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ABSTRACT

Most minimum-cost network flow problems have been analyzed by 

using linear cost functions. This analysis is sometimes unrealistic 
because concave cost functions are called for in certain situations.
Such situations could include discounting bulk purchases or holding 
costs in a warehouse. Willard 1. Zangwill has developed an algorithm 
which will solve certain single-commodity, single-source, single-sink 

network flow problems with concave arc costs. This paper is concerned 

with explaining the theory behind this algorithm, solving a few problems 

using it, and commenting on the solution to these problems.
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INTRODUCTION

With the advent of mathematical programming techniques, certain 

real-world problems can be solved quickly and efficiently. Certain 

classes of problems can be formulated in such a way that network methods 
can be applied in finding their solution. Among these classes of 
problems are those that deal with minimizing cost, such as the transpor
tation problem.

Suppose there are sources for a given commodity with a known 
number of units available at each source and sinks (destinations) for 
that commodity with a known demand at each sink. There is a unit cost 
of shipment from each source to each sink. The problem is to find a 
shipping schedule that satisfies demands from existing supplies and 

minimizes the itotal shipping cost.
The transportation problem is a minimum-cost network flow problem 

usually formulated with linear costs. In fact, the minimum-cost network 

flow problem has been analyzed extensively for linear costs, but the 

problem of solving a minimum-concave-cost network flow problem frequently 

arises in industry, government, and small business. For example, a manu

facturer of plastic pipe may have an elaborate discounting system on the 

purchase cost of the pipe which results in a concave-cost function.

This function may depend upon the total weight of the pipe purchased.

When a government agency decides to buy several automobiles, the

total purchasing cost is often concave and depends upon the number of
/

automobiles purchased. The cost of holding material in a warehouse is 

usually a concave function of the number of units stored. The optimum

1
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flow in a concave-cost network representing such situations could 
determine a production schedule for a company or a warehousing policy 
for a governmental agency. Other such problems might suggest themselves. 
Unfortunately, there is not an extensive accumulation of efficient 
methods and computational results for such problems.

According to Zangwill "concave-cost functions can be mini

mized by an exhaustive search of all the extreme points of the convex 

feasible region. Such an approach is impractical for all but the 

simplest problems.” Zangwill has developed a computationally efficient 
algorithm which will find the optimal flow in certain single-source, 

single-sink, single-commodity networks, given concave arc costs 
associated with one or more links of such a network.

The purpose of this thesis is to explain the theory behind 

Zangwill*s algorithm, use the algorithm to solve some network flow 

problems with concave arc costs, and comment on the solution to these 

problems. c-
Literature on networks with concave arc costs is very scarce.

In fact, no references were found other than Zangwill*s paper 
"Minimum Concave Cost Flows in Certain Networks.” However, the litera
ture does contain several works concerning single-commodity networks 

with linear arc costs.
The earliest complete, unified treatment of the subject of

(2)network flows is in "Flows in Networks" by Ford and Fulkerson. This

book presents the theory of networks and classifies and explains various
/

network problems. "Flows in Networks” is so complete that, as a single 

source of information on networks, it could be consulted exclusively.
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(3)Hillier and Lieberman , in their book on operations research, 

devote a chapter to discussing terminology and various network flow 

problems and solution techniques. Also a discussion of PERT (Program 

Evaluation and Review Technique) is included towards the later part of 

the chapter.

In Wagner'8 b o o k ^  Principles of Operations Research with 
Applications to Managerial Decisions are two chapters (6 and 7) on 
network flow theory. Chapter 6 discusses some of the fundamental 
terminology and classic network problems. Wagner also considers the 
generalized network problem in this chapter. In chapter 7, Wagner 

explains various network algorithms which are used to solve transpor

tation and shortest route problems, to name but a few.
The relationship among the shortest path, assignment, and

(5)transportation problems is discussed by Hoffman and Markowitz . A 
shortest-path problem can be formulated as an assignment problem, and 

the assignment problem can be formulated as a succession of smaller 
shortest-path problems. Also the transportation problem can be formu

lated as a succession of shortest-path problems.

Gorelik and Stilman propose a method for solving transportation

problems through a network with bounded capacities in arcs and nodes.
(7)"The Theory of Graphs’and Applications1' by Claude Berge is an 

English translation from the original French and is probably one of the

earliest works on graph (network) theory.
(8)Plane and McMillan , in their book on operations research, 

devote Chapter 6 to a discussion of networks. The basic network concepts 

are first discussed, then the Shortest route and maximum flow problems
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are explained. Finally, minimal cost flows and the "Out-of-Kilter"
(2)Algorithm which was developed by Fulkerson are considered.

(9)A paper by Hu and Torres discusses a decomposition algorithm 
for shortest paths in a network. The problem is to find the shortest 

path in a large n-node network. When the number of arcs is less than 
n(n-l), the decomposition algorithm can be used.

The remainder of this thesis will Include a discussion of network 
flow theory, followed by an explanation of the theory behind Zangwillfs 
algorithm and a statement of the algorithm. Finally, the computational 
results of five problems are discussed.
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NETWORK FLOW THEORY

A discussion of Zangwill*s algorithm should include an expla

nation of network flow theory and a definition of network terminology.

This summary of network flow theory will be based on the discussion in
(2)"Flows in Networks" . Zangwill uses essentially the same terminology 

as Ford and Fulkerson, with the exceptions of referring to sinks as 

destinations and to cycles as loops.

Network Terminology
A directed network G=[N;dL] is a collection of two sets: a finite 

set N of elements x,y,z,**»,t and a subset of the ordered pairs (x,y) 

of elements taken from N. The elements of N are called nodes, and the 
ordered pairs of a. are called arcs. The network in Figure 1 is made up 

of four nodes s,x,y,t and six arcs (s,x), (s,y), (x,y), (x,t), (y,x),

Figure 1 - Directed Network

and (y,t). This network is directed,( since each arc has a specific
i

orientation or direction. The arcs may be considered to carry "flow** 

from node to node.

5
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Given a sequence of distinct nodes, (n>2), of a

network such that (x£»x£+^) *-s an arc, for each i=l,»««, n-1, then the 
sequence of nodes and arcs

xr (x1>X2)>X2>... ,(xn.1,xn),xn (1)

is a chain leading from x^ to x^. In the network of Figure 1, 

s,(s,x),x,(x,y),y,(y,t),t 

is an example of a chain leading from s to t, At times (1) is also 
referred to as a directed chain. If the definition of a chain is changed 
by letting Xj=xn, then (1) is called a directed cycle. For example, in 

Figure 1, y,(y,x),x,(x,y),y is the only directed cycle.

Given a sequence of distinct nodes x^,X2,••°,xn with the condition
that either (x£>x^+^) or^Ki+i,xi^ *s an arc> ^or eac^ i?=l, • *0 ,n-l, then
choosing one of these two conditions, for each i, the resulting sequence
of nodes and arcs is called a path from x^ to xn < A path is different
from a chain because of the possibility of traversing-an arc in a

direction opposite to its orientation in going from x^ to x^, Thus a

chain is always a path, but a path may not be a chain. Forward arcs of

the path are those arcs ( x . . x . t h a t  belong to the path, and reversei l+i
arcs are those arcs (x.t,,x.). In Figure 1, the sequencel+i i

s,(s,x),x, (y,x),y, (y,t),t 

is a path from s to t. The forward arcs are (s,x) and (y,t), and the 

reverse arc is (y,x). If the definition of a path is changed in the 

same way as was done with the definition of a chain, namely that x^x^, 

then the resulting sequence of nodes and arcs is referred to as a cycle.
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In a network, f(x,y), the static flow through an arc (x,y) can 
be thought of as the amount of a commodity transferred from node x 
through arc (x,y) to node y per unit time. If xeN, A(x) can be defined 
to be the set of all yeN such that (x,y)e<*. or

A(x) can be interpreted as the set of nodes "after node x." Similarly, 
B(x) ("before node x") can be defined to be the set of all yeN such 
that (y,x)e<&. or

the source node0 Node x is a sink node if A(x)=jrf . Node t in Figure 1 

is a sink. An intermediate node is a node x such that A(x)^^and

. The nodes x and y are intermediate nodes in the network of 

Figure 1,

A network can have multiple sources and multiple sinks depending 
upon the problem being represented. Any multiple-source and/or 

multiple-sink network can be converted to a single-source, single-sink 
network with the addition of a super-source and/or super-sink. In 

Figure 2, node x^ is a super-source and node Xg is a super-sink. All

A node x is a source node if B(x)=^ (the empty set). In Figure 1, s is

Sources Sinks

Super-sour Super-sink

Figure 2 - Super-source, Super-sink Network
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\
the networks that will be considered in this thesis will be single

source, single-sink, single-commodity networks.

Suppose that in a given network G = [N;dt] , each arc (x,y)e<lL has 

two non-negative real numbers, u(x,y) and l(x,y), associated with it, 
where 0 5: l(x,y) S u(x,y). The upper bound or capacity on the flow in 

arc (x,y) is u(x,y), and l(x,y) is the lower bound on the flow in arc 

(x,y). (u(x,y) can be infinite, and l(x,y) can be zero.) Given two
distinct nodes from N,s and t, then v, the value of the flow from s to t 
in [N;®.] is a function f from a. to the non-negative reals such that the 
following linear equations and inequalities are satisfied:

f v x = s
2 f(x,y) - 2 f(y,x) = < 0 x^ s,t where xeN (2)

yeA(x) yeB(x) I x = t

0 £ 1 (x,y) < f(x,y) S. u(x,y) for all (x,y)edL (3) 

where s is the source node, t is the sink node, and the other nodes are 

intermediate. Equations (2) are referred to as the conservation of flow 

equations, as they describe the net flow out of each node in N. The 

network in Figure 3 is an example of a flow from s to t where the lower

Figure 3 - Flow in a Network
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bound and upper bound on the flow In each arc Is zero and Infinite 
respectively. The value of this flow is 4. At node x there is a flow 

into the node of 3 and flow out of 3. Thus the flow is conserved at 
node x. Also the flow in the network in figure 2 is a feasible flow, 

since the upper and lower bounds on the flow in each arc are not violated, 

and the flow satisfies the conservation of flow equations.

The Minimum-Cost Circulation Network-Flow Problem
A circulation network is a network with an additional arc leading 

from the single sink to the single source. Thus, each node in a circu

lation network is an intermediate node. Figure 4 is an example of a

Figure 4 - Circulation Network 

circulation network with a lower bound of zero and an infinite upper 

bound on the flow in each arc. The flow in this circulation network is 

feasible, and the value of fJLow is 3.

Usually, there is a per unit cost associated with flow in each 

arc of a network. This will lead us into a discussion of the minimum- 

cost circulation problem. >
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The minimum-cost circulation problem can be stated as
Minimize £ c(x,y)«f(x,y)

(x,y)e«.

subject to f(x,N)-f(N,x)= 0 all xeN 
0 < 1 (x,y) < f(x,y) <u(x,y) all (x,y)e«. 

where c(x,y) is the linear cost coefficient for arc (x,y). The follow
ing examples show how certain network problems can be modeled as minimum- 
cost circulation networks.

The first example considered will be the transportation problem. 

Suppose there are m sources x]_»*oc>xm ^or a commodity, with a^(x^) units
of supply at x.. Now, suppose that there are n sinks y,,**«,y for the2. i n
commodity, with a demand of bjfyj) at yj • Assume that supply is greater 
than or equal to demand, i.e. £ a^ 2 2 b^ > 0. Let be t̂ ie
unit cost of "transportation” from x^ to y . Finding a flow that satis

fies demands from supplies and minimizes cost is the transportation prob

lem. Referring to Figure 5, the transportation problem is changed into a

SinksSources

(°,a,0)' m (0,a ,c )7 m mn

Figure 5 - Minimum-Cost Circulation Transportation Network
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minimum-cost circulation network with the addition of a super-source 

and a super-sink and the circulation arce The circulation arc induces 

flow through the network because the upper and lower bounds on the flow 

are both equal to the total demand, (The numbers on the arcs of the 
network in Figure 5 are respectively the lower bound, upper bound, and 

cost of flow in that particular arc. This convention will be used 
throughout the thesis.) The optimal flow through the network of 

Figure 5 will tell from what sources to ship from and what sinks to ship 

to from those sources.
The shortest-path (route) problem is the next example, Finding 

the shortest route (minimum cost) from one node to another in a network 

in which each arc has an associated length (cost) is the shortest-route 
problem. To convert the shortest-route problem to a minimum-cost circu

lation network, a circulation arc has to be added. Figure 6 gives an 
example of a minimum-cost circulation shortest-route network.

Figure 6 - Minimum-Cost Circulation Shortest-Route Network
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The circulation arc has upper and lower bounds of 1 and cost of 

flow of 0. This induces a flow of 1 through the network of Figure 6.

The other arcs have a lower bound of 0 and an arbitrarily large upper 
bound, M, on the flow. Let c ^  be the cost of flow from node i to 

node j .

Convex- and Concave-Cost Functions
The above examples of minimum-cost circulation networks all 

assumed linear cost functions for each arc. For a convex-cost function, 
it is possible to approximate the convex curve with piecewise linear 
segments, Figure 7« The slope of each segment is an approximation to 

the cost coefficient (cost per unit) for flow corresponding to that 

interval. Each of these segments represent an arc between the same two 
nodes in the network, see Figure 8. Thus, there are multiple arcs 

between any two nodes in a network such that the total cost of flow 
between the nodes is convex. In Figure 7, the upper bound on the flow in 

the arc corresponding to the cost coefficient m^ is (a^-a^), thus 

restricting flow to the proper interval.

Total
Cost

Total Cost [f(x,y)]s
10+

m.1 1

al=!l a2s=2 a3“3 a^=4 j f ( x >y )

Figure 7 - Convex-Cost Function



T-1562
13

(0,1-0,1)

Figure 8 - Multiple Arcs between Two Nodes 

In a minimum-cost circulation-network problem, the arc through which 
flow would pass would be determined by finding the smallest cost per 

unit (since the network algorithm seeks to minimize total cost). Thus, 

as the flow increased in an arc so would the total cost (at an increasing 

rate).
A concave-cost function can also be approximated by piecewise 

linear segments, Figure 9. Again there are multiple arcs between any

Total
Cost

3“

2 " “

Total Cost « + \/f(x,y)

Figure 9 - Concave-Cost Function
itwo nodes, Figure 10, such that the total cost of flow between the nodes 

is convex. But in a minimum-cost circulation network problem, the arc
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with the least cost per unit is chosen to receive flow first. This

(0,1-0,1)

(0,9-4,1/5)

Figure 10 - Multiple Arcs Between Two Nodes 
procedure when using concave-cost functions works in the ’’wrong 

direction.” The arc with the least cost per unit ’’fills up” first.
For example (refer to Figure 9), given a flow of 7 units, the arc with 
the cost coefficient of 1/5 would ’’fill” first, and the other 2 units 
would be carried by the arc with a cost coefficient of 1/3. Actually 

the arc with the cost coefficient of 1 should ’’fill up" first in order 
that flow in the multiple arcs clearly approximates the true concave 

cost of flow between the 2 nodes. Then the arc with the cost coeffi

cient of 1/3 would "fill up" next, and the remaining 3 units would be 

carried in the arc with the cost coefficient of 1/5. The cost of going 

the "wrong direction" is 1-2/3, and the actual cost is 2-3/5. As com

pared to the actual cost, it is obvious that the "wrong direction" cost 

is underestimated. Therefore, the minimum-cost circulation-network 

algorithm, partially discussed above, will not insure finding an optimal 

flow using concave arc costs; in fact, as seen in the above example a 

minimum total cost will not be found.)
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ALGORITHM

This section will deal with Zangwill*s algorithm for a single

source, single-sink, single-commodity network with concave arc costs, 

and the theory that went into developing this algorithm. The first part 

of this section will discuss the theory.
The single-commodity minimum-concave-cost network flow problem 

can be written, given a network [Nj<JL], as
Minimize E c(x,y) • f (x,y) (4)

(x, y)eat

where equations (5) are the conservation of flow equations and c(x,y) is 

the concave-cost coefficient for arc (x,y). Any flow that satisfies 

equations (5) and (6) is a feasible flow, and the set of all feasible 

flows make up the feasible region.

throughout this section and will be defined below.

Extreme Flow. A feasible flow f is an extreme flow if there do not 

exist feasible flows f^ and such that f(x,y) * f^(x,y) ^or

at least one arc (x,y)ed, .

Positive Chain. Given a feasible flow f and a chain E, E is called a 
positive chain if f(x,y) > 0 for each;(x,y)eE.

subject to E f(x,y) - E f(y,x) ■ 0 x £ s,t xeN (5)
yeA(x) yeB(x) nr

V X = s

0 < 1  (x,y) < f(x,y) < u(x,y) all (x,y)ec*L (6)

The following terms (from Zangwill*s p a p e r w i l l  be used

15
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Separate Source to x Chains. Given two chains

(xn_i>xn^,Xn^ and E2 = <yi>(yi’y2^» y2’''*’ ŷn-l*Xn^,Xn^ the nodeS °f
each chain being distinct from each other„ If and E^ only have node

x r in common, then they are called separate source to xn chains (x^ and

y, are sources). The members of a collection of source to x chains are J1 n
separate if the members are pairwise separate.

Positive Inputs. For any feasible flow f there are K positive inputs 
into node x if B(x) contains a subset of K nodes x^, k=l,*#*,k such that 
f(xk,x) > 0.

s - t chain. An s-t chain is a chain which originates at a source s, 

and terminates at a sink t.

Arborescence. Given a collection C* of T s-t chains with

the condition that there is one and only one s-t chain in the collection

C terminating at node t^, k = l, •••,!. From the collection choose any two
s-t chains, say E.. and E„. If for some i and j, x.= y. (where the nodes j. z 1 j
x^ belong to E^ and the nodes y^ belong to > and ^  J an(* f°r each
n S. i,x, =y then E, and E_ form an arborescence. Now if each pair of n n l 2
chains in the collection comply with the above conditions then the 
collection C is called an arborescence. Loosely speaking, if two chains 
share the same nodes up to a certain node then diverge following separate 

nodes, and finally terminateat separate sinks, then these two chains 

form an arborescence.

Arborescence Flow. A feasible flow f is an arborescence flow if 

f(x,y) > 0 on the arcs (x,y) of each 8-t chain in the arborescence and 

only on those arcs.
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Zangwill comments,

Not only is the minimum-concave-cost network flow problem 
practically important, but also it is mathematically per
plexing . A key mathematical difficulty in analyzing the 
problem is that a point z may be a relative minimum and 
not a global minimum,, That is, z may minimize the objec
tive function (equation (4) ) over the intersection of the 
feasible region and a neighborhood of z, but z may not 
minimize the objective function over the entire feasible 
region.

If the concept of an extreme flow is considered, then the prob
lem of getting a relative minimum instead of a global minimum can be 
avoided. It is known^^^ that if the objective function has a finite 
global minimum on the feasible region, then there must be an extreme 
flow which is an optimal flow. Since the feasible region has a finite 

number of extreme f l o w s t h e  optimal flow, if it exists, is found by 

searching all the extreme flows. But this search could be laborious and 

time consuming. In order to avoid this search, Zangwill developed a 
computationally fast and efficient algorithm.

The relationship between positive inputs to a node x and positive

source to x chains is explained by the first theorem in Zangwill's 
(1)paper . However, it should be noted that given a feasible flow f, f 

is an extreme flow if and only if there is no positive c y c l e i n  the 

network G. So, given any feasible flow f, if there is a positive cycle, 

then f is not an extreme flow and conversely.
Theorem 1. Given an extreme flow f in a single-commodity network 

and any node x in the network, assume x has K separate source chains.

Then, x can have at most K positive inputs.
/

The relationship between extreme flows and arborescence flows is 

defined in the second theorem^1 \
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Theorem 2. In a single-commodity network with a single source

s and T sinks t p ,,#,t , a flow f is an extreme flow if and only if it 
is an arborescence flow.

it is necessary to analyze arborescence flows in more detail. Let the 
s-t chains,^Ep• • • form an arborescence in a single-commodity net

work with a single source s and T sinks tp ••*,t̂ ,. Let be the set of 

all indices k such that node x is in E:

Thus, node x is in the chains E. such that keH .xC X
Each node in a network has associated with it a flow value, r .9 x

The flow value at the source node, r , is E f(s,y), and r , the flow
8 ycA(s)

value at the sink node, is E f(y,t). If x is an intermediate node then
yeB(t)

r = E f(x,y) = E f(y,x) because of conservation of flow. The flow value 
X yeA(x) yeB(x)

at an intermediate node can be interpreted as either the amount of

material shipped into the node or the amount of material shipped out of
the node. These quantities are equivalent due to conservation of flow.

(1)Given an extreme flow, the third theorem states the exact flow 
at any node x by using the concept of flow value for each node.

Theorem 3. For an arborescence flow, f, in a single-commodity

network with a single source s and T sinks tpt£, • * *,t^, let^E^, •••, 
be the s-t chains that form the arborescence. H is defined asX

Now that an arborescence flow is identified as an extreme flow,
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The flow value at x, r , is* x*
s ,rt J *ksH kX

If is th© empty set, then rx = 0e
At this point it is necessary to give a heuristic interpretation

of Theorem 3, since the theorem gives an exact description of an
arborescence flow. This interpretation is based on the discussion in

(1)Zangwill's paperN . All the material leaves from the source node, s,
T

this implies that rs=ic?^rtjc  ̂ • '̂ ie material flow continues until some

node where it branches into two or more flows. Each branch continues

until it further subdivides into smaller branches„ Subdivision of each

branch continues until each sub-branch ends at a particular sink, t^.

No branch can ever reunite with another branch (arborescence). Pick
any branch and choose a node x on that branch. Suppose the flow on that

branch subdivides and finally reaches a sink t^ such that keHx# The
flow value at x is 2 lrk I . An example of an arborescence flow is

keH **X
given in Figure 11.
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The flow values are:
Node Flow Value

09 lrt IC1
+ Ir. I fc2CM

,rti‘ +
' V

3 ‘rt3i +
' V

4, t^ lrt 1tl
5,t2 lrt2'
6,t3

7>c4 ‘V

c3 t4

The amounts of material shipped on the arcs are:

f(s,l) =lrtil + |rt2l + lrt3l + Ir^l

£(1,2) =|rtl! + lrfc2l

£(1,3) =Jrt3l + l r  I

f(2,4) = f(4,t.) =lr Ii tl

It2f(2,5) = f(5,t2)

f(3,6) = f(6,t3) "lr I

f(3,7) - f(7,t4) =|rt4!

There are no other shipments.
Figure 11 - A Detailed Arborescence Flow
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The algorithm with which this thesis is concerned is for a

single-commodity, single-source, single-sink network with concave arc
costs. So, given a network with a single source s and a single sink t,

the value of the flow at s, r , is positive. Since there is exactly ones
sink in the network (T=l) then an extreme flow consists of flow in a

single s-t chain (Theorem 3), E= Is ,(8^), ...,(Xn<Bl,t),t I . Also
f(x. ,x. ,-)=r , i - 0, • • • ,n-l (x =s and x ■' t) . The cost of the extreme i> s> » » a n '
flow is

where g((x,y),r ) is the concave cost of sending r units through arc s s
(x,y) o When dealing with an extreme flow in a network such as the one 

above, two other requirements on the network are that (1) the upper 

bound on the flow in each arc is arbitrarily large, and (2) all the 

supply is allocated. This implies that the amount of flow through the 

s-t chain is known before the chain is found. Also recall that this 

algorithm is intended only for arborescence flows.
Now, form a new network with the same nodes N and arcs OL as the 

network described above, but with flow f1 and new values of flow at the 

nodes where

2 g((x,y),r ),
(x,y)cE

(x,y)eo, (7)

r (8)
r i

r est r—  = -1 since r. = -r .t s (9)
8
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Let the arc costs be represented by

g'((x,y),f'(x,y)) = g((x,y),rg)f,(x,y)„
These new costs are linear since for a given rg, g((x,y),rg) is a

number. The cost of sending one unit along arc (x,y) is g((x,y),r ).8
This new problem can be stated as

Minimize E g((x,y),r )«f'(x,y)
(x,y)eo. 8

j 1 x= s
subject to E f'(x,y) - E f'(y,x)» j 0 x?6 s,t xeN

yeA(x) yeB(x) I L

0 < £(x,y) for all (x,y)ea,.

This problem (Problem II) is the shortest-route problem. Let Problem I

be the single-commodity, single-source, single-sink concave arc cost
(1)problem. Theorem 4 relates the solutions of Problems I and II.

Theorem 4. If Problem I has a finite optimal solution, then
solving Problem II is equivalent to solving I. If Problem II does not

have a finite optimal solution then neither does I.
(12 13There are many ways to solve the shortest-route problem * *

14 15) (2)* . Ford and Fulkerson develop a shortest-route algorithm which

finds, in one application, shortest chains from the source to all other

nodes in the network that can be reached from the source by chains. In
(2)the next section, the "Out-of-Kilter” Algorithm will be used to solve 

some shortest-route problems.
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COMPUTATIONAL RESULTS .

Because of the peculiar nature of an extreme flow, namely, zero 
lower bound and infinite upper bound, problems for this section were 

difficult to find. Five problems were found, formulated, and solved.

As was mentioned in the previous section, the "Out-of-Kilter" Algorithm 

(OKA) was used to find the solutions of these problems. Briefly, the 
OKA was developed to solve minimum-cost circulation networks. Each arc 

of the network is given a status of either "in-kilter" or ’’out-of-kilter” 

based on certain conditions derived from the primal and dual of the 

linear program for the minimum-cost circulation network problem. The 
OKA finds either a chain or a path of "in-kilter" arcs. When an ’’out- 
of-kilter" arc is put "in-kilter,” the status of any other arc in the

network is not worsened. The shortest-route problem is solved very

quickly and efficiently as a minimum-cost circulation problem by using 

the OKA (refer to 11-12), in fact the average CPU (central processing 

unit) time per problem was 0.4 second.

Included in the appendix are the computer printouts for the five 

problems. Each printout lists first the number of nodes and the number 

of arcs in the network. Next each arc (I,J) in the network is listed

along with its number and the cost, upper bound, and lower bound on the

flow in the arc. The optimal flow in each arc is given next, and the 

last two listings (node and PI numbers and breakthroughs and nonbreak

throughs) on the printout give information from the OKA which was 

obtained in finding the optimal flow.

23
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Each problem will be described and formulated, then the solution 
will be discussed. Note that the formulated problem will comply with 

equations (7), (8), and (9) of the last section.

Wine Problem
Suppose an entrepreneur buys 1000 bottles of a special California 

white wine at 5 dollars a bottle. He must decide whether to store the 
wine or sell it immediately. If he decides to store the wine, he assumes 

that the storage cost will decrease each year, and the selling price of 

the wine will increase each year. The storage cost and the selling price 

are concave functions, but the storage cost and selling price will be 

constant for a particular year. For example, the storage costs and 

selling prices for this problem are given in Tables I and II.

Table I. Storage Costs for Wine Problem
Storage Cost per Bottle (in dollars)

Number of bottles 0-100 101-400 401-900 901 or more
First Year 1.10 0.90 0.75 0.65
Second Year 1.05 0.85 0.70 0.60

Third Year 1.00 0.80 0.65 0.55

Fourth Year 0.95 \ 0.75 0.60 0.50

Fifth Year 0.90 0.70 0.55 0.45
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Table XI. Selling Prices for Wine Problem

Selling Price per Bottle (in dollars)
Number of bottles 0-50 51-200 201-750 751 or more

First Year 8.50 7.75 6.50 6.00

Second Year 9.50 8.75 7.50 7.00

Third Year 10.50 9.75 8.50 8.00
Fourth Year 11.50 10.75 9.50 9.00
Fifth Year 12.50 11.75 10.50 10.00

Sixth Year 13.50 12.75 11.50 11.00

The storage cost for 1000 bottles is $650, and the selling price is 
$6000. Figure 12 gives the network for this problem. Arcs (2,3), (3,4),

(4,5), (5,6), and (6,7) represent the "storage*1 arcs, while arcs (2,8), 
(3,8), (4,8), (5,8), (6,8), and (7,8) are the "selling" arcs. Arc (8,1)

Figure 12 - Wine Network

is the circulation arc, added to require a unit flow through the network
j

as required by equations (8) and (9) of the last section. Arc (1,2) is
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the "purchasing” arc. Refer to the printout of the Wine Problem in the 

appendix for the listing of the lower and upper bounds and the cost on 

the flow in each arc. Notice that since a flow of one is required 

through the network, an upper bound of two is a large enough bound on 

each arc (excepting the circulation arc). Also from the printout, it 

can be seen that the s-t chain is 1,(1,2),2,(2,3),3,(3,4),4,(4,5),5,

(5,6),6,(6,7),7,(7,8),8. The minimum cost is the purchase cost of 1000 
bottles plus the total storage cost for 1000 bottles for 5 years minus 
the selling price for the sixth year of the 1000 bottles which equals 

-$3250. This implies that a profit of $3250 was made.
It is obvious that for this type of problem with a selling price 

increasing and a storage cost decreasing that the longer the items are 

stored the greater the profit.

Orchid Problem
A florist has just bought 450 orchids at $4.00 each, but because 

of special storage problems, the storage cost increases every month 

stored. Also since the orchids are very perishable, their selling price 

decreases for each month stored. Again the storage cost and selling 

price for each month are concave functions, and this will continue to be 

the case for each of the problems considered. The selling prices and 

holding costs for particular time periods for this problem will be listed 

in tables. This will also apply for the rest of the problems in this 

section. The florist must decide whether to sell the orchids immediately 

or store them for a future sale. Figure 13 shows the network for this
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Figure 13 - Orchid Network 
problem. Notice that this network is similar to the network of 

Figure 12 in that the arcs represent the same type of costs. Referring 

to the Orchid Problem printout in the appendix, the s-t chain is 1,(1,2), 
2,(2,7),7 with a minimum cost of -$2700 or a profit of $2700.

Table III. Storage Costs for Orchid Problem

Storage Cost per Orchid (in dollars)

Number of orchids 0-50 51-150 151-400 401 or i

Month 1 0.70 0.60 0.50 0.40

Month 2 0.80 0.70 0.60 0.50

Month 3 0.90 0.80 0.70 0.60

Month 4 1.00 0.90 0.80 0.70
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Table IV. Selling Prices for Orchid Problem

Selling Price per Orchid (in dollars)
Number of orchids 0-50 51-200 201-400 401 or more

Month 1 15.50 13.25 11.15 10.00
Month 2 14.50 12.25 10.15 9.00

Month 3 13.50 11.25 9.15 8.00
Month 4 12.50 10.25 8.15 7.00
Month 5 11.50 9.25 7.15 6.00

Again this is an obvious solution, since there is an increasing 
storage cost and a decreasing selling price, the most logical alternative 

is to sell the orchids immediately.

Record Problem

The owner of a record sales outlet purchased 3000 recordings of a 

popular rock group at $3.00 per record. From past sales, the owner knew 
that the recordings of this particular group sold well for a month, but 

sales decreased continually thereafter. Thus the owner decreased his 
selling price each month. Also the storage cost of the records decreased

Table V. Storage Costs for Record Problem

Storage Cost per Record (in dollars)

Number of records 0-500 501-1000 1001-3000 3001 or more

Month 1 0.09 I 0.07 0.05 0.03

Month 2 0.07 0.05 0.03 0.01

Month 3 0.05 0.03 0.01 0.005



T-1562
29

Table VI. Selling Prices for Record Problem
Selling Price per Record (in dollars)

records 0-750 751-1500 1501-3000 3001 or more

Month 1 8.98 7.98 6.98 5.98
Month 2 8.38 7.38 6.38 5.38
Month 3 7.75 6.75 5.75 4.75
Month 4 7.00 6.00 5.00 4.00

each month. The network for this problem is given in Figure 14.

Figure 14 - Record Network 

Referring to the Record Problem printout in the appendix, it is seen 
that the s-t chain is 1,(1,2),2, (2,6),6 with a minimum cost of -$11,940.

This problem is similar to the orchid problem except that the 

storage cost decreases. In both problems, however, the optimal solution 

is to sell the merchandise as soon as it is purchased.

Paperback Problem j

A proprietor of a book store has purchased 500 paperback copies 
of a bestseller novel at $1.50 each. He knows that for the next 4 months
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the storage cost for these books will fluctuate. Since the novel is a 

bestseller, the selling price will increase each of the next 5 months.

Table VII. Storage Costs for Paperback Problem
Storage Cost per Book Cin dollars)

Number of books 0-100 101-250 251-400 401 or more

Month 1 0.60 0.40 0.25 0.10

Month 2 0.70 0.50 0.35 0.20

Month 3 0.65 0.45 0.30 0.15
Month 4 0.75 0.55 0.45 0.25

Table VIII. Selling Prices for Paperback Problem

Selling Price per Book (in dollars)

Number of books 0-50 51-200 201-390 391 or more

Month 1 2.75 2.50 2.25 2.00

Month 2 3.00 2.75 2.50 2.25

Month 3 3.25 3.00 2.75 2.50

Month 4 3.50 3.25 3.00 2.75

Month 5 3.75 3.50 3.25 3.00

The proprietor would like to know what month to sell all 500 novels. 

Figure 15 gives the network for this problem. Referring to the 
Paperback Problem printout in the appendix, the s-t chain is
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1,(1,2),2,(2,3),3,(3,4),4,(4,5),5,(5,7),7 with a minimum cost of 

-$400.

Figure 15 - Paperback Network 
The algorithm was helpful in finding the solution to this prob

lem as the solution was not immediately obvious. It seems that the best
\

application of this algorithm to the type of problem that is being 
analyzed would occur when (1) either the storage cost or selling price 

fluctuates, or (2) both the storage cost and selling price fluctuate.

The next problem will consider this later case.

Radio Problem
The owner of an appliance store bought 50 table radios for $20 

each. Due to changing demand, the selling price of these radios fluctu

ates from month to month. Also, because of the size of the radios and 
storage conditions, the storage cost fluctuates from month to month.
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Table IX. Storage Costs for Radio Problem
Storage Cost per Radio (in dollars)

Number of radios 0-10 11-25 26-45 46 or i

Month 1 . 1.80 1.60 1.40 1.20
Month 2 2.60 2.40 2.20 2.00

Month 3 2.40 2.20 2.00 1.80

Table X. Selling Prices for Radio Problem

Selling Price per Radio (in dollars)

Number of radios 0-10 11-25 26-45 46 or i

Month 1 45.00 40.00 35.00 30.00

Month 2 40.00 35.00 30.00 25.00

Month 3 55.00 50.00 45.00 40.00

Month 4 50.00 45 .00 40.00 35.00

The appliance store owner wants to know what month to sell the radios 
so that he minimizes his total cost. The network for this problem is 

shown in Figure 16. Referring to the Radio Problem printout in the

Figure 16 - Radio Network
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appendix, the s-t chain is 1,(1,2),2,(2,3),3,(3,4),4,(4,6),6 with a 
minimum cost of -$840.

The problems in this section were not exceptionally complicated 

because of the need to illustrate Zangwill's algorithm. The solutions 

to the first three problems were fairly obvious, but the solutions to 
the last two were not quite so obvious, Thus the algorithm could be put 
to the greatest use when there are fluctuating istorage costs and/or 

selling prices per a period of time.
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CONCLUSION

Zangwill’s algorithm for a single-commodity, single-source, 
single-sink network with concave arc costs is computationally quick and 
efficient. It greatly reduces the difficulty of dealing with concave 

costs, by transforming the old network into a new one which has linear 

arc costs. The concept of an extreme flow is critical to this algorithm. 

An extreme flow requires that (1) each arc have a zero lower bound and 

an infinite upper bound on the flow and (2) all of the supply at the 
source be allocated. Because of these two restricting requirements, 

only very special types of problems can be considered. As was noted in 

the computational results section, problems which met the above require

ments were very difficult to find. This results in a limited field of 

application for this technique.

Zangwill^ also develops, in his paper, an algorithm for multiple 

sink and multiple-commodity networks with concave arc costs. However, 

this algorithm is based on dynamic programming techniques. Further 
research could be done on this algorithm, and another possible research 

topic could be done on determining what other types of problems could be 
solved using the single-sink, single-commodity algorithm.
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APPENDIX

Computer Printouts of Five Minimum-Concave-Cost 

Network Flow Problems

35



n u m b e r OF NODES 9 8
n u m b e r OF ARCS « 13

M I J COST HI

1 1 2 5000 2
2 2 3 650 2
3 2 8 ’■*6000 2
A 3 4 600 2
5 3 8 *7000 2
6 4 5 550 2
7 4 8 "8000 2
8 5 6 500 2
9 5 8 «9 000 2

10 6 7 450 2
11 6 8 r-10000 2
12 7 8 «11000 2
13 8 1 0 i

ARC FLOW(ARC )
1 1
2 1
3 0
4 1
5 0
6 1
7 0
8 1
9 0

10 1
11 0
12 1
13 1

NODE F J(NODE)
1 3250
2 8250
3 8900
4 9500
5 10050
6 10550
7 11000
8 0

THE NUMBER OF BREAKTHROUGHS IS 6

THE NUMBER OF NONBREAKTHROUGHS IS 12

WINE PROBLEM



N U M r f R o f  m o o e s  a 7NUMBER OF ARCS a 11

M I J COST HI
1 1 2 1800 2
2 2 3 180 2
3 2 7 ••4500 2
4 3 4 225 2
5 3 7 -4050 2
6 4 5 270 2
7 4 7 -3600 2
8 5 6 315 2
9 5 7 -3150 2

10 6 7 -2700 2
11 7 1 0 1

ARC FIOW(ARC)
1 1
2 0
3 1
4 0
5 0
6 0
7 0
8 0
9 0

10 0
11 1

NODE PI(NODE >
1 2700
2 4500
3 4500
4 4500
5 4500
6 4500
7 0

THE NUMBER OF BREAKTHROUGHS JS l

THE NUMBER OF NONBREAKTHROUGHS IS 2

ORCHID PROBLEM
/

*-* 
’a 

ta 
ts
> 

s» 
tsj
 <

sj



N U M B E R  OF N O D E S  *  6
N U M B E R  OF A R C S  s 9

M I J COST HI

1 1 2 1000 2
2 2 3 60 2
3 2 6 -1500 2
4 3 4 100 2
5 3 6 -1250 2
6 4 5 90 2
7 4 6 -2000 2
8 5 6 -1750 2
9 6 1 0 1

ARC FLOW(ARC)
1 1
2 1
3 0
4 j,
5 0
6 0
7 1
8 0
9 1

NOOE PI (NODE)
1 840
2 1840
3 1900
4 2000
5 2000
6 0

THE NUMBER OF BREAKTHROUGHS 1$ 2

THE NUMBER OF NONBREAKTHROUGHS IS 5

RADIO PROBLEM

J



N U M B E R  OF N O D E S  5 7
N U M B E R  OF A R C S  *  1 1

M I J COST HI LO
1 1 2  750 2
? 2 3 50 2
3 2 7 -1000 2
4 3 4 100 2
5 3 7 -1125 2
6 4 5 75 2
7 4 7 -1250 2
8 5 6 125 2
9 5 7 -1375 2

10 6 7 -1500 2
11 7 1 0 1

ARC FUOW(ARC)
1 1
2 1
3 0
4 i
5 0
6 1
7 0
8 0
9 1

10 0
11 1

NODE PI(NODE)
1 4 00
2 1150
3 1200
4 1300
5 1375
6 1500
7 0

THE NUMBER OF BREAKTHROUGHS IS 4

THE NUMBER OF NON0REAKTHROUGHS IS 9

PAPERBACK PROBLEM



N U M B E R  o f  n o d e s  = 6
N U M B E R  OP ARC S  = 9

M I J COST HI

1 1 2 9000 2
2 2 3 150 2
3 2 6 *20940 2
4 3 4 90 2
5 3 6 -19140 2
6 4 5 30 2
7 4 6 ”17250 2
8 5 6 *15000 2
9 6 1 0 1

ARC FLOW(ARC)
1 1
2 0
3 1
4 0
5 0
6 0
7 0
a 0
9 i

NODE PI (NODE)
1 11940
2 20940
3 20940
4 20940
5 20940
6 0

THE NUMBER OF BREAKTHROUGHS \$ 1

THE NUMBER OF NONBREAKTHROUGHS J$ 2

RECORD PROBLEM
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