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ABSTRACT 

Superelasticity, or the rubber-like effect, describes the phenomenon of a material being 

able to ‘recover’ after an external strain, beyond the elastic limit, is removed. This behavior 

has been exhibited by shape memory alloys, as well as the emerging materials field of shape 

memory ceramics, and may be caused by the material undergoing deformation mechanisms 

such as phase transformation or twinning/detwinning – also known as ferroelasticity. 

Superelastic materials are known to be attractive candidates for shape memory materials as 

well as applications with actuating, sensing, and damping needs.  

Rare-earth orthophosphates are a group of ceramics that are known to exhibit 

incredible flexibility with lanthanide element substitution as well as high resistance to 

chemical and thermal degradation. These materials have also been shown to undergo both of 

the deformation mechanisms associated with superelasticity. Nanoindentation is a promising 

technique for studying superelasticity due to its ability to run large-scale experimental 

matrices and the fact that the technique is highly sensitive and therefore able to pick up even 

the smallest amounts of recovery. Pioneer indentation testing of several rare-earth 

orthophosphates near the monazite/xenotime boundary has shown indentation recovery as a 

slope change that occurs during the unloading portion of test. Similar behavior has been 

attributed to phase transformations in silicon and twinning in germanium. This thesis conducts 

an in-depth study to determine the conditions under which these anomalous indentation 

features occur.  

Indentation recovery was not restricted to the phase transforming xenotimes, but could 

also occur in the non-phase transforming monazites as well; thus it was concluded that the 
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presence of an elbow in the indentation data was not a unique identifier of phase 

transformation in rare-earth orthophosphates. Furthermore, it was shown that the elastic 

modulus of each of these compositions approached the value predicted by simulations and 

hardness was consistently above 5 GPa, provided that the samples were processed to nearly 

full density. Multiple indentations completed on a polycrystalline specimen of monazite 

GdPO4 revealed frequent anomalous unloading behavior with a large degree of recovery; 

therefore, an excised indentation was analyzed to determine the cause of recovery using TEM. 

The presence of a twin along the (100) orientation, along with a series of stacking faults 

contained within the deformation site, provide evidence that the mechanism of recovery in 

GdPO4 is twinning-based ferroelasticity. In addition to the large instances of superelasticity, 

cyclic loading of single-crystal monazite-structured GdPO4 was shown to exhibit recovery 

ratios similar to that of the shape memory alloy NiTi at 0.9, and exceeded the amount of 

achievable dissipated energy (250 MJ/m3 for GdPO4 vs. 10-20 MJ/m3 for NiTi). Furthermore, 

this study provides the first evidence that twinning-based ferroelasticity may be used to 

achieve superelasticity in ceramics, making REPO4s potentially attractive candidates for 

actuation and damping applications.  
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CHAPTER 1 INTRODUCTION 

New opportunities have arisen in the fields of actuation, sensing, and damping for 

materials that are able to store and release large amounts of mechanical energy [1-8]. This 

chapter briefly summarizes the phenomenon of recovery and outlines several possible 

deformation mechanisms responsible for this behavior. Subsequently, it introduces a class of 

ceramics, rare-earth orthophosphates (REPO4s), which are promising candidates for exhibiting 

dramatic instances of recovery. This chapter next discusses the use of nanoindentation as a 

technique to elucidate and characterize recovery in REPO4s. It closes with highlighting the 

research objectives of this work and discussing the structure of the thesis as well as providing a 

synopsis of each chapter. 

1.1 Recovery 

Over the last century, interest has grown in a distinct set of materials that have the ability 

to recover their shape after deformation has occurred [1-3, 5-14]; this behavior makes the 

materials useful candidates in a variety of applications including air- and space-crafts, the 

automotive industry, and the medical field [1, 2, 5, 8, 13]. This recovery has been attributed to 

the material exhibiting superelasticity (SE) and/or the shape memory effect (SME)— behaviors 

which are dependent on the composition of the material, the temperature range, and the 

thermomechanical history of the system [8]. SE, also known as the rubber-like effect, was first 

discovered in 1932 by Ölander whereby AuCd, a shape memory alloy, developed and grew 

martensite (B19 orthorhombic phase) as an external stress was applied; however, once the stress 

was removed from the system, the martensite disappeared [8, 10, 11]. SME differs only slightly 

from SE by requiring heat to return from the austenitic phase (high temperature, high symmetry 

phase) to the martensitic phase (low temperature, low symmetry phase) after deformation has 
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occurred [8].  

NiTi, first discovered in the early 1960’s by the United States Naval Ordnance 

Laboratory, has become one of the most well-known shape memory alloys and exhibits both SE 

and SME [8, 12]. If the material is superelastic, it undergoes a stress-induced martensitic 

reorientation process where the material begins to twin to accommodate applied stress; after the 

stress is removed, the material will detwin and recover its original structure [8, 12]. SME, in 

NiTi, is a solid-to-solid diffusionless martensitic phase transformation, whereby the material 

transitions from one crystal structure to another due to the coordinated motion of atoms as the 

stress is applied; the system is then heated and allowed to cool to room temperature so it can 

return to its original martensitic phase [8, 10, 12]. The ability of a material to recover, either by 

SE or SME, may also be referred to as ferroelasticity (FE) [8]. 

SE and the SME are not unique behaviors to the class of metals; in recent years, there has 

been an emerging area of research in ceramics for a class of materials known as shape memory 

ceramics (SMCs) that can exhibit these phenomena and may provide a greater temperature range 

and larger dissipated energy than that of their metal shape memory alloy counterparts [1, 2]. 

Recent indentation tests of the SMC, ceria-doped ZrO2, have even shown the SMC achieves 

higher dissipated energy values than that of NiTi, with 20 – 40 MJ/m3 for the SMC compared to 

10 – 20 MJ/m3 [2].  These instances of large recovery are caused by a phase transformation from 

a tetragonal to monoclinic crystal structure with increasing stress [2]. While ceramics may be 

more brittle compared to the SMAs, the use of single-crystal specimens increase the amount of 

recoverable energy by minimizing the number of internal boundaries, thereby reducing the 

likelihood of fracture during loading [2].  
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The ability for NiTi and ceria-doped ZrO2 to recover after experiencing mechanical 

deformation makes them attractive candidates for a number of applications; however, they are 

not the only materials known to exhibit the deformation mechanisms responsible for SE and the 

SME, i.e. phase transformation and/or twinning [8]. Rare-earth orthophosphates (REPO4s) are a 

unique class of ceramics known to undergo a variety of deformation mechanisms including 

phase transformation (for select materials) and twinning as well as dislocation activity and 

fracture [15-19]. These features make them excellent candidates for potentially exhibiting large 

instances of recovery. 

1.2 Rare-Earth Orthophosphates 

REPO4s have been shown to have incredible flexibility when to comes to the substitution 

of the lanthanide element (RE) [20-23]. This, along with their excellent resistance to chemical 

and thermal degradation, has made these materials useful for fiber coatings of ceramic matrix 

composites and hosts for nuclear waste material [16, 17, 19, 24, 25]. They have been shown to 

form in a variety of crystal structures including monazite and xenotime [15]. Figure 1.1 shows a 

portion of the periodic table where the first eight elements, highlighted in blue, represent the 

lanthanide element substitution that can take on a monazite (RE elements: 57 – 64, monoclinic 

crystal structure, space group P21/n, Z=4 structure) at equilibrium at room temperature [15]. The 

second portion of Figure 1.1 shows seven lanthanide elements, highlighted in red, that when 

substituted in for RE take on a xenotime (RE elements: 65 – 71, tetragonal crystal structure, 

space group I41/amd, Z=4 structure) at equilibrium at room temperature [15]. Gadolinium, 

terbium, and dysprosium orthophosphates, which surround the monazite/xenotime boundary, are 

unique because they can exist as polymorphs and may be synthesized in both crystal structures 

mentioned above [15, 26-29]. During the last 15 years, these materials have gained significant 
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recognition because of their various deformation mechanisms including dislocation activity, 

fracture, twinning, and phase transformation [15, 18, 19]— mechanisms known to result in SE 

and the SME [2, 8, 10, 12]. Note – only REPO4s with a xenotime structure have been shown to 

undergo a phase transformation from a tetragonal to monoclinic crystal structure [19]. Presently, 

there have been no mechanical studies assessing REPO4s’ ability to recover from mechanical 

stress or the potential deformation mechanism(s) responsible for the behavior. 

 

 

Figure 1.1: A portion of the periodic table. The rare-earth elements can be substituted to 
create the specific rare-earth orthophosphate of interest. The first 8 elements (in 
blue) result in a monoclinic crystal structure while the second 7 elements (in red) 
result in a tetragonal crystal structure. 

1.3 Nanoindentation 

Nanoindentation testing has been chosen as a unique approach to characterize recovery in 

REPO4s due to its sensitivity, stabilized stress state, and the ability to collect large data sets. 

Nanoindentation offers the opportunity to collect even the smallest amount of observable 

recovery because of its sensitivity; furthermore, options to change tip geometry and testing 

parameters allow for a wide variety of conditions to be met to determine the maximum instances 

of recovery. The technique also provides a stabilized stress state, which may aid in avoiding 

fracture during testing, a common issue in ceramics that may affect the amount of achievable 

recovery. Lastly, the ability to collect large data sets allows for statistical analyses to be 

completed.   

As discussed in Section 1.1, recovery may be caused by deformation mechanisms 

including phase transformation and twinning, both of which have previously been characterized 
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in other systems using nanoindentation. Load-depth curves are collected as the diamond indenter 

tip is pushed into the material and then analyzed for anomalous mechanical behavior. For 

instance, pop-ins (discrete depth changes) during loading have been associated with twinning in 

Ge [30], while pop-outs (discrete depth changes) during unloading have been attributed to phase 

transformation in Si [31] and NiTi [32]. Furthermore, observations of elbows (slope changes) 

during unloading have been attributed to detwinning in SMAs [12, 33] and phase transformation 

in Si [31]. Pioneer indentation testing of select REPO4s has shown instances of pop-ins and 

elbows [16], however, there has not been a systematic study completed on these materials to 

observe and match mechanical behavior to various deformation mechanisms in an effort to 

elucidate instances of recovery based on SE and/or SME.  

1.4 Research Objectives 

As discussed, interest is growing in new material systems that show promise in recovery 

because they offer opportunities for applications in damping, sensing, and activation [1-7]. SE 

and SME were highlighted as two means by which a material may recover, either by phase 

transformation or twinning. REPO4s, which exhibit both of the deformation mechanisms 

mentioned, show promise for new and emerging fields of study in recovery; however, no in-

depth studies have been completed to date.  

  This research is divided into four objectives. The purpose of this thesis is to use 

nanoindentation as a means to characterize indentation behavior in several REPO4s, with an 

emphasis placed on identifying and assessing recovery. Four REPO4s surrounding the 

monazite/xenotime boundary (EuPO4, GdPO4, TbPO4, and DyPO4) will be used for this study. 

EuPO4 will be a control; it has never been shown to be polymorphic and will be compared to 

materials that are known to undergo pressure-induced transformations such as TbPO4 and 
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DyPO4. GdPO4, which is in the stable monazite phase and sits directly next to the 

monazite/xenotime boundary, will also be tested.  

To begin, indentation behavior will be cataloged across the series of materials and 

various testing conditions to determine frequency of behaviors such as pop-ins, pop-outs, and 

elbows, which may indicate instances of SE and/or SME. Furthermore, property measurements 

will be completed to assess the influence of unloading anomalies such as pop-outs or elbows. 

The second objective will use in situ nanoindentation and scanning electron microscopy to 

corroborate load-displacement curve behaviors with the development of surface features. As 

discussed in Section 1.3, different deformation mechanisms can appear as the same load-depth 

behavior, therefore, the addition of visually observing the surface during load-displacement data 

collection may allow for the correlation of visible deformation mechanisms with mechanical 

behaviors. For objectives three and four, GdPO4 will be used as a way to minimize the number of 

potentially competing deformation mechanisms. Because GdPO4 is already in its stable phase of 

monazite, it will not have the potential to undergo a pressure-induced phase transformation. 

Objective three will use an excised indentation, along with transmission electron microscopy, to 

determine the deformation mechanism responsible for observed recovery. Objective four studies 

the energy dissipation of single-crystal GdPO4, a key metric for the usability of a material for 

applications in damping, sensing, and activation [1-7]. 

1.5 Synopsis of Thesis Layout 

This thesis characterizes the indentation behavior of several REPO4s spanning the 

monazite/xenotime boundary with an emphasis placed on investigating the potential cause(s) of 

recovery in the non-phase transforming material, GdPO4. It is organized into the following 

chapters:  
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• Chapter 2 provides information regarding the synthesis methods used to produce four 

polycrystalline REPO4s (EuPO4, GdPO4, TbPO4, and DyPO4) as well as a single crystal GdPO4 

specimen. Furthermore, it explains the processing techniques used to create four polycrystalline 

compacts for nanoindentation testing and shows verification of crystal structure through the use 

of X-ray Diffraction (XRD) and chemical composition through the use of Energy Dispersive X-

Ray Spectroscopy (EDS). This chapter ends with a discussion on nanoindentation analysis 

procedures, including an overview of the MatLab code written to assess the unloading portion of 

the load-depth data for slope changes.  

• The third through fifth chapters of this thesis present three separate manuscripts. Chapters 3, 4, 

and 5 all begin with an explanation of the authors’ contributions, an overview of the scientific 

literature prior to the specific publication, an outline of the scientific findings, and most 

importantly, the contributions of the research.  

o Chapter 3 presents work completed to answer Research Objectives 1 and 2 from Section 

1.4, including a detailed study of the behaviors and properties of the four REPO4s that 

span the monazite/xenotime boundary and in situ SEM/nanoindentation to match 

mechanical behavior with surface features. This research has been published in Materials 

Science and Engineering: A as an article titled “Mechanical Behaviors of Rare-Earth 

Orthophosphates Near the Monazite/Xenotime Boundary Characterized by 

Nanoindentation” along with several supplemental materials. 

▪ T. M. Wilkinson, D. Wu, M. A. Musselman, N. Li, N. Mara, and C. E. Packard, 

"Mechanical Behavior of Rare-Earth Orthophosphates Near the 

Monazite/Xenotime Boundary Characterized by Nanoindentation," Materials 

Science and Engineering A, vol. 691, pp. 203-210, 2017.  

o Chapter 4 presents research completed to address Research Objective 3, including 

indentation experiments of both single-crystal and polycrystalline GdPO4 as well as TEM 

analysis of an indentation site in the polycrystalline specimen. This work, as well as its 
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supplemental material, has been published in AIP Advances in an article titled 

“Indentation Recovery in GdPO4 and Observation of Deformation Twinning”.  

▪ T. M. Wilkinson, M. A. Musselman, L. A. Boatner, D. R. Diercks, and C. E. 

Packard, "Indentation recovery in GdPO4 and observation of deformation 

twinning," AIP Advances, vol. 6, p. 095029, 2016. 

o Chapter 5 concludes the presentation of journal articles with a manuscript titled “Cyclic 

Loading in Ferroelastic GdPO4,” which is ready for submission; this work investigates 

cyclic loading in single crystal GdPO4 to allow comparison to known SMAs and SMCs 

as outlined by Research Objective 4. 

• Chapter 6 concludes this thesis with a summary of the work and highlights the use of 

nanoindentation as a method for characterizing recovery and ferroelasticity in REPO4s. Future 

work is also briefly discussed.  

• The Appendix supplies representative MatLab code, with annotations, used to analyze indentation 

curves for specific mechanical behaviors in Chapter 3 as well as code for determining dissipated 

energy from the cyclic loading study in Chapter 5. 
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CHAPTER 2 EXPERIMENTAL 

This chapter discusses two different synthesis methods implemented to create the five 

different specimens used during the course of this research: four polycrystalline REPO4s near the 

monazite/xenotime boundary and one single-crystal monazite GdPO4 specimen. It reports on the 

processing steps used to create pellets for nanoindentation testing and the use of x-ray diffraction 

(XRD) and energy-dispersive X-ray spectroscopy (EDS) to verify crystal structure and 

chemistry, respectively. This chapter will also present an overview of nanoindentation and the 

extraction of properties from load-depth curves. In closing, there will be an explanation of 

analysis techniques developed to highlight instances of indentation recovery in nanoindentation 

load-depth curves. Note: specific testing parameters used to test the five REPO4 specimens are 

included in the journal articles presented in Chapters 3, 4, and 5. 

2.1 Synthesis of Rare-Earth Orthophosphates  

Four REPO4s (EuPO4, GdPO4, TbPO4, and DyPO4) surrounding the monazite/xenotime 

boundary were synthesized in separate batches by direct precipitation using rare-earth nitrates 

and phosphoric acid following the procedures outlined by Boakye and Schatzmann et al. [20, 

23]. Equation 2.1 shows the chemical reaction where RE is representative of the lanthanide 

element of choice.  

� + � → � + �                                      .  

Rare-earth nitrates of europium, gadolinium, terbium, and dysprosium were purchased (99.9% 

purity, Sigma Aldrich, St. Louis, MO) and then dissolved in four separate beakers using 

deionized water. Each mixture was then combined with a solution of phosphoric acid, which had 

been diluted in deionized water, to achieve a 1:1 molar ratio of rare-earth nitrate to phosphoric 
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acid. Within ~15 seconds of stirring, the REPO4 precipitation began. Next 50 mL of 30% 

NH4OH was added to achieve a pH of ~10 (a basic solution) which increased the rate of 

precipitation. The final step of synthesis was to filter the precipitates out of the mixture and 

allow them to dry at room temperature for 48 hours. This amorphous powder was created with 

each of the four rare-earth nitrates.  

 Synthesis of the single-crystal monazite GdPO4 specimen was completed by Dr. Lynn A. 

Boatner at Oak Ridge National Laboratory via a high-temperature solution growth process using 

lead pyrophosphate, Pb2P2O7 [15]. First, lead hydrogen phosphate was chemically precipitated 

from a lead nitrate solution by adding phosphoric acid and dried in air [15]. A RE oxide, in this 

case Gd2O3, was then combined with the lead hydrogen phosphate in a platinum crucible and 

placed in a resistance-heated furnace set to 1360°C [15]. Heating of the material caused the lead 

hydrogen phosphate to decompose to Pb2P2O7, which then led to the formation of the REPO4 at 

elevated temperatures [15]. The material was then allowed a ‘soaking period’ for several days to 

grow before it was cooled to room temperature resulting in a single-crystal monazite-structured 

GdPO4 specimen [15].  

2.2 Processing Steps for Polycrystalline Rare-Earth Orthophosphates Pellets 

Following synthesis, the four amorphous powders were processed to create 

polycrystalline compacts. The following steps were used for EuPO4, GdPO4, and DyPO4. 

1. The amorphous powders were separately ball milled in ethanol with zirconia 

media for 24 hours. 

2. The powders were then separated from the ethanol using filtering paper and 

calcined in separate alumina crucibles for two hours at 1200°C. 
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3. The powders completed a second 24-hour ball mill in ethanol with zirconia 

media. 

4. Three powders were pressed into a green state using a 50 MPa force.  

5. The final step was to sinter each of the compacts at 1500°C for two hours using a 

ramp rate of 3°C/minute for heating and cooling.  

A fully dense pellet of TbPO4 was more difficult to obtain. Steps 1 – 3 outlined above were used, 

but Steps 4 and 5 did not produce a viable pellet. Table 2.1 summarizes a list of various 

processing conditions used including changing die press size, pressing load, additives (binder 

and/or lubricant), and sintering profile (maximum temperature) as well as the respective 

outcomes. After many unsuccessful trials, hot pressing was employed. TbPO4 amorphous 

powder was calcined for two hours at 1200°C and then added to a graphite die where it was 

ramped at 3°C/minute to 1300°C, held for three hours, and cooled back to room temperature at 

3°C/minute. During the initial temperature ramp the pressure was held at 10.5 MPa before it was 

increased to 40 MPa during the 3-hour hold and finally returned to 10.5 MPa during the cool 

down. This achieved a near full theoretical density pellet.  

After successful creation of a TbPO4 specimen, each of the four compacts were mounted 

in epoxy and polished using standard ceramographic techniques to produce a smooth surface for 

nanoindentation testing. The scanning probe microscopy feature of the nanoindenter was 

employed to verify surface roughness for each of the pellets. Topographic measurements showed 

that each pellet had less than five nanometers of surface roughness (Rq) over an area of 25 μm2. 

Density measurements were completed using a combination of SEM and analyzed using the 

software package imageJ, which is outlined in Section 3.6 of this thesis. The average density and 

its standard deviation were calculated for each of the samples, as EuPO4 = 99.3  0.1 %, GdPO4 
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= 98.7  0.7 %, TbPO4 = 98.5  0.6 % and DyPO4 = 99.2  0.5 % of the theoretical density, 

where the theoretical densities were calculated as 5.82, 6.00, 5.79, and 5.95 g/cm3, respectively, 

based on crystallographic data provided by Ni et al. [34] 

Table 2.1: A list of processing conditions employed to achieve a dense TbPO4 
polycrystalline pellet. 

Die 

Size 

(in.) 

Load 

(lbs.) 
Additives 

Sintering 

Profile 

Green Density 

Measurements 

(% T. Density) 

Sintered 

Density 

(% T. Density) 

Notes 

¼” 800lb N/A 
RT-1600°C, 
5°C/min 2hr 

hold 
53% 72% 

Density was too 
low 

¼” 850lb 

Die 
Lubricant, 

Powder 
Binder 

RT-400-
1500°C, 1-3-
5°C/min, 2hr 

hold times 

51% 62% 
Density was too 

low 

¼” 
850lb 

 

Die 
Lubricant, 

Powder 
Lubricant 

RT-400-
1500°C, 1-3-
5°C/min, 2hr 

hold times 

53% 72% 
Density was too 

low 

¼” 

 
1400lb 

Die 
Lubricant, 

Powder 
Lubricant 

RT-400-
1500°C, 1-3-
5°C/min, 2hr 

hold times 

56% 73% 
Density was too 

low 

¼” 1400lb 

Die 
Lubricant, 

Powder 
Lubricant 

RT-400-
1500°C, 1-3-
5°C/min, 2hr 

hold times 

59% 90% 
Density was too 

low 

½” 

 
5600lb 

Die 
Lubricant, 

Powder 
Lubricant 

RT-400-
1600°C, 1-3-
5°C/min, 2hr 

hold times 

57% 74% 

Discoloration was 
found in the middle 

of the pellet 

Pellet broke upon 
sintering 

½” 
5600lb 

 

Die 
Lubricant, 

Powder 
Lubricant 

N/A 54% N/A 

Fractured after 
pressing and was 

not sintered 
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2.3 Verification of Crystal Structure and Chemistry of Polycrystalline Rare-Earth 

Orthophosphates 

Following the synthesis and processing of each of the four polycrystalline specimens, 

XRD and EDS were used to verify crystal structure and chemistry before indentation testing 

began. GdPO4, TbPO4, and DyPO4 have been shown [15, 19] to be polymorphic and therefore it 

was important to verify that GdPO4 was in the stable monazite structure and TbPO4 and DyPO4 

were in the stable xenotime structures to minimize confusion during analysis procedures. Powder 

diffraction was completed using a PANalytical PW3040 X-ray Diffractometer (Almelo, 

Netherlands). EuPO4 and GdPO4 specimens were found to match well to the monazite peaks of 

LaPO4 while TbPO4 and DyPO4 specimens were found to match well to the xenotime peaks of 

TbPO4. Figure 2.1 shows the relative intensity from four REPO4 materials’ scans, along with 

reference peaks for monoclinic and tetragonal crystal structures.  

 

Figure 2.1: Verification of crystal structure for EuPO4 (monazite), GdPO4 (monazite), 
TbPO4 (xenotime), and DyPO4 (xenotime).  

In addition to verifying crystal structure for each of the sintered compacts, EDS was used 

to confirm the correct ratio of rare-earth to phosphorous had been achieved. Table 2.2 provides 
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an average and standard deviation of RE:P measurements taken from 5 different points on the 

surface of each of the pellets. The measurements show a reasonable 1:1 ratio for RE:P. Given 

that the materials were found to have the correct crystal structure as well as chemical 

composition, and the materials’ surfaces were sufficiently smooth, indentation testing could 

begin. 

Table 2.2: A list of average rare-earth to phosphorous ratios for the four polycrystalline 
REPO4 specimens obtained by EDS. 

Material Average RE:P Ratio by Atomic % (with Standard Deviation) 

EuPO4 1.1  0.1 

GdPO4 1.1  0.1 

TbPO4 1.0  0.1 

DyPO4 1.0  0.1 

2.4 Indentation Testing and Analysis 

Quasistatic nanoindentation was used throughout the course of this research to test both 

single and polycrystalline REPO4s. The Oliver-Pharr analysis, outlined below, provides a means 

to determine reduced modulus and hardness using a tip of known geometry [35]. In addition to 

property extraction, load-depth data from REPO4s were analyzed for anomalous indentation 

behavior such as pop-ins, pop-outs, and slope changes during unloading to add insight into the 

deformation mechanisms of the material system. Section 2.4.2 provides a detailed explanation of 

determining slope changes, i.e. recovery, from the unloading portion of the nanoindentation 

curve. 

 



 
15 

2.4.1 Oliver-Pharr Analysis 

Quasistatic nanoindentation uses the known mechanical properties of a standard material, 

in this case fused silica, to determine the reduced modulus and hardness of an unknown sample 

through the use of the Oliver and Pharr method [35]. Indentation data is recorded as the amount 

of force needed to reach a given displacement. Figure 2.2 is representative force-displacement 

data obtained from quasistatic nanoindentation on fused silica. The plot displays force along the 

y-axis and displacement along the x-axis. The curve shows loading of the diamond indenter tip 

into fused silica to 12 mN and then unloading back to 0 mN. This curve resulted in ~125 nm of 

plastic deformation.   

 

Figure 2.2: Representative load-depth curve collected during quasistatic nanoindentation of 
fused silica. A maximum force of 12 N was applied.  

The unloading portion of the curve is analyzed using a power law fit described in Equation 2.2, 

where P describes the load applied to the sample, (h-hf) is the amount of elastic displacement, 

and both C1 and C2 are material constants that are treated as fitting parameters [35].  

= − �                                                                  .  
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The slope of a power law fit at the maximum load relates load to displacement to determine a 

material’s experimental stiffness, S (Equation 2.3) [35].  Equation 2.3 also relates stiffness to the 

projected contact area of the tip, A, and the reduced modulus, Er. 

= �� = √� ��√�                                                            .  

Quasistatic nanoindentation reports modulus values as reduced modulus, which takes into 

account the elastic properties of the material being tested (E,  as well as those of the indenter 

tip (Ei,   [35]. Equation 2.4 shows how the reduced modulus, Er, relates to the material 

modulus, E [35]:  

�� = − �� + −�                                               .        .  

Hardness, H, for a material may also be calculated through the use of Equation 2.5, where Pmax is 

the maximum load and A is the contact area of the tip [35].  

� = �                                                                               .  

Testing was completed using different loading/unloading rates, depth changes, and tip geometry 

changes which are outlined in detail in each of the experimental procedure sections of Chapters 

3, 4, and 5.   

2.4.2 Determination of Slope Change During Unloading 

After Oliver-Pharr property analysis was completed for each of the four polycrystalline 

specimens, each load-depth (P-h) curve was analyzed manually to identify if a pop-in, pop-out, 

or slope change had occurred. Due to pop-ins and pop-outs being more readily apparent than a 

slope change, a unique procedure was developed to standardize identification of changes in the 
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unloading slope that are indicative of indentation recovery. First, the unload portion of each load-

depth curve was run through a smoothing filter followed by the calculation of the unloading 

slope, 
���ℎ. The logarithm of (

���ℎ  was plotted versus time to highlight slope changes, and an 

empirical threshold of >10% change in log(
���ℎ  was used to assign elbow-type behavior. Figure 

2.3(a) shows a representative load-depth curve that exhibits a slope change (circled in red) while 

2.3(b) shows the corresponding logarithm of (
���ℎ  versus time plot used to identify the slope 

change (circled in red). This was completed for every indentation curve collected. The MatLab 

code written and used to analyze the indentation data is included in the Appendix of this thesis. 

     (a) (b)  

Figure 2.3: Representative load-depth curve showing indentation recovery (a). Part (b) 
shows the representative curve after the custom slope identifying code has 
been applied. The red circles highlight the particular portion of curve that 
has undergone a change in slope. 
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CHAPTER 3 PAPER 1: MECHANICAL BEHAVIOR OF RARE-EARTH 

ORTHOPHOSPHATES NEAR THE MONAZITE/XENOTIME BOUNDARY 

CHARACTERIZED BY NANOINDENTATION 

This chapter presents the findings of an extensive nanoindentation study of four REPO4 

compositions (EuPO4, GdPO4, TbPO4, and DyPO4) near the monazite/xenotime boundary, 

cataloging anomalous unloading behavior and assessing the influence of unloading anomalies on 

property measurements. The chapter includes an overview of the authors’ contributions, a review 

of the state of the field prior to this study, the scientific advancements and conclusions resulting 

from this publication, and the manuscript titled “Mechanical Behavior of Rare-Earth 

Orthophosphates near the Monazite/Xenotime Boundary Characterized by Nanoindentation” 

along with its corresponding Supplemental Material. The publication was co-authored by Dr. 

Dong Wu (Colorado School of Mines, Golden, CO), Matthew A. Musselman (Colorado School 

of Mines, Golden, CO), Dr. Nan Li (Los Alamos National Laboratory, Los Alamos, NM), Dr. 

Nathan Mara (Los Alamos National Laboratory, Los Alamos, NM), and Dr. Corinne E. Packard 

(Colorado School of Mines, Golden, CO) and has been accepted for publication in Materials 

Science and Engineering: A as of March 2017 with the assigned DOI: 

10.1016/j.msea.2017.03.041. 

3.1 Author Contributions 

Four REPO4 samples were synthesized and processed for this study: EuPO4, GdPO4, 

TbPO4, and DyPO4. Matthew A. Musselman, Graduate Student – Colorado School of Mines, 

synthesized GdPO4 and DyPO4, while I synthesized EuPO4 and TbPO4 via direct precipitation of 

europium (III) nitrate, gadolinium (III) nitrate, terbium (III) nitrate, and dysprosium (III) nitrate 

precursors with phosphoric acid following Boakye et al. [20]. Zachary D. McMullen and Ryan 
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Plessinger (undergraduate researcher assistants) completed powder processing and sintering of a 

polycrystalline pellet of EuPO4, GdPO4, and DyPO4 for indentation testing under my direction. I 

processed the TbPO4 material and determined appropriate testing parameters for the hot-press, 

which was programmed and run by Aaron Miller (Graduate Student – Colorado School of 

Mines). I designed and preformed all of the ex-situ indentation testing, as well as completed the 

analysis of indentation data. The code written in MatLab created for this analysis is included in 

the Appendix. I wrote a CINT (Center for Integrated Technology) User Proposal, which was 

awarded time allowing me to complete in situ SEM/nanoindentation testing at Los Alamos 

National Laboratory. Dr. Li and Dr. Mara aided in the set-up of the in situ nanoindentation 

testing at CINT, while I determined testing parameters and conducted tests. Dr. Wu helped by 

providing direction on the analysis procedure for determination of strain-rate sensitivity. After 

completion of the research, I drafted a manuscript of the findings titled “Mechanical Behavior of 

Rare-Earth Orthophosphates near the Monazite/Xenotime Boundary Characterized by 

Nanoindentation”, and all of the co-authors provided detailed feedback. 

3.2 State of the Field Prior to Publication 

Rare-earth orthophosphates, specifically those with rare-earth radii near the 

xenotime/monazite boundary, have shown great promise as fiber coatings in oxide-oxide ceramic 

matrix composites (CMCs) because they are able to reduce fiber sliding stresses [17]. Hay et al. 

completed an initial set of indentation tests on the REPO4s surrounding the monazite/xenotime 

boundary, and found a significant decrease (~100 GPa) in the reduced modulus of their TbPO4 

sample as compared to theoretically determined values [16, 21, 22]. Hay et al. suggested that a 

pressure-induced phase transformation (phase-transformation-based ferroelasticity) could be the 

reason for the significantly low modulus values after indentation recovery was found in the load-
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depth curves [16].  Indentation recovery (in the form of an elbow) has been seen in other material 

systems such as silicon as a result of phase transformation [31]; however, to date, no one has 

completed a systematic indentation study of REPO4s on both sides of the monazite/xenotime 

boundary to catalog the occurrence of anomalous unloading behavior (such as indentation 

recovery). Therefore, four polycrystalline elemental REPO4s near the monazite/xenotime 

boundary (two monazites: EuPO4 and GdPO4, and two xenotimes: TbPO4 and DyPO4) are tested 

over a variety of conditions including changes to peak load and loading rate to elucidate any 

depth- and/or strain-rate dependence in the frequency of anomalous unloading behavior and 

property values. The materials are also analyzed using in situ nanoindentation and SEM 

techniques to corroborate behavior in load-depth data with deformation observed on the 

material’s surface. 

3.3 Scientific Advancements and Conclusions 

The scientific findings presented in this chapter advance our understanding of the 

frequency of anomalous curve features and their effects on properties in four REPO4s 

surrounding the monazite/xenotime boundary. 

3.3.1 Key Findings 

• Discrete and anomalous load-depth behaviors were observed in both monazite and 

xenotime compositions: 

o Nanoindentation testing of REPO4s surrounding the monazite/xenotime 

boundary always showed pop-ins upon loading. 

o Elbows in the unloading portion of the nanoindentation curves of the REPO4 

compositions were found to be a fairly common occurrence. 
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o The observation of pop-outs in the unloading portion of the nanoindentation 

curves of REPO4s was much more rare, and were only found to occur in 

EuPO4 and TbPO4. 

• In situ nanoindentation/SEM testing of EuPO4, GdPO4, and TbPO4 showed good 

correlation between pop-ins and surface features such as fracture and pile-up, as well 

as the first evidence of slip lines in REPO4s. 

• The presence of anomalous unloading behavior had no statistically significant effect 

on the measured modulus and hardness. Furthermore, modulus in both xenotime and 

monazite REPO4s aligned well with those predicted by theoretical models.   

• These materials do not appear to exhibit a depth- or strain-rate dependence with 

respect to frequency of anomalous behavior occurrence or properties. 

3.3.2 Key Contributions 

Nanoindentation testing of four REPO4s near the monazite/xenotime boundary found that 

elbows (i.e. indentation recovery) and pop-outs occur in both xenotime and monazite materials; 

therefore, mechanical behavior cannot be used as an indicator of phase transformation. It was 

found that the elbow-type behavior was independent of loading rate suggesting a deformation 

process with a large activation volume such as twinning. Further analysis of the load-depth 

curves showed that property measurements were not affected by the occurrence of elbows or 

pop-outs, most likely due to the fact that these anomalous behaviors occurred below the portion 

of the curve used to extract property measurements (20-95%). Furthermore, this study resolved 

discrepancies in literature regarding modulus values for select xenotimes ((TbPO4 – Er = 154.8 ± 

20.1 GPa and H = 6.2 ± 1.1 GPa) and (DyPO4 – Er = 156.8 ± 9.9 GPa, H = 6.7± 1.0 GPa)); low 

modulus values observed in Ref. [16] are likely due to the low density of the material.  
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3.4 Abstract 

Low elastic modulus and hardness, as well as anomalous indentation behavior, have been 

observed during indentation of xenotime rare-earth orthophosphate ceramics (REPO4s) with 

compositions near the monazite/xenotime phase boundary. Pressure-induced phase 

transformation has been identified as a potential cause for both observations. This study 

comprehensively characterizes the mechanical properties and indentation behavior of four 

elemental REPO4 materials (EuPO4, GdPO4, TbPO4, and DyPO4) that span the 

monazite/xenotime phase boundary using ex situ nanoindentation for a range of loading rates and 

indentation depths. In situ nanoindentation within a SEM was used to correlate discrete load-

depth behavior to the development of surface features. Anomalous, elbow-type behavior was not 

restricted to xenotimes, but occurred in all four materials; thus we concluded that the presence of 

an elbow in the indentation data was not a unique identifier of phase transformation in rare-earth 

orthophosphates. Furthermore, it was shown that the elastic modulus of each of these 

compositions approached the value predicted by simulations and hardness was consistently 

above 5 GPa, provided that the samples were processed to nearly full density. 

3.5 Manuscript – Introduction 

Excellent resistance to chemical and thermal degradation [15, 20] have made rare-earth 

orthophosphates (REPO4s) a promising class of materials for toughness-enhancing fiber coatings 

in oxide-oxide ceramic matrix composites (CMCs) [17, 36], as was first demonstrated with 

LaPO4 by Davis et al. [36] Experimentation by Hay et al. with the solid-solution rare-earth 

orthophosphate (Gd0.4Dy0.6)PO4 was successful in achieving favorable reductions in fiber sliding 

stresses compared to LaPO4. [17] The solid-solution composition was chosen to capture the 

benefits of LaPO4 while potentially imparting transformation plasticity to the system by reducing 
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the effective rare-earth radius sufficiently to stabilize a xenotime structure, which can undergo 

pressure-induced phase transformation. [17] The xenotime structure has a tetragonal crystal 

system, with space group I41/amd (Z=4), and is the equilibrium structure at ambient pressure and 

temperature for REPO4s with rare-earth elements with atomic numbers 65 – 71. [15, 16, 19, 20] 

Smaller rare-earth elements with atomic numbers 57-64, inclusive of lanthanum, prefer the 

monazite structure, which is monoclinic with space group P21/n (Z=4). [15, 16, 19, 20] Post-

mortem transmission electron microscopy (TEM) of (Gd0.4Dy0.6)PO4 following fiber sliding 

confirmed the presence of regions of transformed materials in the monazite structure as well as 

anhydrite (space group Amma, Z=4), supporting the hypothesis that transformation plasticity had 

occurred in the system. [17] 

Solid-solution GdxDy(1-x)PO4 (x=0.4-0.6) materials and elemental TbPO4 were 

additionally prepared as polycrystalline monoliths to further elucidate the micromechanical 

behavior of the materials. [16] In pioneer nanoindentation testing of these materials, Hay et al. 

reported that the solid-solution materials exhibited low indentation moduli (51 – 120 GPa) and 

hardnesses (2.1 – 6.1 GPa), as well as anomalous indentation behavior in the form of an elbow 

during unloading. [16] A number of studies using various techniques for experimental 

characterization [16, 17, 25, 37-39] and theoretical modeling including both chemical bond 

theory [22] and ab initio quantum chemistry [21] have reported modulus values ~100 GPa higher 

than values acquired through nanoindentation [16] for REPO4 compositions near the 

monazite/xenotime border. For example, Hay et al. reported the indentation modulus of 

xenotime TbPO4 to be 44 GPa (converted to a bulk modulus using a Poisson’s ratio of 0.29 [40] 

– 33.3 GPa) [16]; whereas, ab initio quantum chemistry calculations showed a bulk modulus 

value in the range of ~140 GPa [22] for TbPO4. 
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Low modulus and hardness values were accompanied by dramatic changes in the slope of 

the load-depth data during the unloading phase of indentation [16], which is commonly referred 

to as an ‘elbow’. [31] Ex situ TEM of an indentation site in TbPO4 showed evidence of a small 

grain of monazite within a xenotime matrix. [16] On the basis of this evidence, it was suggested 

that phase transformation during indentation might be responsible for both the low mechanical 

property values and the elbows in the load-depth data. [16] Phase transformation has been shown 

to cause elbows, as studies on silicon [31, 41] and shape memory alloys [42] have shown; 

however, elbows can also result in systems where no phase transformation has occurred, for 

instance, via movement of twin boundaries in martensitic NiTi. [43] Elbow-type unloading 

behavior in single-crystal and polycrystalline GdPO4 (monazite) and evidence for a twinning-

based ferroelastic mechanism were recently reported by a subset of the present authors in Ref. 

[44].  

This study cataloged the mechanical properties and indentation behavior of the four 

elemental REPO4 materials (EuPO4, GdPO4, TbPO4, and DyPO4) that span the 

monazite/xenotime phase boundary. Large data sets were collected using ex situ nanoindentation 

for a range of loading rates and indentation depths. Reduced elastic modulus and hardness were 

characterized for each composition and compared to previously reported mechanical properties. 

Nanoindentation load-depth data was analyzed to identify the frequency of observed 

discontinuities during unloading. In situ nanoindentation within a SEM was used to correlate 

discrete load-depth behavior to the development of surface features. 

3.6 Manuscript – Experimental Procedure 

Four REPO4s (EuPO4, GdPO4, TbPO4, and DyPO4) were synthesized in separate batches 

at ambient temperature by direct precipitation from rare-earth nitrate precursors following 
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Boakye et al. (see Equation 3.1). [20] 

� + � → � + �                                  .  

First, the rare-earth nitrates (99.9% purity, Sigma Aldrich, St. Louis, MO) were dissolved in 

deionized water, and a solution of phosphoric acid diluted with deionized water was prepared to 

achieve equivalent 1:1 molar ratio of rare-earth nitrate to phosphoric acid. Then, the phosphoric 

acid solution was added to the nitrate solution while stirring the contents, and the REPO4 

precipitation began to occur shortly (in about 15s).  After that, 50 mL of 30% NH4OH was added 

to the mixture to achieve a basic solution (pH of ~10) to increase the precipitation rate. The 

precipitates were collected by filtering the resultant mixture and dried in air at room temperature 

for 48 hours.  

EuPO4, GdPO4, and DyPO4 powders were ball milled for 24 hours in ethanol using 

zirconia media, calcined at 1200 °C for two hours, ball-milled again for 24 hours, pressed into 

green state at 50 MPa, and finally sintered for two hours at 1500°C into polycrystalline pellets. 

Powder diffraction using a PANalytical PW3040 X-ray Diffractometer (Almelo, Netherlands) 

confirmed crystal structure and phase purity before and after sintering, with both EuPO4 and 

GdPO4 matching well to monazite and the peaks of DyPO4 corresponding to xenotime.  

A fully dense TbPO4 pellet was much more difficult to obtain; multiple processing 

iterations (including changing sintering temperature, changing sintering time, and excluding one 

or both ball mill steps as well as the calcination step) did not result in a fully dense sample of 

TbPO4. Thus, hot pressing in a Thermal Technologies 610G-25T press (Santa Rosa, CA) using a 

graphite die was employed. Amorphous TbPO4 was calcined at 1200 °C for two hours and then 

processed using a 3 °C/minute ramp rate up to 1300 °C, three hour hold, and 3 °C/minute cooling 

rate to room temperature. Simultaneously, the pressure was held steady during the temperature 
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ramp at 10.5 MPa, increased to 40 MPa during the temperature hold, and then brought back to a 

constant 10.5 MPa during cooling. X-ray diffraction was used to confirm single-phase xenotime 

structure in the TbPO4 pellet.  

Pellets were mounted in epoxy and polished using standard ceramographic techniques to 

create a smooth surface for indentation testing; the pellets had less than five nanometers of 

surface roughness (Rq) over an area of 25 μm2 which was verified using the scanning probe 

feature of the nanoindenter.  An FEI Quanta 600i environmental scanning electron microscope 

(FEI – Hillsborro, OR) (SEM), in conjunction with ImageJ image processing software (National 

Institute of Health, Bethesda, MD), was used to analyze the polished surface of each REPO4 

pellet to conduct density measurements. The surface of each pellet was imaged in ten different 

locations at 1000x magnification. A gray-scale intensity threshold was applied to each image to 

isolate pores, pore area was summed, and an area fraction was calculated from which the 

porosity was inferred. [45] The average density and its standard deviation were calculated for 

each of the samples, showing that each pellet was near full theoretical density: EuPO4 = 99.3  

0.1 %, GdPO4 = 98.7  0.7 %, TbPO4 = 98.5  0.6 % and DyPO4 = 99.2  0.5 %, where the 

theoretical densities were calculated as 5.82, 6.00, 5.79, and 5.95 g/cm3, respectively, based on 

crystallographic data provided by Ni et al. [34] Figure 3.1 shows a collection of representative 

SEM micrographs of the surface area for each sample. 
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(d) 

Figure 3.1: SEM images of the polished samples’ surfaces – (a) EuPO4, (b) GdPO4, (c) 
TbPO4, and (d) DyPO4. Density measurements for each of the samples yield 
>98% theoretical density. 

Ex situ indentation tests were performed on the REPO4 samples using a Hysitron TI-950 

TriboIndenter (Minneapolis, MN) equipped with Berkovich tips and two different loading heads: 

≤30 nN to 10 mN and 10 mN to 500 mN. For the lower load range, 100 indentations with a 10 

mN peak load were performed on each material at loading rates that varied over three orders of 

magnitude (0.33 mN/s, 3.33 mN/s, and 33.3 mN/s). In another set of tests, peak load was varied 

using a constant loading rate of 3.33 mN/s, with five indentations at peak loads of 2.5 mN, 5 mN, 

10 mN, and 20 mN to 400 mN in 10 mN increments. All the load-displacement curves for ex situ 

indentation tests were analyzed using the Oliver-Pharr method to determine reduced elastic 

modulus and hardness. [35] Each 10-mN load-depth (P-h) curve was analyzed manually to 

identify anomalous unloading behavior. A custom procedure was created for standardizing the 
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detection of a change in the unloading slope that is characteristic of elbow-type behavior. The 

unloading data of each indentation test was run through a smoothing filter, and then the 

instantaneous unloading slope, 
���ℎ, was calculated. The logarithm of (

���ℎ  was plotted versus time 

to highlight slope changes, and an empirical threshold of >10% change in log(
���ℎ  was used to 

assign elbow-type behavior. 

A limited number of in situ nanoindentation tests were also conducted to allow for 

alignment of the load-depth response with the deformation of the material. Three of the four 

materials, EuPO4, GdPO4, and TbPO4, were characterized using an in situ Hysitron PI-85 

PicoIndenter (Minneapolis, MN) and an FEI Magellan3 400 (Hillsboro, OR) SEM at the Center 

for Integrated Nanotechnologies at Los Alamos National Laboratory (Los Alamos, NM). In total, 

ten indentation tests with peak loads of 20 mN were performed on each of the materials using a 

cube corner tip and a 0.33 mN/s loading rate. Nanoindentation data was analyzed using the 

procedures outlined above. Additionally, each load-depth data set was correlated to the 

corresponding time series of micrographs. 

3.7 Manuscript – Results and Discussion: Mechanical Behavior 

A variety of behaviors were observed in the load-displacement curves during indentation, 

including pop-ins (discrete displacement jumps into the material during loading), elbows, and 

pop-outs (discrete displacement of the tip out of the material during unloading). Pop-ins were 

observed in the loading portions of all experiments at all loading rates in all four materials, 

which indicated that these features are universal and not restricted to either monazite or xenotime 

compositions; representative load-depth data showing pop-ins are shown in Figure 3.2 (a) and 

(b). Pop-ins have been commonly observed in many materials, and result from a variety of 

deformation mechanisms. In silicon carbide and sapphire, pop-ins have been associated with 
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fracture of the material around and below the indentation site. [30, 46] Pop-ins also result from 

dislocation nucleation and slip to the surface in materials including silicon carbide [47], sapphire 

[48], and MgO [49], making it difficult to assign the behavior to a certain deformation 

mechanism without additional characterization. The observation of pop-ins in the four elemental 

REPO4 materials examined here is consistent with prior reports on GdPO4, TbPO4, and DyPO4. 

[16, 44]   

Figure 3.2 additionally illustrates the two types of anomalous behavior that were 

observed during testing: elbow-type behavior (a) and pop-out (b). In Figure 3.2(a), a black arrow 

was used to highlight the area of interest, where the slope changed to create an elbow in the data. 

Figure 3.2(b) includes an enlarged view of the pop-out in the inset figure, with a discrete 

displacement jump of 1-2 nm as the tip was rapidly and discontinuously pushed out of the 

material during the unloading process. Elbows were previously observed in several pure (GdPO4, 

DyPO4, and TbPO4) and several solid-solution ((GdxDyx-1)PO4 where x = 0.4 – 0.6) 

polycrystalline REPO4 materials [16], but the presence or absence of pop-outs was not noted. 

Elbows have also been observed in a GdPO4 single-crystal. [44] REPO4s are not alone in 

exhibiting pop-out and elbow-type behaviors; silicon has also shown anomalous behavior in the 

unloading portions of the load-displacement curves as a result of silicon-I undergoing a pressure-

induced transformation upon loading to metallic silicon-II, and further transforming upon 

unloading to a specific structure depending on the indenter angle, indentation load, and/or 

indentation rate. [30, 31, 41] Additionally, NiTi shape memory alloys produce both elbows and 

pop-outs, depending on the alloy and testing parameters. [32, 42]  
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        (a)              (b) 

Figure 3.2: Representative nanoindentation data from rare-earth orthophosphates showing 
pop-ins and other behavior including (a) an elbow during unloading, and (b) a 
pop-out upon unloading. 

Figure 3.3 shows a stacked bar chart highlighting the observation frequency of pop-outs, 

elbows, and normal unloading (does not exhibit elbow or pop-out) from 1200 indentation tests 

across the four materials. Table 3.1 in the Supplemental Material (Section 3.11) provides the 

information from Figure 3.3 numerically. The elbow phenomenon was observed frequently, 

appearing in 24-59% of the data sets across the REPO4 compositions studied here. Both 

monazite compositions, which do not undergo phase transformation under pressure [39], 

exhibited elbows at roughly the same rate as the xenotime compositions, which can undergo 

phase transformation under pressure in hydrostatic conditions [39, 50] and in complex multiaxial 

stress fields associated with indentation. [16, 19] No other consistent, statistically significant 

trends in composition were observed. The observation of elbows in EuPO4 supported and 

expanded the conclusion of Wilkinson et al. [44] that elbows cannot be used to diagnose phase 

transformation in REPO4s because monazite compositions exhibited the behavior as well. 
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Elbows were not observed in every test, which may have one or more explanations; local grain 

orientation and microstructure in the polycrystalline material may have impacted ease of phase 

transformation (for xenotimes) or twinning (both structures) and/or hindered the movement of 

twin or phase boundaries responsible for recovery on unloading, depending on plastic 

deformation accumulated on loading. The frequency of elbow observation had no statistically 

significant loading-rate dependence across the three orders of magnitude in loading rate explored 

here. Rate independence was suggestive of a large activation energy for the controlling 

deformation mechanism operating in the athermal, stress-biased limit. In GdPO4 and EuPO4, the 

observed lack of rate dependence was consistent with the athermal nature of twinning. [51] The 

potential for a twinning mechanism to contribute at least partially to the observed recovery in 

xenotimes should not be ruled out at this point, as they have also been shown to exhibit 

deformation by twinning. [15]  

Pop-out features were relatively rare events. Pop-outs occurred most frequently in 

monazite EuPO4 at the slowest loading rate, but still represented less than 20% of the total tests. 

Xenotime TbPO4 exhibited pop-outs as well, with one occurrence in each of the three loading-

rate datasets. Pop-outs were not observed in GdPO4 or DyPO4, nor were they noted in previous 

studies. [16, 44] The rare nature of these events within the sample size precluded detailed 

conclusions about the mechanism-, material-, or rate-dependence of pop-outs. The directionality 

of the behavior (tip is pushed out by material recovery) is the same for pop-outs as elbows, thus 

the same mechanism could be responsible for the two phenomena, with the competition between 

the driving force and obstruction potentially determining whether recovery was discrete (pop-

out) or continuous (elbow). 
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In situ nanoindentation within an SEM was used to examine the correspondence of 

mechanical behavior observed in the load-depth data with the development of surface features. 

Testing with a cube corner tip in situ permitted a wider field of view in observing the surface, 

compared to the Berkovich geometry employed in the rest of this work. In preparation for the 

required change in tip geometry for the in situ testing, a set of 75 indentations were completed 

using a cube corner tip at the three various loading rates (0.33, 3.33, and 33.3 mN/s) in each of 

the four materials. Data provided in Table 3.2 in the Supplemental Material (Section 3.11) 

confirmed that the frequency of each behavior (pop-ins, elbows, pop-outs, normal unloading) 

obtained with a cube corner tip showed similar trends to that in Figure 3.  

 

Figure 3.3: Frequency of normal unloading, pop-outs, and elbows, for each material and 
loading rate (L – low loading rate, M – medium loading rate, and H – high 
loading rate). Pop-outs are only seen in EuPO4 and TbPO4. 

Videos of representative in situ indentations for EuPO4, GdPO4, and TbPO4 are available 

in the Supplemental Information section (Appendix B), along with time-based annotations 

correlating load-depth behavior with the development of features observed by SEM (Section 

3.11). The behavior of GdPO4 is summarized here with a selection of micrographs in Figure 3.4, 
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which is a 4-part figure comprised of representative in situ indentation load-depth data from 

GdPO4, (a), and SEM micrographs (b,c,d) corresponding to points in time indicated by arrows in 

(a). Figure 3.4(b) shows an initial image of the sample surface before the occurrence of the large 

pop-in marked in the load-depth curve in Figure 3.4(a). As loading continued, a large pop-in 

occurred, corresponding to an ejection of material to the right of the indenter tip (red arrow) as 

seen in Figure 3.4(c). No further evolution of the surface was observed during unloading. The 

final micrograph, 3.4(d), shows the sample surface after the extraction of the tip. A pile-up of 

material as well as several cracks surrounded the indentation site on the sample surface. A series 

of parallel steps, likely corresponding to slip lines, were also observed to the right of the residual 

indent, as highlighted by a red arrow in Figure 3.4(d). Slip lines are not commonly observed in 

brittle solids due to their propensity to fail by fracture before appreciable dislocation activity 

occurs; however, the confinement created by indentation testing can allow their development, as 

shown by Ghosh et al. and Huang et al. in ZrB2 and ultrafine grained alumina, respectively. [52, 

53] Slip system orientation within grains can allow the development of slip lines; however, 

distribution of strain within and between grains with non-favorable orientations ultimately lead 

to a crack-tip opening and failure. [52] In the case of the indentation of GdPO4, slip lines were 

accompanied by observations of fracture and the ejection of material from the sample surface, 

with all visible events occurring during loading. These behaviors were quite different from those 

of silicon, which showed extrusion of material during unloading as a result of the phase 

transformation. [31] No surface evolution, material extrusion, or ejection was observed during 

unloading in any of the in situ testing on EuPO4, GdPO4, and TbPO4. Load-depth behavior and 

surface feature development were similar in EuPO4 and TbPO4 to that seen in GdPO4, except that 

slip lines were not observed.  
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(a) (b) 

(c) (d) 

Figure 3.4: GdPO4 in situ testing: load-depth data (a) and SEM micrographs of points before 
pop-in (b), following pop-in showing ejection of material to the right of the 
indenter tip (c), and following extraction of the tip (d) where an arrow highlights 
slip lines in the pile-up. 

3.8 Manuscript – Results and Discussion: Mechanical Properties 

Hardness and elastic modulus can be readily extracted from the load-displacement curves 

of the indentation tests following Oliver-Pharr analysis, yet it is necessary to first investigate the 

influence of the anomalous unloading events (e.g. elbows and pop-outs) on the measurement of 

mechanical properties. Hence, both the reduced modulus and hardness values were calculated 

based on the 20-95% of the unloading data for each test. Tests showing elbow or pop-out were 
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grouped as ‘anomalous unloading’ and compared to tests that exhibited normal unloading. Figure 

3.5 shows the average reduced elastic modulus (Figure 3.5(a)) and average hardness (Figure 

3.5(b)) for the four materials at the 3.33-mN/s loading rate and 10-mN peak load for normal and 

anomalous unloading. Vertical error bars represent the standard deviation. Only the indentation 

tests with a 3.33-mN/s loading rate and 10-mN peak load are shown for brevity, as all loading 

rates had similar results. No statistically significant difference was observed between the normal 

unloading and anomalous unloading groups, as almost all of the elbows and pop-outs are located 

in the lower 20% portion of the unloading curve, which is below the load range typically 

included in analysis. Thus, the data with anomalous and normal unloading behavior were 

analyzed together as one group for the remainder of this paper. All four materials had reduced 

elastic moduli in the range of 150-180 GPa. Hardnesses for all materials exceeded 5 GPa, with 

monazite compositions being slightly harder than xenotimes. For comparison, Hay et al. reported 

a range of average reduced moduli and hardnesses for GdPO4 (Er = 194 – 199 GPa, H = 6.0 – 7.8 

GPa), TbPO4 (Er = 44 – 48 GPa, H = 0.9 – 1.3 GPa), and DyPO4 (Er = 119 – 127 GPa, H = 3.2 – 

4.6 GPa) [16]; the modulus value for GdPO4 was found to be slightly higher than the value in 

this study, however, the properties of the xenotime materials were shown to be substantially 

lower than the values found here.  
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             (a)             (b) 

Figure 3.5: Reduced modulus (a) and hardness (b) for elemental REPO4. Data points 
represent average values and error bars represent standard deviation. Anomalous 
unloading includes pop-outs and elbows. 

Broader comparison of elastic modulus results collected using other experimental and 

theoretical techniques was conducted by converting to bulk modulus and reported in Figure 3.6. 

The present study, as well as Hay et al. [16], used sintered polycrystalline compacts and reported 

reduced (indentation) modulus. Reduced elastic moduli acquired from indentation tests were 

converted to Young’s modulus (E) according to 

�� = − �� + −�                                                     .  

where Er is the measured reduced elastic modulus, Ei is the Young’s modulus of the diamond 

indenter tip, i is Poisson’s ratio for diamond,  is Poisson’s ratio for the material under test, and 

E is Young’s modulus for the material under test. The Poisson’s ratio is set to 0.29 based on 

Feng et al. [40] for all conversions. Young’s modulus was reported by Kowalski et al. using ab 

initio quantum chemistry of all four of the REPO4s tested here [21], as well as Perriere et al. and 

Du et al., who used ultrasonic wave velocities to measure EuPO4 [25, 37] and GdPO4 [37] 
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powders. Young’s modulus was converted to bulk modulus, B, as 

=  �−                                                         .  

where E is Young’s modulus and  is Poison’s ratio (set to 0.29). Bulk modulus was reported 

directly by Li et al., using the computational method of chemical bond theory of dielectric 

description for all four REPO4s [22], as well as Lacomba-Perales et al. and Heffernan et al., 

using diamond anvil cell compression for EuPO4 and GdPO4 single-crystal chips [39] and a 

GdPO4 single-crystal chip [38], respectively, to determine bulk modulus. 

 

Figure 3.6: Comparison of REPO4s by bulk modulus. The values collected during this study 
are represented by  and show error bars indicating standard deviation for the 
values. The other symbols are representative of the following references, =Li et 

al.[22], =Kowalski et al.[21], =Perriere et al.[25], =Du et al.[37], =Lacomba-Perales et al.[39], =Heffernan et al.[38], and =Hay et al.[16] 

It has been suggested that the modulus of monazite REPO4s should increase very slightly 

with the decrease of radii values [37] and corresponding decreases in interatomic distances have 

been observed [15];  however, this specific trend could not be discerned for our data set given the 

variation in the experimental data. It was found that the values measured in the present study 
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largely agree with those that are acquired computationally [22] and the majority of those 

measured experimentally [25, 37-39], excepting the xenotime data provided by Hay et al. [16] 

Hay et al., as well as other researchers [27, 54], have noted difficulty in densifying xenotime 

specimens [16]. Modulus is strongly dependent on porosity,[55] thus we suspected that the 

deviations between data sets were attributable to the differences in density, as opposed to 

originating from phase transformation. Data presented in Figure 3.5 supported this theory, by 

showing that the presence or absence of anomalous unloading does not substantial impact 

property measurements in dense samples. 

In addition to differences in modulus, our study showed substantially higher hardness 

values for xenotimes compared to Ref. [16]. Differences in indention depth and loading rate can 

have some impact on hardness values in other systems, so the impact of these parameters on 

hardness in REPO4s was examined in more detail. Tests were conducted from 2.5 to 400 mN and 

hardness values were plotted as a function of maximum indentation depth in Figure 3.7. Error 

bars represent standard error in this plot to normalize for differences in the number of data points 

collected with the standard- and high-load cells. The hardness of the four REPO4 ceramics 

remained constant with depth from 100 nm through at least 1700 nm, which encompasses the 

1500 nm-maximum depths in Ref. [16]. From Figure 7, the hardness of GdPO4 at 1500 nm depth 

was 7.9  0.5 GPa, which is slightly higher than the 6.0 GPa reported by Hay et al. [16] The 

hardnesses of TbPO4 (5.7  0.9 GPa) and DyPO4 (6.6  0.5 GPa) were much higher than the 0.9 

GPa and 3.2 GPa reported for TbPO4 and DyPO4 [16], respectively. Like elastic modulus, 

hardness is also quite sensitive to porosity, thus the discrepancy of hardness between the two 

studies may result from density differences. 
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While there was no significant strain-rate dependence in terms of the frequency of 

behaviors like elbows and pop-outs in the four REPO4 compositions, we verified that strain-rate 

independence manifested in hardness measurements as well. The strain rate sensitivity exponent, 

m (Equation 3.4), is a measure of how the strength of a material varies with rate. [56] In terms of 

hardness, H, the strain rate sensitivity exponent is 

� = � �� �̇                                                                    .  

where �̇ is the strain rate. In indentation tests with a constant loading rate, an equivalent strain 

rate, �̇ = 1ℎ �ℎ��  [57], is derived from the loading rate, �̇, and the peak load, Pmax [58], yielding  

�̇ = ̇ �     ,                                                                .                      

though strain and strain rates are non-uniform strain and vary with time.  

 

Figure 3.7: Hardness is relatively constant with indentation depth. Error bars represent 
standard error. 

The measured hardness of the four REPO4s were plotted against the equivalent strain 

rates in log-log scale, as shown in Figure 8. The m-value for each material was extracted from 
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the slope of the linear fitting of the hardness data, from Equation 3.4. The measured m-values for 

these REPO4s range from 0.004 to 0.016, all of which are smaller than the m-values of phosphate 

glasses (m is around 0.020) [59], which were not considered strain-rate sensitive. [60] Therefore, 

the hardness of the four REPO4 ceramics tested here were quite insensitive to strain rate, and 

differences in strain rate were unlikely to cause variation in hardness with different testing 

conditions. 
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     (d) 

Figure 3.8: Hardness as a function of equivalent strain rate for EuPO4  (a), GdPO4 (b), TbPO4 

(c), and DyPO4 (d). Error bars represent standard deviation.  

3.9 Manuscript – Conclusions 

This study characterized the mechanical behavior and properties of four REPO4 materials 

(EuPO4, GdPO4, TbPO4, and DyPO4) near the monazite/xenotime boundary using 
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nanoindentation. In situ nanoindentation within an SEM allowed for pop-ins to be correlated 

with the evolution of surface features such as cracks. Elbows and pop-outs were found to occur 

in both pressure-induced phase-transforming xenotime compositions as well as non-transforming 

monazite compositions, suggesting that this mechanical behavior cannot be used as a specific 

identifier of phase transformations within the class of REPO4 materials. Furthermore, the 

frequency of elbow-type unloading behavior was independent of loading rate, consistent with a 

deformation process with a large activation volume such as twinning. The presence of elbows or 

pop-outs in the unloading data did not impact the measured reduced elastic modulus, which was 

found to be consistent with modulus values obtained by a variety of other techniques. Hardnesses 

for all four materials exceeded 5 GPa and were not impacted by strain rate or indentation depth 

over a wide range of testing conditions.  
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3.11 Supplemental Material 

Table 3.1: Percentage of behavior in the four materials as a function of loading rate. Tip 
geometry: Berkovich. 

Material Loading Rate 

Behavior (%) 

Normal 

Unloading 
Elbow Pop-Out 

EuPO4 

0.33 mN/s 30 53 17 

3.33 mN/s 40 50 10 

33.3 mN/s 66 34 0 

GdPO4 

0.33 mN/s 41 59 0 

3.33 mN/s 68 32 0 

33.3 mN/s 62 38 0 

TbPO4 

0.33 mN/s 73 26 1 

3.33 mN/s 73 26 1 

33.3 mN/s 75 24 1 

DyPO4 

0.33 mN/s 57 43 0 

3.33 mN/s 75 25 0 

33.3 mN/s 64 36 0 
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Table 3.2: Percentage of behavior in EuPO4, GdPO4, and TbPO4 as a function of loading 
rate. Tip geometry: Cube Corner. 

Material Loading Rate 

Behavior (%) 

Normal 

Unloading 
Elbow Pop-Out 

EuPO4 

0.33 mN/s 28 56 16 

3.33 mN/s 32 56 12 

33.3 mN/s 32 52 16 

GdPO4 

0.33 mN/s 29 71 0 

3.33 mN/s 32 68 0 

33.3 mN/s 44 56 0 

TbPO4 

0.33 mN/s 24 68 8 

3.33 mN/s 60 40 0 

33.3 mN/s 40 56 4 
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Figure 3.9: GdPO4 P-h data and indentation annotation. At location a) 19.70, the tip reaches 
the sample surface and is loaded into the material using a 0.33 mN/s loading rate. 
b) 36.70 – Initial movement of material is seen to the left of the indenter tip. It 
continues to shift as the tip is loaded further into the material. c) 1:10.18 – A large 
crack is observed to the left of the indenter tip. As the tip continues to load into 
the material, this section will be pushed up and out starting with the back portion 
of the material. This corresponds with the large pop-in. d) 1:19.70 – The tip 
begins to unload from the material. Note, no surface changes are observed during 
unloading. After the removal of the tip – 2:20.17 – fracture of the sample surface 
is observed, as well as pile-up surrounding the indentation site. Slip lines are 
observable to the left of the indentation site.  
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Figure 3.10: EuPO4 P-h data and indentation annotation. At location a) 08.50, the tip reaches 
the sample surface and is loaded into the material using a 0.33 mN/s loading rate. 
b) 15.17 – The first pop-in occurs and a small amount of material to the left of the 
indenter tip can be seen moving as it is shifted up. c) 39.93 – Material to the left 
of the indenter tip continues to move as more pop-ins occur during loading. This 
trend continues through almost all of the loading section of the video and is 
readily seen to the left of the indenter tip. d) 1:08.50 – The tip begins to unload 
from the material. Note, no surface evolution is observed during unloading. After 
the removal of the tip – 2:09.09 – pile-up of material is seen to the left and right 
of the indenter tip, as well as behind it. 
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Figure 3.11: TbPO4 P-h data and indentation annotation. At location a) 15.98, the tip reaches 
the sample surface and is loaded into the material using a 0.33 mN/s loading rate. 
b) 21.08 – The formation of a crack begins near the back of the left side of the 
indenter tip and corresponds with a low load pop-in in the beginning of the 
indentation curve. The crack will continue to grow during the loading portion of 
the indentation curve.  c) 1:15.98 – The tip begins to unload from the material. 
Note, no surface evolution is observed during unloading. After the removal of the 
tip – 2:15.76 – a large crack in seen to the left of the indenter tip (moving towards 
the front of the image). Pile-up of material is seen behind the indenter tip. 
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CHAPTER 4 PAPER 2: INDENTATION RECOVERY IN GdPO4 AND OBSERVATION 

OF DEFORMATION TWINNING 

This chapter investigates the deformation mechanism(s) in GdPO4 that are operative 

during nanoindentation testing and identifies the mechanism(s) responsible for the observed 

ferroelastic behavior that results in recovery upon unloading. The chapter is comprised of an 

overview of the authors' contributions, a review of the state of the scientific understanding prior 

to the research, a summary of the scientific advancements described in this paper, as well as the 

complete manuscript and supplemental material of the published article titled “Indentation 

Recovery in GdPO4 and Observation of Deformation Twinning”. The journal article was 

coauthored by Matthew A. Musselman (Colorado School of Mines, Golden, CO), Dr. Lynn A. 

Boatner (Oak Ridge National Laboratory, Oak Ridge, TN), Dr. David R. Diercks (Colorado 

School of Mines, Golden, CO), and Dr. Corinne E. Packard (Colorado School of Mines, Golden, 

CO) and was published in AIP Advances (Volume 6 – Issue 9 – 095029 – September 2016). 

4.1 Author Contributions 

Two samples were used in the process of this research: a single-crystal and a 

polycrystalline GdPO4 specimen. The single-crystal specimen was synthesized via a high-

temperature solution growth process using Pb2P2O7 and provided by Dr. Boatner, Oak Ridge 

National Laboratory [15]. Matthew A. Musselman, Colorado School of Mines, completed the 

synthesis of GdPO4 via direct precipitation from a gadolinium (III) nitrate precursor in 

phosphoric acid, following Schatzmann et al. and Boakye et al. [20, 23]. I processed the 

amorphous GdPO4 material, with the help of Zachary D. McMullen (undergraduate research 

assistant), and created a pellet for nanoindentation testing. I designed and performed the 

nanoindentation experiments on both the polycrystalline and single-crystal GdPO4 specimens, 
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and conducted analysis of the load-depth curves. During post-indentation characterization, I 

selected locations of interest for TEM analysis, and provided literature detailing the most 

common planes for deformation twinning in another monazite-based structure, LaPO4, to aid in 

analysis. Dr. Diercks performed the focused-ion beam milling to produce a TEM specimen of 

polycrystalline GdPO4, operated the TEM, and created a simulation diffraction pattern and Fast 

Fourier Transform (FFT) of a twin and surrounding material. Once testing was completed, I 

drafted a manuscript detailing the research titled “Indentation Recovery in GdPO4 and 

Observation of Deformation Twinning", and all coauthors contributed to editing. 

4.2 State of the Field Prior to Publication 

Prior to the research presented in this chapter, Hay et al. conducted a brief indentation 

study of GdPO4, TbPO4, and DyPO4, and several solid solutions of (GdxDy1-x)PO4 (x = 0.4 – 0.6) 

and discovered evidence of indentation recovery in the unloading portion of the load-depth 

curves of some of the xenotime materials [16]. Chapter 3 of this thesis presented analysis from 

an extensive indentation study of four REPO4s near the monazite/xenotime boundary and 

established that indentation recovery is not unique to xenotime materials, but is also readily 

observable in monazites. Indentation recovery is a dramatic slope change in the unloading 

portion of a load-depth curve; compared to materials exhibiting purely elastic unloading, 

indentation recovery occurs when a material exhibits reduced residual displacement due to some 

other mechanism releasing stored energy. This phenomenon has been linked to a variety of 

deformation mechanisms in different systems including twinning in LiNbO3 and shape memory 

alloys such as NiTi [33, 61], kink bands in graphite and single-crystal mica [62, 63], and phase 

transformations in Si [31, 41]. Hay et al. suggested phase transformation-based ferroelasticity as 

the reason for the recovery observed during indentation after ex situ TEM analysis of the site 
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showed a very small amount of transformed material (xenotime to monazite) located outside of 

the high pressure zone; however, TbPO4 is also capable of twinning which could provide another 

plausible explanation for the large amount of indentation recovery observed [16, 17, 19]. GdPO4 

is a monazite, with no reported pressure-induced phase transformations, although it is capable of 

twinning [15-17, 19]; it therefore provides a test system to explore if twinning may be the cause 

of the recovery observed in the indentation curves of REPO4s. 

4.3 Scientific Advancements and Conclusions 

The research presented in this chapter has led to several advancements in the 

understanding of the deformation mechanisms in REPO4s, and more specifically, in GdPO4. 

4.3.1 Key Findings 

• Indentation recovery was observed in stable monazite polycrystalline and single-

crystal GdPO4. 

• (100) twins were observed beneath the indentation site of polycrystalline GdPO4 and 

were not observed in the undeformed material. Note, the (100) orientation is a 

common twinning orientation in other monazite-based REPO4s [18].  

4.3.2 Key Contributions 

• The fact that indentation recovery was observed in polycrystalline and single-crystal 

GdPO4 suggests that this feature may not be a reliable indicator of whether or not 

REPO4s have undergone a pressure-induced phase transformation, as this load-depth 

behavior occurs in both transforming (xenotime, [16]) and non-transforming materials 

(monazite, this study). 
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• TEM of an indentation site in polycrystalline GdPO4 showed the presence of several 

stacking faults and a twin, as well as a lack of transformed material, leading to the 

conclusion that the slope changes in the load-depth curves could be a result of the 

material deforming via twinning. As the material was loaded during indentation, it 

twinned as a means to accommodate strain, however, when the load was removed the 

material behaved elastically until it gained additional recovery as the twinned areas 

collapsed. The twin observed in this study provided the first evidence of twin-based 

ferroelasticity in REPO4s. 

4.4 Abstract 

A series of nanoindentation tests on both single and polycrystalline specimens of a 

monazite rare-earth orthophosphate, GdPO4, revealed frequent observation of anomalous 

unloading behavior with a large degree of recovery, where previously this behavior had only 

been observed in xenotime rare-earth orthophosphates. An indentation site in the polycrystalline 

sample was examined using TEM to identify the deformation mechanism responsible for 

recovery. The presence of a twin along the (100) orientation, along with a series of stacking 

faults contained within the deformation site, provide evidence that the mechanism of recovery in 

GdPO4 is the collapse of deformation twins during unloading. 

4.5 Manuscript 

Rare-earth orthophosphates (REPO4s) are a group of ceramics that have remarkable 

compositional flexibility and excellent thermal- and chemical-resistance – qualities which have 

provoked research in a wide range of applications from waste material storage in the nuclear 

field, fiber coatings in ceramic matrix composites (CMCs), and proton conductors for fuel cells 

[15-17, 19, 25]. REPO4s exist in a monazite structure (RE elements: 57 – 64, monoclinic crystal 
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structure, space group P21/n, Z=4) or xenotime structure (RE elements: 65 – 71, tetragonal 

crystal structure, space group I41/amd, Z=4) in equilibrium at ambient conditions [15]. As fiber 

coatings for CMCs, these materials readily absorb energy by plastically deforming via a variety 

of mechanisms including dislocation activity, fracture, and twinning, as well as phase 

transformations for some xenotime materials [17, 64, 65]. 

Previous studies in xenotime REPO4s and silicon have shown anomalous nanoindentation 

curve behavior – i.e., large elastic recovery in the unloading portion [16, 41]. Hay et al. 

completed nanoindentation studies highlighting this behavior in TbPO4, where a distinct 

variation (elbow) in the slope was observed upon unloading [16]. The presence of a few 

monazite grains following deformation of the initially xenotime TbPO4 was identified, providing 

evidence of pressure-induced phase transformation as a result of indentation [16]. A similar 

phenomenon is seen in silicon and has been attributed to a pressure-induced phase 

transformation to a less-dense phase, following an initial transformation to the metallic Si-II 

phase during loading [41]. For REPO4s, however, only xenotime-structured materials are known 

to undergo a pressure-induced phase transformation to monazite. Other material systems that 

show elbows and large amounts of recovery upon unloading include shape memory alloys, such 

as NiTi; these materials are also known to exhibit twinning upon deformation [43]. This leads to 

the possibility that not all recovery seen in REPO4 materials is the result of a phase 

transformation.  

Two specimens of monazite GdPO4 were used in this study. The first sample was 

synthesized via direct precipitation from gadolinium (III) nitrate precursor in phosphoric acid, 

following Schatzmann et al. [23]. GdPO4 powder was ball milled for 24 hours in ethanol using 

zirconia media, calcined at 1200°C for two hours, followed by a second 24-hour ball-mill period, 
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and then finally sintered for two hours at 1500°C into a polycrystalline pellet. Archimedes’ 

method measurement of density showed that the sample was ~90% of the theoretical density. 

The sample was mounted and polished to create a smooth surface for indentation testing, with 

less than 5 nm of surface roughness (Rq) over a 25 m2 scan. The second sample, a single-

crystal specimen, was synthesized via a high-temperature solution growth process using Pb2P2O7 

as described by Boatner [15] and acquired from Dr. Nancy Ross at Virginia Polytechnic Institute 

and State University for this study. 

Nanoindentation was conducted with a Hysitron TI 950 TriboIndenter (Minneapolis, 

MN) using a Berkovich tip and 1-dimensional transducer to load the samples to a peak load of 10 

mN using a 3.33 mN/s rate for loading and unloading. Ten indentations were completed on the 

single-crystal specimen and over one hundred indentations were performed on the 

polycrystalline specimen. Following indentation, the surface of the polycrystalline specimen was 

observed using an FEI Helios NanoLab 600i (Hillsboro, OR). A representative indentation site 

was removed for further investigation using focused ion beam (FIB) milling. The sample was 

thinned to approximately 150 nm using a 30 kV ion beam accelerating voltage followed by 

surface clean-up using a 2 kV accelerating voltage. The resulting specimen was examined with 

an FEI Talos F200X Transmission Electron Microscope (Hillsboro, OR).  

Figure 4.1 shows representative indentation data from the single-crystal 4.1(a) and 

polycrystalline 4.1(b) specimens. Discrete displacement bursts, known as pop-ins, were observed 

in the force-displacement loading data in both single and polycrystalline samples. The unloading 

data exhibited slope changes, also known as bends or elbows, for both samples, and these 

features were particularly dramatic in the single-crystal specimen (see Figure 4.1(a)). The large 

amount of recovery seen in Figure 4.1(a) spanned over 50 nm and occurred in the lower 20-40% 
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of the curve. 4.1(b) also shows a change of slope in the unloading portion of the nanoindentation 

curve; however, it is not nearly as dramatic in the polycrystalline material. All ten of the curves 

collected on the single-crystal specimen showed recovery upon unloading, while 32 of the 100 

curves collected on polycrystalline GdPO4 showed similar recovery behavior.  

           (a)               (b) 

Figure 4.1: Representative nanoindentation curves collected on (a) a single-crystal and (b) 
polycrystalline GdPO4 samples, which exhibit pop-ins (represented by arrows) 
and a change in unloading slope below 2 mN (represented by an asterisk). 

Analysis of a representative indentation site in polycrystalline GdPO4 is shown in Figure 

4.2(a). Several cracks and a large amount of pile-up were observed by SEM in the location 

surrounding the indentation site. Figure 4.2(b) shows a TEM cross-section of the indentation site 

shown in Figure 2(a). An arrow is shown in both Figure 4.2(a) and 4.2(b) to illustrate the 

orientation of the cross-section with respect to the indentation site. A layer of platinum from the 

preparation of the cross-section can be seen above the indentation in Figure 4.2(b).  



 
54 

(a) (b) 

(c) 

 

 

(d) 

Figure 4.2: (a) SEM image captured of the indentation site in polycrystalline GdPO4 – scale 
bar 1 m. The white arrow indicates the orientation of the FIB lift-out 
(corresponds with the direction of the arrow shown in (b)). (b) TEM specimen of 
the polycrystalline GdPO4. (c) High-resolution TEM image from the region 
indicated by the red box in (b) showing a twin located within the deformed region 
underneath the indentation. (d) Simulated diffraction pattern and FFT of the twin 
from image (c). 

Directly beneath the indentation site, large amounts of plastic deformation occurred, as 

evidenced by a high dislocation density and the presence of strain contrast. Dislocations and 

microcracks were present throughout the indented region. Both dislocations and cracks can cause 
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pop-ins during loading [66], but neither of these defects have been associated with dramatic 

recovery behavior like that seen in the indentation curves in Figure 4.1.  

Figure 4.2(c) shows a magnified image of a location (shown outlined in red in Figure 

4.2(b)) below the indentation, where a 10 nm-thick disruption inside a grain was present. Upon 

further inspection, it was determined that the zone axis on either side of the distortion was [001] 

while within the region it was [010].  These regions meet at (100) planes, indicative of a twin.  

Figure 4.2(d) shows a simulated diffraction pattern of the (100) orientation with the direction of 

the twin. The gray-scale image in Figure 4.2(d) is a FFT of the micrograph in Figure 4.2(c). 

Correspondence between the simulated diffraction pattern and the FFT of the image illustrates 

that the crystallographic assignments are consistent with the experimental data.  A number of 

twin orientations are possible for the monazite structure, but (100)-type twins, such as those 

observed here, were reported as the most frequently observed type in deformed LaPO4 [18].  In 

addition to the twin, numerous stacking faults, all along (100) planes, were observed in the 

deformed region (see supplementary material for addition TEM images). There was no evidence 

of a phase transformation in the deformed material; GdPO4 is known to be stable in its monazite 

form under high pressures [16, 17, 19] and ambient conditions, and therefore, is unlikely to 

transform whereas some xenotime REPO4s can transform under pressure [16, 19, 67]. High shear 

stresses underneath the indentation likely promote twinning, but GdPO4 is quite sensitive to the 

presence of shear stresses even in high-pressure diamond anvil cell experiments [38]. 

Analysis of polycrystalline GdPO4 in the un-deformed regions did not show twins or 

stacking faults, indicating that these defects arose during indentation testing. Given the 

observation of twins and stacking faults, a plausible explanation for the observed indentation 

recovery includes the following steps: (1) The material generates twins upon loading to 
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accommodate strain, and further strain is partially relieved by the movement of twin boundaries. 

(2) Upon unloading, the material initially responds elastically but additional recovery is gained 

as twinned areas collapse. Small residual twins and stacking faults are left behind as evidence of 

this recovery mechanism. The dramatically larger recovery seen within the indentation curves of 

the single-crystal GdPO4 is most likely due to the material having a lower defect density, i.e. no 

grain boundaries; thus, deformation by twinning and the collapse of those twins presumably 

occurs with less interference. This phenomenon is analogous to the rubber-like effect in shape 

memory alloys first described in 1932 by Ölander in AuCd [8, 11]. The rubber-like effect is a 

form of ferroelasticity in which energy is absorbed through twinning during deformation and 

stored energy is recovered through de-twinning upon unloading, as opposed to ferroelasticity 

based on phase transformation [8, 68]. Phase transformation-based ferroelasticity has been 

observed in the structurally similar monoclinic rare-earth orthoniobates [68] and has been 

suggested as the recovery mechanism responsible for indentation recovery in select xenotime 

REPO4s [16]; however, this report provides the first evidence that twin-based ferroelasticity 

occurs in rare-earth orthophosphates. 

In summary, a combination of nanoindentation, SEM, and TEM were employed to 

investigate deformation mechanisms in GdPO4. Nanoindentation force-displacement curves 

showed slope changes on the unloading portion of the curves, resulting in a large elastic recovery 

that is particularly enhanced in the single-crystal. Analysis by TEM revealed the presence of 

twins and a number of stacking faults in the deformed region. The observed indentation recovery 

is attributed to the collapse of deformation twins, in the absence of evidence of any other 

mechanisms capable of causing recovery in this system. As such, indentation recovery may not 

be a reliable indicator of whether or not an REPO4 has undergone a pressure-induced phase 
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transformation, as this indentation behavior occurs in both transforming (xenotime, Ref. [16]) 

and non-transforming materials (monazite, this study). Furthermore, these observations provide 

evidence that a new material class shows a propensity for recovery due to twinning-based 

ferroelasticity. 
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4.7 Supplemental Material 

TEM images taken from the polycrystalline GdPO4 specimen showing stacking faults 

along the (001) plane. 

(a) (b) (c) 

Figure 4.3: TEM images taken from the polycrystalline GdPO4 specimen showing stacking 
faults along the (001) plane. 
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CHAPTER 5 PAPER 3: CYCLIC LOADING IN FERROELASTIC GdPO4  

This chapter further explores the ferroelastic nature of GdPO4 by characterizing its 

behavior during cyclic nanoindentation experiments. The chapter includes a synopsis of the 

authors’ contributions, a discussion of the state of the field prior to this study, as well as an 

assessment of the scientific findings and contributions, and the manuscript titled “Cyclic Loading 

in Ferroelastic GdPO4”. The publication was co-authored by Dr. Lynn A. Boatner (Oak Ridge 

National Laboratory) and Dr. Corinne E. Packard (Colorado School of Mines, Golden, CO) and 

is undergoing final preparations for submission. 

5.1 Author Contributions 

Two GdPO4 specimens were used throughout the course of this work; a single-crystal 

specimen was synthesized via high-temperature solution growth processes of Pb2P2O7 and 

provided by Dr. Boatner, Oak Ridge National Laboratory [15] while the polycrystalline 

specimen was synthesized via direct precipitation from a gadolinium (III) nitrate precursor in 

phosphoric acid, following Schatzmann et al. and Boakye et al. [20, 23]. I processed the 

amorphous GdPO4, along with the aid of Zachary D. McMullen (undergraduate research 

assistant), to create a pellet for the nanoindentation experiments. The EBSD analysis of the 

indentation surface of the single-crystal GdPO4 was completed with the help of Casey F. Davis 

(Graduate Student –Colorado School of Mines). Furthermore, Dr. Dong Wu (Colorado School of 

Mines) ran the AFM scans of the indentation surface of the single-crystal GdPO4 specimen under 

my advisement to determine if fracture was occurring during the nanoindentation experiments. I 

designed and performed the indentation experiments on both the single-crystal and 

polycrystalline GdPO4 samples as well as executed the analysis of the load-depth curves by 

developing and code in MatLab (provided in the Appendix). After the experiments and research 
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were completed, I drafted the manuscript titled “Cyclic Loading in Ferroelastic GdPO4”, and all 

of the co-authors provided critiques. 

5.2 State of the Field Prior to Publication 

Ceramics have often times been disqualified from actuating and sensing applications due 

to their brittle nature; however, in recent years a new class of shape memory ceramics (SMCs) 

have shown promise with their ability to recover mechanical strain [1-7]. Du et al. recently 

reported dissipated energy values (per unit volume) for superelastic single-crystal ZrO2-based 

particles that outperform that of the well-known shape memory alloy (SMA) NiTi under certain 

loading and microstructural conditions [2]. Furthermore, this SMC was shown to have the ability 

to mechanically cycle between transformation states making it an attractive candidate for 

damping applications [2].  

Some REPO4 has shown similar evidence of recovery to that of SMCs and SMAs [16, 44, 

69]. Chapter 3 showed rare-earth orthophosphates have a propensity for recovery – both 

discretely as small pop-outs (in EuPO4 and TbPO4) and continuously as unloading slope changes 

(in all four REPO4s surrounding the monazite/xenotime boundary), while Chapter 4 investigated 

the presence of recovery in monazite polycrystalline GdPO4, and found a twin in the deformation 

site of an indentation. Twinning-based recovery has been defined as ferroelasticity in the metals 

literature [8, 9, 14], although it is now shown to be applicable in ceramics as well. The purpose 

of this chapter is to determine the conditions under which single-crystal GdPO4 can recovery 

most readily and substantially as well as to determine if cyclic behavior is achievable for this 

material. Furthermore, this chapter will calculate dissipated energy values for the REPO4 to 

determine how it compares to those of other SMCs such as ZrO2-based particles. 



 
60 

5.3 Scientific Advancements and Conclusions 

The research that is presented in this chapter has established a method of characterizing 

ferroelastic GdPO4, namely the effects of cyclic loading on both single-crystal and 

polycrystalline specimens.  

5.3.1 Key Findings 

• Cyclic indentation tests (10 cycles) were completed with a spherical geometry tip, to 

minimize fracture, across a range of loads (0.5 – 10 mN) on single-crystal monazite 

GdPO4. Load data from the first cycle show that the material follows Herztian 

predictions prior to a very repeatable yield event at 5.34 ± 0.1 mN. Below this event, 

the material exhibits hysteretic behavior, where as above the pop-in, the material 

shows plastic deformation. AFM of the sample surface post-indentation provided no 

evidence of surface fracture even at the highest load of 10 mN. In addition to plastic 

deformation, the single-crystal specimen also exhibited instances of recovery, 

including pop-outs and unloading slope changes. Completion of the 10 cycles showed 

that for tests with peak loads below the yield event, the 1st and 10th cycle had the 

same amount of area in each hysteric loop where as tests with peak loads above the 

yield event, the amount of dissipated energy decreased as cycling continued although 

the loops never fully closed. Note – even after 50 cycles for 5 mN peak load tests 

(below the yield event) the hysteretic loops had not decayed any. 

• Empirical work and depth recovery ratios were calculated for single-crystal GdPO4, 

with near 100% recovery observed for peak loads of 5 mN and below.  

• Hysteretic behavior is observed at all peak loads. For indentation tests with peak 

loads less than the major yield event load, the dissipated energy for cycle 1 was 
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similar to that of cycle 10; tests with peak loads above the major yield event load 

showed that the amount of dissipated energy decreases as continued cycling occurs.  

• A comparison of cyclic behavior was completed between single-crystal and 

polycrystalline GdPO4; for the same maximum load of 10mN, single-crystal GdPO4 

shows substantially larger recoverable energy dissipation. 

5.3.2 Key Contributions 

• At peak loads below the major yield event, single-crystal GdPO4 has a larger amount 

of dissipated energy per unit volume (250 MJ/m3 for GdPO4 vs. 10-20 MJ/m3 for 

NiTi) than a common SMA and comparable values to that of other SMCs such as 

ZrO2 particles [2]. The phenomenon responsible for the recovery seen in GdPO4 is 

driven by twinning and detwinning rather than phase transformation seen in SMAs 

and SMCs, and provides a new way of achieving superelasticity in ceramics.  

• The amount of observable dissipated energy is significant given that the material is a 

brittle ceramic; other similar materials would fracture before recovery would be 

possible. 

• This research provided the first evidence of cyclic behavior in both single and 

polycrystalline GdPO4. 

5.4 Abstract 

Cyclic loading of monazite-structured GdPO4 was performed using a spherical 

indentation tip to characterize the material’s potential for superelastic recovery and cycling as a 

result of a previously identified ferroelastic energy dissipation mechanism. In this loading 

condition, single-crystal GdPO4 exhibited both work and depth recovery ratios similar to that of 

superelastic NiTi, a shape memory material. During load cycling, an extremely high dissipated 
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energy of ~250 MJ/m3 is recoverable and repeated over ten cycles and in some conditions, shows 

no exhaustion through 50 indentation cycles. This report provides the first evidence that 

ferroelasticity provides an alternative route to superelasticity in ceramics. 

5.5 Manuscript – Introduction 

Interest is presently growing in the area of new and emerging ceramics with unique 

properties that makes them well suited for applications in damping, sensing, and activation [1-7]. 

For many of these applications, the amount of mechanical energy a material is able to store and 

release, as well as the number of cycles achieved before failure, are key metrics. Shape memory 

ceramics (SMCs), such as ceria-doped ZrO2, have recently been shown to achieve a higher 

dissipated energy than that of the well known shape memory alloy (SMA) nickel titanium (NiTi), 

with 20 – 40 MJ/m3 for the SMC [2] compared to 10 – 20 MJ/m3 for the SMA case. These values 

are maximized when the material’s sample size is small and the number of internal boundaries is 

minimized (as in the case of oligocrystals or single crystals) to circumvent fracture [1, 2, 70], a 

common failure mode for brittle ceramics. SMCs have the same operating principle as that of 

SMAs, whereby the material undergoes a phase transformation from a martensitic to an 

austenitic phase as a force is applied [2, 8]. This transition causes a morphological change that 

can be recovered if the material is heated to elevated temperatures [8, 70], giving rise to the 

shape memory effect or if the material is strained below its Af temperature to yield 

superelasticity. 

Superelasticity is particularly attractive for damping applications, and it has been 

observed in SMCs via isothermal transformation at room temperature [2]. Phase transformation 

is not the only mechanism capable of producing superelasticity; SMAs can also exhibit 

macroscopic superelastic behavior in the absence of a phase transformation when unstable twins 
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form and extend to accommodate strain, followed by boundary recession on the removal of stress 

[8, 9]. This phenomenon, based on twinning and detwinning, is called ferroelasticity, and is 

distinct from the shape memory effect [8, 9, 14]. 

In this paper, we characterize the cyclic behavior of GdPO4, a rare-earth orthophosphate 

that has previously been shown to exhibit twining-based strain recovery [44, 69]. Cyclic 

indentation experiments are performed on single-crystal and polycrystalline GdPO4, using a 

spherical tip to suppress competing deformation by fracture. We show that ferroelastic cycling 

behavior in GdPO4 is comparable to and, in some cases, superior to existing SMAs and SMCs on 

the basis of depth and work recovery ratios, as well as energy dissipation per unit volume. 

5.6 Manuscript – Experimental Procedure 

Indentation experiments were conducted using a single-crystal and a polycrystalline 

specimen of monazite GdPO4. The single-crystal specimen was synthesized via a high-

temperature solution-growth process using Pb2P2O7 (as described in Ref. [15]) and mounted to a 

glass substrate. The crystal orientation of the indentation surface was determined to have a 

surface-normal direction of [515̅] using electron backscatter diffraction (EBSD) in a FEI Helios 

NanoLab 600i (Hillsboro, OR). EBSD was ascertained using the space group P21/n (Erickson et 

al. [71]) and lattice positions from Ni et al. [34]. A second sample consisted of a polycrystalline 

sample prepared by direct precipitation from gadolinium (III) nitrate, processed into a fully dense 

polycrystalline pellet, and polished, using specific procedures described previously [44]. Both 

the single-crystal and the polycrystalline specimens had a surface roughness (Rq) of less than 

five nanometers over an area of 25 μm2.  

Nanoindentation experiments were conducted using a Hysitron TI-950 TriboIndenter 

(Minneapolis, MN) with a spherical tip, 1-dimensional transducer, and a closed-loop scanner. 
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The radius of curvature of the tip was determined to be 1.1 ± 0.2 m using a tungsten calibration 

sample and an assumption of Hertzian contact mechanics [72, 73]. Constant loading and 

unloading rates were used for all nanoindentation test segments, with segment lengths held 

constant at 3 seconds for all tests. Cyclic loading with 10 cycles was conducted on the single-

crystal using maximum loads of 0.5, 2, 5, 6, and 10 mN and on the polycrystalline sample using 

maximum loads of 2 and 10 mN. Each testing condition was repeated 5 times at a spacing of 20 

m. The surface of the single-crystal specimen in the vicinity of a 10 mN indentation was 

scanned using a MFP-3DT atomic force microscope (AFM) (Asylum Research Inc, Santa 

Barbara, CA) to inspect for evidence of fracture.  

5.7 Manuscript - Results, Analysis, and Discussion  

Cyclic loading in both the single-crystal and polycrystalline specimens produced 

repeatable, anelastic deformation, with hysteretic load-unload cycles indicating energy 

dissipation. To further understand the highly reversible cycling behavior observed in GdPO4, we 

began by characterizing the deformation within the first loading-unloading cycle and comparing 

differences in behavior between tests conducted at differing peak loads in the single-crystal. The 

loading of the first cycle prior to that of a major pop-in or yield event followed Hertzian contact 

mechanics. Isotropic assumptions are used here as a first approximation to the stress values 

because the components of the full stress tensor for monazite-structured GdPO4 have not yet 

been calculated or measured. The model also used a reduced modulus of 175 GPa from previous 

nanoindentation studies completed on GdPO4 [69]. Figure 5.1(a) shows three representative 

indentations completed on single-crystal GdPO4 at peak loads of 2, 5, and 10 mN – along with 

their respective Hertzian contact models normalized by the peak load to highlight differences in 

behavior. Single-crystal GdPO4 was found to undergo a highly repeatable yield event at 5.34 ± 
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0.1 mN (0.534 – P/Pmax) as seen in the representative 10 mN data in Figure 5.1(a). Unloading 

data from the first loading-unloading cycle exhibited residual displacement associated with 

permanent plastic deformation for a peak load greater than the yield event. In addition to the 

plastic deformation, recovery was also observed – both discretely as a small pop-out (~5 nm 

wide) and continuously as a decrease in unloading slope. In prior work, a large-scale 

categorization of indentation behavior in four polycrystalline rare-earth orthophosphates 

(including GdPO4) revealed frequent observation of continuous slope changes, which occurred 

~40-60% of the time in the polycrystalline material [69]. Furthermore, unloading data from the 

first loading-unloading cycle in the single-crystal, where the peak load is less than the yield 

event, were hysteretic. The residual displacement was zero (i.e. if the tip was removed, there 

would be no residual imprint), but there was a consistent gap between the loading and unloading 

data of several nanometers. Both the 2 mN and 5 mN peak load data sets in Figure 5.1(a) show 

this anelastic recovery with energy dissipated evidenced by the gap. 

The behavior and amount of recovery observed at the different peak loads appears to 

vary, therefore we need a quantitative assessment to allow for comparison. Depth recovery and 

work recovery ratios are empirical figures of merit that permit comparison to indentation-based 

characterization of SMAs [33]. In [33], work recovery was empirically explored in two different 

methods: depth recovery, ηh, (Equation 5.1) and work recovery, ηw, (Equation 5.2). Depth 

recovery was defined as: 

� = � − ��                                                           .  

where ηh was the superelastic depth recovery, hmax was the depth at the maximum load, and hr 

was the residual indentation [33]. For NiTi, with superelastic behavior, recovery ratios near 0.9 
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were observed [33]. The superelastic work recovery ratio was defined as:  

� =  ∫ ���∫ ��                                                            .  

where hmax was the depth at the maximum load, hr was the residual depth, P was the load, and h 

was the displacement [33]. Equation 5.2 represents the ratio of the area under the unloading 

curve to the area under the loading curve.  

(a) (b) 

Figure 5.1: Representative load-depth data from the 1st cycle on single-crystal GdPO4  (a). 
Average depth (closed symbols) and work recovery ratios (open symbols) 
characterized over a range of peak loads (b). Error bars represent standard 
deviation for the respective recovery ratio (y-axis) and maximum indentation 
depth (x-axis) from multiple tests. 

Average ηh and ηw are plotted for GdPO4 in Figure 5.1(b) for a series of 5 indentations at peak 

loads of 0.5 - 10 mN, where the error bars represent standard deviation for both the recovery 

ratio (y-axis) and the maximum indentation depth (x-axis). GdPO4 exhibited similarly high work 

and depth recovery ratios relative to NiTi – provided that the maximum load was kept below the 
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major pop-in event. When peak loads exceeded the pop-in event, recovery ratios were lower, but 

still non-negligible. 

Hysteresis was observed on subsequent cycles for all loads, though it was quite small for 

the peak loads 0.5 and 2 mN. This behavior may be seen clearly in Figure 5.2 with ten cycles of 

load-depth data shown for a representative test at peak loads of 5, 6, and 10 mN along with insets 

of each of the isolated 10th cycle. Repetitive loops, which fall on top of one another, are shown in 

Figure 5.2(a) with the peak load of 5 mN. Note, the inset of the 10th cycle has the same curve 

area as the 1st cycle showing no loss of hysteresis. Figure 5.2(b) shows data collected at a peak 

load of 6 mN, where the load-depth curve showed plastic deformation via pop-in in the first 

cycle and plastic deformation followed by repetitive looping for cycles 2 - 10. At the maximum 

peak load of 10 mN (Figure 5.2(c)), more plastic deformation was observed in the 1st cycle, than 

at the 6 mN peak load, followed by shrinking hysteretic loops as the cycling continued. Even at 

the 10th cycle, the loop has not closed and shows a gap of ~15 nm between loading and 

unloading. Comparison between the peak loads is achieved by calculating the dissipated energy 

for each cycle, i.e. the area within each loop. Figure 5.2(d) shows dissipated energy plotted to 

observe trends with the peak load and cycle number. Calculations of dissipated energy during 

nanoindentation ranged from a few to thousands of picojoules and increased with increasing 

maximum cycling load. Dissipated energy is stable over time with cycling for peak loads below 

the major pop-in event. Data collected for 6 and 10 mN peak loads exhibited a decay in 

dissipated energy with cycling, with the largest drop observed between the 1st and 2nd cycle. This 

drop was attributed to the non-recoverable dissipated energy associated with plastic deformation 

in the 1st cycle. The 2nd cycle had no plastic deformation, however, a small decay in dissipated 

energy was observed as cycling continued. Extended testing using a 5 mN peak load retained a 



 
68 

stable 2 pJ of dissipated energy even in the 50th cycle, indicating that the mechanism responsible 

for the observed cycling behavior is exceptionally stable. 

(a) 
   

(b) 

(c) 

 

(d) 

Figure 5.2: Representative cyclic loading data in single-crystal GdPO4. 5 (a), 6 (b), and 10 (c) 
mN with insets showing 10th cycle in the upper left hand corner more clearly. (d) 
Average dissipated energy. 
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 Considering dissipated energy per unit volume permits comparison to other materials. In 

spherical indentation, the stress field is concentrated within a hemispherical radius of ~3a, where 

a is the Hertzian contact radius. Assuming a hemispherical volume with radius 3a as the stressed 

region, we compute a dissipated energy per unit volume of 250 MJ/m3 for the 6 mN tests. Within 

the SMAs literature, NiTi’s energy dissipation typically ranged from 10 – 20 MJ/m3 whereas 

SMC ZrO2 pillars approached 100 MJ/m3 [70] and the dissipated energy of the compression of 

microspheres of ZrO2 was reported as 20 – 40 MJ/m3 [13]. Thus, GdPO4 exhibited comparatively 

high energy dissipation per unit volume.  Upon closer examination of the ZrO2 microhemisphere 

compression data in Ref. [2], it is likely that the use of the entire hemispherical volume for 

energy dissipation normalization overestimates the stressed volume. Using a stressed 

hemispherical volume with radius 3a based on peak load, modulus of ZrO2, and effective radius 

of two contacting spheres, dissipated energy per unit volume of ZrO2 was found to be 

comparable to the values computed for GdPO4, and both substantially exceed that of metallic 

SMAs. 

 Additionally, it should be noted the storage and recovery of mechanical energy occurs at 

very high stresses, repeatedly and without fracture.  Topographic maps of the indentation site, 

collected using AFM, showed no surface fracture at the highest peak loads, but some plastic flow 

was evident. The maximum shear stress, τmax, associated with the pop-in event was 7.4 ± 1.1 GPa 

using Equation 5.3: 

= . ( ��� ) ( )                                                    .  

where τ is the maximum shear stress, E* is the reduced modulus, h is the indentation depth, and R 

is the tip radius. The material was repeatedly sustaining shear stresses comparable to the 
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theoretical shear yield stress estimated as G/10, where G is the shear modulus, without fracturing 

and was able to do so repeatedly.  

A polycrystalline GdPO4 specimen was tested at loads below the pop-in event seen in 

single-crystal (2mN) as well as loads above (10 mN) for comparison with the single-crystal 

behavior. Figure 5.3 (a) and (b) shows representative load-depth data from representative 10-

cycle-long tests from 2 and 10 mN peak loads, respectively. Even at the low load, the 

polycrystalline specimen showed plastic deformation.  At 10 mN peak loads, plastic deformation 

was substantial and residual depths of >80 nm were common in the first cycle. Figure 5.3(c) 

compares dissipated energies between the single and polycrystalline specimens at equivalent 

peak cycling loads. The polycrystalline GdPO4 sample had decreased capacity for dissipated 

energy for both peak loads. There was also an increased decay rate with increasing cycle number 

in the polycrystalline material – most likely due to grain boundaries. Single-crystal GdPO4 

offered the ability to study this material without the influences and effects of grain boundaries, 

which could have affected the ability of the material to twin and detwin during cyclic loading. 

This behavior is analogous to how the oligocrystalline and polycrystalline particles of ZrO2 show 

decreased recovery and cycling when compared to single-crystal specimens, however, its 

dissipated energy was due to a phase transformation not twinning [2]. Due to the brittle nature of 

ceramics, the accommodation of differential strains at the various boundaries often limits the 

performance of the material. 
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Figure 5.3: Representative cyclic loading data in polycrystalline GdPO4. 2 (a) and 10 (b) mN 
with insets showing 10th cycle in the upper left hand corner more clearly. (c) 
Average dissipated energy. 
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5.8 Manuscript – Conclusions 

In summary, a series of indentation tests were completed on ferroelastic single and 

polycrystalline GdPO4 to characterize the cyclic behavior and energy dissipation. These 

materials were found to match or exceed the recovery of known superelastic SMAs and SMCs 

when compared on the basis of empirical recovery ratios and recoverable dissipated energy. 

Under certain conditions, single-crystal GdPO4 can have an energy dissipation of 250 MJ/m3 and 

can retain cyclic behavior over 50 cycles without substantial losses. The ability of GdPO4 to 

exhibit ferroelastic-based superelasticity allows for exciting new alternatives to traditional 

SMCs. 
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CHAPTER 6 CONCLUSIONS AND FUTURE WORK 

REPO4s are a group of shape memory ceramics with incredible resistance to chemical 

and thermal degradation, as well as great flexibility with the substitution of the lanthanide 

element [20-23]. These materials have been used in CMCs as well as nuclear applications [16, 

17, 19, 24, 25]; however, due to the advancements and understanding gained through this 

research, they have become attractive candidates for applications in actuation, sensing, and 

damping. These emerging fields require a material to store and release large amounts of energy, 

as well as mechanically cycle [1-8]. The characterization of REPO4’s various deformation 

mechanisms, including dislocation activity, fracture, twinning, and phase transformation (for 

select ones), by indentation allow insight into the circumstances under which recovery is 

achieved in these materials [44, 69]. 

At the outset of this research, there had not been any systematic indentation studies 

completed to characterize instances of recovery in REPO4s. Therefore, four materials 

surrounding the monazite/xenotime boundary were chosen and tested at a variety of loading rates 

to determine the frequency of anomalous mechanical behaviors, which indicate instances of 

recovery, as well as determine the effects of these features on property evaluation. Pop-ins were 

found to always be present, no matter the loading condition, and in situ nanoindentation/SEM 

provide a good correlation between these occurrences and surface features such as fracture and 

pile-up. Elbows, an indicator of recovery, were also found to be fairly common, occurring in 

both phase transforming xenotimes and non-phase transforming monazite meaning the feature 

can not be used as a sole indicator of pressure-induced phase transformation as is done in the 

silicon literature [31]. It is likely that the elbow observed during unloading was due to twinning 

because the behavior was found to be independent of loading rate, suggesting the need for a 
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deformation process with a large activation volume. This was verified during TEM analysis of an 

excised indentation site of polycrystalline GdPO4. Pop-outs, which occur instantaneously, are 

another form of recovery; they were found to be the most rare and only occurred in monazite 

EuPO4 and xenotime TbPO4. Subsequent property evaluation determined that these instances of 

recovery had no statistically significant effect on the measured modulus and hardness. 

Furthermore, this study provided evidence that the frequency of anomalous behavior and 

mechanical property values do not appear to exhibit depth- or strain-rate dependence. The 

implication of these findings is that the low magnitude property values in Hay et al.’s work were 

most likely due to a lack of densification and not a phase transformation [16]. 

The initial in-depth study showed that recovery could occur for both crystal structures. To 

investigate the deformation mechanism responsible for recovery in GdPO4, a non-phase 

transforming material, ex situ nanindentation/TEM work was completed. An indentation site in 

polycrystalline GdPO4 that exhibited SE, in the form of an elbow, was removed via FIB and 

analyzed using TEM. (100) twins were observed only in the deformed region of the specimen, 

suggesting that the material deforms via twinning on loading and can recovery as the material 

detwins upon unloading. After, the first indentation tests were completed on a single-crystal 

specimen of GdPO4, which showed an even larger propensity for recovery than the 

polycrystalline specimen. A cyclic study was next employed to determine the quantity of 

achievable recovery as well as to study the hysteric behavior, if any, in GdPO4. These 

indentation tests were completed with a spherical geometry tip to minimize the occurrence of 

fracture. Hysteric behavior was found to be achievable at a variety of loads, with the behavior 

most sustainable at peak loads below a major yield event, i.e. first pop-in. Furthermore, single-

crystal GdPO4 was found to exhibit a larger amount of dissipated energy per unit volume (250 
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MJ/m3 for GdPO4 vs. 10-20 MJ/m3 for NiTi) than a common SMA as well as comparable values 

to ZrO2 particles [2]. The culmination of these two studies, the in situ work and the cyclic study, 

provide the first evidence of ferroelasticity, as well as a new method of achieving superelasticity 

in ceramics.  

The use of nanoindentation during the course of this research allowed for the 

characterization of recovery in several REPO4s surrounding the monazite/xenotime boundary. 

Nanoindentation provided the means to identify instances of recovery through features in the 

load-depth data as well as extract property measurements. Furthermore, nanoindentation allowed 

for the quantification of the amount of recovery using small volumes of material. Despite the 

advancements made during the course of this research, there are a few experiments, which if 

completed, may lead to a more complete picture of recovery in REPO4s. GdPO4 was chosen to 

complete in situ nanoindentation/TEM work due to the fact that it does not undergo a phase 

transformation; however, it may be beneficial to look at indentation sites in one of the xenotime 

compositions to determine if the elbows seen are due to twinning or phase transformation. If a 

phase transformation was present, it could also be of interest to determine whether or not 

pressure-induced phase transformation is able to increase the amount of dissipated energy that is 

recoverable and whether this process can be cycled many times. Also, it would be of interest to 

determine if various crystal orientations affect the amount of achievable recovery through the 

combined use of electron backscatter diffraction (EBSD) and nanoindentation experiments. 

These few studies could further our understanding of the potential for use of REPO4s in 

applications that require cycling and recovery. 
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APPENDIX A: MATLAB CODE 

Below are two separate sections of MatLab code used during the course of my analysis. One to 

determine if an elbow was present in the load-depth data and a second set of code that was used 

during the analysis of the cyclic behavior of GdPO4. Both sets of code were written by the 

author. 

 
A. MatLab Code used to plot the load-depth data as well as determine if an elbow was 

present within the data. 

 
%There are 100 files for each specific testing condition. This is 
%representative code for GdPO_4 - 3s load/3s unload loading function. 
Number_for_Files = linspace(0,99,100); %Provides numbers for each of the individual curves 
%The next several lines deal with a smoothing function - to determine if a 
%significant slope change had occurred in the data file, a smoothing 
%function was applied over a set of points on the unloading function. If a 
%large enough slope change (>10%) had occurred during unloading - it was marked as  
%having an elbow. 
Number_of_Points = 5; 
Number_of_Points_for_Filtering = 10; 
Spacing = 1/Number_of_Points_for_Filtering; 
Filtering_Set_Up = Spacing*ones(1,Number_of_Points_for_Filtering); 
%Code to help separate and find individual curves. 
Name_of_Files = {' '}; 
Name_of_Files1 = {' '}; 
Name_of_Files2 = {' '}; 
 
%Code to read in the individual text files which include load-depth data. 
%The 'for j' and 'for k' lines help to save the files after plotting had  
%occurred. 
for i = 1:100 
Entry = strcat('GdPO4_Pellet1_MediumStrain_Position 1',sprintf(' %04d', Number_for_Files(i)),' 
LC.txt'); 
Name_of_Files{i} = Entry; 
end 
 
for j = 1:100 
Entry1 = strcat('GdPO4_Pellet1_MediumStrain_Position 1',sprintf(' %04d', 
Number_for_Files(j)),' LC'); 
Name_of_Files1{j} = Entry1; 
end 
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for k = 1:100 
Entry2 = strcat('GdPO4_Pellet1_MediumStrain_Position 1',sprintf(' %04d', 
Number_for_Files(k)),' Log',' LC'); 
Name_of_Files2{k} = Entry2; 
end 
 
%Plotted the load-depth data for each curve and then saved the files. 
for l = 1:100 
Text_File_Name = Name_of_Files{l}; 
Raw_Data = dlmread(Text_File_Name,'',4,0); 
Plot_Raw_Data = plot(Raw_Data(:,1),Raw_Data(:,2),'k','LineWidth',1.5); 
axis([0 400 0 10500]) 
xlabel('Displacement (nm)','FontSize',24,'FontWeight','bold','Color','k') 
ylabel('Load (\muN)','FontSize',24,'FontWeight','bold','Color','k') 
set(gca,'fontsize',20,'FontWeight','bold','LineWidth',1.25) 
saveas(Plot_Raw_Data,Name_of_Files1{l},'fig') 
saveas(Plot_Raw_Data,Name_of_Files1{l},'jpeg') 
end 
 
%This part of the code took just the unloading portion of the load-depth 
%curve, and smoothed it before analyzing it. From there, log functions  
%were used to elucidate any significant slope changes. This data was  
%plotted as log(change in load/change in displacement) vs. time. Finally  
%the data was saved for future reference. 
for m = 1:100 
Text_File_Name1 = Name_of_Files{m}; 
Raw_Data1 = dlmread(Text_File_Name1,'',4,0); 
Length = length(Raw_Data1); 
Length1 = (Length - Number_of_Points); 
[Max_Load,Max_Load_Location] = max(Raw_Data1(:,2)); 
Length2 = Max_Load_Location; 
Length3 = Max_Load_Location + Number_of_Points; 
Smooth_Depth = filter(Filtering_Set_Up, 1, Raw_Data1(Length2:Length,1)); 
New_Location = length(Smooth_Depth); 
Log_Depth = log10(Smooth_Depth(Number_of_Points_for_Filtering:New_Location)); 
New_Location1 = length(Log_Depth); 
Length4 = New_Location1; 
Length5 = New_Location1 - 4; 
Depth_Slope = -1*Log_Depth(5:Length4,:) + Log_Depth(1:Length5,:); 
Smooth_Load = filter(Filtering_Set_Up, 1, Raw_Data1(Length2:Length,2)); 
Log_Load = log10(Smooth_Load(Number_of_Points_for_Filtering:New_Location)); 
Load_Slope = -1*Log_Load(5:Length4,:) + Log_Load(1:Length5,:); 
Slope = Load_Slope./Depth_Slope; 
Time = Raw_Data1(Length2:Length,3); 
Time_S = Time(5:Length4,:); 
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Plot_Raw_Data1 = scatter(Time_S, Slope,'k'); 
axis([5 8.5 0 40]) 
xlabel('Time (seconds)','FontSize',24,'FontWeight','bold','Color','k') 

ylabel('Log(\DeltaLoad/\DeltaDisplacement)','FontSize',24,'FontWeight','bold','Color','k') 
set(gca,'fontsize',20,'FontWeight','bold','LineWidth',1.25) 
saveas(Plot_Raw_Data1,Name_of_Files2{m},'fig') 
saveas(Plot_Raw_Data1,Name_of_Files2{m},'jpeg') 
end 
 
B. MatLab Code used to plot the cyclic loading data for GdPO4. 

 
%There are several curves completed for each testing condition. This is 
%representative code for GdPO_4 - 3s load/ 3s unload - 10 cycle loading 
%function. 
Number_for_Files = linspace(0,19,20); 
%Code to help separate and find individual curves. 
Name_of_Files = {' '}; 
Name_of_Files1 = {' '}; 
Name_of_Files2 = {' '}; 
 
%Code to read in the individual text files which include load-depth data. 
%The 'for j' and 'for k' lines help to save the files after plotting has 
%occurred. 
for i = 1:20 
     Entry = strcat('SGdPO4_10cy_10mN_',sprintf('%01d', Number_for_Files(i)),'.txt'); 
     Name_of_Files{i} = Entry; 
end 
 
for j = 1:20 
     Entry1 = strcat('SGdPO4_10cy_10mN_',sprintf('%01d', Number_for_Files(j))); 
     Name_of_Files1{j} = Entry1; 
end 
 
for k = 1:20 
     Entry2 = strcat('SGdPO4_10cy_10mN_',sprintf('%01d', Number_for_Files(k)),' Matrix'); 
     Name_of_Files2{j} = Entry2; 
end 
 
%Separates the individual curve by each of the 10 load-unloading functions. 
for l = 5 
    Text_File_Name = Name_of_Files{l}; 
    Raw_Data = dlmread(Text_File_Name,'',4,0); 
    for i=1:12000; 
        for j=1:1 
            if floor((i-1)/1200) > 0; 
                separated_cycles(i,j) = (floor((i-1)/1200)*100) + Raw_Data(i,j); 
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            else 
                separated_cycles(i,j) = Raw_Data(i,j); 
            end 
                j=j+1; 
        end 
       i=i+1;  
    end 
    %Plot each of the separated curve segments. 
    Plot_Raw_Data = 
plot(separated_cycles((1:1200),1),Raw_Data((1:1200),2),separated_cycles((1201:2400),1),Raw_
Data((1201:2400),2),separated_cycles((2401:3600),1),Raw_Data((2401:3600),2),separated_cycl
es((3601:4800),1),Raw_Data((3601:4800),2),separated_cycles((4801:6000),1),Raw_Data((4801:
6000),2),separated_cycles((6001:7200),1),Raw_Data((6001:7200),2),separated_cycles((7201:84
00),1),Raw_Data((7201:8400),2),separated_cycles((8401:9600),1),Raw_Data((8401:9600),2),se
parated_cycles((9601:10800),1),Raw_Data((9601:10800),2),separated_cycles((10801:12000),1),
Raw_Data((10801:12000),2),'k','LineWidth',1.5); 
    axis([00 1100 0 10500]) 
    xlabel('Displacement (nm)','FontSize',24,'FontWeight','bold','Color','k') 
    ylabel('Load (\muN)','FontSize',24,'FontWeight','bold','Color','k') 
    set(gca,'fontsize',20,'FontWeight','bold','LineWidth',1.25) 
    %Single letter functions represent code to determine the area under the 
    %curve for each of the individual segements. While the double letter 
    %functons is code used to determine empirically the work recovery 
    %ratio. 
    A = trapz(separated_cycles((1:1200),1),Raw_Data((1:1200),2)); 
    AA = -
trapz(separated_cycles((601:1200),1),Raw_Data((601:1200),2))/trapz(separated_cycles((1:600),
1),Raw_Data((1:600),2)); 
    B = trapz(separated_cycles((1201:2400),1),Raw_Data((1201:2400),2)); 
    BB = -
trapz(separated_cycles((1801:2400),1),Raw_Data((1801:2400),2))/trapz(separated_cycles((1:600
),1),Raw_Data((1:600),2)); 
    C = trapz(separated_cycles((2401:3600),1),Raw_Data((2401:3600),2)); 
    CC = -
trapz(separated_cycles((3001:3600),1),Raw_Data((3001:3600),2))/trapz(separated_cycles((1:600
),1),Raw_Data((1:600),2)); 
    D = trapz(separated_cycles((3601:4800),1),Raw_Data((3601:4800),2)); 
    DD = -
trapz(separated_cycles((4201:4800),1),Raw_Data((4201:4800),2))/trapz(separated_cycles((1:600
),1),Raw_Data((1:600),2)); 
    E = trapz(separated_cycles((4801:6000),1),Raw_Data((4801:6000),2)); 
    EE = -
trapz(separated_cycles((5401:6000),1),Raw_Data((5401:6000),2))/trapz(separated_cycles((1:600
),1),Raw_Data((1:600),2)); 
    F = trapz(separated_cycles((6001:7200),1),Raw_Data((6001:7200),2)); 
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    FF = -
trapz(separated_cycles((6601:7200),1),Raw_Data((6601:7200),2))/trapz(separated_cycles((1:600
),1),Raw_Data((1:600),2)); 
    G = trapz(separated_cycles((7201:8400),1),Raw_Data((7201:8400),2)); 
    GG = -
trapz(separated_cycles((7801:8400),1),Raw_Data((7801:8400),2))/trapz(separated_cycles((1:600
),1),Raw_Data((1:600),2)); 
    H = trapz(separated_cycles((8401:9600),1),Raw_Data((8401:9600),2)); 
    HH = -
trapz(separated_cycles((9001:9600),1),Raw_Data((9001:9600),2))/trapz(separated_cycles((1:600
),1),Raw_Data((1:600),2)); 
    M = trapz(separated_cycles((9601:10800),1),Raw_Data((9601:10800),2)); 
    MM = -
trapz(separated_cycles((10201:10800),1),Raw_Data((10201:10800),2))/trapz(separated_cycles((
1:600),1),Raw_Data((1:600),2)); 
    N = trapz(separated_cycles((10801:12000),1),Raw_Data((10801:12000),2)); 
    NN = -
trapz(separated_cycles((11401:12000),1),Raw_Data((11401:12000),2))/trapz(separated_cycles((
1:600),1),Raw_Data((1:600),2)); 
%O simply places all of the numerical values for each of the functions into a table. 
    O = [A; B; C; D; E; F; G; H; M; N; AA; BB; CC; DD; EE; FF; GG; HH; MM; NN];  
end 
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APPENDIX B: SUPPLEMENTAL ELECTRONIC FILES 

Videos of representative in situ indentations for EuPO4, GdPO4, and TbPO4 are available 

with this thesis, along with time-based annotations correlating load-depth behavior with the 

development of features observed by SEM (Section 3.11). 


