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ABSTRACT

A method appropriate for use on the digital computer 
is developed for interpreting two-dimensional magnetic in
tensity anomalies. In order to determine the shape of the 
structure and susceptibility, an arbitrary initial model is 
assumed and magnetic anomalies are computed and compared with 
the observed data.

An iterative operation is used to obtain least-square 
estimates of the body coordinates, which describe the shape 
of the structure. The method used for obtaining nonlinear 
least-square parameters is one suggested by Marquardt(1963).

In this paper, Marquardt's method is applied to the 
interpretation of magnetic anomalies and to problems of depth 
and susceptibility determinations.
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INTRODUCTION

The computation of the anomalies of magnetic intensity 
caused by structures of specified shape and magnetization has 
two main applications. The first application is to compute 
theoretical anomalies caused by bodies of simple geometry and 
to compare these anomalies with the observed data. These me
thods are generally tedious and time-consuming, especially 
when the magnetic profile contains a large number of anomalies 

The second application is to make an initial guess of 
the structures and magnetic susceptibilities giving rise to 
the anomalies. The magnetic effect is computed and compared 
with the observed data, and the configuration is then changed 
by trial and error, and the process is repeated until the 
observed and computed anomalies are considered.to be in agree
ment. This process consumes too much computer time and the 
calculations are also tedious.

In this thesis a self-adjusting computer technique for 
the interpretation of structures of arbitrary shape is des
cribed. This investigation also studies the practical con
siderations of obtaining rapid convergence to solutions when 
the magnetic anomaly of the initially guessed structural 
configuration does not closely resemble the observed data.

The computer program is applied to synthetic data to 
test its efficiency.
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TOTAL MAGNETIC FIELD EQUATION

A method for calculating magnetic anomalies caused by 
bodies of arbitrary shape was presented by Talwani and 
Heirtzler (1964). This method consists in evaluating the 
anomaly caused by a body of polygonal section, as in figure 1, 
by obtaining the anomalies due prism-like body of section 
KLMN. The effect caused by a body of polygonal section 
KNPQRK (figure 1) is evaluated by obtaining the effect of 
all prisms and adding these with proper regard for sign.

00

fig 1-Definition of coordinate system and notation
The vertical field strength V and the horizontal field strength 
H at the origin are given by

V = 2(Jx QSUM - JzPSUM) 
H = 2(Jx PSUM + JzQSUM) (1)
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where QGUM and PSUM are functions of the coordinates 
(Xi,Zi) of the polygonal section, and they are given respec
tively by:

N-1 r
QSUM = Z 

i=l
<V l  - V  3

T z l " -  z.)2+(x.-x.._)^ i i+1i+1 i i+1

• L 0 9 ( X i + i  +  : f + i )  

(xî + z?) 1/2
1/2-1

and
N-1

PSUM = Z 
i=l

(=1+1 - - *i+i)
(=i+i - <^i - =i+i)

(2)

- =i+l) Log(x2^, + J  
' " "  4 + z 2 ^ y / 2

where (6. - 6..,) = tan  ̂^i^i+11 1+  1 '

=1+1=1 + =1+1=1

The values Jx and Jz (in expression 1) are the x and z 
components of the intensity of magnetization J. If the mag
netization is by induction, J = k To, where To is the earth's 
magnetic field strength and k is the susceptibility contrast.

For anomalies small with respect to the total magnetic 
field To, the total intensity anomaly T is given by

T = V sin (I) + H cos(I) cos(C-D) (3)
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where I and D are the directions of inclination and declina
tion respectively of the earth's magnetic field, and C is 
the angle measured in a clockwise direction between the x 
axis and geographic North.

Least-Square Curve Fitting
Numerical interpretation of total magnetic intensity 

field data can be divided into direct methods and indirect 
methods. The direct methods of interpretation consist of 
evaluting the observed anomaly profile in terms of a model 
profile and estimating depth, etc., of the anomaly-producing 
body. By indirect methods one attempts to fit a theoretical 
model anomaly to observed data by successive approximations. 
An indirect numerical technique consists of fitting the total 
magnetic intensity function of an approximate model to the 
observed total magnetic intensity data in the least-squares 
sense. The parameters which define the mathematical model 
are adjusted successively by Newton's and Gauss' method or a 
gradient method until the sum of the squares of the differ
ences between observed and model magnetic function is mini
mized.

Least-Squares Equation
Let us consider m magnetic measurement denoted by T(i)

(j = 1, 2, . . . , m) made at a constant level of z and at 
points of x(j) (j = 1, 2, . . . , m). The condition of least- 
squares requires that
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m

...,a^) = Z - Tfa^fUg,----^
j=l

or
m

(a%) = Z [?(]) - T(a^,x(i)) j 2 (4 )

be a minimum. The symbol denotes a general parameter of 
the T(a%,x(j)). This parameter may correspond to x,z (body 
coordinates) or susceptibility. The equation for T(a%,x(i)) 
is nonlinear with respect to the body coordinates. In order 
to apply the Gauss-Newton method or the Marquardt algorithm, 
it is necessary to expand T(a^,x(3)) in a first-order Taylor 
series about initial values of parameters to obtain an 
approximation of equation 4. The approximate sum of squares 
0 (a%) is minimized by change of the parameter values. Then 
the parameters are corrected by changes Aa^ . The 9 (a]̂ ) and 
the difference between observed and calculated anomaly for 
this new are computed. Finally, the root mean square (rms) 
of the differences is computed and compared with a positive 
given error criterion e .

If "rms" is greater than 0 , the process is repeated until 
"rms" is less than e .

Let the value of (0,%) at the kth iteration be denoted by 
(i)a^. Let the value of ) which minimized 8(a%) at this 
step be denoted by (i + l)u]̂  , and let Aa^ = (i + l)a% - ia^^

The least-squares values are given by n linear equations
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' (i) 9T(a,x ) (i)  ̂AT(a,x^J' )

dCL 9a^
_ P €t=( i)a

(i) ^8 T )
aa [T((l)a,x(i)) - T^i)]

&=(!)&
(5)

where p = l,2,....,,n.
The normal equations of least-square fitting may be ex

pressed in matrix notation (Meinardus, 1970).

A 6 = g (6)
where A = D, g = D d, D is the m by n coefficient matrix

RT ( i ) f-of the partial derivatives — (a-u,x ), D denotes the trans-
pose of D. 6 is the vector of n correction terms (vector
solution, Aa^) and ê is the vector of the m differences
T(i) - T(a%,x(i)) .

n
T(x.,a.+Aa.) %  T(x.,a.) + Z Aa.

 ̂  ̂  ̂  ̂  ̂ k=l AOL
(7 )j = l,2,...,m;i = 1,2,...,n.

A useful modification of the Newton-Gauss procedure was 
given by Marquardt (1963). His method is based upon the maxi
mum neighborhood of the parameters in which the truncated 
Taylor series gives an adequate representation of the nonlinear 
total magnetic intensity anomaly. Using the notation of (6), at 
each iteration the equation

*[a * + Xljô* = ĝ (8)
is solved for 6 . The elements of the scaled matrix A and 
the scaled vector g* and 6* are given respectively by
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1 ]

=  9i
] ]

i/*ii
i = V ^ T

(9)

These values are replaced in equation (8) in order to 
write an expression like equation (5)

m
Z

n
E

r f \AT(a,x ̂3 i) /AT(a,x(3))
1 L = 1 Aap I AaL

- 1 1 -
[ 1 + ] AttL

CL—  ( i  ) OL
m 

= Z 
j=l

AT(g,x
Aap

[t ( (i)a, 
a= ( i) a

_ m(j)

where jUpL = 1 if p = L; otherwise jUp̂  = 0. (10)
Solving the matrix equation (6) the changes Aa^ are 

obtained and added to the previous and the new estimates
0,̂  = + AoL]̂ are calculated. New are formed by successive
iterations until 6(a%) in the expression (4) is sufficiently 
small occording to a preestablished criterion^

In several applications when the average difference be
tween observed and calculated anomaly is a small percent in 
gammas, or when the first guess is close to the solution, the 
Newton-Gauss method requires only two or three iterations to 
reach the minimum value of 0 (a%J; but when the average differ
ence between observed and calculated anomaly is large, the 
vector of computed corrections terms Aa^ may point beyond the 
region where the function T(a^,x^3))is adequately represented 
by linear approximation (7) and iterations may thus diverge.
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The quantity X is a positive or zero constant which con
trols the amount of change of the parameters at each iteration. 
As X is increased the size of the neighborhood is decreased.
For X = 0, Marquardt's method is equivalent to the Gauss formu
lation. The numerical strategy of finding at each iteration 
the value X which produces rapid convergence is outlined in 
Marquardt's paper (1963).

The Partial Derivatives of the Magnetic Equation

To obtain a convenient expression from equation (3), the 
following change of variables will be considered

U. = A.^ +1 1  1
V. =1/2 *i+l

■ (11)
W. = tan ^(^i)

1+1=1 '
1=1+1 w .zTT

A.1 = =1+1 - X.1
B.1 =1+1 Z . 1
R.1 1

ZZ .1
S . 1 = =1=1+1 - X

T.1 = =1=1+1 + z
1

QSUM and PSUM can be written
QSUM = ^  (A.W. - B.V. )

U.  ̂  ̂  ̂ ^1

PSUM = - ®1 (W.B.+A.V,,—  l i l t )
(12)

The vertical and horizontal magnetic intensity strength 
are expressed as functions of the new parameters (A^,B^,V^, and 
W^) in the following way

V = 1 f Jx{A,W, - B.V.) + Jz(W.B. + A.V.)1 “ L 1 1  1 1  1 1  i i J

u.1
i f-Jx(W.B. + A.V.) + Jx(A.W. - B.V.)1 - I  1 1  1 1  1 1  i l j
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If

M

N

^  (A.W. - B.V.) 
1

I T1

(14)

V 2  ̂JxM + JznJ

then
H

(15)
2 [jxN + Jzm]

Differentiating relation (14) yields the following ex
pression:

AM
Az. 

1

AN
Az. 1

Az

u.
B.Z. - X .A . 1 1  1 1

R.1
+ V. + (B.V.-A.W.)

B . 
-  1
U.

x.B.+z.A.

AM B
i+1 U

1 1  1 1

+ (B.W.+A.V.) 1 1  1 1

*i+i
-V. +(A.W.-B.V.)1/ 1 1  1 il U.

AN B.
+ (B.W.+A.V. ) 1 1  1 1

U.-2B.n 1 1
U

/J
(17)

The partial derivatives for vertical magnetic strength 
V are:
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f:
AV
Az =2

i+1 Jx AN
* = i+l

+ Jz AM
3 = i+l

(18)

The partial derivatives for horizontal strength H are:
AH
Az^

AH
* = i+l

-JX

2 -Jx

AM
AZ: + Jz

AN
Az + Jz

i+1

AN

AM
* = i+l

(19)

The partial derivatives for the total magnetic intensity 
anomaly T are:

AT
Az.

AT
Azi+1

AV
Az^ sin (I) +

AV
Az sin (I) +

i+1

AH
Az cos(I)cos(C - D)

AH cos(I)cos(C “ D) 
*=i+i

(20)

Iterative Curve Matching of Magnetic Intensity Anomaly

The least-squares fitting of a magnetic intensity anomaly 
determines the parameters of the model whose theoretically 
calculated magnetic intensity anomaly matches the observed 
anomaly to within a minimum error.
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The steps to follow are;

1) Calculation of the total magnetic intensity anomaly for 
the first-guess model.

2) Calculation of the root-mean-square (rms) error between 
theoretical model anomaly and the observed anomaly.

3) Calculation of the partial derivatives of the total 
magnetic intensity function.

4) Definition of the main matrix, which is formed by the 
partial derivatives.

■ 5) Multiplication of the diagonal of the matrix by the 
factor (1 +\ ).

6) Solution of the matrix equation to determine the new 
set of parameters.

7) Test of the rms:
If rms (r) is less than rms (r - 1), previous iteration, in 
step 2, then \ is equal to 10"^.
If rms (r) is greater than rms (r - 1), then \ is equal to 
10+f, where r̂ is the number of the iteration.

8) Go back to step 1.
The method was designed to use any first guess and the 

minimum error always will be reached. If there is available 
geological information about depth or susceptibility of the 
unknown structure, the guess can be controlled during the itera
tive procedure.

Let us consider the matrix of partial derivatives m by 
n (m ^ n) with elements â _̂  (i = 1,2,...,m; k = 1,2,...,n) and
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the column vector = l,2,...,m). If 6 Is the vector solu
tion of the matrix equation with elements dZj, the following 
relation is used at each iteration for the coordinates of the 
model

Zj = Zj + dZj

and for the susceptibility 

k = k + dk
Constraints in the first guess can be inserted by either 

fixing some of the coordinates or the susceptibility. If the 
number of constrained parameters is denoted by L, the matrix 
of the partial derivatives is transformed into one of (m) by 
(n - L) coefficients, and the corresponding changed values 
(dz or dk) of the constrained parameters are zero in the above 
relation.

Computer Interpretation of Magnetic Anomalies

A main program to coordinate all procedures described 
above was developed as part of this thesis. This program 
handles input and output of data and the execution of the sub
programs at the appropriate times. A general outline of the 
main steps in the program follows:
1) Reading the observed magnetic profile data.
2) Reading the inclination and declination of the total mag
netic field and earth's normal total magnetic intensity.
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3) Reading the susceptibility for the first guess.
4) Reading the coordinates of the starting model.
5) Reading restrictions.
6) Iterative matching of the theoretical model to the magnetic 
intensity anomaly from the field.
7) Computation of the new parameters.
8) Computation of the parameters which define the best in
terpretation.
9) Printing the results.
10) Preparation of an output data for use as input of an addi
tional computer program which plots the data by using the ARDS-
Terminab a graphic display scope.
11) The first output plot includes the observed anomaly profile,
the calculated anomaly profile for the starting model, and the
graph of the first guess. The second plot corresponds to the 
best interpretation, and includes the observed and calculated 
anomaly profile with the shape of the structure.
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EXAMPLES

The computer program developed in this study was submitted 
to test runs in order to prove that it is possible to reach a 
minimum error regardless of the first guess. For a wide vari
ety of first guesses, the test runs serve to illustrate the 
effectiveness of the computer program.

All test runs were executed on a Digital Equipment Corpo
ration Model PDP-10 computer, a 1 (jisec cycle-time machine.

Example A
The model example studied is a synthetic magnetic pro

file caused by a layer of susceptibility of 0.008 cgs, three 
bodies with susceptibility of 0.004 cgs, and a bottom layer of 
zero susceptibility. The profile and the synthetic configura
tion are shown in figure 2.

The direction of the profile makes an angle of 0° with 
respect to magnetic North. The angle of inclination is 60®, 
and the earth's normal total intensity is considered to be
50,000 gammas. The number of points of the profile is 70, and 
the sample interval is 1000 m. The profile was interpreted by 
starting with four different initial guesses to test the program,

The interpretation was subjected to the following restric
tions :
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1) The magnetic intensity anomaly was caused by a layer with 
a given susceptibility.
2) The susceptibility of the bottom layer was less than the 
susceptibility of the upper layer.
3) The bottom layer cropped out from the profile at 40 km 
measured from the extreme right of the profile and also at 100 km 
beyond the left-hand side extreme. These two end boundaries
of the configurations were not allowed to change at each itera
tion.
4) The susceptibility was allowed to change during the least- 
squares procedure.
5) The first guess was taken as a flat surface between the
coordinates 4 to 19 (table 1).
6) The coordinates of the initial model were selected depend
ing on the number of anomalies and inflection points of the
synthetic magnetic profile.

In the synthetic magnetic profile there are three anoma
lous segments, with a maximum, a minimum, and an inflection 
point. These features contain information about the depth and 
shape of the structure. In the first guess, five coordinates 
per anomalous segment were set up, and four fixed coordinates 
were located at the extreme ends. The number and location of 
the coordinate points is the subject of much discussion in the 
literature (Snyder, 1968), and is possibly an item for further 
research.
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Table 1

N*

Coordinates of 

Abscissas Test-

the

■1

starting

Test-2

models

Test-3 Test

1
(m)

-100000 1
Ordinates (m) 
1 1 1

2 100000 1 1 1 1
3 80000 750 750 750 750
4 50000 1500 2500 3500 4500
5 47000 1500 2500 3500 4500
6 4200 1500 2500 3500 4500
7 3300 1500 2500 3500 4500
8 30000 1500 2500 3500 4500
9 25000 1500 2500 3500 4500

10 21000 1500 2500 3500 4500
11 18000 1500 2500 3500 4500
12 16000 1500 2500 3500 4500
13 12000 1500 2500 3500 4500
14 10000 1500 2500 3500 4500
15 4000 1500 2500 3500 4500
16 -2000 1500 2500 3500 4500
17 -5000 1500 2500 3500 4500
18 -11000 1500 2500 3500 4500
19 -80000 1500 2500 3500 4500

(*)

Susceptibility .01 
(e.g.s.)

coordinate number

.05 .08 .09
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In table 1 the values of the initial depth guesses are 
shown. The profiles respresent the anomalies due to the ini
tial structures and susceptibilities and are shown in figures 
3, 5, 1, and 9 with the observed anomaly for the different 
tests.

In the different first guesses, the number of corners 
was 19. The coordinates 1, 2, 3, and 19 are beyond the mag
netic profile region; only 15 corners appear in the model of 
the different ̂ figures. The best interpretation in each case 
was obtained and the values are shown in table 2.

In figures 4, 5, 8, and 10, the best interpretations are 
shown from the least-squares computer program. The upper sec
tion of these figures shows the synthetic magnetic profile to
gether with the resultant least-squares best fit curve generated 
by the computer, and the bottom section of the same figures 
shows the calculated model.

The rms error of the difference between the observed data 
and the values of the computed curve for each test was reduced 
in the following paragraphs.

Test - 1
In figure 3 the observed anomaly is the synthetic magnetic 

intensity profile that was generated using Talwani's expression 
(1964), which was derived in the theory section of that paper.
As a first guess, a flat surface lying at 1500 m of depth is 
considered. The upper layer is assumed to have a uniform sus
ceptibility of 0.01 cgs. The graphic representation of the
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Table 2
Results of the least-squares depth estimation of 

synthetic model A

N Abscissas Test-1 Test-2 Test-3 Test-4
(m) Ordinates (m)

1 -100000 1 1 1 1
2 100000 1 1 1 1
3 80000 1194 1650 2269 3009
4 50000 1705 2138 2885 4563
5 47000^ 1741 2171 2922 4535
6 42000 1842 3349 3019 4809
7 33000 1813 2301 3105 4841
8 30000 1825 2326 3140 4872
9 25000 1883 2388 3227 5179

10 21000 1798 2381 3232 4976
11 18000 1772 2393 3261 5076
12 16000 1736 2392 3269 5056
13 12000 1769 2427 3307 4873
14 10000 1930 2521 3429 5728
15 4000 1802 2509 3432 5257
16 -2000 1638 2495 3457 5350
17 -5000 1575 2500 3484 5293
18 -11000 1440 2498 3516 5259
19 -80000 9 2638 4180 5692

Susceptibility .0158 .0468 .0621 .0228
(e.g.s.)
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calculated anomaly shows a maximum at a distance of 68 km 
from the origin. This feature is due to the sloping ends of
the flat surface considered as the first guess.

The maximum difference between the calculated and ob
served anomaly is 160 gammas (figure 3). Figure 4 shows the 
best interpretation for this test. Four iterations were 
made and a minimum error was obtained (the iteration number 
zero is the fms error of the first guess). The maximum 
difference between calculated and observed anomalies is
14.0 gammas, and the rms error was reduced to 5.2 gammas.

Iteration rms
0 86.0 gammas
1 55.0 gammas
2 11.9 gammas
3 10.0 gammas
4 9.2 gammas

The computer run-time was 40 seconds.

Test - 2

The first guess is also a flat surface lying at 2500 m
of depth and susceptibility of 0.05 cgs. The values of the
first guess are shown in table 1.

In figure 5 is shown the observed and calculated anomaly 
they have a maximum difference of 221 gammas in magnetic 
intensity.
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In two iterations the error was reduced to a minimum in 
30 seconds.

Iteration rms

0 1 1 1 . 0 gammas
1 8 . 6 gammas
2 7.5 gammas

Figure é shows the best interpretation, a better solu
tion than test-1. The layer shape is different from that of 
the first test. The susceptibility changed to a value of 
0.0468 cgs.

The maximum difference between the two profiles was 
reduced to 30 gammas, and the rms error was reduced to 7.5 
gammas.

Test - 3
The first guess is in table 1 which corresponds to a 

flat surface at 3500 m of depth, and a susceptibility of 
0.08 cgs. The maximum difference between the calculated and 
observed anomaly is 459 gammas. This configuration is shown 
in figure 7.

The minimum error was reached in four iterations, and 
took 35 seconds of computer time.

Iteration rms
0 229.0 gammas
1 33.5 gammas
2 7.1 gammas
3 6.5 gammas
4 6.2 gammas
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The susceptibility changed to a value of 0.0629. The 
maximum difference between the two profiles in figure 8 is 
2 2 . 6 gammas and the rms was reduced to 6 . 2 gammas.

Test - 4
Figure 9 shows the calculated anomaly caused by a flat

surface at 4500 m of depth and a susceptibility of 0.09 cgs.IThe values of the first guess are shown in table 1.
The maximum difference between the two curves is 612 

gammas. The number of iterations to reach the minimum error 
was four, and the computer time was 40 seconds(figure 10).

Iterations rms

0 448.0 gammas
1 96.0 gammas
2 50.8 gammas
3 7.5 gammas
4 5.2 gammas

To compare the four solutions of the synthetic magnetic 
anomaly, all were plotted on the same scale as shown in fig
ure 11. In this figure the approximate relative shape of the 
exact model was reached in each case. As these examples do 
not give the same solution, they demonstrate the ambiguity in 
the magnetic interpretation when there is no information about 
susceptibility or depth of the unknown structure.

In order to show that it is possible to obtain a unique 
solution, knowing, for example, the susceptibility of the 
structure, the following example was studied.
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Example B

The synthetic anomaly in this case was caused by a 
basement of susceptibility 0.001 cgs. This model is shown in 
figure 12. The upper layer has a susceptibility of 0.0 cgs.
The basement crops out off the surface at 1000 km, approxi
mately measured from the extreme right of the profile and 
also at 100 km beyond the extreme left end. These two end
boundaries of the configuration were not allowed to change in

(the subsequent interpretation.
The direction of the profile makes an angle 0® with 

respect to the magnetic North. The angle of inclination is 
60°, and the total regional field intensity To is 50,000 
gammas.

This synthetic anomaly assumed observed anomaly and was 
interpreted with three different initial models. The ordinates 
of the basement were varied and the susceptibility kept constant 
during the procedure of interpretation. The basement of the 
starting model is flat with the same number of corners as that 
of the exact model.

In figures 13, 15, and 17. the starting model is shown, 
and in figures 14, 16, and 18, the best interpretation for 
each case is shown.

Interpretation of the synthetic anomalies is explained 
in detail for each first guess in the following sections.

Test - 1
The anomaly due to a flat basement model at 2000 m of 

depth is shown in figure 13, with susceptibility of 0.001 cgs.
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The resulting models of the least-squares curve fitting 
are presented in table 3.

The best interpretation is shown in figure 14 where the 
maximum difference between the two profiles was reduced from 
38.50 gammas to 0.37 gammas, and the rms error was reduced to 
0.0092 gammas. In four iterations the error was reduced to 
this minimum in 54 seconds of computer time.

The average difference between the exact model basement 
and the solution of the least-squares curve fitting is 1.5 
percent of the depth.

Test - 2
Again in this case, the first guess is a flat surface 

lying at 4000 m of depth and susceptibility of 0.001 cgs.
The anomaly generated by this guess is in figure 15. The 
resulting least-squares models are presented in table 4.

The best interpretation is shown in figure 16. The maxi
mum difference between the two profiles was reduced from 37.0 
gammas to 0.38 gammas, and the rms error was reduced from 
17.40 to 0.121 gammas. In three iterations the error was 
reduced to this minimum requiring. The average difference 
between the exact model basement and the solution of the least- 
squares curve fitting is 1.0 percent of the depth.

Test - 3
In this case the first guess is a flat surface lying at 

6000 of depth and susceptibility of 0 . 0 0 1 cgs.
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Table 3
Results of the Least-Squares Depth Estimation of

Synthetic Model B

N Abscissas Exact Model Starting Model Solution
(m) Ordinates (m)

1 - 1 0 0 0 0 0 1 1 1
2 1 0 0 0 0 0 0 1 1 1

3 500000 2 0 0 0 2 0 0 0 1888
4 66500 1800 2 0 0 0 1763
5 59500 1900 2 0 0 0 1862
6 56000 2 0 0 0 2 0 0 0 1968
7 49000 3000 2 0 0 0 2959
8 42000 3500 2 0 0 0 3456
9 36750 3300 2 0 0 0 ■ 3259

10 33250 3000 2 0 0 0 2960
11 29750 2500 2 0 0 0 2467
12 24500 2 0 0 0 2 0 0 0 1970
13 2 1 0 0 0 2400 2 0 0 0 2364
14 17500 2500 2 0 0 0 2469
15 14000 3000 2 0 0 0 2959
16 10500 3400 2 0 0 0 3365
17 7000 3500 2 0 0 0 3437
18 3500 3000 2 0 0 0 2970
19 0 2 0 0 0 2 0 0 0 1969
20 -50000 2500 2 0 0 0 2452
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Table 4
Results of the Least-Squares 

Model B
Depth Estimation1 of Synt]

N Abscissas Exact Model Starting Model Solution
(m) Ordinates (m)

1 - 1 0 0 0 0 0 1 1 1

2 1 0 0 0 0 0 0 1 1 1
3 500000 2 0 0 0 4000 1948
4 66500 1800 4000 1796
5 59500 1900 4000 1896
6 56000 2 0 0 0 4000 19 99
7 49000 3000 4000 2995
8 42000 3500 4000 3496
9 36750 3300 4000 3294

10 33250 3000 4000 2999
11 29750 2500 4000 2494
12 24500 2 0 0 0 4000 2005
13 2 1 0 0 0 2400 4000 2388
14 17500 2500 4000 2510
15 14000 3000 4000 2988
16 10500 3400 4000 3409
17 7000 3500 4000 3477
18 3500 3000 4000 3003
19 0 2 0 0 1 4000 2 0 0 1
20 -50000 2500 4000 2495

39
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In figure 17 the observed and calculated anomaly are 
shown for this starting model, and table 5 contains the 
values of the solution of the least-squares procedure.

The best interpretation is shown in figure 18. The 
maximum difference between the two profiles was reduced from 
35.30 gammas to 0.002 gammas, and the rms error was reduced 
from 17.40 to 0.001 gammas. The minimum error was reached 
in four iterations, and took 54 seconds of computer time.

The average difference between the exact model basement 
and solution of the least-squares curve fitting is 0 . 0 0 2  

percent of the depth.

Example C
The synthetic magnetic anomaly in this example is caused 

by the same model of basement of example B plus the effect of 
two bodies with susceptibilities of 0.001 cgs each. The small 
bodies were located between the surface and the basement. The 
configuration, basement and bodies, is plotted in figure 19.

The direction of the magnetic profile makes an angle of 
0° with respect to the magnetic North. The angle of inclina
tion is 60®, and the total magnetic regional field intensity 
is 50,000 gammas. The number of points are 80 and the sample 
interval is 1000 m. The interpretation was subjected to the 
same restrictions as the last example.

The initial model used for the interpretation is shown in 
figure 2 0 , and its values are in table 6 together with the values 
of the 'exact model and the final solution.
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Table 5
Results of the Least-Squares Depth Estimation of

Synthetic Model B

N Abscissas Exact Model Starting Model Solution
(m) Ordinates (m)

1 - 1 0 0 0 0 0 1 1 1
2 1 0 0 0 0 0 0 1 1 1

3 500000 2 0 0 0 6000 2 0 0 0

4 66500 1800 6000 1800
5 59500 1900 6000 1900
6 56000 2 0 0 0 6000 2 0 0 0

7 49000 3000 6000 3000
8 42000 3500 6000 3500
9 36750 3300 6000 3300

10 33250 3000 6000 3000
11 29750 2500 6000 2500
12 24500 2 0 0 0 6000 2 0 0 0

13 2 1 0 0 0 2400 6000 2400
14 17500 2500 6000 2500
15 14000 3000 6000 3000
16 10500 3400 6000 3400
17 7000 3500 6000 3501
18 3500 3000 6000 3000
19 0 2 0 0 0 6000 2 0 0 0

20 -50000 2500 6000 2500
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N

Table 6
Results of the Least—Squares Depth Estimation of 

Synthetic Model C
 Abscissas Exact Model Starting Model Solution

(m) Ordinates (m)

1 - 1 0 0 0 0 0 1 1 1

2 1 0 0 0 0 0 0 1 1 1

3 500000 2 0 0 0 2 0 0 0 1615
4 66500 1800 2 0 0 0 1637
5 59500 1900 2 0 0 0 1743
6 56000 2 0 0 0 2 0 0 0 1839
7 49000 3000 2 0 0 0 2859
8 44000 2 0 0 0 2973
9 42000 3500 2 0 0 0 3404

10 36750 3300 2 0 0 0 3083
11 33250 3000 2 0 0 0 2830
12 29750 2500 2 0 0 0 2340
13 24500 2 0 0 0 2 0 0 0 1846
14 2 1 0 0 0 2400 2 0 0 0 2314
15 19000 2 0 0 0 1966
16 17500 2500 2 0 0 0 2424
17 14000 3000 2 0 0 0 2800
18 10500 3400 2 0 0 0 3216
19 7000 3500 2 0 0 0 3283
20 3500 3000 2 0 0 0 2812
21 0 2 0 0 0 2 0 0 0 1854
22 -50000 2500 2 0 0 0 2261
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The average difference of the depths of the exact model 
and the final solution is about 6.0 percent. This difference 
occurs because in the interpretation it was assumed that the 
anomaly is due only to basement effect.

The effect of the small magnetic bodies above the base
ment in the.final solution obtained is shown as two small 
bumps superposed on the basement (figure 2 1 ).

The maximum difference between the two profiles was 
reduced from 38.60 gammas to 4.75 gammas, and the rms error 
was reduced from 17.60 gammas to 1.06 gammas. The minimum 
error was reached in five iterations, and took 60 seconds of 
computer time.
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CONCLUSIONS

This thesis numerically demonstrates that the concept 
of least-squares curve fitting is an interesting and an effi
cient technique for automatic interpretation of total magnetic 
intensity anomalies. This approach yields interpretations with 
low residual errors. For the three synthetic models studied, 
an average of four iterations reduced the rms error to less 
than four gammas. . The numerical difficulties caused by the 
assumption of local linearity when th^ mathematical model is 
expanded as a Taylor series are overcome by using Marquardt's 
algorithm for the solution of the least-squares problem.

In the first example, the susceptibility and the geometry 
were unconstrained. Ambiguity causes the final interpretation 
to be dependent on the first guess supplied to the procedure. 
All the solutions obtained converged with low residual errors. 
When geologic information allows the susceptibility to be con
strained to a known value, almost any first guess will converge 
to the same geometry as was shown in the second example in this 
thesis. In the third example, an interpretation of a model 
with small magnetic bodies above the basement was successful 
in terms of convergence and low rms error, but the interference 
effects of the small bodies are still present.

Further applications of the method are proposed:
1) In order to allow more freedom for the geometry to change 
and possibly to reduce the rms error, the abscissa x could be 
changed at each iteration in the least-squares procedure.
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2) With appropriate modifications to the computer program, 
the method can be used in the interpretation of gravity 
anomalies caused by two-dimensional structures.
3) The Marquardt's algorithm (1963) can be used for the in
terpretation of three-dimensional structures of arbitrary 
shape for gravity and magnetic potential fields.
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