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ABSTRACT 

A new method for quantifying material anisotropy, as formulated in scalar and tensor 

functions, is presented. This general method is based on mathematical principles rather than 

bespoke models of unique physics; hence it is able to describe material anisotropy of any crystal 

symmetry and arbitrary physics, regardless of their dimension (i.e., scalars vs. tensors). In some 

simple cases for example two dimensional problems, the integrals derived in this new 

methodology can be evaluated analytically, otherwise they can be solved using numerical 

quadrature. This framework reduces any anisotropy function to a positive real number, 

measuring deviation from isotropy. The framework is through two specific examples: crystal 

elasticity and ferromagnetic crystal anisotropy. The method is verified to produce comparable 

results to established techniques in both fields and is shown to enable new discussions of 

material anisotropy were previously impossible or cumbersome to compute. It is also shown able 

to compare anisotropies of different physics across the same crystals. The impact of this ability is 

elucidated through the result that hexagonal Cobalt is more magnetically anisotropic than cubic 

Iron but less elastically anisotropic, resulting in understanding that “more or less” anisotropic is 

not a general property of a crystal symmetry, but rather a convolved property of the crystal 

symmetry and the physics. Furthermore, the technique can compare the anisotropies of the same 

physics across different crystal symmetries. In this regard, the result that cubic Potassium is more 

anisotropic than monoclinic Nickel Titanium shows that “more or less” anisotropic does not 

directly correlate to “more or less” symmetry of the crystal structure. Finally, one natural 

generalization of this technique to Cartesian tensors of arbitrary order is proposed. 
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CHAPTER 1  

INTRODUCTION 

It is well known that many physical phenomena of materials exhibit some degree of 

anisotropy, simply stated as a directional dependence on the outcome of a measurement. For 

example, consider a plate in which heat conducts to the right more quickly than it conducts 

upwards, or a crystal in which applied electric fields are not parallel to the observed current 

density. Anisotropy is commonly associated with physical phenomena of crystals e.g, [1], 

processing of metals, polarization of magnets, or the conduction of heat and electricity. The tools 

of Cartesian tensor analysis provide a framework for many anisotropy focused calculations; 

rotations, asymmetric/antisymmetric irreducible parts, and eigenvalue decompositions are a few 

of the methods used to quantify and describe anisotropic behavior. But there are other questions 

not easily answered by these standard techniques, for example how much more or less 

anisotropic X is compared to Y, where X and Y may be the responses of two different crystals to 

the same set of stimuli. Visualization techniques can be used to project various tensor 

components onto surfaces [1, p. 144], and in principle, plots of two surfaces can be visually 

compared to qualitatively assess “more vs. less” anisotropy. For the purpose of science and 

engineering problems, the eyes are not a good scientific instrument, a more concrete quantitative 

method is needed. 

 

There are many physical problems that use these kinds of anisotropy comparisons. For 

example, the elastic stiffnesses of cubic crystals are compared using the “Anisotropy Ratio,” 

which is sometimes called the Zener index. However, this ratio does not generalize to other 

crystal symmetries: for example, you cannot use the Anisotropy Ratio to compare the elastic 

response of cubic and monoclinic crystals. To address this gap, Ranganathan and Ostoja-

Starzewski developed the “Universal Elastic Anisotropy Index” [2], which was derived by 

applying variation principles to homogenized crystal elasticity equations. While this measure 

succeeds in generalizing the Zener ratio to non-cubic crystals, it comes at a significant 

computational cost. Furthermore, “Universal Elastic Anisotropy Index” is not applicable to other 

kinds of physics problems; for exampe it could not be applied to other physics like ferroelasticity 
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or ferromagnetism, and is not generalizeable to tensor functions of arbitrary order. Many fields in 

mechanics and materials science are littered with these kinds of generalizations that are 1) 

limited to a unique physical problem, 2) cannot handle a wide class of material behaviour within 

that problem. Attempts to overcome these two points typically lead to unnecessary mathematical 

complexity and an inability to carryover techniques from one field to analyze problems in 

another. 

 

In this work, a more general, integral-based method for comparing anisotropy 

independent of the physical context of the anisotropy is proposed. This method may be used to 

quantify anisotropy described by any scalar or tensor function as is common in mechanics and 

materials science. Furthermore, the outputs of this integration are positive real numbers that 

allow for direct comparisons between anisotropies, for example between the elastic anisotropy of 

a cubic and monoclinic crystal, or even between different physical phenomena, such as 

ferromagnetic and elastic anistropy of the same crystal. The scalar version of this method is 

presented in the following section followed by two case studies, elastic crystal anisotropy & 

ferromagnetic crystal anisotropy. With a single substitution the method is capable of handling 

simple collections of many anisotropic crystals “added up”, this is used to analyze “textured” 

collections of ferromagnetic crystals. In the end, one possible generalization of the method to 

tensors of arbitrary order is proposed. 

 

1.1 Summary of related topics 

Similar investigations into the elastic properties of crystals have occurred starting with 

Zener 1948, who proposed the “Zener Ratio” for cubic crystals, sometimes called the anisotropy 

ratio. Zener’s ratio compares the response of a crystal to two different kinds of shearing stresses 

and makes the observation that an isotropic crystal should respond identically to both kinds of 

shearing, a Zener ratio of one indicates isotropy [3]. In 1967 Cheng & Buessem proposed a new 

anisotropy measure for cubic crystals based on Voigt and Reuss averages of the shear modulus. 

The ratio proposed by Cheng & Buessem indicates isotropy at a value of zero and is strictly 

positive with magnitude proportional to the anisotropy present, this new ratio more accurately 

captures the notions of isotropy and magnitudes of anisotropy of a cubic crystal [4]. Despite the 

excellent performance of this new quantity it is still limited to analysis of cubic crystals and 
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cannot be used on other common crystal symmetries. To remedy this limitation Ledbetter and 

Migliori proposed a new anisotropy measure in 2006 based on the ratio of maximum to 

minimum shear wave velocities. They calculate these values theoretically using the Christoffel 

Equation and assert that their ratio is applicable to any elastic crystal symmetry and suggest, “It 

gives meaning to previously unanswerable questions such as the following: is zinc (hexagonal) 

more or less anisotropic than copper (cubic)? is alpha-uranium (orthorhombic) more or less 

anisotropic than delta-plutonium (cubic)?” [5]. In 2008 Ranganathan and Ostoja-Starzewski 

proposed the “Universal Elastic Anisotropy Index” a new measure applicable to all crystal 

symmetries [2]. Again, this measure predicts isotropy at a value of zero and is strictly positive 

with magnitude commensurate to the amount of anisotropy present. Literature contains many 

more examples of anisotropy indicators as well as techniques specific to limited sets of crystal 

systems; for example Kube (2016) [6] or Lau & McCurdy (1998) [7]. None of the 

aforementioned literature is appropriate for analysis of anisotropy arising from problems not 

related to crystal elasticity, and it is not clear how these methods may be extended for use with 

other kinds of anisotropic phenomena in materials. 

 

In the field of ferromagnetism similar interests to compare anisotropy exist with respect 

to the ferromagnetic crystal anisotropy energy, often called crystal anisotropy. This scalar 

function is a measure of the energy required to polarize a ferromagnetic crystal in a given 

direction. Landau & Lifshitz (1935) [8] preformed a mathematical investigation into the role of 

the crystal anisotropy energy in determination of stable magnetic configurations using energy 

minimization techniques. They determined that a stable ferromagnetic polarization configuration 

for a body follows the minima of the crystal anisotropy nearly everywhere except for a small 

region where quantum mechanical effects dominate. Brown (1940-1962) [9]  published a series 

of works elaborating on the energetics of a ferromagnet and developed a new set of equations 

describing stable static configurations of a ferromagnetic body. Referred to as Brown’s equations 

these are a set of three nonlinear partial differential equations for which very few exact solutions 

are known and costly numerical simulations the standard method of inquiry. In the context of 

soft magnets, devices that require very small external fields to realign the internal magnetic 

microstructure, complete numerical simulations are difficult to achieve because of conflicting 

requirements within the spatial and temporal domains: a very fine spatial mesh is required to 
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discern the regions where quantum mechanical effects dominate and yet large amounts of time 

must be integrated. Soft magnetic materials have received renewed interest in the last two 

decades due to the discovery of a class of materials known as Metal Amorphous Nano 

Composites (MANC); these new materials are lighter and more efficient that conventional soft 

magnets, particularly at high frequencies [10]. These nanocomposites are fabricated as ribbons 

usually on the order of one inch  and twenty micrometers in thickness; the final microstructure of 

these materials consists of an amorphous metallic glass surrounding a series of magnetic 

inhomogeneities usually fifteen to twenty nanometers in diameter [11]. Presently, the magnetic 

behavior of these MANC materials is understood through the use of Herzer’s “Random 

Anisotropy Model” [12] (RAM) which uses scaling arguments to balance the crystal anisotropy 

energy for a collection of inhomogeneities with the quantum mechanical exchange interaction. 

Herzer’s model is widely accepted and predicts the magnetic properties of many MANC 

materials but it relies on the crucial assumption that the nanocrystals are randomly oriented; 

recent work on the model by Suzuki (1998) [13] has extended RAM to two phase systems, 

Herzer (2005) [14] revisited the model and added the ability to superpose new kinds of external 

anisotropies, not necessarily arising from the nanocrystals. A novel question then arises, what if 

the nanocrystals are not randomly oriented? Can we develop a technique to examine the effect of 

texture on the crystalline anisotropy of MANC materials, and if so can texture lead to improved 

soft magnetic performance? 
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CHAPTER 2  

THE NEW METHOD 

2.1 Preliminary: The Domain and Range of Scalar Anisotropy Functions 

“Anisotropy” describes the directional dependence of a physical phenomenon; the value 

of some measured quantity that depends on the direction of measurement. We refer to an 

anisotropy function as a general mathematical function whose values varies according to the 

direction of the input; physical examples include the “directionally dependent” Young’s 

modulus, electrical resistivity, or thermal conductivity of a material. For any tensor describing an 

anisotropic material phenomenon, it is possible to create a scalar anisotropy function that 

describes the directionally dependent effect of a specific tensor component. Such a function is 

defined to operate on a specific direction but can just as easily be thought of acting on the set of 

all possible directions. This set is an infinite collection of rays emanating from a common origin, 

where every possible direction corresponds with exactly one ray. Now consider a sphere centered 

coincident with the origin of this set of rays and notice that each ray intersects the sphere at 

exactly one point; there is a 1:1 correspondence between rays of directions and points on a 

sphere, to help visualize this process examine Figure A.1 found in Appendix A on pg.42. Also 

notice that the rays of directions impact every possible point on the sphere; this identification is 

“onto”. Hence, the simultaneous 1:1 and onto correspondences create a mathematical 

isomorphism. Irrespective of the physics they describe, the domain of scalar anisotropy functions 

is a sphere of directions. For the sake of convenience, a sphere with unit radius is chosen. This 

use of the term domain may be a source of confusion for certain readers and a more precise 

description is necessary. We use the term domain to mean a space from which the values of an 

anisotropy function are determined, for example scalar anisotropy functions assign values to 

directions and thus have the sphere as a domain. Cartesian tensor components can only be 

prescribed once a set of orthonormal axes has been fixed, the domain of these anisotropy 

functions is more complicated, and this discussion is deferred until Chapter 5.  

 

It is also possible to consider the range of an anisotropy function in an abstract fashion. 

Consider a scalar anisotropy function with inputs that are the points on a unit sphere and outputs 

that are scalar values, commonly real numbers. Two equally suitable techniques are presented for 
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visualizing the range of a scalar anisotropy function: 1) the scalar field perspective and 2) the 

transformation perspective. In the first case, a scalar anisotropy function defines a field of real 

numbers on the unit sphere such that one number is assigned to each point on the sphere, as 

visualized by the top of Figure 2.1; this perspective is similar to imagining a temperature field on 

the domain. In the second case, the anisotropy function scales individual input points on the 

sphere radially inwards or outwards a distance equal to the scalar value output, as visualized in 

the bottom of Figure 2.1; with this perspective, the anisotropy function transforms unit spheres to 

other surfaces. This technique of considering either perspective is also applicable to tensor 

valued anisotropy functions, though the visualization techniques for plotting the range of such 

functions is more complicated (see, for example [1, p. 143]. Ultimately, because tensor 

components are scalar values it is customary to visualize only the components of interest as 

distinct surfaces. 

 

One final insight into the domain and range may be gained by considering the degenerate 

anisotropy function, isotropy. In this case, considering the input to be a unit sphere, the output is 

also a sphere, not necessarily a unit sphere. This notion of isotropy may be used to define 

anisotropy functions by identifying what they are not, namely a constant scalar function on the 

domain or a transformation from the unit sphere to another sphere. It is this comparison between 

spheres and anisotropy functions that provides the basis for this method. 

 

2.2 The Mathematics of Comparing Anisotropy Functions 

The task of mathematically comparing anisotropy functions contains two steps. First, 

determine if a function under consideration is in fact isotropic; to do this compute the mean value 

of the anisotropy function over the sphere and note that an isotropic function is equal to its mean 

value everywhere. Second, the squared difference between the anisotropy function and its mean 

value are added up over the domain to determine a “distance from isotropy.” If an anisotropy 

function is in fact isotropic then the squared distance between itself and mean value is identically 

zero. 
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Figure 2.1:Two visualization techniques for the range of a scalar anisotropy function. (a) shows 
the “scalar field perspective,” in which a scalar value is assigned to each point on the domain and 
the variation in those values can be visualized using a contour plot. (b) shows the 
“transformation perspective” in which each point on the domain is scaled by the anisotropy 
function, transforming the sphere into a new surface. 

 
Figure 2.2 illustrates the difference between an anisotropy function and its mean value using a 

simplified 2D example; note that some differences are positive and others negative, to prevent 

cancellation differences are squared so that the distance from isotropy is always a non-negative 

number.  

 

To determine a mean value, the values of the anisotropy function at each point are 

summed up and divided by the area of the unit sphere, 4𝜋. Mathematically, the “mean value” 𝑀 

can be calculated for any scalar anisotropy function 𝑓 defined on the unit sphere according to the 

mean value theorem [15, pp. 891–892]: 
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𝑀 = 14𝜋' '𝑓	𝑠𝑖𝑛𝜃 𝑑𝜃 𝑑𝜑
!

"

.
#!

"

	 (2.1) 
The mean value, M, can then be used to quantify the difference from isotropy using the L2 norm 

on function spaces: which can be read about in any standard text on Mathematical Analysis [16, 

p. 326] 

𝑑# =	' '(𝑓 −𝑀)#𝑠𝑖𝑛𝜃 𝑑𝜃 𝑑𝜑
!

"

.
#!

"

(2.2) 
In the chosen spherical coordinate convention, curves of constant 𝜃 trace out parallels while 

curves of constant 𝜑	trace out meridians on the sphere. Notice that if 𝑓 is an isotropic function 

(simply a constant) and does not depend on the coordinates chosen, it can be factored out of the 

integral in Equation (2.1) and thus 𝑀 = 𝑓	. Upon substitution into Equation (2.2) the integrand 

would identically vanish and produce a distance from isotropy of zero.  It is a significant feature 

of these two equations that the distance from isotropy of an isotropic function identically 

vanishes, while any function that varies with direction will lead to a positive value of 𝑑#. 

 

2.3 Nondimensionalization Scheme 

Consider two, two-dimensional, anisotropy functions like ellipses. Suppose that these 

ellipses have the same aspect ratio, two to one for example, but one is much larger than the other. 

Is it fair to state that one of these shapes is more anisotropic than the other? In some sense the 

larger one is more anisotropic, after all the difference between the major and minor axes lengths 

could be several times larger for the bigger shape. Yet, many would argue that these are 

congruent shapes and as such one cannot be considered more or less anisotropic than the other, it 

is the relative differences between directions that matter not the absolute differences. Both of 

these perspectives can be addressed using nondimensionalization. To enable this flexibility, 

determine the maximum value of an anisotropy function. 

𝑓$%& = {𝑓(𝜃", 𝜑"): 𝑓(𝜃", 𝜑") ≥ 𝑓(𝜃, 𝜑)	∀	(𝜃, 𝜑) ∈ [0, 𝜋] × [0,2𝜋]} (2.3) 
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Figure 2.2: Two-dimensional illustration of the difference between a general anisotropy function, 
green curve, and its mean value, purple curve. Positive differences are illustrated by cyan arrows 
and negative differences are illustrated by red arrows. Because these differences can cancel out, 
which is undesired, all differences are squared before integration over the domain. 
 

To nondimensionalize an anisotropy function simply divide it by its maximum value and 

immediately observe three key benefits; first the range of the function is now limited between 

zero and one so that absolute size no longer affect the distance from isotropy, second the 

anisotropy function is now unitless which enables us to make some rather novel comparisons 

between anisotropy functions from different physical origins, third this procedure can be 

implemented into Equation (2.2) efficiently due to the fact that 𝑓$%& is a constant and can be 

factored out of any integration. A nondimensional distance from isotropy is then defined as 

𝑑'(# = 1𝑓$%&#
	' '(𝑓 −𝑀)#𝑠𝑖𝑛𝜃 𝑑𝜃 𝑑𝜑

!

"

#!

"

(2.4) 
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If comparison in an absolute sense is needed use Equation (2.2) as the distance from isotropy, if 

comparison in a relative sense is needed use Equation (2.4) above. For the remainder of the 

work, particularly with numerical computations, the reader can safely assume that 

nondimensionalized anisotropy functions are being considered. 

 

2.4 Comparing Collections of Anisotropy Functions 

There have been decades of research devoted to methods for combining anisotropy functions 

given a specific physical problem, for example the Voigt and Reuss averages used to estimate the 

elastic behavior of a collection of crystals. While there are many schemes for how anisotropy 

functions can be combined, each of these depends greatly on the specific problem under 

consideration. The aforementioned Voigt and Reuss averages are of particular interest here 

because of their simplicity and straightforward interpretation, they correspond to an addition in 

series or an addition in parallel demonstrated in [17, pp. 123–125]. In Chapter 4 a simple 

combination in series is studied using Equation (2.5), though one could elect to add the 

functions in parallel using Equation (2.5.1) if the problem of interest is better modeled that way. 

Figure 2.3 contains an illustration demonstrating the use of Equation (2.5) to combine two scalar 

anisotropy functions in series. 

𝑓)*++,)-.*/ = 𝑓0 +⋯+	𝑓' (2.5)	
𝑓)*++,)-.*/ = C1𝑓0 +⋯+ 1𝑓'D

10 (2.5.1)	
 

2.5 Analysis of Anisotropy Functions on Subsets of the Sphere 

While Equations (2.1) and (2.2) integrate over the entire domain of a scalar anisotropy 

function, local analysis on subsets of the sphere is also possible. The ability to restrict integration 

allows this technique to study anisotropy functions that do not require the full set of possible 

directions, for example problems that occur in a plane or along some curve or cone of directions. 

In Chapter 3 the technique is used to study the Young’s Modulus anisotropy function of several 

crystals restricted to a single plane. 
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Figure 2.3: Illustration demonstrating the addition of two anisotropy functions and an example of 
a subset on which one might integrate locally  a) two randomly oriented anisotropy functions 
with a common reference coordinates to be added using Equation (2.5), b) the resultant 
anisotropy function and the unchanged reference coordinate system, and c) the intersection of the 
resultant surface with the x-y plane of the reference coordinates. The intersection of this surface 
and the (x-y) plane is an example of a subset of the sphere where the distance from isotropy can 
be used. 
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CHAPTER 3  

ANISOTROPIC ELASTICITY 

In this chapter we introduce a number of elastic crystals partitioned according to 

symmetry classes and present an anisotropy function to be considered, the directionally 

dependent Young’s Modulus. Second, this chapter demonstrates the technique analytically using 

a simplified 2D analysis on a single plane. In this case the integrals for mean value and distance 

from isotropy can be solved exactly for every material considered. Then the complete sphere of 

directions is considered, and the technique compared with the well-known “Anisotropy Ratio” or 

“Zener Ratio” of cubic crystals and a min-max ratio. Additionally, the method is used on a 

Cobalt crystal, with hexagonal symmetry, for which no Anisotropy Ratio exists as well as a 

monoclinic Nickel Titanium crystal and discuss an interesting result on the relationship between 

anisotropy and symmetry. 

 

3.1 Cubic Materials 

There is an established measure for the elastic anisotropy of cubic crystals, it is the well-

known Anisotropy Ratio, 𝐴, which can be determined from cubic elastic constants according to 

([18, p. 35] and [3]): 

𝐴 = 2(𝑆00 − 𝑆0#)𝑆22 (3.1) 
This ratio indicates whether or not a cubic crystal is isotropic: it is well known that Tungsten is 

very nearly isotropic and has an Anisotropy Ratio equal to one [18, p. 654], in general this 

number can be both positive or negative. For a cubic crystal, the Young’s Modulus, 𝐸)34.), in a 

chosen direction can be determined using the following formula from [1, p. 145]. 

 

𝐸)34.)10 = 𝑆00 − (2(𝑆00 − 𝑆0#) − 𝑆22)(𝛼#𝛽# + 𝛽#𝛾# + 𝛾#𝛼#) (3.2) 
Here (𝛼, 𝛽, 𝛾) = (𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑, 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑, 𝑐𝑜𝑠𝜃) are components of a direction vector written in 

spherical coordinates; an illustration is included in Appendix A, Figure A.2 on pg. 44 that 

illustrates this spherical coordinate convention. A depiction of several anisotropy surfaces 

Equation (3.2) can generate for different materials is seen in Figure 3.1a, b, c) for Tungsten, 

Iron/Nickel, and Potassium respectively. In Figure 3.1 all of the anisotropy functions have been 
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nondimensionalized so that a red region has magnitude of approximately one. Table 3.1 provides 

the material constants used to generate the surfaces and to perform calculations, these values 

were taken from [19, Secs. 15–5]. 

 

Table 3.1:Cubic compliance constants taken from [19, Secs. 15–5]. Used in Figure 3.1. 

Material 𝑺𝟏𝟏[𝑻𝑷𝒂1𝟏] 𝑺𝟒𝟒[𝑻𝑷𝒂1𝟏] 𝑺𝟏𝟐[𝑻𝑷𝒂1𝟏] 
Tungsten 2.49 6.35 -0.70 

Nickel 7.67 8.23 -2.93 

Iron  7.67 8.57 -2.83 

Potassium 1215 531 -558 

 

 

Figure 3.1: Surfaces representing the directionally dependent Elastic Modulus of various 
crystals: a) Tungsten, b) Iron/Nickel, c) Potassium, d) Cobalt ,e)B19’NiTi. Surfaces are 
generated using Equations (3.2),(3.3),(3.4) using values in Table 3.1, 3.2, & 3.3 of the 
following sections. 
 
3.2 Hexagonal Case 

The directionally dependent Young’s Modulus of a hexagonal crystal, 𝐸8,&%9*/%+, is 

given by the formula found in [20]. 
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𝐸8,&%9*/%+10 =	𝑆00𝑠𝑖𝑛2𝜃 +	𝑆::𝑐𝑜𝑠2𝜃 + (𝑆22 + 2𝑆0:)𝑠𝑖𝑛#𝜃𝑐𝑜𝑠#𝜃 (3.3) 
Where the angle 𝜃 is chosen to agree with the choice of spherical coordinates from before, as in 

Figure A.2, pg. 44. A depiction of an anisotropy surface Equation (3.3) can generate is seen in 

Figure 3.1 d) for a cobalt crystal. Table 3.2 provides the material constants used to generate the 

surface and to perform calculations, these values were taken from [19, Secs. 15–6]. 

 

Table 3.2: Cobalt compliance constants taken from [19, Secs. 15–6]. Used in Figure 3.1. 

Material 𝑺𝟏𝟏[𝑻𝑷𝒂1𝟏] 𝑺𝟑𝟑[𝑻𝑷𝒂1𝟏] 𝑺𝟒𝟒[𝑻𝑷𝒂1𝟏] 𝑺𝟏𝟐[𝑻𝑷𝒂1𝟏] 𝑺𝟏𝟑[𝑻𝑷𝒂1𝟏] 
Cobalt 5.11 3.69 14.1 -2.37 -0.94 

 

3.4 Monoclinic Case 

The directionally dependent Young’s Modulus of a monoclinic crystal, 𝐸$*/*)+./.) , can 

be written as found in [21] 

𝐸$*/*)+./.)10 = 𝛼2	𝑆00 + 2𝛼#𝛽#	𝑆0# + 2𝛼#𝛾#	𝑆0: + 2𝛼:𝛾	𝑆0< + 𝛽2	𝑆## + 

2𝛽𝛾	𝑆#: + 2𝛼𝛽#𝛾	𝑆#< + 𝛾2	𝑆:: + 	2𝛼𝛾:	𝑆:< + 𝛽#𝛾#	𝑆22 + 

2𝛼𝛽#𝛾	𝑆2= + 𝛼#𝛾#	𝑆<< + 𝛼#𝛽#	𝑆== (3.4) 
Here (𝛼, 𝛽, 𝛾) = (𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑, 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑, 𝑐𝑜𝑠𝜃) are components of a direction vector written in 

spherical coordinates. A depiction of an anisotropy surface Equation (3.4) can generate is seen 

in Figure 3.1e) for B19’ NiTi, notice that this surface is significantly less symmetric than the 

other surfaces and is difficult to understand by a single image. For this reason, Figure 3.2 

contains both a depiction of the parallelepiped exhibiting monoclinic symmetry and several 

planar sections of the surface from Equation (3.4). The monoclinic basis vectors are chosen to 

agree with [21] and a suitable introduction to this crystal system is available in [22, p. 59], this 

convention sets 	𝛼 = 𝛾 = 90° while 𝛽 = 97.8° and the three basis lengths are {𝑎, 𝑏, 𝑐} =
{4.685, 4.035, 2.941}𝐴. Of particular interest in the following section is the intersection of 

Equation (3.4) with the (x-y) plane shown in Figure 3.2b). Table 3.3 provides the material 

constants used to generate the surfaces and to preform subsequent calculations, these values were 

taken from [21], note that these are stiffness values and must be inverted to determine 

compliances. 
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Table 2.3:Monoclinic stiffness values taken from [21] for Figure 3.1 and Figure 3.2. All values 
given in GPa. 

Material  𝑪𝟏𝟏 𝑪𝟏𝟐 𝑪𝟏𝟑 𝑪𝟏𝟓 𝑪𝟐𝟐 𝑪𝟐𝟑 𝑪𝟐𝟓 𝑪𝟑𝟑 𝑪𝟑𝟓 

𝜷𝟏𝟗?𝑵𝒊𝑻𝒊 223 129 99 27 241 125 -9 200 4 

 𝐶22 𝐶2= 𝐶<< 𝐶==      

 76 -4 21 77      

 

 
Figure 3.2: a) Depiction of the monoclinic parallelepiped spanned by crystallographic vectors �⃗�, �⃗̀�, 𝑐 with the orthogonal x,y,z coordinate lines typically used for computation, the angle 
between �⃗�, 𝑐 is only slightly greater than 90 degrees and vector 𝑐 lies in the (x-y) plane. This 
convention sets  α=γ=90° while β=97.8° and the three basis lengths are {a,b,c}= 
{4.685,4.035,2.941}A. b) Elastic modulus surface for B19’ NiTi sliced along the (x-y) plane. 
The curve exposed by slicing along the (x-y) plane is examined explicitly in the following 
section. c) Elastic modulus surface for B19’ NiTi sliced along the (y-z) plane. c) Elastic modulus 
surface for B19’ NiTi sliced along the (z-x) plane 
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3.5 Analysis of Anisotropy Functions on Subsets of the Sphere 

To demonstrate use of the distance function, this section performs several explicit 

analytical calculations of the mean value and distance from isotropy associated with elastic 

crystals. Because these calculations are intended to be illustrative, the work in this section is 

simplified to a subset of the sphere, specifically a 2D analysis along the (x-y) planes in Figure 

3.1 & 3.2. These calculations show how the technique is used in general and demonstrates the 

effectiveness of the distance function for problems confined to subsets of the sphere.  

 

Because this analysis does not encompass the entire sphere of possible directions a 

modification should be made to the mean value of an anisotropy function, previously given in 

Equation (2.1). Notice that the averaging scheme should be changed to account for the 

difference in “area or perimeter” between the sphere and the circle lying in the (x-y) plane, the 

area of the unit sphere is 4𝜋 where the perimeter of this circle is only 2𝜋. The distance from 

isotropy function, Equation (3.6), is unchanged and applying the substitution 𝜃 = !

#
 to Equation 

(2.2) directly gives (3.6), however the mean value of the anisotropy function in Equation (3.6) 
has been divided by the perimeter of the circle as opposed to the area of the sphere.  

𝑀(&1A) = 12𝜋' 𝑓a𝜃 = 𝜋 2b , 𝜑c 𝑑𝜑
#!

"

(3.5)	
𝑑(&1A)# = ∫ a𝑓a𝜃 = 𝜋 2b , 𝜑c − 𝑀(&1A)c# 𝑑𝜑#!

"
(3.6)

First consider the anisotropy function 𝑓8,&%9*/%+ for elastic hexagonal crystals, Equation (3.3), 
and notice that this function does not depend on the angular coordinate 𝜑 explicitly. In fact, 

when the substitution 𝜃 = !

#
 is made into (3.3) we are left with a rather simple anisotropy 

function. 

𝑓8,&%9*/%+(&1A) = 1 𝑆00b (3.7)	
The mean value of a constant function is given by the function itself as verified by (3.5) 

𝑀8,&%9*/%+	(&1A) =	1 𝑆00b (3.8) 
and when substituted into (3.6) the integrand identically vanishes giving  

𝑑8,&%9*/%+	(&1A) = 0 (3.9)	
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The fact that the anisotropy function describing a hexagonal elastic crystal is perfectly isotropic 

in this plane is seen by inspecting the surface in Figure 3.1d). This figure also suggests we 

examine the cubic material Tungsten, Figure 3.1a). Despite significant differences between the 

anisotropy functions for elastic hexagonal and cubic materials, a similar cancellation occurs 

when Tungsten is investigated. Consider the anisotropy function for a cubic elastic material as 

given by Equation (3.2), when the substitution 𝜃 = !

#
 is made terms containing the angular 

coordinate 𝜑 remain in the denominator, specifically. 

𝑓)34.)	(&1A) = 1𝑆00 − (2(𝑆00 − 𝑆0#) − 𝑆22)𝑐𝑜𝑠#𝜑𝑠𝑖𝑛#𝜑 (3.10)	
Recall that the Anisotropy Ratio for Tungsten is exactly one and rearrange Equation (3.1) to see 

that when 𝐴 = 1 the quantity “2(𝑆00 − 𝑆0#) − 𝑆22” identically vanishes. This rearrangement 

bears the name Compliance Anisotropy Factor, denoted J, and is described in[18, p. 338]. When 

𝐽 = 0 an elastic cubic material is isotropic, in general J can have either positive or negative 

values. 

2	𝐽 = 2(𝑆00 − 𝑆0#) − 𝑆22	 
giving 

𝑓D3/9E-,/	(&1A) =	1 𝑆00b (3.11)	
Because 𝑓D3/9E-,/	(&1A) is a constant, it follows that the distance from isotropy for Tungsten, 

𝑑D3/9E-,/	(&1A) = 0, perfect isotropy in plane. None of the other surfaces in Figure 3.1 appear to 

be isotropic in the (x-y) plane and in general for cubic materials the cancellation seen with 

Tungsten does not occur. We now begin to examine the behavior of cubic anisotropy functions 

supposing that 𝐴 ≠ 1. Explicit substitution of (3.10) into (3.5) & (3.6) gives, 

𝑀)34.)	(&1A) = 12𝜋' 1𝑆00 − (2(𝑆00 − 𝑆0#) − 𝑆22)𝑐𝑜𝑠#𝜑𝑠𝑖𝑛#𝜑𝑑𝜑
#!

"

(3.12) 

𝑑)34.)(&1A)# = ' C 1𝑆00 − (2(𝑆00 − 𝑆0#) − 𝑆22)𝑐𝑜𝑠#𝜑𝑠𝑖𝑛#𝜑 −𝑀)34.)(&1A)D# 𝑑𝜑
#!

"

(3.13) 
Both of these integrals can be solved exactly using Cauchy’s Residue Theorem as stated in [23]; 

for a discussion on how to rewrite integrals of this form in terms of complex contours, identify 

poles and residues, and evaluate using the residue theorem see [24, p. 522]. 
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𝑀)34.)	(&1A) = 2 g𝑆00(2𝑆00 + 2𝑆0# + 𝑆22)h (3.14)	
𝑑)34.)(&1A)# = 2𝜋 i𝑀# − 16𝑀𝑆00# + 2	𝐽 − 4	𝑆00(2 + 𝑀	2	𝐽)

a𝑆00(2	𝑆00 + 2	𝑆0# + 𝑆22)c: #⁄
j (3.15)	

While these two expressions are formidable looking, both are easily programmed into a 

calculator or computer algebra system for rapid evaluation on a large selection of cubic 

materials.  

 

Finally, consider the anisotropy function representing the elastic response of a monoclinic 

crystal as given in Equation (3.4). When the substitution 𝜃 = !

#
 is made the formula for mean 

values and distance from isotropy are given by  

𝑀$*/*(&1A) = 12𝜋' 1𝑆00𝑐𝑜𝑠2𝜑 + 𝑆##𝑠𝑖𝑛2𝜑 + (2	𝑆0# + 𝑆==)𝑐𝑜𝑠#𝜑𝑠𝑖𝑛#𝜑𝑑𝜑
#!

"

(3.16) 

𝑑$*/*(&1A)# = ' C 1𝑆00𝑐𝑜𝑠2𝜑 + 𝑆##𝑠𝑖𝑛2𝜑 + (2	𝑆0# + 𝑆==)𝑐𝑜𝑠#𝜑𝑠𝑖𝑛#𝜑 −𝑀$*/*(&1A)D# 𝑑𝜑
#!

"

(3.17) 
These integrals are solved using Cauchy’s residue formula and the details of the calculation are 

similar to those found in the determination of Equation (3.14) & (3.15). But the higher powers 

found in the denominators these expressions lead to 8th and 17th order polynomial equations, 

respectively, for the poles of the integrands. It is impractical to enumerate the residues or the 

complete solutions here, for more detail examine Appendix C.  

 

Figure 3.3 illustrates the result of (x-y) plane analysis for all of the materials given in 

Tables 3.1,3.2, & 3.3. In this figure the min-max ratio, calculated within the (x-y) plane, is 

compared with the analytical results for the distance function presented above. The min-max 

ratio is another measure of anisotropy commonly used in crystal elasticity. This ratio is found by 

dividing the maximum value of an anisotropy function by its minimum value, as such an 

isotropic function will have a min-max ratio of one. Therefore, one has been added to the 

distance from isotropy values so that the distance function and the min-max ratio agree on the 

value of isotropy, and the distance function has been divided by the maximum value of the 

anisotropy function as in Equation (2.4) to nondimensionalize the plot. Many of the results in 
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this figure are predictable: we determined analytically that both Cobalt and Tungsten are 

perfectly isotropic in the (x-y) plane, Iron and Nickel are nearly indistinguishable due to similar 

compliance values, and Potassium appears very anisotropic in Figure 3.1. However, Potassium 

has both a higher anisotropy metric and min-max ratio in the (x-y) plane than the monoclinic 

NiTi crystal, in fact the difference is significant 𝑑'.D.(&1A)'( = 0.3784 as compared to 𝑑G(&1A)'( =
0.5341. This result defies conventional thinking regarding symmetry and anisotropy: typically, 

less symmetric crystals are estimated to be more anisotropic than their more symmetric 

counterparts. In the following section this analysis will be continued numerically, without 

restriction, over the whole sphere of directions and more interesting results will be seen, 

particularly with respect to Potassium and NiTi.  

 

Figure 3.3: Examination of the elastic modulus anisotropy functions for a collection of cubic, 
hexagonal, and monoclinic crystals. These functions are directly compared using the min-max 
ratio and the scaled non dimensional anisotropy distance metric, in this case a value of 1 
indicates isotropy. This analysis is limited to a subset of the sphere, particularly the (x-y) planes 
seen in Figure 3.1. Notice that Tungsten and Cobalt are exactly isotropic as predicted earlier, 
Iron & Nickel are similar due to their comparable compliance values, and cubic Potassium is 
predicted to be more anisotropic than the monoclinic NiTi crystal. 
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3.6 Analysis of scalar Anisotropy Functions on the Sphere  

In the previous section the method was confined to a 2D subset of the unit sphere of 

directions, because of this simplification we were able to determine mean values and distances 

exactly within the (x-y) planes, these results were presented in Figure 3.3. When this analysis is 

carried out over the whole sphere of directions it is no longer possible to integrate the resulting 

mean values and distance from isotropy values exactly and numerical methods are employed. 

Fortunately, these integrals are easy to evaluate numerically and an illustrative code that 

computes them is included in Appendix B. This section compares the min-max ratio, Anisotropy 

Ratio (where appropriate), and the distance function for six materials over the entire sphere of 

directions. 

 

Similar to Figure 3.3, Figure 3.4 compares the nondimensionalized distance from 

isotropy to the min-max ratio and the anisotropy factor of several materials using the complete 

sphere of directions. As in the previous figure, because both the anisotropy ratio and min-max 

ratio are dimensionless we divide the distance from isotropy, which contains units inherited by 

the anisotropy function, by the maximum value of the anisotropy function as discussed earlier. 

This practice is recommended when attempting to compare results between anisotropy functions. 

We have also added one to the distance from isotropy so that all measures predict an isotropic 

material at a value of one. 

In Figure 3.4 all methods agree that tungsten is nearly perfectly isotropic, and the 

qualitative trend W<Co<Fe<Ni<NiTi<K can be seen in the mix-max ratio, but not the integral 

error. This figure questions some preconceived ideas about the nature of symmetry and 

anisotropy in general. In materials science symmetry is frequently used as an a priori indicator of 

anisotropy, but it is observed here that cobalt, a crystal with five elastic constants, is closer to 

isotropy than Iron, Nickel, and Potassium, which have three independent elastic constants. 

Additionally, the min-max ratio predicts that Potassium is more anisotropic than NiTi yet the 

nondimensional distance from isotropy predicts approximately 10% more anisotropy for the 

NiTi. 
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Figure 3.4: A comparison of anisotropic elasticity measures for six materials. The Anisotropy 
ratio and min-max ratio are compared to the nondimensional distance from isotropy given by (2.4), we have increased the value of the distance by one so that all methods predict isotropic 
behavior at unity. Notice the distance function is applicable to any crystal system of interest 
where the anisotropy ratio only applies to cubic crystals. The qualitative trend 
W<Co<Fe<Ni<NiTi<K can be seen in the min-max ratio, but the distance from isotropy predicts 
that NiTi is more anisotropic than K, in contrast to the 2D analysis earlier. 
 

Which of the methods in Figure 3.4 is a more general indicator of the anisotropy of these 

surfaces? The Anisotropy Ratio is only applicable to cubic crystals. Both the min-max ratio and 

integral error are applicable to any kind of crystal elasticity problem, but they can disagree. It is 

not difficult to imagine a shape for which the min-max ratio would yield very poor results, 

consider for example a perfect sphere with a few large “spike” perturbations, similar to Figure 

3.1c) illustrating the Young’s Modulus of Potassium. Because the distance from isotropy uses 

information from every point on the surface, as opposed to just two, it is better suited to 

determine if a surface is more anisotropic “on the whole” and we believe provides a better 

quantitative measure. This kind of discrepancy in the prediction between these methods 

highlights the need for more accurate techniques for the quantification of anisotropy problems. 
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CHAPTER 4  

FERROMAGNETIC CRYSTAL ANISOTROPY 

The distance from isotropy can be used to examine ferromagnetic crystal anisotropy, a 

scalar function which describes the energy required to magnetize along certain directions inside a 

ferromagnetic crystalline body. To consider this new kind of anisotropy function, the method is 

unmodified Equation (2.1) and Equation (2.2), but the anisotropy function 𝑓 is changed.  

𝑓)34.) = 𝐾" + (𝐾0 + 𝐾#𝑐𝑜𝑠#𝜃)𝑠𝑖𝑛2𝜃	𝑠𝑖𝑛#𝜑	𝑐𝑜𝑠#𝜑 +	𝐾0𝑠𝑖𝑛#𝜃𝑐𝑜𝑠#𝜃 (4.1) 
 

𝑓8,&%9*/%+ =	𝐾" + 𝐾0𝑠𝑖𝑛#𝜃 + 𝐾#𝑠𝑖𝑛2𝜃 +	𝐾:𝑠𝑖𝑛=𝜃	cos	(6𝜑) (4.2) 
Equations (4.1) & (4.2) describe the energy required to magnetize a cubic or hexagonal crystal 

along a direction given in spherical coordinates (𝜃, 𝜑) [25] [26]. The anisotropy constants 

(𝐾", 𝐾0, 𝐾#, 𝐾:)	oGH$!
p are material properties typically determined by experiment and are found 

for a number of materials in [27]. Figure 4.1 illustrates several surfaces generated by these 

equations using the “transformation perspective” and known values of the parameters 

(𝐾", 𝐾0, 𝐾#, 𝐾: = 0) that have been given in Table 4.1, for the materials considered herein 𝐾: is 

not needed. In Figure 4.1 notice that each surface belonging to the same crystal class exhibits the 

same symmetries: but the surfaces are not identical, a different set of directions can be identified 

as maxima, minima, or saddle points for each one. Maxima of these surfaces are called “hard 

directions” because they require the largest amount of energy to magnetize along, and minima 

are called “soft directions” because they require the least amount of energy to magnetize along.  

In the classical field theory of ferromagnetism these maxima and minima play an important role 

in determining the stable configurations of a magnetic body. 
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Table 3.1:Ferromagnetic crystal anisotropy constants from [27], used in Figure 4.1. 

Surface 𝑲𝟏 	 r𝑲𝑱𝒎𝟑
u 𝑲𝟐 	r𝑲𝑱𝒎𝟑

u 𝑲𝟎 	r𝑲𝑱𝒎𝟑
u 

Cobalt a) 450 150 0 

Hexagonal b) 1 -1.5 0 

Hexagonal c) -1 1 1 

Iron d) 48 -5 - 

Nickel e) -5 -2 - 

 

 

Figure 4.1: Grid of magnetic crystal anisotropy energy surfaces generated by Equations (4.1) & (4.2). Anisotropy constant values are found in Table 4.1. a) Cobalt b) Conular hexagonal 
material c) Planar hexagonal material. d) Iron e) Nickel. 
 

Despite the differences in surfaces from similar crystal systems, substitution of Equations (4.1) 
& (4.2) into (2.1) & (2.2) is straightforward and the resulting integrals can be solved exactly. 

Table 4.2 contains the exact solutions for both 𝑀 & 𝑑# for both cubic and hexagonal symmetries. 

To use this information for comparisons we recommend nondimensionalizing the distance from 

isotropy values as discussed in Chapter 2. 
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Table 4.2: Tabulated solutions to the mean value and distance from isotropy for cubic and 
hexagonal ferromagnetic crystals. In this case the values can be determined exactly for the full 
3D analysis. 

anisotropy 

function 

M 𝒅𝟐 

hexagonal 	𝐾" + 23𝐾0
+ 815𝐾# 

16	𝜋 5005	𝐾0# + 11440	𝐾0	𝐾# + 6864	𝐾## + 9600𝐾:#225225  

cubic 𝐾" +	15𝐾0
+ 1105𝐾# 

16	𝜋 3003	𝐾0# + 546	𝐾0	𝐾# + 43	𝐾##1576575  

 
4.1 Inclusion of Texture 

This method can be extended to study collections of oriented crystals, or polycrystalline 

textures. Textures are mathematically described by linear transformations that indicate the 

relative orientations of crystallographic axes with respect to a reference coordinate system. Most 

commonly they are defined by sets of rotation matrices with respect to a reference Cartesian 

coordinate system. This technique relies on integration over the unit sphere and does not 

reference any Cartesian coordinate system explicitly, the integrals appearing in Equation (2.1) & 

(2.2) would be practically impossible to evaluate in Cartesian coordinates. To rectify this a 

coordinate transformation is used: this transformation relates a reference spherical coordinate 

system, the spherical coordinates in which we will integrate, to the local coordinates that 

describe the orientation of a single anisotropy function. The effect of crystallographic texture is 

included via the use of a right-handed rotation matrix R seen in Equation (4.3.3). 
𝑇: {𝜃, 𝜑} → {𝑥, 𝑦, 𝑧} → {�̅�, 𝑦}, 𝑧̅} → {�̅�, 𝜑}} (4.3.1) 
(𝑥, 𝑦, 𝑧) = (𝑠𝑖𝑛𝜃	𝑐𝑜𝑠𝜑, 𝑠𝑖𝑛𝜃	𝑠𝑖𝑛𝜑, 𝑐𝑜𝑠𝜃) (4.3.2) 

(�̅�, 𝑦}, 𝑧̅) = 	 ~𝑅00 𝑅0# 𝑅0:𝑅#0 𝑅## 𝑅#:𝑅:0 𝑅:# 𝑅::� �
𝑥𝑦𝑧� (4.3.3) 

(�̅�, 𝜑}) = �𝑎𝑟𝑐𝑐𝑜𝑠 𝑧̅
g�̅�# + 𝑦}# + 𝑧̅# 	 , 𝑎𝑟𝑐𝑡𝑎𝑛

𝑦}�̅�� (4.3.4) 
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To choose a texture for a set of anisotropy functions it is sufficient to specify a rotation matrix R 

for each function. The process of determining these matrices is quite complex and not possible to 

elaborate on here; there is free software which can perform this process for you. The code we use 

to specify these rotations is an open source MATLAB package called MTEX [28]. 

 

4.2 Ferromagnetic Crystal Anisotropy with Texture 

When studying a set of many crystals there are fundamental questions to ask. Is the 

response of this set isotropic? If each crystal behaves in an anisotropic manner, how many 

crystals do we have to consider until isotropic behavior is observed? If texture is present, what 

happens? In the literature there are monolithic works devoted to these problems, and a complete 

description of the behavior of polycrystals is not a reasonable goal for this work. In this section 

we use the extension given by Equation (2.5), a combination in series, to illustrate that the 

integral technique developed can be used to answer simple questions about the behavior of 

collections of anisotropy functions. 

 

For this analysis we examine collections of cubic iron and hexagonal cobalt crystals, 

different crystals are not combined here. The specific values of material constants are taken from 

[27] and are available in Table 4.1. In the proceeding chapter a choice was made to 

nondimensionalize the integral error, and a similar adjustment is made here. First the distance 

from isotropy of a collection of anisotropy functions is nondimensionalized dividing by the 

maximum value of a single anisotropy function. Secondly, adding anisotropy functions to the 

collection increases the mean value, this occurs due to the linearity of integration see Equation 

(4.4) below. If we do not scale the collection, in some way or another, the mean value and errors 

will grow and the question as to isotropic behavior may not be clearly answered. The following 

adjustments are made to Equations (2.5) & (2.5.1) to illustrate this notion of convergence 

towards isotropic behavior. As a consequence, the mean value of the collection is now equivalent 

to the mean value of a single crystal which has been calculated in Table 4.2. In Equation (4.4) 
each anisotropy function 𝑓. now has a unique orientation specified by an orthogonal 

transformation related to a chosen texture. 

𝑓)*++,)-.*/ = 1𝑓$%&		𝑁 (𝑓0 +	⋯+ 𝑓') (4.4) 
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𝑑)*++,)-.*/# = ' '(𝑓)*++,)-.*/ −𝑀)#𝑠𝑖𝑛𝜃 𝑑𝜃 𝑑𝜑
!

"

#!

"

(4.5) 
Finally, our scheme will study larger and larger collections using a “one more” 

convention, to illustrate this we provide an example. Suppose we have found the distance from 

isotropy associated to a collection of crystals by Equation(4.5), we then wish to determine the 

distance associated with a collection containing one more anisotropy function. Rather than 

generate a new texture for all functions considered we keep all previously computed orientations 

and add one more, in this sense our study depicts the effect of “one more” anisotropy function on 

the collection.  

 

Figure 4.2 depicts the distance from isotropy associated to a set of iron ferromagnetic 

crystal anisotropy functions, from Equation (4.1)  with 𝐾0 = 48𝐾𝐽 𝑚:⁄ , 𝐾# = −5	𝐾𝐽 𝑚:⁄ . The 

texture specified is random meaning each function is randomly oriented and every orientation is 

equally probable. Because randomness sometimes leads to spurious fluctuation, this plot repeats 

this calculation thirty times and reports average deviation from isotropy and variances for 

fourteen collections sizes ranging from 2" to 20". Figure 4.3 depicts the same calculation 

preformed with a set of cobalt ferromagnetic crystal anisotropy functions, as in Equation (4.2) 
with 𝐾0 = 450𝐾𝐽 𝑚:⁄ , 𝐾# = 150	 𝐾𝐽 𝑚:⁄ . Despite the fact that the surfaces created by these 

functions is vastly different, due to the random orientations the behavior observed is identical. 

Both distance sequences clearly follow a trend qualitatively like 1 √𝑁⁄  and the variances 

sequence like 1 𝑁⁄ . In both figures there is no “leveling off” observed, the sequence of errors 

tends towards zero as the collection of anisotropy functions grows larger. 
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Figure 4.2: Collections of cubic Iron anisotropy functions with thirty different random textures. 
Notice that the average distance from isotropy follows 1 √𝑁⁄  in accordance with the Central 
Limit Theorem. 
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Figure 4.3: Collections of hexagonal Cobalt anisotropy functions with thirty different random 
textures. Notice that the average distance from isotropy follows 1 √𝑁⁄  in accordance with the 
Central Limit Theorem. 
 

The similarity in behavior of randomly oriented collections of anisotropy functions is 

directly attributable to the Central Limit Theorem of probability. To see how this occurs consider 

a fixed number of crystals in Figure 4.2 or Figure 4.3 above, each blue circle represents the 

average distance from isotropy for thirty separate random textures. In the language of 

probability, for each number of crystals, or anisotropy functions, we have thirty independent and 

identically distributed random samples. Therefore, the Central Limit Theorem as stated in [29, p. 

1076] guarantees that the average of these samples tends towards a normal distribution with 

mean value 𝜇 like 1 √𝑁⁄  as the number of samples increase. That the method produces this, to 

the number of functions considered, is remarkable given its simplicity. But an objection may be 

raised recalling Equation (4.4), one might argue that the factor of 1 √𝑁⁄  comes from the 

normalizing factor of 1 𝑁⁄  placed in (4.4). Based on this logic one might conclude that any 
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texture of anisotropy functions will follow this trend. To demonstrate that this is not true 

consider a set of Cobalt anisotropy functions exactly as before, for this set we will assign a 

nontrivial basal fiber texture. To decipher the meaning of this texture recall Figure 4.1a,b,c) the 

x-y plane depicted is the basal plane. A basal fiber texture aligns some fraction of these planes 

with a preferred direction, typically the z axis of a Cartesian coordinate system. The remaining 

fraction of anisotropy functions are then given a Random orientation, for example a 40% basal 

fiber texture is a set of anisotropy functions where 40% of the basal planes are perfectly aligned 

and 60% of the functions are randomly oriented. Because the surfaces of these anisotropy 

functions are not perfect spheres, adding them together with a large amount of planar alignment 

should produce anisotropy. A priori one expects to observe anisotropic behavior for a large 

enough set of functions; if the modification to Equation (4.4) alters the convergence of errors 

every basal fiber texture should tend towards zero error like 1 √𝑁⁄  irrespective of collection size. 

 

Figure 4.4 depicts the distance from isotropy associated to a set of cobalt anisotropy 

functions, from Equation (4.2) with 𝐾0 = 450𝐾𝐽 𝑚:⁄ , 𝐾# = 150	 𝐾𝐽 𝑚:⁄ . Basal fiber textures 

are specified according to increasing amounts of basal plane alignment ranging from 0-100%. 

Because randomness sometimes leads to spurious fluctuation, this plot repeats this calculation 

ten times and reports average error for 14 collections sizes ranging from 2" to 20". The 0% basal 

fiber, a pure random texture, behaves exactly as in Figure 4.3 but the increasing basal fiber 

strengths exhibit a “leveling off” to some nonzero finite error. In Figure 4.4 the amount of planar 

alignment dictates both the value to which these sequences “level off” as well as the point at 

which this occurs. Qualitatively we see that larger amounts of basal plane alignment lead to more 

anisotropy as well as an earlier departure from the isotropic error sequence. In the extreme case 

of 100% basal plane alignment, the distance from isotropy of a single anisotropy function is 

determined for every crystal size, suggesting, the method functions as intended. 
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Figure 4.4: Comparison of different basal fiber strengths in uniaxial hexagonal crystals. Notice 
that 100% basal plane alignment results in no net decrease of the error measure, due to basal 
symmetry this is effectively a single crystal. Different fiber strengths span the wedge between a 
single crystal and a random texture. 

4.3 Ability to Compare Different Anisotropy Functions 

Because every scalar anisotropy function can be reduced to a mean value and distance 

from isotropy by Equations (2.1) &(2.2); comparisons can be made between anisotropy 

functions arising from different physics problems. If nondimensional anisotropy functions are 

used, then the mean values and distances determined do not carry units and are directly 

comparable. Figure 4.5 illustrates the effect of using Equations (2.1) & (2.4) to compare the 

elastic anisotropy of Iron, Nickel, and Cobalt, Equations (3.2) & (3.3), with the ferromagnetic 

crystal anisotropy of those crystal symmetries, Equations (4.1) &(4.2). It is interesting to 

observe that both Iron and Nickel behave similarly with respect to the elastic and ferromagnetic 

anisotropy errors, yet Cobalt exhibits more ferromagnetic crystal anisotropy and less elastic 

crystal anisotropy. This result is somewhat novel, as it demonstrates that crystal symmetry is not 
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a conclusive indicator of anisotropy, furthermore you cannot necessarily use information from 

one physical anisotropy problem to estimate the response of another. To our knowledge this is 

the first time a comparison between different anisotropy functions, belonging to different physics 

problems has been performed in this fashion. 

 

Figure 4.5: Comparison between the anisotropy of Iron, Nickel, and Cobalt for the Young’s 
Modulus anisotropy as well as ferromagnetic crystal anisotropy, Equations (3.2), (3.3), (4.1), 
&(4.2). Notice that the nondimensional distance from isotropy of the elastic anisotropy is always 
less than the ferromagnetic anisotropy, yet something interesting happens with the Cobalt based 
anisotropy functions. In the case of elastic anisotropy Cobalt is the least anisotropic of the trio, 
yet in the unrelated ferromagnetic crystal anisotropy Cobalt is the most anisotropic. To our 
knowledge this method is the only technique capable of making comparisons between anisotropy 
functions from different physics problems.
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CHAPTER 5  

GENERALIZATION TO CARTESIAN TENSORS  

The method presented in Chapter 2 is applicable to many scalar anisotropy problems as 

seen in Chapters 3 & 4. The ability to analyze tensorial problems, e.g. anisotropic crystal 

elasticity, occurred only because the method was used explicitly on a single tensor component. A 

general method for the analysis of anisotropy functions should not be limited to scalar problems, 

and it must be obviously extendable to Cartesian tensors of any order. In materials anisotropic 

phenomena are commonly described by second, third, and fourth order Cartesian tensors; for 

example, thermal conductivity, piezoelectricity, and elasticity respectively. In fact many, authors 

classify these phenomena according to the form and properties of these objects [1]. This chapter 

is a proposition to extend the method, in a natural and obvious way, to Cartesian material 

property tensors of any order. This goal faces two key obstacles 1) how to determine the average 

of a Cartesian tensor valued anisotropy function and 2) to determine the domain of a Cartesian 

tensor anisotropy function. Interestingly, solutions to these problems appeared while working on 

a seemingly unrelated problem; mechanical properties homogenization of a Finemet alloy. 

Appendix D contains a review of the work performed on homogenization of a two phase 

Finement composite with a particular emphasis on the problems and techniques relevant to this 

section. 

 

5.1 Two Problems: Domain and Mean Value 

A Cartesian tensor is a geometric object whose scalar components transform in a clear 

and predictable manner. With a tensor, not just Cartesian ones, you cannot specify the values of 

components without first making a choice of coordinate system. In other words, specific 

numerical values of components are meaningless without an explicit declaration of the chosen 

coordinate system. To understand this “Domain” problem, consider a right-handed orthonormal 

triad of vectors ��̀⃑̀�, �⃑̀̀�, �̀⃑�� say, coincident with a chosen origin. Superpose the unit sphere of 

possible directions on the origin of this triad and align the vector �̀⃑̀� to some point or direction 

you favor. The other two vectors are free to sweep out a great circle on the sphere and have not 

been uniquely specified, a single direction is not sufficient for this purpose. To uniquely orient a 
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Cartesian coordinate system an orthogonal matrix, as in Equation(4.3.3), is required, and 

because we do not want to change the handedness of our coordinate system it must have a 

determinate of one. In this sense, the domain of a Cartesian tensor function is the set of all 

orthogonal matrices with a determinate of one. This set combined with the operation of matrix 

multiplication forms a mathematical group denoted SO(3) [30, pp. 31–33],like the domain of our 

previous anisotropy functions, SO(3) is a smooth manifold. Loosely speaking a smooth manifold 

is a topological space endowed with enough extra information to allow the use of Calculus on it. 

 

In order to integrate over this domain, the space of orthogonal matrices must be 

parametrized in a manner compatible with integration. The ability to parametrize orthogonal 

matrices though the use of Euler Angles is well established, and a complete discussion can be 

found in [31, pp. 107–109]. Thus the domain problem can be solved by integration over SO(3) as 

parametrized by three Euler Angles (𝜑, 𝜃, 𝜓), ZYZ convention, in conjunction with the usual 

rules for Cartesian tensor transformations. 

 

The determination of a “mean value” for a general Cartesian tensor is not straightforward 

as it is for scalar functions. One possible solution comes from the field of mechanical 

homogenization, not to be confused with a subject in mathematics, in which tensor components 

describing the anisotropic properties of an elastic material are “averaged” over the set of all 

possible coordinate systems before use in a homogenization calculation. This process of 

“orientation averaging” proceeds by integrating the components of a Cartesian tensor over the set 

of all possible orthogonal rotation matrices, parametrized by three Euler Angles. An excellent 

explanation of the “orientation averaging” procedure can be found in [32]; because the notation 

and choice of Euler Angle convention used here are similar to those found in the reference the 

remainder of this chapter cites it heavily. 

 

5.2 Proposition 

This section demonstrates a method by which the integral method can be extended for use 

with Cartesian tensors of arbitrary order. To illustrate, a second order Cartesian tensor is used as 

an example. To determine an orthogonal matrix 𝑄 ∈ 𝑆𝑂(3) as parametrized by a set of Euler 

Angles (𝜑, 𝜃, 𝜓) following a ZYZ convention as in [32]. 
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𝑄 =	 ~ 𝑐𝑜𝑠𝜓	 𝑠𝑖𝑛𝜓	 0−𝑠𝑖𝑛𝜓	 𝑐𝑜𝑠𝜓 00 0 1� ~
𝑐𝑜𝑠𝜃 0 −𝑠𝑖𝑛𝜃0 1 0𝑠𝑖𝑛𝜃 0 𝑐𝑜𝑠𝜃 � ~

𝑐𝑜𝑠𝜙 𝑠𝑖𝑛𝜙 0−𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙 00 0 1� (5.1) 
 

This matrix can then be used to determine the components of a Cartesian tensor, 𝑓.J say, with 

respect to a coordinate system using the standard Cartesian tensor transformation rule [30, pp. 

36–37]. 

𝑓.J = 𝑄$.𝑓$/𝑄/J (5.2) 
The mean value of the tensor can then be determined using the “orientational averaging” integral 

from [32]  

𝑓KL}}} = 	 18𝜋# 	' ' '𝑄$.𝑓$/𝑄/J𝑠𝑖𝑛𝜃 𝑑𝜃 𝑑𝜑 𝑑𝜓
!

"

#!

"

#!

"

(5.3) 
And the proposed distance from isotropy follows. 

𝑑.J# = ' ' 'a𝑄$.𝑓$/𝑄/J − 𝑓KL}}}c#
!

"

#!

"

𝑠𝑖𝑛𝜃 𝑑𝜃 𝑑𝜑 𝑑𝜓
#!

"

(5.4) 
This new formula accomplishes three key objectives.1) If a tensor describing isotropic 

material properties is given to Equation (5.3), then 𝑓.J =	𝑓KL}}}		∀	𝑖, 𝑗, meaning that the integrand in 

Equation (5.4) identically vanishes. 2) 𝑑.J# ≥ 0		∀	𝑖, 𝑗. 3) If you substitute a 0th order tensor into 

Equations (5.3) & (5.4) the following substitutions take place 𝑓$/ → 𝑓,𝑄$/ → 1, 𝑓KL}}} →
𝑀, 𝑑.J# → 𝑑# Equation (2.2) is recovered identically. The ability to reduce to a known formula, 

when used on scalar problems is a defining feature of tensorial character. As a bonus, this 

method is applicable to texture related problems if a suitable distribution function is included in 

Equation (5.3) see [32]. 

 

When a higher order Cartesian tensor transformation rule is substituted in Equation (5.2) the 

generalization of (5.3) & (5.4) is obvious. 
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CHAPTER 6  

CONCLUSION & FUTURE WORK 

This Thesis has presented a simple tool for the mathematical quantification and 

comparison of anisotropy functions through Equations (2.1), (2.2), (5.3), & (5.4). This integral 

technique is applicable to a wide variety of material anisotropy problems, it can reproduce 

known information, and enables new kinds of comparisons within those problems. Many fields 

contain specialized techniques for doing these things but as discussed earlier they are 1) limited 

to a unique physical problem, 2) cannot handle a wide class of material behaviour within that 

problem.  

 

6.1 The Method Works Irrespective of Material Symmetry 

In materials science in engineering anisotropy is typically encountered as a 

crystallographic phenomenon, like crystal anisotropy. In Chapter 3, we saw that anisotropy 

comparisons can be difficult to make between different symmetry classes, like cubic iron and 

hexagonal cobalt, this method works irrespective of the crystal symmetry. Because the technique 

reduces any anisotropy function to a distance from isotropy, a positive real number, direct 

comparisons are easily made between cubic, monoclinic, or any crystal system of interest. 

 

6.2 The Method Works for a Variety of Material Anisotropy Problems 

The examples of Chapter 3 and Chapter 4 are a small subset of the problems this method 

can consider. Other possible anisotropy functions include the electrical or thermal conductivity 

of crystals, the piezoelectric properties of a dielectric material, or the optical properties of certain 

kinds of crystals. Furthermore, we observed in Figure 4.5 that this method can be used to 

compare anisotropy functions representing completely separate physical phenomena. We found 

that the ferromagnetic crystal anisotropy of Cobalt is more than that of Iron or Nickel, yet the 

elastic response of Cobalt was less anisotropic than Iron or Nickel. 

 

6.3 The Method Challenges Common Assumptions 

In Chapter 3 it was shown that symmetry and anisotropy cannot always be used in a 

loosely synonymous fashion. In Figure 3.4 the Elastic Modulus of a Potassium crystal is 
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predicted to be higher than Nickel Titanium by the min-max ratio, suggesting that Potassium is 

more anisotropic than the Monoclinic NiTi phase. Yet the distance from isotropy predicts that 

NiTi is more anisotropic by a notable margin. A similar result was found were Cobalt, a 

hexagonal crystal, was found to be less anisotropic than Iron and Nickel, cubic crystals, as 

demonstrated by both the distance from isotropy and the min-max ratio. The prevalence of these 

misconceptions about symmetry and anisotropy highlights the need for more accurate methods to 

quantify this kind of behavior. 

 

6.4 The Method is Compatible with Combinations of Functions and Texture 

In Chapter 4 sets of anisotropy functions were added in series to approximate simple 

collections of materials. The method qualitatively predicted isotropic behavior for a collection of 

randomly oriented anisotropy functions and anisotropic behavior for a collection of basal fiber 

texture anisotropy functions. For these collections of many anisotropy functions the method 

predicts more than just a deviation from isotropy, it provides a mean value as well. 

 

6.5 The Method Can be Generalized 

The proposition of the previous chapter provides a way to apply this method directly to 

Cartesian tensor functions of arbitrary order. Rather than analyze individual components, 

evaluate the anisotropy of the object as a whole. 

 

6.6 The Method can be Used in Novel Ways 

Integration over the whole domain provides global information about an anisotropy 

function but many problems occur within a limited set of that domain, for example a 2D process 

that occurs entirely within a plane.  The method works locally as well as globally, any subset of 

the domain is a valid place to integrate. Examples of local domains that can be studies are 

spherical curves, spherical domes, and hemispheres. 

 

It is hoped that this method can be applied many kinds of material anisotropy problems. To this 

end we hope that you, the reader, can fruitfully use this in your own field of research. 
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6.7 Future Work 

1) Further study of Equation (5.4). Prove that Equation (2.2) is recovered for any scalar 

function input. Prove that Equation (5.4) produces zero error for any isotropic input, this 

requires more work on (5.3). Prove that (5.4) produces a list of non-negative real error 

values for any anisotropy function input. Importantly, determine a suitable way to reduce 

the list of errors found in (5.4) to a single real number. 

2) Use Equation (5.4) to study elastic stiffness and compliance tensors; specifically looking 

for discrepancies like the ones found for cobalt, iron, nickel, and NiTi. 

3) Apply Equations (5.3) & (5.4) to simple texture problems, with a suitable choice of 

orientation functions to see how the method compares with classic mechanical 

homogenization schemes. 

4) Attempt to develop a comparable theory at the level of Equation (5.4) but valid for 

tensors that transform according to the chain rule, or the Jacobian/ inverse Jacobian of the 

point transformation. The domain of integration is not SO(3) and this task may very well 

be impossible. 
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APPENDIX A 

MATHEMATICAL PRELIMINARIES 

• Anywhere in this document a matrix or tensor is discussed the reader is advised that the 

dimension of space is three.  

• A modified Einstein summation convention is used throughout, repeated dummy indices 

are summed from one to three 

For example, 𝑎.𝑏. = 𝑎0𝑏0 + 𝑎#𝑏# + 𝑎:𝑏: 

• Familiarity with Spherical Coordinates and the point transformations between spherical 

and cartesian coordinate systems.  

Specifically, (𝑥, 𝑦, 𝑧) = (𝑠𝑖𝑛𝜃	𝑐𝑜𝑠𝜑, 𝑠𝑖𝑛𝜃	𝑠𝑖𝑛𝜑, 𝑐𝑜𝑠𝜃) 
• Understanding of Voigt’s method for representing symmetric fourth order tensors as 

matrices, using the following index convention. 

Tensor index , ij 11 22 33 23 13 12 

Voight index, I 1 2 3 4 5 6 

A symmetric fourth order tensor can be written as a matrix using this index substitution, 

and is discussed in (Nye, 1955) Chapter 9. 
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Figure A.1: Illustration of the isomorphism between the sphere and rays of directions. While it is 
impossible to illustrate every ray from the origin, notice that one can “fill in” between coordinate 
lines and observe that every unique ray touches the sphere exactly once and no two rays touch 
the same point on the sphere. 
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Figure A.2: Depiction of “Physicists” spherical coordinates, angles (𝜑, 𝜃) shown in blue, in 
relation to the standard Cartesian coordinate system (𝑥, 𝑦, 𝑧) shown in black.  
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APPENDIX B  

SAMPLE MATLAB CODE 

This script demonstrates the calculation of a mean value and distance from isotropy for the 
directionally dependent Young's modulus of a Potassium Crystal. You are free to modify the 
Anisotropy Function as well as xMinGuess and xMaxGuess to use this script on any scalar 
anisotropy function of interest. 

Min and Max for non-dimensionalization ............................................................................................. 44 

Mean Value Integral .............................................................................................................................. 44 

Distance from Isotropy .......................................................................................................................... 44 

Non-Dimensional DFI ............................................................................................................................. 45 

Return Result to Console ....................................................................................................................... 45 

Anisotropy function definition ............................................................................................................... 45 

Min and Max for non-dimensionalization 

Determine min and max for non-dimensionalization be sure to change xMinGuess and 
xMaxGuess if using a new anisotropy function. 

xMinGuess = [pi/2,0.1]; 

fun = @(x) anisotropyFunction(x(1),x(2)); 

options = optimoptions('fminunc','Algorithm','quasi-newton'); 

options.Display = 'none'; 

[~, fval, ~, ~] = fminunc(fun,xMinGuess,options); 

min = fval; 

 

xMaxGuess = [pi/4,pi/4]; 

funMax = @(x) 1./anisotropyFunction(x(1),x(2)); 

[x, fval, ~, ~] = fminunc(funMax,xMaxGuess,options); 

max = anisotropyFunction(x(1),x(2)); 

minMax = max/min; 

Mean Value Integral 

Compute mean value of the anisotropy function by integration over the unit sphere. 

mv = integral2(@(theta,phi)... 

    anisotropyFunction(theta,phi).*sin(theta),0,pi,0,2*pi)/(4*pi); 

Distance from Isotropy 

L2 norm of the distance between the function and it's mean value 

dfI = sqrt(integral2(@(theta,phi)... 

    (anisotropyFunction(theta,phi)-mv).^2.*sin(theta),0,pi,0,2*pi)); 



45 
 

Non-Dimensional DFI 

If xMaxGuess is correct we can compute the non-Dimensional distance from isotropy for 
comparison. 

dfIND = dfI/max; 

Return Result to Console 

print results to console for ease of use. 

fprintf('Anisotropy function sucessfully analyzed \n') 

fprintf('Mean Value is %.4f \n',mv) 

fprintf('Absolute Distance from Isotropy is %.4f \n',dfI) 

fprintf('Non-Dimensional Distance from Isotropy is %.4f \n',dfIND) 

fprintf('min-max ratio is %.4f',minMax) 

fprintf('Min, Max, and dfIND values may not be accurate unless xMinGuess \n') 

fprintf('and xMaxGuess were updated for your Anisotropy Function \n'); 

Anisotropy function sucessfully analyzed  

Mean Value is 1.9799  

Absolute Distance from Isotropy is 3.1812  

Non-Dimensional Distance from Isotropy is 0.6680  

min-max ratio is 5.7857Min, Max, and dfIND values may not be accurate unless xMinGuess  

and xMaxGuess were updated for your Anisotropy Function  

Anisotropy function definition 

function [r] = anisotropyFunction(theta,phi) 

% write your scalar anisotropy function using spherical coordinates theta 

%and phi. Potassium Youngs Modulus example below. 

r = (1215*10^-3 - (2*(1215*10^-3-(-558*10^-3))-531*10^-3).*... 

    ((1/16)*sin(theta).^2 .*(9 + 7*cos(2*theta) - 2*cos(4*phi).*... 

    sin(theta).^2))).^(-1); 

end 

Published with MATLAB® R2019a 
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APPENDIX C 

 EVALUTION OF CONTOUR INTEGRALS 

The integrals given in Equation (17) & (18) are directly solvable with the Residue theorem. 

𝑀)34.)	(&1A) = 12𝜋' 1𝑆00 − (2(𝑆00 − 𝑆0#) − 𝑆22)𝑐𝑜𝑠#𝜑𝑠𝑖𝑛#𝜑𝑑𝜑
#!

"

(𝐶. 1) 
Is equivalent to the following contour integral 

𝐼0 = � 16	𝑖	𝑑𝑧16	𝐴	𝑧 + 𝐵	(𝑧 − 1)#
|N|O0

(𝐶. 2) 
With 𝐴 = 	𝑆00 and 𝐵 = 2(𝑆00 − 𝑆0#) − 𝑆22. A quadratic equation in the denominator yield two 

possible pole locations. The pole located inside the unit circle is found at 

𝑃./E.P, =	−8𝐴 + 𝐵 + 4√4	𝐴# − 𝐴𝐵𝐵 (𝐶. 3) 
With residue 

𝑅𝑒𝑠./E.P, =	− 2	𝑖
g𝐴	(4	𝐴 − 𝐵) (𝐶. 4) 

Application of the residue theorem gives Equation (3.14). The following Figure C.1 depicts the 

pole locations for Potassium excluding z=0. 

The cubic distance from isotropy (x-y) plane integral, Equation (3.13) is equivalent to  

𝐼# = � 16	𝑧(𝐴	𝑀 − 1) + 𝐵	𝑀(𝑧 − 1)#𝑧(16	𝐴	𝑧 + 𝐵	(𝑧 − 1)#)#
|N|O0

(𝐶. 5) 
This integral has 5 possible singularity locations, it is not surprising that they are located at the 

exact same locations as in 𝐼0 but have multiplicity two. The squared subtraction of M gives an 

extra pole at the origin. The Poles inside the contour are 𝑃./E.P, from (C.3) and z=0. The sum of 

the residues are then 

𝑅𝑒𝑠./E.P, =	−𝑖	𝑀# + 16	𝐴#𝑀 + 𝐵 − 4𝐴(2 + 𝐵𝑀)
a𝐴(4𝐴 − 𝐵)c:# (𝐶. 6) 

Application of Cauchy’s residue theorem gives Equation (3.15). 
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Figure C.1: Argand diagram depicting the pole locations for cubic potassium mean value and 
distance from isotropy in the  (x-y) plane. Pole at z=0, from distance from isotropy, excluded. In 
the mean value calculation these poles have multiplicity one, in the distance from isotropy 
calculation the poles above above multiplicity two.  

 

Solution to Equations (3.5) and (3.6) for Monoclinic crystals is similar but the integrands 

contain 8th and 17th order polynomial equations in the singularities. The Argand diagram is 

comparable to the cubic mean value case with 4 poles lying inside the contour and 4 excluded. 

The distance from isotropy calculation doubles the multiplicity of these poles and adds one at 

z=0. The following figure depicts the locations of these poles and contour for B19’ NiTi 

(excluding the one located at z=0). A Mathematica notebook is included with the digital files for 

this document titled “monoclinicExactSolution.nb” which evaluates these contour integrals 

exactly. 
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Figure C.2: Argand diagram depicting the pole locations for monoclinic B19’ NiTi mean value 
and distance from isotropy int the (x-y) plane. Pole at z=0, from distance from isotropy, 
excluded. In the mean value calculation these poles have multiplicity one, in the distance from 
isotropy calculation the poles above above multiplicity two. The residues are too lengthy to be 
written here and are available in the supplimental Mathematica notebook 
“monoclinicExactSolution.nb”. 
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APPENDIX D  

HOMOGENIZATION OF FINEMET ALLOY 

Finemet is a relatively new composite material consisting of an isotropic metallic glass 

matrix reinforced by a set of iron rich inhomogeneities. This material is called a soft magnet 

because it is easy to change the internal magnetization state and thus the magnetic induction 

surrounding the material. Soft magnetic materials are used anywhere a changing magnetic field 

is needed for example in transformers, inductors, and electrical motors. In particular Finement 

has an excellent saturation induction, good high frequency hysteresis performance, and very low 

magnetostriction; this ‘Stronger, Lighter, and more Efficient’ [10] material is helping to alleviate 

the ever increasing demands placed on electrical distribution systems. Recent work has focused 

heavily on the use of Finemet and other similar composites in electrical rotating machinery. A 

group at Carnegie Melon University has designed and built a demonstration motor using a 

proprietary material termed a ‘metal amorphous nanocomposite material’ (MANC) to startling 

energy efficiency’s and power density [33]. Finemet and other iron based MANCs typically have 

a higher saturation induction and are more energy efficient than other soft magnetic materials but 

they become extremely brittle following the material processing stage and are difficult to form 

and transport following heat treatment. This appendix outlines a calculation to predict the Elastic 

properties of Finemet using the tools of Micromechanics and Homogenization. These kinds of 

prediction of elastic properties will become increasingly important as Engineers begin to design 

and build devices made of these new materials. 

 

The field of mechanical homogenization attempts to answer the following question; 

suppose I construct a material out of this much X and that much Y, if I know the properties of 

both X and Y individually can I predict the material properties of the combination? In the current 

context, suppose we know the elastic properties of the Iron rich spherical inhomogeneities, a 

cubic Fe3Si DO3 phase, and the elastic properties of the surrounding matrix, an isotropic 

metallic glass. Can we predict the elastic properties of Finemet as a function of volume fraction 

of Fe3Si? The answer to this question is yes. Typically, we can write the average stiffness of a 

multiphase composite, denoted 𝑳} in homogenization theory, as 
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𝑳} 	= 	𝑳" +�𝑐Q(𝑳Q − 𝑳")𝑨Q
'

QO0

(𝐷. 1) 
Above 𝑐Q denotes the volume fraction of the 𝑟-8 inhomogeneity, 𝑳Q is its stiffness, and 𝑳" 

is the stiffness of the matrix material. In this equation the only unknown quantity is the “Global 

Strain Concentration tensor” for each inhomogeneity 𝑨Q, a specific homogenization scheme is 

then a recipe to determine this unknown tensor. For a discussion on the equation above, 

associated boundary conditions, and the inverse problem for stresses and compliance see [17, pp. 

116–119]. . Historically, homogenization schemes are built from micromechanics solutions to 

the elliptical inclusion and inhomogeneity problem solved by Eshelby in 1957 [34]: in his paper 

Eshelby proposed the first homogenization scheme called the dilute estimate, which presumes 

the different inhomogeneities are far apart and cannot interact via the strain field. Obviously, this 

assumption is only valid if these objects are well removed from one another and only works 

reasonably for volume fractions less than 10%. Many other homogenization schemes have been 

devised to improve upon the dilute estimate for large volume fractions, inhomogeneity 

interaction, materials lacking a matrix, and simply for the sake of increased complication. Some 

common techniques we will use are the Dilute, Mori-Tanaka, Self-Consistent, and Differential 

estimates which can be read about in [17, Ch. 7]. 

 

To perform a homogenization estimate of the properties of an idealized Finemet two 

phase composite, elastic properties for the spherical cubic reinforcing particles were taken from 

ab initio calculations from the Materials Project [35, p. 3]. The elastic properties of the matrix 

material are more difficult to come by, the composite structure of Finemet occurs on the order of 

50-100 nm and obtaining experimental or theoretical data on this amorphous region is an 

unexplored area of literature. For this reason, we estimated the properties of this phase using the 

elastic properties of amorphous Finemet; amorphous Finemet is the precursor to the 

nanocomposite discussed earlier and has not completed a heat treatment during which ~20nm 

Fe3Si grains develop. During crystallization large amounts of Iron and Silicon diffuse out of the 

amorphous structure meaning that this estimate is subject to a healthy error margin. These 

properties were used with a variety of choices for strain concentration tensors seen in the Figure 

below. 
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Figure D.1: First attempt at a mechanical homogenization scheme for Finemet. This calculation 
uses the stiffness of a single cubic reinforcing particle in the homogenization schemes and 
implicitly ignores the random orientation of cubic Fe3Si inhomogenietites. Notice that the 
calculation gives the Young’s modulus of the matrix when c=0, no reinforcing particles, and 
gives the Young’s modulus of cubic Fe3Si when c=1, no matrix. 

 

The Figure above presents the calculated Young’s Modulus of a two phase Finemet 

composite as a function of volume fraction of Fe3Si inhomogeneities for a variety of 

homogenization schemes. While it is impossible to obtain 100% packing efficiency of spheres, 

suggesting that 100% Fe3Si inhomogeneities is physically impossible, it is good practice to 

calculate the elastic properties of a two-phase composite all the way to c=1. This allows us to 

verify that when c=0 we recover the properties of the matrix material and conversely when c=1 

we recover the properties of the Fe3Si phase. Notice that all schemes agree when the volume 

fraction is less than approximately 20%, but the dilute estimate radically departs from the trend 

and even breaks the Reuss lower bound at about c=0.5. The Mori-Tanaka estimate, self-
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consistent estimate, and Differential Scheme have excellent agreement at the end points and 

always fall within the Voight and Reuss bounds but disagree most when c~0.6, unfortunately this 

is the relevant volume fraction for a real Finemet material. But, the relative disagreement of 

approximately 10GPa when considered with respect to the order of magnitude of the predictions, 

200GPa, represents a relative disagreement of 5% or less which is good for most engineering 

applications.  

 

Unfortunately, the result presented above overlooks one key detail regarding the 

anisotropic reinforcing particles: the fact that cubic particles are anisotropic and thus implicitly 

carry information regarding orientation. In the calculation above we used a single tensor 𝑳0 for 

the stiffness of the Fe3Si particles, this assumes every reinforcing particle carries an identical 

orientation but in reality, the reinforcing spheres are randomly oriented. This brings us to an 

interesting problem in Homogenization theory, how does one account for anisotropy in the 

various constituent phases? In the case of a Finemet two phase composite, reexamination of 

Equation (D.1) suggests that there are three possible locations where corrections should be made 

𝑳", 𝑳0, 𝑨0. The matrix is isotropic, 𝑳" will adopt the same components in any Cartesian 

coordinate system and cannot be modified for orientation dependence in any meaningful way. 

Therefore 𝑳0 must be modified in some fashion to account for the random orientations of the 

spherical reinforcing particles. Additionally, the strain concentration tensor 𝑨0 should be 

modified, though we have not given the form for a global strain concentration tensor explicitly, 

this tensor contains terms involving 𝑳", 𝑳0 as well as the fourth rank Eshelby tensor S. Through 

the Eshelby tensor information regarding the shape and orientation of the reinforcing particles is 

accounted for; the calculation of this fourth rank tensor can in general be troublesome, 

particularly if the matrix material is anisotropic. This occurs due to the fact that many 

homogenization methods rely on the “Equivalent Inclusion problem” laid out in [34], as such the 

properties of the matrix are used to determine S rather than the properties of the inhomogeneities. 

Furthermore, because the reinforcing particles are spheres there is no orientation given to the 

shapes of the reinforcing particles. Two of the homogenization methods, Dilute and Mori-

Tanaka, use the equivalent inclusion solution directly and the Eshelby tensor can be computed 

without the cubic anisotropic phase: for these two methods only the value of 𝑳0(wherever it 

appears) needs to be modified in some way. The remaining methods, the Self-Consistent and 
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Differential Scheme, involve more elaborate calculation techniques for the Eshelby and global 

strain concentration tensor but require similar modifications to the properties of the anisotropic 

reinforcing phase 𝑳0.  

 

 One technique, based on averaging the components of Cartesian tensor according to a 

given texture, provides a solution to this problem discussed in [32]. The formulae for averaging 

of second order tensor components is explicitly given in Chapter 5 and will not be repeated here. 

When this technique is used to average the components of the cubic Fe3Si reinforcing particles 

we obtain an isotropic stiffness matrix that can be substituted directly into the previous 

homogenization schemes. 

 

Figure D.2: Second attempt at a mechanical homogenization scheme for Finemet. This 
calculation averages the stiffness of a cubic reinforcing particle using the orientational averaging 
scheme given by (5.3) and thus accounts for the random orientation of reinforcing particles. 
Notice that the calculation gives the Young’s modulus of the matrix when c=0, no reinforcing 
particles, and gives the Young’s modulus of cubic Fe3Si when c=1, no matrix. 
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This modification recovers the properties of the matrix when c=0 as well as the properties 

of the reinforcing particle when c=1 and removes the suspect inflection point from the Mori-

Tanka, Self-Consistent, and Differential estimates. The technique used to average the 

components of a Cartesian tensor for this homogenization scheme has direct applications to a 

tensorial generalization to the distance from isotropy presented in this thesis, see Chapter 5. 


