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ABSTRACT 

This project was initiated to develop an understanding of the origin of solute drag on fcc 

Fe (austenite) grain boundaries and explain differences in the experimentally observed solute 

drag effects of different solutes in steels, and use this understanding to predict solutes which 

could be of industrial interest as grain growth inhibitors in austenite.  The 3-d and 4-d (period 4 

and 5) transition metal elements on the periodic table are considered as substitutional solutes 

with specific attention given to selected solutes (Nb, Mn, Cr, Mo, and Ni) that are of particular 

interest to the steel industry.  Atomistic modeling using both density functional theory (DFT) and 

molecular dynamics (MD) are used to achieve these goals.  The simulations provided 

thermodynamic solute-boundary binding energies as well as information about the electronic 

structure of the system which was accessed using both density of states analysis and direct 

observation of the calculated charge density.   

The calculated thermodynamic solute-boundary binding energies correlate strongly with 

experimental data sets on the effects of solutes on both austenite grain coarsening and austenite 

recrystallization.  The strong correlation with experimental results provides confidence in the 

modelling work and enables the results to be used to suggest solutes of interest for possible 

future experimentation as alloying elements.  Of particular interest, according to the results, are 

Y, Zr, and Sc, with possible specialized applications for Pd, Ag, and Cd. 

The filled kite is identified as a fundamental building block for the grain boundary 

structure of fcc Fe tilt grain boundaries.  This structure is found to function as a chemical sub-

structure within the grain boundary.  This study characterizes the chemical structure of the filled 

kite through topological analysis of the charge density and density of states analysis.  Further, the 

solute-defect interaction energy with this structure is relatively independent of the orientation of 

the filled kite with respect to the grain boundary, leading to the conclusion that understanding the 

interaction of defects with this structure enables a more complete understanding of the 

interaction of solutes with general grain boundaries.   

The most significant finding of this work, presented in Chapter 4, is that the solute-defect 

interaction energy can be predicted based upon the elemental properties of the solute-solvent 

system and the structure, both electronic and geometric, of the grain boundary.  The chemical 

and strain interaction energies can be separated by considering changes in the Bader volume and 

Bader charge, respectively, of the solute and solvent atoms as they move from the bulk to the 
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defect.  Through this separation of the chemical and strain energies, it is determined that the 

chemical hardness, the second derivative of the energy with respect to the electron count, of the 

solute relative to the solvent is the fundamental elemental property leading to the chemical 

energy of segregation just as the volume of the solute relative to the solvent is the fundamental 

elemental property leading to the strain energy of segregation.     
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CHAPTER 1 

INTRODUCTION 

  The initial goal of this work was to use atomic scale modeling to investigate the solute-

drag effect in fcc Fe and use model predictions to suggest additional solutes that might be worthy 

of further experimental investigation.  In addition, we wanted to develop a more detailed 

understanding of the origin of solute-defect interaction energies.  To guide the investigations 

necessary to meet each of these goals I formulated two hypothesis: first that solute drag on 

austenite grain boundaries in fcc Fe could be predicted based upon the solute-austenite grain 

boundary interaction energy, and second that the solute-defect interaction energy could be 

quantified by considering strain and chemical energies separately.  These hypothesis were 

investigated for the period four and five transition metals in Fe-M binary alloys where M was a 

transition metal substitutional solute.  The solute-boundary interactions were studied using 

density functional theory modeling. 

This chapter provides an explanation of the importance of solute-defect interactions as a 

whole (Section 1.1), and then provides a more detailed look at the importance of solute-grain 

boundary interactions in austenite and the phenomenon of solute drag (Section 1.2).  Section 1.3 

then provides information on the theoretical (based in thermodynamics and kinetics) approaches 

in the literature used to understand solute drag.  Finally, Section 1.4 provides background 

information on the computational techniques employed in this study for the investigation of 

solute-defect interaction energy.  Chapter 2 proceeds to provide an overview of the simulation 

and analysis techniques used in this work (the details of the simulations are addressed in 

Appendices A-C).  Chapter 3 and 4 present the core findings.  Chapter 3 describes the chemical 

understanding that I have brought to the filled kite structure.  Chapter 4 then uses the energies 

and observations noted in Chapter 3 to build a theoretical (based in linear elasticity theory and 

conceptual density functional theory) model for solute defect interaction energy, which is the 

most important finding of the work.  Chapter 5 then provides validation of the ability of the 

model to accurately portray reality by comparing simulated solute-defect interaction energies to 

experimental datasets with good agreement.  Finally, Chapter 6 presents the final conclusions of 

the work and discusses the numerous opportunities for future work that this project has provided.  
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1.1 The Importance of Understanding Solute Defect Interactions 

Solute-defect interactions (with solute-grain boundary interactions as one important sub-

class) play a significant role in the microstructural development and final properties of 

polycrystalline materials.  In steels, solute-boundary interactions can influence grain growth [3], 

recrystallization [4], [5], boundary cohesion and thus fracture [6], [7], and transformation 

kinetics [8], [9].  The solute-boundary interaction energy presumably has a significant part in 

determining how and with what magnitude a solute will affect these processes.  Thus, there is a 

strong desire to understand the solute-boundary interaction energy.  The interaction of solutes 

with boundaries is often explained through the use of strain energy [10], [11].  The solute creates 

strain on the lattice due to differences in atomic volume between the solute and solvent atoms 

and thus the solute can lower its energy by migrating to defect sites where the defect site volume 

more closely matches the ideal volume of the solute atom.  While this strain energy undoubtedly 

plays an important role in the energetics of solute-defect interactions, there is another important 

term which is often overlooked in traditional metallurgical analysis.  The electronic structure of a 

material is critical in determining material properties, including the properties of defects.  The 

importance of electronic structure has been highlighted in the past decade through studies of 

solute interaction with dislocation cores for which classical strain energy based models provide 

insufficient insight to allow quantitative prediction of solid solution strengthening or softening 

[12], [13].  As the electronic structure of a solute is unique and necessarily different from that of 

the solvent atoms, solutes will have unique electronic interactions with material defects.  Thus, a 

complete understanding of solute-defect interactions should depend upon understanding both the 

strain and electronic structures responsible for the property of solute-defect interaction energy. 

1.2 Industrial Relevance: Experimental Solute Drag in Steel 

Austenite grain size has an important influence on the microstructure and mechanical 

properties of steels, from providing ferrite nucleation sites to limiting the martensite lath or plate 

size, or fracture facet size.  Minimizing austenite grain size has long been a topic of interest in 

the academic and industrial communities.  Microalloying has been effectively used to create high 

strength, low alloy (HSLA) steels.  These steels use precipitation of very fine carbides and 

nitrides to pin the boundaries and prevent recrystallization and grain coarsening.  Minimizing the 

austenite grain size often incorporates thermo-mechanical treatment (TMT) in combination with 

microalloying.  The associated rolling steps can successfully provide high austenite surface area 
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to volume ratios following deformation, refining the microstructure after transformation.  There 

are other cases, such as carburizing [14] and welding [15], where opportunities for 

thermomechanical processing are limited but where grain refinement is desired.  Furthering our 

understanding of solute effects on austenite grain coarsening has the potential to provide another 

valuable tool for enhancing austenite grain refinement. 

Steels have been studied using experimentation for over a century [11], [16].  This level 

of study means that most phenomena impacting the production of steel have been examined to 

some extent.  For solute drag these studies have focused on the observable effects of solute drag 

on microstructural development.  Some of the literature on the effects of solutes on various 

microstructural processes in austenite are described in Section 1.2.1.  Section 1.2.2 provides 

information on the prior austenite grain size measurements that were performed on samples 

provided by TimkenSteel and Section 1.2.3 provides information on optical profilometery 

measurements of samples also provided by TimkenSteel in order to provide experimental 

measurements of the ratio of the grain boundary and free surface energies. 

1.2.1 Solute Drag in Grain Coarsening, Recrystallization, and Phase Transformations 

Some solutes lower grain boundary mobility through solute drag.  This effect has been 

well documented with respect to the kinetics of the austenite to ferrite transition [17]–[19].  

However, there is a less extensive body of evidence concerning solute effects on boundaries in 

single phase austenite grains.  Despite this, recrystallization studies have given some insight into 

the effect of solutes on austenite recrystallization and grain growth kinetics [1].  The majority of 

the studies of solute effects in austenite and austenite-ferrite transformations have focused on the 

effects of microalloying elements that remain in solution during recrystallization [1], [20]–[22].  

These studies have found that, depending on the solute and the processing conditions, the effect 

of solute drag can range from having no effect when carbides or nitrides do not precipitate [1], 

[23], [24], to causing a substantial delay in the recrystallization and grain coarsening kinetics of 

the materials [1], [20], [24].    Figure 1.1 [1] shows that  the effects of some elements in solution 

can lead to an order of magnitude reduction in the recrystallization kinetics (the Mo and Nb-Mn 

steels),  while other elements can have a much smaller effect (the V steel).  This study, 

performed by Andrade et al., used steels with the compositions shown in Table 1.1 and used two 

methods to determine that precipitation was not occurring in Figure 1.1.  First, previous studies 

of the steels had shown that carbide precipitation kinetics at 1000 oC were too slow for 
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precipitation to occur during recrystallization.  Second, when fractional softening measurements 

were performed at 900 oC, the Nb-Mn steel displayed a discontinuous behavior which was 

interpreted as the onset of precipitation, which gave the authors confidence to state that the 

retardation in recrystallization kinetics shown in Figure 1.1 was solely due to the effects of 

solutes [1].  It should be noted that the Nb-Mn steel delays the recrystallization kinetics more 

than the sum of the delay of Nb and Mn in steels where the other is not present, though whether 

this is because of a co-segregation effect or another origin is uncertain. 

Another study by Lee and Lee reported the effect of several solutes on final austenite 

grain size after a defined holding time and presented a general model for predicting the final 

austenite grain size as a function of the solute element concentration [3]. Their results are based 

on studies of 16 different low-alloy steels with compositions in weight percent (wt. pct.) ranging 

as follows: C between 0.15 and 0.41, Mn between 0.73 and 0.85, Si between 0.20 and 0.25, Ni 

between 0.00 and 1.80, Cr between 0.00 and 1.45, and Mo between 0.00 and 0.45.   This work is 

highly relevant as it quantifies the influence of solute drag on austenite grain size.  Figure 1.2 

shows the decrement in austenite grain size for three different elements normalized by 

concentration at two different austenitizing temperatures.  It was determined that Mo had the 

greatest effect on austenite grain size at both temperatures while Ni and Cr had similar and 

smaller effects at both temperatures.  For all elements the decrease in austenite grain size with 

respect to the reference low carbon steel was greater at higher temperature and decrements above 

90% were observed.  A solute drag effect was also observed with carbon as shown in Figure 1.3 

(C concentration between 0.15 and 0.41 wt. pct.).  The effect of carbon increases with 

temperature as do the effects of Mo, Ni, and Cr.  The authors did not comment on the origin of 

the increased effect of solutes at higher temperatures on the austenite grain size.  

Further, Lee and Lee developed a general model for estimating the effect of solutes on 

final austenite grain size [3].  Equation 1.1 follows an Arrhenius relationship (similar to 

equations from previous authors) and includes contributions of C, Ni, Cr, and Mo.   

 𝑑 = 76671𝑒𝑥𝑝 (− 89098 + 3581𝐶 + 1211𝑁𝑖 + 1443𝐶𝑟 + 4031𝑀𝑜𝑅𝑇 ) 𝑡0.211 
(1.1) 

In this equation d is the grain size in micrometers, R is the gas constant, T is the temperature in 

Kelvin, t is the austenitizing time in seconds, and each element (C, Ni, Cr, and Mo) is the 

concentration of that element in wt. pct.  This equation is useful as a predictive tool for 
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determining the approximate austenite grain size that can be expected given reaustenitizing 

conditions and steel composition.  A graph matching this equation to experimental data is shown 

in Figure 1.4. 

 

Table 1.1 – Steel Compositions in Weight Percent Reproduced from [1] 

Steel C Mn Si Al V Mo Nb N 
Plain C 

(PC) 
0.06 1.43 .24 .025 --- --- --- 0.006 

V 0.05 1.20 .25 .030 0.115 --- --- 0.006 
Mo 0.05 1.34 .20 .065 --- 0.29 --- 0.006 

Nb-Mn 0.06 1.90 .225 .030 --- --- .035 0.006 
 

 

Figure 1.1 Fractional softening, and thus percent recrystallization, for several steels after 
deformation with respect to holding time at 1000 oC.  There was no precipitation of any of the 
species used.  It should be noted that the vanadium had very little effect while the molybdenum 
and the niobium-molybdenum mixture both showed a substantial slowing in kinetics [1]. 

 

Of particular interest to studies of solute drag in austenite on grain coarsening and 

recrystallization is solute Nb, due to its importance to the steel industry.  Nb was first 

incorporated into industrial heats of steel in 1958 [8] and has since been studied extensively [4], 

[5], [9], [25]–[31].  Many studies have focused on the effects of Nb as a precipitate strengthening 
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addition [25], [26], but Nb is also known to have significant solute drag effects [4], [5], [9], [26]–

[30].  The suppression of austenite recrystallization in particular has enabled the important class 

of HSLA (high strength low-alloy) steels.  Nb is known to segregate to both austenite and ferrite 

grain boundaries [9] as a result of a binding energy between the grain boundary and Nb atoms 

[9], [27].  This binding energy has been investigated experimentally for ferrite [9], [27].  

Maruyama et al. calculated the segregation energy of solute Nb to α-Fe (ferrite) grain boundaries 

from measurements of the excess Nb at grain boundaries and found a segregation energy of 38 

kJ/mol [27].  Felfer et al. observed Nb enrichment at prior austenite grain boundaries (PAGBs) 

using atom probe tomography [9], and reported that the Nb concentration at PAGBs was 

approximately two and a half times greater than at ferrite grain boundaries (0.25 atoms nm-2 for 

PAGBs as opposed to 0.1 atoms nm-2 for ferrite-ferrite grain boundaries).  This strong 

segregation energy of Nb to grain boundaries in low alloy steels is believed to be responsible for 

the effects of solute Nb on the microstructural development of these steels.   

 

 

Figure 1.2  The effect of Ni, Cr, and Mo on austenite grain size for reheating temperatures of 
900 oC and 1200 oC.  The effect of the solutes is substantially greater at higher temperature [3]. 

 

Solute Nb is particularly well known for its ability to delay recrystallization [4], [5], [26], 

[28], [29].  It has been suggested that solute Nb is more effective at delaying dynamic 

recrystallization than Nb precipitates, whereas Nb precipitates are more effective at delaying 

static recrystallization than solute Nb [26].  Additionally, the relative importance of solute Nb 

and Nb precipitates depends on the driving force for grain boundary motion and the Nb content 
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of the steel [28].  Through its combined effects, Nb is one of the most powerful elements 

available for the retardation of recrystallization [29].  Nb also serves to stabilize the austenite-

ferrite interface through the solute-boundary binding energy of Nb [30].  The interface 

stabilization generated by Nb sometimes decreases the austenite-ferrite transformation 

temperature by over 100 oC [9], although Nb can also increase the rate of transformation from 

unrecrystallized austenite [8]. 

 

 

Figure 1.3  The decrement in the austenite grain size with respect to carbon as it varies with 
temperature is shown.  The positive values indicate that increasing carbon reduces the austenite 
grain size.  It can also be seen that the effect increases with increasing temperature [3]. 

 

 

Figure 1.4  The linear relationship predicted by Equation 1.1 and the observed data points 
from every sample tested in [3].  This model provided the best fit for the data of any model 
tested. 
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1.2.2 Early Experimental Work: Prior Austenite Grain Size Measurments 

At the start of this project, there was a small amount of work performed with physical 

materials to verify the project premise.  Additionally, when the project was initially proposed, an 

experimental component to the work was considered and some experimental work with physical 

materials was initiated to determine techniques that might prove beneficial in future work.  The 

following two sections summarize this work, as background to the modeling work.   

Samples were delivered by Edward Damm of Timken Co (now TimkenSteel).  These 

steels were the same steels used in Edward Damm’s dissertation work at CSM and were chosen 

because of their low alloy content and their extensive characterization during his work.  The steel 

compositions are shown in Table 1.2.  The samples received one of two heat treatments: samples 

were austenitized at 1093 oC (2000 oF) and held for either one half hour or five hours to provide 

variation in prior austenite grain sizes.  The samples were then polished sequentially in diamond 

pastes of 15, 9, and 3 μm followed by a 1 μm alumina slurry.  Finally, the samples were etched 

in 4% nital.  Images of the samples were taken using a light optical microscope at CSM.  Grain 

size counting was performed on the samples using randomly generated circles and ImageJ 

software.  

 

Table 1.2– Steel Chemical Compositions Reproduced from [2] 
 

wt pct C Mn Cr Al O (ppm) N (ppm) 
0.1 C 0.14 0.01 0.01 0.009 78 8 
0.3 C 0.33 0.01 0.01 0.002 28 8 

1.0 Mn 0.33 0.94 0.01 0.003 36 7 
3.0 Mn 0.34 2.93 0.01 0.004 30 8 
3.0 Cr 0.34 0.01 3.03 0.006 27 7 
Nominal Others – Si, Ni, Mo, Cu, S=0.01; Sn, V, Ti=0.001; Co, P, 

W=0.002 
 

The measured grain size for each sample is displayed in Table 1.3 and representative 

images used to determine this grain size are shown in Figure 1.5.  As can be seen from the 

images, there is a clear decrease in prior austenite grain size with increasing alloy concentration, 

demonstrated by the decrease in grain size from plain carbon to 1.0 Mn to 3.0 Mn (Figure 1.5 a, 

b, and c).  Therefore, a solute drag effect is likely responsible for limiting the prior austenite 
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grain size.  Further, it appears that different alloying elements have different effects on prior 

austenite grain size, in agreement with the literature.  The effect of Mn was much greater than 

the effect of Cr on prior austenite grain size (compare Figure 1.5a to Figures 1.5c and d, 

respectively).   

 

Table 1.3– Prior Austenite Grain Size for Each Experimental Alloy 
 

wt pct Heat Treatment 
Average Grain 
Diameter (μm) 

Standard Deviation 
(μm) 

0.3 C 

1093 oC for 5 hrs. 

276 44 
3.0 Cr 187 27 
1.0 Mn 104 12 
3.0 Mn 53 8 
0.3 C 

1093 oC for 0.5 hrs. 
257 46 

3.0 Cr 177 22 
3.0 Mn 62 8 

 

 

a. 

 

b. 

 

c. 

 

d. 

Figure 1.5  Light optical micrographs of the 0.3 C, 1.0 Mn, 3.0 Mn, and 3.0 Cr (a, b, c, and d 
respectively) steels that were austenitized at 1093 oC (2000 oF) for five hours, quenched, and 
then polished and etched in 4% nital (color image; refer to PDF version). 
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1.2.3 Early Experimental Work: Optical Profilometry 

The optical profilometry samples were first polished and then received one of three heat 

treatments in a vacuum at the Timken Company (now TimkenSteel) to allow grain boundary 

grooving to occur: 900 oC (1652 oF), 1000 oC (1832 oF), and 1100 oC (2012 oF) for 5 hrs 

followed by a water quench.  The angles of vacuum grooves are dependent upon the ratio of the 

free surface energy and the grain boundary energy.  Thus, analysis of the grooves can provide 

information on the relative grain boundary energies of steels with different compositions.  The 

samples were stored in a desiccator cabinet to prevent corrosion until they were characterized 

using the WYKO white light interference profilometer with 10 objective magnification.  Profiles 

were then taken of the grain boundary grooves.  These profiles were averaged over six pixels 

along the boundary in order to reduce variability and obtain a representative groove structure.  

For each sample the average for six grain boundaries was determined. 

Characteristic images obtained using the optical profilometer are shown in Figures 1.6 

and 1.7.  These images show the three dimensional profile of the 3 Mn sample that received the 

1000 oC (1832 oF) heat treatment.  Figure 1.6 provides a slightly tilted view which allows for 

general trends in the surface structure to be seen more easily.  From this image it is apparent that 

the grain boundaries underwent grooving during the heat treatment during which material 

migrated away from the grain boundaries and made elevated mounds on either side of the groove 

(This may only be apparent in color images in the PDF version).  Figure 1.7 shows the surface 

data for the sample.  The black spaces in the color image indicate areas where the profilometer 

was unable to gather data.  These areas are caused by the angles of the grain boundary grooves 

influencing the reflected signal in the profile.  It should be noted that the image size is 603.7 X 

459.4 μm while the sample grid was 736 X 480 pixels, which means that a single pixel 

represents an area nearly one micron in diameter.  The spatial resolution is important when 

considering Figure 1.8, which shows a two dimensional cross section of three different grain 

boundaries on the sample.  These profiles were only examined for grain boundaries which were 

completely characterized by the optical profilometer (grain boundaries where there were no 

missing data due to poor reflections).  The large dips in the profiles are the grain boundaries, 

while the grooves appear to have very similar angles.  The profiles were obtained by averaging 

multiple profiles of the grain boundary over a length of ~5 μm along the boundary to account for 

statistical fluctuations in the grain boundary groove geometry.  There are two things worth 
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mentioning at this point.  First, the vertical scaling is far exaggerated in order to allow the height 

variations of under 2 μm to be visible.  Second, the groove width is ~3 μm which means that, due 

to the pixel size, there are only 3 to 4 data points across the groove, so there may be a degree of 

uncertainty in the detailed profiles of the grain boundaries.  Data were captured for 3 separate 

grain boundaries for each material-heat treatment condition tested.   

From the two dimensional cross sections, the dihedral angles of the grain boundary 

grooves were estimated.  These were then used to calculate the ratio of grain boundary energy to 

surface energy using the same method as Gjostein and Rhines [32].  The height and width of one 

side of the groove is measured and used to calculate the half-dihedral angle of the groove.  This 

process is repeated for each side of each grain boundary groove measured.  The ratio of the grain 

boundary energy to the free surface energy is then provided by Equation 1.2 

 𝛾𝐺𝐵𝛾𝑆 = 2 ∗ 𝑐𝑜𝑠 (𝜃2) 
(1.2) 

where γGB is the grain boundary energy, γS is the surface energy, and θ is the dihedral angle.  The 

data are summarized in Table 1.4.  It can be seen that the uncertainty in the angles is large (due 

to the pixel size discussed previously) compared to the differences in the angles caused by the 

different solutes.  The uncertainty is large enough that many of the angles are statistically 

indistinguishable (the uncertainty causes the ranges of the angles of different alloys with the 

same heat treatment to overlap).  This uncertainty makes it difficult to determine whether C 

serves to increase or decrease the grain boundary energy.  Additionally, the measured dihedral 

angle of the 3.0 Cr sample treated at 1100 oC is statistically indistinguishable from the 3.0 C 

sample (the plain C sample whose composition most closely matches that of the 3.0 Cr sample).  

However, the 3.0 Cr alloy treated at 1000 oC and all three heat treatments of the 3.0 Mn alloy 

produced statistically distinguishable dihedral angle measurements.  These results show that both 

Cr and Mn are influential at grain boundaries, with Mn having a greater effect than Cr on the 

ratio of the grain boundary energy to the surface energy, in agreement with the results presented 

in Section 1.2.2 (Table 1.3) and the literature of the relative effects of Mn and Cr.  Higher 

resolution microscopy and a larger sample size would allow for more accurate imaging of the 

grain boundaries and more statistically significant results. 

The optical profilometry work, combined with the grain size measurements, show that 

both Cr and Mn are influential at austenite grain boundaries.  Additionally, Mn is shown by both 



12 

measurement techniques to be more influential at austenite grain boundaries than is Cr, in 

agreement with literature.  These experiments thus serve as sufficient bases to warrant 

computational investigation, and provide some insight into the magnitude of segregation energies 

that can lead to measurable changes in material behavior (both Cr and Mn lead to measurable 

grain growth retardation and so solute-grain boundary interaction energies equal or greater to 

those of Cr or Mn should also have measurable effects). 

 

Figure 1.6  Optical profilometry images of the 3 Mn sample heat treated in vacuum at 1000 
oC (1832 oF) for 5 hours in the topographic 3D orientation (color image; refer to version). 

 
 

Figure 1.7  Optical profilometry images of the 3 Mn sample heat treated in vacuum at 1000 
oC (1832 oF) for 5 hours in surface orientation.  Note the black regions where data were not 
collected (color image; refer to PDF version).  
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Figure 1.8  The 2 point profile data for the optical profilometry data presented in Figures 1.6 
and 1.7.  The 2 point profile is the profile along a line between two user defined points and the X 
and Y coordinates are the lateral and height coordinates on the line, respectively, that were used 
to determine the dihedral angle (color image; refer to PDF version). 

 

Table 1.4 – Dihedral Angles and Grain Boundary Energies of Vacuum Grooved Steels 

Sample 
Treatment 

(5 hrs.) 

Average Half 
Diheadral 

Angle 

Angle 
Standard 
Deviation 

Grain Boundary Energy 
divided by Surface 

Energy 

1.0 C 

900 oC 80.3o 3.6 0.34 
1000 oC 84.8o 1.3 0.18 
1100 oC 83.3o 2 0.23 

3.0 C 

900 oC 87.3o 0.9 0.09 
1000 oC 84.1o 1.3 0.21 
1100 oC 84.7o 0.9 0.18 

3.0 Mn 

900 oC 83.5o 1.8 0.23 
1000 oC 66.8o 6.3 0.79 
1100 oC 73.2o 3.9 0.58 

3.0 Cr 
1000 oC 76.3o 6.2 0.47 
1100 oC 86.2o 1.2 0.13 
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1.3 Theoretical Models of Solute Drag and Solute-Boundary Interaction 

Solute drag is a phenomenon observed in a variety of materials systems and is reported to 

have a substantial effect on grain boundary mobility [33]–[41].  For this reason there have been 

numerous efforts to model and understand the origin of solute drag.  A method available to 

understand solute drag is through theoretical models based on classic kinetics that follow 

continuum theory (all parameters of the system including thermodynamic driving forces and 

solute concentration profiles are continuous) and assume a continuous solute concentration 

gradient at the grain boundary.  These models calculate a drag force on the grain boundary due to 

the solute concentration profile at the boundary and the models are based on the long range 

diffusion of solute species.  An impurity flux model for a moving boundary was presented by 

Cahn [42] and independently by Lucke and Stuwe [43] and is thus known as the CLS model 

which, in steady state, is: 

 𝐷 𝑑𝐶𝑑𝑥 + 𝐷𝐶𝑘𝑇 𝑑𝐸𝑑𝑥 + 𝑉𝐶 = 𝑉𝐶∞ (1.3) 

where D is the solute diffusivity, C is the solute concentration, E is the boundary impurity 

interaction energy, V is the boundary velocity, 𝐶∞ is the solute concentration away from the 

boundary, k is the Boltzmann constant, and T is temperature.  This model makes several 

assumptions including the assumption of a flat boundary (due to the one dimensional model), no 

structural effects on boundary migration, a continuum description of the boundary solute 

interaction, the assumption of ideal solution behavior, high boundary concentrations of 

impurities, and only one type of solute [44].   

Another class of theoretical models for solute drag focuses on phase boundaries and 

accounts for the effects of multiple solute types with differing diffusivities.  The remainder of 

this section will focus on models that have been developed to provide insight into solute drag in 

steels [45]–[48], particularly upon the moving austenite/ferrite interface as it has been most 

widely studied.  In this field there are three main concepts that have been applied to the question 

of interface migration and how it is affected by solute drag: interface controlled growth, 

diffusion controlled growth, and a mixture of interface and diffusion controlled growth known as 

mixed mode growth [45].  In interface controlled growth, proposed by Christian [49], the driving 

force of the interface movement is dissipated solely by the migration of the boundary.  

Alternatively, diffusion controlled growth, originally proposed by Zener [50], assumes that 

interface migration is controlled by diffusional processes and the motion of the boundary 
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dissipates a negligible amount of the driving force.  For multi-component systems with widely 

varying diffusivities (as is the case for Fe-C-M systems where M is a substitutional metal) 

diffusion controlled growth is further broken down into two cases.  The first type, proposed by 

Hultgren and expanded upon by Hillert [51], is known as paraequilibrium.  In paraequilibrium, 

the rapidly diffusing species (C in Fe-C-M alloys) maintains equilibrium across the boundary 

while the slowly diffusing species (Fe, M) are mostly unaffected by the motion of the boundary.  

The second type of diffusion controlled growth, local equilibrium with negligible partition [52], 

[53] is an extension of Zener’s work to the ternary condition and states that equilibrium is 

maintained across the interface, but that the slow moving solute forms a concentration spike in 

front of the moving interface which is pushed along by the interface as it moves.  Numerous 

studies have focused on individual material systems and determined that there are transitions 

where a material system will evolve from paraequilibrium to local equilibrium with negligible 

partition depending on the thermal processing parameters [46], [47].  The final concept applied 

to solute drag, mixed mode, assumes that the moving interface dissipates some of the 

thermodynamic driving force but that motion of the interface is also affected by the diffusion of 

solute species.  Recently, Chen and van der Zwaag used these models to successfully predict the 

solute drag of Mn and Ni on the transformation stasis phenomenon (the incomplete 

transformation of austenite to ferrite at temperatures below the eutectoid) in ternary alloy 

systems [45].  Their model used a Gibbs free energy balance concept to balance the chemical 

driving force and the energy dissipated by the diffusion of both C and the substitutional alloying 

element.   

Theoretical thermodynamic and kinetic models of solute drag provide a fundamental 

understanding of the forces involved in solute drag on multiple types of interfaces.  However, 

these models have weaknesses [48].  Every model presented here relies on continuum theory and 

thus ignores the fundamental atomic scale structure of interfaces, assumes solute-boundary 

interaction profiles which may or may not be accurate [48], and requires numerous inputs 

including boundary thickness, chemical potentials, and solute-boundary interaction energies [48].  

To mitigate these limitations or provide the necessary inputs for these models, researchers have 

used computational modelling, which is the subject of the following section. 
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1.4 Computational Modeling of Solute Drag and Solute-Boundary Interactions 

Due to the complexity of solute defect interactions and solute drag, theoretical models are 

not always capable of predicting or fully explaining experimentally observed results.  To bridge 

this gap, researchers have attempted to use various types of computational modeling to more 

fully understand the complex interactions of solutes with boundaries.  However, individual 

simulations have their own limitations and so researchers have attempted to address solute drag 

through an array of simulation techniques, two of which (density functional theory and molecular 

dynamics) are covered in the following sections. 

1.4.1 Density Functional Theory 

Density functional theory (DFT) is a method of atomistic modeling based in quantum 

mechanics.  The fundamental precept of DFT is that the energy of a system is a functional of the 

charge density of the system, where a functional is a mathematical function whose variables are 

themselves functions [54].  Thus, with an exact functional, it would be an easy matter to compute 

the exact charge density that determines the energy, and thus all properties that can be derived 

from the energy (known as ground state properties), of a given system.  However, the form of the 

exact functional is unknown and so approximations of the functional must be used.  Khon and 

Sham noted that it is possible to determine the non-interacting portion of the charge density 

exactly through orbital methods.  Thus, by assuming a functional for the exchange and 

correlation term (the term that determines the density due to the interaction of electrons with 

other electrons) and then adding this exchange and correlation density into the non-interacting 

density, a more accurate density could be simulated than with an assumed functional for the 

whole density [55].  This is because the exchange and correlation density (the density arising 

from the interaction of electrons in the system) makes up only a small portion of the total 

density.  Thus, the majority of the charge density is determined exactly through orbital methods 

while the exchange and correlation correction to that density is based on assumptions.  To 

produce an accurate exchange and correlation density, iterative self-consistent calculations are 

performed using an assumed functional.  Iterative methods built upon Khon and Sham’s work 

have shown constant improvement since their inception in the 1960s and have produced 

increasingly accurate energies and densities when compared to experimental results [56]–[58].   

One of the first functionals to achieve wide success in the Khon Sham framework was the 

Local Density Approximation (LDA) [59].  The LDA functional treats the exchange and 
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correlation as a linear sum of two terms: the electron correlation and the electron exchange.  The 

exchange term of this functional is given by Equation 1.4 [59]: 

 𝐸𝑥𝐿𝐷𝐴[𝜌] = − 34 (3𝜋)1 3⁄ ∫ 𝜌(𝑟)4 3⁄ 𝑑𝑟 
(1.4) 

where ρ is the electron density and r is position.  The correlation functional is significantly more 

complex and so is not presented here [59].   

 Another important consideration when performing DFT simulations is the temperature at 

which the simulations are perform, which is technically 0o K.  However, it is perhaps more 

appropriate to think of DFT simulations as being temperature independent because they are 

electronic structure calculations [60].  Thus, for temperatures below several thousand degrees 

Kelvin, electronic excitations above the Fermi energy are minimal and the ground state 

electronic structure accurately represents the material’s behavior.  Phrased another way, DFT 

simulations calculate the adiabatic surface for a material.  Thus, DFT simulations provide the 

enthalpic energy of the system, but do not provide information on the entropic energy.      

In metallurgical engineering, much of the impetus for improvement in DFT comes from a 

desire to study material properties that are difficult to access experimentally but that are, in 

theory, easy to calculate through simulation.  This desire was highlighted by Rice and Wang in 

their 1989 paper that showed that the effect of a solute on the cohesive strength of a grain 

boundary could be determined by considering the solute segregation energy to a grain boundary 

and comparing that energy to the solute segregation energy to a free surface [61].  While this 

method effectively identifies solutes as either grain boundary embrittlers or cohesive enhancers, 

experimental measurement of the solute segregation energy to grain boundaries and free surfaces 

is highly complex.  However, while experimental measurement of these properties is difficult, 

they are relatively simple to calculate [61].   

Some of the easiest benchmarks for determining the efficacy of DFT modeling at 

predicting real material properties are calculations of thermodynamically stable phases [62], 

elastic constants [63]–[65], and lattice parameters [66], [67].  These simulations were performed 

from the mid-60s through the 80s as DFT modeling techniques improved.  Though these 

simulations do not provide significant new insight into the nature of materials, they enable 

comparison of different functionals and provide insight on which functionals should be used with 

different material systems.  Some of the earliest convincing results obtained using the local 
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density approximation (LDA) functional were obtained by Yin and Cohen [68] who calculated 

the lattice constant, cohesive energy, and bulk modulus of diamond.  Their simulations predicted 

these parameters to within 3% or less of the experimentally measured values, showing good 

agreement between simulation and experimental work.   

DFT modeling of Fe is complicated by magnetic effects and the uncertainty as to the 

magnetic state of fcc Fe.  Nevertheless, there have been a number of DFT studies of fcc Fe [69]–

[73].  Advancements in the capability of DFT to address spin polarized systems improved the 

accuracy of these studies [74]–[76].  Many of these studies have been focused on understanding 

the magnetic properties of low temperature fcc Fe.  Pure Fe can be stabilized in the fcc structure 

at low temperatures through deposition on a Cu(001) substrate [69], [70].  At these temperatures, 

the magnetic properties of fcc Fe are highly complex.  It has been concluded through 

experimentation and DFT that there is a combination of ferromagnetism, paramagnetic bilayers, 

and noncollinear helical magnetic alignment [69]–[73], [77]–[79] depending on lattice parameter 

and any potential strain in the lattice.  Studies have indicated that the source of this 

noncollinearity is a competition between bilinear and biquadratic exchange terms.  These 

complex magnetic effects can lead to difficulties when attempting to model fcc Fe.  Because of 

the complexity and computation expense of simulating these magnetic states, several studies use 

an antiferromagnetic bilayer as the magnetic ground state of bulk fcc Fe [80], [81] as this has 

been found to be within a few meV per atom of the much more complex noncollinear calculated 

magnetic ground state [71].  Other studies have used high spin ferromagnetic states to 

approximate bulk fcc Fe [82] or simply treated complex defects in fcc Fe in a non-magnetic 

simulation environment [83].    Despite these difficulties, a group of studies by Zhang et al. has 

recently been performed to determine the effect of a variety of solutes on the lattice parameter, 

magnetic moments, and elastic constants of both ferromagnetic bcc and paramegnetic fcc iron 

[84]–[86].  The authors studied random Fe-M solutions with M concentrations between zero and 

ten wt. pct. and M being Al, Si, V, C, Mn, Co, Ni, or Rh.  For bcc iron they predicted the lattice 

parameter and the alloying effect on the lattice parameter to within one percent of experimental 

values and for fcc iron the researchers predicted the lattice parameter and the alloying effect on 

the lattice parameter to within two percent [84].  For bcc iron Zhang et al. predicted the elastic 

constants with a maximum deviation from experimental values of ten percent [85].  Further, for 

bcc Fe they predicted a magnetic transition very near the ground state that was previously 
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unknown [86].  Calculations for the elastic constants of fcc iron were more varied in comparison 

to experiment [84].  The authors predicted some constants to within three percent of 

experimental values but other constants deviated from experimental values by as much as forty 

percent [84].  This discrepancy is attributed to the temperature dependence of elastic constants 

and the difficulties associated with predicting mechanical constants at elevated temperatures 

using DFT.  It is worth noting that these calculations are the “most accurate” that have been 

performed to date and that computational techniques are still improving and hopefully will allow 

for accurate calculation at elevated temperature in the future.  Regardless, the electronic and 

magnetic structures of fcc iron (if not all of the elastic constants) were predicted with a high 

degree of accuracy when compared to experimental data, and suggests that these computational 

techniques are capable of accurately predicting grain boundary structure and solute-boundary 

interaction energies (the properties of interest to this study) in low alloyed austenite1.  The 

continued improvement of the computational techniques associated with DFT modeling allows a 

significant level of confidence to be placed in the results of DFT simulations.   

DFT has been utilized to study solute and defect behavior in bulk bcc and fcc Fe 

environments.  Boukhvalov et al. studied interstitial solute C in fcc Fe and determined that a 

solute C atom creates a local region of ferromagnetic ordering and induces significant tetragonal 

distortion of the lattice [87].  Klaver et al. conducted a study on the formation of vacancy 

clusters in fcc Fe and their interaction with dilute solute Cr or Ni [88].  The authors started by 

performing tests on a variety of initial magnetic starting structures, and then performed multiple 

simulations of each vacancy cluster and each solute-vacancy interaction with different initial 

magnetic configurations.  If the magnetic states converged to the same magnetic configuration as 

a final state of the simulation, then that was considered the true magnetic ground state of the 

defect or solute-defect structure.  However, if the simulations converged to different final states, 

it was not possible to determine the true magnetic ground state and the magnetic energies were 

thus inconclusive.  They found that there is significant stabilization energy for certain vacancy 

structures, and that solute Ni and Cr interact with these defect structures as would be expected 

                                                 
1 In DFT calculations the energy is the term that is being minimized, where the structure of the 
system is directly related to the system energy.  Conversely, the elastic constants of a system are 
all higher order functions of the energy surface.  Thus, if the elastic constants of a system can be 
determined by DFT, then the prediction of the systems atomic and charge density structure is 
also likely to be accurate [54]. 
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based upon free volume considerations, with an oversized solute Ni bound to the vacancy defect 

structures, and (smaller) Cr bound to self-interstitial Fe atoms.  Jiang and Carter studied 

interstitial C dissolution and diffusion in both bcc and fcc Fe and found values for enthalpy of 

dissolution and migration barrier energies which were in good agreement with experimentally 

determined values for bcc Fe [82].  However, they modelled fcc Fe in a high spin ferromagnetic 

state which limits the ability to directly compare their fcc values to experimental results where 

fcc Fe has more complex magnetic structures.  Gavriljuk et al. studied interstitial H, C, and N 

and each solute’s effect on the density of states (DOS) at the Fermi level [89].  The authors 

found that H and N increase the state density while C decreases it.  The authors related this 

change in the DOS to observations that H and N increase dislocation mobility where C decreases 

it.  Choudhury et al. studied diffusion of Cr and Ni and self-diffusion of Fe in bcc Fe through 

both vacancy and interstitial diffusion [90].  The authors determined that Cr is the fastest 

diffusing solute for both migration mechanisms, while Ni is faster than Fe for vacancy and 

slower than Fe for interstitial diffusion.  They then used their results to provide insight into 

radiation induced segregation in ferritic Fe alloys.  In two studies Domain and Becquart studied 

point defect interactions with Cu [80] and P [91] in Fe.  The authors determined that Cu interacts 

with vacancy structures which are believed to play a significant role in pressure vessel 

embrittlement and that the strong Cu-vacancy binding energy supports the hypothesis that Cu 

diffuses primarily through vacancy mechanisms [80].  Their subsequent study determined that P 

binds strongly to both vacancies and self-interstitials but P atoms in first and second nearest 

neighbor sites repel each other [91].  Olsson et al. performed ab-initio simulations of Cr 

interactions with bcc Fe self-interstitials and vacancies and determined that Cr interacts weakly 

with monovacancies but strongly with self-interstitials [92].  Later, Gorbatov et al. calculated 

vacancy-solute binding energies for the 3s, 3d, and 4d elements (Na, Mg, Sc-Zn, Y-Cd) in bcc Fe 

and determined that magnetism plays a significant role in the energy for these interactions in bcc 

Fe [93].  This large body of work is due to the combination of increasing confidence in the 

results of DFT simulations and the comparative ease of study of various important properties 

through modeling as opposed to experiment.   

DFT has further been used to study the fundamental structure of grain boundaries due to 

their importance in controlling the final microstructures and properties of metals.  In 1983 Sutton 

and Vitek published a study of long period tilt grain boundaries meant to provide information 
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about the structure of general grain boundaries [94].  They determined that coincident site lattice 

(CSL) tilt grain boundaries are made up of repeated structural units and developed the structural 

unit model (SUM).  The SUM states that grain boundaries are made up of low energy structural 

units that account for the difference in the orientation of the grains that meet at the grain 

boundary and are similar to dislocation cores.  Further, any general tilt boundary can be 

constructed out of combinations of these structural units from two different CSL grain 

boundaries, one with a misorientation angle just below that of the general grain boundary and the 

second with a misorientation angle just above that of the general grain boundary.  Thus, many 

grain boundary properties can be understood by analysis of these structural units.  In a 

subsequent 1990 study, Sutton and Ballufi extended the SUM to twist and mixed type grain 

boundaries, allowing for all grain boundaries to be considered in the SUM [95].  An example of 

one of the structural units, identified by Wang et al., is shown in Figure 1.9 [96].  Figure 1.9a 

shows the structural unit as the authors identified it.  More recent studies have identified grain 

boundary kites that are analogous to these structural units.  An example of a grain boundary kite 

is overlaid on top of the structural unit from Figure 1.9a in Figure 1.9b.  As such, grain boundary 

kites can be thought of as a sub-class of structural units that can be chained together to form a 

boundary and have a geometrical kite shape.  However, unlike structural units, kites are not 

always completely space filling at a grain boundary. 

Bhattacharya et al. performed a study of symmetric tilt boundaries in bcc Fe in which 

they identified common structural units characterized by atomic positions, local energy and 

stress, the nature of the interfacial bonding, and the magnetic moments at the boundary [97].  

The authors determined that 80% of the energy increase of the boundary when compared to the 

bulk is accounted for by the structural units that make up the boundary.  Thus, lower energy 

structural units have the potential to lower that 80% of the boundary energy (and thus the energy 

of the boundary as a whole).  Additionally, their findings indicate that in a given grain boundary, 

there are both sites where the local stresses are compressive and sites where the local stresses are 

tensile.  More recently, Zhou et al. performed calculations of the sliding energy of a Σ5 grain 

boundary in bcc Fe with and without a monovacancy and determined that a vacancy at certain 

grain boundary sites could lower the sliding energy of the grain boundary by as much as 15%, 

leading them to conclude that vacancies are likely to increase grain boundary mobility in bcc Fe 

[98].  This conclusion is drawn because grain boundary sliding involves significant motion of 
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atoms at the grain boundary that is also a requirement for grain boundary migration and that has 

a similar activation energy.  Čák et al. determined that the local magnetic moment of atoms at 

pure Fe grain boundaries in ferromagnetic bcc Fe increases dramatically with respect to the bulk 

for grain boundary sites with larger volumes than bulk sites due to the magnetovolume effect 

[99].  The increasing complexity of the systems being studied has been enabled by the 

advancements that have been made in DFT methods over the past 50 years.  

 

 
(a) 

 

(b) 

Figure 1.9 One of the grain boundary structural units described in the SUM as presented 
by the authors in [96] (a), with grain boundary kites overlaid on the structural unit (b). 

  

Since the early 1980s, DFT has been used to study the effect of solutes on grain boundary 

cohesion in bcc Fe.  These studies are generally performed using one of two methods: through 

comparison of the grain boundary segregation energy and the free surface segregation energy of 

a solute [100] or, more recently, through an ab-initio tensile test [101].  In an ab-initio tensile test 

the cohesive energy of a pure Fe grain boundary is measured by finding the ground state energy 

of the grain boundary and then sequentially increasing the distance between the two grains and 
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measuring the forces and energy necessary to fully separate the grains into two free surfaces.  

The grain boundary is then populated with solute and the process is repeated.  If the energy 

necessary to separate the grains increases, the solute is assumed to increase grain boundary 

cohesion where if it decreases, the solute can be considered a potential embrittling element.  

Numerous researchers have studied the effects of P [7], [101]–[109], B [7], [100], [103], [104], 

[108], [110], C [103], [104], [108], N [100], [104], [111], S [103], [104], [106], [108], He [112], 

and Cr [113], and both Mn [107] and Mo [109] in the presence of P, on grain boundary cohesion 

in bcc Fe.  Their collective findings generally agree with experiment; P, S, N, and He decrease 

grain boundary cohesion while B, C, Mo, and Cr increase grain boundary cohesion.  Of greater 

interest are the insights the studies provide into the origin of these changes in grain boundary 

cohesion.  Goodwin et al. performed simulations of the effect of Ge and As on the cohesion of 

atomic planes in Al to investigate how solutes lead to decohesion at a boundary [114] and 

determined that certain solutes are likely to lower cohesion through a rearrangement of the 

boundary structure as opposed to weakening of bonds.  Messmer and Briant performed 

mechanical cluster calculations to determine the type of bonding and charge of solutes that were 

known to be either cohesive enhancers or embrittlers and found that embrittlers were strongly 

electronegative in the boundary environment [6].  The authors found that embrittling elements 

(such as S in bcc Fe) formed heteropolar bonds with the neighboring Fe atoms (identified as 

ionic) where cohesive enhancers formed homopolar bonds with the neighboring Fe atoms 

(identified as covalent).  Wu et al. expanded upon this work with plane wave calculations 

comparing the molecular orbitals formed by P and B at bcc Fe grain boundaries [7].  The authors 

determined that P has nonhybridized interactions with Fe atoms, where the strong hybridization 

of Fe-B bonds allows B to form “covalent” bonds normal to the boundary which increase grain 

boundary cohesion.  A more recent study by Yuasa and Mabuchi performed ab-initio tensile tests 

of a bcc Fe grain boundary doped with P [101].  They determined that breaking Fe-P bonds 

within the boundary changed the density of states of the Fe-Fe bonds, weakening them and 

leading to a lower cohesive energy of the boundary.  In all of these studies, it is the electronic 

interactions that have provided an explanation of the differences in the interactions of the solute 

atoms with the boundary and understanding these electronic interactions has enabled a deeper 

understanding of the fundamental structure-property relationships responsible for grain boundary 

embrittlement.  The consistent ability of DFT to predict the embrittlement behavior of solutes at 
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Fe grain boundaries provides a significant level of confidence for the solute-boundary interaction 

simulations performed in the present work. 

For decades, H embrittlement of grain boundaries in both bcc and fcc Fe environments 

has also been studied using DFT [115]–[118].  Zhong et al. studied the charge transfer and 

energy of H at Fe grain boundaries and free surfaces to understand the mechanisms of hydrogen 

induced embrittlement [115].  It was determined that in both environments H serves as an 

electron acceptor but that significantly more charge is transferred to the H at the free surface that 

leads to its greater stabilization there.  They stress that it is the chemical interaction (charge 

transfer) that is responsible for the H embrittlement.  Similarly, Gavriljuk et al. used their results 

of the effect of H on the local DOS of Fe to explain how H decreases the distance between 

dislocations in pileup leading to hydrogen-enhanced localized plasticity (HELP) [116].  It was 

determined that H atoms move through the Fe matrix with a negative charge and thus increase 

the number of conducting valence electrons in their vicinity.  This increase in conducting 

electrons apparently contributes to the HELP effect.  Geng et al. performed a study of the effect 

of H on grain boundary cohesion and the interaction of H with vacancies [117].  The authors also 

studied hydrogen-vacancy cluster formation and determined that a linear VacH2 cluster was the 

preferred structure.  This linear cluster enables the formation of highly anisotropic vacancy 

clusters which they suggest could lead to the formation of voids or crack nucleation.  Finally, Du 

et al. investigated H interaction with grain boundaries with small and large amounts of free 

volume in both bcc and fcc Fe [118].  The authors determined that boundaries with large 

amounts of free volume accumulated more H than boundaries with small free volume.  They 

further determined that H diffusion though the boundaries was slow compared to diffusion 

through a bulk perfect crystal which implies that grain boundaries likely serve as effective traps 

for H in Fe.   

Jin et al. performed a study of the solute-boundary binding energy of solute Co, Si, V, Cr, 

Mn, Ni, Cu, Ti, Mo, and Nb as substitutional solutes at grain boundary sites in bcc Fe [81].  

Figure 1.10a shows their calculated solute-boundary binding energy as a function of grain 

boundary position and Figure 1.10b shows the average binding energy over all grain boundary 

sites they studied for each solute as a function of hard-sphere solute volume where the vertical 

red line represents the volume of Fe in the bulk as determined by the nearest neighbor distance.  

It should be noted that all of the solute-boundary interactions they calculated were attractive and 
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so averaging these interactions is an understandable simplification.  Figure 1.1b shows that there 

is a relatively strong correlation between the solute volume in the bulk and the solute-boundary 

interaction energy as is expected based on a strain induced segregation model.  This relationship 

is expected because, as the difference in the solute volume and that of Fe increases, the 

relaxation of the system caused by a solute moving into a grain boundary site of a different size 

than the bulk also increases.  Thus, from a strain perspective, solutes with a larger size difference 

in comparison to Fe should have larger grain boundary segregation energies.  Jin et al. performed 

cluster simulations of effective hot-dip galvanizing additives (Ni, V, and Ti) which reduce the Zn 

coating thickness and compared those to ineffective additives (Mg, Sn, and Ag) to determine the 

differences between the behaviors of the elements [119].  Jin et al. determined that the effective 

additives (the ones which produce a thinner Zn-Fe coating ) bond much more strongly to the Zn 

atoms than the ineffective additives and the effective additives take on charge (on the order of a 

few hundredths of an electron) from the Zn atoms where the ineffective additives only take on a 

small amount of charge (on the order of thousandths or ten thousandths of an electron).  The 

authors concluded that the strong bonding between Zn and the effective additives prevents Zn 

diffusion into the Fe grain boundaries.  Further, they conclude that the positive charge induced in 

the Zn atoms by the effective additives resists the formation of the Zn-Fe layer. 

Finally, DFT is also used to calibrate higher order modelling techniques.  Mryasov and 

Freeman emphasize the need for ab-initio simulation of real materials to enable the removal of 

assumptions in theoretical and higher order modelling techniques and to provide insight into the 

nature of fundamental materials processes that occur on time or length scales that are difficult to 

access using current experimental techniques [120].  Along these lines, Hristova et al. compared 

DFT simulation of the solubility of C in bcc Fe under volumetric strain and close to a grain 

boundary with predictions made using molecular dynamics and multiple empirical potentials 

(molecular dynamics simulations are the topic of the following section) [121].  They determined 

that DFT was more capable of accurately describing the excess enthalpy of segregation under 

strain than any of the empirical potentials investigated, but also identified the empirical potential 

that was most suited to such investigations.  Yang et al. used DFT simulations of the effects of 

3d transition metals on non-magnetic austenite grain boundary segregation to test the 

applicability of the Rice-Wang thermodynamic model and the Seah quasi-chemical models of 

solute grain boundary embrittlement to real materials and determined that there are cases where 
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the Seah model does not accurately capture the behavior of solutes [83].  Specifically, the 

anisotropy of the bonding of solutes at the grain boundary for solutes near the middle of the 

transition metals was found to be problematic under the treatment of the Seah model.  Tests such 

as these provide critical insight into the applicability and ability of theoretical models to account 

for the behavior of real materials.   

 

 

(a) 

 

(b) 

Figure 1.10 The solute-boundary segregation energy to a Σ5 (013) tilt grain boundary in bcc 
Fe at different grain boundary sites shown as a function of distance from the grain boundary 
plane (a) and the average solute-boundary segregation energy shown as a function of solute 
volume in the bulk where the vertical line shows the volume of bulk bcc Fe (b) reproduced from 
Jin et al. [81] (color image; refer to PDF version). 

 

The consistent improvement in the ability of DFT to predict increasingly complex 

material properties is due to both the increase in computational power and also the continuous 

improvement in DFT methods and functionals.  DFT methods have now advanced to the point 

where solute-boundary interaction energies can be simulated with a significant level of 

confidence and the results can provide important information for the design of future materials 

including steels that are the focus of the present work.  Additionally, computational power has 

increased to the point that study of large numbers of solute interactions with a variety of grain 

boundaries is practical.  The combination of these factors has led to DFT being chosen as the 

primary investigative tool for the study of grain boundary structure and solute-defect binding 

energy performed in this work.  The methods employed in this study are discussed in detail in the 

following chapter. 
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1.4.2 Molecular Dynamics as a Tool for the Kinetic Study of Grain Boundaries 

Molecular Dynamics (MD) is an atomistic modelling technique which relies on empirical 

potentials to determine the forces between atoms [122].  The forces on every atom are then 

determined for several hundred nearest neighbors and the energy of the system minimized.  In 

this way, very rapid (when compared to DFT) simulations of atomic scale structures are 

calculated.  As such, it is possible to study much larger systems (on the order of tens of millions 

of atoms) and much longer time scales (on the order of nano to microseconds) than are possible 

with DFT.  However, there are critical limitations.  First, as the code requires empirical 

potentials, only material systems for which empirical potentials are available are capable of 

being studied [123].  The National Institute of Standards and Technology (NIST) maintains a 

database of empirical potentials available for public use [123].  It is important to note that 

empirical potentials are both material and crystal structure dependent.  Thus, an empirical 

potential for C in bcc Fe will not be valid for C in fcc Fe.  The development of new empirical 

potentials is a difficult and time consuming endeavor and so many material systems, even those 

of interest to industry, lack appropriate potentials.  Additionally, as the name suggests, empirical 

potentials are empirically determined which means that they can be flawed or potentially contain 

incomplete information.  The empirical nature of MD simulations can be of particular 

importance when considering complex defect structures such as grain boundaries as the classical 

nature of molecular dynamics simulations means that they do not capture quantum effects.  

Despite these limitations, MD offers a powerful tool for studying material systems as it can 

provide information on atomic structure for large systems over long time scales when compared 

to DFT. 

Empirical potentials are generated by determining the interactions between atoms (often 

through the use of DFT simulations) at differing distances and orientations relative to one 

another [124].  The interactions considered depend on the type of empirical potential; the 

simplest empirical potential will contain pairwise force and energy information for interactions 

between two atoms out to a cutoff radius.  The energy and position of each atom in a system is 

then determined as the sum of the pairwise interaction energies of that atom with all neighboring 

atoms within the cutoff radius.  In an ideal empirical potential, the interaction parameters would 

be determined for all possible orientations of the interacting atoms out to the cutoff radius.  In 

practical application, these parameters are calculated on a space filling grid and orientations in 
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between those of calculated data points are determined through interpolation.  As DFT 

simulation results have been steadily improving, the empirical potentials generated with these 

results have also steadily improved over the past few decades.  More complex empirical 

potentials which account for many-body interactions and even account for some electronic 

interactions have been developed and provide results which increasingly match reality. 

One of the sub-types of many-body potentials includes embedded atom models (EAM) 

which have been shown to provide accurate results for metals [125], [126].  As such, EAM 

empirical potentials are used in this study.  EAM empirical potentials calculate the energy of an 

atom of species A at position R (AR) as a function of: 1) the sum over all atoms (within the cutoff 

radius of the empirical potential) of the distance between each atom and position R multiplied by 

a pairwise potential function, 2) the sum over all atoms of the contribution of each atom to the 

charge density at location R, and 3) an embedding function which represents the energy needed 

to insert one atom of species A into the charge density at position R.  As such, an EAM potential 

for a single atomic species requires three scalar terms: the pairwise interaction potential, the 

embedding function, and the charge density contribution function.  For a two element system 

consisting of species A and B, seven scalar terms must be provided: the A-A pairwise interaction 

potential, the A-B pairwise interaction potential, the B-B pairwise interaction potential, the A 

charge density contribution function, the B charge density contribution function, the A 

embedding function, and the B embedding function.  As such, development of EAM empirical 

potentials is time consuming and computationally expensive. 

In the study of grain boundary mobility, molecular dynamics has primarily been used to 

study grain boundary migration in atomically pure (single component) systems.  Studies of 

steady state solute drag involving long range concentration profiles generally require time scales 

too long for study using molecular dynamics.  Many MD studies have analyzed moving 

boundaries to “measure” the grain boundary mobility [33]–[36], [127]–[130].  It is worth noting 

that these studies have generally reported grain boundary mobilities and velocities that are orders 

of magnitude higher than those observed experimentally in high purity bicrystals [33].  The high 

simulated mobility is often attributed to the fact that simulations of grain boundary mobility are 

performed in atomically pure systems while, even in very high purity real materials, solutes are 

present.  These solutes are then believed to dramatically lower the grain boundary mobility 

through solute drag.  A recent study by Wicaksono et al. of bcc Fe grain boundary migration 



29 

using MD was able to incorporate solute He to test this hypothesis [131].  Their findings indicate 

that even very low He concentrations can dramatically slow the interface migration rate.  

Additionally, He clustering was found to have a quasi-particle like effect where He clusters serve 

to pin the boundary, slowing it to a greater extent than simple solute drag [131].  This study was 

performed by observing a bicrystal where one crystal was contained inside another with a curved 

interface to provide a driving force for grain boundary migration.  The simulation was then run 

with 1 fs time steps and the volume of the shrinking grain was measured.  Figure 1.11 shows the 

remaining volume of the shrinking grain as a function of simulation time for a variety of He 

concentrations.  The authors identify three regions of grain boundary migration associated with 

He concentration.  The first region, ranging from 0 to 250 ppm is one where only solute drag on 

the grain boundary is active and so the boundary mobility falls with increasing solute 

concentration.  The second region, ranging from 300 to 700 ppm incorporates both solute drag 

and solute cluster pinning.  In this region there is not a clear relationship between solute 

concentration and grain boundary mobility.  In the third and final region (above 1000 ppm), the 

mobility of the grain boundary has dropped so much that it is essentially immobile.  This study 

demonstrates that the discrepancy in the boundary mobility between previous simulation work 

and experimental observation might reasonably be explained by solute drag.  Additionally, the 

importance of solute clusters in grain boundary pinning is also supported.   

 

 

Figure 1.11  The volume of the shrinking grain (and thus the grain boundary mobility) as a 
function of time for He concentrations from 0-2000 ppm (from Wicaksono et al. [131] color 
image; refer to PDF version). 
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In addition to calculating the mobility of atomically pure boundaries and those with select 

solute segregates, several studies have identified (hypothesized) the mechanisms by which grain 

boundaries move [34]–[36], [127]–[130].  Coordinated atomic motions have been observed in 

several simulation studies [36], [127]–[130] and one group of studies documented these motions 

by quenching the simulation cell to absolute zero every 0.4 picoseconds (an observation 

frequency of 2.5 THz which is on the order of the frequency of atomic vibrations in metals 

[132]) and recording the atomic positions [35], [36], [127]–[130].  Three groups of atomic 

motion involved in grain boundary migration were observed.  Free volume is reported to be the 

local driving force for these motions [35] which is to say that atomic motions at a grain boundary 

occur into or through areas of lower atomic density than the matrix.  This description is 

consistent with the understanding of atom movements such as lattice diffusion in which atoms 

move into vacancy sites (low atomic density) most easily.  Areas of higher or lower atomic 

density than the matrix are high energy regions and so a driving force exists for atoms in areas of 

high atomic density to migrate to areas of low atomic density and achieve a more uniform overall 

atomic density. 

The simplest atomic motion is a single atom jump [34]–[36], [127]–[130].  These jumps 

do not appear to be part of any larger correlated atomic motion; instead a single atom jumps 

from a lattice site in one grain to a lattice site in the encroaching grain.  This mechanism is 

widely observed in both high symmetry and general grain boundaries and is considered to be 

very important to grain boundary motion as these jumps directly lead to the progression of the 

grain boundary.  These jumps take place through regions of high free volume in the grain 

boundary. 

The second type of atomic motion is a collective shuffle or short jump mechanism.  

Simulations suggest this mechanism occurs in certain coincident site lattice (CSL) boundaries, 

but it was not reported in modeling of a general boundary [130].  CSL boundaries are ones in 

which a fraction of the atomic sites in each grain are perfectly coincident.  The “sigma number” 

associated with a CSL boundary is the inverse of the fraction of coincident sites in the boundary.  

Thus, in ∑5 CSL boundary one fifth of all the lattice positions overlap in both grains.  The 

collective shuffles observed in a ∑5 nickel boundary are shown in Figure 1.12.  The shuffle 

mechanism involves the collective motion of four atoms, each of which jumps approximately 

half the inter-atomic distance.  This motion causes a local crystal orientation change.  
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Essentially, four atoms simultaneously jump a short distance to change their position from 

matching that of the lattice site of their initial grain to matching that of a lattice site in their final 

grain.  Since the progression of atomic positions with time in Figure 1.12 is similar within the 

groups of four atoms, the movements are clearly coordinated rather than independent. 

 

 

 

Figure 1.12  Coordinated shuffles in a ∑5 nickel boundary.  Different shades represent the 
different amounts of elapsed time before each shuffle completed with darker occurring earlier.  
The arrows point to the final position of the atoms involved in the shuffle.  The position of each 
shuffle is where that shuffle was observed in the simulation cell employed [130]. 

 

The third atomic motion, string motion, is a mechanism that has been reported in multiple 

systems [36], [127]–[130] and grain boundaries from ∑5 CSL boundaries to general (non-CSL) 

boundaries.  This motion in a ∑5 nickel boundary is shown in Figure 1.13 in which arrows show 

all of the atomic motions in a section of a grain boundary over a period of 5 ps [130].  Only the 

atoms which move during the 5 ps interval represented by Figure 1.13 are shown.  As such, a 

boundary structure is not readily visible.  The string motions involve the coordinated motion of 

several atoms from regions of low free volume to regions of high free volume.  The inset in 

Figure 1.13 shows a string motion in detail.  Each atom in the string begins where the atom is 

depicted and ends after the 5ps period at the end of the arrow.  In a full string motion the first 

atom in a string moves into a new position in an area of high free volume and every other atom 

in the string moves into the position of the preceding atom.  Due to the short time scale in 
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Figure 1.13 there are some atoms which do not complete the full string motion in the given time 

and thus some of the arrows do not go all the way to the next atom in the string.  The string 

motions are found to occur mostly within the boundary plane which indicates that these motions 

are consistent with a reorganization of the atomic volumes at a boundary as opposed to creating 

grain boundary motion perpendicular to the boundary plane.  However, this reorganization then 

allows single atom jumps and shuffle mechanisms to occur, causing the grain boundary to 

migrate perpendicular to the boundary plane. 

The atomic motions described above are believed to occur during grain boundary 

migration.  Each of these mechanisms is a thermally activated process that has a unique 

activation energy.  The shuffle mechanisms and the single atom jumps primarily occur 

perpendicular to the grain boundary and thus are responsible for the motion of the boundary.  

The string motions occur parallel to the boundary in boundaries with a high proportion of 

coincident sites but occur both parallel and perpendicular to general boundaries.  Their motion is 

primarily involved in redistributing the free volume of the boundary, and these motions play a 

critical role in boundary migration as the single atom jumps occur through regions that were 

vacated by string motions.  Investigation of the impact of solutes on these grain boundary 

migration mechanisms was proposed as the basis for the kinetic component of the investigation 

of the current work.  However, as discussed in Appendix E.2, computational limitations 

prevented a complete study of these migration mechanisms.  The kinetic simulations which were 

completed are discussed in Appendix E. 

 

 

Figure 1.13  Atomic motions in a Σ5 nickel grain boundary over a time of 5 ps are shown.  
Coordinated string motions within the boundary are designated by the ellipsis where the arrows 
point to the final location of each of the atoms.  It should be noted this image is of the grain 
boundary plane and so out of plane motions (those responsible for moving the boundary 
perpendicular to boundary plane) are not shown [130]. 
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Molecular dynamics (MD) studies have been conducted to understand the structure of 

both CSL and general grain boundaries and how the structure changes with temperature, 

inclination angle, deformation, or composition [133]–[136].  Zhang et al. conducted a study of 

the structure and response to deformation of both symmetric and asymmetric tilt grain 

boundaries in Cu [133].  They determined that the asymmetric grain boundaries were constructed 

entirely from the structural units which make up the symmetric grain boundaries, which is in 

agreement with the structural unit model (SUM) of grain boundaries [94], [95] (discussed in 

Section 1.4.1).  Their findings demonstrate that the existence of structural units common to both 

CSL and general tilt grain boundaries are found independently through multiple modelling 

techniques.  Frolov et al. conducted a series of studies on Cu grain boundaries in both pure Cu 

[134] and Cu with Ag solutes [135], [136].  The authors determined that pure Cu grain 

boundaries undergo multiple structural phase transformations with increasing temperature from 

absolute zero to near the melting point, where grain boundary pre-melting occurs [134].  

Additionally, it was determined that solute Ag enters the grain boundary and preferentially 

stabilizes one grain boundary structural “phase” over another [135].  These findings again 

reinforce the SUM of grain boundaries [94], [95] and imply that solutes can interact more 

strongly with certain structural units, which causes those units to be stabilized relative to other 

structural units.  Figure 1.14 shows the progression of the predicted grain boundary structure of 

Cu at 900 K as solute Ag is allowed to diffuse into the boundary [135].  In the first image of 

Figure 1.14, the boundary is composed entirely of “split kites” (the more stable grain boundary 

structural state or “phase” identified at 900 K in pure Cu).  Then, Ag is allowed to begin 

diffusing into the Cu grain boundary and the structure of the Ag rich region of the grain 

boundary begins to change from “split kites” to “filled kites” (the second image in Figure 1.14.  

The final image in Figure 1.14 shows that, once Ag has fully penetrated the boundary, the 

boundary structure has changed to all “filled kites”.  This boundary transformation implies that 

the solute serves to stabilize the filled kite structure.  Additionally, Frolov et al. studied the 

diffusion of Ag through two different structural “phases” or states of Cu grain boundaries [136] 

and matched their results to experimental measurements performed by Divinski et al. [137].  The 

two different structural states displayed distinct grain boundary diffusivities which explained the 

non-Arrhenius behavior of the experimental measurements provided by Divinski et al., thus 

providing some experimental validation of the modeling results and suggesting that the different 
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structural states predicted by the models may occur in real materials.  Finally, Frolov conducted 

simulations on the motion of grain boundaries with two different structural states and determined 

that the migration of the boundary as a function of applied shear stress was dramatically different 

for the two structures [138].  Specifically, under the same applied shear stress the boundaries 

moved in opposite directions depending on the boundary state, and the shear strength of the 

boundaries was as much as 40% different which implies that the grain boundary state can have a 

dramatic effect on the behavior of a material.   

Finally, MD has been used to study interfacial properties in Fe and steel.  Ratanaphan et 

al. performed a survey of the grain boundary structure and energy of 408 distinct grain 

boundaries in bcc Fe and Mo including pure tilt, pure twist, and mixed character boundaries 

[139].  They reported that, of the five degrees of freedom at grain boundaries, the three which 

determine the lattice misorientation have a lower impact on the grain boundary energy than the 

two which determine the grain boundary plane.  Song and Hoyt simulated the austenite-ferrite 

interface in pure Fe and determined the boundary mobility and the activation energy for 

boundary motion [40].  As with studies of grain boundary mobility, their calculated phase 

boundary mobility was significantly higher than that observed in real materials and the effects of 

dilute solutes were suggested as a cause of the discrepancy.  Rhodes et al. performed simulations 

of the segregation of C to 125 symmetric tilt bcc Fe grain boundaries as both a substitutional and 

an interstitial solute [140].  They determined that C will segregate to the boundary as either a 

substitutional or an interstitial, but that the interaction energy has a longer range as an interstitial 

(approximately 5 Å for interstitial C as opposed to 3 Å for substitutional C).  The authors then 

statistically treated their data to provide information which can be used as inputs for C 

interactions with bcc Fe grain boundaries in higher order modeling, much as DFT can be used to 

inform MD modeling.   
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Figure 1.14 The grain boundary structure of Cu at 900 K as solute Ag diffuses into the 
boundary proceeds from all split kites (top) to all filled kites (bottom) as the concentration of 
Ag within the boundary increases (from Frolov et al. [135] color image; refer to pdf version). 

  



36 

CHAPTER 2 

OVERVIEW OF SIMULATION AND ANALYSIS METHODS 

This chapter details the basic simulation techniques used to study the solute-boundary 

interaction energy as well as the necessary background in order to understand the analysis 

techniques used in the following chapters.  For details on the exact simulation methodology, 

settings, and sample input files, the reader is referred to Appendices A-C which provide 

information on the molecular dynamics (MD) simulations performed with the Large-scale 

Atomic/Molecular Massively Parallel Simulator (LAMMPS), the density functional simulations 

performed with the Vienna ab-initio Simulation Package (VASP), and the density functional 

simulations performed with Amsterdam Density Functional (ADF), respectively.  Each of these 

software packages is discussed briefly in Section 2.1.  Section 2.2 discusses the structure of tilt 

grain boundaries (the type studied in this work) and provides a description of the construction of 

a coincident site lattice grain boundary.  Section 2.3 discusses the studies of the range of solute 

defect and solute-solute interactions performed in order to distinguish between the interacting 

and dilute solute regimes.  Finally, Section 2.4 provides detail on the chemical analysis 

techniques (Bader analysis and density of states) that are used in this study and are less common 

in the field of metallurgy. 

2.1 Atomistic Modeling Software Packages 

LAMMPS is an open source GPL licensed software package for performing MD 

simulations which was developed at and is currently hosted by Sandia National Labs [141].  It is 

a powerful MD code which is capable of running simulations containing millions of atoms and 

running efficiently on hundreds or thousands of cores.  Despite this capability, the majority of 

the work in this project has been with DFT codes, and all of the LAMMPS work presented here 

was performed on laptop computers.   

The Vienna ab-initio Simulation Package (VASP) is a DFT code that is suitable for the 

study of periodic systems such as crystalline structures.  As such, VASP is a common DFT 

program used for analysis of metals [142] and other bulk materials.  VASP makes use of periodic 

boundary conditions and plane wave basis sets to enable simulation of bulk materials systems.  

VASP makes use of pseudopotentials due to the computational cost of using a plane wave basis 

set near an atomic core; near the core of an atom, the wave function oscillates rapidly due to the 
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large number of radial nodes caused by the atomic core orbitals.  Thus, a very large plane wave 

basis set is required to accurately describe the interaction of plane waves with atomic cores.  For 

this reason, VASP utilizes pseudopotentials that enable the use of a much smaller plane wave 

basis set while retaining a high degree of accuracy [143].  A pseudopotential is a method of 

representing the electronic structure of an atom based on the frozen core approximation, which 

assumes that the core states of an atom are unaffected by the environment in which the atom is 

placed, and that there is limited interaction between the core and valence wave functions.  The 

core electrons of the atom are replaced with a potential function that accurately reproduces the 

wave function and energy of the valence electrons outside of a cutoff radius defined in the 

pseudopotential.  The valence electrons are then simulated fully, decreasing the computational 

cost of the simulation by both decreasing the number of electrons in the exchange and correlation 

functions, and limiting the size of the necessary plane wave basis set while maintaining high 

accuracy [144], [145].  The results of psuedopotential calculations provide excellent energies and 

valence band charge densities.  

Amsterdam Density Functional (ADF) is a code that is suitable for the study of clusters 

of atoms with open boundaries.  As such, ADF is most often used for examining individual 

molecules [146].  For this study, comparison between ADF and VASP can be used to determine 

the locality of a structure or process; as a cluster code ADF will only capture local interactions 

where VASP will capture both local and longer range interactions. Thus, in this project, ADF is 

used for calculations on local groups of atoms (clusters), rather than periodic crystalline 

arrangements, to provide information on the locality of grain boundary structures.   

2.2 The Structure of Tilt Grain Boundaries: Coincident Site Lattices and General Tilt 
Boundaries 

As discussed in Section 2.1, VASP calculations assume periodic boundary conditions.  

To ensure periodic boundary conditions in simulated grain boundaries, coincident site lattice 

(CSL) grain boundaries are utilized in this study.  A coincident site lattice is a crystallographic 

construct in which two crystal lattices are overlaid and a certain proportion of the sites are shared 

between the two lattices.  The inverse of the proportion of the number of shared sites between the 

two lattices is the Σ number of the CSL.  Thus, in a Σ5 coincident site lattice one fifth of all 

lattice sites are common to the two lattices.  The coincident sites between the two lattices create a 

superlattice of their own with a periodic structure.  Thus, by using the periodic structure of the 
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CSL it is possible to create a grain boundary between two grains, one with the orientation of each 

lattice that makes up the CSL, with the same periodicity of the CSL.  This grain boundary will 

then have periodic boundary conditions when a certain sub section of the boundary is chosen and 

can be used successfully in VASP simulations.   

Figure 2.1 shows a 2-dimensional representation of a CSL lattice and a schematic of how 

a CSL grain boundary is formed from a CSL lattice.  Figure 2.1a shows the two lattices 

unpopulated with atoms in black with the CSL lattice overlaid in red.  A grain boundary plane is 

chosen (the dashed blue line shown in Figure 2.1a) and the atomic sites of one lattice are 

populated on one side of the grain boundary while the atomic sites of the second lattice are 

populated on the other side of the grain boundary, shown in Figure 2.1b.  The dashed blue line in 

Figure 2.1b shows the grain boundary plane and the red lines show the periodic structure of the 

grain boundary.  The final step is to remove atoms that occupy atomic sites too close to 

neighboring atoms near the grain boundary and relax, generally through atomic force 

calculations, the remaining atoms to a minimum energy configuration.   A periodic sub-section 

of the grain boundary can then be extracted for simulation in VASP. 

 

 

(a) 

 

(b) 

Figure 2.1 A 2-dimensional coincident site lattice (CSL) is constructed from two square 
lattices (black) and shown in red (a) with the selected grain boundary plane shown as a dashed 
blue line.  The lattices are then populated with atoms (b) to create a CSL grain boundary with a 
periodic structure (shown in red) and a grain boundary plane shown by the dashed blue line 
(figures made by author, color image; refer to PDF version). 
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2.3 The Range of Solute-Solute and Solute-Boundary Energetic Interactions 

Understanding the range at which solutes interact with both the boundary and each other 

is of importance for understanding how solutes are likely to interact with the microstructure.  

Solute-solute interactions within the boundary can lead to grouping of solutes in certain 

boundary regions if the interaction leads to a higher binding energy, or can prevent such 

grouping if the interaction is repulsive.  The range at which solutes energetically interact with the 

boundary is important for both theoretical and higher order (MD, phase field) modeling 

techniques as an input for those models or simulations.  Thus, a series of simulations on select 

solutes was performed to quantify these interactions in greater detail. 

First, a series of simulations intended to establish the range of solute-solute interactions 

within grain boundaries was performed.  To illustrate the process, consider the Σ5 grain 

boundary depicted in Figure 2.2.  The coordinate system is oriented with the y direction normal 

to the boundary, situating the 2D coincident site lattice vectors along the x and z directions.   The 

y dimension of the supercell was established by calculating the grain boundary energy as y was 

varied.  Boundary energies converged for y greater than 30 angstroms, which was thus used as 

the y supercell lattice constant for the boundaries in this study.  The dashed line in Figure 2.2a 

shows the location of the grain boundary plane, while in Figures 2.2b-d show the grain boundary 

plane (the boundary plane normal is normal to the page). 

Determining the size of the supercell in the x and z directions is more problematic, as one 

must consider solute-solute interactions and hence determine the variation in energy of solute 

atoms at a boundary as a function of an increasing number of x and z lattice vectors.  Figure 2.2b 

helps to illustrate the situation.  In the case of the Σ5 boundary, using a minimal 1x1x1 CSL as a 

model will separate solute atoms by 7.8 angstroms along the x direction and 3.5 angstroms along 

the z direction.  The contributions to the solute segregation energy as a result of solute-solute 

interactions along the x direction were found to be negligible, as the solute binding energy for the 

1x1x1 and 3x1x1 supercells2 were nearly identical.  On the other hand, solute interactions along 

the z direction are significant due to the close proximity of the solutes, with the solute binding 

energy in the 1x1x1 supercell significantly stabilized relative to the 1x1x2 supercell where solute 

atoms are separated by 7 angstroms and are effectively fourth nearest neighbors.  Further 

                                                 
2 A supercell is a DFT calculation in which more than one unit cell of the system being studied is 
included in the calculation. 
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increase to the size of the supercell in the z direction did not change the solute boundary binding 

energy. 

This same set of calculations was repeated for the Σ5, Σ7, and symmetric Σ13, and for all 

solutes with the same general findings.  There is a significant increase in the binding energy of 

these solute atoms to grain boundaries through solute interactions.  Thus, simulations were 

carried out in two regimes:  the first being a dilute regime modeled by 1x1x2 supercells and the 

other an interacting solute regime modeled with 1x1x1 supercells, which gives rise to interacting 

solutes confined to the grain boundary.  In the interacting solute regime, solutes are second 

nearest neighbors in the z direction (Figure 2.2b) and so there is energetic interaction between 

the solutes.  Many of the analyses performed throughout this work focused on the interacting 

solute regime due to computational constraints and the large size of the simulations needed for 

non-interacting solutes. 

  

(a) 

Figure 2.2 This figure shows a 3x1x3 supercell of the symmetric Σ5 grain boundary as seen 
down the z axis with the grain boundary plane shown by the dashed line (a), and 
cutouts of the grain boundary plane seen down the y axis (normal to the grain 
boundary plane) for solutes (in black) dispersed as second nearest neighbors (b), 
fourth nearest neighbors (c), and sixth nearest neighbors (d).  Each box represents 
one unit cell of the periodic boundary structure. 
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 (b) 

  

(c) 

  

(d) 

Figure 2.2: Continued 

 

The solute-boundary interaction energy profile as a solute approaches the symmetric ∑5 

(210) grain boundary that is shown in Figure 2.3 was determined.  A minimum energy grain 

boundary configuration was found using molecular dynamics with the Large-scale 

Atomic/Molecular Massively Parallel Simulator (LAMMPS) [122].  A smaller section of this 

boundary that was periodic in the grain boundary plane was then extracted and the atomic 

positions from this boundary were used in density functional theory calculations using the 

Vienna ab-initio Simulation Package (VASP) version 5.2.12 [143], [147]–[149], a PBE 
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functional, and projector augmented wave (PAW) pseudopotentials [150], [151].  For additional 

computational details the reader is referred to Appendix B.   

To determine the energy profiles, a single Fe atom on a lattice site approximately 1 nm 

from the boundary was replaced with either a solute Nb or solute Ag atom.  These solutes were 

selected because they demonstrate strong interaction with the boundary and are located on either 

side of Fe on the periodic table.  This simulation was considered to be the ground state with a 

non-interacting solute and boundary.  A single solute atom was then substituted for an Fe atom at 

individual lattice sites approaching the boundary and the change in the system energy from the 

ground state was determined.  This energy was then taken as the solute-boundary interaction 

energy as the solutes approach the boundary.  Finally, each solute was placed individually at 

each of the crystallographically unique sites at the boundary plane.  Figure 2.3 shows the sites 

where solute-boundary interaction energy was determined.   In all simulations there was a single 

solute atom in differing atomic sites relative to the grain boundary.  

Figure 2.3  A periodic section of the symmetric ∑5 (210) grain boundary viewed down the 
[001] (z) direction that was used for the simulations.  The sites where solute-boundary 
interaction energies were determined are circled.  The white atoms are in the first atomic plane 
and the black atoms are in the second.  The vertical black line is the grain boundary plane, (color 
image; refer to PDF version). 

 

Figure 2.4 shows the solute-boundary interaction energy as a function of distance from 

the boundary for both Ag and Nb.  It can be seen that the system energy remains almost constant 

until the solutes approach to within less than six angstroms of the boundary.  The low range of 

the energetic interactions indicates that solute-boundary interactions are dominated by local 
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structures, in agreement with previous findings [31], [152].  Additionally, it can be seen that the 

range of solute-boundary interactions in DFT simulations is limited to within approximately two 

fcc unit cells (approximately 7 Å in the case of austenite).  This method of calculating the solute-

boundary interaction energy produces results that are independent of absolute system energies by 

relying on differences in relative system energies.  Very close to the grain boundary plane, the 

solute energies are highly variable, with both positive and negative interactions depending on the 

site.  The origin of this behavior is discussed in Chapter 4. 

 

 

Figure 2.4  The energy of solute Nb (squares) and solute Ag (diamonds) with respect to the 
distance the solute is located from the grain boundary (the vertical dashed line).  It is apparent 
that there is little energetic variation beyond 6 Å from the boundary. 

 

2.4 Analysis Techniques 

There are a variety of analysis techniques that have been utilized in this work with which 

many readers may be unfamiliar.  The majority of these techniques are methods for analysis of 

the charge density that is a principal simulation output that provides information on the atomic 

scale structure of the system and allows the development of structure-property relationships on 

that scale.  These analysis techniques are both qualitative and quantitative and originate in the 

fields of quantum chemistry (Bader analysis) and solid state physics (density of states).  The 
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following section provides the necessary details for understanding the origins of these analysis 

techniques and interpreting their results throughout the remainder of this work.   

2.4.1 Bader Analysis of the Charge Density 

As discussed in Section 1.4.1, the basic precept of DFT is that the charge density is the 

fundamental structure that determines the properties of a system, and thus all ground state 

properties of a system can be determined and understood through analysis of the charge density 

[54].  The charge density is a 3-dimensional (3-D) scalar field (that is to say any point in space r 

has a value of the charge density ρr) that is a real physical structure that can be directly observed 

(though only in certain highly ordered systems given current experimental limitations) using 

quantitative convergent-beam electron diffraction (QCBED).  Nakashima et al. performed the 

first such measurements in 2011 of high purity Al and compared their results to those predicted 

by DFT simulation with a high degree of agreement between the measured and simulated charge 

densities [153].  Figure 2.5 shows cut planes of the measured and simulated charge densities 

from their work.  The ability to directly observe the charge density, both through simulation and 

experimentation (though experimental measurements are currently limited to near-perfect 

crystals), highlights the need for a method to analyze the structure of the charge density and a 

corresponding language to talk about that structure so that structure-property relationships can be 

determined.   

 

Figure 2.5 The 3-D charge densities determined using quantitative convergent-beam electron 
diffraction (left) and DFT using the Wien2K functional (right) for fcc Al.  The calculated and 
measured charge density show good agreement (color image; refer to PDF version) [153]. 
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In both molecules and the solid crystalline state one of the most obvious units of structure 

that one might choose to discuss is the atom.  In a single species perfect crystalline environment, 

defining the boundaries between atoms is a relatively simple task of identifying the space filling 

polyhedra that equally divide space between atoms in a unit cell.  Mathematically, this process is 

the creation of Voronoi polyhedra and, in crystallography, those polyhedra are known as 

Wigner-Seitz unit cells (again, only for single species crystals).  Another method for partitioning 

space in a molecule or the solid state is known as the Bader atom.  The Bader atom is well suited 

to the study of defect structures within the solid state due to its quantum mechanical properties.  

Within quantum mechanics, there are two equally valid operators (one defined in momentum 

space and one defined in position space) for determining the kinetic energy of a system, but over 

an arbitrary volume these operators can produce different results; the operators only produce the 

same result when the flux of the gradient of the charge density goes to zero on the surfaces 

bounding the volume [154].  Thus, any meaningful partitioning of space must necessarily satisfy 

that condition.  Bader atoms fulfill this requirement by partitioning the charge density into 

volumes associated with individual atoms bounded by zero flux surfaces of the gradient of the 

charge density [154] and so provide a non-arbitrary method of assigning an independent energy 

and an associated volume to individual atoms, called Bader atoms.  Because the energy of each 

Bader atom is uniquely defined, other properties of the Bader atom also have physical meaning.  

Of these additional properties, two are of particular interest to this work.  The first of these is 

simply the volume of space contained within each Bader atom (the Bader volume).  This volume 

provides a quantum mechanically meaningful method of partitioning space into individual atoms 

when solutes or defects are incorporated into the system.  At a defect this allows characterization 

of non-arbitrary site volumes and changes in the volumes of given sites as a solute is introduced.  

It should be noted that in a single species perfect crystal the Wigner-Seitz unit cell is identical to 

the Bader atom or volume.  An example of a Bader atom in a austenite is shown in Figure 2.6.  

The second property of interest to this work is Bader charge that is found by integrating the 

charge density over the Bader volume and then subtracting the total positive charge of the neutral 

atom (its atomic number).  The Bader charge is useful in the study of behavior in solid state 

systems as it provides a means to determine whether a solute or defect site is serving as an 

electron donor or an electron acceptor.   
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Just as Bader atoms are defined by zero flux surfaces of the gradient of the charge 

density, the gradient of the charge density also provides insight into how atoms in a molecule or 

solid are topologically connected, commonly referred to as topological bonds.  In any atomic 

system, the electron charge density is at a local maximum at the nucleus of atoms as that is 

where the concentration of electrons is highest due to the attraction of the protons within the 

nucleus.  By definition, the charge density decreases as you move away from the nucleus, but it 

decreases more slowly in some directions compared to others, forming ridges of maximum 

electron charge density.  When one of these ridges connects two nuclei, those nuclei, and thus 

the atoms to which those nuclei belong, are said to be topologically bonded [154].  The ridge of 

charge density connecting the topologically bonded atoms is known as the bond path.  

Topological bonds provide a means of extracting a number of metallurgically important 

structures and properties from the charge density.  The coordination number of an atom is simply 

the number of topological bonds the atom forms.  Additionally, it is easy to identify changes in 

local bonding structure due to perturbations in the system (from changes in local atomic 

structure, solute atoms, vacancies, or other origins).  Finally, the shape of the bond path can 

provide information on the local charge density environment and the stability of a system. 

 

 

Figure 2.6 A Bader atom in fcc Fe (austenite). 

2.4.2 Density of States Analysis 

Electrons in bound quantum systems, molecules, or solids can only occupy certain 

quantized energy states.  As more atoms are added to a quantum system, and thus more 

electrons, hybridized orbitals are formed that change the energy levels of available states from 
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those of the non-interacting atoms [60].  These hybridized orbitals form both bonding orbitals, 

which are lower energy states than are available to a single atom, and antibonding orbitals, which 

are higher energy states than those of a single atom.  As the number of atoms in the system 

becomes very large and the system moves towards the solid state, orbitals of similar energy 

levels merge to become bands with nearly continuous variation in possible energy states [60].  

The density of states (DOS) is a measure of how many individual electron orbitals make up the 

bands at any given energy level for a system.  Thus, a high DOS indicates that there are many 

energy states available for occupancy at a given energy, where a low DOS indicates that there 

are few energy states available.  Further, in certain materials there are disallowed energies where 

there are gaps in the bands (an important engineering property in a variety of material systems, 

such as the band gap in semi-conductors).  DOS can be constructed for entire systems (total 

DOS) or only certain atoms or types of atoms in a system (local DOS).  Theoretically, the sum of 

all the local DOS in a system will provide the total DOS, although practically this is often not the 

case as the most common method of producing a local DOS is to project the DOS onto a sphere 

which can cause some information to be lost.  Additionally, DOS can be constructed to only 

account for contributions from electrons in certain orbitals (s, p, d, or f).  In this work, the local 

d-orbital density of states (d-DOS) is of primary concern as d-orbital electrons are largely 

responsible for the electronic interactions of Fe and the DOS of atoms at the boundary are of 

greater interest than the total DOS of the system that is largely dominated by the bulk crystal 

properties. 

 Interpretation of the DOS in this work is largely qualitative and will be discussed in 

greater detail as needed when DOS data is introduced.  The two primary aspects of the DOS used 

in this work are the DOS at the Fermi energy and the band width of the DOS (the range of 

energies over which there are states available), both of which are indicators of system stability.  

A high DOS at the Fermi energy and a low bandwidth are both indicative of system instability 

where a low DOS at the Fermi energy and a high bandwidth are indicative of system stability. 
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CHAPTER 3 

THE FILLED KITE MORPHOLOGICAL UNIT 

Chapter three examines the chemistry and charge density topology of a common 

structural unit in grain boundaries and determines that the solute-boundary interaction energy is a 

result of the local atomic structure.  First, a common structural unit within fcc tilt grain 

boundaries known as a filled kite is confirmed within the grain boundaries studied in this work.  

The solute-boundary interaction energy with the site which lies at one end of the long axis of the 

filled kite is found to be stable (that is that the solute-boundary interaction results in a lowering 

of the total system energy) regardless of the type of tilt boundary under consideration or the 

orientation of the filled kite with respect to the grain boundary plane.  To understand this 

behavior the charge density topology and density of states of the filled kite structure are studied 

using both band and cluster techniques.  The similarities in the results combined with the stable 

energies leads to the conclusion that solute-boundary interaction energies are the result of the 

interaction of the solute with the local atomic structure and not longer range interactions. 

3.1 The Filled Kite Structure 

The existence of structural units that combine to form complex boundaries is predicted by 

the structural unit model (SUM) that states that grain boundaries form low energy structures 

(some of which are called kites) that fill the geometrically required excess volume of the 

boundary in ways that minimize the boundary energy [94], [95], [134].  Additionally, the SUM 

predicts that general grain boundaries are constructed from combinations of these kites [95].  In 

other words, these chemical sub-structures form the fundamental building blocks for all grain 

boundaries, not just those of CSL or other unique symmetry.  Thus, if the goal is to understand 

grain boundary structure, a logical first step is to understand the structure of the fundamental 

building blocks which make up grain boundaries.  Further, by understanding solute interactions 

with these building blocks, it may be possible to extend these results to general grain boundaries.     

In the Cu-Ag system, introducing solute Ag to the Cu grain boundary causes the filled 

kite to be stabilized over the empty kite [135], indicating that solute interaction with the filled 

kite structure is energetically favorable.  Figure 3.1 shows the structures of the tilt CSL grain 

boundaries that have been studied in this work, and on every boundary studied the filled kite 

structure is found.  In the symmetric boundaries, the filled kite is found with its long axis running 
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parallel to the boundary plane.  However, in the asymmetric boundaries the angle between the 

boundary plane and the long axis of the filled kite structure is found to be greater than 45o in 

some cases.  As discussed previously, the filled kite is found in the structural units of the SUM 

due to the fact that it is found (in MD) to be a relatively low energy structure that fills the 

required excess volume at a grain boundary.  In the asymmetric boundaries, this excess volume 

sometimes lies outside of the boundary plane, leading to the rotation of a filled kite relative to the 

boundary.  The fact that the filled kite remains energetically stable despite this rotation relative to 

the grain boundary plane demonstrates that the filled kite is a fundamental building block for fcc 

tilt boundaries.   

 

    

(a) (b) (c) 

  

(d) (e) 

Figure 3.1  Structures used in simulating austenite grain boundaries in VASP.  Symmetric (a) 
and asymmetric (b) ∑5 grain boundaries, an asymmetric ∑7 grain boundary (c), and symmetric 
(d) and asymmetric (e) ∑13 boundaries.  Projections of (0 0 1) planes are shown in the figure.  
Black atoms occupy one plane while white atoms occupy the second.  The filled kite structures 
found on each grain boundary are outlined in grey.   
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3.2 Consistency of Site Behavior for a Given Solute Across Multiple Grain Boundaries 

The solute-boundary interaction energy was first calculated for Cr, Mn, Ni, and Mo at 20 

different grain boundary sites across five different CSL grain boundaries with both symmetric 

and asymmetric grain boundary planes.  The sites on the grain boundary for which the energies 

were calculated are shown in Figure 3.2 and the corresponding solute-boundary interaction 

energies are shown in Table 3.1.  There are two sites in the filled kite structure that display 

energetic behavior that is, for a given solute, consistent from one boundary to another.  The first 

site, referred to as the Preferential Solute Site (PSS), is located at one end of the long axis of the 

filled kite and displays maximum (relative to other non-PSS sites on the same boundary) 

attraction to solutes (largest negative interaction energies).  The energies that relate to these sites 

in Table 3.1 are reported in bold lettering.  The second site, referred to as the Unstable Solute 

Site (USS), is located in the center of the filled kite and displays maximum (relative to other non-

USS sites on the same boundary) repulsive interactions (positive energies) with solutes.  The 

energies of these sites in Table 3.1 are reported in italic lettering.  Figure 3.3 shows the filled kite 

structures on the grain boundaries studied (much like Figure 3.1) but with the PSS and USS 

highlighted within each grain boundary.  To verify the consistent energetic behavior of these 

sites, the remaining period four and five transition metals (Sc, Ti, V, Co, Cu, Zn, Y, Zr, Nb, Tc, 

Ru, Rh, Pd, Ag, Cd) were included in the study as solutes.   

The additional solutes (from Sc to Cd from the previous paragraph) were first tested on 

the three crystallographically unique sites on the symmetric Σ5 grain boundary.  This boundary 

was used to verify that the additional solutes followed the same energetic trends as those 

previously tested (strong attraction to the PSS and repulsion from the USS).  Once behavior 

consistent with the previously tested solutes (Cr, Mn, Ni, and Mo) was verified, the solute-

boundary interaction energy of the remaining transition metal elements with the PSS in the 

interacting solute regime was determined for the asymmetric Σ7, the symmetric Σ13, and the 

asymmetric Σ13 boundaries and the energies for the dilute regime were calculated for the PSS on 

the asymmetric Σ7 and the symmetric Σ13 grain boundaries.  The computation resources 

available made the calculations impractical for the asymmetric Σ13 grain boundary in the dilute 

regime.   
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(a) (b) (c) 

  

(d) (e) 

Figure 3.2  Structures used in simulating austenite grain boundaries in VASP.  Symmetric (a) 
and asymmetric (b) ∑5 grain boundaries, an asymmetric ∑7 grain boundary (c), and symmetric 
(d) and asymmetric (e) ∑13 boundaries.  Projections of (0 0 1) planes are shown in the figure.  
The circled atoms are the sites where solute-boundary interaction energies were determined.  The 
arrows on either side of each image point to the location of the grain boundary plane. 
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Table 3.1 – Solute-Boundary Interaction Energy (eV) 

Grain 
Boundary 

Site 
Number 

Cr Mn Mo Ni 

∑5 Symmetric 
1 0.07 0.00 0.79 0.05 
2 -0.25 -0.09 -1.03 -0.09 
3 -0.07 -0.01 -0.45 -0.17 

∑5 
Asymmetric 

4 -0.17 -0.07 -0.94 -0.01 
5 -0.37 -0.11 -1.74 -0.26 
6 0.04 0.03 0.07 -0.12 
7 -0.02 0.00 0.04 -0.12 

∑7 
Asymmetric 

8 0.19 0.07 0.97 -0.04 

9 -0.28 -0.11 -1.29 -0.14 
10 0.07 0.03 0.41 -0.12 
11 -0.01 -0.01 0.09 -0.06 
12 -0.25 -0.08 -0.71 -0.17 
13 -0.20 -0.04 -1.04 -0.33 

∑13 
Symmetric 

14 0.11 0.02 1.01 0.09 
15 -0.30 -0.13 -1.11 -0.04 

16 -0.24 -0.09 -1.02 -0.15 

∑13 
Asymmetric 

17 0.09 0.00 0.77 0.12 
18 -0.31 -0.10 -1.31 -0.23 

19 0.11 0.02 0.78 0.06 

20 -0.30 -0.11 -1.35 -0.12 
 

 

Table 3.2 shows the solute-boundary interaction energies for both the interacting (where 

the solutes are second nearest neighbors in the grain boundary plane) and non-interacting (where 

the solutes are fourth nearest neighbors in the grain boundary plane) cases for all the period 4 

and 5 transition metal solutes with the PSS identified in Figure 3.3.  It can be seen that for both 

the interacting and dilute data the solute-boundary interaction energy of the PSS does not vary 

substantially for a given solute, regardless of the orientation of the filled kite with respect to the 

boundary plane.  Thus, the binding energies suggest that the energy of the solute-boundary 

interaction is derived from the local interaction of the solute with this defect structure as opposed 

to a longer range interaction energy of the solute with the boundary as a whole.  To understand 

the interactions of solutes with this defect structure, the structure of the charge density of the 

filled kite in pure Fe was studied in detail, highlights of which are presented in the next two 

sections. 
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(a) (b) (c) 

  

(d) (e) 

Figure 3.3 Symmetric (a) and asymmetric (b) ∑5 grain boundaries, an asymmetric ∑7 grain 
boundary (c), and symmetric (d) and asymmetric (e) ∑13 boundaries.  Projections of (0 0 1) 
planes are shown in the figure.  Black atoms occupy one plane while white atoms occupy the 
second.  The filled kite structures found on each grain boundary are outlined in grey while the 
PSS are shown in red and the USS in blue (color image; refer to PDF version).   
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Table 3.2 – The Solute-Boundary Interaction Energy for All Solutes on PSS in Dilute and 
Interacting Configurations (eV) 

 

∑5 
Symmetri

c 

∑7 
Asymmetric 

∑13 
Symmetri

c 
∑13 Asymmetric Average 

Standard 
Deviatio
n 

 Interacting 
Sc -1.70 -1.79 -1.73 -1.99 -1.89 -1.82 0.12 
Ti -1.06 -1.12 -1.10 -1.26 -1.19 -1.15 0.08 
V -0.53 -0.58 -0.59 -0.65 -0.30 -0.53 0.14 
Cr -0.25 -0.28 -0.30 -0.31 -0.30 -0.29 0.02 
Mn -0.09 -0.11 -0.13 -0.10 -0.11 -0.11 0.01 
Fe NA NA NA NA NA NA NA 
Co -0.05 -0.02 0.03 -0.05 -0.01 -0.02 0.03 
Ni -0.09 -0.14 -0.04 -0.23 -0.12 -0.12 0.07 
Cu -0.27 -0.35 -0.28 -0.48 -0.32 -0.34 0.09 
Zn -0.42 -0.54 -0.41 -0.66 -0.52 -0.51 0.10 
Y -2.62 -3.01 -2.77 -3.18 -3.13 -2.94 0.24 
Zr -2.16 -2.46 -2.30 -2.59 -2.57 -2.42 0.18 
Nb -1.55 -1.82 -1.58 -1.92 -1.91 -1.76 0.18 
Mo -1.03 -1.29 -1.11 -1.31 -1.35 -1.22 0.14 
Tc -0.76 -1.02 -0.84 -0.97 -1.05 -0.93 0.12 
Ru -0.62 -0.85 -0.67 -0.78 -0.88 -0.76 0.11 
Rh -0.62 -0.86 -0.62 -0.81 -0.88 -0.76 0.13 
Pd -0.76 -1.05 -0.71 -1.08 -1.05 -0.93 0.18 
Ag -1.03 -1.35 -0.93 -1.45 -1.35 -1.22 0.23 
Cd -1.25 -1.61 -1.15 -1.71 -1.61 -1.47 0.25 

 Dilute 
Sc -1.68 -1.45 -1.72 

  

-1.62 0.15 
Ti -1.07 -0.82 -1.14 -1.01 0.17 
V -0.56 -0.35 -0.65 -0.52 0.15 
Cr -0.26 -0.10 -0.34 -0.23 0.12 
Mn -0.08 0.00 -0.13 -0.07 0.07 
Fe NA NA NA NA NA 
Co -0.01 -0.07 0.03 -0.02 0.05 
Ni -0.13 -0.19 -0.05 -0.12 0.07 
Cu -0.34 -0.31 -0.22 -0.29 0.06 
Zn -0.45 -0.43 -0.33 -0.41 0.07 
Y -2.65 -2.43 -2.83 -2.64 0.20 
Zr -2.21 -1.93 -2.40 -2.18 0.24 
Nb -1.61 -1.32 -1.70 -1.54 0.20 
Mo -1.08 -0.82 -1.20 -1.03 0.19 
Tc -0.77 -0.58 -0.86 -0.74 0.14 
Ru -0.61 -0.53 -0.65  -0.57 0.05 
Rh -0.62 -0.65 -0.60 -0.62 0.02 
Pd -0.79 -0.88 -0.76 -0.81 0.06 
Ag -1.09 -1.17 -0.96 -1.07 0.11 
Cd -1.32 -1.35 -1.14 -1.27 0.11 
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3.3 Morphology of the Filled Kite, Preferential Solute Site, and Unstable Solute Site in 
Fe 

As discussed in Section 3.1, the filled kite structure is a commonly observed structural 

unit that serves as a building block for grain boundaries.  However, as discussed in Section 3.2, 

two of the atoms involved in this structure have important and opposing energetic characteristics 

when interacting with solutes.  A topological analysis of the kites demonstrated that there is a 

common topological structure to the filled kite, forming a morphological unit, henceforth 

referred to as the filled kite morphological unit (FKMU).  Every PSS is connected by topological 

bonds to two USS and every USS is connected by topological bonds to two PSS.  As such, the 

site pairs can be considered to be stacked on top of each other parallel to the grain boundary 

plane.  The stacked PSS-USS pairs form a stacked series of FKMUs, which were found to vary 

in subtle detail (small changes in bond angles without changes in critical point topology) for the 

five FKMUs identified in this work, but show the common bonding topology represented in 

Figure 3.4.  The PSS is on the right of the Figure (shown independently in Figure 3.5) and the 

USS is on the left (shown independently in Figure 3.6).  Each PSS is connected by bond paths to 

five atoms on one side of the site and two atoms sitting at USS on the other, giving it an effective 

coordination number of seven.  In turn, the USS is characterized by nine bond paths and hence 

an effective coordination number of nine.  This topology, in pure Fe, is consistent across the five 

FKMUs on the four grain boundaries simulated, which supports the hypothesis that the topology 

of the FKMU is a function of the local atomic positions despite variation in both the orientation 

with respect to the grain boundary plane and the symmetry and periodicity of the grain 

boundaries that were studied.   

The maximally attractive nature of the PSS and the relatively low magnitude of the 

variation of the energies for each solute type observed in Section 3.2 is a direct result of the 

common topological structure of the charge density of a filled kite.  The fundamental structure 

(the charge density) that controls the energetics of the system is repeated from one boundary to 

another.  Thus, the energetic interaction of any given solute element with that structure is also 

similar from one boundary to another, assuming that the energy is a result of the local interaction 

of the solute with this structure.  The fact that the site behavior and interaction energy of each 

type of solute show little variation regardless of FKMU orientation with respect to the boundary 

plane or the overall grain boundary structure supports the conclusion that the solute-boundary 

interaction energy is a locally controlled phenomenon. 
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Figure 3.4  The topology of the adjacent PSS and USS.  There are two USS and two binding 
sites (PSS) in this structure because each USS is bound to two PSS and vice versa (color image; 
refer to PDF version). 

 

Figure 3.5  The topology of atomic sites that display high binding energies.  The central atom 
is the PSS (color image; refer to PDF version). 

 

Figure 3.6  The topology of atomic sites that display repulsive interaction energies with 
solutes.  The central atom is the USS (color image; refer to PDF version). 

3.4 Preferential and Unstable Site Energies and Density of States in Pure Fe Systems 

While the topology of the FKMU provides spatial information about the structure of the 

charge density, it is also valuable to understand the energetics of the PSS and USS in pure Fe.  

To obtain information on the relative stabilities and energies of the PSS and USS, the atomic 
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orbital resolved density of states (DOS), Bader charge, and Bader energy of Fe atoms at PSS and 

USS in the asymmetric ∑5 grain boundary were calculated for ADF cluster calculations.  For 

comparison, atom resolved DOS were found for Fe atoms at both the PSS and USS on the 

symmetric ∑5 grain boundary using VASP and p4VASP.  The comparison of DOS from both 

ADF and VASP was done to verify the consistency of the observation that the FKMU forms a 

chemical sub-structure within the boundary.  The entire boundary is simulated with VASP where 

only a small chemical cluster is simulated with ADF, so if the DOSs generated by each type of 

simulation match, it supports the hypothesis that the DOS is dependent only upon the local 

structure of the FKMU and not the larger grain boundary structure.   

The DOS of the PSS and USS found from the asymmetric ∑5 grain boundary (ADF 

simulation) are shown in Figure 3.7.  The DOS of the USS is broader than that of the PSS and 

has a lower density of states at the Fermi Energy (indicated by the vertical line in Figure 3.7).  

These features of the DOS are both characteristic of a lower energy bonding structure than that 

of the PSS, which has a narrow band and a high density of states at the Fermi energy [60].  

Additionally, the Bader charge (the difference in the number of valence electrons of Fe and the 

number of electrons contained within the Bader atom) on the USS is -0.12 electrons (meaning 

that the USS has an excess of electrons and is negatively charged) compared to the PSS charge 

of +0.13 electrons.     

 

Figure 3.7  The density of states of the PSS and USS from the asymmetric ∑5 grain boundary 
as calculated by ADF.  The vertical line is the Fermi Energy of the system. 
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Figure 3.8 shows the atomic d-orbital DOS of the PSS and USS on the symmetric ∑5 

grain boundary (VASP simulation) in pure Fe.  The trends discussed for the DOS from the 

asymmetric ∑5 grain boundary persist in the symmetric ∑5 grain boundary.  Though there is 

variation in the overall morphology of the DOS, the major factors indicative of the stability of 

the site are the same on the symmetric ∑5 grain boundary.  The DOS of the PSS at the Fermi 

energy is higher than that of the USS indicating lower stability of the PSS in a pure Fe system.  

Additionally, there is greater peak splitting at the USS when compared to the PSS, again 

suggesting that, in pure Fe, the USS is a more stable site than the PSS.  Despite the different 

modeling software used to determine the site properties in pure Fe (ADF and VASP simulations) 

and the different grain boundaries being considered in the simulations (asymmetric and 

symmetric ∑5 boundaries) the key characteristics of the DOS of the PSS and USS remain 

similar.  The similarities in the DOS offer additional support, along with the site energies and 

topological analysis, to the hypothesis that the FKMU is a cohesive chemical sub-structure 

within the grain boundary that demonstrates consistent behavior despite variations in grain 

boundary periodicity and orientation with respect to the boundary plane.  This hypothesis is 

further supported by the commonality of the filled kite structure to multiple material systems and 

grain boundary orientations presented in Section 3.1.   

 

Figure 3.8  The density of states of the PSS and USS from the symmetric ∑5 grain boundary 
as calculated by VASP.  The vertical line is the Fermi Energy of the system.  
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CHAPTER 4 

THE ORIGIN OF SOLUTE-BOUNDARY INTERACTION ENERGY 

Many solute effects in metallurgy are attributed solely to the strain energy relaxation 

caused by moving a solute from a bulk site to a defect site of different volume than the bulk [11], 

[81].  However, the importance of the chemical structure discussed in Chapter 3 demonstrates 

that the origin of the solute-defect interaction energy is likely to involve both chemical and 

volume components.  Rationalizing the solute-defect interaction energy in terms of a simple 

volume relationship proved unlikely, as demonstrated by the extensive search for such a 

relationship (summarized in Appendix D).  Thus, a more complete model is necessary to 

understand the origins of solute-boundary interaction energies.  The derivation and implications 

of such a model are the topic of this chapter.  Section 4.1 outlines the need for a general model 

for solute-defect interaction energy and offers a brief explanation of previous attempts to 

generate such a model. Section 4.2 then derives a general model for solute-defect interaction 

energy based upon linear elasticity theory (to account for strain energy) and conceptual DFT (to 

account for chemical interactions).  This model is then applied to the simulated CSL austenite 

grain boundaries and solute interaction energies with these boundaries.  Section 4.3 addresses the 

implications of the model presented in Section 4.2 and considers the origins of both the strain 

and electronic terms of that same model.   

4.1 The Need for a General Model for Solute-Defect Interactions 

As point defects, solutes influence materials processes across a range of time, length and 

temperature scales, playing a role in a diverse set of phenomena such as solution softening [155], 

solution hardening [156], coarsening [157], [158], cohesive enhancement [159], embrittlement 

[108], and recrystallization [4], [5].  To better understand and predict the effects of solutes, 

researchers have developed numerous kinetic models, using as one input parameter the solute-

defect binding energies [44], [160]. Because of the number of important defects with which 

solutes interact (vacancies, dislocations, grain boundaries, phase boundaries, free surfaces, etc.) 

and the number of potential solutes in the material space, a general model for solute-defect 

interaction energies based upon the structure (both physical and chemical) of the defect and the 

solute would prove an immensely powerful tool for improving understanding and design of 

materials.  However, the behavior of solutes at defects is complex and the relative importance of 
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the strain energy versus that of the electronic effects in controlling the energetics and behavior of 

solutes with defects has only been the source of qualitative speculation.  In turn, the inability to 

meaningfully and rigorously separate the strain and electronic energies has complicated the 

development of an effective model of solute-defect interaction energy.   

Hume-Rothery and Powell’s classic 1935 paper presented an early and successful model, 

which is still used today, for predicting when two metals are likely to form a solid solution based 

upon a set of four rules [10].  These rules state that a substitutional solute is likely to form a solid 

solution when the solute and solvent are within certain size tolerances (15%), when the solute 

and solvent are of similar electronegativity, when the solute and solvent have similar crystal 

structures, and finally when the solute and solvent are of the same or similar valency.  It is 

interesting to note that, within the Hume-Rothery rules, as they have come to be called, the 

solubility of one metal in another is considered to be a function of both the size difference 

between the elements (which relates to lattice strain and strain energy) and the valences and 

electronegativities of the elements, which relate to the electronic (chemical) properties of the 

metals involved. 

The practical analysis and separation of chemical and size effects, exemplified by the 

Hume-Rothery rules, has proved more challenging when it comes to defect-solute interactions.  

Efforts to rationalize the effects of solutes on grain boundary cohesive energy serves as an 

example.  In 1984 Eberhart et al. [161] presented a chemical model for intergranular 

embrittlement based upon the formation of bonds between segregated solute atoms, which 

caused an increase in shear strength while the cohesive strength of the boundary decreased, 

resulting in brittle failure.  However, in 1987, Painter and Averill [159] concluded that the effect 

of a solute on grain boundary cohesion was primarily a function of the solute volume.  Eberhart 

and Vvedensky responded by arguing that Painter and Averill’s work over-emphasized the 

importance of solute volume due to their methodology [162].  In 1989 Crampin et al. [163] 

performed calculations of a Σ5 Ni grain boundary and concluded that S embrittlement of Ni was 

a chemical effect, in that S inhibited Ni-Ni bonds perpendicular to the grain boundary, lowering 

the grain boundary energy, in favor of Ni-S-Ni bonds parallel to the grain boundary. 

In 2004 Duscher et al. [164] reported that Bi embrittlement of Cu was the result of the 

electronic effect of Bi on the surrounding Cu atoms.  In a subsequent paper titled “Bismuth 

embrittlement of copper is an atomic size effect” Schweinfest et al. argued that the large volume 
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of Bi atoms at Cu grain boundaries resulted in stretching of the Cu bonds and a subsequent 

lowering of the grain boundary cohesive energy [165].  They further stated that this result 

“should be relevant for all cases of embrittlement by over-size impurities.”  Lozovoi et al. [166] 

also concluded that embrittlement of grain boundaries is primarily a size effect, although they 

did concede that in the final step of their process the chemical and mechanical terms were 

inextricably linked.  More recently, Kang et al. [167] performed calculations showing that Bi-Bi 

bonding within Cu grain boundaries dramatically decreases the cohesive strength of the 

boundaries, implying that the electronic interactions of Bi are of importance in determining the 

embrittlement behavior.   

Other authors, primarily studying solute embrittlement of Fe grain boundaries, have 

argued that both volume and chemical effects are important [7], [107], [168]–[170].  Wu et al. 

considered the embrittling effect of P and B on Fe grain boundaries and determined that both the 

chemical energy (assumed to be the energy change relative to a reference state caused by 

inserting a solute into an unrelaxed grain boundary or free surface) and the mechanical energy 

(assumed to be any additional change in energy caused by allowing the grain boundary or free 

surface to relax) were important in determining the overall effect of the solute on grain boundary 

cohesion [7].  A subsequent study by Zhong et al. that considered the effects of Mn, P, and Mn 

and P together on bcc Fe grain boundary cohesion found that the mechanical energy is important 

for determining the solute segregation energy but, since the mechanical energy remains relatively 

constant for both grain boundaries and free surfaces, the effect of the solutes on grain boundary 

cohesive energy, and their joint effect, are predominantly controlled by the chemical interactions 

[107].  Additional authors have studied the effects of various solutes on Ni [171], Nb and Mo 

[172], and Cu [173].  The consistent problem in the studies that attempt to address both the 

chemical and volume effects is that differentiating between size and electronic effects in a 

meaningful way is problematic.  These works rely on the assumption that the mechanical energy 

of solute segregation is entirely accounted for by the relaxation energy of the grain boundary 

from the state of a pure grain boundary with no solutes, and that the chemical energy accounts 

for any remaining energy difference from the pure boundary to a boundary with a solute.  This 

assumption ignores the possibility that the chemical energy may change as the boundary relaxes, 

or that the mechanical energy may depend in part on the chemical bonding structure. 
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As a final example of efforts to separate chemical and size effects, recently, Leyson et al. 

reported a model for predicting solute interactions with dislocations which they proved to be able 

to predict solute strengthening behavior in Al alloys by using both chemical and volume 

interactions in their model, demonstrating the need to include both terms in complex models of 

real systems [13].   

4.2 A General Theoretical Model for Solute-Defect Interaction Energy 

To systematically separate the size and chemical effects of the solute-boundary 

segregation energy we employed the quantum theory of atoms in molecules (QTAIM) formalism 

that permits a quantum mechanically rigorous partitioning of a solid into well-defined atomic 

regions with an associated energy. As mentioned in Section 2.4.1, within quantum mechanics, 

there are two equally valid kinetic energy operators, one defined in momentum space and one 

defined in position space.  Significantly, over regions with arbitrary boundaries these operators 

can produce different results.  It is only when the regions in question are bounded by a surface 

across which the flux of the gradient of the charge density is zero, so called zero flux surfaces 

(ZFS),  that the operators yield the same kinetic energy [154].  Hence, it is only possible to 

determine the contributions to the total energy from its strain and chemical components over 

regions where the total energy is well defined, i.e., over regions bounded by ZFS.  QTAIM’s 

great utility stems from identifying atomic-like regions, called Bader atoms, which by 

construction are bounded by ZFS [154] and hence have well defined energies and associated 

non-arbitrary volumes and charges. Changes to the volumes and charges of Bader atoms will 

manifest as strain and chemical effects respectively. 

4.2.1 Solute-Defect Strain Energy 

To determine the strain energy associated with an elemental substitution, we make use of 

a standard model for embedding spherical particles in an isotropic elastic material with shear 

modulus G, bulk modulus B and an internal pressure   [174].  In this isotropic material, a 

spherical hole of volume Vo (radius ro) is created and a pressure po is applied to the surface of the 

hole to open it by an amount dr, increasing its volume by δV (Figure 4.1).   Into this hole, a 

spherical particle of radius ro+dr is placed and the pressure removed.  From linear elasticity 

theory, it can be shown [174] that 
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 𝑝𝑜 = 4𝐺𝛿𝑉3𝑉𝑜  
(4.1) 

and the elastic energy generated by this change in volume δv is given by 

 𝐸 = 𝑉𝑜(𝑝𝑜 + 𝑃)22𝐵 . (4.2) 

Assume that the isotropic material of the above model is a solvent composed of spherical 

Bader atoms with an effective volume Vo and an electron pressure (the isotropic pressure of the 

charge density against which the volume expands) of P. We can imagine removing one of these 

Bader atoms and then inserting into the resulting hole a solute atom that is bigger (or smaller) by 

an amount δv.  From Equations 4.1 and 4.2, it is clear that the elastic energy for this embedding 

depends only on intrinsic material constants of the solvent, (e.g., G, B, Vo and P), and the volume 

difference between the solvent and solute Bader atoms.    

 
Figure 4.1 The structure of the hole in the linear elastic model with the relevant parameters 
labeled.   

 

In turn, the elastic component of the segregation energy will be given as the difference in 

the energy of a solute atom embedded in the bulk and in the grain boundary.  Specifically, we 

imagine a solute atom with initial volume 𝑉𝑖 is removed from the bulk and inserted in the grain 

boundary vacancy where it expands or contracts to a final volume of 𝑉𝑓.  Adopting a mean-field 

type approach by assuming that the intrinsic properties of the material are uniform throughout 

(i.e. the same in the bulk and at the boundary), and, as is commonly done, that δv may be 

approximated by the difference of the metallic volumes of the solute and the solvent, this energy 

may be expressed as:  
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 ∆𝐸𝜀 = 8𝐺29𝐵 (𝑉𝑊𝑆,𝑠 − 𝑉𝑊𝑆,𝑠𝑣)2 ( 1𝑉𝑓 − 1𝑉𝑖) + 𝑃22𝐵 (𝑉𝑓 − 𝑉𝑖) + 𝐸𝑉,𝐺𝐵 
(4.3) 

where Eε is the strain energy, 𝑉𝑊𝑆,𝑠𝑣 is the Bader volume of the solvent (i.e. the volume of the 

Wigner-Seitz cell of the crystalline form of the pure solvent), 𝑉𝑊𝑆,𝑠 is the corresponding volume 

of the pure solute in its native crystal structure, and 𝐸𝑉,𝐺𝐵 is the energy to create a grain boundary 

vacancy into which the solute was inserted.  

 There is one final approximation that can simplify the application of Equation 4.3.  Vf 

and Vi can be approximated effectively by the ratio of the volume of the solute to that of the 

solvent in pure Fe and the volume of the defect sites in the pure solvent.  The volume of a solute 

at a defect site is very nearly: 

 𝑉𝑠,𝑓 = 𝑉𝑠,𝑏𝑉𝑠𝑣,𝑏 𝑉𝑠𝑣,𝑓 
(4.4) 

where Vs,b and Vsv,b are the volumes of the solute and solvent in the bulk solvent, respectively, 

and Vsv,f is the volume of the defect site in the pure solvent.  Figure 4.2 plots the approximated 

solute volume given by Equation 4.4 as a function of the actual simulated volumes for solutes at 

grain boundary sites.  The strong linear relationship and nearly perfect 1:1 slope imply that this 

approximation is valid and will produce results very close to those of the simulated volumes.  

The value of this approximation is that it allows the strain energy of solute defect interactions to 

be calculated from solute-solvent system bulk properties (the ratio of their volumes) and defect 

properties in the pure solvent (the site volumes).  Substituting Equation 4.4 into Equation 4.3 

gives: 

 ∆𝐸𝜀 = 8𝐺29𝐵 (𝑉𝑊𝑆,𝑠 − 𝑉𝑊𝑆,𝑠𝑣)2 ( 1𝑉𝑠,𝑏𝑉𝑠𝑣,𝑏 𝑉𝑠𝑣,𝑓 − 1𝑉𝑠,𝑏)
+ 𝑃22𝐵 ( 𝑉𝑠,𝑏𝑉𝑠𝑣,𝑏 𝑉𝑠𝑣,𝑓 − 𝑉𝑠,𝑏) + 𝐸𝑉,𝐺𝐵   

(4.5) 
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Figure 4.2 The linear relationship between the approximated solute volume at a defect and 
the simulated solute volume at the same defect site is very close to 1:1. 

4.2.2 Solute-Defect Chemical (Electronic) Energy 

Now we turn to the chemical energy contribution.  It is well known from conceptual DFT 

[175] that a Bader atom’s electron chemical potential is given by  

 𝜇 = (𝜕𝐸𝜕𝑁)𝑣(𝑟) (4.6) 

where 𝜇 is the electron chemical potential (henceforth simply chemical potential), E is total 

energy of the atom, N is the number of electrons it contains, and 𝑣(𝑟) is the external potential. 

The chemical driving force for segregation comes from the lowering of the chemical potential of 

the system, which is manifest as a charge transfer between the solute and the solvent.  By 

Equation 4.6, to first order the energy of this charge transfer is given as  

 ∆𝐸𝐶 = (𝜇𝐵 − 𝜇𝐺𝐵)∆𝑁 (4.7) 

where EC is the chemical (charge transfer) energy, 𝜇𝐵 is the chemical potential of the system 

with the solute in the bulk, 𝜇𝐺𝐵 is the chemical potential with the solute at the grain boundary, 

and ΔN is the number of electrons transferred as the solute moves from bulk to grain boundary.  

Hence, the total change in the system energy should be given as a sum of Equations 4.5 and 4.7: 

 ∆𝐸𝑇 = (𝜇𝐵 − 𝜇𝐺𝐵)∆𝑁 + 8𝐺29𝐵 (𝑉𝑊𝑆,𝑠 − 𝑉𝑊𝑆,𝑠𝑣)2 ( 1𝑉𝑠,𝑏𝑉𝑠𝑣,𝑏 𝑉𝑠𝑣,𝑓 − 1𝑉𝑠,𝑏)
+ 𝑃22𝐵 ( 𝑉𝑠,𝑏𝑉𝑠𝑣,𝑏 𝑉𝑠𝑣,𝑓 − 𝑉𝑠,𝑏) + 𝐸𝑉,𝐺𝐵 

(4.8)  

where ΔET is the total energy of segregation of the solute to the defect.  By assuming that 𝜇𝐺𝐵 is 
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not highly dependent on the solute or the substitution site, then all coefficients may be 

considered intrinsic to the solvent.  (The assumption that the chemical potential of all solutes is 

the same is not strictly correct and an improved derivation is included in Appendix F.) 

The magnitude and direction of ΔN of Equation 4.8 is the manifestation of an underlying 

atomic property first noted by Pearson and subsequently referred to as chemical hardness, η 

[176].  Charge transfer, of course, requires both an electron donor and an electron acceptor.  

Pearson noted that there were two categories of electron donors and acceptors that he called hard 

and soft.  Soft electron acceptors are characterized by low positive charge, high polarizability, 

and larger size, while hard acceptors have higher positive charge, low polarizability and small 

size.  Similarly, soft electron donors have low electronegativity and are easily oxidized and 

polarized compared to hard donors, which have high electronegativities, are difficult to oxidize, 

and have low polarizability.  Subsequently, Parr demonstrated that chemical hardness (η) could 

be quantified as the response of the chemical potential with respect to changing electron count 

[177], e.g:  

 𝜂 = (𝜕2𝐸𝜕𝑁2)𝑣(𝑟) = 𝜕𝜇𝜕𝑁 
(4.9) 

The chemical hardness is thus a measure of the sensitivity of the electronic chemical potential to 

changes in an atom’s electron count.  For two atoms, the one for which the chemical potential 

changes most rapidly with electron count is harder. With this definition, we can approximate the 

change in a Bader atom’s chemical potential through a first order expansion in its changing 

electron count as:  

 𝜇𝑓 ≈ 𝜇0 + 𝜕𝜇𝜕𝑖𝑁𝑠|0 ∗ ∆𝑖𝑁𝑠 = 𝜇0 + 𝜂𝑠∆𝑖𝑁𝑠 
(4.10) 

where μf is the chemical potential of the Bader atom after segregation, μ0 is its chemical potential 

in the bulk, ηs is the chemical hardness of the solute, and ΔiNs is the change in the solute electron 

count as it moves from the bulk to defect site i.  Equation 4.11 then provides the change in the 

chemical potential of the solute Bader atom. 

 𝜇𝑓 − 𝜇0 = 𝜂𝑠∆𝑖𝑁𝑠 (4.11) 

  In a similar way, it is possible to estimate the change in the chemical potential of the iron 

atoms located within the solvation shell of the solute.  We define the solvation shell as all Fe 

atoms located on sites j such that ΔjNFe ≠ 0, where ΔjNFe is the change in the charge of a solvent 
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atom located at site j caused by the segregation of a solute atom to site i.  Thus, the solvation 

shell of site i is made up of all Fe atoms whose charge changes meaningfully with the 

introduction of a solute to site i.  Further, we hypothesize that 𝜂𝐹𝑒  (the hardness of a Fe atom on 

a site j) is nearly constant for all atoms in the solvation shell of the solute.  This is not completely 

accurate and a potential method for improving upon this assumption is presented in Appendix F.  

Thus, to first order the final chemical potential of the Fe atoms on sites j is: 

 𝜇𝑓 ≈ 𝜇𝑜 + ∑ ( 𝜕𝜇𝜕𝑗𝑁𝐹𝑒|𝑜  ∆𝑗𝑁𝐹𝑒)𝑛
𝑗=1 = 𝜇𝑜 + 𝜂𝐹𝑒(∆𝑠𝑠,𝑖𝑁𝐹𝑒,𝑠) 

(4.12) 

where ∆𝑠𝑠,𝑖𝑁𝐹𝑒,𝑠 is the total change to the number of electrons in the solvation shell resulting 

from the replacement of an Fe atom with a solute atom at site i.    Thus, the change in the 

chemical potential of the solvation shell is: 

 𝜇𝑓 − 𝜇𝑜 = 𝜂𝐹𝑒(∆𝑠𝑠,𝑖𝑁𝐹𝑒,𝑠) (4.13) 

Without loss of generality, we define ∆𝑠𝑠,𝑖𝑁𝐹𝑒,𝑠 as: 

 ∆𝑠𝑠,𝑖𝑁𝐹𝑒,𝑠 ≡  ∆𝑖𝑁𝐹𝑒 − ∆𝑠𝑠,𝑖𝑁𝑠 (4.14) 

which amounts to a strictly conceptual decomposition of the total change in the number of 

electrons in the solvation shell into contributions from the removal of the Fe atom followed by its 

replacement with a solute atom.  Here ∆𝑖𝑁𝐹𝑒, is the difference in the number of electrons in an 

iron atom between the bulk and the grain boundary site, all of which are considered to be 

transferred to or from the solvation shell.  The changes that are not attributed to the Fe atom are 

considered to derive from the solute through the term ∆𝑠𝑠,𝑖𝑁𝑠.  

From Equations 4.13 and 4.14 we have:  

 𝜇𝑓 − 𝜇𝑜 = 𝜂𝐹𝑒(∆𝑖𝑁𝐹𝑒 − ∆𝑠𝑠,𝑖𝑁𝑠) (4.15) 

Since the chemical potential of a system is a property of the entire system, the right-hand side of 

Equation 4.11 must be equal to the right-hand side of Equation 4.15, from which it is 

straightforward to show that: 

 ∆𝑖𝑁𝑠 = 𝜂𝐹𝑒𝜂𝑠 ∆𝑖𝑁𝐹𝑒 − 𝜂𝐹𝑒𝜂𝑠 ∆𝑠𝑠,𝑖𝑁𝑠 , (4.16) 

which makes explicit the supposition that the magnitude of the charge transfer depends on the 

solute and its solvation shell.    

Before exploring the implications of Equation 4.16, given the approximation evoked in 

its derivation we provide a measure of confidence in its utility by plotting the VASP determined 
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values of ∆𝑖𝑁𝑠 against ∆𝑖𝑁𝐹𝑒 for  the period five transition metals, Figure 4.3, and provide the 

slope, intercepts, and correlation coefficients for the full series of solute atoms investigated at the 

five (Y and Zr) or six (Nb-Cd) different grain boundary sites modeled, Table 4.1.  Consistent 

with the approximations, and in agreement with Equation 4.16 a linear relationship is observed 

for nine of the ten solutes.  The single exception is Zr (note the low correlation coefficient) 

which is an outlier in both the strain and chemical energy terms (for more detail see Section 4.3).  

We believe that this deviation is the result of a non-isotropic charge transfer to the solvation shell 

about Zr.  Nonetheless, when the response of the solvation shell about a site j is unchanged due 

to solute segregation, Equation 4.16 offers insight into the electronic factors responsible for 

stabilizing solute-defect interactions.  

 

 
Figure 4.3 The linear relationship between the solute electron count change and the solvent 
electron count change for the period five transition metals.  The inset shows Mo, Tc, Ru, and Rh 
in greater detail, while the larger graph shows the full dataset in color for clarity.  Table 4.1 
provides the slope, intercept, and correlation coefficients for all the period five (4d) transition 
metal elements (color image; refer to PDF version).  
 

 

Equation 4.16 supports the conjecture that the slopes of the lines in Figure 4.3 (reported 

in Table 4.1) are the ratio of the hardness of Fe to that of the solute in the fcc Fe environment.  

Thus, it is simple to see that solutes to the left of Fe on the periodic table (with the exception of 

Y and Nb) have a higher chemical hardness than Fe while those to the right have a lower 
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chemical hardness.  Unsurprisingly, Ru, which is located directly beneath Fe in the periodic table  

 

and thus has a very similar valence structure, has a chemical hardness nearly identical to that of 

Fe. 

We now substitute Equation 4.16 into Equation 4.8 to produce the final Equation for the 

solute-defect interaction energy (Equation 4.17): 

 ∆𝑬𝑻 = (𝝁𝑩 − 𝝁𝑮𝑩) (𝜼𝑭𝒆𝜼𝒔 ∆𝒊𝑵𝑭𝒆 − 𝜼𝑭𝒆𝜼𝒔 ∆𝒔𝒔,𝒊𝑵𝒔)
+ 𝟖𝑮𝟐𝟗𝑩 (𝑽𝑾𝑺,𝒔 − 𝑽𝑾𝑺,𝒔𝒗)𝟐 ( 𝟏𝑽𝒔,𝒃𝑽𝒔𝒗,𝒃 𝑽𝒔𝒗,𝒇 − 𝟏𝑽𝒔,𝒃)
+ 𝑷𝟐𝟐𝑩 ( 𝑽𝒔,𝒃𝑽𝒔𝒗,𝒃 𝑽𝒔𝒗,𝒇 − 𝑽𝒔,𝒃) + 𝑬𝑽,𝑮𝑩 

(4.17)  

 Equation 4.17 is remarkable because it predicts the solute-defect interaction energy based 

purely upon the elemental properties of the solute-solvent system and the structure of the solvent 

defect.  Every variable in Equation 4.17 is a property of either the defect in the pure solvent (μB, 

μGB, ∆𝑖𝑁𝐹𝑒, G, B, Vsv,b, 𝑉𝑠𝑣,𝑓, P, and 𝐸𝑉,𝐺𝐵) or the solute-solvent system in the bulk (
𝜂𝐹𝑒𝜂𝑠 , ∆𝑠𝑠,𝑖𝑁𝑠, 𝑉𝑊𝑆,𝑠 − 𝑉𝑊𝑆,𝑠𝑣, and Vs,b).  Thus, simply by understanding the structure, both electronic and 

volumetric, of a defect and the elemental properties of the solute-solvent system it should be 

possible to estimate the solute-defect interaction energy in any binary alloy system for any defect 

site.  Equation 4.17 further demonstrates a key finding of this work; that the chemical hardness 

of a solute in relation to the solvent is the proposed fundamental elemental property leading to 

the chemical energy of segregation just as the volume of a solute in relation to the solvent is the 

fundamental elemental property leading to the strain energy of segregation.  The structure of the 

chemical and strain terms is fundamentally similar (a ratio of the solute to the solvent properties 

multiplied by the properties of the solvent at the defect).  Compared to previous studies, this 

model is unique in that it relies on a completely theoretical derivation for the origin of both the 

chemical and strain energies.  Thus, the elemental and defect properties could, potentially, be 

tabulated, allowing the solute-defect interaction energy to be estimated without the need for 

simulated or experimental data beyond those properties contained within the model. 
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Table 4.1- Linear Fit Constants and Correlation Coefficients 

 
Slope 
(e/e) 

Relative 
Chemical 

Hardness to Fe 
Intercept 

(e) 
Correlation 
Coefficient 

Y 2.4168 0.413 0.0599 0.9222 
Zr 0.0803 12.453 -0.002 0.0502 
Nb 2.0264 0.493 0.1124 0.9326 
Mo 0.6249 1.600 0.0804 0.9769 
Tc 0.6894 1.450 0.0416 0.9703 
Ru 0.9982 1.002 0.0328 0.9984 
Rh 1.2426 0.805 0.0167 0.9947 
Pd 1.3916 0.719 0.019 0.9866 
Ag 1.5234 0.656 0.0236 0.9796 
Cd 1.631 0.613 0.04036 0.9744 

 

4.2.3 Model Prediction of Solute-Grain Boundary Interaction Energies 

We may test the predictive capability of Equation 4.17 by performing a linear regression 

on a subset of our simulation data using the properties of the solute (i.e. Bader volumes in the 

bulk and at boundary sites, changes in Bader charges, and metallic volumes) as predictor 

variables and the interaction energy resulting from our DFT calculations as the response variable.  

If our approach is valid, we should obtain values for the material constants that provide good 

predictions of the solute interaction energy for the remainder of the dataset (the data not used in 

the linear regression) and which reproduce the trends in the interaction energies observed in the 

simulated data. When the data from the symmetric Σ5 grain boundary is used in the linear 

regression, we obtain Equation 4.18. 

  ∆𝐸𝑇 = −3.05 [𝑒𝑉𝑒 ] (𝜂𝐹𝑒𝜂𝑠 ∆𝑖𝑁𝐹𝑒 − 𝜂𝐹𝑒𝜂𝑠 ∆𝑠𝑠,𝑖𝑁𝑠)
+ 0.603 [𝑒𝑉Å3] (𝑉𝑊𝑆,𝑠 − 𝑉𝑊𝑆,𝑠𝑣)2 ( 1𝑉𝑠,𝑏𝑉𝑠𝑣,𝑏 𝑉𝑠𝑣,𝑓 − 1𝑉𝑠,𝑏)
+ −1.35 [𝑒𝑉Å3] ( 𝑉𝑠,𝑏𝑉𝑠𝑣,𝑏 𝑉𝑠𝑣,𝑓 − 𝑉𝑠,𝑏) + 0.840[𝑒𝑉] 

(4.18) 

 

Figure 4.4 shows the energies calculated using DFT plotted against the energies predicted 

by Equation 4.7 for both the symmetric Σ5 grain boundary (all three sites on the Σ5 grain 
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boundary were used to calibrate the model), and uncalibrated data from the PSS on the 

symmetric Σ7 and the USS on the symmetric Σ13.  The calculated chemical and strain energies 

for the Σ5 grain boundary are discussed in Section 4.3.  Both datasets display strong correlation 

(r2>0.9) between the calculated and predicted energies.   

Interestingly, the correlation is worse (0.908) for the calibrated symmetric Σ5 data than it 

is for the uncalibrated data.  Additionally, neither fit is perfect; a fact which is to be expected 

considering that our model is fundamentally based on the assumption that the chemical and strain 

terms of the solute-defect interaction energy can be captured purely through isotropic terms 

(isotropic volume changes and isotropic hardness of Fe atoms).  Thus, the amount by which 

Equation 4.18 deviates from the DFT results serves as a measure of non-isotropic contributions 

to the interaction energy and may provide a quick screening mechanism to identify “atypical” 

solutes.  The relatively high correlation coefficients in Figure 4.4 suggest that the assumption of 

isotropic behavior is useful.  The apparent utility of the isotropic assumption indicates that, 

within the chemical sub-structure, there is likely a degree of isotropic behavior due to the local 

stable structure, even though the grain boundary as a whole is anisotropic.  Thus, this utility 

offers further support to the hypothesis presented in Chapter 3, that the filled kite forms a 

chemical sub-structure within the grain boundary.   

 

 

Figure 4.4 The correlation between the simulated solute-boundary interaction energies and 
the model’s predictions for the calibrated (triangles) and uncalibrated (squares) data.  The 
correlations are both strong and the calibrated and non-calibrated data produce best fit lines 
with similar slopes and intercepts. 
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4.3 The Relative Roles and Importance of Strain and Chemical Energy in Controlling 
the Solute-Defect Interaction Energy 

The previous analysis facilitates the separation of the calculated solute-defect interaction 

energy into its strain and chemical terms, as depicted in Figure 4.5.   Here the electronic 

(squares, the first term of Equation 4.18) and strain (triangles, the second, third, and constant 

terms of Equation 4.18) contributions to the total energy of Equation 4.18 are shown along with 

the calculated DFT interaction energies (diamonds), given in Table 3.2, for the maximally 

attractive site 1 (a), repulsive site 2 (b), and moderately attractive site 3 (c) on the symmetric Σ5 

grain boundary (Figure 3.2) plotted as a function of the periodic group number for the period 5 

(4d) transition metals. 

A complex interaction of strain and electronic effects is responsible for the overall 

interaction energy.  The strain energy follows a consistent trend on all three sites; the strain 

energy of Y is always the lowest (most attractive) and the strain energy then rises sharply 

(becoming less attractive or even repulsive) for Zr, Nb, and Mo, approaching zero strain energy 

for attractive sites (Figure 4.5a, c) and providing net repulsion for the repulsive site (Figure 

4.5b).  From Mo-Cd the strain energy then decreases slowly.  The electronic interactions are, 

expectedly, dominated by the relative chemical hardness of the solute and the solvent, as 

demonstrated by the fact that softer solutes have larger chemical interaction components than do 

harder solutes.  The chemical energy of the PSS and USS are significantly larger than they are on 

site 3; an expected result due to the small charge on site 3 in pure Fe (site 3 in pure Fe has a 

charge of 0.0011 electrons).  The chemical energy of Zr is minimal on all sites (see the squares 

representing the chemical energy of Zr in Figure 4.5) due to the very high relative chemical 

hardness of Zr (this is likely a partial manifestation of the approximations that the change in 

chemical potential is independent of solute type and partially addressed in Section 6.6.2).  

Alternately, the chemical interaction energy of Y and Nb tends to be significant due to their low 

relative hardness.  The remaining 4d solute’s chemical interaction energies tend to follow the 

trend of the relative hardness of the solute to Fe. 

As a final point, it is important to note that there is some previous work exploring 

chemical hardness as a predictor of grain boundary properties.  As early as 1992 Pino et al. used 

the principles of chemical hardness to investigate impurity segregation at Σ5 tilt [310] grain 

boundaries in germanium and concluded “that the description of complex solid state processes as 

chemical reactions according to soft-soft or hard-hard interactions is very promising.”  They 



73 

went on to discuss drawbacks to the approach stemming from the computational complexities 

associated with determining local hardness, problems that are now minimized through the work 

of Parr and Yang [178] and its application within the QTAIM formalism.  This methodology has 

been extended to predict and understand adatom behavior on metal surfaces [179]–[181] and the 

behavior and properties of small metallic clusters [182], [183].  However, the use of this 

approach in understanding the structure and behavior of metallurgical defects (such as grain 

boundaries) is relatively new.  

 

 
(a) 

Figure 4.5 The electronic (squares) and strain (triangles) contributions to the total 
interaction energy, as well as the simulated interaction energy (diamonds) for the period 5 
transition metals plotted as a function of the element group number so that trends in the 
behavior of electronic and strain energy can be seen for the PSS (a), the USS (b), and Site 3 
(c). 
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(b) 

 
(c) 

Figure 4.5: Continued 
 

 
 
  

-1

-0.5

0

0.5

1

1.5

2 4 6 8 10 12

In
te

ra
ct

io
n 

E
ne

rg
y 

(e
V

)

Group Number

-2

-1.5

-1

-0.5

0

0.5

2 4 6 8 10 12

In
te

ra
ct

io
n 

E
ne

rg
y 

(e
V

)

Group Number

     Y      Zr     Nb    Mo    Tc     Ru     Rh    Pd     Ag    Cd 

     Y      Zr     Nb    Mo    Tc     Ru     Rh    Pd     Ag    Cd 



75 

CHAPTER 5 

COMPARISON OF EXPERIMENTAL DATA AND SOLUTE-BOUNDARY 

INTERACTION ENERGIES 

Computational modeling is a powerful tool for developing an understanding of material 

structures and properties which occur in regions that are hard to access experimentally (short 

time or length scales, in situ processes, high temperature processes, etc.) and can often provide 

these insights with much less cost and more quickly than traditional experimental techniques.  

However, all models need experimental verification.  Sometimes this is relatively simple but, 

especially for models that address time or length scales which are difficult to access 

experimentally, it can be more difficult.  Such is the case with this work, where direct 

measurement of the solute-boundary interaction energy is not feasible with current experimental 

techniques.  In cases such as this, experimental verification relies on correlation.  This chapter 

presents correlations between the solute-boundary interaction energy and multiple experimental 

datasets from the literature which attempt to account for the effect of solute drag on austenite 

grain coarsening and recrystallization, which at very fine length scales involve similar processes 

(the movement of one fcc grain into another).  Section 5.1 compares simulation data to austenite 

grain coarsening data from literature, Section 5.2 compares simulation data to both static and 

dynamic recrystallization data, and Section 5.3 discusses applications and implications of the 

correlations.   

5.1 Solute Drag on Austenite Grain Coarsening 

Lee and Lee reported empirically determined the coefficients for the effects of solute Mo, 

Ni, and Cr (they did not study any additional solutes) on the activation energy for austenite grain 

coarsening using an Arrhenius type equation for predicting austenite grain size [3].  Lee and Lee 

did this by measuring grain growth in 16 different low alloy steels and using regression analysis 

to isolate the effects of each individual alloying component.  They provide an equation that can 

be used to predict the final austenite grain size as a function of alloy composition, temperature, 

and time.  The coefficients for each alloy addition thus provide the relative effect of each 

element in limiting austenite grain growth.  The values given by Lee were converted from  J mol ∗ wt pct⁄  to eV atom ∗ wt pct⁄  and then plotted in Figure 5.1 against the average dilute 

PSS binding energy (energies provided in Table 3.2).  There is a linear relationship between the 
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solute binding energy in the PSS averaged across all grain boundaries studied and the empirical 

activation energy.  The error bars represent the standard deviation of the binding energy (the 

values from Lee and Lee are empirically fit and they did not provide error estimates).  The linear 

relationship implies that the PSS may play an important role in solute drag and may prove useful 

as a predictor of the effect of untested solutes on austenite grain boundary mobility.  Possible 

ways that these sites might impact boundary migration will be discussed in Section 5.3.  The 

linear relationship between the interacting binding energy and the empirical activation energy 

coefficients indicates that the simulation results accurately predict the effects of solutes on 

austenite grain coarsening for at least some real material compositions that are available for 

comparison. 

 

Figure 5.1  The relationship of the dilute binding energy and the activation energy 
coefficients which were empirically determined by Lee and Lee [3].  The error bars show the 
standard error of the simulated binding energy. 
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There are some relevant experimental datasets associated with solute drag effects due to 

the considerable industrial interest in the recrystallization of austenite [4], [5].  Since 
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interface between a recrystallized and un-recrystallized grain and the interface between two 

grains undergoing grain coarsening are similar.  To determine the potential correlation between 

the calculated binding energy and the empirical activation energy constants, the results from the 

simulations in this work were compared to multiple recrystallization data sets from the literature 

for solute effects on both static [4] and dynamic [5] recrystallization.   

5.2.1 Static Recrystallization 

Static recrystallization refers to recrystallization that occurs during isothermal holding 

after deformation without active deformation being applied to the material.  Figure 5.2 shows the 

empirically determined activation energy coefficients for static recrystallization reported by 

Medina and Mancilla for a set of 18 steels with C content ranging from 0.11 to 0.53 wt. pct., Si 

content ranging from 0.20 to 1.65 wt. pct., Mn content ranging from 0.47 to 1.32 wt. pct., V 

content ranging from 0 to 0.0144 wt. pct., Ti content ranging from 0 to 0.075 wt. pct., Mo 

content ranging from 0 to 0.38 wt. pct., and Nb content ranging from 0 to 0.093 wt. pct. [4], 

plotted against the dilute binding energy.  The data are fit well with both linear and exponential 

fits, though an exponential fit provides a slightly better r2 value than a linear fit (r2 of 0.996 for 

an exponential fit vs. 0.956 for a linear fit).  However, assuming that solute drag is the result of 

thermodynamic interaction of solutes with the boundary, a linear relationship between the 

activation energy for static recrystallization and the binding energy would be expected.  

Regardless, the observed trend indicates that the binding energy effectively predicts the trends 

associated with the measured static recrystallization activation energies. 

5.2.2 Dynamic Recrystallization 

Dynamic recrystallization refers to recrystallization that occurs while the material is 

undergoing deformation.  Figure 5.3 shows empirical solute retardation parameters (SRP) for 

dynamic recrystallization determined by Akben et al. [5] plotted against the dilute PSS binding 

energy.  The solute retardation parameter is defined as: 

 𝑆𝑅𝑃 = 𝑙𝑜𝑔 ( 𝑡𝑥𝑡𝑟𝑒𝑓) × 0.1𝑎𝑡. % 𝑥 × 100 
(5.1) 

Where x is the solute, tx is the time for the onset of recrystallization in the presence of the solute 

at a concentration defined by the atomic percent (at. %), and tref is a reference time for the base 

material.  Unlike static recrystallization, the only good fit for the data comes from an exponential 
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relationship between the solute retardation of dynamic recrystallization and the calculated 

binding energy which provides an r2 value of 0.985.  The origin of the exponential relationship 

between the binding energy and the SRP is not currently well understood.  The SRP is not an 

activation energy; instead, it is based upon time to the onset of recrystallization and so 

determining the expected form of the relationship between the binding energy and the SRP is 

more difficult.  The difference between static and dynamic recrystallization could also impact the 

form of the relationship due to the differences in kinetics between a material with a stationary 

boundary and one undergoing active deformation. Nevertheless, the strong correlation between 

the binding energy and the SRP for both the dilute and interacting configurations confirms that 

the binding energy is accurately predicting real and industrially significant material properties.   

 

Figure 5.2  The relationship between the empirical activation energies for static 
recrystallization determined by Medina and Mancilla for γ Fe [4] and the calculated dilute 
binding energies.  Both exponential and linear fits are shown.  The error bars show the standard 
error of the simulated binding energy.   

 

 

Figure 5.3  The exponential relationship between the solute retardation parameter for 
dynamic recrystallization determined by Akben et. al for γ Fe and the calculated dilute binding 
energy [5].  The error bars show the standard error of the simulated binding energy. 
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5.3 Applications and Implications of Simulation Relationships with Experimental Data 

One of the original objectives of this work was the proposal of additional solutes worth 

experimental investigation for their potential to limit austenite grain coarsening through solute 

drag.  Currently, Nb has the strongest solute drag effect in austenite of any industrially used and 

studied solute.  There are several solutes (Sc, Y, Zr, Ag, Cd) that have been identified which 

have interaction energies comparable to or even greater than that of Nb, though many of them 

pose technological or economic difficulties in their own right (Sc, Y, and Zr are oxide formers, 

Cd is toxic, and Ag is very expensive).  However, if these difficulties could be overcome, there is 

the potential to find solutes which have a greater impact on microstructural development of steels 

than Nb does.  This is significant when considering the effects of Cr and Mn (both solutes with 

much lower average PSS energies than Nb or any of the other solutes discussed here) presented 

in Chapter 1.  Sc, Y, Zr, Ag, and Cd could potentially offer significant reductions in austenite 

grain size.  

The strong correlations seen between the solute-boundary binding energy (both dilute and 

interacting) demonstrates that these calculated properties are good predictors of the effect of 

solutes in real steels.  Thus, qualitative and even semi-quantitative predictions about the effects 

of solutes for which there are no experimental data can be made using the relationships presented 

in Sections 5.2 and 5.3 and the simulation data presented in Section 3.2.  These relationships 

provide a strong tool for the early stages of alloy development and for predicting the likely 

behavior of uncommon or untested elements in the microstructural development of austenite.  

Finally, the linear relationship between the solute-boundary binding energy and both the 

empirical activation energy coefficients for solutes on grain coarsening determined by Lee and 

Lee [3] and the empirical activation energy coefficients for solutes on static recrystallization 

determined by Medina and Mancilla [4] implies that the effect of solutes on the activation of 

grain boundary migration is linearly dependent upon the thermodynamic solute-boundary 

binding energy.  The linear dependence means that the effect of solutes on the kinetics of grain 

boundary migration mechanisms is likely to be thermodynamic in origin.  The effect of solutes 

on the kinetics of grain boundary migration mechanisms is discussed in greater detail in 

Appendix E. 
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CHAPTER 6 

CONCLUSIONS AND FUTURE WORK 

This chapter summarizes the most important conclusions and findings of the work and 

also makes suggestions of areas where future work, both computational and experimental, might 

be valuable.  Sections 6.1 through 6.3 summarize the key findings of the work while 6.4 through 

6.6 discuss possibilities for future investigations.   

6.1 Industrial Applications 

The single most immediate industrial application of this work is the suggestion of Sc, Y, 

Zr, Ag, and Cd as solutes with the potential to have similar or greater effects to Nb on austenite 

microstructural development, assuming the various technological or economic challenges 

associated with those elements can be overcome or mitigated.  Figure 6.1 summarizes these 

findings by showing the average interacting PSS energy of the period four and five transition 

metals.  The elements that are commonly used in current steels are circled with solid lines and 

the elements that could warrant further study are circled with dashed lines.  Additionally, there is 

value in developing a deeper understanding of the structure-property relationships that govern 

atomic scale interactions and lead to industrially significant effects such as solute drag on 

austenite grain boundaries. 

 

 

Figure 6.1 The average interacting PSS solute-boundary interaction energy as a function of 
position on the periodic table.  The elements circled with solid lines are commonly used in the 
steel industry, while those circled with dashed lines may be worthy of further investigation. 
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6.2 Grain Boundary Structure 

This study focused on CSL tilt grain boundaries and particularly on a well-known sub-

structure of these boundaries, the filled kite.  Through topological, density of states, and 

energetic analysis we demonstrated that the filled kite structure serves as a chemical sub-

structure whose properties are largely independent of the larger grain boundary structure.  As 

such, it is possible to comprehend solute interaction with these boundaries through understanding 

solute interaction with these chemical sub-structures.  Additionally, we demonstrate that the 

electronic structure of a grain boundary can be understood by determining the charge of atoms in 

the pure solvent boundary.  Atomic sites can be identified as either charge donors or charge 

acceptors, and the magnitude and direction of this charge transfer, when combined with the 

relative hardness of the solute and solvents being considered, determines how those sites will 

interact with various solutes.  This structural analysis allows for both strain (volume) and 

chemical (electronic) mapping of a defect’s structure, which provides a much more complete 

understanding of how a defect is likely to interact with solutes or other defects. 

6.3 Solute-Defect Interaction Energy 

This study derived a theoretical model of solute-defect interaction energies and compared 

the resulting predictions to simulated data with good agreement.  The model relies on both 

chemical (electronic) and volume (strain) interaction energies.  We find that the traditional 

metallurgical understanding of how solute volume generates strain energy interactions is 

generally sufficient in that the primary driving force behind the strain energy of solute-defect 

interactions is the difference in the volume of the solute and the solvent.  This is demonstrated by 

Equation 4.3 where the terms are reliant upon the difference between the volume of the solute 

and the solvent.  We demonstrate that, similar to volume for strain energy, the primary factor 

underlying the chemical segregation energy is the difference between the chemical hardness of 

the solute and the solvent.  The ratio of the chemical hardness of the solute and solvent is 

determined by the slope of the line relating the charge transferred by the solute at a given defect 

site and the charge transferred by the solvent at the same site.  Once determined for a solute-

solvent pair, the relative chemical hardness appears to be a property of the system and 

independent of the defect structure.    

 We further demonstrate that the solute-defect binding energy between the solute and the 

filled kite correlates well with experimental datasets that should be related to the solute defect 
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interaction energy in real materials.  Thus, we gain confidence in the real application of our 

results and in our assertion that the structural units studied in this work are commonly found in 

real materials. 

6.4 Opportunities for Future Simulation Work 

In the realm of additional modeling of Fe, one of the most obvious areas where additional 

work would prove beneficial is in the extension of the study to interstitial solutes (B and 

expecially C) and further investigation of Fe-C-M ternary systems to study co-segregation 

behavior.  Inclusion of C brings the simulations one significant step closer to producing 

boundaries that mirror the compositions of interest to steel manufacturers—as C is a component 

in all steels and is known to be grain boundary active.   

Further understanding of the structure of grain boundaries could also be a valuable area 

for future study.  Specifically, developing an understanding for why charge separation exists in 

grain boundaries could provide significant information on the native structural building blocks of 

defects. 

Additional computational opportunities exist for higher order modeling.  Using the 

solute-boundary interaction energies and interaction energy profiles generated in this work, 

higher order modeling techniques such as phase field modeling could be used to study solute 

drag effects on microstructural development.  Alternatively, empirical potentials for promising 

solutes (for example those circled in Figure 6.1) could be developed and molecular dynamics 

simulations could be performed to understand how solutes interact with the local atomic 

migration mechanisms, as the study of these mechanisms using DFT proved computationally 

difficult (for more detail on these studies see Appendix E).   

6.5 Opportunities for Future Experimental Work 

There are numerous opportunities for future experimental work, two of which are worth 

discussion here.  The first is to test the effects of the solutes (or some of the solutes) identified in 

Section 6.1.  Simulation results suggest that these solutes should have similar or greater effects to 

those of solute Nb.  Experimental verification of these predictions would be second step toward 

the design of industrially useful steels with novel compositions.  

The second experimental opportunity, while related to the first, is to validate the 

simulation results using experimental methods such as atom probe or Auger spectroscopy to 
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measure solute segregation at grain boundaries from which the solute-boundary segregation 

energy can be determined.  Additionally, high resolution transmission electron microscopy could 

be employed on austenite grain boundaries to confirm that the calculated morphological unit 

exists.  If possible, it could be very interesting to experimentally determine if solutes stabilize 

certain grain boundary structures over others.   

6.6 Opportunities for Improvement of the General Model for Solute-Defect Interaction 

 The final and most promising area for additional study is in the improvement and 

expansion of the model presented in Chapter 4 and the understanding it provides.  There are a 

variety of ways that the model presented in Chapter 4 could be improved.  Currently, the model 

presented in Chapter 4 has only been applied to pure tilt CSL grain boundaries in Fe.  By 

expanding the model to additional material and defect systems, the general applicability of the 

model can be assessed. The second option for model improvement is to identify elements (such 

as Zr, based on its poor correlation coefficient in Table 4.1 and its position as an outlier in Figure 

4.4) that do not fit the model and understand why the model fails to capture their behavior.  

Additional improvement of the model (or rather the applications of the model) comes from 

improving the understanding of the materials design capabilities of the model, the topic of 

Section 6.6.1.  The final area for future work is improving the model itself by removing 

assumptions.  The work necessary to remove the assumptions of the models has already been 

started and preliminary results are presented in Appendix F. 

6.6.1 Understanding the Materials Design Capabilities of the Model 

The relative hardness of the solute compared to the solvent is potentially a transitive 

property, although not demonstrated due to a lack of datasets for additional material systems.  

For example, the hardness of Y with respect to Rh could be equal to the hardness of Y with 

respect to Fe times the hardness of Fe with respect to Rh.  This would essentially mean that the 

relative hardness of elements is an elemental property that could be tabulated on the periodic 

table of elements.  If this is the case then the hardnesses presented in Chapter 4 can be used to 

generate a list of the relative chemical hardnesses of metals that, when combined with relative 

volumes, could be used to predict solute effects on materials properties.  The only information 

necessary for these predictions is the structure of the defect in the pure solvent.  Thus, with 

minimal simulation work, or even high resolution experimental work, it might be possible to 
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predict the solute-defect interaction energy.  Figure 6.2 shows the start of the periodic table of 

relative chemical hardness calculated here; completing in this table could be profoundly valuable 

future work. 

 

 

Figure 6.2 The start of the periodic table of relative hardness which can be used as a 
powerful materials design parameter. 
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APPENDIX A 

LAMMPS COMPUTATIONAL DETAILS 

This appendix provides a description of and provides a sample input file for the 

molecular dynamics simulations performed using LAMMPS as part of the thesis work of 

Michael Hoerner.  LAMMPS was used to generate initial low energy grain boundary structures 

and provide atomic positions for further VASP simulations.  To do this, a simulation was 

performed where the regions occupied by the two grains were defined and populated with atoms 

on an fcc grid.  Then, the interatomic potential was defined; the potential used in this work is 

from Zhou et al. [184].  The neighbor lists were then generated and any atoms in the upper grain 

which were too close to those in the bottom grain were deleted.  The upper grain was then moved 

relative to the lower grain and the energy calculated.  The upper grain was then moved again and 

the energy calculated.  Every 10 grain movements, the nearest neighbor lists were updated.  This 

process was repeated until the top cell moved through the 20,000 steps in each direction and the 

minimum energy from all iterations was selected.  This minimum energy configuration was then 

used as a starting point for density functional theory modeling.  The following is a sample input 

file for these simulations. 

# LAMMPS Input File for Grain Boundaries  
# Michael Hoerner 2014 
# Sigma 5 Pure Twist For ADF 
 
# ---------- Initialize Simulation ---------------------  
clear  
units metal  
dimension 3  
boundary p p p  
atom_style atomic  
 
# ---------- Create Atomistic Structure ---------------------  
lattice fcc 3.5101  
region whole block 0 30 -30 30 0 12 units box  
create_box 2 whole  
region upper block 0 30 0 30 0 12 units box  
lattice fcc 3.5101 orient x  2 1 0 orient y  1 -2 0 orient z  0 0 -1  
create_atoms 1 region upper  
region lower block 0 30 -30 0 0 12 units box  
lattice fcc 3.5101 orient x  1 2 0 orient y  2 -1 0 orient z  0 0 -1 
create_atoms 2 region lower  
group upper type 1  
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group lower type 2   
 
# ---------- Define Interatomic Potential ---------------------  
pair_style eam/alloy  
 
pair_coeff * * Fe.set Fe Fe 
neighbor 2.0 bin  
neigh_modify delay 10 check yes  
  
# ---------- Displace atoms and delete overlapping atoms ---------------------  
displace_atoms upper move 0 0 0 units lattice  
delete_atoms overlap 0.35 lower upper 
  
# ---------- Define Settings ---------------------  
compute csym all centro/atom fcc 
compute eng all pe/atom  
compute eatoms all reduce sum c_eng  
 
# ---------- Run Minimization ---------------------  
reset_timestep 0  
thermo 10  
thermo_style custom step pe lx press pxx c_eatoms  
dump   1 all cfg 25 dump.sig5_minimization_*.cfg mass type xs ys zs c_csym c_eng fx 
fy fz 
dump_modify     1 element Fe Fe 
min_style cg  
minimize 1e-15 1e-15 20000 20000  
undump 1 
 
# ---------- Calculate GB Energy ---------------------  
variable minimumenergy equal -3.360000 
variable esum equal "v_minimumenergy * count(all)"  
variable xseng equal "c_eatoms - (v_minimumenergy * count(all))"  
variable gbarea equal "lx * lz * 2"  
variable gbe equal "(c_eatoms - (v_minimumenergy * count(all)))/v_gbarea"  
variable gbemJm2 equal ${gbe}*16021.7733  
variable gbernd equal round(${gbemJm2})  
print "GB energy is ${gbemJm2} mJ/m^2"  
  
# ---------- Dump data into Data file -------------  
reset_timestep 0  
dump   1 all cfg 10000 dump.Fe_sig5_PureTwist_*.cfg mass type xs ys zs c_csym 
c_eng fx fy fz 
dump_modify     1 element Fe Fe 
minimize 1e-15 1e-15 5000 5000 
undump 1 
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write_restart restart.Fe_sig5_PureTwist_stgb 
 
print "All done" 
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APPENDIX B 

VASP COMPUTATIONAL DETAILS AND CONVERGENCE TESTING 

This appendix covers the details of the VASP computations performed in the thesis work 

of Michael Hoerner and provides sample input files for those interested in performing their own 

simulations.  Section B.1 covers creation of the POSCAR file and provides sample files for the 

four required input files for VASP.  Section B.2 discusses the KPOINT convergence testing.  

Section B.3 discusses the various difficulties and methods used to account for magnetism in 

simulations, as well as the logic behind the decision to report non-magnetic results.  Finally, 

Section B.4 covers the nudged elastic band (NEB) simulations which were used to find 

activation energies for various atomic migrations. 

B.1  VASP Input File Creation 

This section details the four types of input file which are required to run a VASP 

simulation.  Also included is a sample file for each of the INCAR, POSCAR, and KPOINTS 

files.  No sample of the POSCAR file is provided as these files are very long and are generally 

not edited by the end user.  It is important to note that the input files need to be named exactly 

what is presented here without any file extension or deviation for VASP to recognize them.  

Additionally, VASP can only run a single simulation in a given folder as it only recognizes 

specific input file names and always provides output files with identical names for every 

simulation.  Thus, if a job is run in a folder which already contained results, those results will be 

overwritten as soon as a new job starts.   

B.1.1  INCAR 

The INCAR file is the file responsible for providing all of the flags which determine the 

details of how a simulation is going to be run in VASP.  This section does not provide an 

exhaustive list of the options available in the INCAR file as they are highly extensive and 

thoroughly detailed in the VASP user manual [185].  Instead, this section will detail the settings 

used in the simulations which were performed in this work.   

The simulations were run in VASP 5 with high precision.  Spin polarization was 

considered in a variety of simulations but ultimately the decision was made to run simulations 

with ISPIN equal to zero, or no spin polarization.  More detail on why this decision was made 
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can be found in Section B.3.  Simulations were run with a mesh for the CHGCAR (determined 

by the NGXF, NGYF, and NGZF settings) of 25-30 points per angstrom to provide high charge 

resolution so that Bader analysis was possible.  The number of bands was kept equal to the 

number of ions times six.  EDIFF was set to 1.0E-5 and EDIFFG was set to 1.0E-4.  Finally, 

simulation convergence for non-magnetic simulations was best achieved using an AMIX of 0.1, 

BMIX of 3.0, and AMIN of 0.01.  The following is a complete INCAR file which was used to 

run simulations of a 3x3x3 bulk FCC Fe supercell.  

SYSTEM = bulk Fe 
 
PREC = High 
 
ISPIN = 0 
NELM = 100 
ISTART = 0 
 
LAECHG = TRUE 
LREAL = Auto 
 
NGXF = 315 
NGYF = 315 
NGZF = 315 
 
 
ISIF = 2 
IBRION = 2 
NSW = 0 
EDIFF = 1.E-5 
EDIFFG = 1.E-4 
NPAR = 4 
NBANDS = 648 
 
ICHARG = 2 
AMIX = 0.1 
BMIX = 3.0 
AMIN = 0.01 

B.1.2  POSCAR 

As described in Chapter 2 and Appendix 1, molecular dynamics modeling was used to 

generate minimum energy boundary structures for pure Fe austenite.  However, the structures 

generated with LAMMPS were much too large to investigate using VASP.  To create boundaries 

with periodic boundary conditions, periodic sub-sections of the boundary predicted by VASP 
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were extracted using Ovito [186].  The boundaries investigated in this work were all pure tilt 

type boundaries to minimize the necessary volume of the boundary to generate periodic 

boundary conditions.  In these boundaries for a boundary normal in the y direction, the boundary 

was periodic every two atomic layers in the z direction for a distance of one lattice parameter.  

Periodicity in the x direction was determined based upon the boundary structure and, in the y 

direction, the simulation was extended far enough to resolve bulk properties but was not 

periodic.  Once a periodic boundary was selected, the file was saved as a POSCAR (the file 

name stands for position.car) in Ovito and then any atoms which fell outside of the selected sub-

boundary are deleted.  The file is then ready to be used in a VASP simulation. 

The parameters presented above resulted in simulations where the crystal extended 1.5 

nm from the boundary in either direction for a total of 3 nm in the y direction.  Size convergence 

of the boundaries was also tested and it was found that solutes which were second nearest 

neighbors interacted but solutes as fourth or greater nearest neighbors were non-interacting.  For 

this reason, simulations with both one and two lattice parameters in the z direction were 

performed.  A lattice parameter of 3.51, matching that used in the LAMMPS empirical potential, 

was used for the simulations.  The following is a complete POSCAR file which was used to run 

simulations of a 3x3x3 bulk FCC Fe supercell.  

POSCAR file written by OVITO 
1 
10.5 0 0 
0 10.5 0 
0 0 10.5 
108 
Cartesian 
3.065650702 1.739900351 1.525249958 
1.310599327 1.739900351 3.280299664 
3.065650702 1.739900351 5.035350323 
6.575750351 1.739900351 1.525249958 
4.820700645 1.739900351 3.280299664 
6.575750351 1.739900351 5.035350323 
10.08584976 1.739900351 1.525249958 
8.330800056 1.739900351 3.280299664 
10.08584976 1.739900351 5.035350323 
3.065650702 5.25 1.525249958 
1.310599327 7.005049706 1.525249958 
1.310599327 5.25 3.280299664 
3.065650702 7.005049706 3.280299664 
3.065650702 5.25 5.035350323 
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1.310599327 7.005049706 5.035350323 
1.310599327 3.494950294 1.525249958 
3.065650702 3.494950294 3.280299664 
1.310599327 3.494950294 5.035350323 
6.575750351 5.25 1.525249958 
4.820700645 7.005049706 1.525249958 
4.820700645 5.25 3.280299664 
6.575750351 7.005049706 3.280299664 
6.575750351 5.25 5.035350323 
4.820700645 7.005049706 5.035350323 
4.820700645 3.494950294 1.525249958 
6.575750351 3.494950294 3.280299664 
4.820700645 3.494950294 5.035350323 
10.08584976 5.25 1.525249958 
8.330800056 7.005049706 1.525249958 
8.330800056 5.25 3.280299664 
10.08584976 7.005049706 3.280299664 
10.08584976 5.25 5.035350323 
8.330800056 7.005049706 5.035350323 
8.330800056 3.494950294 1.525249958 
10.08584976 3.494950294 3.280299664 
8.330800056 3.494950294 5.035350323 
3.065650702 8.760099411 1.525249958 
1.310599327 10.51515007 1.525249958 
1.310599327 8.760099411 3.280299664 
3.065650702 10.51515007 3.280299664 
3.065650702 8.760099411 5.035350323 
1.310599327 10.51515007 5.035350323 
6.575750351 8.760099411 1.525249958 
4.820700645 10.51515007 1.525249958 
4.820700645 8.760099411 3.280299664 
6.575750351 10.51515007 3.280299664 
6.575750351 8.760099411 5.035350323 
4.820700645 10.51515007 5.035350323 
10.08584976 8.760099411 1.525249958 
8.330800056 10.51515007 1.525249958 
8.330800056 8.760099411 3.280299664 
10.08584976 10.51515007 3.280299664 
10.08584976 8.760099411 5.035350323 
8.330800056 10.51515007 5.035350323 
1.310599327 1.739900351 6.790400028 
3.065650702 1.739900351 8.545450211 
4.820700645 1.739900351 6.790400028 
6.575750351 1.739900351 8.545450211 
8.330800056 1.739900351 6.790400028 
10.08584976 1.739900351 8.545450211 
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1.310599327 5.25 6.790400028 
3.065650702 7.005049706 6.790400028 
3.065650702 5.25 8.545450211 
1.310599327 7.005049706 8.545450211 
3.065650702 3.494950294 6.790400028 
1.310599327 3.494950294 8.545450211 
4.820700645 5.25 6.790400028 
6.575750351 7.005049706 6.790400028 
6.575750351 5.25 8.545450211 
4.820700645 7.005049706 8.545450211 
6.575750351 3.494950294 6.790400028 
4.820700645 3.494950294 8.545450211 
8.330800056 5.25 6.790400028 
10.08584976 7.005049706 6.790400028 
10.08584976 5.25 8.545450211 
8.330800056 7.005049706 8.545450211 
10.08584976 3.494950294 6.790400028 
8.330800056 3.494950294 8.545450211 
1.310599327 8.760099411 6.790400028 
3.065650702 10.51515007 6.790400028 
3.065650702 8.760099411 8.545450211 
1.310599327 10.51515007 8.545450211 
4.820700645 8.760099411 6.790400028 
6.575750351 10.51515007 6.790400028 
6.575750351 8.760099411 8.545450211 
4.820700645 10.51515007 8.545450211 
8.330800056 8.760099411 6.790400028 
10.08584976 10.51515007 6.790400028 
10.08584976 8.760099411 8.545450211 
8.330800056 10.51515007 8.545450211 
1.310599327 1.739900351 10.30049992 
4.820700645 1.739900351 10.30049992 
8.330800056 1.739900351 10.30049992 
1.310599327 5.25 10.30049992 
3.065650702 7.005049706 10.30049992 
3.065650702 3.494950294 10.30049992 
4.820700645 5.25 10.30049992 
6.575750351 7.005049706 10.30049992 
6.575750351 3.494950294 10.30049992 
8.330800056 5.25 10.30049992 
10.08584976 7.005049706 10.30049992 
10.08584976 3.494950294 10.30049992 
1.310599327 8.760099411 10.30049992 
3.065650702 10.51515007 10.30049992 
4.8207 8.7601 10.3005 
8.3308 8.7601 10.3005 
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6.57575 10.5152 10.3005 
10.858 10.5152 10.3005 

B.1.3  POTCAR 

The POTCAR file provides details on the functional and pseudopotentials which are used 

in the simulation for each atomic species included in the simulation.  The order in which atom 

types are places in the POTCAR file must match the order in which their positions are specified 

in the POSCAR file.  The POTCAR files are provided by VASP and the only modification 

necessary is to combine POTCAR files from individual elements into a single file containing all 

elements necessary for the simulation.  Projector augmented wave (PAW) pseudopotentials [18, 

19] and a PBE functional were used in this work, both of which have proven effective for 

simulation of metals. 

B.1.4  KPOINTS 

The KPOINTS file determines the k-point mesh which is used to perform the calculations 

involved in a VASP simulation.  K-point meshes are created in inverse space, and thus higher k-

point meshes are required for smaller real space dimensions and large real space dimensions can 

be accurately modeled with relatively low k-point meshes.  K-point conversion is the topic of 

Section B.2 and so is not discussed here.  The k-point meshes used in this work were 

automatically generated by VASP with only the number of sub divisions on each reciprocal 

lattice vector determined by the user.  To do this the first line is a comment, the second line is set 

to zero, the third line is set to Gamma, and the fourth line provides the number of sub divisions.  

The final line is an optional line which can be used to determine a shift of the mesh, but this was 

left as no shift for all simulations run in this work.  The following is a sample KPOINTS file 

which was used to run simulations of a 3x3x3 bulk FCC Fe supercell.  The only changes made to 

this file for different simulations were in the number of sub divisions.  The following is a sample 

KPOINTS file. 

Automatic mesh 
0 ! number of k-points  =0 implies automatic 
Gamma ! fully automatic 
3 3 3 
0 0 0 
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B.2  KPOINTS Convergence Testing 

K-point convergence was verified for all boundaries studied.  The k-point mesh varied 

based on the size of the boundary as follows: symmetric ∑5 with a mesh of 4 2 5 and 144 and 72 

atoms for solutes and solute chains, respectively, asymmetric ∑7 with a mesh of 3 2 5 and 240 

and 120 atoms for solutes and solute chains, respectively, symmetric ∑13 with a mesh of 3 2 5 

and 236 and 118 atoms for solutes and solute chains, respectively, and asymmetric ∑13 with a 

mesh of 2 2 5 and 542 and 271 atoms for solutes and solute chains, respectively.  K-point 

convergence testing verified an energy convergence with increasing k-point meshes of 0.02 eV 

for the ∑5 and ∑13 boundaries and 0.05 eV for the ∑7 boundary.  The lowest k-point mesh to 

produce energetic convergence was used for computational efficiency.   

B.3  Magnetic Simulations  

(Fall 2013) Attempting to reach convergence with spin polarization (magnetism) in 

VASP is difficult, especially in larger simulations.  Two methods were attempted in the search 

for a solution and they shall be briefly explained here.  All methods investigated used the 

following methodology.  Simulations were run first for a four atom FCC unit cell with 

magnetism turned on.  If convergence was achieved the settings were kept and the simulation 

cell was increased to a 32 atom perfect FCC supercell.  Again, if convergence was achieved the 

settings were kept and a solute was placed in the center of the supercell.  It was at this point that 

many attempted settings began to fail to achieve convergence.  Finally, when convergence was 

achieved for the doped 32 atom supercell, a simulation of a 66 atom grain boundary was 

attempted.  Once settings that could successfully converge a magnetic simulation of a grain 

boundary were discovered, the process was ended and simulations for the production of results 

began.   

VASP allows the user to control the charge smearing scheme of the simulation.  Attempts 

to use this scheme to enable the convergence of magnetic simulations were unsuccessful but 

shall be detailed here.  The basic charge smearing factor in VASP that is suggested and the 

default for metals is 0.2 eV.  The amount of charge smearing was varied in 0.025 eV intervals 

from 0.2 eV to 0.4 eV. Smearing values below 0.2 eV were not investigated because, according 

to the VASP user manual [3.10], convergence is assisted by charge smearing and thus lowering 

the amount of smearing would not assist in this goal.  The amount of smearing investigated was 

limited to 0.4 eV because as the amount of smearing increases the accuracy of the calculation 
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increases and, upon a smearing of 0.4 eV being unsuccessful it was decided that an alternative 

method of reaching convergence should be sought.   

A different approach to reaching convergence in magnetic simulations is to adjust the 

way the charge density is calculated.  The VASP default is to calculate the charge density 

associated with the core electrons and the valence electrons simultaneously.  However, it is 

mathematically equivalent to calculate first the charge density of the core electrons and then 

separately calculate the charge density for the valence electrons and sum the two densities.  Since 

charge density is a scalar field, multiple calculated charge densities can be summed without a 

loss of accuracy.  Setting LAECHG equal to true causes the core and valence charge densities to 

be calculated separately and then summed.  For smaller boundaries this setting alone was enough 

to achieve convergence of magnetic simulations.  However, for larger boundaries, both this 

setting and a charge smearing technique were necessary.  Very high charge smearing (2 eV) was 

initially used in magnetic simulations.  However, simulations which are completely with 

smearing this high are likely to have errors so subsequent “cooling” of the simulations was 

necessary.  In the cooling process, simulations are run as restart jobs from the initially converged 

charge density obtained with the smearing of 2 eV, but the smearing is reduced in each 

subsequent simulation until energy differences reach acceptable levels.  In this way, even very 

large magnetic simulations may be converged but this process is extremely computationally 

expensive and so should be used only as a last resort. 

The possibility that magnetic effects [20] could play a significant part in mediating solute 

boundary binding energies was evaluated following the suggestions of  Klaver et al., who 

proposed that the magnetic ground state of an austenitic system might be determined by running 

multiple simulations of the same system with different starting magnetic configurations [20].  If 

these simulations converge to the same final configuration, then that can be assumed to be a true 

magnetic ground state.  This procedure was followed with each of the grain boundaries 

investigated but, for each, different initial configurations led to different final configurations.  

The differing final configurations is not an entirely unexpected result as the magnetic 

configuration of austenite is known to be highly complex in the presence even simple defects 

[21].  Some studies have assumed an antiferromagnetic structure for austenite at fcc/bcc phase 

boundaries [6].  This assumption makes a certain amount of logical sense because the magnetic 

configuration of the bcc grain is known (ferromagnetic) and the assumption that the austenite 
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grain would align with the ferrite grain is reasonable.  However, at an austenite grain boundary, 

there is no known magnetic orientation to reference and a self-consistent orientation has proven 

difficult to identify, so any choice of magnetic orientation would be arbitrary.  Additionally, as 

the phenomenon we are interested in takes place primarily at temperatures above the Currie 

temperature, the magnetic state in these materials is going to be highly unstable and unlikely to 

reflect a magnetic ground state at any specific point in time.  With this being the case, a non-

magnetic simulation is likely to provide the closest representation of reality achievable for these 

simulations, as an arbitrary magnetic structure is likely to be farther from reality than no 

magnetic structure.    

It should be noted that the simulations without spin polarization have produced 

meaningful results in the past [22].  Yang et al. studied the effects of 3d transition metals on 

austenite grain boundary cohesion and determined that the effect of bonding anisotropy caused 

by a solute in the grain boundary was important in determining the effect of a solute on grain 

boundary cohesion in a non-magnetic system.  Their results are still important for evaluation of 

solute effects on grain boundary embrittlement in Fe.Jiang and Carter studied the solution 

enthalpy and solute diffusion of interstitial carbon in both BCC and FCC Fe [23].  They assumed 

a ferromagnetic state of the FCC Fe but noted that this limits the universal applicability of their 

results. 

B.4  Nudged Elastic Band Simulations 

Nudged elastic band (NEB) simulations are run in a similar fashion to other VASP 

simulations with a few exceptions.  They require a unique folder setup in which the INCAR, 

POSCAR, and KPOINTS files are in the folder where the job is run.  Also within this folder the 

user must create a number of sub-folders equal to the number of steps in the NEB simulation 

named 00, 01, …, NN where NN is the number of images in the simulation plus 1.  In each of 

these sub-folders is the POSCAR associated with that image in the simulation where 00 holds the 

initial configuration of the system and NN holds the final configuration of the system.  The job is 

then started as a normal VASP job and the output files for each step are written into the sub-

folder associated with that step.  Neither the 00 nor NN configurations are calculated.  The tag 

IMAGES is used in the INCAR file to initiate a NEB simulation.  The number of nodes used in 

the calculation must be evenly divisible by the number of images in the simulation.  

Additionally, the user must define the SPRING tag (default -5) which defines the way in which 



113 

the images are kept separate from each other.  Additional information on NEB simulations in 

VASP is available in the VASP manual [185].   
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APPENDIX C 

ADF COMPUTATIONAL DETAILS 

This appendix covers the details of the ADF computations performed in the thesis work 

of Michael Hoerner and provides sample input files for those interested in performing their own 

simulations.  Section C.1 details the methodology used for creation of the Fe clusters which were 

analyzed using ADF.  Section C.2 details the single point calculations including a sample input 

file and Section C.3 provides similar details for the attempted linear transit simulations as well as 

a discussion of why the linear transit simulations failed. 

C.1  Cluster Creation Methodology 

Clusters were created for ADF from VASP POSCAR files.  The atomic positions of the 

sites of interest (usually the PSS or the USS) were taken as the starting point.  Then, atoms in the 

first, second, and third coordination spheres were included in the cluster.  This process 

sometimes resulted in atomic sites outside the range of a single VASP simulation cell in the 

(001) direction, in which case the x and y coordinates of a comparable site in the VASP 

simulation were used and then the z coordinate was adjusted by adding the VASP simulation cell 

dimensions.  The cluster was constructed in .xyz format in Microsoft Excel.  The .xyz file was 

then loaded into ADF and the simulation was initialized.  For the attempted linear transit 

simulations, the cluster was extended to third nearest neighbors of all atomic sites which were 

likely to be adjacent to migrating atoms in order to provide a stable structure for the migration to 

take place in. 

C.2  Single Point Simulations 

Single point ADF simulations were run with a TZ2P basis set and a large core using the 

LDA functional.  The system was additionally run with smearing and cooled over four steps 

from 0.005 to 0.0005, and 0.005 mixing.  The following is a sample run file for a single point 

calculation. 

#! /bin/sh 
 
# ============================== 
# The Molecule 
# ============================== 
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"$ADFBIN/adf" <<eor 
TITLE bulk fragment 
 
ATOMS 
1 Fe.bulk       5.643149400000       1.148880000000       0.124989000000     
2 Fe.bulk       7.142729800000       0.359819400000       1.624989200000     
3 Fe.bulk       9.491069800000       1.131540300000       1.624989200000     
4 Fe.bulk       1.083390200000       3.513420100000       1.624989200000     
5 Fe.bulk       3.419249500000       4.251600300000       1.624989200000     
6 Fe.bulk       4.134870500000       1.940101600000       1.624989200000     
7 Fe.bulk       1.724219300000       5.020799600000       0.124988700000     
8 Fe.bulk       2.609879500000       2.724840200000       0.124987800000     
9 Fe.bulk       4.942139600000       3.486780200000       0.124989600000     
10 Fe.bulk       5.607180600000       5.018339200000       1.624989200000     
11 Fe.bulk       6.464430800000       2.705160200000       1.624989200000     
12 Fe.bulk       8.811300300000       3.486599000000       1.624992000000     
13 Fe.bulk       7.986629600000       1.923900600000       0.124989900000     
14 Fe.bulk       7.288260500000       4.252981200000       0.124991400000     
15 Fe.bulk       9.493619900000       5.031419800000       0.124992300000     
16 Fe.bulk      11.179771400000       4.267080300000       1.624992000000     
17 Fe.bulk      11.845829000000       1.906500000000       1.624992000000     
18 Fe.bulk      13.417289700000       5.041620300000       1.624995000000     
19 Fe.bulk      10.333889000000       2.703899400000       0.124991700000     
20 Fe.bulk      12.698970800000       3.482160600000       0.124993200000     
21 Fe.bulk       0.897180600000       9.013681400000       1.624992000000     
22 Fe.bulk       0.342629900000       6.210060100000       1.624989200000     
23 Fe.bulk       1.583669700000       7.502878200000       0.124989300000     
24 Fe.bulk       3.258059500000       8.361122100000       1.624989200000     
25 Fe.bulk       4.765620300000       9.087299400000       0.124991700000     
26 Fe.bulk       2.686410000000       6.302219400000       1.624989200000     
27 Fe.bulk       4.271099100000       6.222000100000       0.124989600000     
28 Fe.bulk       5.462760000000       7.549259200000       1.624992000000     
29 Fe.bulk       8.621730800000       9.142440800000       1.624992000000     
30 Fe.bulk       7.118040100000       8.409658400000       0.124992900000     
31 Fe.bulk       9.332670200000       7.586460100000       0.124993200000     
32 Fe.bulk       8.163360600000       6.240181000000       1.624992000000     
33 Fe.bulk       6.581190100000       6.327301000000       0.124991700000     
34 Fe.bulk      10.970609800000       8.461561200000       1.624995000000     
35 Fe.bulk      13.187879600000       7.623600000000       1.624995000000     
36 Fe.bulk      12.466140800000       9.206878700000       0.124993800000     
37 Fe.bulk      10.475610800000       6.359279600000       1.624992000000     
38 Fe.bulk      12.064498900000       6.237480200000       0.124992900000     
39 Fe.bulk      14.389740000000       6.418499000000       0.124994400000     
40 Fe.bulk       3.900300000000      10.640400000000       1.624992000000     
41 Fe.bulk       2.384519600000       9.841499400000       0.124991100000     
42 Fe.bulk       6.244079600000       9.916858800000       1.624992000000     
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43 Fe.bulk       5.387490300000      11.451240600000       0.124992900000     
44 Fe.bulk       6.870000000000      12.265739500000       1.624992000000     
45 Fe.bulk       9.226440400000      11.537818900000       1.624992000000     
46 Fe.bulk       7.749899900000      10.716419200000       0.124991700000     
47 Fe.bulk      10.090499900000       9.986278600000       0.124991700000     
48 Fe.bulk      11.582819000000      10.800602000000       1.624992000000     
49 Fe.bulk       5.643149400000       1.148880000000       3.124989000000     
50 Fe.bulk       7.142729800000       0.359819400000       4.624989200000     
51 Fe.bulk       9.491069800000       1.131540300000       4.624989200000     
52 Fe.bulk       1.083390200000       3.513420100000       4.624989200000     
53 Fe.bulk       3.419249500000       4.251600300000       4.624989200000     
54 Fe.bulk       4.134870500000       1.940101600000       4.624989200000     
55 Fe.bulk       1.724219300000       5.020799600000       3.124988700000     
56 Fe.bulk       2.609879500000       2.724840200000       3.124987800000     
57 Fe.bulk       4.942139600000       3.486780200000       3.124989600000     
58 Fe.bulk       5.607180600000       5.018339200000       4.624989200000     
59 Fe.bulk       6.464430800000       2.705160200000       4.624989200000     
60 Fe.bulk       8.811300300000       3.486599000000       4.624992000000     
61 Fe.bulk       7.986629600000       1.923900600000       3.124989900000     
62 Fe.bulk       7.288260500000       4.252981200000       3.124991400000     
63 Fe.bulk       9.493619900000       5.031419800000       3.124992300000     
64 Fe.bulk      11.179771400000       4.267080300000       4.624992000000     
65 Fe.bulk      11.845829000000       1.906500000000       4.624992000000     
66 Fe.bulk      13.417289700000       5.041620300000       4.624995000000     
67 Fe.bulk      10.333889000000       2.703899400000       3.124991700000     
68 Fe.bulk      12.698970800000       3.482160600000       3.124993200000     
69 Fe.bulk       0.897180600000       9.013681400000       4.624992000000     
70 Fe.bulk       0.342629900000       6.210060100000       4.624989200000     
71 Fe.bulk       1.583669700000       7.502878200000       3.124989300000     
72 Fe.bulk       3.258059500000       8.361122100000       4.624989200000     
73 Fe.bulk       4.765620300000       9.087299400000       3.124991700000     
74 Fe.bulk       2.686410000000       6.302219400000       4.624989200000     
75 Fe.bulk       4.271099100000       6.222000100000       3.124989600000     
76 Fe.bulk       5.462760000000       7.549259200000       4.624992000000     
77 Fe.bulk       8.621730800000       9.142440800000       4.624992000000     
78 Fe.bulk       7.118040100000       8.409658400000       3.124992900000     
79 Fe.bulk       9.332670200000       7.586460100000       3.124993200000     
80 Fe.bulk      10.090499900000       9.986278600000       6.124991700000     
81 Fe.bulk      11.582819000000      10.800602000000       7.624992000000     
82 Fe.bulk      10.970609800000       8.461561200000       4.624995000000     
83 Fe.bulk      13.187879600000       7.623600000000       4.624995000000     
84 Fe.bulk      12.466140800000       9.206878700000       3.124993800000     
85 Fe.bulk      10.475610800000       6.359279600000       4.624992000000     
86 Fe.bulk      12.064498900000       6.237480200000       3.124992900000     
87 Fe.bulk      14.389740000000       6.418499000000       3.124994400000     
88 Fe.bulk       3.900300000000      10.640400000000       4.624992000000     
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89 Fe.bulk       2.384519600000       9.841499400000       3.124991100000     
90 Fe.bulk       6.244079600000       9.916858800000       4.624992000000     
91 Fe.bulk       5.387490300000      11.451240600000       3.124992900000     
92 Fe.bulk       6.870000000000      12.265739500000       4.624992000000     
93 Fe.bulk       9.226440400000      11.537818900000       4.624992000000     
94 Fe.bulk       7.749899900000      10.716419200000       3.124991700000     
95 Fe.bulk      10.090499900000       9.986278600000       3.124991700000     
96 Fe.bulk      11.582819000000      10.800602000000       4.624992000000     
97 Fe.bulk       5.643149400000       1.148880000000       6.124989000000     
98 Fe.bulk       7.142729800000       0.359819400000       7.624989200000     
99 Fe.bulk       9.491069800000       1.131540300000       7.624989200000     
100 Fe.bulk       1.083390200000       3.513420100000       7.624989200000     
101 Fe.bulk       3.419249500000       4.251600300000       7.624989200000     
102 Fe.bulk       4.134870500000       1.940101600000       7.624989200000     
103 Fe.bulk       1.724219300000       5.020799600000       6.124988700000     
104 Fe.bulk       2.609879500000       2.724840200000       6.124987800000     
105 Fe.bulk       4.942139600000       3.486780200000       6.124989600000     
106 Fe.bulk       5.607180600000       5.018339200000       7.624989200000     
107 Fe.bulk       6.464430800000       2.705160200000       7.624989200000     
108 Fe.bulk       8.811300300000       3.486599000000       7.624992000000     
109 Fe.bulk       7.986629600000       1.923900600000       6.124989900000     
110 Fe.bulk       7.288260500000       4.252981200000       6.124991400000     
111 Fe.bulk       9.493619900000       5.031419800000       6.124992300000     
112 Fe.bulk      11.179771400000       4.267080300000       7.624992000000     
113 Fe.bulk      11.845829000000       1.906500000000       7.624992000000     
114 Fe.bulk      13.417289700000       5.041620300000       7.624995000000     
115 Fe.bulk      10.333889000000       2.703899400000       6.124991700000     
116 Fe.bulk      12.698970800000       3.482160600000       6.124993200000     
117 Fe.bulk       0.897180600000       9.013681400000       7.624992000000     
118 Fe.bulk       0.342629900000       6.210060100000       7.624989200000     
119 Fe.bulk       1.583669700000       7.502878200000       6.124989300000     
120 Fe.bulk       3.258059500000       8.361122100000       7.624989200000     
121 Fe.bulk       4.765620300000       9.087299400000       6.124991700000     
122 Fe.bulk       2.686410000000       6.302219400000       7.624989200000     
123 Fe.bulk       4.271099100000       6.222000100000       6.124989600000     
124 Fe.bulk       5.462760000000       7.549259200000       7.624992000000     
125 Fe.bulk       8.621730800000       9.142440800000       7.624992000000     
126 Fe.bulk       7.118040100000       8.409658400000       6.124992900000     
127 Fe.bulk       9.332670200000       7.586460100000       6.124993200000     
128 Fe.bulk       8.163360600000       6.240181000000       7.624992000000     
129 Fe.bulk       6.581190100000       6.327301000000       6.124991700000     
130 Fe.bulk      10.970609800000       8.461561200000       7.624995000000     
131 Fe.bulk      13.187879600000       7.623600000000       7.624995000000     
132 Fe.bulk      12.466140800000       9.206878700000       6.124993800000     
133 Fe.bulk      10.475610800000       6.359279600000       7.624992000000     
134 Fe.bulk      12.064498900000       6.237480200000       6.124992900000     
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135 Fe.bulk      14.389740000000       6.418499000000       6.124994400000     
136 Fe.bulk       3.900300000000      10.640400000000       7.624992000000     
137 Fe.bulk       2.384519600000       9.841499400000       6.124991100000     
138 Fe.bulk       6.244079600000       9.916858800000       7.624992000000     
139 Fe.bulk       5.387490300000      11.451240600000       6.124992900000     
140 Fe.bulk       6.870000000000      12.265739500000       7.624992000000     
141 Fe.bulk       9.226440400000      11.537818900000       7.624992000000     
142 Fe.bulk       7.749899900000      10.716419200000       6.124991700000     
END 

 
BASIS 
type TZ2P 
core Large 
createoutput None 
END 
 
XC 
LDA SCF VWN 
END 
 
SAVE  TAPE21 TAPE10 TAPE13 
 
SCF 
iterations 8000 
mixing 0.005 
diis  n=0 
NoADIIS 
END 
 
OCCUPATIONS smearq=0.005,0.0023,0.0011,0.0005 
NOPRINT LOGFILE 
BADER energy 
 

eor 

C.3  Linear Transit Simulations 

The attempted linear transit simulations failed due to computation time as discussed in 

Section E.2.  However, a single job was attempted using the linear transit simulation type in 

ADF which failed before completing the first of five steps out of 150 in the transit due to a time-

out on BlueM.  However, the methodology is presented here.  The in second or greater nearest 

neighbor positions to those that were expected to be involved in the atomic motions at the grain 

boundary were constrained not to move.  The intial and final positions of the atom which was 

believed to be driving the local motion were rigorously defined based on their distance to 
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multiple position locked atoms.  The migration was set to take place over five steps (Transit 5) 

with partial convergence and up to 30 path explorations per step.  The mixing was again set to 

0.005 and smearing was set to 0.005 without any cooling.  The job was run on 56 nodes on 

BlueM but timed out while attempting to converge the fifth path exploration in the first step, at 

which point it was determined that these simulations were not feasible given current 

computational capabilities.  A sample of the geometry optimization part of the run file is 

provided below. 

CONSTRAINTS 
   ATOM 1 
   ATOM 2 
   ATOM 3 
   ATOM 4 
   ATOM 5 
   ATOM 6 
   ATOM 7 
   ATOM 8 
   ATOM 9 
   ATOM 11 
   ATOM 12 
   ATOM 13 
   ATOM 14 
   ATOM 15 
   ATOM 16 
   ATOM 17 
   ATOM 18 
   ATOM 19 
   ATOM 20 
   ATOM 21 
   ATOM 22 
   ATOM 23 
   ATOM 24 
   ATOM 25 
   ATOM 26 
   ATOM 27 
   ATOM 29 
   ATOM 30 
   ATOM 31 
   ATOM 33 
   ATOM 34 
   ATOM 35 
   ATOM 36 
   ATOM 37 
   ATOM 38 
   ATOM 39 
   ATOM 40 
   ATOM 41 
   ATOM 42 
   ATOM 43 
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   ATOM 44 
   ATOM 45 
   ATOM 46 
   ATOM 47 
   ATOM 48 
   ATOM 49 
   ATOM 50 
   ATOM 51 
   ATOM 52 
   ATOM 53 
   ATOM 54 
   ATOM 55 
   ATOM 56 
   ATOM 57 
   ATOM 59 
   ATOM 60 
   ATOM 61 
   ATOM 64 
   ATOM 65 
   ATOM 66 
   ATOM 67 
   ATOM 68 
   ATOM 69 
   ATOM 70 
   ATOM 71 
   ATOM 72 
   ATOM 73 
   ATOM 74 
   ATOM 77 
   ATOM 82 
   ATOM 83 
   ATOM 84 
   ATOM 86 
   ATOM 87 
   ATOM 88 
   ATOM 89 
   ATOM 90 
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   ATOM 108 
   ATOM 109 
   ATOM 110 
   ATOM 112 
   ATOM 113 
   ATOM 114 
   ATOM 115 
   ATOM 116 
   ATOM 117 
   ATOM 118 
   ATOM 119 
   ATOM 120 
   ATOM 121 
   ATOM 122 
   ATOM 123 
   ATOM 124 
   ATOM 125 
   ATOM 126 
   ATOM 128 
   ATOM 130 
   ATOM 131 
   ATOM 132 
   ATOM 133 
   ATOM 134 
   ATOM 135 
   ATOM 136 
   ATOM 137 
   ATOM 138 
   ATOM 139 
   ATOM 140 
   ATOM 141 
   ATOM 142 
   ATOM 143 
   ATOM 144 
   DIST 80 86 start=4.194142551 end=5.469954699 
   DIST 80 74 start=5.469032465 end=4.189399087 
   DIST 80 90 start=4.033111063 end=3.962694621 
   DIST 67 80 start=4.521456601 end=5.166665849 
   DIST 128 80 start=2.989084578 end=4.773749368 
   DIST 80 33 start=4.780230247 end=2.992048925 
END 
 
XC 
LDA SCF VWN 
END 
 
GEOMETRY 
   Transit 5 
   Constraints PartialConverge 
    optim Cartesian 
END 
 
RESTART Mn80.t21 
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SAVE  TAPE21 TAPE10 TAPE13 
 
SCF 
iterations 8000 
mixing 0.005 
diis  n=0 
END 
 
OCCUPATIONS smearq=0.005 
 
NOPRINT LOGFILE 
BADER energy 
 
Fragments 
Fe t21.Fe 
Mn t21.Mn 
Fe.Bulk t21.Fe.Bulk 
End 
end input 
eor 
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APPENDIX D 

SOLUTE VOLUME-ENERGY RELATIONSHIPS 

For the past century, the primary tool used by scientists and engineers to understand 

solute-defect interactions in the solid state has been solute volume, and the comparison of that 

volume to the volume of solvent atoms [11].  Solute volume is so important to understanding 

material systems that a large range of methods for defining the volume of an atom within a solid 

material have been developed.  In his classic 1935 paper, Hume-Rothery proposed rules for 

determining the solubility of elements within a metal, the first of which was that the atomic 

volume of the solute and solvent needed to be within 15% of each other to have a high solubility 

[10].  Since then, the difference in the volume of a solute atom and the solvent atoms (atomic 

mismatch volume) and the strain energy produced by this mismatch have been used to explain 

solute-vacancy interactions (and their effect on diffusivity) [11], [187], [188], solute-dislocation 

interactions (and thus solute hardening) [11]–[13], [189], [190], and solute-boundary interactions 

(and thus solute drag) [11], [48], [81].  This observation proved so useful for understanding 

solute interactions with solid state materials that a variety of methods for understanding and 

quantifying atomic volume and the volume of material defects were developed.   

In metallurgy, the concept of free volume (defined as the excess volume at the boundary 

beyond that of the bulk in a hard sphere model)  was developed to describe defects in a material 

with lower atomic density than the matrix, such as grain boundaries [127], [130].  This concept 

has been used to describe the interaction of solutes with these defects [81] and the behavior of 

material processes such as grain boundary migration [127], [130].  The treatment of solutes in 

these studies often assumes a hard sphere volume [81] where the solute is treated as a solid 

sphere with a radius determined by half the distance between the solute and its nearest neighbor.  

Mathematically, the volume of atoms in low symmetry atomic positions can be determined using 

Voronoi analysis [191].  Voronoi analysis is a rigorous mathematical method of partitioning a 

plane or volume of space into regions which are closer to a given sub-set of points within the 

volume than they are to any other point within the volume.  In crystallography, atomic volumes 

are determined using Wigner-Seitz unit cells (a special group of Voronoi unit cells which contain 

only one atom and fill space) [192] and in chemistry a rigorous definition of the volume of an 

atom can be obtained through the use of Bader atoms (discussed in Section 2.4.1) [154].  The 

sheer number of methods that the scientific community has developed to define the volume of 
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atoms speaks to the importance of the concept in the treatment of material systems, and more 

specifically solute interactions with defects.  Due to the importance of solute volume in 

traditional metallurgical understanding of solute-defect interactions, it was assumed at the start 

of the project that solute volume would be a strong predictor of solute-boundary interaction 

energies, and thus attempts were made to correlate the energies for Mo, Ni, Mn, and Cr presented 

in Chapter 3 to solute volume.  These attempts are discussed in Section D.1.  Section D.2 

addresses attempts to correlate the interaction energy of the period four and five (3d and 4d) 

transition metals to various volumes. 

D.1  Solute Volume is Not a Strong Predictor of Solute-Boundary Interaction Energy 

Figure D.1 shows the calculated binding energy of solute Mn, Cr, Ni, and Mo plotted 

against the pure Fe site volume of the various positions in Figure 3.2, as determined by an 

effective radius volume approximation.  This volume is determined by measuring the length of 

each bond the atom forms (defined as the distance between the atomic critical point and the bond 

critical point) and averaging them to determine an effective atomic radius.  This radius is then 

used to calculate the volume of the hard sphere atoms.  It is apparent in Figure D.1 that there is 

little correlation between site size and solute-boundary binding energy.   

 

 

Figure D.1  Solute-boundary binding energy of Mn, Cr, Ni, and Mo in eV plotted against the 
approximate lattice site volume of an effective radius sphere in Å3.   
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Figure D.2 shows the binding energy of solute Mn, Cr, Mo, and Ni plotted against the 

asymmetry of the solute atom as determined by the maximum bond length for the atom minus 

the minimum bond length for the atom.  Again there is little correlation between the distortion of 

a lattice site and the solute binding energy to that site.  The lack of apparent trends  

 

 

Figure D.2  Solute-boundary binding energy of Mn, Cr, Ni, and Mo plotted against the site 
distortion as determined by the difference in the maximum and minimum bond lengths. 
 

D.2  Additional Solute Studies to Investigate Solute-Volume Relationships 

Figure D.3 shows the average PSS energy of the period four and five transition metals 

plotted as a function of the difference between the hard sphere volume of the solutes in the bulk 

and the volume of Fe in the bulk.  The lines indicate the order of the solutes based upon 

increasing group number for each period.  It is apparent that both period four and five elements 

follow similar trends in the shape of the curve generated by the lines through the solutes close to 

Fe and through the high group numbers in the series.  Additionally, the curves are offset as the 

period five elements have larger volumes than the period 4 elements for each group which results 

in an offset of the curves.  Solutes from both periods four and five follow similar behavior to 

each other in groups nine through twelve with volume initially increasing and then decreasing by 

group twelve.  However, the interaction energy continuously increases through this range.  The 
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to Cu, combined with the inconsistent behavior of solutes from groups three through five and the 

offset of the curves demonstrates that the bulk volume does not control solute energies.   

Figure D.3  The average solute-boundary interaction energy of the PSS as a function of the 
difference in solute volume and the volume of Fe.  The error bars represent standard error.  
Period four elements are shown in diamonds and period 5 elements are shown in squares. 
 

Figure D.4 shows the USS energy from the symmetric ∑5 grain boundary plotted as a 

function of the difference between the hard sphere volume of the solutes in the bulk and the 

volume of Fe in the bulk.  Similarly to the relationship between hard sphere volume and PSS 

energies, there are some observable trends in the shape of the relationship between volume and 

energy.  However, as with the PSS energy, these trends break down in group three for the period 

four transition metals and groups three, four, and five for the period five metals.  Additionally, 

volume does not appear to be a strong predictor for the USS energy due to the low correlation 

apparent in Figure D.4.   

Figure D.5 shows all the energies from the three crystallographically unique sites on the 

symmetric ∑5 grain boundary as a function of the difference between the hard sphere volume of 

the solutes in the bulk and the volume of Fe in the bulk.   This figure shows similar data to 

Figures D.3 and D.4.  However, there is value to analyzing all of the energies from a grain 

boundary simultaneously.  This figure demonstrates that there is no clear correlation between the 
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solute volume in the bulk and the interaction energy of the solute with the grain boundary.  From 

a logical standpoint it is clear that there should not be significant correlation between the solute 

volume in the bulk and the interaction energy.  The energies that are presented in Table 4.1 show 

that solutes can display a large range of interactions with the boundary which vary from strongly 

attractive to strongly repulsive.  However, the volume of a solute in the bulk is a constant for that 

solute.  Thus, a single quantity (the volume in the bulk) cannot possibly be a strong predictor for 

a highly variable interaction energy with the boundary.  One way to address this problem is to 

instead consider the solute volume in the bulk as predictor of the average interaction energy that 

a solute will have with the boundary as was done by Jin et al. [81].  Figure D.6 shows the 

average interaction energy from the symmetric ∑5 grain boundary as a function of the difference 

between the hard sphere volume of the solutes in the bulk and the volume of Fe in the bulk.  It is 

once again apparent that even when considering average interaction energies for a grain 

boundary the solute volume in the bulk does not correlate well with the solute-boundary 

interaction energy.   

Another possible volume predictor for solute-boundary interaction energies is the solute 

volume at a given site at the boundary.  Figure D.7 shows all the energies from the three 

crystallographically unique sites on the symmetric ∑5 grain boundary as a function of the 

amount the volume of the solute changes in each site as compared to the volume of the solute in 

the bulk.  This volume is specific to the specific location at the grain boundary and so it is 

possible that it could contain the necessary information to predict the solute-boundary interaction 

energy.  Additionally, it is interesting to note that every solute-site combination on the grain 

boundary except for Zr at a USS results in an increase in the solute volume.  The increased 

volume at the boundary is expected based on grain boundary properties; grain boundaries are 

known to have a larger amount of free volume than the bulk and so individual sites on a 

boundary are going to be, on average, larger than individual sites in the bulk.  Further, in the pure 

Fe symmetric ∑5 grain boundary, the volume of the PSS is 0.68 Å3 larger than a bulk site, the 

volume of the USS is 0.30 Å3 larger than a bulk site, and the volume of the third site at the 

boundary is 0.58 Å3 larger than a bulk site.  This result is interesting because it demonstrates a 

flaw in a purely strain energy based analysis of solute interactions with grain boundaries.  In a 

material system where strain energy controlled solute segregation completely, it would be 

expected that solutes larger than Fe would segregate to the boundary due to the abundance of 
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free volume at the boundary and the ability to thus lower the strain energy the solutes feel in the 

bulk.  However, solutes which are smaller than Fe would be expected to be repelled by the larger 

sites at the boundary, which is not what has been found in this work.  Instead, all solutes tested, 

whether they are larger or smaller than Fe in the bulk, demonstrate both attraction and repulsion 

to certain grain boundary sites.  Additionally, as is apparent from Figure D.7, there is a lack of 

any strong correlation between the volume changes and the solute interaction with the grain 

boundary.  The result of these varied comparisons of solute volume to solute-boundary 

interaction energy is that the solute volume alone is not enough to account for the interaction of 

solutes with grain boundaries. 

 

Figure D.4  The solute-boundary interaction energy of the USS as a function of the difference 
in solute volume and the volume of Fe.  Period four elements are shown in diamonds and period 
5 elements are shown in squares. 
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Figure D.5  Every unique solute-boundary interaction energy on the symmetric ∑5 grain 
boundary as a function of solute volume in the bulk normalized by the volume of Fe in the bulk.  
The diamonds are the PSS energies, the squares are the USS energies, and the triangles are the 
energies of solutes at site 3.   
 

 

Figure D.6  The average solute-boundary interaction energy of the three unique solute sites on 
the symmetric ∑5 grain boundary as a function of solute volume in the bulk normalized by the 
volume of Fe in the bulk.   
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Figure D.7  Every unique solute-boundary interaction energy on the symmetric ∑5 grain 
boundary as a function of the amount that the volume of the solute changes as it goes from the 
bulk to a site at the boundary.  Every solute in every site, with the exception of Zr at the USS, 
increases in volume. 
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APPENDIX E 

KINETIC SIMULATIONS 

While the majority of this work has focused on the thermodynamics of solute interaction 

with austenite grain boundaries, grain boundary migration is a kinetically activated process and it 

is possible that solutes change the kinetic activation energies of the atomic migrations necessary 

for grain boundary motion to occur.  Though this work used DFT to study the kinetics of grain 

boundary migration, it is more common to use molecular dynamics (MD) to study these effects 

due to the larger length and time scales on which MD functions.  Section E.1 provides a brief 

overview of MD as a tool for the kinetic study of grain boundaries and presents specific MD 

studies that were used to guide this work.   

To try to determine how significant the effects of solutes on grain boundary migration 

are, a small set of nudged elastic band simulations were completed using VASP, the 

computational details of which are provided in Appendix B.4.  However, it should be noted here 

that the simulation cell had 3 repeat units in the (001) direction (6 atomic planes total) and the 

atomic migration took place only in the center two planes, which isolated the atomic migration 

so that the energies being observed were those of dilute solutes and the migration being observed 

was isolated from other migrations in neighboring supercells.  Due to the high computational 

cost of the nudged elastic band simulations, only the original solutes proposed for this study 

(Mo, Cr, Mn, and Ni), along with the addition of Nb in the preferential solute site due to its 

importance to the steel community, were studied.  The atomic migration that was investigated is 

described in detail in Section E.2, Section E.3 provides the results of the simulations, and Section 

E.4 provides discussion of the simulations and their implications for solute drag.   

E.1 Strategies for Studying the Kinetics of Boundary Migration Mechanisms Using DFT 

Investigation of the local kinetics of boundary migration mechanisms in the presence of 

solute atoms is a difficult task.  Investigation using molecular dynamics would allow for 

relatively large length and time scales (with respect to the time scale of a migration mechanism) 

to be reached.  However, as stated previously, molecular dynamics simulations are dependent 

upon empirical interatomic potentials which are not widely available for solutes in austenite.  

VASP can be used to determine the activation energy of various atomic motions with a high 
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degree of accuracy using nudged elastic band (NEB) simulations.  However, VASP requires 

intermediate atomic positions to be provided in order to provide a general solute migration path.  

In instances where a solute migration path is unknown, or where one motion may cause other 

atomic motions within the system, this method can fail to identify appropriate atomic motions or 

activation energies.  On the other hand, ADF has a highly efficient linear transit algorithm which 

finds minimum energy paths for atomic motions and relaxes surrounding atoms at each 

intermediate step which can efficiently predict the atomic motions of multiple atoms in the 

system based upon only start and end positions of a single atom.  Unfortunately, ADF is not 

capable of accurate total energy calculations for grain boundaries as the computational expense 

of ADF is much higher than that of VASP as the number of atoms in the simulation increases 

and ADF does not use periodic boundary conditions.   

Thus, a strategy to determine both the optimized atomic migration paths and accurate 

total energies was developed by using a combination of ADF linear transits and the NEB 

simulations in VASP.  This method takes the migration path predicted by ADF and uses the 

predicted atomic predictions as an input for NEB simulations in VASP.  NEB works by running 

several VASP simulations (called images) in parallel, each of which is perpendicular to the 

energy gradient, and thus predicts the highest energy along the migration path.  This highest 

energy image is the transition state, and thus its energy is the transition energy and the atomic 

positions represent the physical transition state.  These coordinates can then be used to generate 

an ADF cluster which provides information on the orbitals and bonding changes that occur at the 

transition state and provide a deeper understanding of the effect that solutes have on the atomic 

migrations.  

It should be noted that this is a unique simulation methodology.  In atomistic modelling it 

is uncommon for multiple DFT codes to be used to understand a single material behavior, such 

as solute drag in austenite.  The complexity of the problem requires this approach to be taken and 

it is possible that with this approach other highly complex phenomena could be understood.  

However, the computational expense of the ADF simulations proved to be too high to reasonably 

complete (a single ADF linear transit simulation for a single solute on a single transit path would 

require approximately 235,200 node hours or enough computation time to occupy the entire 

golden partition of the CSM supercomputer for approximately 68 days).  Thus, though the 
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methodology should have worked in theory, it proved computationally impossible to carry out in 

practice and simulations were restricted to a small number of NEB simulations. 

E.2  Coordinated Grain Boundary Shuffle Migration Mechanism 

Grain boundary migration couples long range thermodynamic driving forces for grain 

boundary migration with short range atomic migration mechanisms which are believed to be 

controlled by the distribution of free volume at the grain boundary [127]–[130].  Figure E.1 

shows a grain boundary with an area of free volume at the boundary circled and the boundary 

plane shown by the dashed vertical line.  In the present analysis, it is assumed that there is a long 

range diving force for grain boundary migration pushing the boundary in the direction of the 

arrow (towards the right).  This driving force will locally be coupled with the free volume at the 

boundary which will lead to atomic migrations which cumulatively move the boundary towards 

the left.  For the boundary to move, atoms from the boundary must move to lattice sites in the 

grain on the right and atoms from the grain on the left must become boundary atoms.  One 

possible way for this to happen would be for an atom in the boundary to move a small distance to 

the lattice site that is in the area of circled free volume.  However, such a motion creates another 

area of free volume at the boundary which can be filled by a second boundary atom, which 

creates a third and then a fourth.  All four of these new atomic positions lie on lattice sites for the 

grain on the right.  This cascade motion, identified in the literature through the use of molecular 

dynamics and found to be a simultaneous cooperative rotation of four atoms [130], is shown in 

Figure E.2.  It should be noted that the grain boundary shown in Figure E.1 is in a minimum 

energy configuration and so any movement of the grain boundary is likely to increase the system 

energy.  In a real material, the long range driving forces for grain boundary motion (grain 

boundary curvature, grain boundary surface energy, ect.) would provide an overall reduction in 

free energy even though the local boundary energy increases.  However, in a small DFT 

simulation, incorporating these long range driving forces is not currently possible and so an 

increase in overall system energy is expected.  However, it is changes in the activation energy of 

atomic migrations caused by the introduction of solutes to the grain boundary that is of greatest 

interest to this particular study, and so final increases or decreases in total system energy are of 

little importance.   
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Figure E.1  A grain boundary with free volume along the boundary plane (circled) and a long 
range driving force pushing the boundary to the left which causes a cooperative rotation of four 
atoms (color image; refer to PDF version). 

 

Figure E.2a shows a grain boundary with the grain boundary plane shown and the atoms 

that will be moving highlighted.  Additionally, the preferential solute site (PSS) and unstable 

solute site (USS) are labeled.  Figure E.2b shows the migration paths (with the starting path for 

the migration being a linear transit from the initial to the final atomic positions and then relaxed 

by the software) of the atoms from their original positions to their new positions (new positions 

shown) and the original position of the grain boundary plane shown as a dotted line.  It should be 

noted that the arrows are vectors showing both the direction and approximate magnitude of the 

short range atomic migrations, which means that the atoms involved in the rotation do not all 

move the same distance and all migrations are less than the interatomic spacing.  Further, though 

when viewed down the (001) plane the atom in the PSS has migrated to a position where it 

overlaps the atom in the USS, the atoms are located in different (001) planes and so no overlap 

occurs.  Figure E.2c shows the final position of the atoms and the step that has been created in 

the boundary plane.  At this point, because the atomic migrations have changed the structure of 

the grain boundary, the PSS and USS cease to have the unique morphology that defines them as 

such, and thus become former preferential and unstable solute sites.  Atomic rotations like this 

enable motion of the boundary perpendicular to the boundary plane.  They are a special 

migration mechanism that is not common to all grain boundaries but their simplicity makes them 

a good candidate for study [130]. 
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(a) 

 

 

 

 

 

 

(b) 

 

(c) 

Figure E.2  The atomic rotation that has been simulated in its initial configuration (a), a close 
up of the migration paths (b), and the final configuration with a stepped grain boundary (c) (color 
image; refer to PDF version). 
 

E.3  Nudged Elastic Band Simulations 

Two simulations were run for each solute type studied.  In the first a solute was placed at 

the PSS (one of the sites involved in the migration).  In the second a solute was placed at the 

USS (adjacent to the migrating atoms).  For both cases the energies of the initial, intermediate, 

and final states were determined.  The property of interest in these simulations is the energy 

change from the initial grain boundary configuration and so the energy of each step in the 

simulation is normalized by subtracting the energy of the initial configuration.  These initial state 

normalized energy curves are shown in Figure E.3, with E.3a showing the energy curve with a 

solute at the preferential solute site and E.3b showing the energy curve with the solute at the 

unstable solute site and the normalized energies of the migrations are shown for each step in 

Table E.1.  These are coarse energy transitions consisting of only 3 images each with the first 

image corresponding to 25% of the way along the migration path, the second to 50%, and the 
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third to 75% of the distance along the migration path from the initial to the final atomic 

positions.  However, these coarse simulations provide a significant amount of insight into the 

effect of solutes on the activation energy of grain boundary migration mechanisms.    

  

(a) 

  

(b) 

Figure E.3 The computed energy curves that were predicted for the rotation with a solute in 
the maximum repulsive site adjacent to the rotation (a) and a solute in the maximum binding site 
within the rotation atoms (b). 

 

In Figure E.3a it can be seen that the curves are all isoclinic and lie almost entirely on top 

of each other, with only minor changes in final system energy.  If the Fe curve is considered to 
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be the ground state, then deviations from the Fe curve indicate that the solute is interacting with 

the migration.  Thus, Figure E.3a indicates that a solute in the USS does not significantly interact 

with the migration of neighboring Fe atoms.  This behavior is similar to that in Figure E.3b 

where all solutes except Cr are also monoclinic.  However, among the monoclinic solute lines, 

there is significantly more energetic deviation for migrating solute atoms than there is for 

migrating Fe atoms adjacent to a solute atom, which indicates that solutes do impact the 

energetics of migration.  It should be noted that there was an error in the one of the simulations 

(Figure E.3b), and so there are only two intermediate images available instead of three. 

 

Table E.1 – Migration Energies for Pure Fe and Select Solutes (eV) 

 Solute on the PSS 

Percent 
Completion Fe Mo Mn Cr Ni Nb 

0 0 0 0 0 0 0 

25 0.14 0.15 0.13 0.54 0.18 0.17 

50 0.60 0.67 0.57 0.12 0.65 0.73 

100 2.34 2.84 2.31 2.32 2.45 3.11 

  Solute on the USS 

0 0 0 0 0 0  

25 0.14 0.20 0.14 0.14 0.15  

50 0.60 0.71 0.59 0.59 0.61  

75 1.35 1.51 1.34 1.33 1.36  

100 2.34 2.58 2.34 2.34 2.36  

  

E.4  Implications of Kinetic Simulations 

Despite the relatively low resolution of the data, there are some important conclusions 

that can be drawn about the effect of solutes on the kinetics of grain boundary migration.  First, it 

does not appear that solutes which are adjacent to migrating atoms are likely to significantly 

impact the activation energy of atomic motions since the energy curves shown in Figure E.3a 

vary so little with varying solute.  This result is important because it implies that solutes do not 

significantly alter the activation energies or migration paths of neighboring Fe atoms.  On the 

other hand, Figure E.3b does imply that solutes can have a significant impact on the activation 

energy and energy paths when the solute is one of the migrating atoms.  The nature of these 
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interactions is of interest and warrants further investigation.  However, the question of interest to 

the current work is whether solute interaction with migration mechanisms is likely to play a 

significant role in solute drag.   

For solute drag to play a significant role in the activation of grain boundary migration 

mechanisms, solutes would need to either significantly increase or significantly decrease the 

maximum energy (the activation energy) at any point along the migration path.  If the highest 

energy point along the path is the end point, then the activation energy is simply the difference 

between the start and end point energies.  The fact that this is the case for the pure Fe system 

demonstrates that free volume enables atomic migrations by helping to lower or remove energy 

barriers between different atomic configurations.  If the system was initially in the final 

configuration, then a migration to the initial configuration would be a spontaneous process.  

While this makes intuitive sense, it is worth stating explicitly due to the fact that it supports 

models of grain boundary diffusion [193] and grain boundary migration [127]–[130].  

Additionally, this implies that grain boundaries likely obtain relatively stable low energy 

structures rather quickly which has implications on for how common low energy structures are 

likely to be in dynamic systems.  Every solute has the same behavior as Fe where the activation 

energy is the same as the energy difference between the initial and final configurations.  Thus, 

for all solutes tested, the net effect of the solute on the activation energy of the migration is 

simply the final energy of the solute migration minus the initial energy of the migration in a pure 

Fe system.  Figure E.4 shows these energies plotted against the dilute PSS solute-boundary 

binding energy for each solute to the symmetric ∑5 grain boundary.  The strong correlation 

between the binding energy and the increase in the activation energy implies that the change in 

the activation energy is thermodynamic in origin; the extra energy needed to perform the 

migration is simply the energy increase in the system caused by removing a solute from the PSS.  

Thus, Figure E.4 suggests that solute effects on the kinetics of local grain boundary migration 

mechanisms are dominated by the thermodynamic binding energy of solutes to certain grain 

boundary sites.  Based on this suggestion, it is likely that solute drag arises due to the 

thermodynamic interaction of solutes with boundaries and is does not strongly influence the 

kinetics of the atomic scale migrations necessary to move the boundary. 
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Figure E.4  The correlation between the dilute preferential solute site binding energy from the 
symmetric ∑5 grain boundary correlates very strongly with the net change in the system energy 
of solute migration which is the same as the activation energy for that migration for all solutes 
except Cr. 
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APPENDIX F 

MODEL IMPROVEMENTS 

This section details methods for improving upon the model presented in Chapter 4 in two 

ways.  Section F.1 details a method for removing the assumption that the chemical potential is 

the same for all solutes and sites by using the chemical hardness.  Section F.2 then discusses 

methods for tracking the anisotropy in the charge transfer and thus removing the assumption that 

the chemical hardness of all Fe atoms in the solute’s solvation shell is constant. 

F.1  A Chemical Hardness Based Model for the Chemical Interaction Energy 

The assumption that the chemical potential change is the same for every solute (originally 

presented in Section 4.2.2) is almost certainly invalid on some level.  To remove this assumption, 

we can make use of a quadratic model for the chemical interaction energy: 

 ∆𝐸𝑐 = 𝜇(∆𝑁) + 12 𝜂(∆𝑁)2 
(F.1) 

where μ is the chemical potential as defined in Equation 4.6 and η is the chemical hardness as 

defined in Equation 4.9.   

We will consider grain boundary segregation as a series of simple chemical reactions of 

the form: 

 𝐴 + 𝐷 → 𝐴𝐷 (F.2) 

where electrons are transferred from the donator, D, to the accepter, A. The reaction energy is 

given as the sum of two terms: 

 𝐸𝐴𝐷𝑟𝑥𝑛 = ∆𝐸𝐴 + ∆𝐸𝐷 = 12 (∆𝑁)2(𝜂𝐴 + 𝜂𝐷) − (∆𝑁)(𝜇𝐷 − 𝜇𝐴) 
(F.3) 

Minimizing the reaction energy with respect to the number of transferred electrons requires, 

 ∆𝑁 = 𝜇𝐷 − 𝜇𝐴𝜂𝐴 + 𝜂𝐷  (F.4) 

Substituting Equation F.4 into Equation F.3 yields: 

 𝐸𝐴𝐷𝑟𝑥𝑛 = − (𝜇𝐷 − 𝜇𝐴)22(𝜂𝐴 + 𝜂𝐷) 
(F.5) 

Equivalently, by employing Equation F.4, 𝐸𝐴𝐷𝑟𝑥𝑛 may be expressed as a function of the number of 

transferred electrons and the reactant hardnesses as: 
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 𝐸𝐴𝐷𝑟𝑥𝑛 = − 12 (∆𝑁)2(𝜂𝐴 + 𝜂𝐷) 
(F.6) 

We will make use of Equation F.6 shortly. 

Adopt the following notation. Bu refers to a bulk crystalline site in the native pure 

crystalline environment of the solvent in which the defect is located to which either a solute 

atom, So, or a solvent atom, Sv, may bind. Gb refers to a grain boundary site, which similarly 

may bind either a solute or a solvent atom. All Bu sites are equivalent, however Gb sites are 

distinguishable and may be designated with a superscript, iGb, denoting a particular site i. Using 

this notation solute segregation may be represented as an exchange reaction: 

 𝐵𝑢𝑆𝑜 + 𝐺𝑏𝑆𝑣 → 𝐵𝑢𝑆𝑣 + 𝐺𝑏𝑆𝑜 (F.7) 

In turn, this exchange reaction may be decomposed into a set of binary reactions as: 

 𝑅𝑥𝑛 1: 𝐵𝑢 + 𝑆𝑣 → 𝐵𝑢𝑆𝑣 𝑅𝑥𝑛 2: 𝐺𝑏 + 𝑆𝑣 → 𝐺𝑏𝑆𝑣 𝑅𝑥𝑛 3: 𝐺𝑏 + 𝑆𝑜 → 𝐺𝑏𝑆𝑜 𝑅𝑥𝑛 4: 𝐵𝑢 + 𝑆𝑜 → 𝐵𝑢𝑆𝑜 

(F.8) 

 The overall exchange reaction is realized through the sequence Rxn 1 – Rxn 2 + Rxn 3 – 

Rxn4.  Hence, the energy of segregation is given as the sum of the corresponding reaction 

energies and by Equation F.6 and may be expressed as: 𝐸𝑠𝑒𝑔 = − 12 ((∆𝑁1)2(𝜂𝐵𝑢 + 𝜂𝑆𝑣) − (∆𝑁2)2(𝜂𝐺𝑏 + 𝜂𝑆𝑣) + (∆𝑁3)2(𝜂𝐺𝑏 + 𝜂𝑆𝑜)− (∆𝑁4)2(𝜂𝐵𝑢 + 𝜂𝑆𝑜)) 

(F.9) 

where ∆Nk, k ∈ (1, 2, 3, 4), is the charge transfer of the corresponding reaction.  Specifically, 

∆N1 is the charged transferred from the reference state iron Bader atom when allowed to interact 

with the bulk site.  Because the reference atoms are neutral, Bader atom charge of zero, as is the 

iron atom after incorporation into the crystal, ∆N1 = 0.  ∆N2 is the charge transferred from the 

reference iron atom to the grain boundary binding site and is therefore given by the Bader atom 

charge of an iron atom on this grain boundary site, denoted as GbQSv, where the superscript 

denotes the site and the subscript the atom on the site. In a similar fashion, ∆N3 = GbQSo and ∆N4 

= BuQSo.  Substituting: 𝐸𝑠𝑒𝑔 = 12 ( 𝑄𝑆𝑣𝐺𝑏 2(𝜂𝐺𝑏 + 𝜂𝑆𝑣) + 𝑄𝑆𝑜𝐵𝑢 2(𝜂𝐵𝑢 + 𝜂𝑆𝑜) − 𝑄𝑆𝑜𝐺𝑏 2(𝜂𝐺𝑏 + 𝜂𝑆𝑜)) 
(F.10) 
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 The term 𝑄𝑆𝑣𝐺𝑏 2(𝜂𝐺𝑏 + 𝜂𝑆𝑣) depends only on the lattice and will act as an additive 

constant to the segregation energy.  This term is the electronic contribution to the vacancy 

formation energy from the strain analysis in Section 4.2.1.  The contributions to the segregation 

energy due to the solute are given by: 

 𝐸𝑠𝑜𝑙𝑠𝑒𝑔 = 12 ( 𝑄𝑆𝑜𝐵𝑢 2(𝜂𝐵𝑢 + 𝜂𝑆𝑜) − 𝑄𝑆𝑜𝐺𝑏 2(𝜂𝐺𝑏 + 𝜂𝑆𝑜)) 
(F.11) 

 Now we make the assumption that ηGb is the result of a perturbation of the bulk 

(crystalline) environment, then we can expand ηGb in a power series in ΔN as: 

 𝜂𝐺𝑏 = 𝜂𝐵𝑢 + 𝜕𝜂𝜕𝑁|𝐵𝑢 ∆𝑁 = 𝜂𝐵𝑢 + 𝜂𝐵𝑢′ ∆𝑁 
(F.12) 

Here ΔN is the difference between the charge of a solvent atom at a bulk site and on a given 

grain boundary site, which is equivalent to GbQSv.  Through substitution of Equation F.12 into 

Equation F.11 and some algebra, we arrive at: 

 𝐸𝑠𝑜𝑙𝑠𝑒𝑔 = 12 (( 𝑄𝑆𝑜𝐵𝑢 2 − 𝑄𝑆𝑜𝐺𝑏 2) (𝜂𝐵𝑢 + 𝜂𝑆𝑜) − 𝑄𝑆𝑣 𝑄𝑆𝑜𝐺𝑏 2𝜂𝐵𝑢′𝐺𝑏 ) 
(F.13) 

 We may express the energy of segregation due to the solute in units of hardnesses of the 

solvent (bulk fcc Fe).  We also set ηBu = ηFe and GbQSv = GbQFe as they are equivalent through our 

selection of the standard state, which provides the following: 

 𝐸𝑠𝑜𝑙𝑠𝑒𝑔 = 𝜂𝐹𝑒2 (1 + 𝜂𝑆𝑜𝜂𝐹𝑒) ( 𝑄𝑆𝑜𝐵𝑢 2 − 𝑄𝑆𝑜𝐺𝑏 2) − 𝜂𝐹𝑒′2 ( 𝑄𝑆𝑜2𝐺𝑏 𝑄𝐹𝑒𝐺𝑏 ) 
(F.14) 

Finally, Yang and Parr show that : 

 𝜂𝐹𝑒 ∝ 1𝐷𝑂𝑆(𝐸𝑓) 
(F.15) 

where DOS(Ef) is the density of states of bulk Fe at the Fermi energy.  Hence, 

 𝐸𝑠𝑜𝑙𝑠𝑒𝑔 = 𝜂𝐹𝑒2 (1 + 𝜂𝑆𝑜𝜂𝐹𝑒) ( 𝑄𝑆𝑜𝐵𝑢 2 − 𝑄𝑆𝑜𝐺𝑏 2) + 12 𝐷𝑂𝑆2(𝐸𝑓) 𝑑𝐸𝑓𝑑𝑁 ( 𝑄𝑆𝑜2𝐺𝑏 𝑄𝐹𝑒𝐺𝑏 ) 
(F.16) 

 First, it must be stated that this derivation is as yet unproven.  It relies on the assumption 

that the hardness of the boundary can be accurately predicted by a first order expansion of the 

hardness of the bulk (and by extension the DOS of bulk Fe at the Fermi energy).  However, the 

DOS of the grain boundary sites is highly variable and a first order expansion of the bulk may 

not accurately capture the changes in the DOS.  However, if the efficacy of Equation F.16 is 

demonstrated, it will represent a derivation of the chemical energy that does not rely on any 



143 

demonstrably invalid assumptions and is solely dependent upon the properties of the solute-

solvent system and the properties of the pure solvent defect. 

F.2  Methods for Tracking Solute Charge Transfer and Variable Hardness of Solvent 
Atoms 

The model presented in Section 4.2 and expanded upon in Section 4.3 separates the 

chemical and strain energy components of the solute-defect interaction energy.  The accuracy of 

the strain energy could likely be improved by considering non-isotropic strains as a solute moves 

from the bulk to a defect site.  Sites in the bulk have forced symmetry due to the nature of 

crystalline materials.  However, the symmetry of defect sites is significantly less constrained and 

so the possibility for non-isotropic deformation of solutes as they enter defect sites exists.  

Different solutes are likely to react differently to this strain and so accounting for it has the 

potential to improve model accuracy.  However, this has not been a focus of this work. 

The chemical interaction energy is found to be dependent upon the charge transfer, which 

is subsequently dependent upon the relative chemical hardness of the solute and the solvent.  In 

the analysis presented in Chapter 4, the chemical hardness of the solvent atoms is assumed to be 

constant.  However, if this were truly the case, the amount of charge transferred to each solvent 

atom within the solvation shell of the solute would be identical.  Instead, different solutes 

transfer different amounts of charge to the different solvents in their solvation shell, and indeed it 

is possible to track this charge transfer.  Figure F.1 shows the charge transferred to the 

surrounding Fe atoms by Y, Nb, Tc, Pd, Ag, and Cd on the preferential and unstable solute sites.  

These sites represent the grain boundary atoms from the symmetric Σ5 grain boundary shown in 

Figure 3.1a.  In Figure F.1 there is a linear 256 shade transition from full dark to full light for the 

solvation shell.  Since the total charge transferred differs from one solute to another, the 

variations in color are all relative only to the maximum and minimum charge transfer of the 

solute in the image.  The darkest atoms are those to which the most charge was transferred (or 

the least charge was removed) and the lightest atoms are those to which the least charge was 

transferred (or the most charge removed).  Thus, for the preferential solute site, the darkest atoms 

are those to which the most charge was transferred by the introduction of a solute while, for the 

unstable site, the lightest atoms are those that transferred the most charge to the solute.  It is 

readily apparent that the charge transfer is not uniform across the solvation shell and varies 

between solutes.  A model that incorporates this variation in the hardness of the Fe atoms within 
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the solvation shell of the solute has the potential to more accurately predict the solute-defect 

interaction energy and provide a broader predictive basis.  

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

Figure F.1 The charge transferred to (or withdrawn from) the solvation shell of solute Y (a, 
b), Nb (c, d), Tc (e, f), Pd (g, h), Ag (i, j), and Cd (k, l) located on the PSS (a, c, e, g, i, k) and 
the USS (b, d, f, h, j, l).  The shade of atoms is to scale with the darkest solvent atom having 
the most charge transferred to it (or the least charge transferred out) and the lightest atom 
having the least charge transferred to it (or the most charge transferred out).  Atoms shown in 
light blue are outside of the solvation shell of the solute atom (color image; refer to PDF 
version). 
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(g)  

 

(h) 

 

(i) 

 

(j) 

 

(k) 

 

(l) 

Figure F.1: Continued 
 

As an example, recall that based strictly on the VASP determined solute boundary 

interaction energy Sc, Y, Zr, Ag, and Cd are predicted to have similar or greater effects to Nb on 

austenite microstructural development.  However, examination of Figure F.1 reveals that while 

the charge transfer on Nb and Y are similar, they differ markedly from Ag and Cd.  Based on 

these similarities, it is reasonable to conclude that Y is more likely to mimic the properties of Nb 

than Ag or Cd. 

Pd 
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Further support for this conclusion may be inferred from the calculated topology of the 

charge density.  Figure F.2 shows the local bond structure of Y, Zr, and Nb (a, b, and c, 

respectively).  Y and Nb in the PSS form an extra bond, which Zr does not.  If this extra bond 

were simply the result of electron count or solute-boundary binding energy, it would be expected 

that Zr, as the element in between Y and Nb, would form such a bond as well.  However, Y and 

Nb both have an even number of d-orbital electrons while Zr has an odd number.  Thus, the 

orbitals fill differently for Zr than they do for Y and Nb, leading to charge transfer and bonding 

with different sites.  Thus, the d-orbital configuration in the PSS is dynamic and this dynamic re-

arrangement of the local bonding structure is responsible for the difference in charge transfer 

between solutes and between the PSS and the USS.     

  

 

(a) 

 

(b) 

 

(c) 

Figure F.2  The extra bond formed between the by Y (a) and Nb (c) is lacking for Zr (b) 
which lies in between Y and Nb on the periodic table.  The extra bond is shown in red, Y is 
shown in orange, Zr is shown in grey, and Nb is shown in green (color image; refer to PDF 
version). 
 

A fully theoretical approach for determining solute-defect interactions based solely upon 

the structure of the defect in the pure solvent and the elemental properties of the solute would be 

a powerful tool for materials design.  The model presented in Chapter 4 provides a critical first 

step along this path.  However, the model currently relies on several assumptions and 

approximations and, as with all models, accuracy can be improved by improving upon these 

approximations.  Continuing the work of understanding and incorporating variations in the 

hardness of solvent atoms in the solvation shell is the next step in improving this model. 

 


