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ABSTRACT

This report has evaluated a cross section, the multiply 
connected cross section, which is capable of acting as a 
structural member, a multiple chamber fluid transfer device, 
and a compact heat exchanger. The multiply connected cross 
section, or MCCS, is able to perform these functions due to 
a unique geometry.

The multiply connected cross section has been analyzed 
using standard and approximate techniques in order to 
determine its engineering characteristics. Study of the 
behavior of the MCCS as a fluid transfer member was made by 
using the hydraulic radius analogy. Study of bending 
stress, torsional stress, columnar behavior and heat 
transfer was done using standard engineering analyses.

The MCCS has proven to be inferior when compared to a 
hollow cylinder of made of equivalent material and with the 
same outer diameter in every aspect of structural behavior 
studied. The MCCS is also not as effective a fluid transfer 
member as a hollow cylindrical cross section, or pipe. When 
compared to an annular ring heat exchanger, the fins of the 
MCCS provide a greater amount of heat transfer per unit
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length, under the majority of the geometrical configurations 
analyzed.
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0-Rotation
Q-Flowrate (Fluids)
q-Heat transfer per unit length
Q-Second moment (Mechanics)
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Rh-Hydraulic Radius
ri-Radius of inner surfaces of inner cylinder of MCCS
r i (cylinder)~Inner radius of a cylinder
ro-Radius of inner surfaces of outer cylinder of MCCS
Rw-Conduction resistance
a-Normal stress
T-Applied torque
t-General wall thickness
7-Shear stress
ti-Thickness of inner cylinder wall of MCCS 
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tw-Web thickness of mccs 
U-Heat transfer coefficient 
V-Velocity
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INTRODUCTION

Today, there are an increasing number of design 
requirements that make reducing the weight of a design a 
concern. Creating portions of a design that serve multiple 
engineering purposes may provide cost effective alternatives 
to the use of individual components. In the aerospace 
industry, weight is an especially important design 
criterion. Weight saved will result in added payload 
capacity, flight range, speed, or other attributes that will 
result in an overall increased level of performance. The 
potential loss in efficiency of one or more of the 
component’s functions may be overshadowed by the single, 
multiple use component being more efficient on the basis of 
total weight used to achieve a desired level of performance.

This report is an attempt to analyze a cross section 
that would perform as a structural member while also 
performing as a heat or fluid transfer member. Figure 1 
shows the proposed geometry. By analyzing the structural, 
heat, and fluid transfer properties inherent in this 
geometry, the suitability for this member for use as a dual 
purpose part of a design will be analyzed. Possible
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do

The Multiply Connected Cross Section (MCCS)FIGURE 1

applications for the dual attributes of this cross section 
include additional reinforcement of an airplane wing while 
serving as a transfer tube for fuel coming from the wings to 
the engines, or a compact and light weight heat exchanger on 
a satellite or space station. Doubling the uses of the tube 
may lead to a more efficient design. The very geometry of 
the shape leads to possible use as a pipe for hazardous or 
toxic substances that would provide leak detection and 
additional containment for the fluid contained in the pipe.
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The section that will be analyzed is made by joining 
two concentric circles of different radii with webs 
perpendicular to each cylinder. The cavities created by the 
webbing, as well as the inner cylinder cavity itself, would 
provide useful channels for the transfer of fluids. The 
overall section itself, when adequately affixed, would serve 
as reinforcement in the structure. The measurements dQ and 
dj_ represent the inner diameters of the outer and inner 
sections respectively. The measurements tj_, tw, and t0 
represent the inner cylinder, web and outer cylinder 
thicknesses.

The geometry of the cross, section will be varied for 
analysis by changing the radius of the inner cylinder, rj_. 
This variation will produce data over a range of values. 
Another possible variation would be the number of webs 
emanating from the inner cylinder. In this thesis, the 
number of webs in analyzed sections will be held at twelve, 
although variation in the number of webs increases the 
matrix of possible applications for the MCCS.

The cross sectional shape suggests large-scale 
manufacture by extrusion. This process is a readily 
available method by which many aluminum cross-sectional 
shapes are mass produced today. This report will not 
address the question of what the optimal materials to
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construct the shape from are. However, aluminum is 
lightweight and extrudable and may be one material that is 
well suited for the construction of the cross section. For 
this reason, the properties of aluminum are used in many of 
the engineering analyses presented.



ER 4069 5

AREA AND MOMENT OF INERTIA ANALYSIS

In this section the area and the moment of inertia of 
the cross section will be examined. The behavior of these 
properties of the cross section as the inner cylinder 
becomes larger will have an impact upon the overall 
performance of the cross section. The area of the cross 
section will determine what quantity of material that will 
be required to construct it, and therefore, the weight 
characteristics of the section. The moment of inertia is 
directly related to the structural performance of the 
member.

The geometry that will be evaluated in this section 
consists of the MCCS with twelve fins. The constants will 
have the following values: router=0 . 95 m, tw=tj_=to=0 . 05 m.
The inner radius will be varied to provide data on the 
response of the properties under study.

As can be seen in Figure 2 the area of the cross 
section is inversely proportional to the inner radius.
Given no change in thickness of other portions of the 
section, the area is greatest when the inner cylinder 
"disappears" and the webs join together at the center of the
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Figure 2 - Section Area vs. Inner Radius

MCCS. The weight is therefore also maximized at this 
geometrical configuration. The majority of the area and the 
weight in the cross section is in the webbing in this 
configuration. In Figure 2 the area is compared to the area 
when the radius is a minimum. For this geometric 
configuration, the MCCS drops in area to 73% of the original 
area. The formula used to determine the area of the MCCS 
is:

Atot = Ainner + ^outer + Aweb, (2.1)
where

Aouter=7r(ro+t) 2 “ ’r(r0)2/ (2.2)
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A inner=7r(ri+t) 2 ' ^(ri)2 / (2.3)
and

Aweb = I2t [rQ-(ri+t)] . (2.4)
The moment of inertia of a cross section provides 

insight into the performance of that cross section as a 
structural member. Classical formulae for bending strength, 
shear strength and allowable load for columnar buckling all 
vary directly with respect to the size of the moment of 
inertia. The distribution of area in a cross section is 
therefore a critical factor in the design of a structural 
member. A wide flange section is therefore designed to 
produce the greatest moment of inertia from a given amount 
of material in order to lessen bending stresses with respect
to a single axis. One manner in which to relatively analyze
the moment of inertia is to examine the ratio of the moment 
of inertia for two selected cross sections. A good 
comparison could be made using the multiply connected cross 
section in comparison to a simple hollow cylinder. In order 
to create a fair comparison, the outer radii of both 
sections will be held constant, and the area employed by 
both sections will likewise be held constant.

Figure 3, The graph of the ratio of the moment of 
inertia for the multiply connected section to that of the 
hollow cylindrical section, shows the multiply
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Figure 3 - Ratio of Moments of Inertia, MCCS/Cylinder

connected section to have a smaller moment of inertia in all 
cases, except where the two sections become identical, where 
the ratio becomes unity.

The formula used to determine the moment of inertia of 
the MCCS is:

MOItot — ^or + ^ir + + 2IXW + 4I30 + 41^0

+ 2A webdi;2 + 4A we]Dd22 + 4A we}:)d 32 (2.5)
where:

Ior=7r t (r0+t) 4~r04] /4 
I ± r =ir[ (ri+t)4-ri4]/4 
T y w= f̂ -o (^i^t) ] t3 / 12 ,

(2 .6)
(2.7)
(2 .8)
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xw= [ro (ri+t) ] 3t/12, 
-̂30= ^yw+ • 25 (Ixw“ -̂yw) '
^ 60=^yw+ •75(Ix w -IyW ), 

di= (rj_+r0+t) /2 , (2 .12)

(2 .10)
(2 .11)

(2.9)

d2= .8 66 (d].) , (2.13)
and

d3=.5 (d2). (2.14)
The inner radius of the equivalent area hollow cylinder is 
determined by:

This analysis would indicate that the MCCS would be 
inferior from an engineering standpoint in every case. The 
multiply connected cross section should gain added strength, 
however, prior to failure due to the effects of the geometry 
of the cross section, which will tend to lessen instability 
created by loading. The webbing and the inner cylinder may 
be used to transfer stresses to locations where they can be 
"absorbed" by other portions of the section that are 
currently undergoing a lesser stress. Qualitative analysis 
shows that this is indeed the case. This behavior and other 
design parameters will be discussed in greater depth where 
applicable in the following sections on structural behavior.

The moment of inertia of the MCCS is lower than that of 
a hollow cylinder, indicating lower structural performance,

ri (cylinder) [(rQ+t)2 A-(-0 -̂/?r] °-5. (2.15)
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although the stiffening action of the webs is not quantified 
in this analysis.
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FLUID FLOW

The analysis of the fluid flow in the MCCS is governed 
by the following equations(Daugherty and Franzini):

Rh = A/P (3.1)
h]_ = (f-l-V2)/(4Rh *2g) (3.2)
Re = (4R h -V-p)/ji (3.3)
f - (.316)/(Re)*25 For 3,000 < Re < 100,000 (3.4)

The resulting hydraulic radius, as presented in Equation 
3.1, does not represent the equivalent diameter of a pipe 
that would replace the non-circular area of the conduit, 
rather this parameter is a shape factor combined with a 
scaling factor(Daugherty and Franzini). The hydraulic 
radius characteristics of the trapezoidal area bounded by 
the webbing and the inner and outer cylinders of the cross 
section is shown in Figure 4. This figure shows the 
variation in the hydraulic radius as the radius of the inner 
cylinder increases. The formula for the area of a 
trapezoidal section is

At rap = t>r02-7r(r-[+t) 2]/12-t [rQ- (rj_ + t) ] , (3.5)
and the formula for the perimeter of the trapezoid is

ptrap = 2 [r0-(rj_+t) ]+2r0x/(12-t)+2ir(r;j_ + t) / (12-t) . (3.6)
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Note that the value of the hydraulic radius of the 
trapezodal area peaks near rj_=0.3 meters. Generally, as a 
given shape increases dimensions, the hydraulic radius will 
grow larger. In this case, the shape of the area formed 
between the webs is also changing proportions. Coupled with 
the appropriate expressions for head loss and Reynolds 
number, the fluid flow characteristics of multiply connected 
cross section may be obtained using the hydraulic radius.
The hydraulic radius approximation is valid mainly for 
turbulent conditions where the frictional effect is highly
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dependent upon the wetted perimeter(Daugherty and Franzini). 
Because of this, only turbulent conditions will be examined 
in this section.

The correlation between a pipe carrying fluid and a 
hydraulic radius carrying fluid can quickly be determined.
By using the hydraulic radius relationship for a circular 
flow conduit, it can be quickly shown that the diameter of 
the circle is equal to four times the hydraulic radius of 
the circle. This is the basis for comparing the circular 
conduit to the trapezoidal sections of the MCCS.

One note of caution is applicable when interpreting 
data obtained from the use of the hydraulic radius, however. 
The hydraulic radius approximation becomes inaccurate at the 
upper and lower ends of the conditions analyzed. This is 
confirmed by Fox and McDonald, who state that the hydraulic 
radius is not valid for exaggerated sections whose ratio of 
height to width is greater than about three or four. The 
inverse of this ratio is also presented so that, at the 
opposite extreme, the ratio may be tracked. At lower and 
higher values of the inner radius, the trapezoidal sections 
certainly violate this constraint and become quite 
exaggerated. Figure 5 presents an analysis of the validity 
ranges for the hydraulic radius as used in the analysis of 
the multiply connected cross section. This figure shows
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Figure 5 - Ratio of Sides vs. Inner Radius

that the approximation is valid only for a range of inner 
radii above 0.2 meters and below 0.7 meters. In this range 
the value of the ratio of width to height falls below three. 
This would set the minimum values of the inner radius over 
which the hydraulic radius approximation would be valid.

The geometry under study in this section is the same as 
studied in the previous section. The geometry that will be 
evaluated in this section consists of the MCCS with twelve 
fins. The variables will have the following values: 
router=0•95m, tw=ti=to=0.05m. The inner radius will vary to 
provide data on the response of the properties under study.
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Figure 6 shows the relationships in the multiply 
connected cross section of the areas available to act as 
channels for flow as the radius of the cavity is increased. 
The relative distribution of area in the cross section is 
shown. The formula for the area in the cross section is

It can be seen from the graph that as the inner radius 
of the multiply connected cross section increases, the total 
area available for flow increases also. This is due to the 
subtraction of the material that comprised the webbing 
between the outer and inner cylinders.

Figure 7 shows the head loss per unit length of the 
various components of the multiply connected cross section 
where the Reynolds Number is held constant at 100,000.
Water is used as the fluid in the MCCS. It is also assumed 
that both the MCCS and the hollow cylinder are smooth enough 
so that the Blasius Equation (Equation 3.4) is valid. The 
other equations that govern the head loss in the MCCS are:

Atot ~ Atrap + A inner (3.7)
where

A inner ~ ^ i 2- (3.8)

Vi = (Re/*) / (2pri) ,
vtrap = (R^p)/(4pRh),
hl/ 1 (inner) = ( fVi2) / (2 ri2 g) , (3.11)

(3.10)
(3.9)

and
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hl/1 (trapezoids) = ( fV-j-rap2) / (4Rh2g) . (3.12)
In nearly all of the cases shown, the head loss per unit 
length of the inner sections is lower than that of the 
trapezoidal outer sections. When conveying fluid through 
the outer cavities, greater head loss will occur than 
through the inner cylindrical section. This will result in 
a greater importance of frictional resistance to flow, 
usually referred to as a "major loss." This frictional 
resistance is especially important when fluid will be pumped 
through the line over a long distance. Thus, the overall 
volumetric flow rate of a fluid through a piping system will 
be lessened by using a pipe exhibiting greater head loss per 
unit length. It is to be expected that the head loss per 
unit length will be lower in the cylindrical section. This 
is due to the use of the hydraulic radius approximation in 
which the large perimeter in relation to the area enclosed 
gives rise to a lower efficiency in carrying fluids. A 
circle will have the lowest perimeter in relation to area, 
so the frictional effects due to the perimeter of a circular 
pipe will be less than any other geometric configuration.

Figure 8 illustrates the flow capacity of the multiply 
connected cross section. In this analysis, the head loss 
per unit length has been held constant, and the resulting 
flow rates have been graphed. To produce this data,
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equations 3.11 and 3.12 are set equivalent to one another, 
and the Reynolds Number is set as high as possible 
consistent with the Blasius Equation, Equation 3.4, for 
frictional resistance (Daugherty and Franzini). From this 
graph it can be seen that the outer sections carry more flow 
than the inner sections until the area of the inner cylinder 
and the total area of the trapezoidal sections are 
approximately equal. When the total flow rate in the
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cylinders is compared on an absolute basis rather than as a 
percentage of the total flow, however, a clearer view of the 
relative flow rates in the different sections may be 
obtained.

In Figure 9, the flows of the different areas in the 
multiply connected cross section is presented. The flow in 
the inner sections when the radius of the inner section is 
small is nearly four times larger than the inner section 
when the radius is maximized. Again, this set of data is 
based on equivalent head loss per unit length.
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Figure 10 - Flow Rate vs. Inner Radius (Equivalent Reynolds 
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A final comparison, shown in Figure 10, can be made on 
the basis of equivalent Reynolds Numbers, using equations 
3.9 and 3.10 coupled with

Qi = v iA i' (3.11)
Qtrap = VtrapAtrap' (3.12)

and
□trap (total) = 12V-£rapA-£rap . (3.13)

In this case, the fluid in the inner and outer sections is 
constrained to the same Reynolds Number and the resultant 
flow rates can be compared. The inner, cylindrical section
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never reaches the flow rate displayed by the sum of the 
outer trapezoidal sections of the MCCS. The outer sections 
will still, however, exhibit the larger head loss per unit 
length.

The MCCS will prove to be a more difficult channel to 
move fluid through than a pipe of equivalent area. This 
will result in the MCCS requiring larger pumps to move 
equivalent amounts of fluid.' The MCCS, however, has the 
advantage of being able to carry multiple fluids at the same 
time, in opposite directions if desired.
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BENDING

During bending, a general tubular section may 
experience failure first in a buckling mode. However, the 
web and shell configuration of the multiply connected cross 
section will allow the load to be transferred to other 
portions of the cross section as the cross section deforms. 
The final deformed shape will thus be a factor of both the 
geometry of the cross section as well as the material of 
which the cross section is constructed.

One design assumption that could be made is that 
bending failure of the multiply connected cross section will 
also occur near the failure load for the first yield at the 
extreme fibers predicted by the classical formula for 
calculating stress in beams,

a = My/I. (4.1)
In this equation, M is the moment applied to the beam, y is
the distance from the neutral axis to the point under

\
consideration, and I is the moment of inertia of the beam. 
This assumption should be conservative for most lengths and 
geometries of the cross section, since additional strength 
will be gained when load is shed in the deformed member to
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portions of the structure not yet experiencing deformation.
Local buckling should not be a factor in the cross 

section, since the load sharing capacity added by the radial 
fins creates an inherently more stable structure than a tube 
alone. The radial webs stiffen the structure by creating a 
smaller section that is unconstrained against buckling. 
Consideration of local buckling, however, is critical. 
Failure via buckling will occur at a lower stress than the 
stress provided by Equation 4.1.

A method to ensure that local buckling will not be a 
factor in the cross section is to design the structure with 
a thickness that will not be susceptible to local buckling. 
An analysis to set the minimum thickness is presented by 
White et al. This analysis is of a long, thin plate 
undergoing compressive stress. Use of this model allows the 
regions of the outer cylinder under compression and bounded 
by two webs to be modeled. The equation for this 
determination is:

a=K 7r2E/ [12 {1-v2) (b/t)2] (4.2)
In this equation K, a variable expressing the loading 
condition, is chosen as 4.00, reflective of the worst case 
scenario. This worst case scenario is that the connections 
where the webs connect to the outer cylinder behave as if 
they are pin connected. Analysis of the MCCS as presented
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above shows the minimum wall thickness to prevent local 
buckling is 0.015m. Since the analysis is based on a wall 
thickness of 0.05m, there is no danger of local buckling 
occurring.

For comparison purposes, Equation 4.1 will be used to 
provide an estimate of the bending stress in the cross 
section. A comparison with respect to a pipe of eguivalent 
area, and hence equivalent weight, can be quickly made.
Since the only variable in the classical analysis is the 
moment of inertia, Figure 3, the ratio of the moments of 
inertia, provides the ratio of stresses in the two beams.
For designs with factors of safety nearer to unity in the 
multiply connected cross section, more rigorous 
determination will be necessary to quantify the stress 
patterns in the cross section. This more rigorous analysis, 
which would be well suited to finite element modeling, is 
beyond the scope of this report.

In Figure 11, it can be shown that the stress decreases 
slightly over 1 2 percent from the initially higher stress 
when the inner radius is minimized. This analysis uses 
classical beam theory (Equation 4.1) as the basis for the 
graph. The geometry analyzed is that of a MCCS with a outer 
radius (rQ) 0.95 m, an initial inner radius (r-j_)of 0.10 m, 
and a wall thickness (t) of 0.05 m. The inner cylinder will
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Figure 11 - Bending Stress vs. Inner Radius

increase in radius to 0.9 m. Equations 2.1 through 2.14 are 
used for the determination of the moment of inertia and area 
of the cross section. For the purposes of design, the 
classical bending formula should provide conservative 
numbers for the actual stress that will be encountered in 
the cross section.

The transverse shear stress created by bending will 
also merit analysis. This stress will be highest at the 
neutral axis when the section is undergoing shear. This 
analysis is based on the stress at the neutral axis. This
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stress will, as shown in Figure 12, again be higher in the 
MCCS than in the cylindrical section. The section geometry 
is the same as that covered by the analysis on bending. The 
formulae used in this analysis are (Gere and Timoshenko):

T = VQ/(It), (4.3
where

Qcyl = 2/3 [ (r-j_) 3 - (r-L+t)3] (4.4;
and

Qmccs = 2/3 [ (r0 +t) 3 - (rD)3] + a / S ^ r ^ t ) 3 - (ri)3]
+ 2Qi5 + 2Q45 + 2Q75 (4.5;



ER 4069 27

where
Ql5 = Sin (15°) [r0/2 - (rj_+t)/2 + r-j_ + t] [rG

- (rj_+t) ] t
Q4 5 = Sin (45°) [r0/2 - (rj_+t)/2 + r-j_ + t] [rQ

- (rj_+t) ] t (4.7)

(4.6)

and
Q7 5 = Sin (75°) [r0/2 - (rj_ + t)/2- + rj_ + t] [r0

- (r-j_+t) ] t . (4.8)
In equation 4.2, r is the transverse shear stress, V is the
applied shear force, Q is the second moment of the area 
above the axis under study, I is the moment of inertia of 
the cross section and t is the thickness of the section at
the axis under study. The moment of inertia for the
cylinder and the MCCS is determined through the use of 
Equations 2.1 through 2.15. Note from the graph that the 
stress is initially 35% higher in the MCCS than in the 
hollow cylindrical section. As both sections become 
identical, the difference in stress again disappears.

The MCCS does not perform as well as a cylindrical 
cross section in bending or transverse shear when compared 
using classical methods. The structural properties of the 
MCCS are likely underrated using these methods. The MCCS 
does appear to have promise, and if high bending or the 
behavior of the shear stress are likely to be encountered in
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an application, further study would be required to quantify 
the behavior of the MCCS.
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TORSION

The subject of torsion in the multiply connected cross 
section is one that is dependent upon how the cross section 
is initially loaded. There are two cases of torsional 
loading conditions that need to be addressed in this 
section. The first case is that of the cross section being 
loaded uniformly across its face, with the stresses being 
zero at the centroid of the cross section, and linearly 
increasing as they progress radially away from the centroid. 
The second loading case is where either of the two cylinders 
that make up the cross section are loaded in torsion, and 
the rest of the cross section is initially unloaded. The 
geometry analyzed is that of a MCCS with a outer radius (rG) 
0.95 m, an initial inner radius (r-jjof 0.10 m, and a wall 
thickness (t) of 0.05 m. The inner cylinder will increase 
in radius to 0.9 m.

A uniform application of the torsional moment across 
the entire section, introduced via rigid end plates, will 
result in the standard analysis scheme,

7=Tr/J, (5.1)
where 7 is the shear stress, T is the applied torque, r is
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the radius at which the stress is measured, and J is the 
polar moment of inertia, being a valid evaluation. The 
polar moment of inertia is found using

J = 7r/ 2 [ (rQ+t) 4 - rQ4] + t /2 [ (r-j_+t) 4 - r ± 4] . (5.2)
In this case the two concentric circles will act to oppose 
the applied moment, rotating at the same incremental rate. 
The webbing will not take any loading in this instance, 
since it is positioned perpendicularly with respect to the 
moment applied to the cross section.

As can be seen from Figure 13, the torsional strength 
of the section increases as the inner radius gets larger. As 
the radius of the inner cylinder approaches the radius of 
the outer cylinder, the torsional capability of the cross 
section is maximized, with the inner cylinder carrying a bit 
less than half of the total torsion. The total force 
carried by the cylinder increases linearly as the inner 
radius increases. The multiply connected cross section will 
be able to carry greater amounts of torque as the 
configuration approaches that of a hollow cylinder.

In the second case of loading, where either of the 
cylinders is loaded while the other cylinder remains 
unloaded, a more complicated case is developed. The loaded 
cylinder will initially rotate with respect to the rest of 
the cross section. This second case is illustrated in
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Figure 14.
This will cause the webbing to become the mechanism for 

the transfer of shear to the other cylinder. The polar 
moment of inertia is found in this case by using

J= t/2[ (r+t) 4 - r4] , (5.3)
where r in this case is the inner radius of the cylinder 
being loaded. Allowing distance for development of the 
pattern, the shear will eventually be distributed in the 
manner of the previous case, and the webbing will again 
become perpendicular and no longer play a part in the
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Figure 14 -Torsional Loading on Outer Cylinder

carrying of the torsional load. The other point to note in 
making this analysis is that the loaded cylindrical section 
of the multiply connected cross section will have a higher 
shear stress, given the same total force than when it is 
carried by both cylinders, as in the first case in this 
section. The loaded cylindrical section, near the point of 
load application, will carry the entire shear load on the 
cross section. Thus one limiting factor in loading the 
cross section in shear will be the amount of shear that the 
loaded cylinder can carry. Figure 15 shows the response of
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the multiply connected cross section as both the inner and 
the outer cylinders are loaded, and compares it to the 
multiply connected cross section when both cylinders are 
loaded, as well as a pipe of the same area and outer 
diameter placed in torsion. As would be expected, the 
stress is quite high when the inner section is the only 
section loaded and the inner radius is at a minimum. A pipe 
section of equivalent area shows lower stress at all cases 
except where the two sections become identical. The graphs 
of the stress on the pipe and of the stress on the outer

ARTHUR'LAKES LIBRARY 
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cylinder when only it is loaded are parallel, since all of 
the comparisons are being made against both sections being 
loaded. If the load were held constant rather than the 
stress, these lines would be constant.

Another potential high stress point in this case is the 
webbing. The webbing will be under stress while it is 
transferring the load from one cylinder to another. The 
analogy used to make this analysis is that of a unit width 
beam. There would be both shear and moment restraint at 
each end. Both ends of this "beam" would have an associated 
shear force and moment. The amount of stress that will be 
acting upon this area can be determined by assuming that the 
loaded cylinder has rotated fully at the point of load 
application according to the equation

0 = ( T/GJ), (5.4)
where 8 is the rotation in radians, and G is the shear 
modulus of elasticity. The only area under consideration in 
the calculation of J is the initially loaded cylinder. This 
would present the case with the maximum possible stress in 
the webbing. In this case, the webbing may control the 
maximum shear that the cylinder will be under, but that will 
be a factor that will depend upon which cylinder is loaded 
and the thickness of the webbing. A diagram of the deformed 
section resulting from this case is presented in Figure 16.
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Figure 16 -Deformed Section, Beam Analogy

From shear and moment diagrams of the multiply 
connected cross section combined with boundary conditions 
created by the torsional loading, it is possible to estimate 
the maximum moment in the webbing by assuming that the 
webbing is a unit width beam. This relationship is 
presented graphically in Figure 17. The maximum moments in 
the webbing will occur in the area where the web connects to 
the cylinders. The relationship for determining the 
qualitative maximum moment in the cross section is:

M oc r0 I/ (r0 -rj[) (5.5)
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This relationship, derived in the Appendix, is valid no 
matter which cylinder is initially loaded. As the inner 
radius increases, so does the moment that will be placed on 
the web, and therefore the stress on the web near the 
connections with the inner and outer cylinders. Figure 17 
is a graph of the relationship presented in equation 5.5. 
Over the change in the inner radius, the moment increases 
over eleven times. The graph is not linear, and the moment 
less than doubles over one-half of the change in radius. As 
the inner radius approaches that of the outer cylinder the 
moment rises most dramatically. Given the likely case of a 
thin web, the optimal geometry for loading in torsion is
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with the smallest inner radius.
s.

An alternate view of the torsional failure mode in the 
webbing is presented in Figure 18, which shows the 
alternative deformed section. The basis for this analysis 
is that the initial rotation of the loaded cylinder will 
produce an instantaneous rotation of the webbing, while the 
webbing retains the initial shape except for elongation. In 
this mode, the webbing will act as a set of two force 
members. These two force members will act to transfer the 
shear load between the loaded cylinder and the unloaded 
cylinder. The governing formulae behind this analysis are 
based on Hooke’s Law:

o = Efi, (5.6)
where

£ =  AL/L, (5.7)
L0 = [rQ- (r-L + t) ] , (5.8)

and
AL = [ (Lo)2+roSIN(0)2]°-5-Lo . (5.9)

The value of E is 69 MPa, which is consistent with the use
of aluminum for the construction of the section. The value 
for 6 is also assumed to be 0.6°. This value of rotation is 
chosen arbitrarily. The failure in the webbing that will 
occur will be due to tensile load rather than bending stress 
as in the previous case.



ER 4 0 69 38

Applied Moment

Initial Shape 

Deformed Shape

Figure 18 -Deformed Section, Pin Analogy

The shapes of both Figure 17 and Figure 19 are quite 
similar. Both graphs indicate that the stress will be 
minimized when the inner radius is minimized, and grow 
greatly when the inner radius increases. This similarity 
suggests that whatever the mechanism for transfer, problems 
will occur if the webs are relatively short.

The ultimate failure mode of the MCCS in the situation 
of one cylinder being unloaded will be determined by the 
material properties and geometry. A combination of both 
modes is quite possible, placing the webbing under both 
bending and tensile stress, but due to the way that the
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stress increases on the webs the actual failure mode may not 
be of great significance.

The MCCS will not act as effectively in torsion as a 
simple cylinder. This is to be expected, given the 
distribution of area in the MCCS. The extreme assumptions 
for MCCS response to the loading of only one cylinder of the 
MCCS show similar failure patterns to each other.



ER 4069 40

BUCKLING

If the multiply connected cross section is loaded 
axially in compression, classical Euler buckling will occur. 
This is predicated on no local buckling occurring in the 
cross section. This has been discussed in the previous 
chapter on bending. It is to be noted that this analysis 
does not take into account irregularities and
discontinuities that would exist in an actual cross section.

The classical, or Euler buckling case is presented as: 
ocr = x2E/ (L/r)2 (6.1)

In this equation, L is the effective length of the column, r
is the radius of gyration of the section, E is the modulus
of elasticity of the material and acr is the critical stress 
prior to failure in a perfectly regular column that has been 
loaded with no eccentricity.

For the purpose of designing columns against buckling, 
guidelines have been developed by various bodies for 
differing materials, since buckling behavior is highly 
material dependent (Gere and Timoshenko). The American

V.
Institute of Steel Construction has developed guidelines for 
steel columns, as the Aluminum Association has developed
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guidelines for aluminum columns. Since the most likely 
material for the construction of the multiply connected 
cross section is aluminum, the design criteria that the 
Aluminum Association has suggested is used in this analysis.

For large slenderness ratios (L/r), the allowable 
stress follows the classical Euler buckling equation. At 
smaller values, the Aluminum Association dictates that two 
linear sections be used for the design of the column. 
Differing alloys, like Alloy 2014-T6 and Alloy 6061-T6 will 
have different values for o'allow/ but will have the same 
general shape. For 2014-T6 the governing equations are 
(Aluminum Association, 1982) :

°aiiow = 1 9 3  MPa 0 ^ L/r ^ 1 2 (6-2)
°aiiow = 2 1 1  MPa - 1.58 (L/r) MPa 12 < L/r < 55 (6.3)
âiiow = 372, 000 MPa/ (L/r) 2 55 < L/r (6.4)

For 6061-T6 the formulae are (Aluminum Association, 1982):

(Taiiow = 131 MPa 0 ^ L/r <9.5 (6.5)
âiiow = 1 3 9  MPa " .87 (L/r) ksi 9.5 < L/r < 6 6 (6 .6 )

( T a l l o w  = 351, 000 MPa/ (L/r) 2 6 6 < L/r (6.7)

From the formulae given by the Aluminum Association, Figure 
2 0 shows the allowable stresses in the two different alloys,
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using values provided from Equations 2.1 through 2.15.
Figure 21 shows how the slenderness ratio varies in the 

multiply connected cross section, given a constant column 
length. The geometry analyzed is that of a MCCS with a 
outer radius (rQ) 0.95 meters, an initial inner radius 
(r-j_)of 0.10 meters, and a wall thickness (t) of 0.05 meters. 
The inner cylinder will increase in radius to 0.9 meters. 
Given a constant slenderness ratio, the multiply connected 
cross section is evaluated by the aluminum association 
criteria for the three ranges of slenderness ratios of the
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multiply connected cross section in Figure 21. The geometry 
analyzed is that of a MCCS with a outer radius (rQ) 0.95 
meters, an initial inner radius (rj_)of 0 . 1 0  meters, and a 
wall thickness (t) of 0.05 meters. The inner cylinder will 
increase in radius to 0.9 meters. The failure envelope for 
alloy 2014-T6 is used for this analysis. Note that the 
formulae used to describe the multiply connected cross 
section does not take into account any effects that would 
occur due to the shedding of stress via the action of the 
webs as previously noted. This should lead to the provided
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answers being conservative as to the critical amount of 
loading of the column, but generally within accepted 
engineering criteria for the material under consideration.

When the performance of the multiply connected cross 
section is compared to a pipe with equivalent material area, 
outer diameter and length, a comparison can be made at 
different slenderness ratios. The Aluminum Association 
criteria for alloy 6061 T- 6  is used. At slenderness ratios 
less than 9.5, both columns will have the same allowable 
stress. When the slenderness ratio is between 9.5 and 6 6 , 
the allowable stress is as pictured in Figure 22. The 
cylinder now has a higher allowable stress than the multiply 
connected cross section for every point except where the two 
cross sections become indistinguishable.

When the slenderness ratio is greater than 6 6 , the 
allowable stress in both sections under consideration follow 
the curves pictured in Figure 23. Figure 23, shows a quite 
similar shape to Figure 22, owing to the relationship 
between the values of the radius of gyration between the two 
cross sections being constant. The gap between the two 
cross sections is greater on a percentage basis here than in 
Figure 22, owing to the greater sensitivity of this equation 
to the slenderness ratio.
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A comparison can be made between this cross section and 
a composite cross section comprised of a central inner 
section surrounded by tee sections. The composite 
slenderness ratio that will be generated by this geometry 
will provide a load that can by compared with the loads that 
are carried by a cylindrical cross section. This composite 
section is pictured in Figure 24. The total area of the two 
sections will again be held constant with one another. The
same size parameters will be used in this analysis as in the
other analyses presented in this section.

In addition to Equations 2.1 through 2.15 several 
formulae were developed for the determination of the moments 
of inertia and area of the tee sections. For the moment of
inertia of the sections of the tee normal to the web, the
formulae are:

Icross90 = [2 ir/ 1 2  (rQ + t/2 ) (t)3]/1 2 , (6 .8 )
Icross0 = [27T/12(r0 + t/2) ] 3 (t)/12, (6.9)
^cross30 — -̂crossO + •^5 (I c r oss9Q ~ -̂ crossÔ  ' (6.10)

and
^cross60 ~~ -̂ crossO + *^^^cross90 ~~ ^crossÔ  * (0.11)

The area of the cross section is presented by
ACross =. 27T/12(r0 + t/2 ) (t) . (6 .1 2 )

The distance of the sections of the tee from the neutral 
axis of the cross section is:
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Figure 24 - Composite Section

D90 = ro + t/2, (6.13
D60 = 0. 8 6 6  (Dg0) , (6.14

and
^30 = 0*5(D9q) . (6.15

The total area is given by
Atot = 12Across + 12Aweb + -̂ -irLner' (6.16

and the total moment of inertia is
MOItot ~ -̂ir + + 2 IXW + 4 I3Q + 4.1(50

2lcrossgo + 2lcrosso + 4Icross3Q
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+ ^̂ -cross60 + ^-^cross^902 + -̂̂ -cross-̂ 302
+ 4AcrossD6o2 + 2Awebd]_2 + 2Awebd22

+ 2Awebd32. (6.17)
When using either formula 6.2 or 6.5 to analyze the 

relationship between the two sections, since they both of 
equal area, the load that each can carry is identical. For 
the case of very short columns, then, there is no difference 
between the.sections.

When analyzing the composite column at intermediate or 
long lengths, Figures 25 and 26 depict the results. These 
results are quite close to the results that are provided in 
Figures 22 and 23, where analysis of the MCCS is presented. 
Discrepancies in the two graphs can easily be explained by 
minor differences in the allocation of area between the 
composite section and the MCCS.

The MCCS is inferior in resisting buckling to a simple 
cylinder in all cases studied, except where the two cross 
sections become identical.

ARTHUR LAKES LIBRARY 
S ffflO S C H O O l Of MINES 
GOLDEN, CO 80401
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HEAT TRANSFER

As noted previously, the cross sectional shape of the 
member is well suited to the transfer of fluids. The fluid 
transfer aspects have been covered more fully in a preceding 
section. However, the transfer of fluids with different 
temperatures in the multiple cavities effectively causes the 
section to perform as a heat exchanger. Again the same 
assumption made for the fluid flow sections will be made for 
this section, namely that the approximation of the hydraulic 
radius is a valid assumption for turbulent conditions. The 
same equations presented in the fluid flow analysis section 
are used in determining the fluid flows in this section.
Note that the constraint on the accuracy of the hydraulic 
radius imposed by geometry is still valid. Inner radii 
smaller than 0.03m and larger than 0.07m will still produce 
questionable results.

The geometry evaluated in this section consists of the 
MCCS with twelve fins, as in the section on fluid flow. The 
variables will have the following values: rou -̂er=0.095m,
tw=ti=to=0.01m. The inner radius will vary to provide data 
on the response of the properties under study.
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A commercially available heat exchanger made by the 
Brown Fintube Company has much the same shape as the 
multiply connected cross section. This heat exchanger 
consists of a center(tube surrounded by radial fins. This 
heat exchanger does not have the surrounding outer cylinder. 
Heat exchangers of this type are often used in the heating 
of tanks of heavy petroleum products, such as heavy fuel oil 
and asphalt. In this use, the heat transfer unit is 
entirely immersed in the fluid, and no flow around the heat 
exchanger is mechanically induced, but is driven by natural 
convection. Empirical data on the performance of this heat 
exchanger is not available.

Another similar heat exchanger to the multiply 
connected cross section has been analyzed by Incropera and 
DeWitt. The following analysis is similar to that presented 
by them.

In this analysis, fluids are flowing in both the inner 
cylinder and in the outer trapezoidal section. Concurrent 
flow is being analyzed. Figure 27 presents the graph of 
heat transfer per unit length versus the inner radius of the 
multiply connected cross section. The assumptions of no 
fouling inside the heat exchanger and adiabatic conditions 
surrounding the multiply connected cross section have been 
made. The flow has been held at a turbulent condition in
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the heat exchanger so that the hydraulic radius may be used, 
and the Dittus-Boelter correlation has been used to provide 
the values of h in both the inner cylinder and in the outer 
trapezoidal sections. Water has been used as the fluid in 
both sections once again. This analysis is based on the 
fluid in the outer sections being cooled by heat transfer to 
the fluid in the inner section.

The heat transfer per unit length, q, in Watts per 
meter is given by the equation (Incropera and DeWitt)

q = (UA) c(AT), (7.1)
where

01 0.02 0.03 0.04 0.05 0.06 0.07

Inner Radius, m
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1 / (UA) c - 1 / (hA) c + Rw + l / ( Voh A ) h . (7.2)
The area of the cold (inner) and hot (outer) heat transfer 
areas are, respectively,

Ac - 27rrj_ (7.3)
and

Ah = 27r(rj_ + t) - 12t + 12[2r0 - 2 (rj_ + t) ] . (7.4)
Since the flow is turbulent in both segments, the Dittus- 
Boelter Correlation provides the values for the convections 
(Incropera and DeWitt):

hc = k/(2r0) 0. 023Re°*8 Pr °-4 (7.5)
and

hh = k/(4rh) 0.023Re0-8 Pr °-3. (7.6)
The fin temperature effectiveness and the fin efficiency can 
be found using (Incropera and DeWitt)

= 1 - (Af/Ah) (1 - 7jf) (7.7)
and

rjf = tanh (mL) / (mL) , (7.8)
where

mL = 2hh/ (kt) [rQ - (r-j_ ' + t) ] , (7.9)
and Af is the fin area. The last factor for determining q
is the conduction resistance, (Incropera and DeWitt)

Rw = ln{ [rQ/(ri + t) ] / (2irk) } . (7.10)
When changing the high and low temperatures, the values of
the areas presented in equations 7.3 and 7.4 need to be
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reversed, and equations 7.5 and 7.6 should be changed so 
that

hc = k/(4rh) 0 . 023Re°-8 Pr °-4 (7.11)
and

hh = k/(2r0) 0. 023Re°-8 Pr °-3. (7.12)
When used with the equations for fluid flow developed 
earlier, the values for heat exchange for the MCCS can be 
calculated.

The water in the high temperature section is at 350°C, 
with a corresponding Prandtl number of 2.2 9 and a k of 
0.613W/m*K. In the low temperature section, the water is at 
300°C, with a Prandtl number of 5.83. The material chosen 
for the cross section, 2024-T6 aluminum has a k value of 
183W/m*K(Incropera and DeWitt).

As can be seen from the figure, the multiply connected 
cross section does perform well as a heat exchanger. The 
addition of the fin area increases the heat transfer by a 
factor of almost five over a pair of concentric tubes as the 
inner radius is minimized. The formula for determining the 
heat transfer within the annular ring is

qr = 27r (r j_ + t) hr ( AT)
where

hr = k/[4r0 - 4(ri + t) ] 0.023Re0-8 Pr °-3.
This relationship does not hold for the entire length,
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since as the radius becomes quite large, the multiply 
connected cross section provides only a quarter of the heat 
transfer per unit length of the annular ring section. For, 
the multiply connected cross section, the heat transfer per 
unit length is increasing in a linear fashion with the 
increase in the inner radius. The annular ring heat 
transfer member increases capacity much more quickly 
overtaking the multiply connected cross section.

When the inner fluid becomes the high temperature 
fluid, a second analysis can be performed. Figure 28 shows 
the graph of this analysis. In this case the multiply 
connected cross section behaves much as it did before, 
increasing linearly, but the curve representing the response 
of the annular ring section is shifted to the left, 
overtaking the multiply connected cross section at a lower 
value of the inner radius than in the previous analysis.

This relatively straightforward analysis shows the 
feasibility of the multiply connected cross section as a 
heat transfer device. In this analysis, lower values of r-j_ 
provide superior performance for the MCCS when compared to 
the annular ring heat exchanger. Incropera and DeWitt 
suggest results that support the efficiency claim. The MCCS 
variant studied was 11.9 times more efficient than an 
annular ring heat exchanger with slightly different geometry
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and fluid conditions.
The MCCS is a more efficient heat exchanger than an 

annular ring heat exchanger over a variety of conditions. 
Lower values of the inner radius provide greater superiority 
over the annular ring exchanger.
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CONCLUSIONS

This report has analyzed a cross section based on a 
design concept: a multiple use cross section capable of
structural support, heat transfer, and fluid transfer.
Using previously developed criteria, the performance 
characteristics of the cross section have been 
quantitatively and qualitatively defined. The benefit of 
the multiply connected cross section is the substitution of 
one member for two in a design, saving weight and space. 
Prior to use, empirical testing of the cross section should 
be conducted in order to define the peculiarities inherent 
in the geometry. For several of the parameters measured, 
finite element analysis would be an appropriate tool.

The fluid flow analysis results show that the multiply 
connected cross section is inferior when measured against 
fluid flow in a cylindrical pipe when head loss per unit 
length is the criteria. This increase in major losses will 
create the need for larger pumps to move an equivalent 
volume of fluid through the multiply connected cross 
section. An increase in pump size could negate potential 
weight savings from the use of the multiply connected cross
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section.
When considering fluid flow, the cross section does 

have the advantage, however, of being able to carry several 
different types of fluid simultaneously without commingling 
them. When used to carry a single fluid, the trapezoidal 
outer sections would also provide leak detection, since the 
presence of fluid in those sections would indicate if there 
had been a breach in the inner cylinder. This would be of 
great advantage if the fluid carried has detrimental 
properties. Piping a hazardous chemical, for instance 
benzene or dioxin, that would have a negative environmental 
impact would be one application for the inherent leak 
detection capabilities of the MCCS.

In bending, using classical analysis, the multiply 
connected cross section will carry between 70% and 100% of 
the moment carried by a pipe of equivalent cross sectional 
area and outer diameter. This amount varies due to the 
change in inner radius of the cross section. This behavior 
is due entirely to the lower moment of inertia of the 
multiply connected cross section. The actual qualitative 
behavior of the cross section indicates that the structural 
properties of the shape as a beam are underrated by 
classical analysis. Further study of the response of the 
multiply connected cross section to bending moments is
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necessary to quantify the actual behavior of the section at 
stress levels near failure. When transverse shear in the 
MCCS is analyzed, the MCCS is again outperformed by a hollow 
cylindrical section.

There are two types of torsional shear loading boundary 
conditions on the multiply connected cross section of 
interest when examining torsion. The first case is that of 
linearly increasing shear load originating at the centroid 
of the cross section. The second case is where one cylinder 
of the cross section is loaded. Given similar loads, the 
highest stress will occur where the inner cylinder alone is 
loaded, and the lowest stress will occur when loaded as 
described in the first case. In either event, the multiply 
connected cross section does not perform as well as an 
equivalently loaded cylindrical section. The stress in 
comparing the inner section loading case is approximately 
ten times greater than that in the case where a pipe is 
loaded. This will change depending upon the distribution of 
area in the multiply connected cross section.

In the case where only one cylinder is loaded, stress 
will be created in the webs that join the inner and outer 
cylinders. The magnitude of this stress varies with the 
length of the web. The tension in the webs created by the 
torsionally induced rotation is minimized with longer web
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lengths. As the length of the web decreases, the stress 
increases more than six times in one analysis and sixty 
three times in another. This may limit the use of the 
multiply connected cross section if this type of loading 
condition is anticipated.

Using Aluminum Association criteria, the columnar 
behavior of the multiply connected cross section has been 
analyzed. When compared to a hollow cylinder, the multiply 
connected cross section is found to be comparable at low 
slenderness ratios. As the slenderness ratios increase, the 
multiply connected cross section carries between 10% and 30% 
less load than a hollow cylinder of equivalent area and 
outer diameter. Again, this is due to the lower moment of 
inertia in the cross section. If design closer to the 
failure limit of the column is desired, further study of the 
response of the multiply connected cross section will be 
required.

The multiply connected cross section performed 
relatively well as a heat exchanger at lower values of the 
inner radius, when compared to an annular ring heat 
exchanger. This performance advantage changes, however, as 
the annular ring becomes more effective at higher values of 
the inner radius. This is regardless of which cylinder is 
carrying the higher temperature fluid. The multiply
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connected cross section transferred more heat at higher 
values of the inner radius as well, but it did not gain 
additional capacity as quickly as did the annular ring 
section.

Pure heat transfer is not the only concern with the 
multiply connected cross section. Depending upon the 
material chosen for construction for the multiply connected 
cross section, heat effects may be encountered. This is of 
concern, since the most likely metal the multiply connected 
cross section will be made of is aluminum. Aluminum does 
display decreased strength at higher temperatures. At 370°C 
the ultimate strength of many alloys falls to less than ten 
percent of the ultimate strength at room temperature 
(Aluminum Association 1978). This material weakness may 
practically limit the use of the multiply connected cross 
section at higher temperatures.

Although the multiply connected cross section, when 
analyzed using classical methods, is less effective than a 
pipe as a structural and fluid transfer section. This, 
however, is in contrast to its performance as a heat 
exchanger. Where a compact heat exchanger and structural 
support are required, the multiply connected cross section 
may prove to be a suitable alternative. The tradeoff 
between differing properties in a given design will
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ultimately determine the applicability of the cross section 
in a given design. Actual design conditions will be varied, 
so the applicability of the multiply connected cross section 
will need to be evaluated in each case.

Optimization of the various attributes of the MCCS will 
likely occur on a case by case basis. The point in each 
design where the drawbacks of one feature, for instance 
structural performance, will outweigh the attributes of 
another, such as fluid transfer, is crucial. This will 
determine the optimum number of fins, wall thicknesses, and 
diameters of the MCCS for a particular application.

The economics of the MCCS will play a major part in 
determining if the MCCS will ever be used. If a design 
situation requires several of the functions of which the 
MCCS is capable, careful evaluation of the 
manufacturability, manufacturing cost, and design cost 
associated with the MCCS is necessary. It is likely that in 
most situations, multiple members will be more cost 
effective than design and fabrication of the MCCS. As 
mentioned in the introduction, however, the aerospace 
industry is more likely to consider weight a major factor, 
and may have use for a single member capable of performing 
multiple tasks.

The following paragraph presents a brief summary of the
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advantages and disadvantages of the MCCS.
Overall performance of the MCCS:

Advantages:
•Fluid transfer member for multiple fluids 
•Efficient, compact, heat transfer device 
•Fair performance as a structural member 
Disadvantages:
•Less effective than a cylinder in structural performance 
•Less effective than a pipe in single fluid transfer 
•Potentially high manufacturing and design cost
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APPENDIX

Assumptions:

One cylinder rotates with respect to the other, section behaves as a unit width 

beam near the point of loading, full deflection from rotation near the point of 

loading.

R2

L

-R1 = R2 

M1+M2 = R2(L) 

M1+M2 = R1(L) 

R2 = (M2+M1)/L

M2
&

\

V
-R2

+M2
M
-M1

FROM FBD:
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Shear and moment equations:

V = -R2

M = -R2(X) +M1

Integration of M yields, where El is the product of the modulus of elasticity and 

the moment of inertia of a single unit slice:

Elv' = -R2(X)2/2 = M1X + C1 

At X = 0, v'=0 Therefore C1 = 0 

Elv = -R2(X)3/6 + M1(X)2/2 + C2

At X = 0, the deflection is equal to the rotation of the outer 

cylinder(=d1[sin(T/GJ)]), so:

C2 = El d1 sin(T/GJ)

At X = L, the deflection is zero, so:

0 = -R2(L)3/6 + M1(L)2/2 + El d1 sin(T/GJ)

Since R2L = M1 + M2, and M1 = M2

M = 6EI(-d1 )sin(T/GJ)/L2 

Since L = r0 -r\:

M oc r0 l/(r0-rj)


