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ABSTRACT 

 Advanced materials are internationally recognized as a foundation for new capabilities, tools, and 

technologies that meet urgent societal needs including clean energy, human welfare, and national security 

[1]. They are also recognized to be very costly to develop and slow to become commercially available, 

often requiring decades of research before entering the market. “Advanced materials” broadly describes 

innovative materials that have atypical sizes, microstructures, deformation mechanisms, and/or material 

responses. These atypical characteristics enable major, previously impossible technological 

breakthroughs, yet the previously unknown simultaneously presents new challenges to overcome in 

developing and certifying those technologies. To accelerate the deployment of advanced materials, major 

advancements in modeling and characterizing advanced materials are needed to accelerate our ability to 

understand and predict their behaviors.  

This dissertation presents the need for, challenges of, and solutions to adapting modern X-ray 

diffraction experiments to elucidate the micromechanics of a subclass of advanced materials called shape 

memory alloys (SMAs). In particular, the previously established far-field and near-field High-Energy 

Diffraction Microscopy (ff-HEDM and nf-HEDM) classes of 3D X-Ray Diffraction (3DXRD) techniques 

and microcomputed tomography (µCT) are advanced to create new abilities to study martensitic 

transformations and twin reorganization in SMAs. Additionally, a recently developed technique called 

Dark-Field X-Ray Microscopy (DFXM), which pushes the boundaries on the length scales accessible to 

non-destructively evaluate crystalline materials from microns to nanometers, is used to study SMAs for 

the first time. This dissertation begins with an introduction to SMAs and HEDM (Chapter 1), followed by 

a study that illustrates the need for more complicated micromechanical modeling and associated 

experimental verification data sets (Chapter 2), and then goes on to report on four X-ray diffraction 

experiments on SMAs, where each experiment contains one or more novel approaches to experimental 

planning and data analysis (Chapters 3-6).  

 The first experiment (Chapter 3) discusses the challenges presented by the martensite phase in 

analyzing 3DXRD data sets for SMAs, which make analyzing the data with the traditional techniques 

extremely difficult or impossible. In general, these challenges may arise with any multiphase material 

system, especially where the crystallographic system of one or more of the phases is low symmetry (e.g., 

monoclinic, orthorhombic, etc.). The technique advancement used to address these challenges is to 

analyze the data using a forward model algorithmic approach, where the diffraction patterns of virtual 

microstructures are simulated and compared with the experimental diffraction patterns. In this application, 

the virtual microstructures are limited to those that are theoretically possible according to the 

Crystallographic Theory of Martensite (CTM) (also called the Phenomenological Theory of Martensite), 

and a work flow for the algorithmic approach is presented so that more sophisticated micromechanical 
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models can be implemented in the future. We show that this approach is successful in identifying 

martensite orientations in three single crystal data sets, even when the single crystals have engineering-

grade microstructure features that violate the underlying assumptions of the CTM (i.e., have precipitates, 

inclusions, elastic strain, subgrains, R-phase, plasticity, and are not infinite plates). We also use this 

implementation of the forward-model algorithm to show that the application of the widely accepted 

maximum transformation work criterion needs to be modified for cases where SMAs violate the 

assumptions of the CTM.  

 The second experiment (Chapter 4) presents a study where we elucidate load-induced twin 

rearrangement, a reversible deformation mechanism by which materials can accommodate large loads and 

deformations without damage through reversible rearrangements of crystallographic twins. In this in situ 

experiment, we use a suite of X-ray measurement probes, nf-HEDM, ff-HEDM, µCT, as well as digital 

image correlation (DIC). The different types of data collected are then correlated, resulting in a more 

complete understanding of the micromechanics as well as a variety of ways to convey both quantitative 

and qualitative information. We also present several data analysis techniques for the first time, including a 

procedure to measure subgrain-scale lattice rotation and elastic lattice strain correlations, a method to 

distinguish different types of regions in nf-HEDM reconstructions using confidence thresholding, and the 

first-ever nf-HEDM reconstruction of a monoclinic material, demonstrating the utility of nf-HEDM even 

for very low crystal symmetries. We show that a specific sequence of twin rearrangement 

micromechanisms occurs inside macroscopic deformation bands as they propagate through the 

microstructure, and we show that the strain localization inside these bands causes the lattice to curve by 

up to 15°, which has important implications on elastic strain, resolved shear stress, and maximizing the 

twin rearrangement.  

 In the third experiment (Chapter 5), we use nf-HEDM and µCT to study a phenomenon wherein 

both low-angle and special high-angle grain boundaries appear inside austenite grains in SMAs as a result 

of load-biased thermal cycling (LBTC). LBTC is what happens to SMAs in most actuation applications, 

including several aeronautical applications that are either already on the commercial market or are in 

development. We use nf-HEDM and µCT to quantify the emergence of low- and high-angle grain 

boundaries through bulk single crystals during LBTC, providing both boundary angle histograms and 3D 

EBSD-like reconstructions of the gage volume at high temperature, under two different load biases. The 

emergence of low-angle grain boundaries is the effect of plasticity developed during the forward and 

reverse transformation processes. The emergence of high-angle grain boundaries is thought to be an effect 

of deformation twinning, which causes them to have Σ-boundaries, or coincident site lattice (CSL) 

boundaries, with the surrounding grain. Both low-angle and high-angle grain boundaries will have a 

significant effect on the functional fatigue and overall performance of the SMA actuator.  
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 In the fourth experiment (Chapter 6), we use DFXM to study intragranular elastic lattice strain 

and orientation fields in the austenite phase in SMAs during thermal cycling with a spatial resolution of 

100 nm. The results indicate that the austenite undergoes a long-range lattice rotation away from the 

transformation front, and that the transformation front is preceded by a large compressive strain. We also 

show that the regions of the austenite crystal that transform earliest are those surrounding microstructure 

features (i.e., precipitates and inclusions) as well as one of the free surfaces, and these regions are 

consistently the first to transform and reverse transform cycle-to-cycle. This experiment is the first-ever 

DFXM experiment on SMAs, and this chapter demonstrates the utility of this technique in studying 

embedded interfaces in SMAs and other advanced materials in situ due to its high spatial, orientation, and 

strain resolutions.  

  The dissertation is concluded in Chapter 7, where the technique and the microstructure 

mechanics advancements from each of the preceding chapters are summarized. Chapter 7 also discusses 

open areas of research with regards to each of the experiments, as well as a general outlook on the subject 

of using in 3D in situ X-ray techniques to studying advanced material systems.  
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CHAPTER 1  

INTRODUCTION 

 

1.1 Motivation 

Advanced materials are internationally recognized as a foundation for new capabilities, tools, and 

technologies that meet urgent societal needs including clean energy, human welfare, and national security 

[1]. They are also recognized to be very costly to develop and slow to become commercially available, 

often requiring decades of research before entering the market. “Advanced materials” broadly describes 

innovative materials that have atypical sizes, microstructures, deformation mechanisms, and/or material 

responses. These atypical characteristics enable major, previously impossible technological 

breakthroughs, yet the previously unknown simultaneously presents new challenges to overcome in 

developing and certifying those technologies. To accelerate the deployment of advanced materials, major 

advancements in modeling and characterizing advanced materials are needed to accelerate our ability to 

understand and predict their behaviors. 

For example, shape memory alloys (SMAs) are a class of advanced materials that have two 

special properties: superelasticity and the shape memory effect. Superelasticity is when an SMA is 

extensively deformed and it immediately goes back to its original shape. The shape memory effect is 

when an SMA is extensively deformed and it can be brought back to its original shape by heating it up. 

These desirable properties make SMAs promising candidates for a variety of technological breakthroughs 

including weight-reducing solid-state actuators [2–6]. Yet, SMAs owe these desirable properties to a 

complex microstructure that evolves at the speed of sound by way of different, concurrent deformation 

mechanisms [7–9]. It is for this reason that despite 70+ years of research, relatively few of the more than 

20,000 international patents on NiTi SMAs alone have been realized as commercially viable products 

[10].  

To accelerate the deployment of advanced materials, major advancements in modeling and 

characterizing advanced materials are needed to accelerate our ability to understand and predict their 

behaviors. Modern X-ray diffraction techniques offer the ability to acquire microstructural information in 

ways that have never been possible before. X-ray techniques provide full-field, three-dimensional (3D) 

quantitative measurements of embedded microstructures over many length scales. X-ray techniques can 

be used to probe large, representative volumes of bulk samples. Finally, X-ray techniques can be 

performed in situ on functioning samples. With these capabilities, we are approaching the possibility of 

real-time microstructure observations throughout an entire sample as it responds to external stimuli on 

length scales spanning critical microstructure defects to macroscopic specimen features.  
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The class of X-ray diffraction techniques that can be used to extract 3D data is 3D X-Ray 

Diffraction (3DXRD). 3DXRD can be used to acquire microstructure and deformation information 

spanning length scales from 1 µm to 1 mm, including grain topology and location, inter- and intragranular 

mosaicity, and full lattice strain tensors [11]. This technique is especially attractive for studying advanced 

materials, because the effects of simultaneously occurring deformation mechanisms can be separated by 

measuring each mechanism’s particular diffraction signature. However, the complexity of the 

microstructures in advanced materials pose many challenges to conducting and analyzing these relatively 

new X-ray microscopy techniques. In this dissertation, I introduce several novel approaches to data 

anlalysis and experimental planning for two subsets of 3DXRD called near-field and far-field High-

Energy Diffraction Microscopy (nf- and ff-HEDM) for advanced materials. I use these techniques as well 

as microcomputed tomography (µCT) and a newly developed technique called Dark-Field X-Ray 

Microscopy (DFXM) to elucidate the micromechanics in SMAs in four different experiments and use the 

results to illustrate the power of modern X-ray techniques to make huge leaps in our understanding of 

advanced materials.  

1.2 Chapter Guide 

Chapter 1 provides some background on SMAs and HEDM. These sections will guide those 

readers who are either only familiar with one of these topics or who are new to both. More background on 

SMAs can be found in the introductions to Chapters 2 through 6 as well as in Section 3.8. More 

background on HEDM can be found in Section 3.2, Section 3.9, and Section 4.4.2. Section 3.7 consists of  

tables of selected technical terms and definitions for both SMAs and HEDM.  

 Chapter 2 demonstrates the need for advancements in micromechanical modeling and associated 

experimental verification data sets. This chapter underlines the holes in our ability to predict the 

properties of novel SMAs based on current micromechanical theory. Several of the familiar trends 

between composition, phase compatibility, and the performance of ternary NiTiX SMAs (where X = Pd, 

Hf, and Zr) are reaffirmed, such as the relationship between hysteresis and compatibility and the 

relationship between transformation temperature and composition. Yet, there are important departures 

from these trends when the SMAs undergo thermomechanical processing that can improve the 

performance of the alloy but are not understood in terms of our current micromechanical theory.  

 Chapter 3 discusses the challenges in analyzing X-ray diffraction data sets for advanced materials 

that undergo combinations of phase transformation, twinning, and plasticity. As previously mentioned, 

the development of these complex materials is a national endeavor that is greatly in need of the 3D 

multiscale data sets offered by modern X-ray diffraction techniques. To resolve this issue, we propose and 

demonstrate an alternative approach to the typical data analysis methods for HEDM in particular. The 

approach is verified on three NiTi superelastic data sets, and the results are used to disprove a widely 
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accepted criterion for micromechanical modeling. The implications of this result on future 

implementations of the proposed data analysis technique are discussed, and improvements are suggested.  

 Chapter 4 reports an HEDM experiment on samples that have initial microstructures that enable 

both traditional and novel data analysis techniques. These SMA samples are initially martensitic at room 

temperature and undergo a material response known as martensite reorientation. This type of response is 

not unique to SMAs but is a subset of ferroelasticity which many promising advanced materials possess. 

Using near-field and far-field HEDM and microcomputed tomography, we elucidate the relationships 

between microstructure evolution, individual micromechanisms, and macroscopic response in these 

ferroelastic materials. The utility of these rich data sets in making significant advancements in our 

understanding is demonstrated for this extremely complex material response.  

 Chapter 5 is an examination of a recently discovered phenomenon where special high-angle grain 

boundaries form within initially homogenous austenite grains as a result of load-biased thermal cycling. 

Previously only observed in TEM studies, we use HEDM to show that this phenomenon occurs in bulk 

single crystals as well. The results of this study may have important implications on the theories currently 

used to explain this phenomenon and have a large impact on our understanding of functional fatigue in 

general.  

Chapter 6 discusses a project where a new, developing X-ray technique called dark-field X-ray 

microscopy was used to measure local orientation and strain heterogeneities surrounding microstructure 

features during thermal-induced phase transformation. The results show a separation or “splitting” of the 

austenite orientations during transformation and a large compressive strain preceding the transformation 

front. These are the first-ever dark-field X-ray microscopy experiments on SMAs, and this study is a 

preview of the future of high-spatial resolution, high-time resolution, non-destructive X-ray microscopy 

studies of advanced materials.  

 Chapter 7 summarizes the novel tools and scientific findings presented in this dissertation, as well 

as both near-future developments and long-term outlooks on investigating advanced deformation 

mechanisms with modern X-ray diffraction techniques.  

1.3 Background: Shape Memory Alloys 

SMAs are a class of advanced materials that undergo a reversible solid-to-solid phase 

transformation known as martensitic transformation. In most SMAs, this is a transformation between a 

high-temperature, high-symmetry austenite phase and a low-temperature, low-symmetry martensite phase 

[12]. For example, nickel-titanium, or NiTi, transforms from a B2 cubic austenite lattice to a B19’ 

monoclinic martensite lattice. Martensitic transformation can be induced through a change in temperature 

and/or by applying a mechanical load. This transformation is what enables the remarkable multifunctional 
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properties of SMAs, such as combinations of large recoverable strains, high strengths, temperature 

sensing, actuation, and energy conversion.  

Due to the symmetry disparity between the austenite and martensite phases, there are a number of 

possible martensite configurations (relative to the austenite). These are called martensite variants, or 

correspondence variants (CVs), and the number of variants for a given transformation is equal to the 

number of symmetries in the austenite point group, ℒ!, divided by the number of symmetries in the 

martensite point group, ℒ!
 
[13]. For example, in NiTi, there are 12 variants. Variants are unique 

orientations of the martensite phase, but they are symmetry-related to each other via mirror operations. In 

almost all cases, including NiTi, the austenite and martensite phases are not perfectly compatible, 

meaning that they cannot form a coherent or even semi-coherent austenite-martensite phase interface. As 

a result, the martensite phase forms fine twins to approximate compatibility at an austenite-martensite 

phase interface in an average sense [14].  

 

 

Figure 1.1 Schematic showing the high-symmetry austenite phase, two variants of the low-symmetry 
martensite phase, and those same two variants forming martensite twins. 
 

 

Figure 1.2 Schematic showing the terminology associated with martensite-martensite and austenite-
martensite interfaces. The pink triangles are the “interpolation layer” where the lattice is elastically 
strained. 
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The interfaces between the twin lathes are called the twin planes, and the interface between the austenite 

and the twinned martensite is called the habit plane. Figure 1.1 and Figure 1.2 show schematics of the 

austenite and martensite relationships and terminologies. 

The following summarizes some of the major components of the most widely used 

micromechanical theory describing the relationships between the austenite and martensite phases, the 

Crystallographic Theory of Martensite (CTM). If the lattice parameters of each phase are known, then the 

CTM can be used to calculate all of the theoretical austenite-martensite relationships, including martensite 

twin pairs, twin phase fractions, orientation relations, twin and habit planes, degrees of compatibility, and 

strains produced by transformation [13–18]. These calculations are made using the transformation stretch 

matrices, or Bain matrices, �!, where � ranges from 1 to the number of martensite variants. Two variants, 

� and �, can form twinned microstructures when their transformation matrices satisfy the kinematic 

compatibility requirement commonly referred to as the twinning equation, ��! − �! = �⨂�. The 

resulting twin pair � − � can be related through a pure rotation � and form a twin interface with a plane 

normal � and a twin shear �.  

As discussed earlier, while two variants � and � may not be able to form a compatible interface 

with austenite independently, a fine twin structure may be able to approximate a compatible austenite 

interface through their average gradient, ���! + 1 − � �!, where � is the volume fraction of �! within 

the twinning microstructure. The twinned microstructure can form an austenite interface when the average 

gradient satisfies the kinematic compatibility requirement commonly referred to as the habit plane 

equation, � ���! + 1 − � �! − � = �⨂�, where I is the identity matrix. If a twin pair � − � can 

produce a solution to this equation and � ≠ �, then there will be four distinct solutions (or in special cases, 

only two solutions) for each twin (totaling eight solutions for each � − �). For each solution, the average 

gradient and the identity matrix are related through some rotation �, � is the habit plane normal, and � is 

the shape strain. For cubic-to-monoclinic transforming alloys (including NiTi), there are 192 theoretically 

possible austenite-martensite twin configurations. The strains for transformation, twinning, and 

reorientation can all be calculated using these quantities. These calculations are provided in Section 3.8 

There are a few other terms that need to be introduced without going into too much detail. There 

are two “forms” of martensite: self-accommodated martensite and oriented martensite (see Figure 1.3) 

[19,20]. Self-accommodated martensite is what will form if there is no preferred variant or twin type; this 

happens when there is no directional mechanical load. For example, self-accommodated martensite will 

form in a material that is cooled below the martensite transformation temperature or in a material where 

martensite is the stable phase at room temperature. Oriented martensite will form if a preference for a 

particular variant or twin system is created by directional mechanical load, such as uniaxial tension. 
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Figure 1.3 A schematic showing austenite to self-accommodated martensite, and austenite to oriented 
martensite transformations. Figure taken from [23]. 
 

This is due to the fact that the most energetically favorable variant or twin system is the one that produces 

the most mechanical work for the system.  

A schematic showing a superelastic SMA stress-strain curve overlaid with different, simplified 

stages of transformation is shown in Figure 1.4. The underlying martensitic transformation is called 

stress-induced transformation. Before loading, the sample is completely austenite (i.e., austenite at room 

temperature). After some elastic deformation, the specimen begins to transform to martensite, where the 

martensite is twinned to satisfy compatibility. Eventually, the specimen is completely martensite, but it is 

not oriented in the optimal configuration (i.e., the configuration that produces the most mechanical work). 

Because there is no austenite to require habit plane compatibility, the martensite can reorient to a more 

energetically favorable configuration behind the austenite-martensite interface.  

One can also get a large-strain response from only martensite reorientation. Figure 1.5 shows a 

schematic of a stress-strain response when mechanically loading an SMA that is martensitic at room 

temperature and initially consists of self-accommodated martensite. The self-accommodated martensite 

reorients to oriented martensite and then ultimately to a large domain of a single variant.  

 

 

Figure 1.4 Schematic showing different (very simplified) stages of a superelastic stress-strain curve, or 
stress-induced transformation.  
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Figure 1.5 Schematic showing different (very simplified) stages of a martensite reorientation stress-strain 
curve. 
 

This variant is called the favorable variant, and it is the martensite variant that maximizes the mechanical 

work. In the case of uniaxial tension on a single crystal, this translates to the variant that produces the 

most strain in the loading direction. 

1.4 Background: High-Energy Diffraction Microscopy 

Since the first half of the 20th century, researchers have been using X-ray diffraction to investigate 

crystalline materials. Historically, researchers mainly utilized X-rays for X-ray powder diffraction, in 

which a polycrystalline sample with many thousands of grains is intercepted by a box-shaped X-ray 

beam. This technique provides sample-averaged, three-dimensional information. With the emergence of 

high-brilliance synchrotron X-rays, a number of techniques have emerged that improve upon this 

methodology in terms of spatial resolution, penetration depth, and data collection time. High-energy 

diffraction microscopy (HEDM) is one such technique. Instead of acquiring sample-averaged information, 

HEDM can be used to acquire information about each grain or subgrain, including grain shape, location, 

volume, crystallographic orientation, and full 3D strain tensor. If constitutive relations are known, then 

each grain-specific stress tensor can be calculated, making this the only nondestructive technique with 

which to measure the 3D stress states in embedded grains. With synchrotron X-ray sources, these 

measurements can be made in situ and relatively quickly (between 15 minutes and 6 hours for each load 

step) on samples up to 1−2 mm thick.   

HEDM is alternately referred to as 3D X-ray diffraction (3DXRD) or high energy X-ray 

diffraction (HEXD) [11,21–24]. This technique uses high-energy (50-100 keV), high-brilliance 

monochromatic X-rays that fall into the category of hard X-rays and must be sourced from synchrotrons. 

There are several synchrotrons with beamlines dedicated to this method—namely, 1-ID at the Advanced 

Photon Source (APS), F2 at the Cornell High Energy Synchrotron Source (CHESS), and 1D11 at the 

European Synchrotron Radiation Facility (ESRF). Each of these dedicated beamlines have 

thermomechanical equipment specially designed for in situ HEDM experiments and can often 

accommodate other equipment provided by visiting researchers. Periodic scheduled facility upgrades 
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continue to increase the source brightness and intensity, further decreasing measurement time and 

increasing time resolution [25].  

A typical laboratory setup for HEDM experiments is shown in Figure 1.6. By rotating the sample 

about an axis perpendicular to the X-ray beam direction (i.e., about ω), different kinds of grain or 

subgrain-scale information can be acquired depending on the distance between the sample and the 

detector. When the sample-to-detector distance is small (< 10 mm), classified as near-field HEDM (nf-

HEDM), the grain topology dominates the diffraction pattern and quantities like relative grain shape, size, 

location, and orientation can be resolved. When the sample-to-detector distance is large (~1 m), classified 

as far-field HEDM (ff-HEDM), the reciprocal-space distribution of lattice strains and orientation 

dominates the diffraction pattern and quantities like grain-specific lattice strains, orientation distribution, 

and grain centroid can be resolved [26–28]. Examples of the raw data acquired using nf- and ff-HEDM 

are shown in Figure 1.7. 

 

 

Figure 1.6 Schematic of nf- and ff-HEDM experimental setup.  
 

 

Figure 1.7 Examples of actual nf- and ff-HEDM data (left and right, respectively), where the data has 
been summed over all sample rotations. 
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The nf-HEDM orientation and spatial resolution are typically quoted as 0.1° and 2 um, respectively [29], 

and the ff-HEDM strain resolution is usually quoted as ±1 x 10-4, although this varies with experimental 

parameters and is often conservative [30,31].  

Because of resolution and the close proximity of the near-field detector, nf-HEDM is somewhat 

limited by the number of grains resolvable in a diffracted volume (in the 100s), whereas ff-HEDM can be 

applied up to on the order of 1,000 grains (anything larger will result in a powder analysis). However, the 

grain topology and even center of mass can be quite muted in ff-HEDM, resulting in more grain-averaged 

information [27]. There have been several permutations of these methods to maximize the amount of 

pertinent information. Researchers have combined nf- and ff-HEDM experiments and correlated the two 

data sets to combine the reliable grain topology and center of mass from the near-field with the high-

resolution strain measurements from the far-field [28]. A variation of nf-HEDM experiments (although 

this method is more like the nf-HEDM standard) consists of combining two or more sample-to-detector 

distances within the near-field for a more robust reconstruction of the location and orientations 

[11,22,29,32–35]. Finally, using beam shapes that are very small in one or both dimensions (e.g., “line 

beams” or “pencil beams,” respectively) and rastering up and/or across the sample can simplify the data 

reconstruction in each layer and increase the number of grains measured overall [30,33,36]. Rastering 

with line beams and multiple near-field detector distances are often used together [29,33–35]. Finally, 

researchers have applied both direct inversion and forward-modeling data analysis techniques to extract 

subgrain-scale information from ff-HEDM data, so far to measure slip systems and lattice rotation from 

reflection shapes [26,37,38] 

Data analysis techniques can be separated into two categories: 1) direct inversion, where models 

are used to directly obtain microstructure information from the diffraction data, and 2) forward-modeling, 

where models are used to create a virtual microstructure, which is used with the real experimental 

conditions to create virtual diffraction patterns to be compared with the experimental diffraction patterns 

[26].  Forward-modeling techniques are particularly useful when there is no model with which to use 

direct inversion (e.g., for plasticity measurements), when the spots are too diffuse and/or overlapping for 

direct inversion, and/or when the measures of interest are below the resolution threshold of the 

experiment. Forward models are already prevalent in near-field data analysis, where the close proximity 

of the detector leads more easily to spot overlap [35]. As previously mentioned, forward-modeling is also 

being applied to far-field data analysis to identify slip-system activation and partition elastic/plastic 

deformation [26,38]. These examples are paving the way for SMA research using HEDM, as these types 

of techniques are ideal for the kinds of data sets produced by SMAs.  

Finally, it should be noted that the type and reliability of information acquired using each 

technique will depend strongly on the experimental setup, sample microstructure, and data analysis 
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methods. Some existing software for analyzing nf-HEDM and ff-HEDM data are MIDAS (developed at 

APS) [39], HEXRD (developed at Lawrence Livermore National Laboratory) [40], and FABLE [41] and 

GrainSpotter [42]  (developed at ESRF, Riso National Laboratory, and the Technical University of 

Denmark).   
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CHAPTER 2  

COMPOSITION, COMPATIBILITY, AND THE FUNCTIONAL PERFORMANCES OF  

TERNARY NITIX HIGH-TEMPERATURE SHAPE MEMORY ALLOYS  

Published in Shape Memory and Superelasticity. 

Ashley N. Bucsek, Grant A. Hudish1, Glen S. Bigelow2, Ronald D. Noebe2, Aaron P. Stebner3 

 

2.1 Abstract 

A general procedure to optimize shape memory alloys (SMAs) for specific engineering 

performance metrics is outlined and demonstrated through a study of ternary, NiTiX high-temperature 

SMAs, where X = Pd, Hf, Zr. Transformation strains are calculated using the crystallographic theory of 

martensite and compared to the cofactor conditions, both requiring only lattice parameters as inputs. 

Measurements of transformation temperatures and hysteresis provide additional comparisons between 

microstructural-based and transformation properties. The relationships between microstructural-based 

properties and engineering performance metrics are then thoroughly explored. Use of this procedure 

demonstrates that SMAs can be tuned for specific applications using relatively simple, fast, and 

inexpensive measurements and theoretical calculations. The results also indicate an overall trade-off 

between compatibility and strains, suggesting that alloys may be optimized for either minimal hysteresis 

or large transformation strains and work output. However, further analysis of the effects of aging shows 

that better combinations of uncompromised properties are possible through solid solution strengthening.  

2.2 Introduction 

Shape memory alloys (SMAs) are a class of advanced materials that can exhibit desirable 

multifunctional properties such as combinations of large recoverable strains, high strengths, temperature 

sensing, actuation, and energy conversion. Currently, near equiatomic compositions of nickel-titanium 

(NiTi or Nitinol) dominate commercial SMA technologies [1]. However, many demonstrated 

technologies are limited in their ability to be commercialized by the properties and performance of binary 

NiTi. These limitations have motivated decades of research focused on developing SMAs that outperform 

NiTi. These efforts have produced exciting results. Examples include NiTiHf alloys with transformation 

temperatures and strengths nearly twice those of NiTi [43–46], and NiTiCu alloys that can undergo 107 

fully reversed superelastic cycles and demonstrate the exact same functional performance in cycle 107 as 

in cycle 1 [47,48]. These successes demonstrate that by varying chemical compositions and 

thermomechanical treatments, SMA microstructures and in turn SMA properties can be successfully 

                                                        
1 Performed lattice parameter measurements on new NiTiX alloys. 
2 Fabricated new NiTiX alloys and performed actuation experiments. 
3 Collaborator and corresponding author. 
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optimized and tuned for specific engineering applications.  

Shape memory behaviors in alloys are enabled by a thermoelastic martensitic transformation 

between a high-temperature, high-symmetry austenite phase and a low-temperature, low-symmetry 

martensite phase [49]. Overall SMA performance is generally defined in terms of operating temperatures, 

mechanical work, life, and energy dissipation/efficiency. Operating temperatures for SMAs are defined 

with respect to the start (s) and finish (f) temperatures for transforming to austenite (A) and martensite 

(M) phases, As, Af, Ms, and Mf. Mechanical work is the integrated area under the stress-strain curve, thus 

higher transformation stresses and/or strains increase this performance metric. Life, for SMAs, can refer 

to cycles to material failure (structural fatigue) or cycles to operational failure (functional fatigue) [50]. 

Finally, energy dissipation/efficiency is dictated by the transformation hysteresis which is a direct 

measure of the energy dissipated during forward and reverse phase transformation [51,52]. Hence, 

hysteresis and the life of SMAs are related, as small hysteresis is an indicator of highly reversible 

transformation and low amounts of damage or irreversible plastic deformation incurred during the phase 

transformation process. In the absence of mechanical load, hysteresis can be defined as the difference 

between the austenite-to-martensite transformation temperatures and the martensite-to-austenite 

transformation temperatures, after [13,53]. In total, all of these performance metrics are dictated by 

microstructure and chemical composition. 

While significant developments have been made in models of chemistry-microstructure-property 

relationships (e.g., [54–57]), predicting the performances of new SMAs solely through computations 

remains an open challenge. Thus, establishing an efficient procedure to analyze experimentally measured 

process-structure-property trends of SMA systems is a critical tool toward predicting and designing new 

SMAs. Toward this purpose, mathematical descriptions of the compatibility of microstructure interfaces 

in SMAs have been formulated  (formulations given in Section 2) and used to guide combinatorial 

experimental searches for promising new alloys [51,58–60]. Through these efforts, it has been shown that 

as compatibility between austenite and martensite phases across interfaces decreases, the size of the 

hysteresis increases [51,59,61–63]. It then follows that alloys with the most compatible interfaces should 

have the longest lives and most repeatable functional performances. 

However, these approaches do not account for important microstructure “material genomes” that 

improve the performances of SMAs, such as dislocations structures and precipitates. Precipitates, in 

particular, have proved important to SMA actuator design. The cold work + aging treatments developed 

for binary NiTi by Miyazaki et al. [64] established the status-quo for processing biomedical NiTi alloys 

for use in isothermal environments (i.e., inside the human body). However, for actuation, this processing 

is not ideal. The dislocation structures created by cold work to impart strength to binary NiTi alloys are 

not stable in cycling temperatures by more than 50 °C hundreds to thousands of times. Thermal excitation 
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of the dislocations (even by small amounts) encourages their mobility and reorganization. Thus, binary 

alloys processed with the same means used to stabilize their microstructures for biomedical applications 

experience functional fatigue (a.k.a. “walking”, “ratcheting”, “shakedown”, etc.) when used for actuator 

applications. Intermetallic precipitates enabled by ternary alloying, however, have shown to add great 

resistance to functional fatigue, such that an alloy may merely be cast and heat-treated to achieve 

functional stability.  

Furthermore, the SMA with the most theoretically compatible interfaces reported to date but no 

precipitates, Zn45Au30Cu25 fractured after some 16,000+ cycles through phase transformation without any 

load [61]. NiTiCu alloys with precipitates yet worse compatibility, however, have demonstrated 107 fully 

reversed transformation cycles under load [47]. Growth of precipitates has also been shown to 

dramatically reduce hysteresis [43]. Thus it is clear that while theoretically rational, the established 

methodology of screening alloys solely based on compatibility of austenite-martensite interfaces is 

incomplete in its ability to evaluate all engineering aspects of SMAs. Still, the alternative program of 

decade-long alloy development programs is expensive and cumbersome.  

Hence, the goal of this paper is to more completely map the interplay between chemistry, 

microstructure, and properties using simple, established measurements and calculations. In this article we 

expand upon compatibility-based evaluation methodology to simultaneously consider precipitation, 

recoverable strains, and work output. Through this expanded lens, we compare nickel-titanium-

(palladium, hafnium, zirconium) ternary high temperature SMAs, some of which have been previously 

reported, others that are new to this work. Note that “high-temperature” SMAs means alloys with 

transformation temperatures greater than the maximum transformation temperature of binary NiTi 

compositions, which is 390 K. The result is a unified approach to evaluate SMAs using only lattice 

parameters and transformation temperatures, considering chemical composition, processing, and existing 

data. This procedure can be used to identify trends and trade-offs in engineering performances. Using this 

information, materials can be optimized specifically for unique applications.  

Before proceeding to describe this work in more detail, definitions of a few terms are given. 

Strains that are recoverable through phase transformation are driven by the symmetry difference between 

the austenite and martensite phases, as well as martensite reorientation strains. In this work, we categorize 

these strains as follows:  

Single variant transformation strain The strain observed when a single austenite crystal fully 
transforms to a single martensite crystal. 

Reorientation strain The strain observed when a single martensite crystal of fully 
twins to another single martensite crystal. The detwinning 
strain is simply the opposite strain, and is also a reorientation 
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strain.  

Transformation twinning strain The strain observed when a single austenite crystal fully 
transforms to martensite twins. 

 

2.3 Methods 

2.3.1 Calculations 

Here we summarize the collection of calculations used to map structure-property relations of 

SMAs in Section 3. The crystallographic theory of martensite (also called the Phenomenological Theory 

of Martensite) originated more than fifty years ago as a means to calculate the geometrically plausible 

austenite-martensite, twinned martensite, and austenite-twinned martensite interfaces knowing only the 

austenite and martensite lattice parameters [13,14,16,17,65,66]. The calculations are made using the 

transformation stretch matrices, or Bain matrices, �!, where � ranges from 1 to the number of martensite 

variants. The number of variants for a given transformation is equal to the number of symmetries in the 

austenite point group, ℒ!, divided by the number of symmetries in the martensite point group, ℒ!
 
[13]. 

There are different ways of calculating the transformation matrices, depending on the chosen lattice 

vector bases. In this work, cubic-to-orthorhombic transformation matrix convention is adopted from [62], 

and the cubic-to-monoclinic conventions from [24-25], as summarized in [13]. It is important to note that 

the NiTiHf and NiTiZr cubic-to-monoclinic alloys in this paper have “face-diagonal” variants, and the 

ZrAuCu cubic-to-monoclinic alloys have “cube-edge” variants. For this reason, they have different 

transformation matrices and different twin modes. For more information on the distinction between 

“cube-edge” variant transformation matrices from “face-diagonal,” see [68]. 

Two variants, � and �, can form twinned microstructures when their transformation matrices 

satisfy the mathematical kinematic compatibility condition called the twinning equation: 

 

��! − �! = �⨂�         (2.1) 

 

This condition stipulates that the two variants must be related by a rotation in ℒ!
 
that is not also in ℒ!. 

The resulting twin pair (�, �) can be related through a pure rotation � and form a twin interface with a 

plane normal � and a twin shear �. For the case where two variants are related in this way, there are two 

distinct solutions. These solutions are conventionally classified as Type I/II twins or domains or 

Compound twins or domains. For the distinction between twins and domains, see Ref. [59]. Only twins 

are investigated in this paper. Solutions to Equation (2.1) were found following the procedures in 

[13,14,17]. For convenience, twin pairs are commonly organized into twin modes, or twin sets, where 

each mode groups common twin solutions. For more details, see Ref. [13,67]. The twin mode 
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designations used in this work are given in Section 3.0. 

Unless a martensite variant has near perfect compatibility with an austenite lattice (i.e., �!! = 1), 

the variant cannot form a kinematically compatible interface with the austenite by itself. Still, in this 

circumstance, a martensite twin structure may be able to form an austenite interface through the average 

gradient of the two variants, ���! + 1 − � �!, where � is the volume fraction of �! within the twinning 

microstructure. The mathematical condition for such kinematic compatibility is called the habit plane 

equation and is given as:  

 

� ���! + 1 − � �! − � = �⨂�       (2.2) 

 

where I is the identity matrix. If a twin pair (�, �) can produce a solution to this equation and � ≠ �, then 

there will be four distinct solutions (or in special cases, only two solutions) for each Type I twin and each 

Type II twin (totaling eight solutions for each (�, �)). For each solution, the average gradient and the 

identity matrix are related through some rotation �, � is the habit plane or austenite-martensite interface 

normal, and � is the shape strain. The existence of a solution for the habit plane equation can be reduced 

to two simple conditions (assuming that �!! ≠ 1).  

 

�
∗
= � ∙ �! �!

!
− �

!!

� ≤ −2        (2.3) 

 

tr�!
!
− det�!

!
− 2 +

!

!!∗
�
!
≥ 0       (2.4) 

 

If these inequalities are met exactly, then there are only two distinct solutions for each Type I and Type II 

twin [14].  

 The cofactor conditions are conditions of compatibility between the austenite and martensite 

phases and represent degeneracies of the crystallographic theory of martensite. There are three cofactor 

conditions.  

 

��1:     �!! = 1          (2.5) 

 

��2:     � ∙ �!  cof �!
!
− � � = 0       (2.6) 

 

��3:     tr�!
!
− det�!

!
−

!

!
�
!
− 2 > 0       (2.7) 
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An alloy that satisfies the cofactor conditions will have special microstructural compatibilities. An alloy 

that perfectly satisfies CC1 will be able to form a compatible, straight (zero curvature) interface between 

austenite and a single variant of martensite with no elastic transition layer or geometrically necessary 

defects. If the alloy additionally satisfies CC2 and CC3, then it will be able to form twins of any relative 

volume fraction, �, with zero elastic transition layer, where the twin pairs satisfy the relations in Equation 

(2.1) and Equation (2.2) [58,59] and the curvature of the interface can change using different values of �. 

It should be noted that CC3 is a relatively mild condition and is satisfied by all alloys considered for this 

paper.  

According to elastic energy minimization, an austenite domain will transform to the martensite 

variant that provides the largest transformation strain in the direction of the applied load. Following [13], 

the maximum recoverable strain under a uniaxial tensile or compressive load is given by Equation (2.8) 

and Equation (2.9), where � is the direction of the applied load.  

 

������� ����������� ������� ������ = max�!!!,…!
� ∙ �!� − 1   (2.8) 

 

������� ����������� ����������� ������ = min�!!!,…!
� ∙ �!� − 1   (2.9) 

 

It can be shown that the tensile solution is a function of only the largest principal stretch, �!!! (i.e., the 

largest eigenvalue of the �!), and the compressive solution is a function of only the smallest principal 

stretch, �! (i.e., the smallest eigenvalue of the �!).  

 

������� ����������� ������� ������ =  �!!! − 1     (2.10) 

 

������� ����������� ����������� ������ =  1 − �!    (2.11) 

 

Following [16], the maximum recoverable shear strain in a plane with the normal, �, in the shear 

direction, �, is given by: 

 

������� ����������� �ℎ��� ������ = max�!!!,…!

!

!
� ∙ �!

!
∙ �! − � �  (2.12) 

 

The maximum possible shear strain is found by cycling through all variants over all possible planes and 

all possible directions. It can be shown that the solution is a function of only �! and �!!!.where   
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������� ����������� �ℎ��� ������ =  
!

!
�!!!
!
− �!

!      (2.13) 

Reorientation strains can be calculated by finding the magnitude of the strains that result from 

variant � twinning into variant � for all martensite twin pairs (�, �) satisfying Equation (2.1). For a given 

alloy, this strain will depend on the orientation and the twinning mode. Summarizing the derivation given 

in [69], knowing the twinning shear, �, we can calculate the deformation gradient �! of the twin formation 

with respect to an orthonormal twin plane coordinate system �!
!, where �!

!

 is defined by the shear 

direction, �!, and �!
!

 is defined by the twin plane normal, �!.  

 

�
!
= � + ��!

!
⨂�!

!          (2.14) 

 

This deformation can be written with respect to an arbitrary orthonormal specimen coordinate system 

using the rotation, �, from the orthonormal twin plane coordinate system, �!
!, to the orthonormal 

specimen coordinate system, �!.  

 

�!" = �! ∙ �!
!
= cos �, �!         (2.15) 

 

� = � ∙ �
!
∙ �

!          (2.16) 

 

� is the deformation gradient of the twin formation with respect to the orthonormal specimen coordinate 

system, �!. Having calculated the deformation gradient for each known twinning mode, the axial strain of 

a single crystal subjected to twinning, �!"#$$#$%, may be calculated for a load applied in the � !!"  

direction, where � !!"  is the unit normal vector of ℎ��  planes of the austenite lattice.  

 

�
!"#$$#$%

= � ∙ � !!" ∙ � !!" − 1       (2.17) 

 

The maximum possible reorientation strain is the maximum magnitude of axial strain considering all 

possible orientations and all twinning modes.  

The transformation twinning strain is the strain that results from an austenite domain 

transforming into a domain of the martensite twin pair � − �, where the twin pair satisfies Equation (2.1) 

and Equation (2.2). The calculation for the maximum transformation twinning strain is identical to that of 

the maximum reorientation/detwinning strain, just using a different deformation gradient, �!. Using the 

magnitude of the shape strain, � , one can calculate the deformation gradient �! of the transformation 

twin formation with respect to an orthonormal habit plane coordinate system, �!
!, where �!

!  is defined by 
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the shape strain direction, �, and �!
!  is defined by the habit plane normal, �. 

 The critical transformation temperature, �! , and the thermal hysteresis, �, reported in this work 

are calculated according to:  

 

�! =
!

!
�! + �! +�! +�!         (2.18) 

 

� =
!

!
�! + �! −�! −�!         (2.19) 

 

2.3.2 Materials 

The materials reported in this work are given in. In this article, we use a shorthand notation where 

ternary alloys are identified by the atomic percent of the ternary alloying element; e.g., Ni50.3Ti25.6Hf24.1 is 

referred to as 24.1Hf. The 7Pd, 9Pd, 10Pd, 11Pd, 18Pd, 20Pd, and 25Pd alloys were previously reported 

in [65,73], 15Pd and 46Pd in [74], NiTi in [75], 9.5Hf, 15Hf, and 20HfTi in [76], 20HfNi in [46,47]. The 

24.1Hf, 17.5Zr, and 20Zr are new alloys reported for the first time in this work. We also compare with  

Zn45Au30Cu25 [64], as it is the alloy with the most compatible interfaces according to the cofactor 

conditions (5-7) ever reported, and also Ti54Ni34Cu12 (12Cu) [50], the alloy with the best reported 

resistance to both functional and structural fatigue to-date, and Ti51Ni36Cu13 (13Cu) [50], an alloy of the 

same family but without precipitates (Table 2.2 and Table 2.3). The importance of these alloy qualities is 

further discussed in Section 4. 

These new alloys were processed as 0.5kg ingots by vacuum induction melting of the elemental 

constituents using a graphite crucible and then casting into in copper chill mold. The ingots were 

homogenized in vacuum at 1050 °C for 72 hours and subsequently extruded at 900 C. Samples for XRD 

and DSC were EDM cut from the extruded rods and samples for XRD were subsequently polished prior 

to analysis. Samples in the “aged condition” were heat treated at 550 °C for 3 hrs. in flowing argon and 

air cooled.  

2.3.3 Lattice Parameter Measurements 

For the new alloys, lattice parameters were measured using a Bruker D8 Discover X-ray 

diffractometer configured with an Anton Paar HTK 2000 hot stage.  Experiments were performed on a Pt 

heating filament with a thin layer of thermally conductive carbon paste affixing the sample to the heating 

filament.  Sample temperature was monitored via two thermocouples, one native to the Pt heating 

filament and a second thermal couple bonded to each sample via thermally conductive silver paste. 
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Table 2.1. In this article, we use a shorthand notation where ternary alloys are identified by the 

atomic percent of the ternary alloying element; e.g., Ni50.3Ti25.6Hf24.1 is referred to as 24.1Hf. The 7Pd, 

9Pd, 10Pd, 11Pd, 18Pd, 20Pd, and 25Pd alloys were previously reported in [62,70], 15Pd and 46Pd in 

[71], NiTi in [72], 9.5Hf, 15Hf, and 20HfTi in [73], 20HfNi in [43,44]. The 24.1Hf, 17.5Zr, and 20Zr are 

new alloys reported for the first time in this work. We also compare with  Zn45Au30Cu25 [61], as it is the 

alloy with the most compatible interfaces according to the cofactor conditions (5-7) ever reported, and 

also Ti54Ni34Cu12 (12Cu) [47], the alloy with the best reported resistance to both functional and structural 

fatigue to-date, and Ti51Ni36Cu13 (13Cu) [47], an alloy of the same family but without precipitates (Table 

2.2 and Table 2.3). The importance of these alloy qualities is further discussed in Section 4. 

These new alloys were processed as 0.5kg ingots by vacuum induction melting of the elemental 

constituents using a graphite crucible and then casting into in copper chill mold. The ingots were 

homogenized in vacuum at 1050 °C for 72 hours and subsequently extruded at 900 C. Samples for XRD 

and DSC were EDM cut from the extruded rods and samples for XRD were subsequently polished prior 

to analysis. Samples in the “aged condition” were heat treated at 550 °C for 3 hrs. in flowing argon and 

air cooled.  

2.3.3 Lattice Parameter Measurements 

For the new alloys, lattice parameters were measured using a Bruker D8 Discover X-ray 

diffractometer configured with an Anton Paar HTK 2000 hot stage.  Experiments were performed on a Pt 

heating filament with a thin layer of thermally conductive carbon paste affixing the sample to the heating 

filament.  Sample temperature was monitored via two thermocouples, one native to the Pt heating 

filament and a second thermal couple bonded to each sample via thermally conductive silver paste. In our 

measurements, the sample temperature did not differ from the instrument temperature by more than ±1°C. 

XRD data was collected using Cu radiation with a Ni filter.  Scans were made from 10 to 100°-

2θ, in 0.04° steps, with a dwell time of 2s. Lattice parameters were extracted using the Pawley fitting 

routine native to Topas X-ray diffraction analysis software.  The high temperature B2 phase was fit first, 

then the precipitates. The precipitate structures were then copied to the martensite patterns and fixed, then 

the martensite structure was fit, and finally the precipitate structure parameters were relaxed again to 

adjust for temperature differences. Measurements were made at three temperatures above Af (~Af + 20, 

30, and 50 °C) and two below Mf (~Mf  - 10 and at room temperature) for most alloys. The single-phase 

linear thermal expansion in these regions was used to extrapolate the lattice parameters to the critical 

temperature for each alloy system. Calculations were made for this temperature. 
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Table 2.1 Compositions, heat treatments, and literature references for all alloys used in the calculations 
and comparisons presented in this paper. 

 

 

Alloy Shorthand Aging Treatment Precipitates Reference 

Ni43Ti50Pd7 7Pd 

none N/A [62,70]  

Ni41Ti50Pd9 9Pd 

Ni40Ti50Pd10 10Pd 

Ni39Ti50Pd11 11Pd 

Ni32Ti50Pd18 18Pd 

Ni30Ti50Pd20 20Pd 

Ni25Ti50Pd25 25Pd 

Ni34.5 Ti50.5Pd15 15Pd 
400°C / 1 hour / 
furnace cooled 

C2/c 
[71] 

Ni3.5 Ti50.5Pd46 
46Pd C2/c 

Ti54Ni34Cu12 12Cu 
700°C / 15 minutes 

Pm3m, Pmma, Fd3m, I4/mmm 
 [47] 

Ti51Ni36Cu13 13Cu Pm3m, Pmmma, Fd3m 

Ni49.75Ti50.25 NiTi 
1,000°C / 1 hour / 
water quenched 

 [72]  

Ni49.8Ti49.7Hf9.5 9.5Hf 

none N/A  [73] Ni49.8Ti35.2Hf15 15Hf 

Ni49.8Ti30.2Hf20 20HfTi 

Ni50.3Ti29.7Hf20 
Unaged 
20HfNi 

none N/A 

 [74] 
Ni50.3Ti29.7Hf20 

Aged 
20HfNi 

550°C / 3 hours / 
water quenched 

Pmmm, F2/d2/d2/d  
 

Ni50.3Ti25.6Hf24.1 24.1Hf 
500°C / 100 hours / 

water quenched 
Pmmm 

This work Ni50.3Ti32.2Zr17.5 17.5Zr 
550°C / 3 hours / 
water quenched 

Pmmm 

Ni50.3Ti29.7Zr20 20Zr 
550°C / 3 hours / 
water quenched 

Pmmm 

Zn45Au30Cu25 

N/A none N/A  [61] Zn45Au27Cu28 

Zn45Au25Cu30 



 21 

Table 2.2 A comparison of some microstructural parameters between Ti54Ni34Cu12 (12Cu) and 

Ti54Ni34Cu13 (13Cu) [47]. 

 12Cu 13Cu 
�!! 0.9905 0.9892 

CC2 

Compound 6.6e-4 7.7e-4 
Type I 1.9e-4 2.9e-4 
Type II 2.3e-4 2.5e-4 

Thermal Hysteresis ~20 ~12 
 

Table 2.3 A comparison of some microstructural parameters between aged (20HfNi a) and unaged (20HfNi 
u) Ni50.3Ti29.7Hf20 [43]. (Note: the CC2 values reported here are the lowest Compound, Type I, and Type 
II CC2 values considering all twin modes.) 

 20HfNi  u 20HfNi  a 

�!! 0.9337 0.9394 

CC2 

Compound 0.0131 0.0127 

Type I 1.9e-4 1.1-4 

Type II 3.0e-5 2.4e-5 

Thermal Hysteresis ~36 ~28.5 

 

2.4 Results 

The NiTiHf and NiTiZr alloys in this study undergo a cubic-to-monoclinic phase transformation 

with face-diagonal martensite variants, similar to binary NiTi. Using the calculations introduced in 

Section 2.1, there are 12 martensite variants, 84 possible martensite twin pairs that satisfy Equation 2.1 

(where the pairs (�, �) and (�, �) are counted as two pairs, following the convention used in [67]), and four 

possible twin modes, A-D (following [13,67]). The twin pairs in Mode A are Compound, and the twin 

pairs in Modes B-D are Type I and II. According to the conditions in Equations (2.3) and (2.4), only the 

twin pairs in Modes B and C can form compatible habit planes for all of the cubic-to-monoclinic alloys, 

resulting in 48 possible transformation twin pairs (24 Type I and 24 Type II). For each twin pair that is 

capable of forming compatible habit planes, there are four distinct habit plane solutions, resulting in 192 

possible habit planes. The only exception in this work is 24.1Hf, which was found to have no twin pairs 

capable of forming compatible habit planes according to Equations (2.3) and (2.4).  

All of the NiTiPd and NiTiCu alloys undergo a cubic-to-orthorhombic phase transformation. 

Thus, they have 6 martensite variants, 30 possible twin pairs, and two possible twin modes, A and B 

(following [13,62,75]). The twin pairs in Mode A are Compound twins, and Mode B is comprised of 

Type I and II twins. As reported in [62], the twin pairs in Mode A cannot form compatible habit planes 

when �!! > 1, and twin pairs in Mode B cannot form compatible habit planes when �!! < 1. Thus, the 

cubic-to-orthorhombic alloys with �!! < 1 (7Pd, 9Pd, 10Pd, 12Cu, and 13Cu), have only 6 twin pairs 
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capable of forming compatible habit planes and 24 possible habit plane solutions. The other cubic-to-

orthorhombic alloys, which all have �!! > 1, have 24 twin pairs capable of forming compatible habit 

planes and 96 possible habit plane solutions.  

The relationship between the tertiary species composition and the middle eigenvalue, �!!, is 

shown in Figure 2.1. Both the cubic-to-orthorhombic and cubic-to-monoclinic SMAs show a general 

trend of �!! deviating further from unity as the amount of the ternary alloying element is increased. For 

cubic-to-orthorhombic, �!! deviates farther from one with increasing composition (above one for NiTiPd 

alloys and below one for NiTiCu alloys), and for cubic-to-monoclinic, �!! decreases from unity with 

increasing composition. The 9Pd alloy has a �!! just below one (0.9988) and the 11Pd alloy has a �!! just 

above one, or perhaps approximately one considering experimental uncertainty (1.0001), indicating that a 

NiTiPd alloy with a tertiary composition of 11 or just below 11 will have �!! = 1.  

 

 

Figure 2.1 Tertiary species composition (at-%) versus λ!! for cubic-to-orthorhombic SMAs and cubic-to-
monoclinic SMAs. Aged alloys are indicated by open triangular symbols. Approximate trend lines are 
shown for cubic-to-monoclinic unaged cubic-to-orthorhombic alloys. Note: these trends are only true for 
cubic-to-monoclinic alloys with “cube-edge” type variants. 
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Figure 2.2 Critical temperature (°C) versus (a) λ!!  and (b) tertiary species composition (at-%) for cubic-
to-orthorhombic SMAs and cubic-to-monoclinic SMAs. Binary NiTi is not included as this information 
was not reported in the original reference. 
 

 

Figure 2.3 Hysteresis (°C) versus (a) �!! and (b) tertiary species composition (at-%)  for cubic to 
orthorhombic SMAs and cubic-to-monoclinic SMAs. Binary NiTi is not included as this information was 
not reported in the original reference. Approximate trend lines are shown for unaged cubic-to-
orthorhombic alloys. 
 

Aging the 15Pd alloy appears to have the effect of increasing �!! outside of the general trend. However, 

the Ti-content of the 15Pd and 46Pd alloy is slightly higher than the other NiTiPd alloys, which could 

also influence this deviation. Comparing the unaged and aged 20HfNi alloys, the aged 20HfNi has �!! 

closer to one, suggesting an improvement in compatibility, though it is still very far from one relative to 

the other alloy systems. Both the unaged 20HfNi alloy and the unaged 20HfTi alloy have comparable �!! 

values, although the unaged 20HfTi �!! is slightly closer to one. Comparing the aged 20HfNi and the aged 

20Zr, the former has a �!! closer to one.  
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The results given in Figure 2.2 through Figure 2.12 are plotted as functions of both �!! and 

composition to document relationships between �!! and other properties while simultaneously comparing 

property – composition relationships. In this manner, the critical temperatures, �! , are examined in Figure 

2.2. The critical temperature decreases as the amount of ternary alloying addition decreases for each alloy 

system. Trends for critical temperature as a function of composition are nearly linear and very similar to 

data reported in [63]. As previously reported [43,76], aging the 20HfNi alloy increases �!  , compared to 

the same material in the unaged condition, since the precipitates are Ni-rich, drawing the matrix closer to 

stoichiometry [77]. Critical temperatures do not trend with �!!, which affirms that they have no definitive 

relationship with the geometry of the phases.  

Thermal hysteresis, �, is shown in Figure 2.3 as a function of �!! and tertiary species 

composition. As previously reported, for the unaged NiTiPd alloys, hysteresis is lowest near �!! = 1, and 

the hysteresis increases as �!! deviates from 1 in either direction (e.g., [51,59,61,62,70]). The aged 

NiTiPd alloys, however, show that the growth of P-phase precipitates reduces hysteresis. In fact, aged 

15Pd has the lowest hysteresis of any NiTiPd alloy considered here (10°C), even though it has a �!! of 

1.011, relatively far from 1. The Ni-Ti-Cu alloys have relatively low hysteresis, although it is interesting 

that the 13Cu alloy has a lower hysteresis than the 12Cu alloy since the 12Cu alloy showed better 

resistance to functional fatigue. Similarly, unaged NiTiHf alloys show a clear, expected correlation 

between �!! and hysteresis according to theory, while aging defies this trend. Comparing the aged versus 

unaged 20HfNi alloys, the aged 20HfNi alloy has a lower hysteresis than the unaged (36°C for unaged 

versus 28.5°C for aged), even though the values of �!! are similar (0.9337 for unaged versus 0.9394 for 

aged). The unaged 20HfTi alloy has a much higher hysteresis (70°C) than aged or unaged 20HfNi, even 

though they all have similar �!! values.  Comparing the aged 20HfNi alloy and the aged 20Zr alloy, the 

aged 20HfNi alloy has a lower hysteresis (42.25°C for 20Zr versus 28.5°C for 20Hf), even though their 

values of �!! are also similar (0.9380 for 20Zr versus 0.9394 for 20HfNi).  

The non-orthogonal monoclinic angle, �, is shown as a function of �!! and tertiary species composition in 

Figure 2.4. Overall, � decreases as �!! → 1, and increases as the tertiary species composition increases. 

The significance of � as an optimization criterion is discussed later in this section.  

The maximum theoretical tensile, compressive, and shear single variant transformation strains are shown 

in Figure 2.5 as a function of �!! and tertiary species composition. For cubic-to-orthorhombic alloys, the 

dominant trend shows that transformation strains are a maximum for �!! > 1, and they decrease as �!! 

decreases, irrespective of �!! = 1 (Figure 2.5a,c,e). They also decrease with decreasing tertiary species 

composition. Interestingly, examining the �!! trends, composition and aging does not seem to matter – the 

Cu and Pd alloys trend together in a linear fashion, with the exception of the 46Pd alloy (Figure 2.5a,c,e). 
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Compared compositionally, the Cu alloys have much lower strains than the Pd alloys, which show a very 

non-linear behavior with the aged 15Pd exhibiting slightly larger strains compared to the general trend for 

unaged Pd alloys (Figure 2.5b,d,f).  

 

 

Figure 2.4 Monoclinic angle, �, (°) versus (a) �!! and (b) tertiary species composition (at-%)  for cubic-
to-monoclinic SMAs. 

 

 

 

Figure 2.5 Maximum tensile single variant transformation strain (a and b), maximum compressive single 
variant transformation strain (c and d), and maximum shear transformation strain (e and f) versus �!! and 
tertiary species composition (at-%) for cubic-to-orthorhombic SMAs and cubic-to-monoclinic SMAs. 
Although the Zr-Au-Cu alloys are not derivative NiTiX alloys, they are included in (a, c, and e) to allow 
for comparison, given their remarkable properties.   
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Cubic-to-monoclinic alloys exhibit the opposite trends – theoretical transformation strains are 

maximum for �!! < 1 and they decrease as �!! increases (Figure 2.5a,c,e), except for the binary NiTi 

compression outlier (Figure 2.5c). Comparing the aged versus unaged 20HfNi alloys, aging increases the 

strains for all three loading modes. The unaged 20HfNi and unaged 20HfTi alloys have near identical 

strains, although the unaged 20HfTi strains are slightly but consistently lower. Finally, the aged 20Zr alloy 

exhibits the largest strains of any of the ternary alloys. The spreads of recoverable tensile and shear strains 

(Figure 2.5a,b,e,f) are larger for cubic-to-monoclinic than for cubic-to-orthorhombic transformations, 

even though they both span approximately the same range of �!! values. However, compressive strain 

variations are similar (Figure 2.5c,d).  

The maximum theoretical tensile, compressive, and shear single variant transformation strains are 

shown in Figure 2.6 as a function of the monoclinic angle �. All of the strains increase very linearly with 

�, regardless of processing or tertiary species. The trends between the strains and the monoclinic lattice 

parameters (normalized by the austenite lattice parameter) are slightly less clear. Overall, the strains 

increase as b/a0 decreases and c/a0 increases and have no correlation with a/a0. The tuning of the angle �, 

therefore, can have very predictable effects on the theoretical strains as opposed to the lattice parameter 

lengths. The relationship between single variant transformation strains and cubic-to-orthorhombic lattice 

parameters is not shown. 

 

 

Figure 2.6 Maximum tensile single variant transformation strain, maximum compressive single variant 
transformation strain, and maximum shear transformation strain versus monoclinic angle, �, (°) (a, b, and 
c), a/a0 (d, e, and f),  b/a0 (d, e, and f), and  c/a0 (d, e, and f),  for cubic-to-monoclinic SMAs. 
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Figure 2.7 Maximum axial reorientation strain versus �!! and tertiary species composition (at-%) for 
cubic-to-orthorhombic SMAs, comparing twin pairs exhibiting Mode A-Compound twinning (a and b) 
and Mode B-Type I/II twinning (c and d).   
 

 

Figure 2.8 Maximum axial reorientation strain versus �!! and tertiary species composition (at-%) for 
cubic-to-monoclinic SMAs, comparing twin pairs exhibiting Mode A-Compound twinning (a and b), 
Mode B-Type I/II twinning (c and d), Mode C-Type I/II twinning (e and f), and Mode D-Type I/II 
twinning (g and h). For comparison, Zn45Au30Cu25 (�!! = 1.0006) has maximum axial reorientation 
strains of 1.4% and 5.4% for its two compound modes and 11.6% and 6.4% for its two Type I/II modes. 
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This is because, in the absence of a non-orthogonal angle, the eigenvalues are equivalent to the 

orthorhombic lattice parameters normalized to the cubic lattice parameter. Following the discussion in 

Section 2.1, the single variant transformation strains are a direct function of the eigenvalues. As a result, 

whereas � is an optimal tuning parameter for cubic-to-monoclinic, the normalized lattice parameters are 

optimal tuning parameters for cubic-to-orthorhombic.  

The maximum axial reorientation strains for orthorhombic structures are shown in Figure 2.7, 

again as a function of �!! and tertiary species composition. Mode A (Compound) twins do not exhibit a 

definitive trend with respect to �!! or composition (Figure 2.7a,b). Mode B (Type I/II) twins show a 

general increase in strain as �!! increases and as ternary alloy composition increases (Figure 2.7c-d), and 

they are much larger than that of Mode A. As was observed of single variant transformation strain trends, 

twinning strains for Mode B twins trend according to �!! independent of the ternary alloying element 

(Figure 2.7c), even though the Cu alloys have much lower Mode B strains than Pd alloys (Figure 2.7d).  

The maximum axial reorientation strains for monoclinic martensites are shown in Figure 2.8.  

Modes A (Compound), B (Type I/II), and C (Type I/II) twins show a general increase in strain as �!! 

decreases from unity and as composition increases (Figure 2.8a,b,c,d,e,f), while Mode D (Type I/II) twins 

do not exhibit any clear trends (Figure 2.8g,h). As with the tensile and shear single variant transformation 

strains, the monoclinic twinning strains are larger than those of orthorhombic martensite, with 

correlations to �!! and composition that are more pronounced. Different from transformation strains, the 

twinning strains for all modes are largest for aged 24.1Hf, while the aged 20Zr alloy shows the second 

largest. Similar to transformation strains (Figure 2.5), reorientation strains for all modes are slightly larger 

for aged 20HfNi than for unaged 20HfNi, and are slightly smaller for unaged 20HfTi than for unaged 

20HfNi. 

The maximum axial transformation twinning strains for cubic-to-orthorhombic alloys are shown 

in Figure 2.9. Again, these are the strains incurred from transforming from a single austenite grain to a 

single martensite twin according to the Phenomenological Theory of Martensite [14,78]. Notice that only 

7Pd, 9Pd, 10Pd, 12Cu, and 13Cu strains are plotted for Mode A (Figure 2.9a,b) and 11Pd, 15Pd, 20Pd, 

25Pd, 18Pd 46Pd for Mode B. The omission of data points results from lack of solutions of compatible 

habit planes for all types of twins, as documented at the beginning of this section. An opposite trend 

develops relative to martensite twinning (Figure 2.7) - the Mode A (Compound) transformation twinning 

strains increase as �!! decreases from unity, while mode B (Type I/II) transformation twins do not exhibit 

a definitive trend with respect to �!! or composition. However, similar to all previous cases, the Cu alloys 

exhibit lower Mode A strains according to composition, but follow the general trend according to �!! . 
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Figure 2.9 Maximum axial transformation twinning strain versus �!! and tertiary species composition (at-
%) for cubic-to-orthorhombic SMAs, comparing twin pairs exhibiting Mode A-Compound twinning (a 
and b) and Mode B-Type I/II twinning (c and d).  Notice that all alloys either appear in Mode A (if 
�!! < 1) or Mode B (if �!! > 1) due to habit plane compatibility.   

 

 

Figure 2.10 Maximum axial transformation twinning strain versus �!! and tertiary species composition 
(at-%) for cubic-to-monoclinic SMAs, comparing twin pairs exhibiting Mode B-Type I/II twinning (a and 
b) and Mode C-Type I/II twinning (c and d).  None of the Mode A or Mode D twin pairs can satisfy habit 
plane compatibility.  Notice that the 24.1Hf does not appear since it cannot form any compatible habit 
planes.  For comparison, Zn45Au30Cu25 (�!! = 1.0006) has maximum transformation twinning strains of 
5.8% for its only habit plane-compatible Compound mode and 1.6% for its only habit plane-compatible 
Type I/II mode. 
 

The analogous transformation twinning strains for cubic-to-monoclinic alloys are shown in Figure 2.10. 

Notice that only Modes B and C are shown and 24.1Hf does not appear at all, as these are the only habit 

plane solutions. Both modes show a general increase in strain as �!! decreases from unity and as 

composition increases. As with the single variant strains and the reorientation strains, the transformation 

twinning strains are larger than cubic-to-orthorhombic transformations, with correlations to �!! and 
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composition that are more pronounced. Similar to single variant transformations (Figure 2.5) and the 

reorientation strains (Figure 2.8), aged 20Zr exhibits the largest strains and aged 20HfNi strains are larger 

than unaged 20HfNi. Converse to Figure 2.5 and Figure 2.8, the unaged 20HfTi alloy has slightly larger 

strains than the unaged 20HfNi alloy.  

The values of the second cofactor condition, CC2, for cubic-to-orthorhombic alloys are shown in Figure 

2.11. The trend of the Mode B, Type I/II twins for the Pd alloys is an almost perfectly linear decrease in 

CC2 (toward the ideal value of 0) as �!! decreases. The minimum CC2 of 4.7e-5 is not at �!! = 1, but 

instead is at the lowest Pd composition of 7. The CC2 of the Pd alloys decreases with decreasing 

composition. The 12Cu and 13Cu alloys, which have �!! of 0.9906 and 0.9892, exhibit larger CC2 values 

of 2.3e-4 and 2.5e-4 and do not trend with the Pd alloys with respect to �!! or composition. The Mode A 

CC2 trends (Figure 2.11a,b) are not as definitive as for Mode B (Figure 2.11c,d), and the values are much 

larger. Also, the 46Pd alloy shows the largest Mode B CC2 of 7.6e-3, yet the lowest two Compound 

modes, 4.0e-5 and 9.9e-4 for its two Type I modes, and 3.6e-5 and 9.9e-4 for its two Type II modes.   

For Modes A-C, CC2 decreases as �!! approaches unity and as composition decreases. For Mode 

D (Figure 2.12k,l,m,n), the trend is not as clear. However, the CC2 values for Mode D are 1-3 orders of 

magnitude lower than that of the other twin modes. With the exception of Mode D, the CC2 values for 

cubic-to-monoclinic alloys are larger than that of cubic-to-orthorhombic alloys. 

 

 

Figure 2.11 Values of the second cofactor condition, CC2, versus �!! and tertiary species composition (at-
%) for cubic-to-orthorhombic SMAs, comparing twin pairs exhibiting Mode A-Compound twinning (a 
and b), Mode B-Type I twinning (c and d), and Mode B-Type II twinning (e and f). 
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Figure 2.12 Values of the second cofactor condition, CC2, versus �!! and tertiary species composition (at-
%) for cubic-to-monoclinic SMAs, comparing twin pairs exhibiting Mode A-Compound twinning (a and 
b), Mode B-Type I twinning (c and d), Mode B-Type II twinning (e and f), Mode C-Type I twinning (g 
and h), Mode C-Type II twinning (i and j), Mode D-Type I twinning (k and l), and Mode D-Type II 
twinning (g and h). For comparison, Zn45Au30Cu25 has CC2 values of roughly 5.0e-5 and 8.1e-4 for its 
two Type II modes.  
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Comparing aged 20HfNi and aged 20Zr, 20HfNi has lower CC2 values for all twin modes. Comparing aged 

20HfNi and unaged 20HfNi, aged 20HfNi has lower CC2 values for all twin modes. Aged 20HfNi has the 

lowest CC2 value of 2.4e-5 (Mode D, Type II) of any alloy, cubic-to-monoclinic or cubic-to-

orthorhombic. This is much lower than Ti54Ni34Cu12 CC2 values (all of the order 10-4 [47]), and this is 

even closer-to-ideal than Zn45Au30Cu25, which has CC2 values of roughly 5.0e-5 and 8.1e-4 for its two 

Compound modes, 4.0e-5 and 9.9e-4 for its two Type I modes, and 3.6e-5 and 9.9e-4 for its two Type II 

modes [61]. The unaged 20HfNi has the second lowest CC2 after aged 20HfNi at 3.0e-5.  

Mode A CC2 of 1.4e-4. The values of the second cofactor condition, CC2, for cubic-to-monoclinic alloys 

are shown in Figure 2.12.  

          Finally, to further facilitate one point in the ensuing discussion, we report actuation responses of the 

24.1Hf alloy in Figure 2.13. 

 

 

Figure 2.13 Actuation responses of the 24.1 Hf alloy under different applied loads are shown. 
 

2.5 Discussion 

 As stated in the Introduction, the purpose of this study is to gain new insights into the design of 

NiTiX high temperature SMAs. The optimization of �!! = 1 is now a fairly well known story in the SMA 

alloy development community, but the ramifications of the second cofactor condition and the 

relationships between compatibility and functional strains are relatively unexplored topics. Furthermore, 

recent results showing that precipitation used to stabilize the reversible nature of thermoelastic martensitic 

transformations in an alloy where �!! is not near 1, but CC2 is very near zero [47] has raised two 

questions: 1) does �!! = 1 need to be satisfied? 2) is a near-zero CC2 more important than �!! = 1? Since 

it will probably take many years to fully understand the ramifications of cofactor conditions relative to 
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�!! = 1, and also the role of precipitates in martensitic transformations, we will attempt to discuss the 

implications of the data presented in the previous section in the light of these new possibilities. 

2.5.1 Number of Possible Reversible Deformations 

As previously discussed, a defect-free alloy with �!! = 1, ��2 = 0, and ��3 > 0 theoretically 

has an infinite number of possibile reversible deformations available at no interfacial energy cost. This is 

the attraction of an alloy that perfectly, or nearly perfectly satisfies all cofactor conditions, such as 

Zn45Au30Cu25 [61]. One speculation we propose based on our results is that an alloy that does not satisfy 

�!! = 1 but does have ideal, or near-ideal CC2 may have an extended number of possible reversible 

deformations relative to those predicted by the phenomenological theory of martensite. Without �!! ≈ 1, 

any twin system will be restricted to the twinning equation (Equation 2.1), the habit plane equation 

(Equation 2.2), and the habit plane compatibility conditions (Equations 2.3 and 2.4). A solution satisfying 

these geometric requirements will prescribe a specific, fixed phase fraction for the two martensite 

variants. The expected effect of ��2 ≈ 0 is to relax these phase fraction constraints, in turn allowing 

more possible low-dissipation reversible deformations.  

This rationale would explain the reported excellent resistance to functional fatigue and 

remarkable strength of the aged 20HfNi alloy [43], which has �!! = 0.9394 but the lowest CC2 reported to 

date (2.4e-5) (Figure 2.12m,n), as well as the remarkable repeatability and life of the 12Cu alloy 

strengthened with precipitates [47]. Both of these alloys have relatively poor �!! values, but also have 

relatively low hysteresis (Figure 2.3a) and low CC2 (for certain twin modes). The aged 20HfNi alloy has 

�!! = 0.9394 but also has the lowest CC2 reported to date (Figure 2.12m,n). For these alloys, the 

presence of the precipitates is clearly critical. Because an alloy with �!! ≠ 1 cannot have zero elastic 

transition layers, there will be an energy cost to creating and moving interfaces. However, the coherent 

and semi-coherent precipitates create local stress fields that nucleate transformation and reverse 

transformation, limiting the need for growth and the movement of interfaces [43,48]. Furthermore, the 

full or partial coherency of the precipitates may make it possible to form low-energy precipitate-

martensite interfaces when combined with the flexible phase fractions resulting from the low CC2. This 

postulate is supported by both unaged 20HfNi and aged 20HfNi having similar �!! values and exceptionally 

low CC2 values, but the aged 20HfNi (with its semi-coherent precipitates) having the lowest hysteresis. 

The necessity of the precipitates is especially likely in the case of 12Cu, which has precipitates with dual 

epitaxy. 

The 12Cu and aged 20HfNi alloys are examples of a departure from the popular �!! → 1, low 

hysteresis trend due to the presence of precipitates, especially when combined with low CC2. All of the 

cubic-to-orthorhombic transforming alloys have CC2 values similar to 12Cu, but only 15Pd and 46Pd are 

also aged (Figure 2.11). These two NiTiPd alloys have values of �!! farther from ideal than any other 
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NiTiPd alloy, and aged 15Pd has the lowest hysteresis of any of these alloys (Figure 2.3a). The aged 

24.1Hf unaged 20HfTi, and aged 20Zr alloys have the lowest hystereses following the aged 20Hf alloy, 

despite the fact that there are two unaged cubic-to-monoclinic alloys with �!! values closer to one (9.5Hf 

and 15Hf, Figure 2.3a). Both aged 20Zr and aged 24.1Hf have relatively large CC2 values (Figure 2.12), 

but it is possible that they are still low enough (especially mode D, Figure 2.12k,l,m,n) to decrease the 

hysteresis when combined with precipitation. This idea is especially supported in considering the 24.1Hf 

alloy – according to �!! and the habit plane equation (2.2), this alloy should not have any compatible 

austenite-martensite interfaces. This result suggests it should be a very poor shape memory alloy. Yet the 

actuation responses of a single sample suggested to incrementally increasing load (Figure 2.13) clearly 

demonstrate that the alloy shows both high transformation temperatures and good recoverable strain. 

These results are consistent with Wang and Sehitoglu [45]. The coherency of the precipitates, which we 

think is an important factor, should also be investigated for all of these cases.  

2.5.2 Strains vs. Compatibility 

There is an overall trade-off between microstructural properties that lead to large work output 

(strains) versus microstructural features that lead to high stability and fatigue resistance (cofactor 

conditions). For unaged alloys, CC2 approaches its ideal value of 0 as �!! → 1, (Figure 2.11 and Figure 

2.12) and the hysteresis minimizes as �!! → 1 (Figure 2.3a). However, the single variant transformation 

(Figure 2.5), reorientation (Figure 2.7 and Figure 2.8), and transformation twinning strains (Figure 2.9 

and Figure 2.10) generally decrease as �!! → 1. This trade-off between microstructural properties will 

lead to a trade-off between engineering performance metrics— i.e., between stability and work output. 

However, as discussed in Section 4.1, aged alloys can diverge from this trade-off. For example, aged 

20HfNi has a �!! value far from one but still has low hysteresis.  

Cubic-to-monoclinic alloys exhibit larger single variant transformation (Figure 2.5), 

reorientation/detwinning (Figure 2.8), and transformation twinning strains (Figure 2.10) than cubic-to-

orthorhombic SMAs (Figure 2.5, Figure 2.7, and Figure 2.9). These strains are more drastically 

influenced by composition and �!!, suggesting that they will be more sensitive to tuning. On the other 

hand, cubic-to-orthorhombic alloys exhibit lower hysteresis (Figure 2.3) and have lower CC2 values with 

the exception of monoclinic Mode D (Figure 2.11 and Figure 2.12). The actual shape of the monoclinic 

crystal system versus that of the orthorhombic crystal system may contribute to these trade-offs. 

Specifically, the non-orthogonal monoclinic angle, �, resulting from the shearing aspect of transformation 

naturally gives rise to larger strains yet it also makes compatibility between phases more difficult. This is 

further demonstrated in Figure 2.4 and Figure 2.6, which show that as � increases �!! gets farther from 

ideal, and as � increases, the maximum single variant transformation strains increase very predictably.  
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2.5.3 Unaged vs. Aged 

A comparison of the aged 20HfNi and unaged 20HfNi alloys is particularly enlightening, since they 

have identical tertiary species compositions. Using all of the microstructural trends presented in this 

paper, it appears that aging 20HfNi improves both compatibility and strains. Aging 20HfNi reduced 

hysteresis (Figure 2.3), brought �!! slightly closer to ideal (0.9394 for aged 20HfNi versus 0.9337 for 

unaged 20Hf), and decreased CC2 for all possible twin systems. (Figure 2.12). Aging 20HfNi also 

increased the single variant transformation strains (Figure 2.5), the reorientation strains (Figure 2.8), and 

the transformation twinning strains (Figure 2.10) for all twin modes. Thus, even though aging SMAs will 

cause a fraction of the volume to be occupied with non-transforming precipitates, the work output may 

still be substantial because of the transformation strains and the strengthening from precipitation.  

 Aging puts the 15Pd �!! value further from 1 relative to the unaged NiTiPd �!! trend (Figure 2.1). 

Despite this �!! value, 15Pd also has the lowest hysteresis (~10°C) of any alloy in this paper (Figure 2.3), 

though a quaternary NiTiPdCu alloy with lower hysteresis and more ideal �!! was reported in other work 

[60]. Also, the aged 12Cu and aged 13Cu �!! values are not particularly close to one, even though 12Cu 

was predicted to have a �!! closest to 1 for Ni-Ti-Cu alloys according to the combinatorial study in [51]. 

In spite of this, both 12Cu and 13Cu have low hysteresis (Figure 2.3). These observations reaffirm the 

divergence from typical theoretical �!!-hysteresis trends for aged alloys.  The effect of aging 15Pd on 

strains (Figure 2.5, Figure 2.7, and Figure 2.9) and CC2 (Figure 2.11) is quite subtle.  

2.5.4 Comparing Tertiary Species 

It is convenient to have an assessment of both aged 20HfNi and aged 20Zr to compare the effect of 

different tertiary species. Aged 20HfNi had a �!! slightly closer to one (0.9394 for aged 20Hf versus 

0.9380 for aged 20Zr), lower hysteresis (Figure 2.3), and lower CC2 values for all possible twin systems 

(Figure 2.12). On the other hand, aged 20Zr had larger single variant transformation strains (Figure 2.5), 

reorientation strains (Figure 2.8), and transformation twinning strains (Figure 2.10) for all twin modes. 

This suggests that a tertiary species of Hf will improve compatibility and a tertiary species of Zr will 

improve strains.  

 One must be careful distinguishing between the effect of tertiary species and the effect of aging 

when comparing NiTiPd and NiTiCu, since both of the NiTiCu species are aged. Some observations can 

still be made. For example, Cu as a tertiary species seems to decrease �!! from one, while similar 

compositions of Pd will increase �!! from one (Figure 2.1). This is very apparent comparing 13Cu and 

15Pd, which are both aged. Because these are cubic-to-orthorhombic alloys, this means that aged 15Pd 

cannot form theoretically compatible habit planes for Mode A twins, and aged 13Cu cannot form 

theoretically compatible habit planes for Mode B twins. Because aging had some a negligible effect on 
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strains and CC2 for 15Pd, it can be hypothesized that Cu as a tertiary species appears to decrease strains 

(Figure 2.5, Figure 2.7, and Figure 2.9) and decrease CC2 (Figure 2.11). 

2.6 Conclusion 

 The approach taken in this paper demonstrates a method by which engineers can analyze trends 

between composition and microstructural properties to predict and design better SMAs. By using these 

trends together with a basic understanding of how microstructural properties give rise to engineering 

performance measures, alloys can be designed by tuning compositions for specific engineering 

performance metrics without complicated micromechanical models or costly mechanical testing. The 

eigenvalue �!! is an especially useful optimization parameter, as it can be used to predict many different 

kinds of microstructural properties once the symmetry change of a transformation is established.  

However, the CC2 cofactor condition seems to be equally, if not more important and when combined 

with the right precipitates may be used to circumvent the strict need for �!! → 1. Using these criteria, 

some trends and trade-offs were revealed.  

• Hysteresis, which is commonly improved by creating alloys with �!! → 1, may also be improved 

by aging in alloys where CC2 approaches zero. 

• Low CC2 values combined with precipitation may reduce hysteresis and increase stability, 

regardless of �!!. This effect could be tied to precipitate coherencies, but further investigations are 

needed to test this hypothesis. 

• Theoretical strains are generally larger and more sensitive to tuning for cubic-to-monoclinic 

alloys than for cubic-to-orthorhombic alloys.   

• Aging can be used as a tool to tune realized transformation and twinning strains. 

• There is often a trade-off between theoretical strains versus microstructural compatibility (�!!, 

CC2).  

• The tertiary species element can be used to control microstructural properties. For example, in 

comparing Hf vs. Zr ternary alloying elements, 20-at.% of both in alloys with 50.3-at.% Ni result 

in θc of ~ 160°C. However, Hf has slightly better compatibility and lower hysteresis, while Zr 

exhibits larger strains, suggesting Hf would be a better choice if maximum fatigue life were 

desired, Zr for higher strains. 
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CHAPTER 3  

MEASURING STRESS-INDUCED MARTENSITE MICROSTRUCTURES USING  

FAR-FIELD HIGH-ENERGY DIFFRACTION MICROSCOPY 

Modified from a paper submitted to Acta Crystallographica A. 

Ashley N. Bucsek, Darren Dale1, Jun Young Peter Ko1, Yuriy Chumlyakov2, Aaron P. Stebner3 

 

3.1 Abstract 

Modern X-ray diffraction techniques are now allowing researchers to collect long-desired 

experimental verification data sets that are in situ, 3D, on the same length scales as critical 

microstructures, and using bulk samples. These techniques need to be adapted for advanced material 

systems that undergo combinations of phase transformation, twinning, and plasticity. One particular 

challenge addressed in this paper is direct analysis of martensite phases in far-field high-energy 

diffraction microscopy (ff-HEDM) experiments. Specifically, we present an algorithmic forward model 

approach to analyze phase transformation and twinning data sets of shape memory alloys. In the present 

implementation of the algorithm, the crystallographic theory of martensite (CTM) is used to predict all 

possible martensite microstructures (i.e., martensite orientations, twin mode, habit plane, twin plane, and 

twin phase fractions) that could form from the parent austenite structure. This approach is successfully 

demonstrated on three single- and near-single crystal NiTi samples where the fundamental assumptions of 

the CTM are not upheld. That is, the samples have elastically strained lattices, inclusions, precipitates, 

subgrains, R-phase transformation, and/or are not an infinite plate. The results indicate that the CTM still 

provides structural solutions that match the experiments. However, the widely accepted maximum work 

criterion for predicting which solution of the CTM should be preferred by the material does not work in 

these cases. Hence, a more accurate model that can simulate these additional structural complexities can 

be used within the algorithm in the future to improve its performance for non-ideal materials. 

3.2 Background and Motivation 

The desirable behaviors of many advanced alloys can be attributed to complex 3D 

micromechanics including combinations of twinning, phase transformation, and plasticity, all of which 

interact due to interface compatibility constraints. For example, the well-known functional behaviors of 

shape memory alloys (SMAs)—superelasticity, shape memory effect, and actuation—are enabled by a 

reversible, diffusionless solid-to-solid phase transformation from a high-temperature austenite phase to a 

low-temperature martensite phase [12,65]. These properties are further influenced by strong interactions 
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with microstructure heterogeneities such as phase boundaries, stacking faults, and grain boundaries, as 

well as precipitates, inclusions, and plasticity resulting from processing [53]. Pristine materials that have 

microstructures solely comprised of perfectly compatible interfaces are the exception [59,61,79]. 

Improved understanding of these coupled, multidimensional micromechanics is required for the 

continuing development of advanced alloys. 

 In the case of SMAs, fundamental micromechanical theory and modeling has been an active area 

of research for more than 70 years [16,80,81]. The crystallographic theory of martensite (CTM) 

[13,14,16,17,80–82] provides the foundation for our current understanding of SMA micromechanics (see 

Section 3.7 for SMA terminology definitions). However, this theory has fundamental assumptions: It 

ignores defects, precipitates, plasticity, and strained lattices, and it assumes an infinite sample. Because of 

the challenge of providing direct experimental verification, the line between where CTM assumptions 

apply and where they do not is still unclear, as is how to modify the theory for the cases where they do 

not. The lack of such experimental verification data can be attributed to several factors: First, the length 

scales of microstructure interfaces in an SMA routinely span 10 nm to 1 mm, making it difficult to use a 

single measurement technique to simultaneously observe all of the critical features during microstructure 

evolution [83–91]. Second, most experimental techniques for observing microstructure evolution across 

the relevant length scales are limited to surface observations [92–98] and typically cannot measure the 

out-of-plane deformations that result from these 3D deformation mechanisms. Third, the 3D measurement 

techniques that do exist are either destructive and prohibit in situ measurements [99–101] or are averaged 

over millions to billions of grains [69,102–106].  

 With the introduction of high-brilliance synchrotron X-rays, a number of novel X-ray-based 

imaging and diffraction techniques have emerged that promise the ability to acquire the desired data sets. 

Collectively, these techniques can be used to nondestructively study in situ microstructure evolutions in 

3D and across several length scales. Techniques for studying phenomena between 1 µm and 1 mm in 

length are well established, and more recent techniques currently in development now extend capabilities 

down to 100 nm [107,108], with even higher magnifications on the horizon. In this work, we focus on one 

of the diffraction-based classes of these new techniques, which has been called 3D X-ray diffraction 

(3DXRD), high-energy X-ray diffraction (HEXD), and high-energy X-ray diffraction microscopy 

(HEDM) [11,21–24]. More specifically, we use the far-field HEDM (ff-HEDM) technique, in which the 

X-ray detector is placed far away from the sample (~ 1 m) relative to traditional diffraction configurations 

(see Section 3.7 for HEDM terminology and Section 3.8 for experimental setup and measurement details). 

This technique can be used to measure the grain-specific lattice (elastic) strain tensors, crystallographic 

orientations, centroid locations, and volumes within bulk specimens (~1 mm3) all in 3D [26–28]. Using 

this information, several long-standing questions can be answered, such as (1) what are the evolution 
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pathways of different, often interacting deformation mechanisms? (2) how do existing micromechanical 

theories fare at predicting them? and (3) what improvements can we make in how we use these 

micromechanical theories?  

  Researchers are already gaining novel insights into SMAs from ff-HEDM experiments 

[36,109,110]. Using 3D micrometer-scale studies, researchers were able to investigate the localized 

initiation and propagation of the transformation front in NiTi wires [109], the pronounced rotation of 

austenite grains as a result of cycling through transformation [36], and the heterogeneous stress response 

of austenite grains as a result of granular interaction and proximity to the surface [110]. To date, however, 

most insights gained from ff-HEDM data have been confined to direct studies of only the austenite phase. 

 The martensite phase presents unique challenges in analyzing ff-HEDM data, which relies upon 

the ability to uniquely separate and identify Bragg reflections from individual crystals in the sample: (1) 

The small domain sizes of the martensite phase can lead to size-effect broadening and overlapping Bragg 

reflections. (2) The low symmetry of the martensite crystal structure leads to many, low structure factor 

(hkl) rings that may start to overlap with each other and/or with the higher-symmetry austenite rings. (3) 

Plasticity and/or elastic strains typically coincide with transformation events, also causing broadening 

(e.g., [26,111]). These signatures convolute when the effects occur simultaneously, thereby making it 

difficult to identify individual reflections or even separate (hkl) rings (see Table 3.9 for definition). Figure 

3.1(a) shows the summed ff-HEDM pattern from an austenitic NiTi polycrystal that is ideal for ff-HEDM 

analysis with distinct, high-intensity reflections that are well-separated (see inset). Figure 3.1(b) shows 

the summed ff-HEDM pattern of the same sample after it has partially transformed, resulting in a powder-

like pattern that is extremely unideal for ff-HEDM. The complication of the diffraction pattern for ff-

HEDM analysis is true even for initially austenite single-crystal samples, as shown in Figure 3.1(c,d) 

where distinct, high-intensity austenite reflections (Figure 3.1(c)) partially transform to diffuse, 

overlapping, low-intensity martensite reflections situated very close to austenite reflections and to other 

martensite reflections (Figure 3.1(d)).  

After documenting the materials and measurements used in this work in Sections 2.1 – 2.2, a 

forward model algorithm to analyze the microstructures (i.e., martensite orientations, twin mode, habit 

plane, twin plane, and twin phase fractions) of SMA martensite phases in ff-HEDM data sets is presented 

(Section 2.3 and Section 3.8), enabling the quantification of stress-induced transformation modes and 

other related micromechanics (see Table 3.8 in Section 3.7 for SMA terminology). This approach utilizes 

the fact that in most ff-HEDM analyses of SMAs, although the martensite phase cannot be directly 

quantified on a crystal-by-crystal basis, the austenite phase can. If the initial austenite microstructure is 

known, then all of the possible martensite microstructures can be predicted using known relationships 

given by the CTM.  
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Figure 3.1 Summed ff-HEDM patterns for an austenitic polycrystalline NiTi sample (a), a partially 
transformed polycrystalline NiTi sample (b), an austenitic single-crystal NiTi sample (c), and a partially 
transformed single-crystal NiTi sample (d). All patterns are summed over the full 360° of sample rotation. 
 

The diffraction patterns of the possible martensite microstructures are then simulated and compared with 

the experimentally measured diffraction patterns (i.e., forward-modeled [26,38]), and the observed 

martensite microstructures are identified by the closest statistical comparison between the simulated and 

experimental patterns. The comparisons are performed on unit pole figures, which isolate the orientation 

information within HEDM data; these pole figures can also be used determine orientation distribution 

functions within crystals, such as in [112], where researchers used a pole figures to study the α → ε phase 

transition in iron. We validate this approach in Section 3 by applying it to three single- and near-single-

crystal NiTi ff-HEDM data sets of martensite microstructures.  

To apply this approach to future polycrystalline data sets like that of Figure 3.1 (b), a method for 

ranking the likelihood of each martensite microstructure is desired to accelerate the algorithm and to 

improve the statistical probability of finding the right answer. For example, a NiTi polycrystal with n 

illuminated grains will have 192n
 possible stress-induced microstructures assuming one twin system per 
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grain, likely resulting in an undetermined system when hundreds of grains are considered simultaneously, 

especially considering that several twin systems may form within each grain, further increasing the 

statistical ambiguity if all possible solutions are considered. Hence, in Section 3.5, we also present an 

investigation of using a widely accepted analytic model for this purpose: the maximum transformation 

work criterion [13,84,113,114] (see Table 3.8 in Section 3.7 and Section 3.8). This model states that the 

transformation system that produces the most mechanical work is the most likely to form, providing a 

simple and straightforward ranking method for the probability of martensite microstructures to form 

during phase transformation, just as Schmid factor calculations provide a simple, analytic model for 

predicting the probabilities of slip systems to activate during plastic deformation. This aspect of the paper 

builds off the work of previous researchers [115] and [116] who used HEDM results to test the Schmid 

ranking of twinning systems in zirconium polycrystals.   

The discussion in Section 4.1 focuses on what worked well in these initial applications of the 

algorithm; namely, martensite microstructure solutions provided by the CTM were found to be in good 

agreement with experiments. Section 4.2 documents why, in spite of the successes in using the CTM to 

identify the martensite microstructure solutions, the use of the maximum transformation work criterion to 

rank the likelihoods of those solutions was unsuccessful. Sections 4.3 - 4.5 then evaluate possible 

strategies for improving the statistical rankings of CTM solutions, including accounting for the elastic 

strain of the austenite grains just before transformation. In addition to summarizing the key points, the 

conclusion in Section 5 also suggests other approaches for improvement for more complex data, such as 

using full field micromechanical models within the algorithm.   

Finally, it is recommended that readers unfamiliar with SMAs first review the SMA terminology 

we use in this work (Table 3.8 of Section 3.7), and those unfamiliar with ff-HEDM first review the 

HEDM terminology (Table 3.9 of Section 3.7), as well as the experimental approach overview (Section 

3.9). Section 3.8 documents the details of the calculations and is recommended for those readers that want 

to use and/or modify the algorithm. 

3.3 Experimental Procedure 

3.3.1 Sample preparation and initial microstructures  

The three samples were electrical-discharge-machined (EDM) from a 40 mm diameter near-single-crystal 

Ni50.6Ti49.4 ingot. The ingot was grown by an advanced Bridgman technique consisting of remelting a cast 

ingot into a graphite crucible under an inert helium gas atmosphere. The material was found to have 

TiO2/TiC inclusions and Ni4Ti3 precipitates—the microstructure is documented in greater detail in [111]. 

Aside from these secondary phases, the samples are B2 cubic austenite at room temperature (see 0 MPa 

load diffraction patterns in Figure 3.2).  
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The specimen geometry, shown in Figure 3.3, consists of a 1 mm3 square gage section. At the 

energies typically used for ff-HEDM experiments (i.e., 50-80 keV), X-rays can transmit through 1-2 mm 

of most metals, including NiTi (the maximum thickness of a 1 mm square cross-section is 1.41 mm). This 

specimen geometry was modified from that used in [117] to reduce the gage section length to 1 mm and 

add compression shoulders. These modifications were made to ensure that the phase transformation 

occurred within the diffracted volume, which is 1 mm tall in this work, and to allow for tension-

compression reversed loading (though we do not use the latter feature in this work). Samples 1 and 2 were 

cut parallel to the ingot axis, and Sample 3 was cut with its axis 30° from the ingot axis. 

 
 

 

Figure 3.2 Integrated intensity versus d-spacing line profiles for Sample 1, (b) Sample 2, and (c) Sample 3 
at incremental load steps in the primarily elastic loading regime. 
 

 

 

Figure 3.3 Square-gage specimen geometry. 
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Figure 3.4 Initial austenite (B2) orientations for all three samples. 
 

 

Table 3.1 Austenite (B2) plasticity Schmid factors corresponding to the orientations plotted in Figure 3.3. 

 Sample 1 Sample 2 Sample 3 

m 0.23 0.23 0.25 0.23 0.46 

 

The orientations for all three samples are shown in Figure 3.4. The B2 orientations were 

measured using the MIDAS ff-HEDM analysis suite [118]. Note that Sample 2 was found to have three 

austenite subgrains in the diffracted volume of the gage section. The plasticity Schmid factors, m, 

associated with these orientations are provided in Table 3.1. 
 

3.3.2 Ff-HEDM measurements and loading 

 The loading and in situ ff-HEDM measurements were performed at the F2 beamline at the 

Cornell High Energy Synchrotron Source (CHESS). The loading was performed on the RAMS2 load 

frame [119]. The samples were quasi-statically loaded in tension in displacement control to induce 

transformation while periodically fixing the crosshead in displacement to take ff-HEDM measurements. 

As discussed in Section 3.9, the ff-HEDM technique requires that the sample be rotated while being held 

in the load frame. In our particular experiment, the load-train of the RAMS2 load frame was on air 

bearings and could rotate continuously (rather than the whole load frame being on a rotation stage). At 

user-defined points in the loading, the loading was paused and the specimen was rotated while 

maintaining the load using a servomotor, gear reducer, preloaded linear ball spline, and two timing belts 

(see [28,119] for more details). When the loading was paused for ff-HEDM measurements, the detector 

data was binned at 0.1° increments for a full 360° rotation, resulting in 3,600 recorded detector images. A 

dark image for background subtraction was collected at each load step.  

 The X-ray beam was collimated to 1 mm tall × 2 mm wide for all measurements. The detector 

was a GE41RT amorphous silicon area detector with 2048 × 2048 pixels and 200 × 200 µm2 pixel size. 

The detector calibration parameters (i.e., sample-to-detector distance, detector center, detector tilt, and 

detector distortion) were obtained from a CeO2 powder sample using MIDAS. The monochromatic X-ray 

beam energy and sample-to-detector distance was 55.618 keV and 1012 mm for Samples 1 and 3, and 
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was 61.332 keV and 797 mm for Sample 2. To measure the macroscopic strain, the optical features 

contrasted directly from the EDM finish (i.e., no speckle pattern was applied) were recorded with an 

FLIR (Point Grey) Grasshopper GS3-U3-50S5M-C camera with a Sony ICX625 2448 × 2048 (2/3") CCD 

with 3.45 µm pixel size and a Standard & Precision Optics (SPO) TCL0.8X-110-HR lens with a 110 mm 

working distance, 14.9 µm resolution, and 0.0255 numeric aperture. The displacement fields and strains 

were calculated from these images using Ncorr digital image correlation (DIC) software [120] using a 

subset radius of 15 pixels and a subset spacing of 2 pixels. The analyses reported strain values with a 

strain noise of ± 4 × 10-4.   

3.3.3 Forward-modeling algorithm 

 A detailed description of the forward-modeling algorithm is provided in Section 3.8. The virtual 

diffractometer portion of the algorithm was constructed following the procedure outlined in [26,121]. The 

algorithm can be summarized as follows: (1) The initial austenite microstructure (crystal orientation(s), 

lattice parameters) is measured using traditional ff-HEDM software such as FABLE [122], HEXRD 

[121], or MIDAS [118]. (2) The austenite information is used to construct a list of possible martensite 

microstructures predictions using the CTM. (3) Each possible martensite orientation is forward-modeled 

using the same laboratory conditions as the actual experiment. Because these samples are near-single 

crystals the samples were centered on the rotation axis, the martensite orientations were simulated from 

the center of the virtual sample and all perturbations introduced by precession were assumed to be small 

enough to be ignored. (4) The virtual diffraction patterns are compared with the experimental diffraction 

patterns, and the closest agreement of virtual and measured diffraction patterns is used to determine the 

martensite microstructures. In this work, we considered the Bragg reflections in the three innermost 

monoclinic B19ʹ (hkl) rings: (001)B19ʹ, (011)B19ʹ, and (100)B19ʹ (see Fig. 1(d)). These (hkl) rings are 

sufficiently high-intensity and relatively well separated in 2θ from other B2 and B19ʹ (hkl) rings. There 

was a total of 32 reflections per twin, or habit plane variant (HPV) (see Section 3.8) within these three 

(hkl) rings. For these 32 reflections, we used summed and normalized Euclidean distances between the 

reflections produced by the virtual diffractometer (VD) and the experimental diffractometer (ED), 

�� − �� , on a unit pole figure (see Section 3.8). The results were used to construct a ranked table, in 

which the highest ranked HPV solution is the one with the smallest �� − �� . In the case in which two 

HPV solutions had effectively identical �� − �� , the twin volume fraction f was used as a final 

criterion. 

 Because these are single-crystal samples that produced a small number of martensite orientations 

during phase transformation, the martensite reflections could be deconvoluted from the austenite 

reflections via manual inspection. Specifically, the detector images for each rotation increment were 

stacked vertically, and the pixels exceeding a baseline intensity threshold were plotted with 50% 
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transparency, creating a 3D visualization of the reflections. Overlapping B2 and B19ʹ reflections were 

separated by 2�, and overlapping B19ʹ reflections were separated by identifying maxima separated in η 

and ω. Finally, the centroids of the individual reflections were calculated based on the reflection intensity 

maxima. The intensity maxima may have some noise associated with it, especially due to the combination 

of the disparity in orientation volumes and the dynamic range of the detector. In general, a more 

sophisticated technique may be applied such as a batch processing algorithm to deconvolute close or 

overlapping reflections using image processing or statistical algorithms [118]. For samples with hundreds 

to thousands of grains that become very powder-like upon transformation, this approach can be modified 

to compare developing martensite textures on a volume basis. 

3.4 Results 

3.4.1 Macroscopic stress-strain results 

 All three stress–strain curves are shown in Figure 3.5, and the sequences of frames from the DIC 

analysis showing the Lagrangian strain in the loading direction between no load and peak load are shown 

are shown in Figure 3.6. Note that, while strains outside of the gage sections are shown in Figure 3.6 to 

give a complete visualization of the surface deformations, the macroscopic strain values plotted in Figure 

3.5 are the mean strain only from the 1-mm tall, 1-mm wide gage section portions of the analyzed 

regions. Stress relaxation can be seen at many but not all of the points where we paused to take ff-HEDM 

measurements in Figure 3.5. The star markers in Figure 3.5 and Figure 3.6 indicate the load steps that 

correlate with the ff-HEDM diffraction data collected under load that are presented in this paper. These 

points were chosen for two reasons: (1) The martensite volumes are large enough to produce reflections 

with high intensities. (2) Additional microstructure changes due to plasticity can be largely avoided 

(although the interaction between transformation and plasticity is of some interest, the purpose of this 

work is to identify martensite microstructures).  

 

 

Figure 3.5 Stress–strain curves for the three single-crystal NiTi samples loaded in tension to induce 
transformation. The stars mark the load steps that were selected for ff-HEDM analysis. 
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Figure 3.6 Frames showing the longitudinal Lagrangian strain �!! from the DIC analysis for (a) Sample 
1, (b) Sample 2, and (c) Sample 3. The macroscopic strain corresponding to each frame is labeled 
underneath it, and a star is placed on the frames that correspond to the load steps selected for ff-HEDM 
analysis. 
 

Figure 3.7 shows the sequences of summed ff-HEDM patterns during the transformation plateau for 

samples 1 (Figure 3.7(a)), 2 (Figure 3.7(b)), and 3 (Figure 3.7(c)). Only a quarter slice of the detector is 

shown given the symmetry of the diffraction pattern (e.g., Figure 3.1(d) illustrates the quarter slice region 

of interest for Sample 2). Figure 3.7 also shows that the twins that formed upon transformation initiation 

were the only twins that formed during loading (within the resolution capabilities of the technique). 

Shown in Table 3.2 are the macroscopic strains before the transformation plateau �!, the 

maximum strains (within the illuminated volume) at the load steps of interest �∗, the transformation strain 

at the load steps of interest estimated by �!"#$%& = �
∗
− �

!, and the fractions of the austenite that 

transformed to martensite (within the illuminated volume) at the load steps of interest �∗. These fractions 

were calculated by comparing the B2 (hkl) ring intensities before loading and at the load steps of interest. 
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All strain values are the Lagrangian strains in the loading direction. Looking at Figure 3.5, the seemingly 

elastic region of the mechanical response exhibited by Sample 3 deviates from those exhibited by 

Samples 1 and 2 after about 0.15%. 

 

 

Figure 3.7 Sequences of the summed ff-HEDM patterns for samples 1 (a), 2 (b), and 3 (c) marked with 
the macroscopic strain values at which the ff-HEDM data was collected. A star is placed on the frames 
that correspond to the load steps selected for the analysis. 
 

Table 3.2 Macroscopic elastic strain in the loading direction before the transformation plateau, maximum 
strain in the loading direction at the load step of interest, estimated transformation strain in the loading 
direction at the load step of interest, and fraction of the austenite that transformed to martensite at the load 
steps of interest. 

 Sample 1 Sample 2 Sample 3 

Macroscopic Strain in Loading Direction 
Before Transformation Plateau, �! 

1.12% 1.27% 1.16% 

Maximum Strain in Loading Direction at 
Load Step of Interest, �∗ 

4.35% 4.32% 5.58% 

Transformation Strain in Loading Direction 
at Load Step of Interest, �!"#$%& = �

∗
− �

! 
3.23% 3.05% 4.42% 

Fraction of B2 Transformed to B19ʹ at 
Load Step of Interest,  �∗ 

0.82 0.70 0.79 

     

Table 3.3 Initial B2 lattice parameters and average B19ʹ lattice parameters, as well as twin fractions of the 
minor CV in the unidentified martensite twins at the load steps of interest. 

Sample a0 a b c β Twin Fraction, f 

1 3.011 2.914 4.137 4.580 97.1° 0.09 

2 

3.008 

2.902 4.141 4.582 97.1° 0.28 3.009 

3.009 

3 3.001 2.923 4.104 4.593 97.0° 0.25 
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In NiTi SMAs, this type of nonlinear elastic behavior well before the transformation plateau is usually 

indicative of an intermediate R-phase transformation. To investigate the emergence of R-phase, we 

looked at the integrated intensity versus d-spacing line profiles at different load steps within the elastic (or 

seemingly elastic) regions, shown in Figure 3.2. The small peak to the left of the highest-intensity (110) 

B2 peak at a d-spacing of ~ 2.1 Å could possibly be the (202, 022) reflections of R-phase or the (312, 4-

12) and/or (051) reflections of Ni4Ti3 precipitates. However, this peak is absent in the structure of Sample 

3 at 0 MPa (Figure 3.2(c)), only appearing under load and being most pronounced at 446 MPa. Because 

Ni4Ti3 precipitates do not grow during loading at room temperature, this result implies a partial 

transformation from B2 to R-phase in Sample 3 prior to the B19ʹ transformation plateau. The illuminated 

volumes of Samples 1 and 2 did not exhibit an R-phase transformation that could be detected with this 

technique. 

3.4.2 Initial measurements needed for algorithm inputs 

 The B2 crystal orientation measurements (Figure 3.4) together with the B2 and B19’ lattice 

parameters are required inputs to the analysis algorithm (Figure 3.13). The initial B2 lattice parameters 

and the average B19ʹ lattice parameters as described by monoclinic symmetry, measured using the 

MIDAS ff-HEDM analysis suite [118], are shown for each sample in Table 3.3. Table 3.3 also shows the 

experimental twin fractions f, where f is applied to the minor correspondence variant (CV) i in a twin pair 

i-j (see equation (7) in Section 3.8). For each (hkl) ring, some reflections would be of relatively low 

intensity (corresponding to the minor CV reflections), some reflections would be of relatively high 

intensity (corresponding to the major CV reflections). The twin phase fractions were measured by 

comparing the intensities of the lower-intensity martensite reflections to the higher-intensity martensite 

reflections. 

As discussed in the Introduction, we are also interested in testing the effectiveness of using the 

maximum transformation work criterion to predict the most preferred and therefore most likely martensite 

microstructures. As discussed in Section B2.4, the crystal stress state is needed to calculate the 

transformation work. The stress states that should be used are the cubic elastic stresses within the elastic 

loading regime just before any transformation initiates that might result in relaxation. For comparison, we 

used both the macroscopic stress state as well as the crystal (grain-averaged) stress states. The 

macroscopic stress state is uniaxial tension in �!(as defined in Figure 3.16). The full crystal lattice strain 

tensors were measured using MIDAS, and the crystal stress states were then calculated assuming the 

elastic constants published in [123]. The RMS strain errors for the measurements reported by MIDAS 

were 0.05% for Sample 1 and 0.14%, 0.15%, and 0.13% for the three subgrains for Sample 2. The 

normalized macroscopic and crystal stress states within the elastic loading regime are provided in Table 

3.4 (written in the lab coordinate system shown in Figure 3.16). The grain-averaged, unrelaxed elastic 
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stress state for Sample 3 could not be measured because of the early partial R-phase transformation, so 

only the macroscopic stress state was used for this sample.  

3.4.3 Identified martensite microstructures 

The identified HPVs for all three samples are shown in Table 3.5 (see Section 3.8 for definition 

of the notation. Experimental observations of the 110  HPV types have previously been reported in 

[124–127]. For Sample 2, all three subgrains were found to form the same HPV, so only the solution for 

subgrain 2 is shown. For Sample 3, two HPVs, 3-11 I(+) and 3-11 II(−), were found to be present in the 

experimental data, with the former having a larger overall volume fraction.  

As mentioned in Section 2.3, the HPVs given in Table 3.5 were statistically selected by the 

algorithm as the HPVs with the virtual diffraction pattern that produced the smallest �� − ��  (again, 

the error between the virtual diffractometer (VD) and the experimental diffractometer (ED) patterns). The 

twin fraction f, was used as the deciding criterion when multiple solutions resulted in the same �� −

�� . For example, considering Sample 1, the martensite orientations for inverse HPV pairs 10-4 I(−) and 

4-10 I(−) are almost identical: thus, the �� − ��  for these inverse HPV pairs will be effectively 

identical. (“Inverse HPVs” are used here to mean the same twin types composed of the same CVs, where 

the minor and major CVs are switched.) The only difference is whether the twin fraction f favors CV 10 

or CV 4. The relative favoring of one variant or the other is directly observable from the diffraction data, 

as described in Section 3.2 and given in Table 3.3. This result will be further discussed in Section 3.5. 

 

Table 3.4 Normalized macroscopic and crystal stress components. 

 
�!!

�
 

�!!

�
 

�!!

�
 

�!"

�
 

�!"

�
 

�!"

�
 

Macroscopic for all three samples 0 1 0 0 0 0 

Crystal for Sample 1 0.346 0.878 0.309 -0.008 0.002 0.121 

 0.077 0.983 0.090 0.073 0.054 0.104 
Crystal for Sample 2 0.135 0.968 0.169 0.073 0.050 0.088 

 0.092 0.985 0.064 0.059 0.050 0.109 

 

Table 3.5 Identified HPV solutions. 

Sample 1 2  3 

HPV Type 10-4 I(−) 9-1 I(−)  3-11 I(+) 3-11 II(−) 

Twin Plane, �!! 110  110   110  4.010 1.000 1.000  

Shear Vector, �!! 0.272 0.099 0.068  0.270 0.106 0.075   0.285 0.091 0.059  0.216 0.206 0.020  

Habit Plane, �!! 0.870 0.490 0.046  0.867 0.696 0.047   0.835 0.547 0.062  0.928 0.358 0.104  

Shape Strain 
Vector, �!! 

0.095 0.049 0.028  0.095 0.061 0.031  
 
0.096 0.041 0.025  {0.099 0.044 0.000} 
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3.4.5 Virtual versus experimental diffraction patterns 

 The virtual reflections of the HPVs are plotted on top of the experimental diffraction patterns in 

Figure 3.8. Only the first three B19ʹ (hkl) rings are shown, and only a quarter slice of the detector is 

shown given the symmetry of the diffraction pattern (e.g., Figure 3.1(d) illustrates the quarter slice region 

of interest for Sample 2). The solution shown for Sample 2 (Figure 3.8(b)) is for subgrain 2, but the other 

solutions are effectively identical. The insets show close-ups of the regions marked by white boxes. In 

Figure 3.8(c), the virtual reflections of the HPV 3-11 II(−) are shown, and in Figure 3.8(d), the virtual 

reflections of the HPV 3-11 I(+) are shown. While both systems appear to be present, the HPV 3-11 I(+) 

in Figure 3.8(d) has a much larger overall volume fraction. The larger volume fraction of this HPV is 

illustrated by the large, bright (100) reflection in the lower left corner, which corresponds only to this 

HPV in Figure 3.8(d). 

 

 

Figure 3.8 The virtual reflections are plotted on top of the experimental diffraction patterns for the 
identified HPVs for Samples 1 (a), 2 (b), and 3 (c,d). Two HPV solutions are shown for Sample 3, 
because both HPV solutions are present. 
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3.4.6 Maximum work criterion 

 Table 3.6 shows the ranking of each solution according to the maximum work criterion using the 

macroscopic stress state (third column) and grain-averaged crystal stress state (fourth column). The first 

ranked HPV would have produced the maximum work and the last ranked would have produced the 

minimum work (for example, if the HPV that formed in Sample 1 has a ranking of 28, then that HPV 

produced the 28th largest work compared to all 192 HPVs that could have formed in Sample 1). The 

calculations for these values are provided in Section 3.8. For both the macroscopic and the crystal stress 

states, the ranking is closest to ideal (ideal being a ranking of 1) for Sample 1, which is a B2 single crystal 

with inclusions and precipitates. The ranking is lower for Sample 2, which differs from Sample 1 by 

having subgrains. Finally, the ranking is lowest for Sample 3 (using the high-volume 3-11 I(+) HPV), 

which differs from Samples 1 and 2 by having a large tendency for plasticity and exhibiting an 

intermediate R-phase transformation. 

In Figure 3.9, �� − ��  versus work is plotted for all 192 possible HPVs for all three samples. In 

Figure 3.9(a,c,e) the macroscopic stress state was used to calculate work, and in Figure 3.9(b,d) the grain-

averaged crystal stress state was used to calculate work. For all three samples, the eight HPVs with the 

lowest �� − ��  values belong to the same CVs. For example, for Sample 1 (Figure 3.9(a,b)), the eight 

HPVs with the lowest �� − ��  values are all of the 10-4 or 4-10 HPVs (i.e., 4-10 I(−), 4-10 I(+), 4-

10 II(−), 4-10 II(+), 10-4 I(−), 10-4 I(+), 10-4 II(−), and 10-4 II(+)). This demonstrates the robustness 

of the algorithm in identifying present CVs for future cases in which this may be the only measurement of 

interest. All other CV pair types have substantially larger �� − ��  values. The closeness of the 

solutions for inverse HPVs are pointed out for each sample in the insets (e.g., HPVs 9-1 I(-) and 1-9 I(-) 

in Figure 3.9(c)), reaffirming the need to incorporate twin fractions as a final solution criterion.  

 

Table 3.6 Work ranking for Samples 1, 2, and 3 using both the macroscopic stress state and the crystal 
stress state. 

Sample HPV 
Maximum Work 
Ranking Using 

Macroscopic Stress 

Maximum Work 
Ranking Using 
Crystal Stress 

1 10-4 I(−) 28 48 

2 9-1 I(−) 38 49 

3 3-11 I(+) 56 -- 
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Figure 3.9 �� − ��  vs. work for all 192 HPV solutions using the macroscopic stress state to calculate 
work for Sample 1 (a), Sample 2 (c), and Sample 3 (e) and using the crystal stress states to calculate work 
for Sample 1 (b) and Sample 2 (d). In the cases where the macroscopic stress state was used, the work is 
equivalent to the strain in the loading direction. 
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3.5 Discussion 

3.5.1 The CTM provides martensite microstructure solutions that match experiments, even for 

materials that do not meet the assumptions of CTM. 

 The HPVs identified in Table 3.5 and discussed throughout Section 3 have been largely validated 

with the following supporting evidence: (1) The error between the virtual and experimental diffraction 

patterns, �� − ��  is small (Figure 3.9), hence the experimental and virtual diffraction patterns are in 

very good quantitative and qualitative agreement (Figure 3.8). (2) The predicted twin fractions and the 

experimentally observed twin fractions qualitatively agree (Table 3.7). The experimental twin fraction for 

Sample 1 is unusually low, so the discrepancy between the experimental and theoretical twin fractions for 

Sample 1 could be due to the dynamic range of the detector and the attenuation setting during this 

experiment. (3) The theoretical and experimental transformation twinning strains are in very good 

agreement for Samples 1 and 2 (Table 3.7). Sample 3 drastically underestimates the transformation strain 

for both the strained and unstrained case, but this is not surprising as this sample also exhibited an R-

phase transformation, substantial plastic deformation, and additional transformation modes that were not 

measured in our analyses. (Figure 3.10 highlights some low-intensity reflections that were not included in 

the procedure.) (4) The more theoretically favorable HPVs, according to the maximum work criterion, 

produce virtual diffraction patterns that are far from the experimental diffraction patterns (i.e., produce 

large �� − ��  values) (Figure 3.9). 

 This study has validated the CTM-based forward model algorithmic approach to identify stress-

induced martensite microstructures in single- and near-single-crystal ff-HEDM data sets, even when these 

samples do not adhere to the assumptions of the CTM (i.e., defect-free, strain-free, no finite boundaries 

such as grain boundaries or free surfaces). This demonstration was a necessary first step to applying the 

same approach to polycrystalline ff-HEDM data sets. However, our results also indicate that further 

advancements are needed to evaluate martensite in polycrystalline data sets. For example, the solution for 

Sample 3 was optimized based on the assumption of one HPV, but there were at least two HPVs present. 

 

Table 3.7 Theoretical twin fractions f and theoretical transformation twinning strains. Also included for 
comparison are the experimental twin fractions (reprinted from Table 3.3) and the experimental 
transformation strains (reprinted from Table 3.2). 

Sample HPV 
Theoretical 

Twin Fraction 

Experimental 
Twin 

Fraction 

Theoretical 
Transformation 

Strain 

Experimental 
Transformation 

Strain 
1 10-4 I(−) 0.29 0.09 3.21% 3.23% 

2 9-1 I(−) 0.29 0.28 2.64% 3.05% 

3 3-11 I(+) 0.31 0.25 1.57% 4.42% 
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Figure 3.10 Low-intensity reflections not included in the analysis that likely belong to other low-volume 
fraction HPVs in Sample 3. 
 

As shown in Figure 3.10, there may also be additional low-volume-fraction twins present in Sample 3 that 

are not accounted for by the two solutions shown in Figure 3.8(c,d). In this work, the two HPV solutions 

for Sample 3 were manually identified, but the presence of multiple HPVs forming in one grain 

demonstrates a need to automate the selection process to include cases where more than one HPV forms 

and/or when reorientation events occur. One way to do this in the future is to estimate the number of 

HPVs (or combinations of HPVs and CVs in the case of reorientation) using the number of experimental 

martensite reflections, and then using combinations of HPVs in the forward model virtual virus 

experimental diffraction pattern statistical comparison.  

 Another current challenge toward applying this procedure to polycrystalline data sets is in the 

hardware used for the experiments. More specifically, the limited dynamic range of existing detectors 

makes it difficult to simultaneously analyze microstructures that have features with both large and small 

diffracting volumes. Setting attenuation levels low enough to measure the reflections of the small volume 

features will cause the reflections of the large volume features to saturate the detector, while setting the 

attenuation such that the reflections of the large volume features do not saturate will cause the reflections 

of the small volume features to fall into the detector background noise. This limitation is also why most 

studies of polycrystal strive for grains of similar size with a low standard deviation [109,110], why it is 

challenging to observe fine twins within large grains of Mg and other alloys [128], why observing 

transformation nucleation events is not possible, and why it is difficult to measure all transformation 

microstructures.  

 Realistically, transforming polycrystalline data sets will produce powder patterns like the one 

shown in Figure 3.1(b), where the many martensite reflections are low in intensity relative to the austenite 

reflections and highly overlapping. In these cases, the virtual and experimental patterns will need to be 

compared on a texture basis using statistical analyses; textures are much easier to measure than individual 
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grains in the cases of diffuse, low-intensity, overlapping reflections. Similarly, it will not be possible to 

measure the martensite lattice parameters through ff-HEDM analysis suites in these cases. For these 

future cases, the average B19ʹ lattice parameters may be measured using a traditional lattice parameter 

refinement approach at the onset of transformation. Again, one will need to consider combinations of 

HPVs and the possibility of multiple HPVs per grain, likely resulting in an undetermined system. To 

address this issue, we used this initial validation of the algorithmic approach to evaluate the efficacy of 

using the maximum transformation work criterion to reduce the number of possible HPVs, discussed in 

the next section. 

3.5.2 The maximum transformation work criterion only ranks the probabilities of martensite 

microstructures for materials that exactly meet the assumptions of CTM. 

Consistent with the previous report on Sample 2 by Paranjape et al. [111], the HPV that would 

have produced the largest mechanical work under tension did not form in Sample 2. In fact, we find that 

the HPV that would produce the largest mechanical work did not form for any of the three single-crystal 

samples explored in this paper. None of the solutions even have strain rankings in the top 10 out of 192 

formed, which is even more significant considering that many of the 192 solutions actually produce 

compressive transformation strains under tensile load (i.e., are physically implausible). Considering that 

Miyazaki et al. performed experiments on NiTi crystals that satisfied the fundamental assumptions of 

CTM and found that the maximum transformation work criterion did accurately rank the most probable 

martensite microstructure in those samples [18], it is nearly certain that the reason the model did not work 

for these experiments is due to deviations from the fundamental assumptions of CTM. All three samples 

have precipitates and inclusions, are not an infinite plate, and the martensite is forming from strained 

austenite, where the CTM assumes strain-free interfaces. 

 Most interestingly, it appears that there may be a hierarchy of assumption violations. Sample 1, 

which is a B2 single crystal with a low Schmid factor (for slip), but contains Ni4Ti3 precipitates along 

with carbide and/or oxide inclusions most closely met the predictions of the maximum work criterion 

(Table 3.6). Sample 2 differed from Sample 1 by having three low-angle misoriented subgrains, and in 

this case the maximum work criterion rankings performed worse. Sample 3 differed from Sample 1 by 

having a high Schmid factor (for slip) and an intermediate R-phase transition, and in this case the 

maximum work criterion rankings performed worse yet.  

 These results elucidate that materials deviating from the underlying assumptions of the CTM will 

affect the ability to predict transformation modes using the CTM + maximum work criterion. They also 

suggest that more assumption deviations will lead to poorer performance of the model, which is expected. 

It is possible that modifying the CTM + maximum work criterion framework to model the real 

microstructure complexities could still result in analytic framework that can be used for more complex 
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materials. The remaining discussion points of this paper may help direct future studies in this regard. 

Another option is to resort to forward modeling through full-field models of the microstructures, as was 

shown in a parallel work [111], and is commonly used for plasticity [26,38,129]. However, the latter 

option greatly increases the required computation, and at the full field scale, phenomena such as twinning 

are still very difficult to model accurately across many length scales, as they present themselves in SMAs. 

So further development is needed either way. 

3.5.3 Preferential shearing mechanisms could provide a crystallographic means to rank preferred 

HPVs. 

There is one possibly revealing similarity between the identified HPVs that formed in each sample. From 

the pole figures in Figure 3.11, it can be seen that the identified HPVs formed so that the {011}B19’ʹ and 

{100}B19’ directions are closely aligned with the {001}B2 type directions. This is not necessarily unique to 

these HPVs. What is unique, however, is how the {011}B19’ʹ poles sheared away from the {001}B2 poles. 

For all three samples, the {011}B19’ʹ poles are rotated away from the {001}B2 poles about the loading axis 

(Y). This is especially clear for the (010)B2 poles, which is the B2 {001}B2 type pole most aligned with the 

loading direction. That is, a CV i {011}B19’ type pole and a CV j {011}B19’ type pole are arranged on 

either side of the (010)B2 poles, rotated about the loading direction. This did not occur for any of the 

higher ranked HPVs for any of the three samples. 

   

 

Figure 3.11 The initial {001}B2 poles and the {100}B19ʹ and {011}B19ʹ poles from the identified HPVs for 
each sample. The B2 poles are black squares, and the B19′ poles are colored circles (CV i) and diamonds 
(CV j) according to the same designations as in Figure 3.8. 
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In effect, the {011}B19’ poles are shearing away from the {001}B2 poles so that new {011}B19’ poles 

remain, on average, in the same direction as the {001}B2 poles. This tendency to maintain the average 

pole directions could be a way to minimize distortion between the transformed lattice and the 

untransformed lattice, or it could be an effect of the constraint that the loading is placing on the lattice. 

This is simply an observation at this time and would require a larger number of samples to substantiate. 

3.5.4 Using strained vs. unstrained B2 lattice parameters will change the predictions made using the 

CTM. 

A fundamental assumption of CTM is that making the calculations using unstrained lattice 

parameters properly predicts the HPVs that will form. In superelasticity and actuation behaviors, 

however, strained martensite forms from strained austenite. To our knowledge, calculations for 

incorporating strained lattice parameters into the existing CTM framework have not been previously 

reported. The CTM calculations for cubic-to-monoclinic transitions outlined in Section 3.8 are based on 

the crystal symmetry relationships between the B2 and B19ʹ point groups. An elastically strained lattice 

will not maintain this crystal symmetry except in the case of hydrostatic loading. Thus, the prediction of 

HPVs that are geometrically compatible during superelastic transformations requires a modified CTM 

framework in which both the austenite and martensite crystal lattices can take on arbitrary (triclinic) 

symmetries due to elastic strains. Deriving this theory is beyond the scope of the current work, though 

such theory could easily be inserted into the “CTM Calculations” box of the algorithm procedure shown 

in Figure 3.13.  

The work of Miyazaki et al. [18] suggests that perhaps strain does not matter, since in their case 

they found the preferred HPVs formed from strained austenite. Here, we make one easy check toward 

evaluating if that is a generally applicable result, or just circumstance. We assume that the B2 lattice is 

hydrostatically strained at the time of transformation, thereby maintaining the B2 crystal symmetry and 

the existing cubic-to-monoclinic CTM framework. We study if this presence of hydrostatic strain can 

alter the predictions of HPVs. While the samples in our experiments are not hydrostatically strained, it is 

possible that in a polycrystals, a grain could predominantly experience hydrostatic strain, or that the local 

strain state at a stress concentration could be approximately hydrostatic. In any case, this analysis 

provides a general evaluation of the effect of strain on CTM predictions before making the 

recommendation to consider strains that break symmetry and requiring derivations of the CTM equations 

for triclinic-to-triclinic cases. 

The boundary conditions for the strains we considered in this simple analysis were inspired from 

the DIC analysis frames of the three experiments just before the onset of the transformation plateau, i.e., 

frames corresponding to macroscopic strains of 1.06% for Sample 1, 1.16% for Sample 2, and 1.11% for 

Sample 3 in Figure 3.6. While these macroscopic strains just before transformation are ~1%, larger local 
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strains (~1.5%) were observed in the DIC frames. Considering that regions either embedded within the 

sample volume or below the spatial resolution of the DIC analysis could have exhibited even larger 

strains, we evaluate up to 2% strains for this study. We also evaluate strains in compression to account for 

the possible local strain states influenced by precipitates and inclusions (see [111]). 

Figure 3.12 shows the effects of varying the B2 lattice parameter a0 between −2 and 2% on 

�� − �� , twin phase fraction, and transformation strain. Fig. 12(a-c) shows the results for Sample 1. 

The same HPV solution (given in Table 3.5) was found to minimize the error between the virtual and 

experimental diffraction patterns, �� − �� , for all values of a0, but this HPV solution produced virtual 

diffraction patterns that were variably closer to or farther from the experimental diffraction pattern 

depending on whether an unstrained or strained a0 were used (Figure 3.12(a)). The corresponding twin 

phase fractions (Figure 3.12(b)) and transformation strains (Figure 3.12(c)) for this HPV also varied 

greatly depending on whether an unstrained or a strained a0 value was used. 

 

 

Figure 3.12 Effects of varying the input B2 lattice parameter between –2 and 2%. The �� − ��  vs. a0 
strain is shown in (a,d,g), the theoretical twin fraction, f, vs. a0 strain is shown in (b,e,h), and the 
theoretical transformation twinning strain (in the loading direction) vs. a0 is shown in (c,f,i). 
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The same dependence on the a0 strain is demonstrated for Sample 2 (Figure 3.12(d-f)) and Sample 3 

(Figure 3.12(g-i)). Note that the HPV solution that minimized �� − ��  changed only for Sample 2, 

subgrain 3 (see the “kink” in Figure 3.12(d)), and HPV solutions do not exist for strains larger than 1.4% 

for Sample 3 (Figure 3.12(g-i)), i.e., transformation is not possible.  

As a first exploration of the effect of using strained lattice parameters to make HPV predictions 

using the CTM, this study considered a hydrostatically strained austenite lattice in order to maintain the 

symmetries underlying the cubic-to-monoclinic framework of the CTM. Although the lattice in these 

three samples were not hydrostatically strained (except for perhaps at local strain states influenced by 

precipitates and inclusions), this study demonstrates how using strained versus unstrained lattice 

parameters as inputs to the CTM will have significant effects on the HPV predictions. 

3.5.5 Using local stress heterogeneities instead of grain-averaged stress states may improve the 

CTM + maximum work criterion analytical model. 

In [111], the authors showed how local stress heterogeneities at inclusions can serve as initiation 

sites for transformation much like a notch on the sample surface. In cases where it costs less energy for 

the initiated HPV to propagate than for additional HPVs to nucleate, the HPV that initiates at the stress 

concentration at this inclusion will propagate throughout the grain until it has fully transformed. This 

inclusion can be thought of as a “critical microstructure feature,” because it “dictates” the deformation 

process and therefore the overall response of the grain. Some of the microstructure features that violate 

the underlying assumptions of the CTM and are present in these three samples (inclusions, precipitates, 

grain boundaries, plasticity, and R-phase) may be acting as critical microstructure features. In these cases, 

the maximum work criterion could more accurately predict the most likely HPV if the local stress state of 

the critical microstructure feature was known and used instead of the grain-averaged stress state. 

Therefore, the framework of using the CTM + maximum work criterion may be significantly improved by 

incorporating, for example, an Eshelby-type calculation for stress concentrations based on the 

microstructure features observed in the material. Implementing this modification to the forward model 

algorithm will cost more computationally than the current version, but not as much as a full field 

microstructural model such as the one used in [111]. Furthermore, this modification may save 

computational power for polycrystalline data sets by drastically reducing the number of microstructures 

that need to be forward modeled.  

3.6 Conclusion 

 A forward model for identifying martensite microstructures from ff-HEDM data sets was 

presented and verified on bulk NiTi single-crystal samples in the presence of precipitates and inclusions, 

subgrains, R-phase, plasticity, and strain. Using this approach, the HPVs that formed under stress were 

identified for all three samples with a search space narrowed by using the CTM. The results showed that 
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the CTM can reliably be used to make HPV predictions even for materials that do not necessarily meet 

the assumptions of the CTM. The results also showed that there is much room for improvement in the 

application of the maximum transformation work criterion for materials that do not meet the assumptions 

of the CTM. Several suggestions for improvements include considering preferential shearing 

mechanisms, developing a new triclinic-based framework for the CTM where elastic distortions of the 

crystal structures can be incorporated, and using local stress concentrations at precipitates, inclusions, 

grain boundaries, and other “critical microstructure features” instead of the grain-averaged stress states. 

This need for improvement demonstrates the utility of these 3D, in situ, bulk specimen data sets to shed 

light on our existing micromechanical theories and lead us toward greater capabilities in modeling and 

prediction of complex material systems.  

 This forward model approach is a necessary step in adapting novel diffraction techniques to 

advanced alloys that may exhibit phase-transforming and twinning. These are, after all, the materials 

research areas most in need of the 3D, microscale experimental data sets.  We have used the version of 

the CTM-based forward model approach presented in this paper to measure the HPVs (i.e., martensite 

orientations, habit plane, twin plane, and twin phase fractions), an approach which can be immediately 

applied to martensitic transformations in steels, ceramics, and minerals. To measure other interesting 

microstructure features microstructure features such as twin fineness and local strain heterogeneities, the 

forward model procedure outlined in this paper can be augmented. One interesting augmentation would 

be to combine it with a sophisticated microstructure model such as phase field modeling like in [130]. The 

simulated microstructure from the phase field model would replace the boxes between “Martensite Lattice 

Parameters” and “Virtual Diffractometer” in the User Input sequence in the algorithm flowchart shown in 

Figure 3.13, and each voxel from the simulated microstructure would be forward modeled. This could be 

incorporated with a machine learning feedback loop that used comparisons between the virtual diffraction 

pattern from the simulated microstructure and the experimental diffraction pattern to improve the 

simulation parameters.  

 This research marks the first step in adapting the powerful diffraction techniques being developed 

to complex phase-transforming and twinning material systems. The types of algorithmic approaches 

demonstrated in this paper combined with the necessary advancements in microstructure prediction will 

lead to experimental data sets that are in situ, 3D, and on the length scale of the critical microstructure 

features and are strongly needed for the development of fundamental micromechanical theory and 

modeling of advanced materials.  
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3.7 Terminology 

 

Table 3.8 Shape memory alloy terminology. The reader is referred to [13] for more complete descriptions. 

Correspondence 
variant (CV) 
 

Because of the symmetry disparity between the austenite phase and the 
martensite phase, the martensite can form in several unique orientations of 
crystals relative to an austenite orientation. These are called correspondence 
variants (CVs), or simply “variants.” In NiTi, there are 12 possible martensite 
CVs, as the cubic austenite crystal structure has 24 symmetry rotations, while 
the monoclinic martensite crystal structure has 2, and 24/2 = 12. The number 
of variants that can form in a martensitic transformation can be similarly 
calculated through the ratio of symmetries of the austenite and martensite 
point groups for other materials. 

 

Crystallographic 
theory of martensite 
(CTM) 

Also called the phenomenological theory of martensite or the theory of 
martensite crystallography, the CTM is a continuum model for calculating 
allowable microstructures that arise from martensitic transformations. This 
theory is based upon the lattice shapes, sizes, and orientation relationships 
between the austenite and martensite phases and restricts the allowable 
microstructures that can form via transformation to those that satisfy or 
approximate geometric compatibility (also called “kinematic compatibility” or 
just “compatibility” in the open literature)—i.e., how the lattices from the two 
phases are able to fit together sharing a common plane of undistorted atoms. 

Habit plane The crystallographic plane that defines the interface between the austenite and 
martensite phases.  

Habit plane variant 
(HPV) 

Because the austenite and martensite phases in NiTi (and most other shape 
memory alloys) are not perfectly geometrically compatible, the martensite will 
form in twins of pairs of CVs, each with a very specific volume fraction, in 
order to approximate geometric compatibility at the austenite-martensite 
interface in an average sense. The most compatible martensite twins 
morphologies are calculated using the CTM, and these structures are called 
habit plane variants (HPVs). There are 192 theoretically possible HPVs in 
NiTi.    

 

Table 3.8 Continued  

Crystallographic 
theory of martensite 
(CTM) 

Also called the phenomenological theory of martensite or the theory of 
martensite crystallography, the CTM is a continuum model for calculating 
allowable microstructures that arise from martensitic transformations. This 
theory is based upon the lattice shapes, sizes, and orientation relationships 
between the austenite and martensite phases and restricts the allowable 
microstructures that can form via transformation to those that satisfy or 
approximate geometric compatibility (also called “kinematic compatibility” or 
just “compatibility” in the open literature)—i.e., how the lattices from the two 
phases are able to fit together sharing a common plane of undistorted atoms. 

Habit plane The crystallographic plane that defines the interface between the austenite and 
martensite phases.  

Habit plane variant 
(HPV) 

Because the austenite and martensite phases in NiTi (and most other shape 
memory alloys) are not perfectly geometrically compatible, the martensite will 
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form in twins of pairs of CVs, each with a very specific volume fraction, in 
order to approximate geometric compatibility at the austenite-martensite 
interface in an average sense. The most compatible martensite twins 
morphologies are calculated using the CTM, and these structures are called 
habit plane variants (HPVs). There are 192 theoretically possible HPVs in 
NiTi.    

Martensitic 
transformation 

A solid-to-solid phase transformation between a high-symmetry phase and a 
low-symmetry phase. In NiTi, the high-symmetry, high-temperature phase is 
called austenite, and it is a B2 cubic phase. The low-symmetry, low-
temperature phase is called martensite and it is a B19’ phase. A martensitic 
transformation is defined by the fact that the movements of the individual 
atoms are diffusionless, and the resultant lattice deformation is homogenous 
(i.e., the atoms movements are coordinated). The defining characteristic of 
SMAs is that the martensitic transformations are thermoelastic, where they are 
not in other materials. 

Maximum 
transformation work 
criterion 

A criterion commonly used to predict which HPV will form as a result of 
stress-induced transformation. This criterion states that the HPV that produces 
the most mechanical work when formed from the parent austenite crystal is the 
most likely. 

Stress-induced 
transformation 

Martensitic transformation can be induced by loading a shape memory alloy 
when it is in the austenite phase and the temperature is above but relatively 
close to the critical temperature for transformation. When the load is released, 
the material will return to the austenite phase. This is called stress-induced 
transformation, or superelastic loading.  

Transformation 
modes 

This is a general term for the different possible martensite microstructures that 
can form as a result of transformation. It is analogous to a slip mode in 
plasticity. In this paper, it refers to the HPVs that can form as a result of stress-
induced transformation. 

Transformation 
strain 

In this paper, the transformation strain, or transformation twinning strain, is 
the macroscopic strain due to an austenite crystal (partially) transforming to an 
HPV, i.e. a set of martensite twins. This strain is typically less than the local, 
microstructural transformation strain from one part of the austenite crystal 
transforming to one martensite CV, because it is the weighted average of the 
strain contributions from the two CVs that compose the HPV, where the 
strains are weighted by the twin phase fractions. 

 

Table 3.9 Far-field high-energy diffraction microscopy terminology. Refer to [21] for more complete 
descriptions. 

Bragg condition The condition for the X-rays scattered by atoms to constructively interfere, 
where the atoms are arranged in some kind of periodic fashion (e.g., in a 
lattice). 

Bragg reflections When the Bragg condition for a plane of atoms is met, the X-rays scattered by 
the atoms will constructively interfere in two particular directions. When these 
directions intersect the plane of an X-ray detector, the detector measures the 
intensity distributions of the X-rays. These intensity distributions are called 
Bragg reflections. 

Diffraction pattern When a sample is illuminated by an X-ray beam, the (hkl) planes inside the 
sample that are in the Bragg condition will diffract. That is, the X-rays 
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scattered by the atoms in these planes will constructively interfere. When the 
diffracted X-rays intersect the plane of an X-ray detector, the detector will 
record the intensity distributions of the diffracted X-rays. This 2D detector 
measurement is called a diffraction pattern. 

Far-field high-
energy diffraction 
microscopy (ff-
HEDM) 

The detector is placed at a far distance from the sample (on the order of 1 m). 
The reciprocal space distribution of lattice strains and orientation dominate 
the diffraction pattern, and quantities like grain-averaged lattice strains, 
orientation, orientation, and volume can be resolved. 

Forward model Creating virtual or simulated diffraction patterns of a virtual microstructure 
using the same laboratory parameters as an actual experiment including 
rotation direction and increment, detector size, detector pixel size, detector 
calibration parameters, and X-ray energy. 

High-energy 
diffraction 
microscopy 
(HEDM) 

A diffraction-based technique where the sample is illuminated by high-energy 
(50–100 keV), high-brilliance monochromatic X-rays. The sample is rotated 
about an axis perpendicular to the X-ray beam direction, and diffraction 
patterns are collected in some user defined rotation increment (every 0.1°, 
0.25°, or 0.5°). The series of diffraction images collected over each full 
rotation of the sample is then analyzed using vector calculus, and the resulting 
data can be used to visualize the microstructure of the sample in 3D, which 
leads to the use of the term “microscopy”.  

 

(hkl) rings In ff-HEDM, the Bragg reflections of planes with equal interplanar spacings, 
or d-spacings, will lie in a circle on the detector called a Debye-Scherrer ring. 
Because planes of equal d-spacing correspond in crystallography to (hkl) 
families, we call these rings (hkl) rings. 

Summed diffraction 
pattern 

In the case of HEDM, a diffraction pattern is recorded every rotation 
increment. For ease of representation, these individual diffraction patterns can 
be aggregated into a summed diffraction pattern. Typically, the summed 
diffraction pattern shows the maximum intensity at each pixel; it can also 
show the average intensity or total intensity at each pixel. 

Virtual 
diffractometer 

A virtual microstructure is diffracted through a virtual diffractometer, which is 
the name for the entire computational system of simulating the diffraction 
patterns using the same laboratory parameters as an experiment. 

 

3.8 Crystallographic Theory of Martensite-Based Calculations 

3.8.1 Algorithm structure overview 

Figure 3.13 shows the general framework for the crystallographic theory of martensite (CTM)-

based forward model algorithm for using a far-field high-energy diffraction microscopy (ff-HEDM) data 

set to identify martensite microstructures that formed from an initially austenite microstructure. To 

generate the HEDM inputs for the algorithm, the austenite microstructure is completely analyzed with ff-

HEDM software (e.g., Fable [42], HEXRD [121], or MIDAS [118]) to determine the unstrained lattice 

parameters and crystallographic orientations for each crystal in the sample.  
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Figure 3.13 A flow chart showing the CTM-based forward model algorithm for ff-HEDM data analysis of 
martensite microstructures. 
 

The austenite analysis can either be performed: 1) on the initial, unloaded sample, and the unstrained 

austenite lattice parameters can be used, or 2) on the loaded sample where the austenite grain is within the 

elastic regime, and the strained austenite lattice parameters can be used. If the austenite grain center of 

mass position is also able to be measured, then this position in the virtual sample should be used when 

forward-modeling the martensite microstructures. The transformation work is calculated for each possible 

martensite microstructure; this calculation (discussed in the next section) requires the austenite stress 

state. If the austenite ff-HEDM analysis is being performed for an elastically loaded austenite grain, then 

the crystal stress state may be used. Otherwise, the macroscopic stress state can be used. 

The possible martensite microstructures (i.e., martensite orientations, habit plane, shape strain 

direction, twin plane, shear direction, and twin phase fractions) that could form from each crystal are then 

calculated according to the CTM using these inputs (a detailed explanation of these calculations follows). 

Using all of the same experimental setup parameters as the actual experiment (e.g., X-ray energy, detector 

position, detector tilts, etc.), the martensite orientations are then forward-modeled through each of the 
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possible martensite microstructures, producing a virtual diffraction pattern. Next, the virtual martensite 

diffraction pattern is statistically compared with the experimental martensite pattern, and the martensite 

microstructure that produces the virtual diffraction pattern that is closest to the experimental diffraction 

pattern is the identified martensite microstructure. In this paper, we use the following procedure.   

 In the experimental diffraction patterns, the martensite Bragg reflection centroids (x and y 

location on the detector, and the sample rotation frame ω) are identified from the deformed sample 

measurements for some user-defined choice of (hkl) rings. This can be done manually or using the “spot 

indexing” feature of a ff-HEDM software, though complete analyses of the martensite data are not 

necessary. The reflection centroid locations are also calculated for each virtual diffraction pattern. The 

actual martensite microstructure that formed under deformation is then identified by finding the smallest 

difference between the virtual and experimental reflection locations. The detector (x, y, and ω) 

coordinates have a relative scaling that is sensitive to the detector size, the detector pixel size, and the ω 

rotation increments chosen for the experiment. To equally weight the absolute differences between 

experimental and virtual reflections, reflection centroids are converted from their detector (x, y, and ω) 

coordinates to the (χ, θ, and η) coordinates of a unit pole figure, which are equally weighted, using the 

procedure described in [37,131]. Using these pole figure coordinates, the Euclidean distance between a 

virtual reflection centroid and an experimental reflection centroid is calculated and used as the metric for 

reflection distance comparisons. More specifically, the sum of the minimum Euclidean distances between 

all of the virtual and experimental reflections for a given crystallite (or pairs of martensite CV crystallites 

if making HPV calculations, as we do in this work) for all of the user-defined (hkl) rings is computed. We 

use the term �� − ��  to indicate the total Euclidean distances between virtual and experimental Bragg 

reflections. 

3.8.2 Crystallographic theory of martensite-based calculation details 

The crystallographic theory of martensite (CTM) for calculating compatible austenite-martensite 

interfaces has been published many times [13,14,16,80,132]. Here, even though we are using established 

CTM verbatim, we reintroduce many of the well-established equations and conditions to present the 

forward-modeling procedure as clearly as possible. Specifically, there are many potential points of 

confusion between the CTM calculations and experimental orientation measurements, and it is not 

possible to discuss these nuances in detail without the fundamental equations of the CTM. The following 

discussion walks through a demonstration for cubic-to-monoclinic-I transformation of a NiTi sample. We 

will refer to monoclinic-I as simply monoclinic here. This procedure can be used for other martensitic 

transformations as well, and becomes simpler in cases of higher symmetry martensites. 
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3.8.3 Transformation matrices 

The fundamental components of the CTM calculations are the transformation matrices, usually 

approximated as the Bain matrices, which are the pure stretch components of the deformation gradient 

between the austenite lattice and the martensite lattice. The transformation stretches �, �, �, and � that 

make up the transformation matrices, �!, are calculated directly from the austenite and martensite lattice 

parameters according to ref [13], p. 53–55 (or according to ref [132], using different symbols). The 

subscript i is used to indicate the martensite correspondence variant (CV), where the number of CVs is 

equal to the number of symmetries in the austenite point group divided by the number of symmetries in 

the martensite point group [13]. For cubic-to-monoclinic transformations, there are 12 CVs, each with its 

own unique transformation matrix, �!,… ,�!". 

 Cubic-to-monoclinic transformation matrices are defined using the tetragonal representation of 

the cubic lattice, as this description of the transformation properly describes the volume change of the 

transformation. The full transformation from the cubic lattice to the monoclinic lattice is given in 

Equation (3.1), where �!,!,! are the cubic lattice vectors in the traditional cubic representation defined in 

standard crystallography texts [133], �′!,!,! are the monoclinic lattice vectors and ��!�!"� is the 

complete transformation from cubic to monoclinic.  

 

�′!,!,! = ��!�!"��!,!,!        ( 3.1 ) 

 

(Dot produces are implied when two tensors are next to each other or when a vector is next to a tensor.) 

This complete transformation is comprised of �!"�, the transformation that converts the cubic 

representation of the cubic lattice vectors to the tetragonal representation, and ��!, the phase 

transformation from the tetragonally described cubic lattice to the monoclinic lattice.  

 

 

Figure 3.14 The sequence of transformations for calculating the transformed monoclinic lattice 
representation from the initial cubic lattice vectors. 
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Each operation of the entire transformation is illustrated sequentially in Figure 3.14: � stretches the 

primitive lattice vectors of the cubic lattice into the correct tetragonal lattice vector lengths (Figure 

3.14(a)); �!" correctly orients the tetragonal representation by rotating the stretched cubic lattice 45° 

about the cubic lattice vector that has the same length as both the cubic and tetragonal representations 

(Figure 3.14(b)); �! applies the pure (Bain) stretch of the phase transformation from the tetragonally 

described cubic lattice to the monoclinic lattice (Figure 3.14(c)); � applies an additional small rotation 

that accompanies the stretch during the phase transformation (Figure 3.14(d)). � is the same for all CVs. 

This transformation is commonly reported in most discussions of cubic-to-monoclinic transformation 

calculations [13,132].  

 One nuance that is not commonly discussed but is critical to calculate the correct martensite 

microstructures for forward-modeling is that different CVs require different tetragonal representations of 

the cubic lattice. For CVs 1–4 (following the numbering convention of ref [13], p. 55), the cubic-to-

tetragonal transformation is given by Equation (3.2). 

 

�!" =

1 0 0

0 2 2

0 − 2 2

,    � =

1 0 0

0 2 0

0 0 2

      ( 3.2 ) 

 

For CVs 5–8 the transformation is given by Equation (3.3).  

 

�!" =

2 0 − 2

0 1 0

2 0 2

,    � =

2 0 0

0 1 0

0 0 2

      ( 3.3 ) 

 

For CVs 9–12 the transformation is given by Equation (3.4). 

 

�!" =

2 2 0

− 2 2 0

0 0 1

,    � =

2 0 0

0 2 0

0 0 1

      ( 3.4 ) 

 

3.8.4 Twin elements 

The twin elements are the unknowns in the twinning equation in Equation (3.5).  

 

��! − �! = �⨂�         ( 3.5 ) 
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This equation describes the compatible interface between two martensite variants i and j. This interface is 

called the twin plane, denoted by the vector normal to the plane �. The lattices on either side of the twin 

plane are related through a simple shear deformation of the lattice on one side of the twin plane in the 

direction of the vector � by a magnitude equal to the length of �; hence, � is the twinning shear vector. 

Note the extra rotation, �, that is required to satisfy the twin relation. In most references, including this 

paper, this rotation is applied to �!.  

 All possible variant pairs i-j do not form compatible interfaces with each other—that is, only 

some of them satisfy the twinning equation, Equation (3.5) A list of pairs that have solutions to the 

twinning equation can be found on page 2608 of ref [132]. The twin element calculations are most 

computationally straightforward using the eigenvalue approach found in ref [132] or ref [14], where the 

sorted eigenvalues of the symmetric matrix �!" = �!
!!
�!
!
�!
!! are used to calculate � and �. The 

necessary extra rotation can then be calculated using Equation (3.6).  

 

� = �⨂� + �! �!
!!         ( 3.6 ) 

 

For each twin pair that satisfies the twinning equation, there are two possible solutions referred to as type 

I and type II twins, denoted as �!, �!, �! and �!!, �!!, �!!, respectively. 

3.8.5 Habit elements 

The habit elements are the unknowns in what is commonly referred to as the habit plane equation 

in Equation (3.7), where � is the second-order identity tensor.  

 

� ���! + 1 − � �! − � = �⨂�       ( 3.7 ) 

 

According to the CTM, the austenite and martensite phases are only compatible if the middle eigenvalue 

of the transformation matrices is equal to 1 (�!! = 1; it will be the same for all �!) [14]. For almost all 

SMAs, this condition is not satisfied, and the austenite and martensite phases are not perfectly 

compatible. The martensite can approximate compatibility through an average deformation formed by a 

twin pair i-j, where variants i and j have relative volume fractions � and 1 − � , respectively. The twin 

pair that satisfies the habit plane equation is called a habit plane variant (HPV). The habit plane equation 

describes the “approximately compatible” interface that forms between the austenite and the twinned 

martensite microstructures. This interface, called the habit plane, has a normal �, and the vector � is 

called the shape strain. The habit plane components can be calculated using a similar eigenvalue approach 

as was performed for the twin elements. This approach is based upon propositions of ref [14] and can be 
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found in both refs [132] and [13]. Note the added rotation � that must be applied to the twinned 

martensite microstructure. This extra necessary rotation, which will be applied to �! and ��!, can then be 

calculated using Equation (3.8).  

 

� = �⨂� + � ���! + 1 − � �!

!!

       ( 3.8 ) 

 

For each twin pair that satisfies the twinning equation, there are up to four possible habit plane solutions, 

denoted as �!!, �!!, �!!, �!!, �!!, �!!, �!!!, �!!!, �!!!, and �!!!, �!!!, �!!!. (Not all possible twin 

pairs will have a solution to the habit plane equation.) 

The notation used to describe HPV types in this paper is the same as that used in [13,14,132], 

where I or II refers to a rational twin plane or a rational twinning shear direction, respectively, and (+) or 

(−) refers to the sign of the constant κ as defined in, e.g., [13,132]. 

3.8.6 Maximum transformation work criterion 

The transformation twinning strain is the strain observed when an austenite crystal fully 

transforms to a martensite HPV [134]. Summarizing the derivations given in refs [69] and [134], this 

strain can be calculated from the habit elements as follows: The deformation gradient �′ that takes the 

austenite lattice to the twinned martensite lattice is a simple shear and can be defined Equation (3.9), 

where, again, � is called the shape strain and � is the habit plane normal (see Section A2.3).  

 
�′ = � + �⨂�          ( 3.9 ) 

 

The habit elements are typically defined in the cubic orientation of the cubic basis [132], so this 

deformation is expressed in the cubic lattice frame, or the cubic crystal coordinate system in Figure 3.1 

[26,118,121]. To express �′ relative to the lab coordinate system, a transformation from the crystal 

coordinate system to the lab coordinate system must be applied. In diffraction, this transformation is the 

measured cubic orientation �! [121], so the transformation is given by Equation (3.10).  

 

� = �!�
!
�!

!          ( 3.10 ) 

 

The transformation twinning strain can then be written in terms of the habit elements using Equation 

(3.11).  

 

�
!"#$%&

=
!

!
�
!
� − �          ( 3.11 ) 
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The transformation work, �, for some stress state, �, is then given by Equation (3.12).  

 

� = �: �
!"#$%&          ( 3.12 ) 

 

The maximum transformation work criterion states that the HPV that produces the largest transformation 

work is the most favorable and likeliest to form [13,84,135]. An alloy that has n possible HPVs, the  

maximum work criterion is given by Equation (3.13).  

 

max!!!,…! � ∶ �!

!"#$%&
 =  max!!!,…! � ∶ �!

!"#$%&
     ( 3.13 ) 

 

Note that for cases of uniaxial tension, this degenerates to a criterion of producing the maximum strain in 

the loading direction. 

3.8.7 Orientation conversions 

For each HPV, full descriptions of the martensite lattices on either side of the twin plane within 

the HPV can be found by combining equations (1), (6), and (8). For cubic-to-monoclinic transformations 

where the cubic lattice vectors are given by �! = �! 1 0 0 , �! = �! 0 1 0 , �! = �! 0 0 1 , the 

martensite lattice description that results is shown in Equation (3.14).  

 

�
!
!,!,!!

= ���!�!"��!,!,!,     �
!
!,!,!!

= ��!�!"��!,!,!     ( 3.14 ) 

 

Notice that the small rotation � from Equation (3.1) is not included. This is because the twin and habit 

relations were formed using only the pure stretch (Bain) matrices; thus, the rotations � and � were 

derived using only the Bain matrices. It is important to use the appropriate �!" and � matrices depending 

on which CVs are present, as dictated by Equations (3.2-3.4). 

 At this point, the monoclinic lattice descriptions resulting from Equation (3.14), �′!,!,!, do not 

necessarily follow a conventional monoclinic lattice vector convention. For example, one common lattice 

vector convention for a monoclinic crystal system is �! = � 1 0 0 , �! = � 0 1 0  , 

�! = � cos�  0 sin� , where � < � < � and � ≠ 90°. The deformations ���! and ��! might 

transform the lattice vectors so that, for example, �′! > �′! , or �′! = −� cos�  0 sin� . In other 

words, these descriptions accurately describe the lattice, but do not construct the lattice vectors in a way 

that is crystallographically conventional. The following procedure outlines how to convert the martensite 
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lattice descriptions �′!,�′!,�′! to a standard crystallographic lattice vector system �!,�!,�!, 

assuming all of the twin and habit elements have already been calculated. 

 A martensite lattice description, �′!,�′!,�′!, resulting from applying equation 14 can be 

converted to a conventional orientation, �, with a series of three “fixes.” Several such transformations 

could be derived; here we chose the one that was most logical in our work. The first step is to check the 

ordering of vector magnitudes and, if required, reorder them so that �′! < �′! <  �′! . The 

second step is to check the sign of the angle between  �′! and �′! and, if required, reverse the direction 

of  �′! (i.e., �′! = − �′!) so that cos!!
 �!!∙�!!

�!! �!!

= 90°. The monoclinic orientation, �!, can now be 

calculated as the rotation component of the deformation that takes the conventional lattice vectors 

�!,�!,�! to the calculated lattice description �′!,�′!,�′!. This can be done through polar 

decomposition (Equations (3.15) and (3.16)), where � must be converted to principal component form to 

perform Equation (3.16).  

 

� = �
!
!  �

!
!  �

!
! �!  �!  �!

!!       ( 3.15 ) 

 

� = �!�,     �! = ��
!!        ( 3.16 ) 

 

The third and final step is to check the determinant of �! and, if required, remove any inversion from the 

operation. In other words, if det �! = −1, set  �! = −�! such that det �! = +1. This must be 

done for both CVs i and j for each HPV pair. The resulting orientations do not change atomic positions 

but are now written with respect to the conventional monoclinic lattice vector choices for monoclinic 

space groups. 

3.8.8 Unique HPV Orientations 

For the cubic-to-monoclinic transformation in NiTi, there are 192 theoretically possible HPVs. 

Each of these HPVs results in two monoclinic CV orientations (384 total CV orientations). These 

orientations are unique with respect to each HPV. In other words, the two monoclinic orientations that 

occur in one HPV do not occur together in any other HPV.  The uniqueness of the CV orientations within 

each HPV is shown in the pole figures of Figure 3.15. The poles are colored so that blue corresponds to 

the ith orientation in an HPV and orange corresponds to the jth. Although many of these orientations 

appear to be closely oriented, they are sufficiently distinct by diffraction measures. 
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Figure 3.15 Pole figures showing the 384 orientations that arise in HPVs that are unique because of the 
small rotations in the twinning and habit equations. Blue corresponds to CV i, and orange corresponds to 
CV j. 
 

In this example, the most closely orientated orientations are misoriented by 0.5°. Most ff-HEDM analyses 

can distinguish crystallite orientations within an uncertainty of approximately 0.01°, though these will be 

functions of the instrumentation, the choices made in data collection resolution, the calibration 

measurement, and analysis software options [121,136,137]. In the cases where it is not possible to 

statistically distinguish between two HPV solutions, correlating the added criteria of relative twin volume 

fractions � and 1 − �  with the intensities (volumes) of the grains in the ff-HEDM data will assist in 

uniquely identifying the correct HPV.This is demonstrated in the main body of the paper. It is possible 

that for higher symmetry martensites, or even different materials, this could be an issue in applying our 

forward model, so one must check these numbers carefully in studying other materials. 

3.9 High-Energy Diffraction Microscopy Technique 

A schematic of the ff-HEDM experimental setup is shown in Figure 3.16. The lab coordinate 

system �,�,� ! is defined by the incoming X-ray beam and the rotation axis. The test specimen may be 

a single crystal or polycrystal. Each crystal is described in its own crystal coordinate system �,�,� ! , 

defined by the crystal orientation. The test specimen is placed in the path of the incoming X-ray beam 

(−�!) on a 360° rotation stage that rotates in � about an axis perpendicular to the incoming X-ray beam 

(�!). Along each rotation increment ∆�, the integrated diffraction pattern is recorded by the detector, 

producing 360° ∆� images. Each Bragg reflection can then be defined in the detector’s Cartesian 

coordinate system in �,� ! or in a polar coordinate system in 2�, �,� . In other words, even though � 

refers to the rotation of the test specimen, it can be used in the data processing to add a third spatial 

dimension to the detected data. The diffraction intensity is the measured signal in this 3D space. This 

technique can be used to measure the grain-specific lattice (elastic) strain tensors, crystallographic 

orientations, centroids, and volumes within bulk specimens (~1 mm3) all in 3D [26–28]. 

Challenges from Bragg reflection overlap (also known as “spot overlap”) in ff-HEDM are not 

unique to SMAs. Several approaches are being developed to address this problem in ff-HEDM, including 
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(1) improved preprocessing algorithms to better deconvolute overlapping reflections from the detector 

images [118], (2) forward-modeling diffraction through virtual microstructures to create virtual 

diffraction patterns, which are then statistically compared with the experimental patterns [26,38], and (3) 

annealing the samples to a state where they have large, deformation-free grains and crystals that may give 

rise to larger deformed domains that are easier to directly observe [109,110,138]. 

 

 

Figure 3.16 A schematic of the ff-HEDM experimental setup showing the relations between the pertinent 
coordinate systems. Sample gage thicknesses for the HEDM technique are typically 0.5-2 mm, depending 
on the X-ray energy and material attenuation. 
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CHAPTER 4  

THE MECHANICS BEHIND LOAD-INDUCED TWIN REARRANGEMENT 

Modified from a paper submitted to Science. 

Ashley N. Bucsek, Darren C. Pagan1, L. Casalena2, Yuriy Chumlyakov3, Aaron P. Stebner4 

 

4.1 Introduction 

The functional properties of ferroic materials have pushed them to the forefront of advanced 

materials research for innovative technological solutions in energy harvesting, microelectromechanical 

systems (MEMS), ferroelectric random access memory (FRAM or FeRAM), and many others [139–141]. 

Ferroic materials respond to external stimuli by undergoing spontaneous changes in macroscopic 

behavior: Ferroelastics, ferroelectrics, and ferromagnetics undergo spontaneous changes in mechanical, 

electrical, and magnetic ordering, respectively. Ferroelasticity is the fundamental behavior underlying the 

sizeable reversible strains exhibited by shape memory alloys (SMAs) [142,143]. Most ferroelectrics [144–

148] and many ferromagnetics [149–152] are also ferroelastic, which means that they can accommodate 

large mechanical loads and deformations without damage through reversible rearrangements of their 

crystal structure via phase transformations and/or twin rearrangement. “Multiferroic” coupling results in 

an ability to control a material’s electrical and/or magnetic properties with mechanical deformation, and 

vice-versa. For example, when twin domains rearrange in ferroelastic-ferroelectric materials, including 

BaTiO3, Pb(Zr,Ti)O3, and BiFeO3, the macroscopic electrical properties and strain of the material change 

simultaneously. These reversible changes can be induced by either switching an electrical field or cycling 

a mechanical load. Similarly, when magnetic fields or mechanical loads are cyclically applied to 

ferroelastic-ferromagnetic materials, such as NiMnGa, FeGaB, and FePd, commonly known as 

ferromagnetic SMAs, the macroscopic magnetic properties and strain of the material change 

simultaneously via reversible twin rearrangements. Hence, ferroelastic twin rearrangement is the enabling 

mechanism for a wide variety of novel functional material technologies in energy conversion, information 

storage media, and sensor and actuator applications [153–155].  

Twin rearrangement is one of the most challenging material responses to observe, understand, 

and model. Twin rearrangement can occur near the speed of sound [7,9] and span length scales from 1 nm 

to 1 mm [142]. While researchers are pushing the barriers for two-dimensional observations of materials 

at the speed of sound, static, not to mention dynamic measurements of the structures of materials across 

                                                        
1 Assisted with HEDM experiments and provided guidance for misorientation analyses. 
2 Assisted with HEDM experiments and performed HAADF STEM. 
3 Produced and supplied material ingot.  
4 Senior Advisor and corresponding author.  



 75 

nine orders of magnitude of length scales remains a great challenge. Measurements at the speed of sound 

and in three dimensions (3D) across six orders of length scales to “watch” twin rearrangement in real time 

would be an astounding accomplishment if it were achieved in this century. Here we report on a 

significant advancement toward these grander ambitions: the ability to use state of the art X-ray 

diffraction based methods [156] to measure sequential snapshots of ferroelastic twin rearrangement within 

a bulk material volume non-destructively, in 3D, and across three orders of magnitude in spatial length 

scales (µm to mm). These measurements result in new understanding of load-induced twin rearrangement 

in martensitic nickel-titanium (NiTi) SMAs while demonstrating the potential to better understand myriad 

other ferroelastic and multiferroic materials using these techniques. These findings elucidate the 

relationship between these micromechanisms, microstructure evolution, and macroscopic deformation 

during load-induced twin rearrangement. We show that there is a sequence of twin rearrangement 

micromechanisms that occur inside propagating bands defined by strain localization, and that this strain 

localization results in geometric rotations that influence twin rearrangement mechanisms. 

4.2 Results 

Crystallographic twins consist of two crystals of the same structure that meet at shared planes 

called the twin planes [15]. The lattices on either side of the twin plane are symmetry-related yet 

rotationally-unique orientations called “variants” of the crystal structure—NiTi martensite has 12 

variants. Twin rearrangement occurs via twinning operations. Two special subclasses of twinning 

operations have been proposed to be the principal mechanisms of ferroelastic twin rearrangement: twin 

nucleation and detwinning [157]. Twin nucleation is a mechanism in which a new type of twin nucleates 

from within a pre-existing twin. Detwinning is a mechanism in which the volume of one variant of a twin 

grows as the volume of the other variant diminishes until it vanishes, resulting in the conversion of the 

twin to a single variant. If a twinned material is sufficiently deformed, then all of the twins will eventually 

rearrange to the “favorable variant.” This is the variant that maximizes the mechanical work, or in the 

case of uniaxial tension, maximizes the strain in the loading direction. The rearrangement of ferroelastic 

martensite twins in martensitic SMAs is known in the SMA community as martensite reorientation. 

We report on three Ni50.1Ti49.9 SMA samples. SMAs undergo a ferroelastic phase transformation 

from a high-symmetry, paraelastic austenite phase to a low-symmetry, ferroelastic martensite phase. At 

high temperatures during manufacturing, the samples initially consisted of 5 to 15 B2 cubic austenite 

grains with their lattices 1° to 18° misaligned; i.e., near-single crystals. After cooling to room 

temperature, the samples were B19’ monoclinic martensite, with each parent grain transforming to many 

(thousands or millions) twins (Figure 4.7, pg. 85). 
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Figure 4.1 Selected frames from the DIC strain analysis for sample 1. The strain is colored using the scale 
bars indicated above each frame, with the frames shown in (A) using a uniform scale of 0% to 10% strain, 
while the frames in (B) vary from frame to frame to contrast strain variations. The mean macroscopic 
loading (y) direction strain value for each frame is given at the bottom of each frame. 
 

4.2.1 Strain localization initiates via detwinning + twin nucleation and saturates via only 

detwinning 

Digital image correlation (DIC) and far-field high-energy diffraction microscopy (ff-HEDM) 

(Figure 4.8, pg. 85)  [156] measurements show that a sequence of twinning micromechanisms—

detwinning + nucleation followed by only detwinning—occurs inside a localized deformation band 

(LDB) that coincides with the mechanical stress plateau. The selected frames from DIC strain analyses in 

Figure 4.1 for sample 1 (and Figure 4.11, pg. 89, and Figure 4.12, pg. 90, for samples 2 and 3, 

respectively) show the two-dimensional surface strains of one of the four faces of the 8×1×1 mm3 gage 

section using a uniform 10% maximum strain scale bar (Figure 4.1(A)) and narrower frame-specific scale 

bars to contrast local heterogeneities (Figure 4.1(B)). The DIC frames show a LDB initiating at the right 

edge of the sample between 0.4% and 0.9% macroscopic strain (Figure 4.1(B)), banding across the gage 

cross-section between 0.9% and 3.2%, propagating through the gage section until the maximum 

macroscopic strain of 9.7%, and then remaining as sample 1 was unloaded from 9.7% to 9.6%. 
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Figure 4.2 Sample 1 stress-strain and texture results for stress-induced reorientation showing three 
distinct regions of behavior, I, II, and III (A). The stress relaxation “spikes” occurred when loading was 
paused for ff-HEDM measurements. The circled numbers correspond to points where loading was paused 
for HEDM measurements. The DIC strain analysis frames corresponding to the diffracted volume of the 
gage section are shown at each of these load steps (B). The purple lines are to help the reader see the 
LDBs passing through the diffracted volume. 
 

The sample 1 stress-strain response (Figure 4.2(A)) and DIC strain analysis (Figure 4.2(B)) 

corresponding to only the 1 mm3 volume of the gage section that was illuminated by the X-rays are shown 

in Figure 4.2, together with histograms indicating the volume of each of the 12 variants at each load step 

calculated from the monoclinic inverse pole figures (IPFs) (Figure 4.2(A)). The analogous data for 

samples 2 and 3 are given in Figs. S3 and S4, respectively. The labels 0 through 7 are used to correlate the 

data taken at each load step. The stress-strain curve in Figure 4.2(A) exhibits the typical response load-

induced twin rearrangement with an apparently elastic region (blue, marked ‘I’), a transition to nonlinear 

behavior followed by a stress drop (red, marked ‘II’), and a plateau region (green, marked ‘III’) 

[86,95,158,159]. As observed by other researchers, the large strains throughout the plateau region (Figure 

4.2(A)) coincide with the LDB passing through the volume (Figure 4.2(C)) [95].  

In region I, where it would be sensible to assume that there is only elastic deformation, the 

volumes of variants fluctuate, as observed in the variant histograms shown for load steps 0 and 1 (Figure 

4.2(A)). This fluctuation indicates that the deformation is not entirely elastic and the microstructure is 

undergoing initial twin reorganization. In region II, we see the initiation and banding of the LDB (Fig. 2B 



 78 

and Figure 4.1), where the banding results in a stress drop. Inside the LDB within region II, the 

microstructure is reorganizing to form a considerable amount of variant 3, the favorable variant. By load 

step 2, the volume already consists of nearly 75% variant 3 (Figure 4.2(A)), much of which likely formed 

via detwinning. Twin nucleation is also occurring during region II, as revealed by the volume of variant 4 

that re-appears between load steps 2 and 3 (near the (010) poles in the IPFs). It is likely that the 

nucleation is occurring in the low-strain (3-4%) gradient region of the LDB, because there is no further 

evidence of nucleation in load steps 3-6. By load step 3 in region III, only two twin types remain—a (001) 

Compound twin consisting of variants 3 and 4 and a (111) Type I twin consisting of variants 3 and 9. The 

volume composed of these two twin types nucleated, as is evident for the (001) Compound twins 

consisting of variant 4, or possibly remain from the initial microstructure. The remainder of the 

deformation occurs as the LDB propagates through the illuminated volume and consists only of these two 

twin types detwinning to the favorable variant 3 (load steps 3-6). At the end of the plateau in region III, 

the microstructure within the volume has fully detwinned to the favorable variant 3 (load step 6 in Figure 

4.2(A)). 

4.2.2 Revealing the internal structure of the localized deformation band in situ and in 3D 

Portions of the LDB were reconstructed in 3D using near-field HEDM (nf-HEDM) together with 

microcomputed tomography (µCT) (see Materials and Methods). For sample 1, the LDB had completely 

passed through the 1 mm3 illuminated volume during the nf-HEDM scan at load step 6 (Figure 4.2(B)), so 

the entire illuminated volume (boxed area in Figure 4.3(A)) consisted only of the fully detwinned 

favorable variant 3 with no twins remaining (Figure 4.3(C)). As a result, the LDB reconstruction shows 

the full, illuminated volume, revealing the internal grain network as well as some intragranular 

deformation (Figure 4.3(B)) where the entire microstructure consists only of the favorable variant 3 

(Figure 4.3(C)). The LDB reconstruction for sample 2, which had the same specimen geometry as sample 

1 but different grain orientations, also showed a fully detwinned structure within the illuminated volume, 

only with a different preferred variant, variant 4 (Figure 4.14, pg. 95). Sample 3, on the other hand, had a 

1×1×1 mm3 gage section (Figure 4.3(D)). The reduced gage length concentrated the load tightly within 

the illuminated volume, resulting in a narrower LDB. Consequently, the 0.5×1×1 mm3 illuminated 

volume consisted of two kinds of regions at the time of the measurement: the fully-detwinned region 

inside the LDB, and the twinned region outside of the LDB (Figure 4.3(F)). Thresholding techniques used 

to reconstruct this volume (see Materials and Methods) reveal the internal structure of the LDB and the 

LDB interface non-destructively, under load, in 3D, with micron spatial resolution (Figure 4.3(E)). 
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Figure 4.3 The 1×1×1 mm3 illuminated volume of the 8×1×1 mm3 gage section for sample 1 is indicated 
by the boxed regions in (A). Because the LDB had fully passed through the illuminated volume at this 
load step, (B) the 3D topology and orientation reconstruction reveals the grain network inside the 
illuminated volume, where each grain consists only of the favorable Variant 3, as shown on the IPF 
orientation map in (C). The boxed regions in (D) indicate the 0.5×1×1 mm3 illuminated volume of the 
1×1×1 mm3 gage section of sample 3. In this sample, the LDB edge was contained within the illuminated 
volume. Using thresholding technique methods described in Materials and Methods, (E) the 3D 
reconstruction reveals the grain network only inside the LDB, and the edge of the reconstructed grains 
within the diffracted volume is the LDB front. The “Orientations Present” plot in (F) shows both 
unconstructed and reconstructed grain orientations, and indicates that there are twins within the 
illuminated volume, while the “Reconstructed Orientations” plot indicates that within the LDB, the 
material is fully detwinned.   
 

4.2.3 Strain localization leads to elastic lattice rotations and strains across the transition region to 

non-localized material 

The third finding we report is that the LDB causes non-uniform lattice rotations across the 

transition between the localized and non-localized regions. This effect is shown using subgrain-resolved 

lattice misorientation and elastic strain calculations applied to the ff-HEDM data (see Materials and 

Methods). Specifically, the lattice misorientation and elastic strain are calculated for the favorable variant 

within three different grains.  
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Figure 4.4 (100) Bragg reflections signals of the favorable variant 3 for the ff-HEDM data of sample 1 are 
shown for load steps 0 through 5. Each unique reflection within the clusters belongs to a different grain, 
as depicted for load step 5 in (B). During loading, the reflections become strongly misoriented in a 
particular direction, evidenced by the η-direction streaking in load steps 2–4 in (A), and then that 
misorientation is recovered upon further loading (step 5). (C) The misorientation-strain profiles for the 
three different grains are shown and colored by relative volume for load steps 0–5.  
 

The results show that the lattice is highly misoriented when the LDB is passing through the diffracted 

volume, that the misorientation axis aligns with the LDB edge, and that the misorientation disappears 

when the LDB passes fully through the volume. 

Figure 4.4(A) shows the (100) Bragg reflections from the favorable variant 3 in sample 1 at load 

steps 0 through 5. Each reflection belongs to a specific grain, as illustrated in Figure 4.4(B). At load step 

0 in Figure 4.4(A), the reflections are somewhat “spread,” or broad—this is the diffraction signature of 

small lattice rotations or curvature, likely caused by twin-twin interactions and/or size effects from the 



 81 

undeformed hierarchically twinned microstructure (Figure 4.7, pg. 85). By load step 2, the reflections are 

strongly spread in a particular direction, in this case the η direction (Figure 4.4(A))—this is the diffraction 

signature of lattice rotations about a specific misorientation axis. This spreading increases in load steps 3 

and 4, and then suddenly vanishes in load step 5. The (100) lattice misorientation causing this spreading is 

quantified in Figure 4.4(C) shown with the corresponding elastic strain (�!""). The color of each data 

point indicates the volume of the microstructure undergoing different degrees of misorientation and strain. 

The results show that the total misorientation is as large as ~15° (-10° to +5°, with positive defined as a 

counter-clockwise rotation about the misorientation axis) and an S-shaped relationship between 

misorientation and strain at the load steps where the LDB is passing through the volume (load steps 2-4). 

The lattice misorientations shown in Figure 4.4(C) occur about a near-(010) axis relative to the 

favorable variant (Table 4.5, pg. 99). The same analysis was performed on sample 2. The lattices of that 

sample were also misoriented by 10-15° with analogous S-shaped misorientation-strain profiles (Figure 

4.19, pg. 102) about a near-(010) misorientation axis relative to the favorable variant (Table 4.5, pg. 99) 

as the LDB was within the illuminated volume, even though sample 2 consisted of different 

crystallographic orientations (Fig. S3A). The (010) axis is not a twin plane normal. It happens to lie in the 

plane of the (001) Compound twins in sample 1, but does not lie within the 111 twin plane, nor does it lie 

within the twin planes of the twins present in sample 2 for 2-4, respectively. Furthermore, the 

misorientation axis remains (010) for all load steps within regions II and III, even when the texture 

changes from two twin systems to one twin system (e.g., from load step 4 to 5 for sample 1). This 

evidence indicates that the misorientation is not primarily due to elastic interaction between the twins 

themselves or their interfaces. 

We propose that this deformation of the transition region at the edge of the LDB is due to 

geometric constraints dictated to the crystal lattices by the macroscopic geometric continuity between the 

localized and non-localized regions of the gage volumes. In other words, inside the LDBs, the sample is 

highly strained and the macroscopic sample geometry has elongated and the cross-section has reduced. 

Because a cleavage plane did not develop, the lattices must then curve, or rotate across the edges of the 

LDBs to transition from the strained to unstrained gage geometries. Because the misorientation only 

exists across the edges of the propagating LDBs, this explains why the relative volume of the amount of 

material that is misoriented does not change appreciably while the misorientation is present (load steps 2 

to 4 in Figure 4.4(C)), and the misorientation axis does not change when the texture changes from two 

twin systems to one (load steps 4 to 5 in Figure 4.2(A)). Finally, in Figure 4.5 we show that the 

misorientation axes align with the traces of the LDB edges in the DIC Frames for both samples 1 (Figure 

4.5(A,B)) and 2 (Figure 4.5(C,D)), further supporting that the lattice is misoriented across and about the 

LDB edges. 
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Figure 4.5 (A) The axis of misorientation across the LDB interface is shown for sample 1 relative to the 
lattice vectors of the favorable variant 3 and the loading direction. (B) The same misorientation axis is 
plotted on top of one of the sample 1 DIC frames. (C) The axis of misorientation across the LDB interface 
is shown for sample 2 relative to the lattice vectors of the favorable variant 4 and the loading direction. 
(D) The same misorientation axis is plotted on top of one of the sample 2 DIC frames. 
 

The significance of the (010)-type misorientation axis is still an open question, especially since 

there are only two samples in this study (the data for sample 3 did not allow for similar analysis, see 

Section S1.3.5). The (010) axis lies within the plane formed by the monoclinic lattice vectors �! and �! 

(Figure 4.5). The result that the propagating faces of the LDB bisected these planes along (010) vectors 

for two different samples that were reorganizing their uniquely twinned structures into different preferred 

variants suggests that such an LDB interface orientation is energetically favorable for propagating these 

LDBs under uniaxial tensile loads, much like a cleavage plane is optimal for propagating fracture. This 

topic is merely speculative at this time, but merits further research. 

4.2.4 There are similarities between twin rearrangement localized deformation bands and plastic 

slip bands 

The elastic lattice rotations and strains that we have observed during ferroelastic twin 

rearrangement are analogous to the lattice rotations across the edges of shear bands and necking regions 

observed during plastic deformation of ductile single crystals [160–162]. In fact, there are several 

similarities between reorientation LDBs and shear bands, including the degree of the lattice rotation (5-

20° is typically reported, e.g., [160,161]), the S-shaped misorientation-strain profiles across the band edge 

[161], and the frequent existence of two or more slip systems (or in this case twin systems) during 
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banding [161,162]. Multiple slip systems are often necessary for stability during shear band formation, 

often occurring as two primary-conjugate slip systems where one is considered to be a minor slip system. 

This may be the reason that we consistently see two twin systems in the detwinning LDBs in both 

samples 1 and 2 (Figure 4.2 and Figure 4.3), and even the existence of two near-perpendicular LDBs in 

some DIC frames for Sample 2 (Figure 4.11, pg. 90, at macroscopic strain values of 2.9% and 4.3%).  

Another important similarity between lattice rotation in reorientation LDBs and shear bands is a 

“geometric softening” effect [161–163]. In shear bands, geometric softening refers to the increase in 

resolved shear stress (RSS) on a slip system due to lattice rotation, making it “easier” for that slip system 

to activate. Misorientation across the LDB edge during twin reorganization similarly makes it easier for 

some twin systems to detwin. In sample 1, we see an increase in RSS in the (001)-Compound twin system 

between variants 3 and 4 as a result of the lattice misorientation (Fig. 6). The (001)-Compound twin 

system is oriented such that the twin plane is nearly perpendicular to the loading direction, resulting in 

only ~30 MPa RSS on the twin system at 0° misorientation. Most of the other twin systems that are no 

longer present by load step 2 (i.e., have already detwinned) have a larger RSS of ~50 MPa at 0° 

misorientation. The only exceptions are the (111) Type I twin and the (100) Compound twin, the former 

being the other twin system that is still present (variants 3 and 9) and the latter not. This may indicate that 

an RSS of 30 MPa is not sufficient for detwinning, which would explain why the (001)-Compound twin 

system consisting of variants 4 and 3 remains throughout load steps 2-5 (Figure 4.2(A)). However, when 

the twin system is misoriented due to the lattice rotation across the LDB edge, the RSS on the (001)-

Compound twin system increases to ~50 MPa. 

 

 

Figure 4.6 The effect of this misorientation on the RSS for the (001)-Compound twin system is shown in 
reference to the RSS for the seven other twin types for sample 1. 
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This discussion has several important implications. First, the geometric softening effect due to lattice 

rotations may in some cases be necessary for full detwinning. Second, there is a critical stress for 

detwinning to occur of ~50 MPa for this material system. Third, if detwinning is easiest at the LDB edges 

due to this geometric softening effect, then this localized detwinning will continually shift the edge of the 

LDB thus promoting the propagation of the LDB through the gage section. 

4.3 Discussion 

The insights presented in this paper report important mechanics about ferroelastic twin 

rearrangement and were enabled by using a suite of newly developed 3DXRD experimental capabilities. 

With regard to studying ferroelasticity, previously, researchers were forced to either stitch together two-

dimensional snapshots of microscale measurements or infer micromechanics from averaged macroscopic 

measurements, but here we have used 3D in situ diffraction techniques to develop a complete picture of 

the relationships between the twinning micromechanisms, the evolution of the microstructure, and the 

macroscopic response. For example, in NiTi martensite twin rearrangement, researchers have previously 

observed nucleation and detwinning using transmission electron microscopy (TEM) studies [86,158,159] 

and LDBs using macroscopic loading studies [95]. Now, we understand that there is a sequence of 

twinning micromechanisms—detwinning + nucleation, followed by only detwinning—that occur inside 

the LDBs as they propagate through the microstructure, and we have shown the internal structure and 

interface orientations of LDBs in 3D. We have also shown that the strain localization inside these LDBs 

causes the lattice to elastically curve across the transition between the localized and non-localized 

regions. These lattice rotations can be quite large (up to 15° in total), have S-shaped correlations with 

elastic strains, and may support twin rearrangement through a geometric softening effect, thus playing an 

important role in the propagation of the LDBs. These findings will help guide future researchers using 

ferroelastic twin rearrangement to control macroscopic mechanical, electrical and magnetic properties in 

novel technologies.  

These mechanics were revealed using several new data analysis procedures, motivated by the 

application of these techniques to study ferroelastic twin reorganization in monoclinic crystals. 

Specifically, procedures to measure subgrain-scale lattice rotation and elastic lattice strain correlations, 

distinguish different types of regions in nf-HEDM reconstructions using confidence thresholding, and 

reconstruct a nf-HEDM data set of a monoclinic material. 3DXRD techniques such as nf- and ff-HEDM 

have mostly been applied to studying non-ferroic behaviors of cubic and hexagonal crystal structures. 

This work demonstrates the ability for similar 3D, in situ, multiscale studies to elucidate the complex 

behaviors of low symmetry, ferroelastic, and/or multiferroic materials and close the gap between 

discovery and implementation of new functional materials into technologies. 
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4.4 Materials and Methods 

4.4.1 Sample Preparation 

Three samples were electrical-discharge-machined (EDM) from a 40 mm diameter B19’ 

monoclinic martensite NiTi ingot. Two specimen geometries were used for the three samples. The 

specimen geometry for the samples designated 1 and 2 consisted of an 8×1×1 mm3 gage section (see 

Figure 4.3(A)). This specimen geometry is designed specifically for the RAMS2 load frame series and is 

reported in [117]. The specimen geometry for the sample designated 3 consisted of a 1×1×1 mm3 gage 

section (see Figure 4.3(D)). This specimen geometry was modified from that of [117] to produce a more 

concentrated load in the illuminated volume. 

 

 

Figure 4.7 Three different HAADF STEM micrographs taken from the grip of sample 1 showing 
variations of the initial twin morphologies, where (A) has a 100 nm scale bar, (B) has a 50 nm scale bar, 
and (C) has a 20 nm scale bar. 
 

 

Figure 4.8 Schematic of an HEDM experimental setup. The near-field detector is located 5-10 mm from 
the sample and is used for nf-HEDM. The far-field detector is located ~1 m away from the sample and is 
used for ff-HEDM. At each load step, the sample is rotated about ω and at each rotation increment 
(typically 0.1 to 0.5°), a detector image is collected on either the near- or far-field detector. The angles at 
which a reflection occurs (ω, 2θ, and η) define the orientation of the diffracting plane. 
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The ingot was grown by an advanced Bridgman crystal growth technique consisting of remelting a cast 

Ni50.1Ti49.9 ingot into a graphite crucible under an inert helium gas atmosphere. This crystal growth 

produced large, slightly misoriented B2 cubic austenite grains that then transformed to twinned B19’ 

monoclinic martensite structures upon cooling to room temperature. High-angle annular dark-field 

(HAADF) scanning transmission electron microscopy (STEM) micrographs (Figure 4.7) taken using an 

FEI Probe Corrected Titan3 at 300 kV show examples of the initial monoclinic twin structures within the 

samples.  

4.4.2 In Situ High-Energy Diffraction Microscopy (HEDM) Measurements 

In situ near field (nf-) and far field (ff-) HEDM measurements, two techniques belonging to the 

broader field of 3D X-ray Diffraction (3DXRD), were performed at the F2 beamline of the Cornell High 

Energy Synchrotron Source (CHESS). A typical HEDM set-up is shown in Figure 4.8. Sample loading 

was performed using the RAMS2 load frame [119]. Tensile loads were quasi-statically applied to the 

samples using displacement controlled movements of the crosshead at a rate of 0.001 mm/s.  

 

 

Figure 4.9 Sample 2 stress-strain and texture results for stress-induced reorientation showing three 
distinct regions of behavior, I, II, and III (A). The stress relaxation “spikes” occurred when loading was 
paused for HEDM measurements. The DIC strain analysis frames corresponding to the 1 mm3 illuminated 
volume of the gage section are shown at each of these load steps (B). 
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Figure 4.10 Sample 3 stress-strain and texture results for stress-induced reorientation showing three 
distinct regions of behavior, I, II, and III (A). The stress relaxation “spikes” occurred when loading was 
paused for HEDM measurements. The DIC strain analysis frames corresponding to the 1 mm3 illuminated 
volume of the gage section are shown at each of these load steps (B). 
 

The DIC strain analysis frames corresponding to the diffracted volume of the gage section are shown at 

each of these load steps (B).The crosshead was fixed in displacement during the nf- and ff-HEDM 

measurements. The load-train of the RAMS2 load frame is mounted on air bearings within the frame, 

allowing for continuous ω rotation (Figure 4.8) of the sample without shadowing from load frame 

columns. The load is maintained during sample rotations using a servomotor, gear reducer, preloaded 

linear ball spline, and two timing belts (see [28,119] for more details).  

For HEDM measurements, monochromatic X-rays of 55.618 keV for samples 1 and 2 and 61.332 

keV for sample 3 were used. These energies were set to the middle of the Kα absorption edges of 

holmium (for 55.618 keV) and ytterbium (for 61.332 keV). For sample 1, a nf-HEDM data set was 

collected at load step 6 (see Figure 4.2), and ff-HEDM data sets were collected at load steps 0 through 7. 

For sample 2, a nf-HEDM data set was collected at load step 4 (see Figure 4.9), and ff-HEDM data sets 

were collected at load steps 0 through 5. For sample 3, a nf-HEDM data sets was collected at load step 4 

(see Figure 4.10), and ff-HEDM data sets were collected at load steps 0 through 4. 
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For all ff-HEDM measurements, the X-ray beam was defined to 1 mm tall × 2 mm wide using 

slits, and the beam was vertically centered on the specimen gage section. A GE41RT amorphous silicon 

area detector with 2048 × 2048 pixels and 200 × 200 µm2 pixel size was used to record diffraction 

patterns. Exposures were taken each 0.1° increment of sample ω rotation over a full 360° rotation, 

resulting in 3,600 recorded detector images per ff-HEDM data collection. A dark image of the detector 

(i.e., one without the X-ray beam on) was also taken before and after each sample rotation and used to 

characterize the background. The detector distance from the sample, the center position of the beam on 

the detector, the detector tilts, and detector distortions were characterized by measuring a CeO2 standard 

powder (NIST RSM 674b) measured at �=0° and �=180° and then using least squares refinement of 

detector calibration parameters within the HEXRD software package [164]. The ff-HEDM detector 

calibration parameters for samples 1 and 2 are shown in Table 4.1, and the ff-HEDM detector calibration 

parameters for sample 3 are shown in Table 4.2. The calibration parameter names, variables, and 

application to the data can be found in [121].  

For nf-HEDM measurements, the X-ray beam was defined to 0.1 mm tall × 2 mm wide using 

slits. For sample 1, we measured a 1×1×1 mm3 volume at the vertical center of the gage section (see 

Figure 4.3(A)) by acquiring ten consecutive nf-HEDM measurements, vertically translating the sample in 

0.1 mm intervals for each measurement. For samples 2 and 3, we measured a 0.5×1×1 mm3 volume using 

the same vertical stitching strategy, where the top of the measured volume aligned with the vertical center 

of the gage section (see Figure 4.3(D)). 

 

Table 4.1 ff-HEDM detector calibration parameter values for samples 1 and 2. 
Detector Calibration 

Parameter Name 
Detector Calibration 
Parameter Value 

x center 205.4192 
y center 204.0348 

sample-to-detector distance 1012.360 
x tilt 0.0638 
y tilt 0.0520 

 

Table 4.2 ff-HEDM detector calibration parameter values for sample 3. 
Detector Calibration 

Parameter Name 
Detector Calibration 
Parameter Value 

x center 205.5774 
y center 204.5957 

sample-to-detector distance 904.550 
x tilt -0.003815 
y tilt -0.0004368 
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A Retiga 4000DC camera with 2048 x 2048 pixels and a 1.48 x 1.48 µm2 pixel size was used to collect 

images of diffraction patterns on a LuAG:Ce scintillator. The near-field detector was characterized using 

an assembly of two offset 25×25×50 µm3 gold crystals where each crystal contained several crystal 

orientations, and the calibration parameters were optimized using HEXRD [164]. The distance from the 

sample to the near-field detector was 7.28 mm for samples 1 and 2 and 7.86 mm for sample 3. Exposures 

were taken each 0.5° increment of sample ω rotation over a full 360° rotation, resulting in 720 recorded 

detector images per 0.1 mm vertical layer per nf-HEDM data collection. A median background 

subtraction was used for each layer.  

To measure the macroscopic strain of specimens during loading, image series of the as-EDM-

prepared specimen surfaces (i.e., no speckle pattern was applied) were recorded using a FLIR (Point 

Grey) Grasshopper GS3-U3-50S5M-C camera, which has a Sony ICX625 2448 × 2048 (2/3") CCD with 

3.45 µm pixel size sensor. A Standard & Precision Optics TCL0.8X-110-HR lens with a 110 mm working 

distance, 14.9 µm resolution, and 0.0255 numeric aperture was used. The displacement fields and strains 

were calculated from these images using Ncorr digital image correlation (DIC) software [120]. 

 

 

Figure 4.11 Selected frames from the DIC strain analysis for sample 2. The strain is colored using the 
maximum scale for the entire load test (A), and the strain is colored using the local scale for each frame 
(B). The average macroscopic strain in the loading direction of the diffracted volume is provided in white 
at the bottom of each frame. 
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Figure 4.12 Selected frames from the DIC strain analysis for sample 3. The strain is colored using the 
maximum scale for the entire load test (A), and the strain is colored using the local scale for each frame 
(B). The average macroscopic strain in the loading direction of the diffracted volume is provided in white 
at the bottom of each frame. 
 

The strain for the stress-strain curves shown in Figure 4.2(A), Figure 4.9(A), and Figure 4.10(A) is the 

average strain from the area within the illuminated volume only for samples 1, 2, and 3, respectively. 

Selected frames from the DIC analyses showing the full two-dimensional surface strain fields on one of 

the four faces of the gage sections are shown in Figure 4.11 for sample 2 and Figure 4.12 for sample 3. 

4.4.3 Monoclinic Inverse Pole Figures (IPFs) 

The (hkl) family, d-spacing, 2θ, and normalized structure factors are shown in Table 4..3 for the 

first 18 Debye-Scherrer rings that fit on the ff-HEDM detector for samples 1 and 2, sorted by increasing 

2θ. Table 4.3 demonstrates the most limiting factors in selecting (hkl) families to include in the ff-HEDM 

data analysis for monoclinic symmetries: the intensity disparity between Debye-Scherrer rings and the 

proximity of Debye-Scherrer rings to neighboring Debye-Scherrer rings. All ff-HEDM data sets were 

analyzed using the HEDM software package HEXRD [164]. HEXRD models the theoretical Bragg 

reflections that should be observed for a given crystal orientation and then assigns a “completeness” 

percentage to each orientation. 
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Table 4.3 (hkl), d-spacing, 2θ, and normalized structure factors for the first 18 Debye-Scherrer rings that 
fit on the ff-HEDM detector for samples 1 and 2, sorted by increasing 2θ. 

h k l d-spacing (Å) 2θ  (°) 
Normalized 

Structure Factor 
0 0 1 4.626 2.762 14 

0 1 1 3.077 4.151 1 

1 0 0 2.869 4.453 3 

-1 0 1 2.591 4.930 5 

1 1 0 2.355 5.426 20 

0 0 2 2.313 5.525 53 

1 0 1 2.309 5.533 0 

-1 1 1 2.194 5.825 92 

0 2 0 2.061 6.201 50 

0 1 2 2.017 6.336 100 

1 1 1 2.015 6.343 0 

-1 0 2 1.925 6.638 3 

0 2 1 1.883 6.789 2 

-1 1 2 1.744 7.328 15 

1 0 2 1.698 7.529 1 

1 2 0 1.674 7.636 1 

-1 2 1 1.613 7.925 2 

1 1 2 1.570 8.144 0 

 

The completeness is the percentage of Bragg reflections observed in the data versus the total theoretical 

number of reflections that could be present from that crystal. When two or more Debye-Scherrer rings are 

too close to each other in 2θ, one ring’s reflection may mistakenly be identified as the reflection of 

another ring, resulting in incorrect completeness values. For this reason, only the first four Debye-

Scherrer rings were used for the ff-HEDM analysis, because they are the most well-separated in 2θ. We 

also chose to saturate the detector where the high structure factor, poorly separated Debye-Scherrer rings 

(e.g., (-111), (020), (012)) were located so that the first four Debye-Scherrer rings had higher intensity 

values on the detector. 

Because of finite dynamic range limitations of detectors coupled with variations in crystal sizes 

and (hkl) structure factors (see Table 4.3), sometimes not all of the Bragg reflections can be measured in 

an experiment. The greater the disparity between factors like crystal sizes and structure factors, the more 

limitation there is in the ability to measure all of the Bragg reflections. Monoclinic crystals have high 

disparity in structure factors, and the twinned structures spanned several orders of magnitude in length 

scale. In addition, the GE detector had 214 bits with ~10% of the dynamic range taken by the detector dark 

current. For these reasons, we accepted crystals with a completeness of 55% or more. When the 

completeness values were lowered to below 55%, “noise” orientations that were not theoretically possible 
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variants of martensite were falsely identified. The output files of HEXRD ff-HEDM analyses provide the 

crystal positions, elastic strain tensors, and 3D orientations as well as the reflection locations and 

intensities observed on the detector that were used to identify each crystal. However, in this work, 

because of the disparity in structure factors and sizes of the crystals during most loading steps, we only 

report crystal orientations and volumes, where the volumes were calculated according to the procedure 

described in Section S1.3.2. 

In cases where the ff-HEDM patterns do not have well-separated reflections, HEXRD will use 

windows instead of individual reflections to identify a crystal, where the window size is a user input. (For 

example, instead of checking if a particular, well-separated reflection of an orientation is present, it will 

check if there is intensity inside a window where that reflection should be.) The window size inputs used 

in this analysis was 0.1° wide in 2�, 2° in �, and 2° in �. This analysis provides more of a texture than a 

traditional HEDM grain map (e.g., like the HEDM grain maps published in [109]). 

4.4.4 Monoclinic Inverse Pole Figures 

As mentioned in Section S1.3.1, HEXRD outputs the reflection locations and intensities that were 

used to identify each crystal. We calculated the volume, �!, of each B19’ monoclinic (martensite) crystal i 

using the intensities, �, that HEXRD reported for the first three B19’ (hkl) rings ({100}, { 011}, and 

{001}) using Equation 4.1. 
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4.4.5 Variant Histograms 

The variant histograms were calculated using the B19’ monoclinic martensite orientations 

reported by HEXRD. The variant naming convention is the same as is used in [13,165]. As discussed in 

the main body of the paper, the samples were all highly textured and consisted of 5-15 grains, where 

grains are defined here in the B2 cubic austenite phase. These austenite grains led to martensite variant 

orientations that were grouped into distinct “clusters” (see Figure 4.13). For example, the variant 1 

orientations were closely oriented, or “clustered” in orientation space, regardless of which grain it resided 

in. Additionally, the martensite variants were well separated from each other in orientation space. For 

example, variant 1 orientations were well separated from all variant 2 orientations and so on, regardless of 

which grain it resided in. This is illustrated in Figure 4.13. For these reasons, each B19’ monoclinic 

(martensite) orientation indexed from the ff-HEDM data could be assigned to a particular variant.  
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Figure 4.13 The experimental orientations are plotted by Euler angles (ϕ1, Φ, and ϕ2) for sample 1 (A), 
and the calculated theoretical orientations are plotted with the variant orientation types separated by color 
and numbered (B). The experimental orientations are plotted by Euler angles (ϕ1, Φ, and ϕ2) for sample 2 
(C), and the calculated theoretical orientations are plotted with the variant orientation types separated by 
color and numbered (D). The experimental orientations are plotted by Euler angles (ϕ1, Φ, and ϕ2) for 
sample 3 (E), and the calculated theoretical orientations are plotted with the variant orientation types 
separated by color and numbered (F). 
 



 94 

To assign each martensite orientation to a variant, the average B2 cubic austenite orientation 

needed to be calculated. To do this, we generated ten million random B2 orientations over all of 

fundamental B2 space. For each B2 orientation, we calculated the orientations of all possible B19’ 

monoclinic martensite twins using the Crystallographic Theory of Martensite (CTM) [13–16] and the 

procedure outlined in Appendix B of [166]. The commonly used NiTi B2 lattice parameter of 3.015 Å 

was used [72]. All possible twins as listed in [165] were considered. For each B19’ orientation, we then 

calculated the minimum misorientation between the predicted B19’ orientation and all experimental B19’ 

orientations (i.e., the misorientation between the predicted B19’ orientation and its nearest experimental 

neighbor). The minimum misorientation angles were summed for all predicted B19’ orientations. The B2 

orientation that produced B19’ orientations with the smallest summed minimum misorientations was 

accepted as the average B2 orientation for that sample.  

Once the average B2 orientation was known for each sample, the experimental orientations could 

be assigned to a variant. In Figure 4.13(A,C,E), we show the experimental orientations for samples 1, 2, 

and 3, respectively, plotted by the Euler angles (�!, Φ, and �!) that define each orientation. In Figure 

4.13(B,D,F), the theoretical B19’ twin orientations based on the calculated average B2 orientation are 

shown with the variant types assigned to each cluster. The theoretical variant orientation clusters are 

colored differently for clarity. By comparing the experimental and theoretical clusters for each sample, we 

were able to assign a variant type to each experimental orientation cluster. The volume of each variant 

was calculated as the sum of the volumes of all of the orientations assigned to that variant, where the 

volume of each orientation was calculated according to the procedure in the Section 4.4.4. 

4.4.5 Grain Reconstructions 

The nf-HEDM data analyses to reconstruct the grain networks shown in Figure 4.3(B), Figure 

4.3(E), and Figure 4.14 were performed using HEXRD [164]. This software follows the typical nf-HEDM 

analysis procedure of forward modeling orientations onto a virtual detector [42,156,167]. In the nf-

HEDM forward modeling procedure, a 3D voxel grid is constructed of the sample space, where the voxel 

dimensions are limited by the spatial resolution of the experimental setup. For a particular voxel, each 

orientation from a list of orientations is forward modeled, and the locations (in �, �, and 2�) of the 

simulated reflections are stored. The confidence of the orientation at that voxel is again equal to the 

number of virtual reflections that matched experimental reflections divided by the number of virtual 

reflections. The orientation with the highest confidence is assigned to that voxel. This procedure is 

repeated for each voxel.  

The list of orientations to forward model are typically the orientations indexed from a ff-HEDM 

data set collected just before or just after the nf-HEDM collection (i.e., at the same load step and using the 

same beam size and beam position).  
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Figure 4.14 3D, in situ reconstructions of the grain topology and orientations of the 0.5×1×1 mm3 
illuminated volume of the 8×1×1 mm3 gage section for sample 2 (A). Because the LDB had fully passed 
through the illuminated volume at this load step, the reconstruction reveals the grain network in the full 
volume (B), where each grain consists only of the favorable variant (C). 
 

Because the near-field detector is more sensitive to small variations in orientation than the far-field 

detector, we also included orientation distributions spanning ±5° in 1° intervals, where each distribution 

centered on an orientation indexed from the ff-HEDM data set. This procedure results in reconstructions 

that show the intragranular misorientation in much greater detail, as demonstrated in [168,169].In our 

case, the spatial resolution of the grain maps was limited by our experimental setup to be ~2 µm. 

However, we found a voxel grid size of 5×5×5 µm3 resulted in sufficiently detailed and less 

computationally expensive reconstructions. All two-dimensional grain reconstruction visualizations were 

made using MTEX [170], and the three-dimensional reconstruction visualizations were made using ORS 

Dragonfly 2.0 [171]. 

If the domains in the material are much smaller than the spatial resolution, then the maximum 

confidence at these locations is significantly lower than the average confidence values for the rest of the 

reconstruction. This is demonstrated in Figure 4.15 for one slice of the reconstruction of sample 3 shown 

in Figure 4.3(C). Figure 4.15(A) has no confidence threshold applied and shows the correlating 

confidence values (expressed as a percentage) for each pixel. The confidence is 60-70% at the top of the 

figure, where the LDB has passed through the cross-section and there are large, fully detwinned grains. It 

is clear that this region has fully detwinned, because there are only orientations corresponding to the 

favorable variant within each grain. At the grain boundaries, the confidence is slightly lower at 40-50%. 

In the bottom of Figure 4.15(A), the material is still highly twinned and there are many small regions 

composed of different orientations and low confidence values of 20 – 40%. The pink regions in particular 

are those orientations that do not belong to the favorable variant, indicating the presence of twins.  
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Figure 4.15 A slice from the gage section reconstruction for sample 3 shown in Fig. 3E is shown without 
any confidence thresholding (A). The orientations of the reconstruction are colored according to the IPF. 
The confidence map shows high confidence regions where the regions are large and there is only the 
favorable variant (i.e., where the microstructure has fully detwinned). The low-confidence region has 
many orientation types, and the domains are too fine to spatially resolve, indicating that the region is still 
highly twinned. The same reconstruction slice and confidence map is shown after a confidence threshold 
of 40% is applied (B). This confidence threshold has in effect isolated the fully detwinned region from the 
still twinned region. 
 

 

Figure 4.16 (100), (-110), (-121) and (-1-21) Bragg reflections of the favorable variant 3 from the ff-
HEDM data at each load step for sample 1. 
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In Figure 4.15(B), a confidence cutoff of 40% is enforced, which isolates the detwinned region from the 

still highly twinned region. Applying this analysis over the entire reconstructed volume results in isolation 

of the detwinned region inside the LDB from the twinned region outside of the LDB (Figure 4.3(B), 

Figure 4.3(E), and Figure 4.15(B)). This analysis of using confidence thresholding to isolate different 

regions of microstructure can in theory be applied to other situations as well, including regions of 

microstructure that have (or have not) undergone severe plastic deformation, grain refinement, regions 

with large void concentrations, etc.. 

4.4.6 ff-HEDM Diffraction Pole Figures 

The ff-HEDM pole figure is a way to represent raw ff-HEDM data in terms of the diffraction 

angles � and �, which together describe the orientation and mosaicity of the diffracting crystal. The 

procedure for creating these pole figures is described in [37]. This procedure consists of integrating over 

the 2θ dimensions of one Debye-Scherrer ring at a time to remove any strain information from the data. In 

this way, only the orientation and mosaicity, or lattice rotation, are represented. 

 

 

 

Figure 4.17 (100), (-110), (-121) and (-1-21) Bragg reflections of the favorable variant 4 from the ff-
HEDM data at each load step for sample 2. 
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The 100 -type reflections are shown in Figure 4.4(A) in the ff-HEDM pole figure format for the 

favorable variant 3 for sample 1. For completion, these 100 -type reflections are shown again with the 

101 , 121 , and 121  reflections that were included in the misorientation analysis for sample 1 in 

Figure 4.16. The reflections for the same (hkl) types are shown in the ff-HEDM pole figure format for the 

favorable variant 4 for sample 2 in Figure 4.17. 

4.4.7 Misorientation-Strain Profiles 

The lattice misorientation magnitude and misorientation axis were calculated for the favorable 

variant in sample 1 (Figure 4.4(C) for (100)-type reflections and Figure 4.16 for 100 , 101 , 121 , 

and 121 -type reflections) and sample 2 (Figure 4.17 for 100 , 101 , 121 , and 121 -type 

reflections) by following the ff-HEDM least squares analysis procedure on presented in [37]. This 

procedure uses Equation 4.2 to calculate the lattice misorientation magnitude, ∆�, and misorientation 

axis, �, from the nominal or initial lattice plane normal, �, and the extreme lattice plane normals of the 

rotated lattice, �! and �! , where S and E refer to start and end, respectively 

 

� = �! − �! = ��×� ∙ �        ( 4.2 ) 

 

� is the vector of reflection extension or “spreading.” The lattice plane normals, �, �!, and �! , were 

calculated from the centroid, start, and end of each reflection, respectively, at each load step using the 

calibrated detector parameters and the initial, unloaded B19’ lattice parameters. The initial B19’ lattice 

parameters shown in Table 4.4 were calculated using the GSAS-II peak fitting module on the initial, 

unloaded ff-HEDM data sets [172].  

When performed on a single reflection, this calculation is not sufficient to uniquely identify the 

misorientation axis and magnitude—the analysis using a single reflection can only be used to identify the 

plane in which the misorientation axis lies. Therefore, a least squares minimization using at least two (hkl) 

types must be performed to uniquely identify the misorientation axis and magnitude [37]. This procedure 

requires that the start and end of each reflection are easily identifiable since they are inputs to the 

calculations. For this reason, only certain reflections corresponding to certain grains were used for the 

least squares minimization. Reflections that were misoriented or located in such a way that the individual 

endpoints of the reflections were masked were omitted from the analysis. 

 

Table 4.4 B19’ monoclinic lattice parameters. 

a b c β (°) 
2.8929 4.1218 4.6640 97.356 
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Table 4.5 Misorientation magnitudes and axes for each grain included in the misorientation-lattice strain 
analysis for samples 1 and 2. The axes are reported in the laboratory coordinate system as shown in [121]. 
The (hkl)s of the misorientation axes are also provided in terms of the favorable variants (variant 3 for 
sample 1 and variant 4 for sample 2). 

  Misorientation, 
� (°) 

Misorientation 
Axis, � 

Misorientation 
Axis (hkl) 

Sample 1 

Grain 1 11.59 0.18 0.16 0.97  (0.11 1  0.06) 

Grain 2 9.98 0.06 0.15 0.99  (0.00 1 0.04) 

Grain 3 11.64 −0.13 0.11 0.99  (0.01 1 0.06) 

Sample 2 

Grain 1 10.42 [0.16 0.08 0.98] (0.08 1 0.03) 

Grain 2 10.99 [0.05 0.13 0.99] (0.03 1 0.03) 

Grain 3 12.41 [−0.03 0.08 1.00] (0.01 1 0.04) 

 

The favorable variant inside three different grains in sample 1 was analyzed, and the favorable variant 

inside three different grains in sample 2 was analyzed. For each grain analyzed, the reflections from four 

(hkl) rings were used, and the misorientation axis and magnitude were calculated using a least squares 

minimization. These were the {100}, {011}, {121}, and {121} rings. All other rings were of insufficient 

intensity, were not clearly misoriented (i.e., the plane normals were aligned with the lattice misorientation 

axis), overlapped into other Debye-Scherrer rings, or contained reflections that spread into the reflections 

of other grains. The reflections in sample 3 were not oriented in such a way where these requirements 

were met, so sample 3 was omitted from this part of the analysis. 

The above procedure was used to identify the misorientation axis for each grain. The 

misorientation axis and magnitude for the favorable variant 3 for each of the three grains in sample 1 and 

for the favorable variant 4 for each of the three grains in sample 2 are reported in Tbale 4.5. The 

misorientation axes are reported in the laboratory coordinate system as shown in [121], as well as the 

(hkl) of the favorable variants.   

Using Figure 4.18, the following procedure discusses how the strain and misorientation along the 

misorientation axis was analyzed for each crystal. The reflections on the ff-HEDM pole figure (Figure 

4.18(A)) were segregated into “boxes” equally spaced in 1° increments along � (Figure 4.18(B)). Each of 

these boxes are bounded in � and �. That is, each box has a minimum and maximum in � and a 

minimum and maximum in �. The misorientation between each box’s intensity centroid and the overall 

reflection centroid (�) were calculated. This value represents the average misorientation from this portion 

of the lattice. The � and � bounds are then applied to the raw ff-HEDM reflection to segregate the 

reflection data into 3D boxes, where the third dimension is 2� (Figure 4.18(C,D)). The minimum and 

maximum 2� is just below and just above that of the (hkl) ring to which the reflection belongs. 

 



 100 

 
Figure 4.18 Explanation for the lattice strain versus misorientation calculations. (A) shows all (100) 
reflections from sample 1 at load step 4 plotted on a pole figure. A box is drawn around the (100) 
reflections of the favorable variant only. These reflections are shown again in (B). The reflection 
extension vector, �, and the part of the reflection corresponding to �! and �!  are labeled. Boxes are 
drawn showing the segregation of the reflection into equally spaced in 1° increments along �. The boxes 
represent bounds in � and �. These bounds are applied to the raw ff-HEDM reflection in (C), where the 
third dimension of the boxes is now formed by lower and upper bounds in 2�. This is shown again in a 
top-down view in (D). 
 

The average lattice strain is calculated for each box using the conventional d-spacing analysis shown in 

Equation 4.3, where d0, the initial d-spacing, is the average d-spacing of the same reflection at zero load. 
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d is then the d-spacing of the centroid of the reflection inside that particular 3D box. This procedure 

allows one to calculate the lattice strain associated with a particular portion of a misoriented, or rotated, 

lattice. The lattice misorientation versus lattice strain profiles for the reflections shown in Figure 4.4(A) 

are shown in Figure 4.4(C), the lattice misorientation versus lattice strain profiles for the reflections 

shown in Figure 4.16 are shown in Figure 4.19, and the lattice misorientation versus lattice strain profiles 

for the reflections shown in Figure 4.17 are shown in Figure 4.20. 

4.4.8 Resolved Shear Stress (RSS) Calculations of Twin Systems 

The resolved shear stresses on the twin system were calculated much like the resolved shear 

stress on a slip system would be calculated. Instead of the slip plane, the twin plane is used, and instead of 

the slip direction, the shear direction is used. This procedure is described in [84]. The specific equation 

for calculating the resolved shear stress, �, on a twin system comprised of a twin plane normal, �, and a 

shear direction, �, from a uniaxial load of a magnitude � in a direction � is given in Equation 4.4. 

 

� = ± � ∙ � � ∙ � / �         ( 4.4 ) 
 

The definitions of twin plane and shear direction for twin systems can be found in, e.g., [13,134,165]. 
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Figure 4.19 Lattice strain versus misorientation for the three different grains for (100), (-110), (-121) and 
(-1-21) reflections from the favorable variant for sample 1, variant 3. The reflections and designations for 
grain 1 (A), grain 2 (B), and grain 3 (C) are indicated in Figure 4.4B. 
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Figure 4.20 Lattice strain versus misorientation for the three different grains for (100), (-110), (-121) and 
(-1-21) reflections from the favorable variant for sample 2, variant 4, for three different grains, grain 1 
(A), grain 2 (B), and grain 3 (C). 
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CHAPTER 5  

MICROSTRUCTURE DEGREDATION EFFECTS OF LOAD-BIASED  

THERMAL CYCLING ON THE AUSTENITE PHASE 

 

5.1 Introduction 

One of the most important functional abilities of shape memory alloys (SMAs) is actuation. SMA 

actuation can be described with the following sequence, where �! is the austenite finish temperature and 

�! is the martensite finish temperature: (1) Begin with an SMA sample in austenite phase above �! with 

no applied load; The sample is in some desired shape, which we will call “Shape 1”. (2) Cool the sample 

to below �! so that marensite self-accommodation twins form. (3) Apply a load so that macroscopically 

the material shape has changed. We will call this “Shape 2.” Microscopically, this shape change is 

enabled by the self-accommodation twins have reorienting, or rearranging. (4) Heat the sample above �! 

with the load still applied. The material will undergo a phase transformation from martensite to austenite, 

recovering the reorientation strain and returning to “Shape 1.” (5) Cool the sample below �! with the 

load still applied. The material will transform back to the martensite twins, deforming to “Shape 2” under 

the load. (6) Cycle between steps 4 and 5 to achieve actuation. This actuation procedure is called load-

biased thermal cycling (LBTC), and it is how SMAs can replace entire hydraulic and motor actuator 

assemblies, such as in NASA’s Spanwise Adaptive Wing project (SAW) [2,3] and the Boeing Dreamliner 

variable geometry chevron [4–6]. 

 SMA actuator systems can support and generate large mechanical loads while significantly 

reducing the weight of more common hydraulic and motor actuator systems. Yet there is one major 

hindrance to commercial applications of SMA actuator systems: functional fatigue. Functional fatigue is 

the term for when the mechanical response of an SMA changes cycle-to-cycle and is understood to 

originate from defects generated during the phase transformation process such as dislocations and grain 

boundaries [50]. Recently, researchers M. Bowers et al. underwent a systematic TEM-based study to 

better understand the microstructure evolution of NiTi SMAs under LBTC in connection to functional 

fatigue [173]. This study revealed special Σ grain boundaries that formed amidst profuse austenite grain 

refinement after several cycles. The automated selected-area diffraction orientation maps of NiTi samples 

under different load conditions are reprinted from [173] in Figure 5.1. After two no-load thermal cycles, 

there are no substantial new grains (Figure 5.1a). After 20 cycles with a 100 MPa bias stress, special Σ3, 

Σ5, Σ9, and Σ15 grain boundaries emerge. The theoretical values for the Σ grain boundary misorientation 

angles and axes are reprinted from [174] in Table 5.1.  
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Figure 5.1 Automated selected-area diffraction orientation maps for NiTi samples cycled for two no-load 
thermal cycles (a), 20 thermal cycles under a 100MPa bias stress (b), and 100 thermal cycles with a 150 
MPa bias stress (c). The colors of the maps correspond to the cubic IPF shown in (d). The misorientation 
profiles across lines 1 and 2 in (b) are shown in (e) and (f), respectively. Reprinted with permission from 
[173]. 
 

Table 5.1 Misorientation angle and axis across Σ grain boundaries. Reprinted with permission from [174]. 

Σ  
Boundary 

Misorientation Angle (°) 
Boundary 

Misorientation Axis 

3 60 [111] 

5 36.87 [001] 

7 38.21 [111] 

9 38.94 011  

13 22.62 010  

 

Researcher L. Casalena corroborated the emergence of special Σ grain boundaries with LBTC in his thesis 

with transmission Kikuchi diffraction (TKD) [174]. Further TKD evidence of emerging Σ3 grain 

boundaries was also shown in [175].  

These observations are not the first times that these special Σ grain boundaries have been 

reported, however. Additional TEM evidence has shown observations of  Σ3, Σ9, Σ11, Σ27, Σ81, and Σ99 
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grain boundaries that formed in the austenite phase a result of LBTC in [176,177] and others. Ezaz et al. 

subsequently calculated the energy barrier for the (114) Σ9 grain boundaries to form and classified the 

underlying atomic mechanism to be a combined shear and shuffle [178]. More recently, another 

hypothesis for the emergence of special Σ grain boundaries is that it stems from a base-centered 

orthorhombic (BCO) phase that is slightly less stable than the B19’ monoclinic martensite phase at low 

temperatures (see Figure 5.2, reprinted from [173]). The hypothesis is that there exists a special 

symmetry-dictated non-transformation pathway (SDNTP) from an initial B2 orientation to B19’ to a new 

B2 orientation by way of the BCO phase. Because the BCO phase is energetically similar to the B19’ 

phase, it may be an intermediate though unstable phase during load-biased thermal cycling. The load bias 

is necessary to activate the phase transformation pathways through the intermediate BCO phase, because 

it skews the energy landscape such that the BCO and B19’ are even more energetically similar (see Figure 

5.3, reprinted form [175]). Using this SDNTP, new Σ3, Σ5, Σ7, Σ9, and Σ13 can emerge after one cycle, 

and higher order Σ grain boundaries can be generated after two cycles. Y. Gao et al. also suggested that a 

critical stress is required for the activation of these SDNTPs, which may be why the phenomenon is not 

always observed [175].  

 There is still substantial speculation regarding the proposed SDNTP mechanism behind these 

emerging grain boundaries as the intermediate BCO phase has never been experimentally observed. The 

deformation twinning explanation is much more plausible, but there is still some confusion regarding 

when (i.e., at what load and temperature combinations) these high-angle Σ boundaries will appear. 

Furthermore,  as is typical with TEM evidence, it is also nontrivial to separate bulk material phenomena 

from the effects of rigorous TEM sample preparation. It is also unclear if these special grain boundaries 

are somehow sensitive to free surface effects and only form on the surface or through a thin TEM film. 

Researchers observed evidence of deformation twinning in austenite in bulk polycrystals using neutron 

diffraction in [177] but the information was averaged over thousands of grains. If these emerging grain 

boundaries are indeed likely to occur in bulk materials after even one or two load-biased thermal cycles, 

then this will have a large impact on our understanding and overcoming of functional fatigue in SMA 

actuation applications. In this paper, we use High-Energy Diffraction Microscopy (HEDM) techniques to 

measure the effects of LBTC on the austenite phase of a bulk NiTi single crystal just above the �! 

temperature using a load bias of 150 MPa. This work was done in collaboration with L. Casalena from 

The Ohio State University. 

5.2 Experimental Setup 

The sample was electrical-discharge-machined (EDM) from the same 40 mm diameter B19’ 

monoclinic (martensite) Ni50.1Ti49.9 ingot used in Chapter 4. The ingot was grown by an advanced 
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Bridgman technique consisting of remelting a cast ingot into a graphite crucible under an inert helium gas 

atmosphere. A 1×1×1 mm3 gage section specimen shown in Figure 5.2 was used.  

 

 

Figure 5.2 Geometry and dimensions in millimeters of the square-gage specimen. 
 

 

 

Figure 5.3 Photographs of the experimental setup without the furnace in place and the near-field detector 
moved out of position (A), and with the furnace in place and the near-field detector moved into position 
(B). Reprinted from [174]. 
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This specimen is based on the geometry used in [117] but modified to have a 1-mm tall gage section to 

produce a more concentrated load in the diffracted volume. 

The experiment was conducted on beamline F2 at the Cornell High Energy Synchrotron Source 

(CHESS). The loading was performed using the RAMS2 load frame, which is custom load frame built for 

HEDM experiments by the Air Force Research Laboratory [179] see Figure 5.3.As reported in [174], the 

sample was heated using a custom-built dual halogen bulb line focusing furnace with four thermocouples 

and X-ray transparent upstream/downstream graphite windows shown in Figure 5.3B. The furnace had a 

water-cooled aluminum body capable of withstanding temperatures up to 1000°C. The water-chiller was 

set to 15 °C for these experiments. Argon was continuously flowing through the chamber during testing to 

minimize oxidation effects. Temperature calibration utilized the known martensitic transformation 

temperatures of the base polycrystalline NiTi sample, together with far-field measurements done at 5 °C 

increments. All measurements were made at 120°C ± 5°C—well above the austenite finish temperature of 

97 °C. As of the time of writing, literature on the furnace has not yet been published, and this work is 

believed to be the first successful elevated temperature in situ HEDM study, and certainly the first in situ 

LBTC study using this technique [174]. 

Near-field and far-field HEDM (nf- and ff-HEDM) and microcomputed tomography (µCT) 

measurements were recorded before and after one load-biased thermal cycle. For these measurements, the 

X-ray beam was collimated to 120 µm tall × 2.5 mm wide, and three data sets were recorded at -100, 0, 

and +100 µm from the vertical center of the gage. The ff-HEDM detector, a GE41RT amorphous silicon 

area detector with 2048 × 2048 pixels and 200 × 200 µm2 pixel size, was positioned 1.047 m from the 

sample. The ff-HEDM detector calibration parameters (i.e., sample-to-detector distance, detector center, 

detector tilt, and detector distortion) were obtained from ff-HEDM diffraction patterns taken at � = 0° 

and � = 180° of a NIST standard CeO2 powder sample.  The nf-HEDM detector, a Retiga 4000DC 

camera with 2048 x 2048 pixels and a 1.48 x 1.48 µm2 pixel size equipped with a LuAG:Ce scintillator, 

was positioned 12.91 mm from the sample (see Figure 5.3). The nf-HEDM detector calibration 

parameters were obtained using a small assembly of gold crystals. The X-ray beam energy was 55.618 

keV. The detector data was binned at 0.25° for a full 360° sample rotation, resulting in 1,440 detector 

images for each data collection. Both detector calibrations and all data analysis was performed using the 

HEDM analysis suite HEXRD [164].  

First, the sample was heated without a mechanical load bias to 120°C ± 5°C. The first HEDM 

data set was collected here. The reconstructions and analyses corresponding to this first data set are 

referred to as “pre-cycling” throughout the paper. Then, the sample was loaded to 150 MPa under tension, 

cooled to 20°C, and reheated back to 120°C ± 5°C. The second HEDM data set was collected here. The 
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reconstructions and analyses corresponding to this second data set are referred to as “after one cycle” 

throughout the paper. 

5.3 Grain Reconstructions 

The combined nf-HEDM, ff-HEDM, and µCT data can be used to reconstruct a three-

dimensional (3D) grain topology and orientation map of the microstructure in situ, exactly like a 3D 

electron backscatter diffraction (EBSD) map but nondestructively. The nf-HEDM orientation and spatial 

resolution are often quoted as 0.1° and 2 um, respectively [29]. All grain reconstructions were performed 

using HEXRD [164]. Typical nf-HEDM analysis software, including HEXRD, use the following 

procedure for reconstructing 3D grain maps. First, a 3D virtual mesh of the sample is made. In this case, 

we used a 5×5×5 µm3 voxel size to construct the sample mesh. Second, for each individual voxel, each 

orientation in a list of grain orientations is forward modeled onto a virtual detector. This virtual detector 

data is then compared to the experimental detector data. For each sample voxel, the orientation with the 

highest completeness is assigned to that voxel, where completeness is defined as the percentage of virtual 

Bragg reflections that were verified against the experimental data. The list of grain orientations is 

typically the orientations indexed from a corresponding ff-HEDM data analysis. For this experiment, we 

also used the grain orientations from corresponding ff-HEDM data analyses. However, we also included 

orientations that were misoriented by 5° in 1° increments from each grain orientation indexed from the ff-

HEDM analyses. This modification of the more conventional nf-HEDM analysis was introduced by J. 

Oddershede et al. [168,169] as a way of reconstructing intragranular misorientation. In cases where 

intragranular misorientation is of interest, this is not only possible but recommended because the nf-

HEDM data analysis is much more sensitive to intragranular misorientation than the ff-HEDM data 

analysis.  

One byproduct of the nf-HEDM grain reconstructions is that large grains dominate neighboring 

small grains. When a grain is reconstructed in the virtual sample mesh, the completeness of this grain will 

ramp down after the grain boundary (as opposed to dropping to 0% exactly at the edge of the grain). For 

samples with a uniform grain size distribution, this has little effect; when two neighboring grains are the 

same size with the same completeness ramp rate, the grain boundary will be reconstructed accurately at 

the intersection of the equal completeness ramp-down rates. For samples with a bimodal grain size 

distribution, the completeness of very large grains can extend over neighboring small grains. In these 

cases, the large grains will be reconstructed, but the small grains will not. Furthermore, because small 

grains have low volume and thus low intensity, the reflections of the small grains are sometimes only 

detected on the brightest (hkl) rings. This results in lower completeness values for the small grains than 

large grains. Combining this completeness disparity with the ramp-down rate of the large single crystal, 

the locations of any new, low-volume grains would have been completely dominated by the single crystal.  
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Figure 5.4 Procedure for determining maximum noise completeness level for a precise completeness 
threshold. The 5,000 random test orientations known to be at least 10° misoriented from the real single 
crystal orientations are shown in the cubic IPF in (A). Of these 5,000 orientations, the orientations that 
were assigned to at least one voxel are shown in (B). A slice from the resultant “noise reconstruction” is 
shown in (C), and the corresponding completeness values are shown in (D). This threshold determination 
test was performed on the austenite sample at high temperature before cycling.  
 

For this reason, we reconstructed any new orientations detected during the ff-HEDM analysis separately 

and then added them to the final reconstruction. Because of  the relatively low completeness values of the 

new grains, we also had to be very careful about separating real, new grains from “noise” by setting a 

precise completeness threshold. To identify a precise completeness threshold, we tested 5,000 random 

orientations that were at least 10° misoriented from the actual single crystal orientations for the “pre-

cycling” data set. These random test orientations are shown in Figure 5.4A. The orientations that were 

assigned to at least one voxel are shown in Figure 5.4B. Assigning no completeness threshold, a slice of 

the resultant “noise reconstruction” is shown in Figure 5.4C. The corresponding completeness map shown 

in Figure 5.4D indicates a maximum noise completeness value of 56%, so we applied a completeness 

threshold value of 56% to all reconstructed grains reported in this chapter.  

All two-dimensional visualizations and all boundary misorientation analyses were performed 

using MTEX [170]. The three-dimensional visualizations were constructed using ORS Dragonfly 2.0 

[171]. 

5.4 Results and Discussion 

The ff-HEDM diffraction patterns (summed over all rotation increments) are shown pre-cycling 

and after one thermal cycle in Figure 5.5. Two changes can be observed by comparing the ff-HEDM 

pattern before cycling (Figure 5.5A) and after one thermal cycle (Figure 5.5C). First, the reflections 

became more diffuse after the thermal cycle; this is the diffraction signature of plasticity and/or grain 

refinement. Second, new low-intensity reflections emerged that were not present in the initial pattern. Red 

arrows point to these new reflections in Figure 5.5C. These new reflections can be seen more clearly by 

zooming into the detector regions marked by the red boxes. 
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Figure 5.5 Summed ff-HEDM diffraction patterns pre-cycling (A) and after one cycle (C). The regions in 
the red boxes are shown zoomed in for the pre-cycling load step (B) and the after one cycle load step (D). 
 

Figure 5.5B is the zoomed in portion indicated by the red box in Figure 5.5A, and Figure 5.5D is the 

zoomed in portion indicated by the red box in Figure 5.5C. Note that the new reflections marked by the 

red arrows are in line with a cubic (hkl) ring (specifically, the (110)B2 ring), meaning that these reflections 

correspond to new cubic orientations as opposed to retained martensite.  

Two-dimensional (2D) slices from the three-dimensional grain reconstructions are shown in Figure 5.6. 

Pre-cycling (Figure 5.6A), the microstructure shows a cubic single crystal with some intragranular 

mosaicity. By centering and “stretching” the color map as demonstrated in Figure 5.7, the low-angle 

intragranular mosaicity can be seen more clearly Figure 5.6B). The visualization in Figure 5.8B reveals 

structured intragranular mosaicity, or subgrains. After cycling (Figure 5.8C), two low-volume orientation 

types with high-angle grain boundaries have emerged (pink and purple in Figure 5.8C, Figure 5.8E, and 
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Figure 5.6C). These new grains have fairly jagged boundaries, which was also true of the emerging grains 

observed in [163–165]. Looking at the stretched color map in Figure 5.8D, it is also evident that the 

subgrain structure seen in Figure 5.8B has completely disappeared, and there are profuse low-angle grain 

boundaries where the subgrains once were.  

 

 

Figure 5.6 A 2D slice from the “pre-cycling” three-dimensional reconstruction shown in Figure 5.8A is 
shown in (A) with the colormap shown in the cubic IPF. The colormap is centered and stretched for the 
same slice in (B) for enhanced low-angle misorientation feature constrast. A two-dimensional slice from 
the “after one cycle” 3D reconstruction shown in Figure 5.8B is shown in (C) with the colormap shown in 
the cubic IPF. The colormap is centered and stretched for the same slice in (D) for enhanced low-angle 
misorientation feature constrast. 
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Figure 5.7 Procedure for centering and “stretching” the colormaps from Figure 5.6B and Figure 5.6D. An 
original IPF colormap plotted with the reconstructed orientations in black in shown in (A). This colormap 
is centered in (B), and then stretched in (C) for enhanced low-angle misorientation feature constrast. 

 

 

Figure 5.8 The “pre-cycling” 3D reconstruction corresponding to the 2D slice shown in Figure 5.6A is 
shown in (A). The colormap is centered and stretched for the same reconstruction in (B) for enhanced 
low-angle misorientation feature constrast. The “after one cycle” 3D reconstruction corresponding to the 
2D slice shown in Figure 5.6C in (C). The colormap is centered and stretched for the same slice in (D) for 
enhanced low-angle misorientation feature constrast. The “after one cycle” reconstruction shown in (C) is 
shown again in (E) as different colors, or orientations, are made transparent to expose the 3D nature of the 
new high-angle grain types.  
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The 3D EBSD-like grain reconstructions are shown in Figure 5.10 pre-cycling and after one 

cycle. The full 3D pre-cycling single crystal structure is shown in Figure 5.8A and again in Figure 5.8B 

with the stretched color map. After one thermal cycle, the three new high-angle misorientation grain types 

have emerged (Figure 5.8C), and the structured subgrain features of the pre-cycling single crystal 

microstructure have disappeared and been replaced with profuse low-angle grain boundaries (Figure 

5.8D). The 3D nature of the new high-angle grain types can be seen in Figure 5.8E, which shows the post-

cycling microstructure as different colors, or orientations, are made transparent. Figure 5.8 shows how all 

of the effects of cycling being discussed occur through the thickness of the gage section.   

In Figure 5.9A and Figure 5.9B, the reconstructed orientations are forward-modeled onto the ff-

HEDM patterns shown in Figure 5.5A and Figure 5.5C, respectively. In Figure 5.9A, the forward-

modeled reflections of the single crystal orientations reconstructed in Figure 5.5A are shown in red and 

fall on top of the experimental reflections. In Figure 5.9B, the forward-modeled reflections of the single 

crystal orientations reconstructed in Figure 5.5B are shown in red, and the forward-modeled reflections of 

the new orientations with high-angle grain boundaries are shown in green.  

 

 

Figure 5.9 The “pre-cycling” summed ff-HEDM diffraction pattern with the “pre-cycling” reconstructed 
orientations plotted on top in red (A). The “after one cycle” summed ff-HEDM diffraction pattern with 
the “after one cycle” reconstructed orientations plotted on top (B). The reconstructed orientations that had 
boundary misorientatin angles < 15° are in red, and the reconstructed orientations that had boundary 
misorientation angles > 15° are in green. 
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Figure 5.10 Boundary misorientation angles for the two-dimensional slices shown in Figure 5.6. The 
boundary angles for the “pre-cycling” slice is shown with a color scale from 0° to 15° in (A) and with a 
color scale from 0° to 60° in (B). The boundary angles for the “after one cycle” slice is shown with a 
color scale from 0° to 15° in (C) and with a color scale from 0° to 60° in (D). 
 

The red, single-crystal reflections fall on the high-intensity reflections that are essentially the same as 

those shown in Figure 5.9A. 

The green, new orientation reflections fall on the low-intensity reflections that emerged as a result 

of cycling shown most clearly in Figure 5.5D. This confirms that we have successfully reconstructed the 

emerging grain orientations that correspond to the new reflections.   

The boundary misorientation angles for the two slices of the grain map before cycling and after 

one cycle shown in Figure 5.6 are provided in Figure 5.10. The scale bar for the degree of grain boundary 

misorientation is 0° to 15° in Figure 5.10A (before cycling) and Figure 5.10C (after one cycle) to show 

low-angle boundaries, and the scale bar is 0° to 60° in Figure 5.10B (before cycling) and Figure 5.10D 

(after one cycle) to show the high-angle grain boundaries. After cycling (Figure 5.10C), there are many 
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more low-angle boundaries (< 5°) with essentially no remnants of the original subgrain structure shown in 

Figure 5.10A and Figure 5.10B. We also see the high-angle boundary character of the emerging grain 

types clearly in Figure 5.10D. At roughly 39° and 59°, the boundary misorientation angles of the three 

emerging grain types are all significantly larger than any boundary angle observed in the original 

microstructure.  

Histograms showing the boundary angle values for the entire three-dimensional reconstructions 

are shown in Figure 5.11. Because the new high-angle grains are relatively low volume, we show both the 

full histograms (Figure 5.11A and Figure 5.11C) as well as the histograms with the percentage axis scaled 

from 0 to 1% (Figure 5.11B and Figure 5.11D).  

 

 

Figure 5.11 Histogram of all the boundary misorientation angles for the full “pre-cycling” three-
dimensional grain map shown in Figure 5.8A is shown in (A), and the same histogram with the 
percentage axis scaled from 0 to 1% is shown in (B). Histogram of all the boundary misorientation angles 
for the full “after one cycle” three-dimensional grain map shown in Figure 5.8B is shown in (C), and the 
same histogram with the percentage axis scaled from 0 to 1% is shown in (D). 
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The boundary misorientation values for all boundaries misoriented by ≥ 1° are shown for the “pre-

cycling” load step in Figure 5.11A, and again in Figure 5.11B where the percentage axis is scaled from 0 

to 1%.  

The boundary misorientation values are shown for the “after one cycle” load step in Figure 

5.11C, and again in Figure 5.11D where the percentage axis is scaled from 0% to 1%. The first 

observation is that the cycling demolished most of the 5-15° subgrain boundaries and induced more low-

angle (< 5°)  boundaries. The second observation confirms that there are three new high-angle grain 

boundary types at roughly 39° and 59°. The volumes of these three boundary types throughout the full 3D 

grain map is relatively small, totaling 1.4% combined.   

 The “after one cycle” boundary misorientation angles are visualized in a different way in 

Figure 5.12A. Figure 5.12A shows the boundary misorientation angle versus reconstruction voxel number 

for the “after one cycle” load step. The voxels are numbered such that you pass through each 2D slice 

(like the slices shown in Figure 5.6) and then proceed to the next vertical slice. In this way, Figure 5.12A 

shows the progression of the different boundary types through the vertical height of the sample. All 

boundaries misoriented by < 15° are shown in blue, and the three high-angle grain boundary types are 

shown in green and cyan. The average experimental misorientation angles for these three high-angle 

boundary types are shown in Table 5.2. 

 

 

Figure 5.12 Grain boundary misorientation angle versus reconstruction voxel for the “after one cycle” 
load step, where the angles are separated into low-angle boundaries (blue) and the three high-angle grain 
boundary types (red, green, and cyan) (A). The boundary misorientation axes for the high-angle boundary 
types are plotted in (B) along with the theoretical Σ grain boundary misorientation axes that have 
misorientation angles that most closely match the experimentally observed misorientation angles. 
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Table 5.2 Average experimentally observed emerging grain boundary angles and axes for the three grain 
types shown in Figure 5.12B. The corresponding theoretical values are restated from Table 5.1 for a direct 
comparison. 

Σ  

Experimental 
Boundary 

Misorientation 
Angle (°) 

Experimental 
Boundary 

Misorientation 
Axis 

Theoretical 
Boundary 

Misorientation 
Angle (°) 

Theoretical 
Boundary 

Misorientation 
Axis 

9 39.3 [1   44   46] 38.94 [0   1   1] 

3 59.2 [1   1.0   1.1] 60 [1   1   1] 

 

The misorientation angle of the first boundary type shown in Table 5.2 (shown in green in Figure 5.12) 

closely matches the Σ9 grain boundary angle, and the misorientation angle of the second boundary type 

shown in Table 5.2 (shown in cyan in Figure 5.12) closely matches the Σ3 grain boundary angle. To 

confirm that these are indeed Σ grain boundaries, we plotted the experimental boundary misorientation 

axes together with the theoretical Σ grain boundary misorientation axes in Figure 5.12B. The Σ3 and Σ9 

boundary misorientation axes are nearly identical to the experimentally observed axes, confirming that 

these are indeed special Σ grains.  

5.5 Conclusion and Future Work 

In conclusion, we used combined nf- and ff-HEDM and µCT to show the grain orientation effects 

of LBTC through the full volume of a bulk sample. The sample was initially a single cubic austenite 

sample with structured subgrain regions. Even after one thermal cycle with a load bias of 150 MPa, the 

subgrain structure was completely destroyed and replaced with profuse low-angle grain boundaries. The 

experiment also showed that high-angle grains emerged in the cubic austenite phase from within the 

single crystal as a result of the cycle. Three high-angle grain types emerged with boundary misorientation 

angles of roughly 39° and 59°. The two are confirmed to be Σ9 and Σ3 grain boundaries, respectively. 

These findings confirm previous reports of special Σ grains emerging as a result of LBTC, a result which 

we now know is not specific to thin TEM foils but can occur in bulk samples as well.  

 Future work items include completing the full nf-HEDM analysis—the findings reported in this 

chapter are for the +100 µm layer, only so there are two additional layers to be analyzed. First 

impressions of these two additional layers suggest that the findings will be the same though. It is also of 

great interest to convert the low-angle misorientation boundaries into three-dimensional measurements of 

dislocation density. This will be the first time that nf-HEDM data has been used to estimate dislocation 

density. We also conducted a separate load-biased thermal cycling test on a different sample using a 100 

MPa load bias. This data is also currently being analyzed. First impressions of initial analyses suggest that 

no new grain boundaries formed after this cycle, which would support the theory that a critical load bias 
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is necessary to activate the formation of the high-angle grain boundaries. Finally, we plan to verify the 

theoretical activation energy for the (114) Σ9 grain boundaries published in [178] using the applied load 

bias, temperature, and the measured surface area of these grain boundaries. Together, this study quantifies 

not only the presence but the topology of Σ grain boundaries forming in the austenite phase in bulk SMA 

single crystals as a result of LBTC.  
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CHAPTER 6  

THE FIRST-EVER DARK-FIELD X-RAY MICROSCOPY  

EXPERIMENTS ON SHAPE MEMORY ALLOYS 

6.1 Introduction 

Even though electron microscopy techniques such as transmission electron microscopy (TEM) 

and scanning electron microscopy (SEM) are more common and mature, modern X-ray microscopy 

techniques have several major advantages over electron microscopy techniques. X-ray techniques provide 

quantitative three-dimensional measurements of fully-constrained embedded microstructures. X-ray 

techniques can be used to scan large, representative volumes of bulk samples that behave like materials 

used in most engineering applications. Finally, X-ray techniques can be performed in situ on deforming 

samples, because these techniques are generally nondestructive and not sensitive to sample preparation 

features such as surface roughness or specimen geometry.  

Currently, the biggest limitation to modern X-ray diffraction techniques is spatial resolution. For 

example, near-field high-energy diffraction microscopy (nf-HEDM) has a spatial resolution of 1-2 µm  

[29], which is often between one and four orders of magnitude larger than critical microstructure features 

such as precipitates, inclusions, grain boundaries, phase interfaces, and twin planes. A full 

characterization of microstructure evolution and deformation requires quantitative information from the 

length scales of these critical microstructure features all the way up to macroscopic length scales. This is 

why many government funding agencies, including the National Science Foundation, are attempting to 

stimulate experimental and computational research that spans length scales [180]. Modern X-ray 

diffraction techniques where quantitative information at length scales spanning 1 µm to 1 mm can be 

collected simultaneously using a single technique are novel, relative to electron microscopy techniques, 

but are well established, e.g. [29,121,136,156,167,168,181–184]. The next age of X-ray microscopy 

techniques will push these length scales down into the nanometer scale. 

One such technique is called Dark-Field X-Ray Microscopy (DFXM). Developed over the past 

three years at the European Synchrotron Radiation Facility (ESRF), this technique has demonstrated a 

spatial resolution of 100 nm, an orientation resolution of 0.06°, and a strain resolution of 10-4—the latter 

two being superior to that of TEM [107,108,185]. DFXM is analogous to dark-field TEM, where 

deviations in orientation and strain can be measured by tilting the sample about specific axes. The 

difference between DFXM and dark-field TEM is that DFXM can penetrate hundreds of micrometers of 

material while dark-field TEM can only penetrate hundreds of nanometers of material. With the increase 

in brilliance that will come from scheduled facility upgrades at the ESRF and the Advanced Photon 

Source (APS), penetration depths may increase to millimeters [25]. With the added order of magnitude in 
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spatial resolution, we can begin to look at local strain and orientation fields surrounding embedded critical 

microstructure features. In this project, we investigate local mosaicity and strain in martensitic phase 

transformations in NiTi single crystals with defects such as inclusions and precipitates. 

6.2 The Dark-Field X-Ray Microscopy Technique 

The DFXM experiment was conducted on beamline ID06 at the ESRF using monochromatic 23 

keV X-rays. The DFXM procedure is as follows. 1) The X-ray beam is aligned and centered along the 

optical axis of the beamline using two Si single crystals (in-house ESRF design). 2) The X-ray beam is 

focused vertically using a condenser equipped with a compact transfocator with Be lenses (in-house 

ESRF design). For this experiment, the resultant vertical height of the beam was ≤ 1 µm—1 µm is the 

resolution on the detector used to measure the beam height.  

 

 

Figure 6.1 Diffraction pattern recorded on the diffraction camera showing the (110)B2-type Bragg 
reflection aligned on the vertical axis of the detector. 
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Other researchers have reported beam heights of 200-300 nm using the same experimental setup with 

higher-resolution height measurement techniques [186]. 3) The sample is oriented such that a high-

intensity Bragg reflection is in the Bragg condition and is located on the vertical axis diffraction camera. 

For this experiment, we used a (110)B2-type Bragg reflection. The aligned reflection is shown in Figure 

6.1. Note: the reflection is not actually that large—the reflection saturated the camera. It is necessary to 

orient the Bragg condition on the vertical plane so that the orientation measurements and the strain 

measurements are fully decoupled [185]. The diffraction camera was a fiber-taper couple FreLoN 

diffraction camera with an effective pixel size of 47.3 µm × 47.3 µm and a field of view of 94.6 mm × 

94.6 mm. 4) A compound refractive lens (CRL) operating as an objective is aligned in the direction of the 

Bragg reflection. The CRL consisted of 88 2D Be lenses manufactured by RXOptics with an apex radius 

of curvature of 50 µm. 5) The magnified Bragg reflection is located on a mobile far-field detector located 

5 m downstream of the sample. The far-field detector was composed of a 10 µm LuAG:Eu scintillator 

screen, an optical microscope with Olympus UIS2 UplanSApo 10×/0.40 objective, and an Olympus U-

TLU-1-2 tube lens.  

 

 

Figure 6.2 Schematic of the experimental setup showing the sample and sample holder assembly, 
goniometer, the compound refractive lens (CRL) objective, and far-field detector. 
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Figure 6.3 Close-up schematic of the sample and sample holder assembly with sample tilt angle 
definitions. 
 

Only a small angular section of the reflection passes through the objective aperture at a given 

time. By tilting the sample small amounts, the local orientation and strain deviations can be measured. 

Two types of scans can be performed, a mosaicity scan and a strain scan, where each scan consists of a 

series of images recorded while tilting the sample. The mosaicity scan images points form a mesh 

between tilting in χ and tilting in µ, and the strain scan image points form a mesh between µ and the pitch 

of the CRL, 2θ. These angles are defined in Figure 6.2 and Figure 6.3. 

The resultant data is both two-dimensional in terms of reciprocal space and in terms of real space. In 

terms of reciprocal space, the mosaicity and strain scans provide two perpendicular “slices of reciprocal 

space, where the mosaicity scan is a slice at constant 2θ (strain) and the strain scan is a slice at constant χ 

(one component of rotation). For a full reconstruction of reciprocal space, one would need a three-

dimensional mesh of χ, µ, and 2θ. This was performed in a follow-up experiment that has not been 

analyzed yet. In terms of real space, the mosaicity and strain corresponds to a near-two-dimensional slice 

of the sample, where the third dimension is very small due to the small height of the beam. A three-

dimensional spatial measurement can made by rastering the beam layer-wise up and down the sample and 

reconstructing each layer separately, demonstrated in Figure 6.4. 

The orientation and strain reconstruction methods were developed by H. Simons, S. Ahl, and H. 

Poulsen at the Technical University of Denmark (DTU). The initial developments of DFXM data analysis 

procedures and the experimental technique are published [186]. The reconstructions were performed 

using MATLAB codes developed in-house at DTU and the ESRF that I modified further while in 

temporary employment as a visiting scientist at the ESRF. All reconstruction visualizations were created 

using MTEX [170].  
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Figure 6.4 Example of using layer-wise rastering to extract three-dimensional DFXM measurements. The 
reconstructions in this example are of mosaicity.  
 

6.3 Material 

The Ni50.6Ti49.4 sample was electrical-discharge-machined (EDM) from the same 40 mm diameter 

ingot as the one used in Chapter 3. The ingot was grown by an advanced Bridgman technique consisting 

of remelting a cast ingot into a graphite crucible under an inert helium gas atmosphere. The material was 

found to have TiO2/TiC inclusions and Ni4Ti3 precipitates as discussed in [111]. The samples are 

predominantly B2 cubic austenite at room temperature. The specimen geometry was EDM’d to 5 mm × 

300 µm × 300 µm, and then one of the 300 µm thicknesses was further grinded by hand to approximately 

100 µm using 1,500 grit abrasive pads. This resulted in a 5 mm × 300 µm × 100 µm where the 100 µm 

dimension was the X-ray penetration dimension. 

6.4 Thermal Cycling Experiment 

The sample was mounted in a custom sample holder that consisted of aluminum stubs separated 

by ~4 mm with a hole in each stub for the sample to slide through. The sample holder assembly is shown 

in Figure 6.5. The ends of the sample were glued to the holder using thermally conductive silver paste 

(RS Components). Two Peltier stages were mounted in parallel between the two plates (see Figure 6.5A). 

The purpose of the Peltier stages was to induce a thermal gradient across the sample. However, there is no 

evidence in the diffraction data that this produced a substantial gradient within the diffracted volume at 

the center of the sample. That is, transformation did not initiate at one side of the microstructure and 

propagate toward the other side. 
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Figure 6.5 Pictures from the experimental setup of the DFXM experiment. (A) shows a side view without 
the cryostream blower showing the sample and sample holder assembly and the goniometer. (B) shows a 
side view with the cryostream blower in place over the sample. (C) shows a top-down view of the sample 
holder assembly, goniometer, cryostream blower, and the diffraction camera. 
 

The overall temperature of the sample and sample holder assembly was controlled using a 700 Series 

Oxford Cryostream system, mounted ~10 mm above the sample (see Figure 6.5B,C). It is likely that the 

thermal effect of the Cryostream dominated the sample, and this is why no temperature gradient was 

observed across the sample within the diffracted volume. In the near future, I plan to measure the actual 

temperature on the sample (as opposed to the set temperature of the Cryostream) via thermal expansion of 

the measured Bragg reflection.  

 The sample and sample holder assembly was heated and cooled using the Cryostream. DFXM 

measurements were taken at Cryostream set temperatures of 300 K, 265 K, 247 K, and 239 K. The 
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mosaicity scan images were recorded at χ tilt angles of ±0.35° in 29 steps meshed with µ tilt angles of 

±0.35° in 71 steps. The strain scan images were recorded at µ tilt angles of ±0.3° in 61 steps meshed with 

2θ tilt angles of ±0.15° in 31 steps. After the four mosaicity and strain scans, the sample was cycled 

between roughly 160 K and 340 K (temperatures refer to the set temperatures on the Cryostream) while 

partial mosaicity measurements were taken continuously. That is, mosaicity scan images were recorded at 

µ tilt angles of ±0.5° in 31 steps. Without also scanning in χ, this one-dimensional measurement provides 

only partial information about mosaicity, but the intention of this part of the experiment was to 

qualitatively watch of the transformation in more of a dynamic way. We can observe the transformation 

qualitatively by comparing the summed images of each one-dimensional scan. 

6.5 Results and Discussion 

The initial microstructure can be seen in the raw data shown in Figure 6.6. This image of the 

internal microstructure was taken by summing together all of the raw images recorded during a mosaicity 

scan. By magnifying the Bragg reflection, there is real space information inside of the reflection that 

directly corresponds to the microstructure illuminated by the beam. The bottom edge of the reflection 

corresponds to the upstream face of the sample, and the top edge of the reflection corresponds to the 

downstream face of the sample. Details of the surface roughness on the upstream face (bottom edge) can 

be seen, as this is the face that was hand polished. What appears to be a line of fine precipitates can be 

crossing from center left to bottom right as well as two large oxides (top left and center right). However, 

this needs to be confirmed via post-mortem SEM. 

Because this was a phase transformation experiment, the intensity of the reflection at each 

detector pixel is an important measurement. 

 

 

Figure 6.6 Summed mosaicity scan images at a Cryostream set temperature of 300 K. This figure shows 
how even the raw data gives a qualitative micrograph of the microstructure in real space. 
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The total intensity at each pixel relates to the volume of the microstructure that is reflecting onto the 

pixel. (Total intensity refers to the summed intensity from all images recorded in a scan.) If the incident 

X-ray beam was infinitely focused in the vertical direction to near zero height, then the diffracting 

microstructure at each pixel would either be austenite or martensite. In reality, the incident beam has a 

finite vertical height, so there is a finite volume of the microstructure reflecting onto each pixel of the 

detector. Therefore, the volume of the microstructure corresponding to each pixel can be fully austenitic, 

fully martensitic, or partially transformed. When the total intensity at the pixel is at its maximum, it can 

be assumed to be fully austenite; when the total intensity is zero, if can be assumed to be fully 

martensitic; when the total intensity is between maximum and zero, it is partially transformed.  

The total intensity at each picture is reconstructed in Figure 6.7. This figure shows regions of high 

austenite volume (white), regions of low austenite volume (black), partially transformed regions (gray), 

and regions of zero austenite volume (red). Comparing 300 K and 265 K, the left side and bottom edge of 

the microstructure appears to be transforming first; both regions are partially transformed (gray) at 265 K. 

 

 

Figure 6.7 The total intensity at each pixel where white is high intensity (high austenite volume), black is 
low intensity (high martensite volume), and red is zero intensity (fully martensitic). The result is a visual 
map of the degree of transformation across the microstructure. 
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This may be due to stress concentrations at defects in these regions. Comparing 265 K and 247 K, these 

regions are now fully transformed to martensite (red), with the exception of “islands” of retained 

austenite. At 247 K, the region near the defect in the center right has also begun to transform, as well as 

other local regions throughout the microstructure. Some of the retained austenite “islands” still exist at 

239 K. At 239 K, the local areas of transformation become clearer, appearing like “ravines” of 

transformation.  

The total intensity is also overlaid with the strain and mosaicity reconstructions. This serves two 

purposes: First, the details of the microstructure such as precipitates and inclusions can be seen 

concurrently with mosaicity and strain; Second, the percentage of the volume of the microstructure 

transformed can be conveyed, where darker indicates more volume transformed and brighter indicates 

less volume transformed. This is demonstrated in Figure 6.8.  

The mosaicity overlaid with volume information at the four temperature steps are shown in 

Figure 6.9. The color maps on the right of Figure 6.9 correspond to zoomed in portions of the B2 cubic 

austenite inverse pole figure (IPF) so that the color map extends ±0.25° as demonstrated in Figure 6.10. 

The average orientation of the single crystal was not measured, so these figures show the change in 

orientation from the average orientation measured at 300 K. Figure 6.9 shows local lattice rotations 

caused by the microstructure heterogeneities, the cooling of the sample, the transformation, and the 

constraints of the sample in the sample holder. 

 

 

Figure 6.8 Example of how intensity is overlaid with strain and mosaicity reconstructions. The strain 
reconstruction for the 265 K temperature step is shown in (A), the intensity or volume reconstruction is 
shown in (B), and the two are overlaid together in (C). 
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Figure 6.9 Mosaicity reconstructions overlaid with volume reconstructions for the four temperature steps. 
The zoomed in IPFs on the right show the color maps for the mosaicity reconstructions as well as the 
orientation location of each pixel in the reconstruction. The bounds for all of the color maps are the same 
as the one shown in Figure 6.10. 
 

 

Figure 6.10 Explanation of the IPF color maps shown in Figure 6.9. 
 

At 300 K, there is a slight orientation gradient across the sample as well as local areas of misorientation 

near microstructure defects and the surfaces. The bottom edge of the reconstruction is the face of the 

sample that was hand polished. The most obvious change while cooling is that the region that is generally 

not transforming (upper right) is rotating more and more toward the dark pink orientations with cooling 

relative to the initial orientation. Conversely, the regions that are undergoing the most transformation 
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(bottom and left) are not rotating significantly. In other words, the orientation is “splitting,” most clearly 

seen in the zoomed in IPF color maps.  

The strain reconstructions overlaid with the volume reconstructions are shown in Figure 6.11 for 

the four temperature steps. The strain values in this figure are relative to the average d-spacing at 300 K. 

At 300 K, local strain heterogeneities can be seen throughout the microstructure. From 300 K to 239 K, 

the microstructure is becoming compressively strained overall due to thermal contraction. Comparing the 

strain reconstructions with the mosaicity reconstructions in Figure 6.9, the region of the microstructure 

that is not significantly transforming and is rotating to toward the dark pink orientations is actually the 

least strained region.  

One explanation for this is that the microstructure is free to rotate because it is not under strain. 

Conversely, the region experiencing the most strain is not rotating, perhaps because it is not free to rotate. 

This highly strained region is also the region that transforms first. One future development is to correlate 

two quantities: 1) the lattice strain and the lattice rotation at each pixel, and 2) the lattice strain and the 

percent transformed at each pixel. 

 

 

Figure 6.11 Strain reconstructions overlaid with volume reconstructions for the four temperature steps. 
The color map for all four temperatures steps is based on the lattice strain color bar shown at the bottom 
of the figure. 
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Finally, one particularly interesting detail is that the region neighboring the region that is completely 

transformed to martensite is experiencing the most strain. This may imply that there is a strain interaction 

at the transformation front between the austenite and martensite phases.  

 There are many interesting qualitative details in these reconstructions. Close-ups of two of these 

regions are shown in Figure 6.12. Close-ups of the leftmost region of the mosaicity reconstructions are 

shown in Figure 6.12A. This region appears to be undergoing transformation very nonuniformly, and the 

effects of this on the mosaicity is very apparent. Even small lathes of partially to fully transformed 

regions can be seen at 265 K and 247 K. The volume reconstruction for this region at 247 K is shown in 

Figure 6.12B, revealing the nonuniformity of the transformation even more clearly. Close-ups of a 

different region of the mosaicity reconstructions are shown in Figure 6.12C. This region appears to have 

two “ravines” of partially to fully transformed martensite appear at 247 K. This is of particular interest, as 

curved transformation lathes have never been experimentally verified. The volume reconstruction for this 

region at 247 K is shown in Figure 6.12D, clearly showing the apparently curved transformation 

“ravines.”  

 The summed images from the partial mosaicity scans during cycling is shown in Figure 6.13. 

This sequence shows that the upper portion of the microstructure was repeatedly the last region to 

transform and the first region to reverse transform back to austenite. This implies that the stress 

concentrations at microstructure defects that are initiating transformation early are stable enough to 

repeatedly initiate transformation cycle to cycle. 

6.6 Future Work 

This is the first ever DFXM experiments conducted on shape memory alloys. The advantages of 

the high spatial resolution and real-space information in the raw data can be seen in the details of the 

reconstructions shown in Figure 6.7, Figure 6.9, and Figure 6.11 and even in the raw data sequence 

shown in Figure 6.13. The reconstructions also show a wealth of quantitative information about lattice 

rotation and strain, together forming one component of the total deformation gradient. At this time, only 

one (hkl) can be view at one time, and the goniometer currently on ID-06 at the ESRF does not have the 

rotation capabilities necessary to more than one Bragg reflection in sequence. Still, even in these early 

stages of the technique only years after its arrival, the information is completely unique and offers never-

before-seen in situ characterizations of embedded microstructures. 

Several items of future work have already been introduced in the previous sections. The first item 

is to measure the actual temperature on the sample using the thermal expansion of the average d-spacing 

of the reflection. The second item is to correlate two quantities: 1) the lattice strain and the lattice rotation 

at each pixel, and 2) the lattice strain and the percent transformed at each pixel. The former will provide 

quantitative insights into the interplay between lattice rotation and lattice constraint. 
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Figure 6.12 A close-up of  the left most region of the mosaicity reconstructions is shown in (A) at each of 
the four temperature steps. The volume reconstruction is shown at this region for the 247 K temperature 
step in (B). A close-up of a different region of the mosaicity reconstructions is shown in (C) at each of the 
four temperature steps. The volume reconstruction is shown at this region for the 247 K temperature step 
in (D). 
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Figure 6.13 Summed images from the partial mosaicity scans recorded during thermal cycling. The data is 
organized in the sequence at which they were recorded. 
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Figure 6.14 Preliminary reconstructions of calculations that can be related to certain components of the 
dislocation density tensor. The maps shown here are the gradient of the orientation with respect to the tilt 
angle µ. 
 

The latter will provide quantitative insights into the effect of strain heterogeneities that either exist at 

microstructure defects or result from part of the microstructure transforming first. The third item of future 

work is to analyze the data from the follow-up experiment where we also thermally cycled a NiTi single 

crystal, but we recorded three-dimensional mosaicity and strain information (where the three dimensions 

are χ, µ, and 2θ). This data analysis will likely require new ways of both analyzing and visualizing 

DFXM data sets.  

An additional item of future work is to reconstruct maps of dislocation density. Particular 

components of the dislocation density tensor can be determined from mosaicity information based on 

geometrically necessary dislocations. Measuring dislocation density terms from orientation maps has been 

established for electron backscatter diffraction [187] but still needs to be carefully quantified for DFXM.  

S. Ahl has carefully explored this topic in her thesis [186]. Preliminary reconstructions of the gradient of 

the mosaicity to the sample tilt angle µ are shown in Figure 6.14. As discussed in Chapter 2 of [186], this 

value can be related to particular components of the dislocation density tensor. The dislocation density 
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analysis requires more time to carefully understand, however. It will also be necessary to understand the 

difference between dislocations and the partial Shockley dislocations at twin and phase interfaces. 

 

 

 

 

  



 135 

CHAPTER 7  

SUMMARY AND OUTLOOK 

 

The work presented in this dissertation illustrates the power of modern X-ray diffraction 

experiments to elucidate complex material responses in advanced material systems such as shape memory 

alloys (SMAs). Furthermore, because we can use these techniques to literally study through bulk 

specimen without destroying/sectioning the sample, the information is statistically representative, the 

microstructures are fully constrained, and all of the scientific findings are completely isolated from the 

conflicting effects of free surfaces, thin films, and destructive sample preparation techniques.  

In Chapter 2, I demonstrated the need for more complicated micromechanical modeling and 

associated experimental verification data sets by highlighting some of the features of SMAs that we do 

not yet understand and cannot currently model. These are some of the reasons that modern X-ray 

techniques need to be applied to the study and development of advanced materials. In Chapter 3, I 

discussed the challenges in analyzing X-ray diffraction data sets for advanced materials that undergo 

combinations of phase transformation, twinning, and plasticity, and then introduced and demonstrated a 

novel approach to data analysis to overcome these challenges. The results shed light on a widely accepted 

criterion for micromechanical modeling, the implications of which will affect future modeling and 

experimental efforts. In Chapter 4, I reported an experiment where the sample was designed to produce 

especially meaningful data about the advanced deformation mechanism, load-induced twin 

reorganization. This study demonstrates how these techniques can be used to make huge leaps in our 

understanding of extremely complex processes. In Chapter 5, I used bulk X-ray techniques to both verify 

and bring new insights to a functional fatigue phenomenon that had previously only been observed on 

small scales using electron microscopy. The results of this study may have important implications on the 

theories currently used to explain this phenomenon and have a large impact on our understanding of 

functional fatigue in general. Finally, in Chapter 6, I introduced the first-ever DFXM experiments on 

SMAs, where we saw interplay between transformation, local strain fields, and local lattice rotation in 

embedded microstructures with 100 nm spatial resolution.  

Many more exciting developments in experimental techniques and data analysis methods are on 

the horizon for X-ray microscopy tools. These developments will continue to span length and time scales 

and unify experimental, computational modeling, and materials database efforts. Some of the 

developments are at the synchrotrons: facility upgrades continue to increase the source brilliance which in 

turn improve collection speed and measurement precision; new disruptive techniques like DFXM 

continue to be developed by beamline scientists and academics alike. As the hardware side of things 

progresses, new standard data analysis methodologies and software will continue to be developed as well. 
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However, as pointed out throughout this dissertation, these experimental and data analysis techniques are 

not always directly applicable to advanced materials. The complex microstructures and deformation 

mechanisms behind the remarkable capabilities of advanced materials presents serious challenges to this 

type of experimentation. There are still many advances needed even now, including data preprocessing 

treatments for complex diffraction patterns with overlapping and/or diffuse reflections, detectors with 

improved dynamic range capabilities to measure at both small and large volumes, and an algorithmic 

approach to lattice misorientation measurements. Some 3DXRD beam lines now offer the capability of 

using a "pencil beam" to probe small volumes at a time and then raster the beam across the volume, 

rotating at each location, but the reduction in individual diffraction pattern complexity is exchanged for an 

order of magnitude more diffraction data sets. The data analysis for this technique has not been 

streamlined sufficiently for new users to take advantage of this alternative approach. Finally, as the 

newest technique, DFXM would benefit from several major advancements, including the development of 

a in situ loading device, a goniometer with sufficient range and precision so that multiple measurements 

at different sample orientations are possible within a single experiment (e.g., to measure multiple strain 

components), and advancements in lenses to continue to improve the spatial resolution.  

 The necessary and ongoing developments in X-ray diffraction capabilities will continue to shed 

light on the material responses behind advanced materials such as SMAs. Equally important are 

micromechanical modeling and computational developments that both use the insights gained from X-ray 

experiments and steer the design of future experiments. In Chapter 3, I discussed the need to modify the 

application of the maximum transformation work criterion for SMA materials that violate the underlying 

assumptions of the CTM (i.e., have defects, grains, strain, are not an infinite plate). I discussed how using 

stress concentrations at internal microstructure features instead of the grain-averaged stress may improve 

the prediction of stress-induced martensite. However, it will likely not always be possible to measure the 

internal microstructure of a functioning material. Instead, it may be necessary to use only limited 

information about microstructure defects and the macroscopic stress state with an Eshelby-type 

approximation of stress concentrations. In Chapter 4, I discussed the stages of martensite reorientation, or 

load-induced twin rearrangement, and how the reorientation process is affected by strain localization and 

macroscopic loading conditions. These findings can be used to guide the future manipulation of electric 

and magnetic properties in multiferroic materials. Twinning events, however, present major challenges to 

modeling, as new domains need to be repeatedly replaced with different domains. Advancements in 

computational tools such as phase field modeling will be needed to verify these findings. In Chapter 5, I 

discuss experimental evidence for both low-angle and special high-angle grain boundaries forming as a 

result of load-biased thermal cycling. Because the sample is single crystal, the roles of grain size and 

grain boundaries is not immediately apparent and requires further research. It is also necessary to compare 
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the loading conditions with a thorough account of previous reports of these special high-angle grain 

boundaries as well as theoretical predictions in order to understand what are the barriers to the formation 

of such grain boundaries. In many ways, Chapter 6 presents a completely new type of microstructure 

information during thermal-induced transformation. For this reason, the ongoing interpretation and 

corroboration of the results are somewhat difficult and require great thoughtfulness.  

As these X-ray microscopy tools continue to be developed and applied to advanced materials, we 

can begin to understand the precursors to microstructure formation and individual deformation processes. 

And as we understand these critical features and events more, we can begin to model them, predict them, 

and ultimately control them. The result will not only accelerate the deployment of advanced materials, but 

it will enable us to develop new types of advanced material systems that are deliberately designed to meet 

urgent societal and technological needs.   
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Figure A.2 Response from coauthor Grant Hudish. 
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