixture on z direction was regarded as an insufficient 

constraint. With potential rigid body motion, the global stiffness matrix will be invertible and 

the computer cannot have a solution. One method to overcome this insufficient constraint issue 

is to apply a fully fixed restraint on the upper face shown in Figure 4.2, which restrains the 

displacement in x, y and z directions and the rotation about three axes.  

However, this fully fixed restraint will limit the radial expansion on the upper face. 

Therefore, the fully fixed fixture is valid but not an accurate constraint for this situation since 

it is different from actual condition. With an internal pressure applied, a cylinder will expand 

in the radial direction but contract in the axial direction. If the fixture inhibits the Poisson 

effect, stress will be non-uniform around the fixture. From Saint-Venant’s Principle, “the 

Outter diameter 5.5 inch

 Inner diameter 4.778 inch

Thickness 0.361 inch
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difference between the effects of two different but statically equivalent loads becomes very 

small at sufficiently large distances from load.” In other words, stress will be uniform at a 

distance from fixture. In FEA simulation, the magnitude of stress is visualized by different 

colors. A uniform color distribution indicates uniform stress distribution. If a stress value is 

probed from a position where the stress plot has uniform color distribution and has a distance 

from fixture, it will be a reasonable result with great probability. 

 

 

Figure 4.2: Boundary conditions of the full casing model 

 

 

Another strategy to build a casing model is using symmetry. Since a casing model has 

axisymmetric shape, it can be divided into two, four or more portions evenly. With correctly 

distributed loads and fixtures, simulation results from each portion will be exactly the same as 

the simulation result from the whole model. There are two main benefits of using symmetry in 

FEA simulation. The first benefit is to have a smaller model. With the same element size, a 



 

59 

portion from a symmetric model will have a lower number of elements, which reduces the 

amount of calculation and shortens the solving time.  

The second benefit of using symmetry is it can help to create necessary constraints simply. 

For some models, applying valid and accurate constraints on the entire model can be hard, but 

it can be easier to apply constraints on a model portion to achieve the same result as the original 

constraints. As defined in symmetry, the model portions on both sides of a symmetry plane 

should have identical geometry. The nodes on a symmetry plane can only move within the 

plane but cannot move out of the plane. Therefore, the roller/slider fixture should be applied on 

a symmetry plane in model portions. In this casing model, after applying the roller fixture on 

two symmetry planes, rigid body motion was eliminated with the original roller constraint 

applied on the upper face of the casing. With the roller fixture, Poisson effect will no longer be 

inhibited, and non-uniform stress will not appear. 

One obvious limitation of applying symmetry is the model used in simulation must have 

both symmetric geometry and boundary conditions. Asymmetric models cannot be divided 

into identical portions. A model with symmetric geometry but asymmetric loading and fixtures 

also cannot be divided evenly.  

4.3.1 Model Validation  

Different boundary (loading) conditions can be applied on the casing models. The loading 

conditions include biaxial stress conditions with radial and tangential stress, and triaxial 

conditions with all principal stresses. The biaxial stress condition can be achieved by applying 

an internal pressure on the casing model; the pressure applied will be the same as the value 

used in theoretic predictions. The triaxial stress condition can be achieved by applying an 

internal pressure with an axial stress on the lower surface of the casing model. The simulation 

results will be compared with calculation results from different methods to verify the validity 

of simulation values. By comparing the difference from simulation values with results from 

different methods, the calculation method used in FEA software can be estimated.  
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In the model validation section, only the biaxial stress condition will be used since the 

main point is to estimate the stress calculation method in FEA. Applying axial stress will not be 

helpful for this estimation process. The von Mises stress and two principal stresses (tangential 

and radial) on different positions will be compared with the theoretic calculation. 

4.3.2 Full Model 

Non-uniform stress can be observed from the simulation result of the entire model. The 

stress starts to become uniform at around one inch from the upper surface. All values probed 

lower from this position should be relatively normal. The Section Clipping function in 

SolidWorks Simulation was used to probe values on surface with a certain height. Three 

internal pressures calculated from Barlow equation, thin-walled theory and Lamé equation 

were applied in simulation. The von Mises stress at the inner surface at the uniform stress area 

were compared with yield strength to estimate the calculation method used in FEA software. 

The element size used in the full casing model is 0.1 inch; mesh was proved to be converged by 

comparing the maximum von Mises stress of original mesh size and half mesh size. Figure 4.3 

shows the meshing detail of the full model. 

From Figure 4.4, with 13,474 psi (Barlow) of internal pressure applied, the average von 

Mises stress probed from four points on the inner surface at 3 inch from the top is 106,000 psi, 

which is smaller than yield strength; the difference is -4,000 psi.  

From Figure 4.5, with 15,341 psi (thin-walled theory) of internal pressure applied, the 

average von Mises stress probed from four points on the inner surface at 3 inch from the top 

is 120,700 psi, which is larger than yield strength; the difference is 10,700 psi. 

From Figure 4.6, with 14,283 psi (Lamé) of internal pressure applied, the average von 

Mises stress probed from four points on the inner surface at 3 inch from the top is 112,400 psi, 

which is slightly larger than yield strength; the difference is 2,400 psi. 

By comparison, the difference from the simulation result and Lamé equation is the 

smallest, which indicates that the calculation method used in the SolildWorks simulation for 

the pressured cylinder is Lamé with great probability 
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Figure 4.3: Meshing detail of the full casing model 
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(a) 

 

(b) 

Figure 4.4: Von Mises stress with 13,474 psi of internal pressure applied: (a) Stress 

distribution in the full model; (b) Von Mises stress probed on the inner surface. 
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(a) 

 

(b) 

Figure 4.5: Von Mises stress with 15,341 psi of internal pressure applied: (a) Stress 

distribution in the full model; (b) Von Mises stress probed on the inner surface. 
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(a) 

 

(b) 

Figure 4.6: Von Mises stress with 14,283 psi of internal pressure applied: (a) Stress 

distribution in the full model; (b) Von Mises stress probed on the inner surface. 

 

 

In SolidWorks finite element simulation, principal stresses in a cylindrical system can be 

converted by selecting reference geometry. The geometry used in the casing model is the 
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central axis of the cylinder. And radial stress, tangential stress and axial stress are shown as x 

normal stress, y normal stress and z normal stress respectively.  

Although the stresses can be converted, the coordinate system remains the same. In the 

model building stage, the origin of coordinate system was set to be the center of a circle. All the 

data probed from simulation have corresponding positions shown in x, y and z, where x and y 

coordinates are in the same plane of the each cross section of the casing model, and z 

coordinate is along the axial direction. To plot the stress with radius, the x and y coordinate 

information needed to be converted. The z-coordinate of all result probed is set in Section 

Clipping. With a constant z-coordinate, the Cartesian coordinate can be converted to polar 

coordinates easily. Since stress is only a function of radius in Lamé equation, only radius will 

be converted. In a circle, the general equation of circle expressed as: 

 x2 + 𝑦2 = 𝑟2 (4.1) 

 

And 

  = √x2 + 𝑦2 (4.2) 

 

All coordinate information probed can be converted to a corresponding radius using this 

conversion. 

Eight points along the wall of the cylinder were selected randomly. These points were 

saved as sensors; different types of stress can be probed from these points. The radial stress and 

tangential stress calculated from Lamé equation and von Mises stress is plotted with values 

probed in simulation for comparison. 

Figure 4.7 shows the radial stress results along the casing model with 14,283 psi of 

pressure applied. Figure 4.8 shows the comparison of radial stress. Figure 4.9 shows the 

tangential stress results along the casing model. Figure 4.10 shows the comparison of 

tangential stress. Figure 4.11 shows the von Mises stress results along the casing model. Figure 

4.12 shows the comparison of von Mises stress. 



 

66 

Table 4.3 shows radial stress values comparison on different locations with 14,283 psi of 

pressure applied. Table 4.4 shows the comparison of tangential stress value. Table 4.5 shows 

the comparison of von Mises stress values. 

 

 

Figure 4.7: Radial stress results along the full casing model with 14,283 psi of pressure 

applied. 

 

 

Table 4.3: Radial stress comparison on different locations in the full casing model with 

14,283 psi of pressure applied 

 

 

 

x y r σr FEA,psi σr cal,psi

1.61 1.78 2.40 -13730 -13769

1.64 1.81 2.44 -11710 -11737

1.67 1.86 2.50 -9025 -9022

1.69 1.90 2.54 -7369 -7391

1.71 1.93 2.58 -5879 -5907

1.74 1.97 2.63 -4174 -4177

1.76 2.01 2.67 -2514 -2516

1.80 2.05 2.73 -610 -624
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Figure 4.8: Radial stress comparison on different locations with 14,283 psi of pressure 

applied. 

 

 

 

Figure 4.9: Tangential stress results along the full casing model with 14,283 psi of pressure 

applied. 
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Table 4.4: Tangential stress comparison on different locations in the full casing model with 

14,283 psi of pressure applied 

 

 

 

 

Figure 4.10: Tangential stress comparison on different locations in the full casing model with 

14,283 psi of pressure applied. 

 

x y r σt FEA,psi σt cal,psi

1.61 1.78 2.40 102200 101647

1.64 1.81 2.44 100100 99616

1.67 1.86 2.50 97310 96900

1.69 1.90 2.54 95610 95269

1.71 1.93 2.58 94060 93785

1.74 1.97 2.63 92260 92056

1.76 2.01 2.67 90530 90394

1.80 2.05 2.73 88560 88503
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Figure 4.11: Von Mises stress results along the full casing model with 14,283 psi of pressure 

applied. 

 

 

Table 4.5: Von Mises stress comparison on different locations in the full casing model with 

14,283 psi of pressure applied 

 
 

x y r σv FEA,psi σv cal,psi

1.61 1.78 2.40 109400 109185

1.64 1.81 2.44 106200 105973

1.67 1.86 2.50 102000 101712

1.69 1.90 2.54 99440 99171

1.71 1.93 2.58 97150 96874

1.74 1.97 2.63 94550 94214

1.76 2.01 2.67 92070 91678

1.80 2.05 2.73 89280 88817
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Figure 4.12: Von Mises stress comparison on different locations in the full casing model with 

14,283 psi of pressure applied. 

 

 

From comparison, the radial stress and tangential stress calculated from Lamé equation 

match with FEA results well. The difference can be quantified as: 

 𝐷% = |1 − 𝜎𝐹 𝐴𝜎𝑐𝑎𝑙𝑐 𝑙𝑎𝑡 𝑜𝑛| × 100%  (4.3) 

 

The maximum difference in radial stress is 2.33%. The tangential stress calculated from 

Lamé equation matches with FEA results well, the maximum difference in tangential stress is 

0.54%. The von Mises stress calculated from Lamé equation matches with FEA results well. 

The maximum difference in von Mises stress is 0.43%. 

4.3.3 Quarter Model 

From quarter symmetry model, as predicted, no non-uniform stress was observed. Von 

Mises stress can be probed on any position, but values probed on fixture planes may still be 

abnormal. Three internal pressures calculated from Barlow equation, thin-walled theory and 
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Lamé equation were applied in the simulation. The element size used in the quarter casing 

model is 0.1 inch; mesh was proved to be converged by comparing the maximum von Mises 

stress of original mesh size and half mesh size. Since pressure is a function of both force and 

area, the same pressure value from full casing model will be applied on the symmetry model. 

With 13,474 psi (Barlow) of internal pressure applied. The average von Mises stress probed 

from four points on the inner surface at 3 inch from the top is 103,900 psi, which is smaller than 

yield strength; the difference is -6,100 psi. With 15,341 psi (thin-walled) of internal pressure 

applied. The average von Mises stress probed from four points on the inner surface at 3 inch 

from the top is 118,300 psi, which is larger than yield strength, the difference is 8300 psi. With 

14,283 psi (Lamé) of internal pressure applied. The average von Mises stress probed from four 

points on the inner surface at 3 inch from the top is 110,100 psi, which is slightly larger than 

yield strength; the difference is 100 psi. From comparison, the difference from simulation 

result and Lamé equation is the smallest, which indicates that the calculation method used in 

SolildWorks simulation for pressured cylinder is Lamé with great probability. This result 

matches with the conclusion in the full casing model. 

Figure 4.13 shows the boundary conditions of the quarter casing model, which include 

three roller fixtures applied on the principal directions and pressure applied on the inner 

surface. Figure 4.14 shows meshing detail of the quarter casing model. 

Figure 4.15 shows the von Mises stress with 13,474 psi of internal pressure applied. 

Figure 4.16 shows the von Mises stress with 15,341 psi of internal pressure applied. Figure 

4.17 shows the von Mises stress with 14,283 psi of internal pressure applied. 

The tangential stress and radial stress calculated from Lamé equation were plotted with 

values probed in simulation for comparison. Figure 4.18 shows the radial stress results along 

the casing model with 14,283 psi of pressure applied. Figure 4.19 shows the comparison of 

radial stress. Figure 4.20 shows the tangential stress results along the casing model. Figure 4.21 

shows the comparison of tangential stress. Figure 4.22 shows the von Mises stress results along 

the casing model. Figure 4.23 shows the comparison of von Mises stress. 
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Figure 4.13: Boundary conditions of the quarter casing model 

 

 

 

Figure 4.14: Meshing detail of the quarter casing model 
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(a) 

 

(b) 

Figure 4.15: Von Mises stress with 13,474 psi of internal pressure applied: (a) Stress 

distribution in the quarter model; (b) Von Mises stress probed on the inner surface. 
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(a) 

 

(b) 

Figure 4.16: Von Mises stress with 15,341 psi of internal pressure applied: (a) Stress 

distribution in the quarter model; (b) Von Mises stress probed on the inner surface. 
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(a) 

 
(b) 

Figure 4.17: Von Mises stress with 14,283 psi of internal pressure applied: (a) Stress 

distribution in the quarter model; (b) Von Mises stress probed on the inner surface. 
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Figure 4.18: Radial stress along the quarter casing model with 14,283 psi of pressure applied. 

 

 

Table 4.6 shows radial stress values comparison on different locations with 14,283 psi of 

pressure applied. Table 4.7 shows the comparison of tangential stress value. Table 4.8 shows 

the comparison of von Mises stress values. 

 

 

Table 4.6: Radial stress comparison on different locations in the quarter casing model 

 

 

x y r σr FEA,psi σr cal,psi

1.61 1.78 2.40 -13730 -13769

1.64 1.81 2.44 -11720 -11737

1.67 1.86 2.50 -8995 -9022

1.69 1.90 2.54 -7381 -7391

1.71 1.93 2.58 -5904 -5907

1.74 1.97 2.63 -4190 -4177

1.76 2.01 2.67 -2515 -2516

1.80 2.05 2.73 -622 -624
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Figure 4.19: Radial stress comparison on different locations in the quarter casing model with 

14,283 psi of pressure applied. 

 

 

 

Figure 4.20: Tangential stress results along the quarter casing model with 14,283 psi of 

pressure applied. 
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Table 4.7: Tangential stress comparison on different locations in the quarter casing model 

with 14,283 psi of pressure applied 

 

 

 

 
Figure 4.21: Tangential stress comparison on different locations in the quarter casing model 

with 14,283 psi of pressure applied. 

 

x y r σt FEA,psi σt cal,psi

1.61 1.78 2.40 101800 101647

1.64 1.81 2.44 99820 99616

1.67 1.86 2.50 97100 96900

1.69 1.90 2.54 95470 95269

1.71 1.93 2.58 94000 93785

1.74 1.97 2.63 92270 92056

1.76 2.01 2.67 90600 90394

1.80 2.05 2.73 88710 88503
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Figure 4.22: Von Mises stress results along the quarter casing model with 14,283 psi of 

pressure applied. 

 

 

Table 4.8: Von Mises stress comparison on different locations in the quarter casing model 

with 14,283 psi of pressure applied 

 

 

x y r σv FEA,psi σv cal,psi

1.61 1.78 2.40 109400 109185

1.64 1.81 2.44 106200 105973

1.67 1.86 2.50 101900 101712

1.69 1.90 2.54 99370 99171

1.71 1.93 2.58 97090 96874

1.74 1.97 2.63 94440 94214

1.76 2.01 2.67 91880 91678

1.80 2.05 2.73 89020 88817
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Figure 4.23: Von Mises stress comparison on different locations in the quarter casing model 

with 14,283 psi of pressure applied. 

 

 

By comparison, the radial stress and tangential stress calculated from Lamé equation 

matches with FEA result well, the maximum difference in radial stress is 0.35%. The tangential 

stress calculated from Lamé equation matches with FEA results well; the maximum difference 

in tangential stress is 0.23%. The von Mises stress calculated from Lamé equation matches 

with FEA result well. The maximum difference in von Mises stress is 0.24%. 

4.3.4 Half Model 

From the half symmetry model, as predicted, no non-uniform stress was observed. Von 

Mises stress can be probed on any position, the average von Mises stress probed from four 

points on the inner surface at 3 inch from the top is 110,100 psi, which is slightly larger yield 

strength; the difference is 100 psi. 

Figure 4.24 shows the boundary conditions of the half casing model, which include the 

roller fixtures applied on the geometry plane, the roller fixtures applied on the upper surface, 



 

81 

one roller fixture applied on the radial direction and pressure applied on the inner surface. 

Figure 4.25 shows meshing detail of the half casing model. 

Figure 4.26 shows the von Mises stress with 14,283 psi of internal pressure applied. The 

tangential stress and radial stress calculated from Lamé equation were plotted with values 

probed in simulation for comparison. Figure 4.27 shows the radial stress results along the 

casing model with 14,283 psi of pressure applied. Figure 4.28 shows the comparison of radial 

stress. Figure 4.29 shows the tangential stress results along the casing model. Figure 4.30 

shows the comparison of tangential stress. Figure 4.31 shows the von Mises stress results 

along the casing model. Figure 4.32 shows the comparison of von Mises stress. 

Table 4.9 shows radial stress values comparison on different locations with 14,283 psi of 

pressure applied. Table 4.10 shows the comparison of tangential stress value. Table 4.11 

shows the comparison of von Mises stress values. 

From comparison, the radial stress and tangential stress calculated from Lamé equation 

matches with FEA results well, the maximum difference in radial stress is 1.77%. The 

tangential stress calculated from Lamé equations matches with FEA results well, the maximum 

difference in tangential stress is 0.23%. The von Mises stress calculated from Lamé equation 

matches with FEA results well. The maximum difference in von Mises stress is 0.24%. 
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Figure 4.24: Boundary conditions of the half casing model. 

 

 

 

Figure 4.25: Meshing detail of the half casing model. 
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Figure 4.26: Von Mises stress in the half model with 14,283 psi of pressure applied. 

 

 

 
Figure 4.27: Radial stress results along the half casing model with 14,283 psi of pressure 

applied. 
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Table 4.9: Radial stress comparison on different locations in the half casing model with 

14,283 psi of pressure applied 

 
 

 

 

Figure 4.28: Radial stress comparison on different locations in the half casing model with 

14,283 psi of pressure applied. 

x y r σr FEA,psi σr cal,psi

1.73 -1.67 2.40 -13600 -13650

1.74 -1.69 2.43 -12550 -12558

1.76 -1.72 2.46 -11020 -11054

1.78 -1.75 2.49 -9640 -9659

1.80 -1.78 2.53 -8129 -8121

1.81 -1.80 2.56 -6904 -6944

1.84 -1.83 2.59 -5555 -5564

1.86 -1.86 2.63 -4235 -4211

1.88 -1.88 2.66 -2932 -2940

1.91 -1.91 2.70 -1744 -1732

1.93 -1.93 2.72 -829 -814
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Figure 4.29: Tangential stress results along the half casing model with 14,283 psi of pressure 

applied. 

 

 

Table 4.10: Tangential stress comparison on different locations in the half casing model with 

14,283 psi of pressure applied 

  

 

x y r σt FEA,psi σt cal,psi

1.73 -1.67 2.40 101700 101529

1.74 -1.69 2.43 100600 100436

1.76 -1.72 2.46 99140 98933

1.78 -1.75 2.49 97750 97537

1.80 -1.78 2.53 96180 96000

1.81 -1.80 2.56 95020 94822

1.84 -1.83 2.59 93650 93443

1.86 -1.86 2.63 92290 92090

1.88 -1.88 2.66 91020 90818

1.91 -1.91 2.70 89820 89610

1.93 -1.93 2.72 88900 88693



 

86 

 

Figure 4.30: Tangential stress comparison on different locations in the half casing model with 

14,283 psi of pressure applied. 

 

 

 

Figure 4.31: Von Mises stress results along the half casing model with 14,283 psi of pressure 

applied. 
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Table 4.11: Von Mises stress comparison on different locations in the half casing model with 

14,283 psi of pressure applied 

 
 

 

 

Figure 4.32: Von Mises stress comparison on different locations in the half casing model with 

14,283 psi of pressure applied. 

 

 

From comparison of three methods and the simulation result, Lamé equation was 

determined to be used in SolidWorks for stress calculation in the cylindrical system. Stress 

comparison with certain radius in three models further proved this conclusion. 

x y r σv FEA,psi σv cal,psi

1.73 -1.67 2.40 109200 108996

1.74 -1.69 2.43 107400 107268

1.76 -1.72 2.46 105100 104898

1.78 -1.75 2.49 102900 102708

1.80 -1.78 2.53 100500 100307

1.81 -1.80 2.56 98660 98478

1.84 -1.83 2.59 96550 96345

1.86 -1.86 2.63 94480 94266

1.88 -1.88 2.66 92520 92324

1.91 -1.91 2.70 90710 90489

1.93 -1.93 2.72 89320 89103
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By comparing the simulation results with theoretical calculation, all three models are 

valid. The full casing model and two symmetric models can represent the real stress conditions 

well. 

The full casing model is the easiest one to build, and the fixture can be applied on single 

face. However, the constraint in the full model is not accurate, which results in non-uniform 

stress and abnormal stress at some locations. Fortunately, stress probed far enough from a fully 

fixed fixture is still reasonable. In the full casing model, the stress should be probed a distance 

from a fixture where the stress distribution is uniform. 

The quarter model is the ideal solution for the insufficient constraint issue in the full 

model. Three roller fixtures applied on different faces exactly prevent the free body motion in x, 

y and z direction. From simulation results, the quarter model does not have any obvious 

non-uniform stress and abnormal stress; results probed a distance from fixtures coincide with 

the calculation results. However, the biggest limitation of using symmetry is the original 

geometry of the structure. Even the casing model is axisymmetric that can be divided to infinite 

portions. The final symmetry used on the damaged model is still depends on the symmetry of 

the damage. In other words, the final symmetry applied on a model constructed with different 

geometry dependent on the geometry with the lowest degree of symmetry. In this example, if 

the symmetry of a crescent-shaped cut is half, quarter model cannot be applied. A full crescent 

shaped cut on one quarter portion is equivalent to four crescent-shaped cuts on entire casing. 

The simulation results may be close, but the condition simulated is absolutely different.  

The half model is between the quarter and full model. The fixtures applied on symmetric 

planes cannot construct natural sufficient constraint. But the half model with extra fixture had 

better stress distribution than the full model. It also does not have any obvious non-uniform 

stress and abnormal stress. In the half model, the fixtures from symmetric planes are in a same 

direction. The fixture in the third direction is still missing. To minimize the effect of the fixture, 

the fixture in third direction was applied on a vertex. To avoid potential abnormal stress, result 

should be probed a distance from this vertex. 

The comparison of the three model building method is shown in Table 4.12  



 

89 

Table 4.12: Error comparison among three models 

 
 

 

By comparing the maximum error in two principal stresses and von Mises stress within 

three models, the full model had the highest error in all three stresses. The quarter and half 

model had similar degrees of error on tangential and von Mises stress. Half had a larger error 

on radial stress than the quarter model.  

The full model has 231,636 elements and needs seven to eight minutes for each simulation 

using 0.1 inch element. With the same element size, the half model has 98,575 elements. The 

solving time is around four minutes. The quarter model only has 58,704 elements, and the 

solving time is around two to three minutes. Therefore, the quarter model has the shortest 

solving time.  

The acceptable element sizes for half and quarter casing models are both 0.2 inch. Mesh 

was proved to be converged since the change of maximum von Mises stress is less than 5% 

with 0.1 inch element size. This element size should also be acceptable in the full model. 

However, mesh convergence in the full model is not obvious due to the abnormal stress near 

the fixture. Considering the accuracy of result, 0.1 inch element size was used in meshing for 

both models. 

As discussed previously, a full crescent-shaped cut on one-quarter portion is equivalent to 

four crescent shaped cuts on the entire casing. When an internal pressure of 10,513 psi is 

applied on the full casing model with 0.032818 inch of cut, the von Mises stress at minimum 

thickness is 110,000 psi. If same pressure is applied on a quarter model with same cut, the von 

Mises stress at minimum thickness is 109,100 psi. Figure 4.33 shows the simulation results 

from two models. From the comparison, although the minimum thickness in both full and 

quarter are same, the quarter model has smaller burst resistance. And it is reasonable to 

σr σt σv

Full 2.33 0.54 0.43

Quarter 0.35 0.23 0.24

Half 1.77 0.23 0.23

Maximum Error %
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speculate the difference between full and quarter casing model will increase with smaller 

minimum thickness left. 

 

 

 

(a) 

 

(b) 

Figure 4.33: Maximum von Mises stress appears on the position with the smallest thickness: 

(a) In full casing model; (b) In quarter casing model. 
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Since the crescent-shaped damage only has one axis of symmetry, it can only be built in 

the full and half casing models. From the maximum error comparison in different models, the 

half casing model can represent the real conditions more precisely. Therefore, the 

crescent-shaped damage with different diameters will be built into the half casing model. 

In the process of simulating the burst resistance under different degrees of damage, the 

burst pressure of each case with damage will be recorded. The burst pressures of the damage 

casing model will be plotted with damages depth, thickness remaining and other parameters. 

The process of casing failure under a certain damage will also be recorded. In each case, the 

pressure applied and maximum von Mises stress will be recorded until the von Mises stress 

reaches the yield strength.  

Since 5.5 inch casing is a production casing, it is very possible to have crescent shape 

damage from tubing and slickline. The outer diameters of tubing and slickline used in the 

simulation are 2.875 inch and 0.625 inch.  

4.4 Damage/Wear Geometry 

This section mainly focuses on the calculation and relative method on crescent-shaped 

wear geometry parameters such as cut area and cut length. The crescent-shaped damage one 

represents the damage by drill pipe/tool joint, and the crescent-shaped damage two represents 

the damage by slickline. 

4.4.1 Crescent-Shaped Damage by Drill Pipe 

The increment of damage depth will be 1/11 of the thickness for each simulation to 

guarantee sufficient data were collected to find how the burst resistance of casing changes with 

the damage depth. For the casing model with 0.361 inch of thickness, the wear depth will 

increase from 0 to 0.328182 inch with an increment of 0.032818 inch.  

The cut area is the area of material lost on the cross-section. The cut arc length is the arc 

length of the drill pipe or drill collar that contacts with casing with a certain cutting depth. If the 
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damage (wear) is uniform along the casing, with the length of casing, the total volume of 

material lost on the casing can be calculated from the cut area, and total contact area can be 

calculated from cut arc length. 

The center to center distance of the casing and drill pipe can be calculated by: 

 𝑟 𝑐 − 𝑟𝑜𝑑 + 𝑖 𝑡11 (4.4) 

 

Where, 

ric  = inner radius of the casing, inches 

rod  = outer radius of the drill pipe, inches 

t  = Thickness of the casing, inches 

i = The time of cut. 

 

The center to center distance with zero wear depth is 0.9515 inch. The thickness 

remaining can be calculated by thickness minus wear depth. A triangle can be obtained from 

the cut geometry. Since all side lengths of triangle are known, the angle a can be calculated 

from the law of cosine. From the law of cosine: 

 

𝐴𝑠𝑖𝑛𝑎 =  𝑠𝑖𝑛𝑏 =  𝑠𝑖𝑛𝑐 𝐴2 =  2 +  2 − 2  𝑐𝑜𝑠𝑎 𝑎 = cos;1 4 2 +  2 − 𝐴22  5 

(4.5) 

 

In the casing model, from Figure 4.34, length C is the inner radius of casing. Length A is 

the outer radius of the drill pipe. Length B is the distance between the center of casing and drill 

pipe. The full angle is twice of the angle a.  
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Figure 4.34: Geometry of the crescent-shaped damage 

 

With known angle a, the length D can be calculated by 𝐷 =  𝑠𝑖𝑛𝑎 and angle d can be 

expressed as: 

 𝑑 = sin;1 (𝐷𝐴) = sin;1 ( 𝑠𝑖𝑛𝑎𝐴 ) (4.6) 

 

The arc can be calculated as: 

 𝐴𝑅 = 2𝜋𝑟  2𝜋 = 𝑟 (  𝑖𝑛 𝑟𝑎𝑑) (4.7) 

 

The cut arc can be expressed as: 

 𝐴𝑅 𝑐 𝑡 = 𝑟𝑜𝑑 ∙ 2𝑑 = 2 𝑟𝑜𝑑 ∙ sin;1 ( 𝑠𝑖𝑛𝑎𝐴 ) (4.8) 

 

The area of the big sector can be expressed as: 

 

𝐴 𝑏 = 𝜋𝑟2  2𝜋 (  𝑖𝑛 𝑟𝑎𝑑) = 12 𝑟2 = 12 𝑟𝐴𝑅  = 12 𝑟 × 2𝑎𝑟 = 𝑎𝑟 2 

(4.9) 



 

94 

The area of two triangle ABC is 𝐴𝑡𝑟 =  𝐷 =   𝑠𝑖𝑛𝑎. The area difference is 𝑎𝑟 2 −  𝑠𝑖𝑛𝑎. The cut area is the area of the small sector 𝐴  = 12 𝑟2 = 12 𝑟𝑜𝑑2 × 2𝑑 = 𝑑𝑟𝑜𝑑2  minus 

the previous area difference 𝑎𝑟 2 −   𝑠𝑖𝑛𝑎, and the cut area can be expressed as: 𝐴𝑐 𝑡 = 𝑑𝑟𝑜𝑑2 − 𝑎𝑟 2 +   𝑠𝑖𝑛 

All angles are in rad. 

For the first cut with cut depth 0.032818 inch, the half angle a is: 

 𝑎 = cos;1 40 9843182 + 2 3892 − 1 437522 × 0 984318 × 2 389 5 = 11 43° 
𝑑 = sin;1 (2 389 × sin 11 431 4375 ) = 19 22° 𝐴𝑅 𝑐 𝑡 = 2𝜋 × 1 4375 × 19 22360 × 2 = 0 964 inch 

The area of big sector is:  𝐴 𝑏 = 2 × 11 43360 × 𝜋 × 2 3892 = 1 139 inch2 

The area of two triangles is: A   = 0 98432 × sin(11 43) × 2 389 = 0 466 inch2 

The area of the small sector is: 𝐴  = 2 × 19 22360 × 𝜋 × 1 43752 = 0 6931 inch2 
The area of cut is: 𝐴𝑐 𝑡 = 0 6931 − (1 139 − 0 466) = 0 021 inch2 

 

Table 4.13 shows the geometry parameters of the crescent-shaped damage by tool joint. 

From Table 4.13, each case has a different cutting depth. By changing the casing model 

geometry in CAD software and running simulations on each model, the burst resistance of each 

case can be determined. 
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Table 4.13: Geometry parameters of the crescent-shaped damage of tool joint 

 

4.4.2 Crescent-Shaped Damage by Slickline 

By using the same method, the geometry parameters of the crescent-shaped damage of 

slickline can be determined, results shown in Table 4.14 

 

Table 4.14: Geometry parameters of the crescent-shaped damage of slickline 

 

4.5 Meshing Strategy 

Since the dimension and geometry of the casing model continuously changes with each 

case, mesh convergence checking is necessary every time. The strategy of checking mesh 

convergence is setting an initial element size, decreasing half of the element size each time 

until mesh is converged and using the converged element size until finding the burst resistance 

for the current case. As proven in the half and the quarter models, the element size that results 

in mesh convergence is 0.2 inch. For each damaged casing model, FE analysis starts with an 

element size of 0.2 inch, and the result will be compared with the 0.1 inch element size. Once 

cut cut depth,in. center to center,in. thickness left,in.half angle(a),degfull angle,degangle d,deg cut arc,in. cut area,sq in.

0 0.00 0.95 0.36 0.00 0.00 0.00 0.00 0.00

1 0.03 0.98 0.33 11.43 22.86 19.23 0.96 0.02

2 0.07 1.02 0.30 15.83 31.67 26.97 1.35 0.06

3 0.10 1.05 0.26 19.00 38.00 32.76 1.64 0.11

4 0.13 1.08 0.23 21.51 43.01 37.54 1.88 0.16

5 0.16 1.12 0.20 23.57 47.15 41.66 2.09 0.22

6 0.20 1.15 0.16 25.33 50.65 45.31 2.27 0.28

7 0.23 1.18 0.13 26.83 53.67 48.60 2.44 0.35

8 0.26 1.21 0.10 28.14 56.29 51.62 2.59 0.43

9 0.30 1.25 0.07 29.30 58.59 54.41 2.73 0.50

10 0.33 1.28 0.03 30.31 60.62 57.01 2.86 0.58

cut cut depth,in. center to center,in. thickness left,in. half angle(a),deg full angle,deg angle d,deg cut arc,in. cut area,sq in.
0 0.00 2.08 0.36 0.00 0.00 0.00 0.00 0.00

1 0.03 2.11 0.33 3.56 7.12 28.33 0.31 0.01

2 0.07 2.14 0.30 4.85 9.71 40.31 0.44 0.02

3 0.10 2.17 0.26 5.73 11.45 49.70 0.54 0.03

4 0.13 2.21 0.23 6.35 12.71 57.79 0.63 0.05

5 0.16 2.24 0.20 6.81 13.63 65.11 0.71 0.07

6 0.20 2.27 0.16 7.14 14.29 71.91 0.78 0.09

7 0.23 2.31 0.13 7.36 14.72 78.35 0.85 0.11

8 0.26 2.34 0.10 7.48 14.96 84.56 0.92 0.13

9 0.30 2.37 0.07 7.52 15.03 89.38 0.99 0.14

10 0.33 2.40 0.03 7.47 14.93 83.40 1.05 0.14
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the mesh convergence is confirmed, the model with 0.1 inch element size will still be used for 

better result accuracy. Otherwise, different element sizes will be used.  

From practice, the minimum element size that can be applied in a SolidWorks simulation 

is 0.04 inch for the half model, because any smaller element size will cause a crash of the 

simulator. Fortunately, mesh control of 0.02 inch can still be applied on two surfaces related to 

the cut, which can increase the accuracy of the final simulation result. The simulation result 

using 0.04 inch global element size and 0.02 inch mesh control will still be compared with the 

result using 0.1 inch element size to verify the result with a larger element and determine how 

the smaller element size can further impact the stress result. 

In the simulation, the casing model with the deepest cut has a remaining thickness of only 

0.033 inch. Usually, any portion of the model is supposed to have multiple layers of an element 

to guarantee the result accuracy. However, the minimum element size that can be used in the 

half model is 0.04 inch, which is not enough to create more than one layer of element around 

the damaged zone. In this simulation, the major standard for picking mesh size is mesh 

convergence. Once mesh convergence is confirmed, the result should have good accuracy and 

using smaller elements becomes unnecessary. 

As mentioned, mesh control will be applied near the cut. However, locally mesh control 

cannot fully replace the global mesh refinement. One of the differences is that mesh control 

only works on the surfaces compare to global mesh refinement. Another issue of the current 

mesh method is that the 0.02 inch element size in mesh control is also not small enough. 

Theoretically, 0.01 inch element size will be ideal in the current casing model and three 

elements can be created along the thickness. 

4.6 Result Probing Strategy 

From Barlow equation, the burst resistance is a direct function of casing thickness. The 

lowest burst resistance will always appear at the point with the smallest thickness. From Lamé 

equation, the radial stress at the damage area will always be equal to the internal pressure 

applied. The tangential stress of the damaged area will increase due to the decrease of the local 
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thickness. Von Mises stress measures the difference between three principal stresses in a 

hollow cylinder, with constant radial stress and increased tangential stress. The von Mises 

stress will be larger at the damaged area. And the maximum von Mises stress will appear at the 

inner surface with the smallest thickness. The von Mises stress at the weakest point will be 

probed and compared with the yield strength of the material. If the maximum von Mises stress 

is within the limit, a casing should be able to survive in corresponding loading conditions. 

To find the maximum von Mises stress in the full casing model, one method is to probe 

points around the cut arc from one side to another side. By using the result probe function in 

SolidWorks simulation, the von Mises stress from all the points probed can be recorded, and 

the maximum value among all von Mises stress probes can be indicated automatically. In 

practice, maximum von Mises stress can be determined half way along the cut arc. Since the 

von Mises stress increases with an increasing cut depth and reaches to the maximum value at 

the position with minimum thickness. Once the reduction on von Mises stress is observed, the 

current maximum value can be regarded as the global maximum von Mises stress. To use this 

method, results need to be probed densely on the cut arc; otherwise, the maximum value can be 

skipped. Another method is to show the sketch with the simulation result. The position with the 

minimum thickness is coincident with the intersection point of the radius with the cut arc, 

maximum von Mises stress can be probed from this point easily. Finding the von Mises stress 

in the half-casing model is much easier. Since the model was cut directly at the position with 

the minimum thickness, the desired value can be probed directly. Saving the desired position as 

a sensor can guarantee that the results from different simulations are all probed from the same 

position. The sensor has to be updated every time the geometry of the model changes to ensure 

the sensor always coincides with the thinnest position. 

4.7 Pressure Setting Strategy 

Since the casing becomes weaker with an increasing cut depth, the burst resistance will 

continuously decrease. To decrease the simulation times, the initial pressure applied on each 

case will always be smaller than the burst resistance determined from the previous case. The 
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binary search algorithm will also be used in burst resistance searching to further increase the 

efficiency. For example, the burst resistance calculated from Lamé equation for the undamaged 

casing is 14,283 psi. The initial pressure applied on case one can be 2,000 psi smaller than the 

original burst resistance, which is 12,283 psi. If the von Mises stress probed is still larger than 

the yield strength, pressure needs to be further reduced. The pressure applied on the next 

simulation can be set as 10,283 psi. If the von Mises stress probed is smaller than the yield 

strength, this indicates the burst resistance of current casing geometry is larger than the 

pressure applied. The pressure applied on the next simulation can be set as 11,283 psi. By 

comparing the von Mises with yield strength, whether the burst resistance is in 11,283 to 

12,283 psi range or in 10,283 to 11,283 psi range can be determined. By continuously 

comparing the known yield strength limitation (110,000 psi) with the von Mises stress from the 

mid-point pressures, the burst resistance can be determined. In conclusion, if the burst 

resistance is not in the current pressure range, keep the reduction constant. Once the burst 

resistance is in the range, use the binary search algorithm to find the burst resistance. 
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5.  

CHAPTER 5 

 RESULTS AND DISCUSSION 

This chapter analyses the results from finite element simulations. Analyses include 

regression analysis between the burst resistance and geometry parameters, comparisons of 

burst resistance for different casing models and models with different elements size. This 

chapter also includes the principal stresses analysis near the damage zone and the effect of 

axial stress, bending and deformation near the damage zone. 

5.1 Monotonicity of Principal Stresses 

This section focuses on exploring the monotonicity of principal stresses with radius and 

pressure. The results provide theoretical predictions on principal stress distribution along the 

cylinder wall and the relationship between the von Mises stress and pressure applied. 

5.1.1 With Radius 

 𝜎𝑟 = 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 − 𝑟𝑜2𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 1𝑟2 (5.1) 

 

From the Lamé equation (Equation 3.64), if the internal pressure pi is constant, the 

monotonicity of radial stress with radius can be found by taking the first derivative with r as: 

 
𝑑𝜎𝑟𝑑𝑟 = − 𝑟𝑜2𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 (−2𝑟;3) = 2𝑟𝑜2𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 𝑟;3 (5.2) 

 

Since the first derivative 
𝑑  𝑑𝑟  is a positive value, the radial stress increases with a larger 

radius. In other words, the inner surface of the pressured cylinder has the smallest radial stress, 

and the outer surface has the largest radial stress. 
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 𝜎𝜃 = 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 + 𝑟𝑜2𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 1𝑟2 (5.3) 

 

By using the same method, the monotonicity of tangential stress Equation 3.65 with radius 

can be determined as: 

 
𝑑𝜎𝜃𝑑𝑟 = 𝑟𝑜2𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 (−2𝑟;3) = −2𝑟𝑜2𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 𝑟;3 (5.4) 

 

Since the first derivative 
𝑑  𝑑𝑟  is a negative value, the tangential stress decreases with a 

larger radius. In other words, the inner surface of the pressured cylinder has the largest 

tangential stress, and the outer surface has the smallest tangential stress. 

The simulation results from the SolidWorks simulation not only have the same 

monotonicity with the principal stresses in Lamé equation, but also match with the values 

calculated from Lamé equation. 

5.1.2 With Pressure 

 
𝜎𝑟 = 𝑝 𝑟 2𝑟𝑜2 − 𝑟 2 41 − 𝑟𝑜2𝑟25 

 

(5.5) 

 

From the Lamé equation (Equation 3.64), if the radius r is constant, the term 

 
𝑟  𝑟𝑜 ;𝑟  .1 − 𝑟𝑜 𝑟 / is also a constant value. Therefore, the radial stress is a linear equation of 

internal pressure. The monotonicity of radial stress with internal pressure can be found by 

taking the first derivative with pi as:  

 
𝑑𝜎𝑟𝑑𝑝 = 𝑟 2𝑟𝑜2 − 𝑟 2 41 − 𝑟𝑜2𝑟25 (5.6) 

 

With     , 𝑟𝑜 𝑟  1, the first derivative 
𝑑  𝑑𝑝  is a negative value, the radial stress 

decreases with larger internal pressure applied.  
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 𝜎𝜃 = 𝑝 𝑟 2𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟25 (5.7) 

 

By using the same method, the monotonicity of tangential stress (Equation 3.17) with 

radius can be determined as: 

 
𝑑𝜎𝜃𝑑𝑝 = 𝑟 2𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟25 (5.8) 

 

Since the first derivative 
𝑑  𝑑𝑝  is a positive value, the tangential stress increases with larger 

internal pressure applied. The term 
𝑟  𝑟𝑜 ;𝑟  .1 + 𝑟𝑜 𝑟 / is a constant value with constant r. The 

tangential stress is also a linear equation of internal pressure. 

As discussed previously in Equation 3.90, the von Mises stress at the inner surface of the 

casing under a biaxial loading (tangential and radial stress) is a function of internal pressure, 

which can be expressed as: 

 𝜎𝑣 = √𝐴2 + 𝐴 + 1𝑝  (5.9) 

 

 Inte mediate va iable 𝐴 = 𝑟 2𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟 25 (5.10) 

 

Since intermediate variable A is constant, term √𝐴2 + 𝐴 + 1 is also a constant value. 

Therefore, the von Mises stress is a linear equation of internal pressure applied. 

In conclusion, in a regular casing model, all the radial stress, tangential stress and von 

Mises stress are linear functions of internal pressure applied. The functions are also direct 

proportion function. In other words, all the figures of these stresses with internal pressure 

applied go through the origin.  
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5.2 Regression Analysis for Drill Pipe Cut 

This section focuses on regression analysis between pressures applied, burst resistance 

determined and wear geometry parameters to explore the potential mathematical relationships 

between these factors. Two major relationships discussed in this section are the relationship 

between pressure applied and von Mises stress, and the relationship between burst resistance 

and wear geometry parameters. 

5.2.1 Linear Relationship Found In Each Case 

As mentioned previously, the von Mises stress in the inner surface of an undamaged 

casing has a linear relationship with the pressure applied. Moreover, this relationship is also a 

direct proportion function. In the simulations of the damaged casing models, by plotting the 

radial stress, tangential stress and von Mises stress from simulation with corresponding 

pressure applied, it was found that these stresses still had linear relationships with pressure 

applied. However, these relationships are no longer direct proportion functions. 

This linear relationship between von Mises stress and pressure in each case was also 

found to be very useful to anticipate the casing burst resistance. After two or three simulations, 

the linear function for each case can be determined easily, and burst resistance can be 

calculated from a known function and later verified by the simulation. Compared to the 

conventional method, which tries different inputs and waits for desired result to show, using 

pre-calculated linear functions to find the result greatly reduces the overall simulation time. 

The slope of the linear function between von Mises stress and pressure applied can be 

calculated as: 

 𝑘 = 𝜎𝑣2 − 𝜎𝑣1𝑝 2 − 𝑝 1  (5.11) 

 

The relative intercept can be found as:  

 𝑏 = 𝜎𝑣2 − 𝑘𝑝 2 (5.12) 
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By setting the desired von Mises stress to 110,000 psi, the estimated pressure can be 

calculated as: 

 𝑝 𝑒 = 110,000 − 𝑏𝑘  (5.13) 

 

Sometimes, the slope and intercept can change continuously with new simulation results, 

but the estimated pressures from each simulation had very similar values. 

Table 5.1 shows all the slopes and intercepts from the Excel trend line.  

 

 

Table 5.1: Slopes and intercepts from linear relationships between pressure applied and von 

Mises stress 

 

 

From linear regression, all the trend lines matched with data points well. The coefficient 

of determination (R2) values calculated by excel were equal or very close to one, which 

indicate great goodness of fit. The minimum R2 from all regression was found to be 0.9996 in 

case 10.  

The trends of slopes and intercepts with the thickness remaining can be found in Figure 

5.1 and Figure 5.2.  

 

Cut Slopes Intercepts R square

1 10.3 1479.8 1.0000

2 13.1 3148.2 0.9999

3 16.6 2166.7 1.0000

4 20.0 5388.6 1.0000

5 24.0 7726.8 1.0000

6 30.0 5912.9 1.0000

7 37.0 5525.3 1.0000

8 46.6 7442.7 0.9999

9 63.6 8402.9 1.0000

10 107.6 12558.0 0.9996
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(a) 

 

(b) 

 

(c) 

Figure 5.1: Relationship between slopes and thickness remaining (a) Original data (b) With 

exponential regression (c) With power regression. 
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By plotting the slopes with the thickness remaining, the relationship between slopes and 

thickness remaining was found to be monotone decreasing on domain [0.0328, 0.3282]. This 

function is also has a decreasing first derivative. From regression analysis in Excel, the 

relationship between slopes and thickness remaining was similar to exponential function, 

logarithmic function and power function. Exponential regression and power regression had 

larger coefficients of determination than logarithmic regression. 

For the exponential regression, the function of curve was  = 106 7e;7 27  with a R2 

value of 0.9784. For the power regression, the function of curve was  = 4 4359x;  98 with 

R2 value equals to 0.9676. From the comparisons between original data and trend lines by 

different regression, it can be observed that the trend line by exponential regression matched 

most of the data well except the data point obtained with minimum thickness. Although R2 of 

the trend line by power regression was slightly lower, the trend line matched with most of the 

data points. 

 

 

 

Figure 5.2: Relationship between intercepts and thickness remaining 
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By plotting the intercepts with the thickness remaining, although the curve did not show 

any monotonicity, the general trend indicated that the intercept value decreases with increasing 

thickness remaining. 

5.2.2 Tendency with Each Parameter 

Since the minimum remaining thickness of a damaged casing was regarded as the most 

important factor to estimate the burst resistance degradation, plotting the burst resistance with 

cut depth and remaining thickness was a commonly used method in many papers to explore 

how the burst resistance was affected by damage. This method was first used to find how 

increasing cut depth affects the burst resistance of one casing. Later, curves developed from 

multiple simulations were compared together to correlate the burst resistance with a specific 

parameter. By using this method, the burst resistance curves from casings with different 

crescent-shaped damages can be compared in one system. Some general trends can also be 

found from these comparisons.  

It is noticeable that these comparisons will only be valid when cases have some common 

parameters. For example, to find out how different drill pipes cut the casing and degrade its 

burst resistance, the casing used in all FE analyses should have a constant size. Otherwise, it 

will be hard to determine if the size of the drill pipe or the size of the casing results in different 

burst resistance. 

The burst resistance found using FEA in each case was plotted with relative cut depth and 

thickness remaining. 

Figure 5.3 shows the relationship between burst resistance and cutting depth. From Figure 

5.3, the relationship is a monotonically decreasing function with an increasing first derivative. 

Physically, the burst resistance decreases with the increasing cutting depth, which matched 

with experience. From regression analysis, this relationship is similar to an exponential 

relationship. The function was  = 14202e;7 572  with a R2 value of 0.9824. 

Figure 5.4 shows the relationship between burst resistance and remaining thickness. From 

Figure 5.4, the relationship is a monotonically increasing function with an increasing first 
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derivative. Physically, the burst resistance increases with the increasing remaining depth. From 

regression analysis, this relationship is similar to an exponential relationship. The function was  = 923 02e7 572  with a R2 value of 0.9824. 

The method of plotting the burst resistance with cut depth and remaining thickness also 

has some disadvantages. It is noticeable that the cut geometry was neglected in this process. 

The process of converting crescent-shaped cuts with different geometries to remaining 

thickness or cutting depth is like a non-injective surjective function. The remaining thickness 

becomes the only parameter to represent the cut geometry. The potential relationship between 

cut geometry and burst resistance degradation was ignored in this converting process. 

Using remaining thickness or cut depth as the only parameter also limits the possibility to 

further study the relationship between burst resistance and different damages. For example, 

many combinations of casing with different damage were simulated using FEA in past papers, 

if all these data were plotted on a same chart. For a certain remaining thicknesses value, the 

burst resistances for each case can be quite different. Without further control variates and case 

classification, the relationship between burst resistance and different damages cannot be 

clearly determined. If each damage geometry can be described by several different parameters, 

more subtle correlation may be found. 
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(a) 

 

(b) 

Figure 5.3: Relationship between burst resistance and cutting depth (a) Original data (b) With 

exponential regression. 



 

109 

 

(a) 

 
(b) 

Figure 5.4: Relationship between burst resistance and remaining thickness (a) Original data 

(b) With exponential regression. 

 

 

In the simulation process, the burst resistance was also found to have correlation with cut 

area and cut arc length. Compared to the remaining thickness or cutting depth, cut area and cut 
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arc length can better describe the damage geometry. Damaged casings with the same remaining 

thickness can have a very different cut area and cut arc length. Although cut area and cut arc 

length are not unique for each case, they still have more capacity on identifying different 

damage geometry. 

The burst resistance found using FEA in each case was plotted with relative cut area and 

cut arc length. 

Figure 5.5 shows the relationship between burst resistance and cut area. From Figure 5.5, 

the relationship is a monotonically decreasing function with an increasing first derivative. 

Physically, the burst resistance decreases with the larger material lost area. From regression 

analysis, this relationship is similar to a logarithmic function. The function was  =−2888lnx − 257 31 with a R2 value of 0.994. It is noticeable that the function from regression 

did not include the data point with the zero cut area (undamaged). 

Figure 5.6 shows the relationship between burst resistance and cut arc length. From 

Figure 5.6, the relationship is a monotonically decreasing function with a roughly constant 

derivative. Physically, the burst resistance decreases with the larger contact between the drill 

pipe and casing. From regression analysis, this relationship is similar to a linear function. The 

function was y=-4785.9x+14508 with a R2 value of 0.9961. Among all the regression 

analyses, the regression analysis for burst resistance and cut arc length had the highest R2 

value, which indicates a high correlation. With this known relationship, it is possible to 

estimate burst resistance with any cut arc length in current simulation case. 
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(a) 

 

(b) 

Figure 5.5: Relationship between burst resistance and cut area (a) Original data (b) With 

exponential regression. 
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(a) 

 

(b) 

Figure 5.6: Relationship between burst resistance and cut arc length (a) Original data (b) With 

linear regression. 
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5.3 Mathematical Function for Damaged Geometry 

As mentioned previously, using remaining thickness will ignore the effect of the cross 

section geometry to burst resistance. Cut area and cut arc length also cannot fully represent a 

certain geometry of the damaged casing. The geometry of each damaged casing is unique. For 

crescent-shaped damage, the damaged casing geometry is dependent on both the inner 

diameter of the casing, outer diameter of the casing and the outer diameter of the equipment 

which causes damage. If each damage geometry can be quantified, by correlating the 

quantified damage geometry with its burst resistance, it is possible to develop a function which 

can estimate burst resistance with any given damaged casing geometry. 

One method to quantify the damage geometry is to use the function of circle. The damage 

geometry can be regarded as an overlap part of casing and drill pipe and it can be described as 

the difference of two functions on a certain domain. The upper part of the damage geometry is 

part of the circle constructed by the inner radius of the casing. The lower part of the damage 

geometry is part of the circle constructed by the outer radius of the drill pipe.  

For the circle constructed by the inner radius of the casing, assume the center of the circle 

coincides with the origin; the circle can be described as a function:  

 𝑥2 + 𝑦2 = 𝑟 𝑐2  (5.14) 

 

Where, 

ric  = Inner radius of the casing, inches 

 

The inner radius of the casing is 2.389 inch, therefore the circle (casing) function for the 

current case is: 𝑥2 + 𝑦2 = 2 3892 

For the circle constructed by the outer radius of the drill pipe, assume this circle is below 

the previous circle and the center of this circle is on the negative y-axis; this circle can be 

described as a function:  

 𝑥2 + (𝑦 +   )2 = 𝑟𝑜𝑑 2  (5.15) 
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Where, 

rod  = Outer radius of the drill pipe, inches 

CC = The distance between the centers of two circles 

 

The outer radius of the drill pipe is 1.4375 inch, and the CC values change in each case. 

The circle (drill pipe) function for current case is: 𝑥2 + (𝑦 +   )2 = 1 43752 

Figure 5.7 shows the relationship of two circles in the Cartesian coordinate system.  

 

Figure 5.7: Relationship of two circles in the Cartesian coordinate system. 

 

 

From Figure 5.7, the overlap part is below the x-axis, which is the difference between 

lower half functions of two circles. The function for the lower half casing circle is: 

 𝑦1 = −√𝑟 𝑐2 − 𝑥2 (5.16) 

 

The function for the lower half of the drill pipe circle is: 
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 𝑦2 = −√𝑟𝑜𝑑 2 −𝑥2 −    (5.17) 

 

The cutting geometry can be described as: 

 𝑦1 − 𝑦2 = √𝑟𝑜𝑑 2 −𝑥2 −√𝑟 𝑐2 − 𝑥2 +    (5.18) 

 

Since the 𝑦1 − 𝑦2 function is the difference between two circle functions, the predefined 

positions of two circles are no longer important. From the 𝑦1 − 𝑦2 function, the three major 

variables are rod 
2, ric

2 and CC value. Any change on the geometry of the casing or drill pipe will 

result in a different function. 

If the geometries of the casing and drill pipe remain constant and cut depth is the only 

variable, the functions of the upper boundary will remain constant. The function of the lower 

boundary will change due to the downward shift of the circle (drill pipe). The reflection of this 

downward shift on function will be the change of the CC value. The domain of x will also 

continuously change with cut depth. One method to calculate the domain of x is to find points 

of intersection of two circles. 

Circle function (casing) can be rewritten as: 

 𝑥2 + 𝑦2 − 𝑟 𝑐2 = 0 (5.19) 

 

Circle function (drill pipe) can be rewritten as: 

 𝑥2 + 𝑦2 +   2 + 2𝑦  − 𝑟𝑜𝑑 2 = 0 (5.20) 

 

The y coordinates of the intersections of two circle function can be found as: 

 

  2 + 2𝑦  − 𝑟𝑜𝑑 2 + 𝑟 𝑐2 = 0 𝑦 = 𝑟𝑜𝑑 2 − 𝑟 𝑐2 −   22   
(5.21) 

 

Relative x coordinates can be solved from any circle functions, by using the circle 

function of casing, x coordinates can be expressed as: 

 𝑥 = ±√𝑟  𝑐𝑎  𝑛𝑔2 − 4𝑟𝑜𝑑 2 − 𝑟 𝑐2 −   22  52   (5.22) 
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Using this method, the domain of function for every cut can be calculated. Same domain 

of functions can also be determined in triangle shown in Figure 5.61 as [-D, D].  

The center to center distance also had limits. In reality, once the drill pipe cut through the 

casing, the casing will lose its burst resistance. The center to center distance can be expressed 

as:   = 𝑟 𝑐 − 𝑟𝑜𝑑 + 𝑐𝑢𝑡 𝑑𝑒𝑝𝑡 

The maximum cut depth should not exceed the thickness of the casing. For a case in which 

the casing still has burst resistance, the limit of center to center distance can be expressed as:    𝑟 𝑐 − 𝑟𝑜𝑑 + 𝑡 
Where, 

CC = The distance between the centers of two circles 

ric  = Inner radius of the casing, inches 

rod = Outer radius of the drill pipe, inches 

t = Casing thickness, inches 

 

If a casing with large thickness is cut by a smaller diameter pipe or a slickline, it is 

possible that the diameter of the slickline is smaller than the total thickness of the casing. Under 

this condition, when the cut depth increases to a certain value, slickline can be totally inside of 

the casing wall from a cross section view. Two circle functions of drill pipe and slickline can 

have one (tangent) or no intersection point. A case with two circle functions still has two 

intersection points, the limit of center to center distance can be expressed as:    𝑟 𝑐 + 𝑟𝑜𝑑 

For a crescent-shaped cut, the lower half of casing function should always intersect with 

the lower half of drill pipe/slickline function. Therefore, the maximum cutting depth should not 

exceed the radius of drill pipe or slickline. For a case where cut geometry can still be regarded 

as crescent-shaped cut, the limit of center to center distance can be expressed as:   ≤ 𝑟 𝑐 
For the function to be valid, center to center distance should always lower than the smaller 

value between 𝑟 𝑐 − 𝑟𝑜𝑑 + 𝑡 and 𝑟 𝑐. 
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Describing the damage geometry as mathematical functions provides another method to 

calculate the cutting area and cut arc length. The cutting area can be found by calculating the 

definite integral of 𝑦1 − 𝑦2 on domain [-D, D], expressed as: 

 ∫ 4√𝑟𝑜𝑑 2 −𝑥2 −√𝑟 𝑐2 − 𝑥2 +   5𝑑𝑥 
;  (5.23) 

 

The cut arc can be found by calculating the path integral of y2 on [-D, D], or setting x as 

cosθ and y as sinθ - CC. Integrating 𝑥2 + 𝑦2 = 1 +   2 + 2  𝑠𝑖𝑛  on [-a, a] with 𝑑𝑠 =√𝑑𝑥2 + 𝑑𝑦2 = 𝑑 .  

5.4 Comparison between Drill Pipe Damaged Casing and Uniform Thickness Model 

One method to estimate the burst resistance of a damaged casing is to calculate the burst 

resistance of a uniform casing with the same outer diameter and minimum thickness remaining. 

From experience, this method underestimated the burst resistance of the casing with 

crescent-shaped damage. A uniform casing model with smaller thickness can be regarded as a 

casing with damages everywhere. Compared to a casing with only one damage, the uniform 

wear casing lost more material, and it should have lower burst resistance.  

As proved previously, the von Mises stress at the inner surface of casing under a biaxial 

loading (tangential and radial stress) is a function of internal pressure. With a given von Mises 

stress, the burst resistance can be calculated directly. By using this method, the burst resistance 

of any uniform thickness casing can be easily found. From FEA, the burst resistances of casing 

models with different degree of damages were calculated. The difference between burst 

resistances of a casing with one damage and a casing with uniform thickness can be found from 

comparison. Figure 5.8 shows the comparison between burst resistances calculated and 

simulated on each cut depth and inner radius. From Figure 5.8, burst resistances for casings 

with uniform thickness have a linear relationship with both cut depth and inner radius. 
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(a) 

 

(b) 

Figure 5.8: Comparison between burst resistances calculated and simulated (a) With each cut 

depth (b) With inner radius. 

 

 

From comparison, except for the data points with no damage, the burst resistances of a 

casing with uniform thickness were always larger, which conflicts with previous speculation.  

The difference between two burst resistances also changed with cut depth and inner radius. 

From Figure 5.9, the differences were small for both slight and heavy damage. By plotting the 
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difference with cut depth, it can be observed that the difference was small at first, quickly 

increased to maximum value when cut depth was around 0.098 inch, then decreased to a small 

value. From polynomial regression, the function of this difference curve can be precisely 

estimated by a polynomial function with six or higher order. The local maximum value and 

relative cut depth and inner radius can be found by calculating the value, which results in a zero 

first derivative of polynomial function. 

 

 
Figure 5.9: Difference between burst resistances calculated and simulated on each cut depth 

 

 

The traditional uniform thickness model has the same outer diameter as the damaged 

model. From comparison, this model always had larger burst resistance. Instead of the outer 

diameter, if the inner diameters were the same, what will be the comparison result? To find out 

if the model with the same inner diameter always has a smaller burst resistance and the 

possibility to estimate the burst resistance of a damaged casing model using two uniform 

thickness models as boundaries, the simulation result of a damaged casing can also be 

compared to a uniform casing with the same thickness but inner diameter equal to the outer 

diameter of the drill pipe.  

From Equation 3.90: 
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𝜎𝑣√𝐴2 + 𝐴 + 1 = 𝑝  Inte mediate Va iable 𝐴 = 𝑟 2𝑟𝑜2 − 𝑟 2 41 + 𝑟𝑜2𝑟 25 

(3.86) 

 

By replacing the outer radius  𝑜 by   + t, intermediate variable A became: 

 

𝑟 2𝑟 2 + 𝑡2 + 2𝑡𝑟 − 𝑟 2 41 + 𝑟 2 + 𝑡2 + 2𝑡𝑟 𝑟 2 5 = 𝑟 2𝑡2 + 2𝑡𝑟 42 + 𝑡2 + 2𝑡𝑟 𝑟 2 5 

= 2𝑟 2𝑡2 + 2𝑡𝑟 + 1 

(5.24) 

 

With a constant thickness t, lim    2𝑟  𝑡 :2𝑡𝑟 + 1 = lim    2𝑟 𝑡 = , which indicates the 

intermediate variable A and relative function √𝐴2 + 𝐴 + 1 increase with increasing inner 

radius   . For two casings with the same thickness, the one with the smaller inner diameter will 

have larger burst resistance. Depending on this result, the curve casing model with the same 

inner diameters will not be able to form a valid boundary with the same outer diameter model 

curve. 

Figure 5.10 shows the comparison between burst resistances simulated from FEA and 

calculated from two models with cut depth. The difference between the same inner diameter 

model and the damaged model is even larger. The difference becomes smaller with increasing 

cutting depth or decreasing thickness remaining. 
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Figure 5.10: Comparison between burst resistances simulated from FEA and calculated from 

two uniform thickness models 

 

5.5 Regression Analysis for Slickline Cut 

In the simulations of the drill pipe cut, 0.2 inch of element size resulted in mesh 

convergence. 0.1 inch element size was used for all simulations for higher result accuracy. For 

the simulation of slickline cut, smaller element size was required for mesh convergence. For 

the simulation case one with a cut depth of 0.033 inch, the valid element size decreased to 0.07 

inch. The valid element size decreased continuously with larger damage. In the case ten with 

0.328 inch of cut depth, the element size required for mesh convergence became 0.04 inch. 

Compared to the previous model, the casing model cut by slickline had sharper geometry, 

which resulted in stress concentration around sharp edges and corners. The sharper geometry 

can be a potential reason why the model needed a smaller element to reach mesh convergence. 

Smaller elements applied in the simulation of a slickline cut increased the simulation time from 
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two minutes to ten minutes, and the software also needed more time to create visualization for 

the results. Considering the simulation time of using small elements and the element size limit 

of the software, the strategy of using a smaller element had to be conservative. For example, if 

0.1 inch element size could not result in mesh convergence, instead of using 0.05 inch for a new 

element size, 0.09 and 0.045 inch element will be tested for mesh convergence. This mesh 

checking and adjusting process was required every time the geometry was changed to 

guarantee that accurate results can be simulated in reasonable time. 

5.5.1 Linear Relationship in Each Case 

Similar to previous simulations, the linear relationship between pressure applied and von 

Mises stress simulated was also found in each case of slickline cut. Table 5.2 shows all the 

slopes and intercepts from the Excel trend line.  

 

 

Table 5.2: Slopes and intercepts from linear relationships between pressure applied and 

von Mises stress 

 

 

From linear regression, all the trend lines matched with data points well. The R2 values 

from Excel were equal or very close to one, which indicates the dependent variable are well 

explained by independent variable with given function. The minimum R2 from all regression 

was found to be 0.9998 in case 2.  

Cut Slopes Intercepts R square

1 12.61 754.78 1.0000

2 16.05 1995.70 0.9998

3 21.71 1401.60 1.0000

4 29.04 1704.80 1.0000

5 37.35 2526.20 0.9999

6 49.68 2397.10 1.0000

7 63.68 3536.20 0.9999

8 82.03 2395.30 1.0000

9 103.88 3091.90 1.0000

10 158.40 3591.10 1.0000
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The trends of slopes and intercepts with the thickness remaining can be found in Figure 

5.11 and Figure 5.12.  

 

 

(a) 

 

(b) 

 

(c) 

Figure 5.11: Relationship between slopes and thickness remaining (a) Original data (b) With 

exponential regression (c) With logarithmic regression. 
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By plotting the slopes with the thickness remaining, the relationship between slopes k and 

thickness remaining was found to be monotone decreasing on domain [0.0328, 0.3282]. This 

function also has a decreasing first derivative. From regression analysis in Excel, the 

relationship between slopes and thickness remaining was similar to exponential function, 

logarithmic function and power function. Exponential regression and logarithmic regression 

had a larger coefficient of determination than power regression. 

For the exponential regression, the function of curve was  = 192 44e;8 336  with a R2 

value of 0.9978. For the logarithmic regression, the function of curve was  = −62 95ln(x) −62 557 with R2 value equals to 0.9947. From the comparisons between original data and trend 

lines by different regressions, it can be observed that the trend line by exponential regression 

matched data points with larger thickness remaining better (0.131 to 0.328 inch). The trend line 

by logarithmic regression matched data points with smaller thickness remaining better (0.033 

to 0.131 inch). Based on this observation, a piecewise function can better describe this 

relationship. 

 

 
Figure 5.12: Relationship between intercepts and thickness remaining. 
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By plotting the intercepts with the thickness remaining, although the curve did not show 

any monotonicity, the general trend indicated that the intercept value decreased with increasing 

thickness remaining. 

5.5.2 Tendency with Each Parameter 

The burst resistance found using FEA in each case was plotted with relative cut depth and 

thickness remaining. 

Figure 5.13 shows the relationship between burst resistance and cutting depth. From 

Figure 5.13(a), the relationship is a monotonically decreasing function with an increasing first 

derivative. From regression analysis, this relationship is similar to both exponential and 

logarithmic functions. Exponential regression had slight higher R2. The function by 

exponential regression was  = 11497e;8 411  with a R2 value of 0.9978. 

Figure 5.14 shows the relationship between burst resistance and remaining thickness. 

From Figure 5.14(a), the relationship is a monotonically increasing function with an increasing 

first derivative. From regression analysis, this relationship is similar to an exponential 

relationship. The function was  = 551 93e;8 411  with a R2 value of 0.9978. It is noticeable 

that whether the burst resistance was plotted with cut depth or remaining thickness, the 

exponents for exponential functions will be the same. The same exponents were also observed 

in the previous simulations, which indicate sharing the same exponents can be a common rule. 

From the definition, thickness left equal to the original thickness minus the cut depth. The 

general exponential function can be written as:   1 =  1e  𝑥  
Since 𝑥1 = 𝑥2 + 𝑏, 𝑦2 =  1e  (𝑥 :𝑏) =  1e  𝑥 ∙ 𝑒  𝑏 =  2e  𝑥  
Which indicates that the linear relationship between thickness remaining and cut depth is 

the main reason for plots to share a same exponents.  
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(a) 

 

(b) 

Figure 5.13: Relationship between burst resistance and cutting depth (a) Original data (b) 

With exponential regression. 

 

 

Figure 5.15(a) shows the relationship between burst resistance and cut area. As mentioned 

previously, for a crescent-shaped cut, the maximum cutting depth should not exceed the radius 

of the drill pipe or slickline. The slickline had a radius of 0.3125 inch, the tenth cut had a cut 

depth of 0.3282 inch, which is slightly higher than the slickline radius. Under this condition, 

the cut area function for the crescent-shape cut is no longer valid. The cut width of the tenth cut 
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calculated from circle functions will be smaller than the cut width of the ninth cut. However, in 

reality, once the cutting depth exceeds the slickline radius, the cut width will remain constant 

and value will equal the diameter of slickline.  

Since the tenth cut was different, regression analysis was based on data except the tenth 

cut. Figure 5.15(b) shows the regression on modified data sets. From Figure 5.15(b), the 

relationship is a monotonically decreasing function with an increasing first derivative. From 

regression analysis, this relationship is similar to a logarithmic function. The function was  = −2587lnx − 4028 3 with a R2 value of 0.9942.  

It is noticeable that the function from regression did not include the data point with the 

zero cut area (undamaged). 

Figure 5.16 shows the relationship between burst resistance and cut arc length. From 

Figure 5.16 (a), the relationship is a monotonically decreasing function with a roughly constant 

derivative. From regression analysis in Figure 5.16 (b), this relationship is similar to a linear 

function. The function was  = −10659x + 11098 with a R2 value of 0.9515. However, the 

trend line was not be able to match the raw data well. It can be observed that the slope of the 

data set changed. Depending on the trend, the raw data could be divided into two groups. From 

Figure 5.16 (c), by plotting the first five data points and the rest of the data points individually, 

a linear relationship can be found in each set of data. The regression analysis by part showed 

better fitting. The first five points had a function of  = −14752x + 13166 with a R2 value of 

0.996. The second data set had a function of  = −5403 7x + 6345 6 with a R2 value of 

0.9925. 

All the data sets shown above did not include the undamaged point (0,14282.57). If the 

undamaged point was added into the data set, the R2 of all regressions would decrease 

obviously, which indicates the undamaged point did not share the same trend with other 

simulation results.  
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(a) 

 

(b) 

Figure 5.14: Relationship between burst resistance and remaining thickness(a) Original data 

(b) With exponential regression. 
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(a) 

 

(b) 

Figure 5.15: Relationship between burst resistance and cut area (a) Original data (b) With 

logarithmic regression 
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(a) 

 
(b) 

 

 (c) 

Figure 5.16: Relationship between burst resistance and cut arc length (a) Original data (b) 

With linear regression (c) With piecewise linear regression. 
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Figure 5.17 shows the burst resistance degradation with each cut. The largest degradation 

happened at the first cut. This observation indicates that even a slight damage will heavily 

decrease the casing burst resistance. The following damage will continuously decrease the 

burst resistance, but the following burst resistances were considered very small compared to 

the first one. 

 

 

Figure 5.17: The burst resistance degradation with each cut. 

 

 

5.6 Comparison between Slickline Damaged Model and Uniform Thickness Model 

Figure 5.18 shows the comparison between burst resistances calculated and simulated on 

each cut depth and inner radius. The same as the previous simulations, the burst resistances of 

the casing with uniform thickness were always larger.  

From comparison between burst resistances calculated and simulated shown in Figure 

5.19, the differences were small for both slight and heavy damage. By plotting the difference 

with the cut depth, the maximum difference value appeared with a cut depth value around 0.1 

inches. 
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(a) 

 

(b) 

Figure 5.18: Comparison between burst resistances calculated and simulated (a) With each 

cut depth (b) With inner radius. 
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Figure 5.19: Difference between burst resistances calculated and simulated on each cut depth 

 

5.7 Comparison between Drill Pipe and Slickline Damage 

In this section, the burst resistance of casings damaged by drill pipe and slickline are 

compared on parameters include thickness left, cut arc and cut area. The effect of parameters 

in the damage geometry function burst resistance degradations is also discussed in this 

section. 

5.7.1 With Thickness Left 

With the data collected from both the drill pipe damaged model and the slickline damaged 

model, the burst resistance curves can be compared together.  

Figure 5.20 shows the comparison between burst resistance curves with thickness 

remaining. It can be observed that the drill pipe damaged model always had a higher burst 

resistance than the slickline damaged model. The largest difference between two curves was 

1831 psi with a thickness remaining of 0.3282 inch. The smallest difference was 232 psi with 

thickness remaining of 0.03282 inch. Although the relationship between the burst resistance 
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difference and thickness remaining is not a strictly monotonic function, it is most possible for a 

larger difference value to show with slight damage and the smaller difference to show with 

heavy damage.  

 

 

Figure 5.20: Comparison between burst resistance curves with thickness remaining 

 

 

Depending on this observation, a conclusion can be made that the pipe with a smaller 

outer radius will cause larger burst resistance degradation with the same cut depth or thickness 

remaining. The burst resistance degradation of different pipes will converge to a similar value 

when the thickness remaining is small.  

5.7.2 With Cut Arc 

Figure 5.21 shows the comparison between burst resistance curves with cut arc length. 

From the previous regression analysis, the relationship between burst resistance and cut arc 

length for a drill pipe cut was regarded as a linear function. However, the same relationship for 

slickline was considered as two piecewise functions. If the data for the drill pipe were divided 

into two groups using the same method, the trend line for each group had higher R2 value than 

the trend line from overall regression. This result indicates piecewise functions can better 
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describe the relationship between burst resistance and cut arc length. The change of slope 

becomes obvious with the small outer diameter pipe.  

From both figures of the slickline and drill pipe, the slope increased after the fifth cut. 

Since the slopes for both data groups are negative, an increased slope represents that burst 

resistance decreases with increasing cut arc length at a lower rate. The increment of cut depth 

was set to be one-eleventh of original thickness; the remaining thickness was slightly larger 

than 50% of the original thickness after the fifth cut. This observation indicated burst resistance 

became less sensitive with the change of cut arc length when thickness was around or smaller 

than 50% of the original value. 

 

 
Figure 5.21: Comparison between burst resistance curves with cut arc. 

 

 

5.7.3 With Cut Area 

Figure 5.22 shows the comparison between burst resistance curves with cut area. It can be 

observed that the drill pipe damaged model had a higher burst resistance for the same cut area. 
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Compared with the drill pipe, the slickline has a smaller cross section area, when it cuts into the 

casing, it will have a smaller cut area than drill pipe for a same cut depth. To have the same cut 

area, a slickline must have a larger cut depth, which can be one reason for this difference 

between two curves. In conclusion, for the same value of burst resistance degradation, the 

casing damaged by a pipe with a relatively large diameter will have a larger cut area or more 

material lost. On the figure of cut area and burst resistance, the pipe with a larger diameter will 

have a flatter curve. 

 

 
Figure 5.22: Comparison between burst resistance curves with cut area 

 

5.7.4 Comparison between Burst Resistance Degradations 

As mentioned previously, each damaged casing has a unique function to describe the 

damage geometry. To correlate each geometry with relative burst resistance degradation, it is 

necessary to compare different geometry functions and their effect. 

The general geometry function for drill pipe cut is f = √1 43752−𝑥2 − √2 3892 − 𝑥2 +    

The general geometry function for slickline cut is: f = √0 31252−𝑥2 − √2 3892 − 𝑥2 +    
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The center to center distance and domain of function is shown in Table 5.3. The center to 

center distance and domain of function is shown in Table 5.4. 

 

 

Table 5.3: Geometry parameters and relative burst resistance degradation for drill pipe cut 

 

 

Table 5.4: Geometry parameters and relative burst resistance degradation for slickline cut 

 

 

From previous regression analysis, the relationships between cut depth and burst 

resistance can be described by exponential functions. The center-to-center distance can also be 

written as a linear function of cut depth. It is obvious that the relationship between 

center-to-center distance and burst resistance is also an exponential function. From the result, 

the regression analysis for the slickline cut had a slightly higher R2 value than the drill pipe cut. 

Depending on this observation, the diameter of the pipe may affect the relationship between 

center-to-center distance and burst resistance, and the pipe with a smaller diameter may have a 

relationship closer to an exponential function. The burst resistance degradation was defined as 

the difference between burst resistance of the undamaged casing and burst resistance simulated 

in each case. The relationship between center-to-center distances can be expressed as: 

cut Center to center, in. Pb Degradation,psi

1 0.9843 0.4734 -0.4734 3783.9

2 1.0171 0.6518 -0.6518 6126.9

3 1.0500 0.7778 -0.7778 7801.9

4 1.0828 0.8758 -0.8758 9051.9

5 1.1156 0.9554 -0.9554 10022.9

6 1.1484 1.0219 -1.0219 10812.9

7 1.1812 1.0784 -1.0784 11454.9

8 1.2140 1.1269 -1.1269 12081.9

9 1.2469 1.1690 -1.1690 12686.9

10 1.2797 1.2057 -1.2057 13378.5

Domain

cut Center to center, in. Pb Degradation,psi

1 2.1093 0.1483 -0.1483 5614.5

2 2.1421 0.2022 -0.2022 7549.5

3 2.1750 0.2383 -0.2383 9280.5

4 2.2078 0.2644 -0.2644 10552.5

5 2.2406 0.2835 -0.2835 11405.5

6 2.2734 0.2970 -0.2970 12116.5

7 2.3062 0.3061 -0.3061 12611.0

8 2.3390 0.3111 -0.3111 12970.5

9 2.3719 0.3125 -0.3125 13253.5

10 2.4047 0.3104 -0.3104 13610.5

Domain
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 𝑃𝑏 𝐷𝑒𝑔𝑟𝑎𝑑𝑎𝑡𝑖𝑜𝑛 =  2 −  1𝑒 ∙𝑐𝑐 (5.25) 

 

Since the center to center value and domain range of two simulation series did not overlap, 

it became impossible to find the effect of other variables on burst resistance degradation. 

However, it is still possible to compare parameters from two damage geometry functions when 

burst resistance degradations are close. By finding the minimum absolute difference between 

any burst resistance degradations from two series of simulations, two cases from each series 

were selected. Cut No. eight from the drill pipe cut and cut No.6 from the slickline cut had the 

smallest absolute difference of 34.57. Table 5.5 shows the geometry parameters for these two 

cases. 

 

 

Table 5.5: Geometry parameters comparison for similar burst resistance degradations 

 
 

5.8 Finer Mesh Comparison 

To find out how finer mesh will further influence the FEA result; simulations for the drill 

pipe cut were repeated with smaller elements. Instead of using 0.1 inch as the element size, new 

simulations used 0.04 inch as the element size. Mesh control with the smaller element size were 

also applied on relative surfaces of the cut. Simulation cases one to five used 0.02 inch of mesh 

control, and cases six to ten used 0.025 inch of element control due to the limit of the software. 

Figure 5.23 is an example for case one mesh control.  

Compared with previous results, the burst resistances from the new simulation were 

smaller. Most of the differences were around 20 to 50 psi, which indicates the 0.1 inch element 

model already had good result accuracy. The current simulation result is reliable on the aspect 

of mesh convergence.  

 

Cut Cut radius,in. Center to center,in. Pb Degradation,psi

Slickline 6 0.3125 2.2734 0.2970 -0.2970 12116.5

Drill pipe 8 1.4375 1.2140 1.1269 -1.1269 12081.9

Domain
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(a) 

 

(b) 

Figure 5.23: Detail of mesh control (a) Zones where mesh control was applied (b) Meshing 

result. 
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Table 5.6 shows the comparisons between results from original meshing and finer 

meshing. 

 

Table 5.6: Comparisons between results using different element size 

 

5.9 Sensitivity Effect of Input Data  

As mentioned previously, a linear relationship existed between pressure applied and von 

Mises stress simulated in each simulation case. However, the observation indicates that this 

relationship is not a one-to-one function. For example, in simulation case one for drill pipe cut, 

if the pressure applied changed by five psi, the von Mises stress probed had no response to 

pressure change. With increased cut depth, the von Mises stress became more sensitive with 

pressure applied, for simulation case nine, even one psi change on the applied pressure resulted 

in a different von Mises stress. 

5.10 Principal Stresses Analysis 

This section focuses on how principal stresses distributed along the damaged zone. The 

values of principal stresses are also compared with the principal stress values in uniform 

thickness model. The tangential and radial stresses were recorded for each simulation case. 

Since the axial stress was set to be zero, no axial stress was not recorded. However, it is still 

possible to calculate the axial stress simulated from recorded von Mises stress. 

Cut Pb 0.1,psi Pb 0.04/0.02,psi

1 10499 10451

2 8156 8129

3 6481 6454

4 5231 5201

5 4260 4232

6 3470 3453

7 2828 2790

8 2201 2183

9 1596 1571

10 904 902
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5.10.1 Tangential Stress 

By plotting the tangential stress for two simulations series and results from Lamé equation, 

the difference between each condition can be compared. Figure 5.24 shows the comparison 

between drill pipe damaged casing, slickline damaged casing and an undamaged casing (Lamé 

equation). Based on this comparison, the non-uniform damaged casings had higher tangential 

stress than the uniform damaged casing. And the slickline damaged casing had higher 

tangential stress than the drill pipe damaged casing. 

 

 

 

Figure 5.24: Comparison between tangential stresses with cut depth 

 

 

From Lamé equation, the radial stress always has a smaller absolute value compare with 

tangential stress. Due to the same reason, radial stress is usually ignored in the thin-walled 

cylinder stress calculation method and Barlow equation. Since the tangential stress plays a 

major role in von Mises stress, the difference on the tangential stress can be the main reason for 

the difference on burst resistance. 
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From Lamé equation, with an 8,000 psi of internal pressure applied, the von Mises stress 

calculated for an undamaged 5.5 inch casing is 61,614 psi; and the tangential stress under this 

pressure is 57,223 psi. In SolidWorks Simulation, the simulated von Mises stress is 61,680 psi 

and the tangential stress for the undamaged casing is 57,290 psi.  

For the drill pipe damaged casing with a crescent-shaped cut, the tangential stress under 

the same pressure is 82,950 psi. The increment of tangential stress is 26,660 psi compare to 

57,290 psi. The slickline cut casing with sharper damage geometry has a tangential stress of 

101,400 psi, the increment of tangential stress is 44,110 psi. Table 5.7 shows the comparisons 

of stresses and stress factors in three cases. In some cases, stress concentration factor is the 

ratio of stress near the damage and stress far from the damage but also with reduced cross 

section area. The stress concentration factor used here is the ratio of stress near the damage 

and stress in uniform thickness model. 

 

 

Table 5.7: Von Mises stresses and tangential stresses comparison under 8,000 psi 

 
 

For a casing with only internal pressure applied, the tangential stress tends to tear the 

casing apart; one possible reason for the increase of tangential stress is that the pressure applied 

on the crescent-shaped geometry enhances the tangential stress. 

This conclusion can be easily observed from Figure 5.25. When the internal pressure is 

applied on the damaged zone, the pressure distributed on the surface radially with a center of 

drill pipe. The rest of the area will have a radial pressure distribution with a center of the casing. 

If the pressure on the damaged zone is decomposed in radial and tangential directions of the 

casing, part of the radial stress on the damaged zone will contribute to the nearby tangential 

stress. To further explore the effect on tangential stress, the pressure calculation method in 

thin-walled cylinder can be used as a reference. 

 

Von Mises,psi Tangential stress,psi Stress factor

No damage 61680 57290 1.00

Cut 1 drill pipe 84430 82950 1.45

Cut 1 slickline 99590 101400 1.77
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Figure 5.25: Internal pressure applied on different zones 

 

 

With one crescent-shaped cut, the open area will increase by 𝑎𝑙, where 𝑎 is the cutting 

depth. And the thickness of one side will decrease by 𝑎. Assume the tangential stress is evenly 

distributed, the new tangential stress can be expressed as: 

 𝜎𝜃 = 𝑝 (2𝑟 + 𝑎)2𝑡 − 𝑎  (5.26) 

 

From Equation 5.26, same pressure acting on the larger area was balanced with tangential 

stress on smaller thickness. This equation can clearly demonstrate the increase of tangential 

stress due to the damage. However, it cannot explain why different damaged models had 

different tangential stress increments with the same cut depth. And the tangential stress 

increment from this modified tangential stress is also much smaller compared to the results 

from simulations. 

From the discussion, damaged casing geometry can have a larger tangential stress at the 

location with minimum thickness. A larger cut depth will result in a larger tangential stress 

with the same loading conditions. However, the tangential stress increment is not only a 

function of cut depth, but also a function of crescent shape geometry. 

Stress concentration happens when the geometry of a structure suddenly changes. And 

stress concentration factor kt is the ratio of the maximum stress and the nominal far field stress, 

expressed as: 
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 𝑘𝑡 = 𝜎𝑚𝑎𝑥𝜎𝑛𝑜𝑚 (5.27) 

 

Stress concentrations usually occur at where the cross section area changes. Similar cross 

section area changes appeared on the damaged zone when the thickness in the casing model 

decreased due to the wear. Therefore, theories in stress concentrations can be used to interpret 

the tangential stress increments. 

For a central hole beam model with axial load, the stress concentration factor is mainly 

determined by length and width of the ellipse-shaped hole. Assume the width is parallel with 

the direction of the stress applied. If the width of the ellipse is 2w and the length of the ellipse 

2h, the stress concentration factor kt can be expressed as: 

 𝑘𝑡 = 1 + 2𝑤  (5.28) 

 

Figure 5.26 shows the central hole beam model with axial load. 

 

 

 

Figure 5.26: Stress concentration factor function for central hole beam model (MechaniCalc 

2020). 

 

 

For the crescent-shaped cut, the cut depth is equivalent to the half-length h, and length of 

domain in the circle functions is equivalent to the width 2w. For case one in the drill pipe cut 
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model, half-length h equals to 0.0328 inch and w equals to 0.4734 inch. The stress 

concentration factor calculated from Equation 5.27 is 1.139. For case one in the slickline cut 

model, half-length h equals to 0.0328 inch and w equals to 0.1483 inch. The stress 

concentration factor is 1.442. Table 5.8 shows the stress concentration factor comparisons 

from the central hole model. 

 

 

Table 5.8: Stress concentration factor calculated from central hole model 

 
 

Compared to the modified equation using thin-walled cylinder theory, the stress 

concentration factor function considers both length and width of the damage geometry to 

estimate the stress concentration factor. Damage with sharp geometry will have a higher 

concentration factor, which matches with the observation from practice. 

The stress concentration factor is usually larger than two, since the stress concentration 

factors were calculated from case one from both series of simulations, which have small 

changes in geometry and cross section areas; it is reasonable to have stress concentration 

factors smaller than one. Cases with obvious damage like case eight and case nine will have 

stress concentration factors larger than two. 

From the simulation results, the Stress Concentration Factor for the drill pipe damaged 

model is 1.447, and the stress concentration factor for the slickline damaged model is 1.770. 

Although the differences between Stress Concentration Factors calculated from equations and 

FE simulations still exist, calculating Stress Concentration Factors using geometry of damage 

is still helpful on interpreting the results from simulations. 

The major reason for the difference can be the difference on geometries of structure. For 

central hole models, the major structures are beam-like structure, but the major structure used 

in the casing model is a hollow cylinder. The geometries of defect are also different. In a 

central hole model, the geometry of defect is ellipse or circle. This shape is also different from 

the crescent-shaped damage built in casing. 

Half width w,in. Cut depth h,in. Stress factor

Cut 1 drill pipe 84430 82950 1.14

Cut 1 slickline 99590 101400 1.44
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The method of calculating the Stress Concentration Factors using geometry of damage 

also provides a new method of estimating the burst resistance with given damage geometry. If 

the Stress Concentration Factors function for a casing model with crescent-shaped damage can 

be developed, with the damage geometry parameters and tangential stress calculated from 

uniform thickness casing model, the maximum stress on the damaged model can be calculated. 

With given values on radial stress and axial stress, the von Mises stress can be found and the 

burst resistance of a damaged casing can be calculated later. In Concentration Factors function 

for the beam model, the defect geometry is described by individual parameters. However, in 

the casing model, the parameters of damage geometry are not individual. Once the cut depth is 

determined, the width of the cut will be unique based on the pipe that causes the damage. This 

difference can bring potential issues to the Stress Concentration Factors function developing 

process. 

5.10.2 Radial Stress 

From Lamé equation (Equation 3.67), except for the outer surface, the radial stress in the 

casing is always negative with internal pressure applied.  

 𝜎𝑟 = 𝑟 2𝑝 𝑟𝑜2 − 𝑟 2 41 − 𝑟𝑜2𝑟25 (3.67) 

 

Lamé equation shows that when  = 𝑟  𝜎𝑟 = −𝑝 .  

From the definition of radial stress in a cylinder, the radial stress at any inner surface is 

equal and opposite to the pressure applied. The theoretical estimation for the radial stress is the 

negative value of the pressure applied.  

However, the simulation provided different results. Positive radial stresses were found in 

the simulations of casing damaged by slickline remaining when thickness is small. Based on 

this observation, the abnormal radial stress may relate to the sharp damaged geometry, since 

sharp geometry always brings some degree of stress concentration. However, any stress 

concentration cannot change the direction of the stress; stress concentration may not be the 

major reason for the abnormal stress. 
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Before the damage was built on casing models, results from FE simulations and results 

calculated from Lamé equation were compared to each other. Boundary conditions, including 

fixtures applied and stress applied, were tested to be correct. Compared to the boundary 

conditions setting process in the undamaged casing model, the only difference for the damaged 

casing model is that internal pressure had to be applied on undamaged and damaged zones 

individually. To find out how applying pressure on different zones can affect the result, 

simulations were done in different conditions. 

For case eight in the slickline simulation series, the pressure applied on the inner surface 

was 1,312 psi. This pressure resulted in a von Mises stress equal to 110,000 psi in simulation. 

The theoretical radial stress is -1,312 psi at the inner surface. When the pressure was applied on 

all the inner surfaces, the radial stress was 103.6 psi. If the pressure was only applied on the 

undamaged zone, the radial stress was 2,316 psi; the simulation time for this case became 

extremely long compared to time in previous simulations. If the pressure was only applied on 

the damaged zone, the simulation was not be able to solve the results due to larger 

displacement. Based on this observation, the radial stress is larger and more abnormal when 

there is no pressure in the damaged zone. Application of internal pressure to the damaged zone 

directly reduced the radial stress by 2,212.4 psi. 

Since radial stress is relative small and usually ignored in thin-walled stress calculation, 

the error shown in radial stress should not heavily affect the accuracy of the von Mises stress 

probed from simulations. The burst resistance recorded from simulations still has good 

accuracy. 

5.10.3 Axial Stress 

Although no axial stress was applied to the loading conditions, the axial stress from the 

simulation result was not equal to zero. In the series of simulations on drill pipe, the axial 

stresses for damage case one were found to be positive (tension). From following data, the axial 

stresses increased continuously with a decreasing speed. In the simulations series of slickline, 

the axial stresses had a similar trend but had higher values in every simulation case. 
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5.11 Effect of Axial Stress, Bending and Deformation 

In this section, the relationships between von Mises stress, principal stresses and pressure 

applied near the damaged zone on casing are discussed with effects of axial stress, bending and 

deformation. 

5.11.1 Axial Stress 

In real conditions, the axial stress will always appear due to the weight of the casing below 

and surrounding stresses. If the casing is in tension (positive axial stress), the casing will intend 

to shrink and will help to enhance the burst resistance. If the casing is in compression (negative 

axial stress), the casing will intend to expand in the radial direction and result in a smaller burst 

resistance. In this case, negative axial stress will be applied on an undamaged model and 

damaged casing models to find how the burst resistance of a damaged casing is further affected 

under axial stress. 

From Lamé equation, with 10,000 psi of compression stress on the axial direction, the 

burst resistance of the casing model is 13,714 psi. By applying the same pressure in FE 

simulation, the von Mises stress is very close to the yield strength, the axial stress is distributed 

evenly and the value is equal to stress applied, which proves that the model is valid under all 

principal  stresses. Figure 5.27 shows the von Mises stress and axial stresses along the 

undamaged model. 

For the damaged casing model with 0.03282 inch of cut depth (case 1), the burst resistance 

is 10,501 psi without axial stress, tangential stress is 108,100 psi and radial stress is -10,180 psi 

under the load. If the same axial stress and pressure are applied on the damaged model, the von 

Mises stress becomes 114,100 psi. From the result, the tangential stress is 108,100 psi and the 

radial stress is -10,320 psi. Figure 5.28 shows the von Mises stress and axial stresses along the 

damaged model. Compared to the simulation case without axial stress applied, new tangential 

stress and radial stress hardly change. With -10,000 psi of axial stress, the von Mises stress 

directly calculated from Lamé equation is 118,260 psi, which is different from the von Mises 
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stress result in the simulation. By further probing the axial stress around the model, axial stress 

was found not to be distributed evenly on a damaged model. The largest axial stress appears at 

the location with the minimum thickness, and the smallest axial stress appears at the opposite 

position on the outer surface of the model. Compared to the undamaged model, the larger axial 

stress in the damaged model delays the process for von Mises stress to reach the limit. This 

result indicates that the damaged geometry actually weakens the negative effect of 

compression on the casing. Although the location with the smallest thickness has the largest 

axial stress which decrease the local von Mises stress, this location still has the maximum von 

Mises stress due to the largest tangential stress. 

By further adjusting the internal pressure applied, the maximum von Mises stress reaches 

the yield strength of the material. In this process, von Mises stress is found to have a linear 

relationship with pressure applied. Further analysis indicates all three principal stresses have 

linear relationships with pressure applied, even though the axial stress applied is constant.  

In an open end casing model, axial stress should not be a function of pressure applied, but 

simulation results clearly show that axial stress is affected by pressure, which indicates that the 

appearance of damage geometry disturbs the relationships between three principal stresses. 

The appearance of the damage geometry introduces a new cylindrical coordinate system, and 

this new coordinate system conflicts with the original one. Three principal stresses in the new 

cylindrical coordinate system are no longer in the orthogonal directions of the old system, 

which results in stresses affecting each other. The interferences between principal stresses are 

not limited with a plane; axial stress, which is perpendicular to two other stresses, can also be 

affected.  

Based on the observations, the interferences between principal stresses may depend on the 

size and position difference of cylindrical coordinate systems. Larger differences will bring 

larger interferences. This speculation can also explain why the axial stress is not zero with no 

axial stress was applied in damaged casing models, and why axial stress becomes more 

abnormal in the slickline cut model. 
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It is noticeable that axial stress is directly applied on the model in the simulation, and the 

stress remains constant in simulations. In reality, the axial stress will result from forces. If the 

forces remain the same, due to the cross section decrease by damage and wear, the axial stress 

on the damaged casing will be larger compared to stress on an undamaged casing.  

 

 

(a) 

 
(b) 

Figure 5.27: Stress in undamaged casing model (a) Von Mises stress distribution along the 

model (b) axial stresses along the model. 
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(a) 

 

(b) 

Figure 5.28: Stress in damaged casing model (a) Von Mises stress distribution along the 

model (b) axial stresses along the model. 
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5.11.2 Bending Stress 

Assume the casing with a known trajectory is under an elastic deformation by a bending 

moment. With known dogleg severity (DLS), material properties and cross section geometry, 

the force or moment applied on the casing can be calculated. There are many combinations of 

single/multiple loads, or moment to deform the structure with different constraints. For general 

beam deflection models, constraints like fully fixed fixtures and roller fixtures in different 

directions can be applied on one or both ends of the beam. Moments are usually applied on the 

end or the center of the beam. A single load or distributed loads can be applied on any location, 

edge or area.  

The model constructed previously has three roller fixtures applied in three principal 

directions on one end, which is equivalent to a fully fixed constraint but the constraints will not 

bring any abnormal stress. Therefore, the bending model used has fully fixed constraint on one 

side and a distributed load or a single moment will be select to applied on the edge, or face on 

the free end.  

For a cantilever with fully fixed fixtures on one side and an end load, the deflection angle 

for an end load can be calculated as: 

  = 𝐹𝑥2𝐸 (2𝐿 − 𝑥) (5.29) 

 

Where, θ  = Deflection angle, rad 

F  = Force applied on the cantilever, lb 

x  = The distance from the fixed end to where the deflection angle is measured. 

E = Young’s Modulus, psi 

L = Total length of the cantilever, inches 

I = Area moment of inertia. 

 

For a hollow cylindrical section, area moment of inertia I can be expressed as: 
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  = 𝜋𝐷𝑜4 − 𝐷 464  (5.30) 

 

Where, 

Do  = Outer diameter of the casing, inches 

Di  = Inner diameter of the casing, inches 

 

By using this equation, the deflection angle on a certain location can be calculated from 

given dogleg severity. For a ten-inch model, if the dogleg severity is five degree/100ft, the 

deflection angle at the end is 0.000727 in rad. With this deflection angle, relative force can be 

applied. However, it was found to achieve a same DLS at different locations, the loads required 

on the free end are different, which can present potential issues on applying force. 

For a cantilever with one fixed end and a moment applied on the free end, the deflection 

angle for an end load can be calculated as: 

  = 𝑀𝑜𝑥𝐸  (5.31) 

 

Where, 

Mo = Moment applied on the cantilever, lb∙in 

 

In this model, the moment to achieve certain DLS is constant, and the moment along the 

cantilever is also constant; the model with the same constraints but a load on the free end has a 

constant shear force along the cantilever; the moment inside varies with the location, and the 

maximum moment appears at the farthest location from the load. Considering that the major 

effect from bending is the bending stress, a uniform moment along the casing is necessary. 

Therefore, the model with the end moment was used to simulate the bending condition. For an 

undamaged casing model with five degree/100ft of dogleg severity, the total moment applied is 

-42,182 lb.in. Since a half model was used, the actual moment applied is -21,091 lb.in. Figure 

5.29 shows the face where moment was applied and reference axis. 
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Figure 5.29: Bending moment applied and reference axis 

 

 

Figure 5.30 shows the axial stress plot for undamaged model with -21,091 lb.in of 

moment applied. It can be observed that upper part of the model is in compression and lower 

part of model is in tension. The axial stress is abnormal on the surface where moment is applied. 

However, stress becomes uniform a distance from this surface. 

Figure 5.31 shows the stress distribution along the upper edge on the inner surface. From 

the stress distribution plot, the axial stress becomes uniform around 0.4 parametric distance. 

Since the length of the model is ten inches, axial stress becomes uniform six inches from the 

surface where moment is applied.  
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(a) 

 (b) 

Figure 5.30: Axial stress in undamaged model with -21,091.05 lb.in of moment applied (a) 

Axial stress values along the inner edge (b) Axial stress plot 
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Figure 5.31: Stress distribution along the upper edge on the inner surface. 

 

 

The bending stress by moment can be expressed as: 

 𝜎𝑏 = 𝑀𝑜𝑦  (5.32) 

 

Where, 

y = The distance from the neutral axis. 

 

In the undamaged casing model, this distance is equal to the inner radius of the casing. 

With known parameters, the bending stress calculated from this function is -5,212 psi, which 

matches with the simulation results in the uniform stress zone. This compression can increase 

the local von Mises stress and decrease the burst resistance. With the relationship between the 

deflection angle and moment, and relationship between the moment and bending stress, the 

bending stress can be written as: 

 𝜎𝑏 = 𝑀 𝑦 =  𝐸 𝑥 ∙ 𝑦 =  𝐸𝑦𝑥  (5.33) 

 

Figure 5.32 shows the axial plot for damaged casing model with five degree of DLS. It can 

be observed that the axial stresses on the edge with the minimum thickness is positive. The 
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axial stresses on the boundary of the damaged zone and undamaged zone is negative. And the 

stress on the upper outer surface is also negative. From the observation, the existence of the 

local defect changes the axial stress distribution.  

 

 

Figure 5.32: Axial stress plot for damaged casing model with five degree of DLS. 

 

 

Figure 5.33 shows the von Mises stress probed seven inches from the free end. The von 

Mises stress is 111,100 psi with 10,450 psi of internal pressure and 21,091 lb.in of bending 

moment. By further adjusting the pressure applied to meet the desired the von Mises stress, the 

burst resistance for damaged casing model with 0.0328 inch of cut distance and five degree of 

DLS is 10,340 psi, which is around 200 psi lower than the case without bending moment. In 

this process, von Mises stress still has a linear relationship with the pressure applied. 
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Figure 5.33: Von Mises stress probed for damaged casing model with five degree of DLS 

 

 

For a damaged casing model with ten degree of DLS and the same cut depth, the bending 

moment applied on the half model is -42,182 lb.in. By using the same method, the burst 

resistance for the damaged casing model with 0.0328 inch of cut distance is 10,140 psi, which 

is around 400 psi lower than the case without bending moment. Table 5.9 shows the 

comparisons of burst strength with DLS. 

 

 

Table 5.9: Comparisons of burst strength with DLS 

 

 

Figure 5.34 shows the axial plot for damaged casing model. The axial stresses on the 

upper part of the model become negative. However, the axial stresses on the edge with the 

minimum thickness still has larger axial stresses than surrounding area. 

DLS, degree/100ft Burst strength,psi

0 10450

5 10340

10 10140
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Figure 5.34: Von Mises stress probed for damaged casing model with ten degree of DLS 

 

 

In the previous case where only the internal pressure was applied, the axial stress at defect 

is positive; when the negative bending stress is relatively big, the axial stress near the defect 

can be a positive value. When the bending stress is relatively small, the axial stress near the 

defect becomes negative, but it is still larger than the surrounding axial stresses.  

For the model with five degree of DLS, the difference in axial stress between the 

undamaged and damaged model is around 9,443 psi with 10,340 psi of internal pressure 

applied. For the model with ten degree of DLS, the difference between the undamaged and 

damaged model is 11,408 psi with 10,140 psi of internal pressure applied. From the 

comparison, the defect geometry can increase the local axial stress by around 10,000 psi; this 

value may vary with the internal pressure applied. 

It is noticeable that the area moment of inertia function is for an undamaged cylinder. The 

moment of inertia of the damaged model is unknown and needs to be calculated based on 
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specific cross section geometry. However, the defect is far from the neutral axis of bending, 

therefore, the defect geometry should have negligible effect on the area moment of inertia. 

In conclusion, the negative bending stress inside the elastic deformed casing will decrease 

the burst resistance of the casing. However, the defect on the casing model can increase the 

local axial pressure, which can neutralize the negative bending stress and weaken the negative 

effect of the deformation.  

5.11.3 Deformation 

In reality, part of the casing undergo plastic deformation during the setting process. 

Casing cannot return to its original shape even all the stresses applied on it are removed. 

Therefore, it is reasonable to use FE software to find the burst resistance on a deformed casing. 

Dogleg severity is calculated from the inclinations and azimuths of two survey points, 

assuming inclination is the only variable between two survey points and the well trajectory is 

an arc from a circle. If the trajectory has a known dogleg severity, it is possible to know the 

detail of the circle and corresponding angle with the measured depth. Figure 5.35 shows the 

relationship of inclination change angle α and central angle of the trajectory. 

Since angle β is the complementary angle of angle α, the central angle of the trajectory can 

be expressed as: 180 − 2 × (90 −  ) = 2  

For a dogleg severity with 10 degrees/100 ft, the central angle of a 100 ft arc is 20 degrees. 

The radius of circle in feet can be calculated as: 2  =  ound angle in deg eecent al angle in deg ee × 100𝑓𝑡 𝑟 = 1002 ∙  ound angle in deg eecent al angle in deg ee 𝑓𝑡 2  = 36020 × 100  = 18002 = 900𝜋 = 286 48𝑓𝑡 
 



 

161 

 

 

Figure 5.35: Central angle calculation with given DLS. 

 

 

In SolidWorks, the structures that follow a certain arc can be constructed using Swept 

Boss function. With the defined well shape and the sketch of the cross section of the casing, the 

full casing model can be built. Due to the calculation capability limitation of the software, it is 

impossible to create a model in several feet in length with a 0.1 inch element. Therefore, the 

length of the model is still five inches long. For the casing inside the 10 degrees/100 ft dogleg 

severity trajectory, the radius of circle is 286.48 ft. The central angle of a five-inch casing can 

be calculated as: 5𝑖𝑛12𝑖𝑛/𝑓𝑡 ÷ (36020 × 100) × 360 = 112 = 0 0833 𝑑𝑒𝑔𝑟𝑒𝑒 

By using the same method, for the casing inside the 5 degrees/100 ft of dogleg severity 

trajectory, the radial of circle is 572.96 ft. The central angle of a five-inch casing is 0.041 

degree.  
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Unfortunately, Swept Boss function can only be applied on a sketch but not the area 

between sketches, so the damaged geometry cannot be built on the deformed casing model. 

The curvature cannot be observed from two five-inch deformed models. However, the 

curvature becomes obvious with longer casing length. Figure 5.36 shows the model with same 

curvature but 7 degrees of central angle.  

 

 

Figure 5.36: Deformed casing model in a long length. 

 

 

Figure 5.37 shows the von Mises result of deformed casing model with 5 degrees/100 ft of 

dogleg severity. The von Mises stresses probes on the inner surface are close to the results from 

non-deformed model. 
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Figure 5.37: Von Mises result of a deformed casing model with five degrees/100 ft of DLS. 

 

 

Figure 5.38 shows the von Mises result of deformed casing model with 10 degrees/100 ft 

of dogleg severity. The von Mises stresses probes on the inner surface are obvious larger than 

to the results from the non-deformed model. Points 1, 2 and 3 are located in the area deformed 

by compression and points 4, 5 and 6 are located in the area deformed by tension. Based on the 

stress plot, the average von Mises stresses probes on the inner surface are around 120,000 psi, 

which is obviously larger than to the results from the non-deformed model. No obvious 

difference in von Mises stress was found for areas assumed to have tension and compression.  
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Figure 5.38: Von Mises result of a deformed casing model with ten degrees/100 ft of DLS 
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6.  

CHAPTER 6  

CONCLUSIONS AND FUTURE WORK 

6.1 Conclusion 

1. The internal and external pressures applied on a casing cannot be replaced by an 

internal differential pressure. However, the effective stress to result in principal stress at a 

certain location can still be calculated. 

2. Full, half and quarter models can be used for stress analysis in casings. The quarter 

model has the highest average accuracy compared to the theoretical model. The full model has 

the highest flexibility on building defects on the model. The half model was used since it has 

good balance between accuracy and saving calculation time. 

3. Linear relationships between von Mises stress and internal pressure applied was found 

in the casing model with crescent-shaped damage.  

4. The relationship between the burst resistance and the cut depth is similar to an 

exponential relationship. The initial damage can bring the largest burst resistance reduction 

compared to following damages with the same increment on cut depth. Therefore, protecting 

casing from the initial damage is important. The hardness of the inner surface of the casing 

should be enhance using method like carburizing if possible. 

5. The relationship between the burst resistance and the cut area is similar to a 

logarithmic function; the relationship between the burst resistance and the cut arc can be 

described by piecewise linear functions. 

6. A pipe with a smaller outer diameter will result in larger burst resistance degradation 

with the same cut depth or thickness remaining. The larger burst resistance degradation is more 

obvious with the same cut area and cut length. The burst resistance degradation of different 

pipes will converge to a similar value when the thickness remaining is small. 

7. The damaged casing model has a smaller burst resistance than a uniform thickness 

model with the same minimum thickness. The main effect of the damaged geometry is it 
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greatly increases the surrounding tangential stress, which results in higher von Mises stress and 

burst resistance degradation. 

8. Two potential methods can be used to estimate the burst resistance with given damage 

geometry. The first method is to find the relationship between each individual parameters in the 

damage geometry functions and burst resistance degradation, and establish universal 

mathematical functions between known damage geometry and burst degradation. The second 

method is to develop a stress concentration factor function for tangential stress in the casing 

model. The von Mises stress can be determined with hypothetic axial stress and radial stress. 

9. Both compression and negative bending stress can decrease the burst resistance of a 

casing. However, compared to an undamaged casing model, the existence of the defect on the 

casing model will increase the local axial pressure, which can neutralize the negative bending 

stress and weaken the negative effect of the compression and deformation. 

10. Deformed casings with a curved shape will have higher von Mises stress compared to 

straight casings under the same loading conditions. 

6.2 Future work 

1. Using elements with more nodes like hexahedral elements with 20 nodes can be 

helpful to further increase the accuracy of the simulations and eliminate potential issue of TET 

10 element. Using advanced strategies on meshing can help to improve the model used and 

verify current results. The material model can also be updated with metal plasticity and damage 

in the future, which will be able to add more capabilities to the model. 

2. More complex loading conditions can be applied on current casing models. For 

example, the effects of internal and external pressure differences can be investigated in the 

future. The effect of non-uniform loading like minimum/maximum horizontal stress and the 

effect of cement outside the casing are also worth to be considered in future. 

3. Since the seamless tubulars are widely used in well completion, the effects of natural 

defect on seamless tubulars such as ovality and/or eccentricity should be determined, 
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especially in light of the position of the damage relative to the ovality and/or eccentricity 

locations. 

4. More simulations on different casings cut by different pipes will be necessary to 

generate universal mathematical functions between known damage geometry and burst 

degradation, and to develop a stress concentration factor function for tangential stress in the 

casing model. 

5. The piecewise functions relationship between the burst resistance and cut arc indicate 

the burst resistance has a significant change when cut depth exceeds half of the total thickness. 

More simulations near the half thickness can be helpful to find out the detail between two burst 

resistance change patterns. 

6. The effect on the burst resistance of a single crescent shaped damage is discussed in 

this thesis. In reality, crescent-shaped damage can happen on multiple locations of the casing. 

Finding the burst resistance of a casing model with multiple crescent-shaped damage cuts by 

one pipe or different pipes will further explore the relationship between crescent-shaped 

damage and burst resistance. 

7. Abnormal stresses were observed when a casing is cut by slickline with larger cut 

depths; it seems the model reached the limit of validity. Speculation and explanation were 

discussed in this thesis. Further theoretical studies and finite elements can be conducted to 

explore how principal stresses react under extreme conditions where the casing is heavily 

damaged. 

8. Physical tests on the burst resistance of damaged casings will be very helpful to 

validate the current FE model and boundary conditions applied.  
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APPENDIX A  

PERMISSIONS TO USE COPYRIGHTED MATERIAL 

Permissions to include material from previously published sources are included in 

Supplemental File (Permission for Figures.pdf).  

1) Page 1-8: Permission from Engineering Tribology, ELSEVIER for Figure 2.1 

2) Page 9-16: Permission from Engineering Tribology, ELSEVIER for Figure 2.2 

3) Page 17-18: Permission from Pegasus Vertex, Inc. for Figure 2.3 

4) Page 19-20: Permission from Anthony Petrella for Figure 2.4, 2.8 

5) Page 21-22: Permission from Anthony Petrella for Figure 2.7 

6) Page 23: Permission from Jorge Sampaio for Figure 2.9 


