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ABSTRACT …  

This dissertation delineates a complete set of flow regimes for fractured 

horizontal wells in unconventional reservoirs. Nine flow regimes are identified from 

asymptotic approximations of the trilinear flow model for fractured horizontal wells 

surrounded by a stimulated reservoir volume (SRV). The transient dual-porosity slab 

idealization is used to define fluid transfer from matrix blocks to natural fractures in the 

SRV and the production of an isothermal, single-phase, and slightly compressible fluid 

is considered at a constant bottomhole pressure. The solution is in the Laplace 

transform domain and numerically inverted to real-time domain to obtain the 

production rates as a function of time.  

Although the model and the results presented in this work can be extended 

and applied to fractured horizontal wells in shale-gas plays, the assumption of 

transient dual-porosity slab reservoir may not a be good approximation due to the 

complex fracture networks in these systems. On the other hand, the model is a good 

proxy for tight-oil plays, such as the Eagle Ford, Bakken, and Niobrara, where the thin 

producing layers of carbonates are interbedded by layers of tight shale, which acts as 

the storage medium. 

The main contribution of this work is the identification of a new pseudotransient 

linear flow regime, Flow Regime 6, and the description of the appropriate production 

data analysis procedures. Pseudotransient linear flow has the conventional diagnostic 

features of linear flow (½-slope straight line on log-log coordinates) but corresponds to 

the physical conditions (i) where the flow in the matrix is pseudosteady while the 

natural fractures have transient flow, which is referred to as Flow Regime 6a, or (ii) 
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where the natural fractures experience boundary dominated flow concurrent with 

transient flow in the matrix, called Flow Regime 6b in this work.  

Flow Regime 6a is analogous to the infinite-acting total system (matrix and 

fracture) flow in conventional transient, dual-porosity slab models and the analysis 

yields the product of natural fracture flow capacity and storativity if the fracture half-

length is known or vice versa. Flow Regime 6b, on the other hand, is possible in ultra-

tight fractured unconventional reservoirs and has not been reported in the literature. If 

it is identified, analysis yields the volume of the natural fractures provided that the 

permeability and storativity of the matrix is known or vice versa.  

Because transient and pseudotransient linear flows exist at early and late 

times, respectively, it may be possible to make a reasonable assertion whether the 

linear flow behavior observed on the data corresponds to transient or pseudotransient 

linear flow period. However, both Flow Regimes 6a and 6b exist in the same late-time 

periods and cannot be labeled a priori. This has serious repercussions on the 

interpretations and properties that can be derived from the analysis. The diagnostic 

features and time ranges of existence given in this dissertation are important tools to 

identify and distinguish between Flow Regimes 6a and 6b.  
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CHAPTER 1  

INTRODUCTION 

This document presents a dissertation work for the partial fulfillment of the PhD 

degree requirements in the Department of Petroleum Engineering at the Colorado 

School of Mines. The research focuses on the interpretation of pseudotransient 

production data in tight, naturally fractured formations, such as unconventional shale-

gas and tight-oil plays. The model has been introduced before and the novelty of this 

work is to study the pseudotransient flow in the matrix in which the natural fracture 

depletion influences the matrix flow rather than the transient linear model where the 

natural fractures control the flow. This complicates the analysis of fractured horizontal 

well performances as it can be confused with the conventional, transient linear flow, 

which is dominated by the fracture properties. In the following sections, motivations, 

objectives, background of the concepts, the methodology, and results of the proposed 

research are presented.  

1.1 Motivation 

Production from tight, unconventional plays is usually by virtue of an invasive 

natural fracture network in the vicinity of the well, which is referred to as the stimulated 

reservoir volume (SRV). In light-oil producing tight-carbonates, natural fractures are 

part of the rock texture. However, due to the stimulation (hydraulic fracturing) 

treatments of the wells, an increased density and conductivity of natural fractures 

(SRV) may be observed around the well. In shales, on the other hand, natural 

fractures are either non-existent or healed and the stimulation treatment creates or 

rejuvenates the fractures to form a SRV around the well. In some of these cases 

(mostly in the latter), production from the tight, virgin (unfractured or lightly fractured) 
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matrix beyond SRV is considered negligible. If, for simplicity, we assume that there 

are no natural fractures beyond SRV, the tips of the hydraulic fractures mark the 

boundary of SRV. In such systems, it is reasonable to assume that the flow in the 

fracture network may feel the bounds of the SRV while an infinite-acting, transient flow 

behavior prevails in tight matrix. Conversely, flow in the matrix may be pseudosteady 

while the fracture network is under transient flow conditions. In this dissertation, we 

refer to these flow behaviors as pseudotransient linear flow regime (boundary 

dominated flow in either matrix or natural fracture medium concurrent with transient 

flow in the other). 

Ozkan et al. (1987) described this pseudotransient linear flow behavior earlier 

for vertical wells in naturally fractured reservoirs producing at a constant bottomhole 

pressure (they called it Flow Regime 4). The pseudotransient linear flow was 

differentiated from the transient linear flow in the matrix blocks (they called it Flow 

Regime 3). The authors indicated that Flow Regime 3 and 4 could not co-exist. The 

significance of this pseudotransient linear flow regime is in the -½-slope signature on a 

log-log plot of q vs. time, which resembles characteristics associated with linear flow 

toward hydraulically fractured wells. For fractured horizontal wells in tight 

unconventional reservoirs, there exists an earlier transient (infinite-acting) linear flow 

regime during which the production is solely from the natural fracture network into the 

hydraulic fractures.  

In literature, -½-slope trends on the log-log plot of production data have been 

associated with this infinite-acting linear flow in the natural fractures network. The 

potential for the existence of a pseudotransient linear flow regime with the same 

characteristic signature complicates the analysis and may lead to misinterpretation of 

data. Therefore, understanding the pseudotransient linear flow behavior, delineating 
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the conditions and ranges of existence, and documenting the methods of analysis 

should be important for the accurate interpretation of production data from wells in 

tight, naturally fractured, unconventional reservoirs. 

1.2 Objectives 

The objective of this PhD research is to rigorously define pseudotransient 

linear flow for fractured horizontal wells in dual-porosity, unconventional reservoirs that 

produce under constant bottomhole pressure. This research will: 

1. Delineate the existence conditions of pseudotransient linear flow, 

including the ranges of dual-porosity (matrix and fractures) properties 

and production times,  

2. Derive an analytical expression to describe pseudotransient linear flow,  

3. Identify the diagnostic features, 

4. Apply the analysis to production data from fractured horizontal wells in 

unconventional reservoir, and; 

5.  Compare the results with those from the existing analysis techniques. 

1.3 Methodology 

The methodology of the work presented in this dissertation is mainly analytical. 

First, the results of the Ozkan et al. (1987) work for a vertical well in a closed 

cylindrical reservoir is duplicated to gain experience and set up benchmarks. The 

analytical trilinear flow model of Ozkan et al. (2009) is used as the basis of 

investigations for fractured horizontal wells in unconventional reservoirs. The trilinear 

flow model is set under constant bottomhole flow conditions and asymptotic 
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approximations are obtained in the Laplace transform domain and converted back to 

the real-time domain.  

The asymptotic approximations serve as guidelines to identify all possible flow 

regimes for a fractured horizontal well surrounded by a SRV, including the 

pseudotransient linear flow. The comparison of the diagnostic features and 

magnitudes of the asymptotic flow behaviors is compared to the rigorous results to 

estimate their starting and ending times as well as the conditions for them to exist. 

Theoretical and field data will be used to compare and contrast the pseudotransient 

linear flow analysis with the common linear-flow analysis and decline-curve analysis 

methods in the following chapters. 

1.4 Contribution of the Dissertation 

There are two major contributions of this dissertation. Since its introduction in 

2012 (Brown 2012), the trilinear model for a fractured horizontal well surrounded by a 

SRV has been extensively used as a first-order approximation to assess the 

production behavior of wells in unconventional plays. The trilinear model as introduced 

by Brown (2012), however, assumed constant flow-rate. In subsequent studies 

(Carratu et al. 2014; Fekete et al. 2016), flow regimes were identified for constant-rate 

production and the trilinear model was extended to constant-pressure production 

conditions. However, asymptotic approximations of the trilinear model for constant-

pressure production conditions have not been reported and a detailed discussion of 

flow regimes based on the asymptotic approximations have not presented in the 

literature.  

The first major contribution of this dissertation is to derive the asymptotic 

approximations of trilinear model for constant-pressure production. These 
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approximations are used to define the essential flow regimes, including the 

pseudotransient linear flow, which is the central focus of this work, and to document 

their existence conditions, including the start and end times of each flow regime.    

The second major contribution is the introduction of pseudotransient linear flow 

for fractured horizontal wells surrounded by a SRV and producing at constant 

pressure from tight, unconventional reservoirs. The significance of this flow regime is 

paramount as it addresses a common mistake in the analysis of production data from 

unconventional wells. On diagnostic log-log plots of production data, a -½-slope 

behavior is taken as a characteristic of fractured horizontal wells surrounded by a SRV 

and this behavior is associated by the conventional, transient linear flow. The 

assumption of transient linear flow governs the physical interpretations of production 

and leads to the analysis of data by the conventional linear-flow considerations. This 

dissertation shows that the -½-slope behavior on a log-log plot of production data is 

not necessarily an indicator of transient linear flow. The newly defined pseudotransient 

linear flow exists under different physical conditions than the transient linear flow, 

which affects our physical interpretations and requires a set of new analysis tools.  

Therefore, the second important contribution of this dissertation is to define 

pseudotransient linear flow, explain its physical implications, delineate its existence 

conditions, including the time ranges of existence, and document the equations and 

techniques to analyze and interpret production data under pseudotransient flow 

conditions. Moreover, guidance to distinguish between the two types of 

pseudotransient linear flow is provided and the consequences of not discriminating 

between them are documented.    

1.5 Organization of the Dissertation 

This dissertation is divided into six chapters and one appendix. 
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Chapter 1 presents the hypothesis of this dissertation as well as the problem 

statement, motivation and objectives. 

Chapter 2 presents the literature review and explains the vertical well model for 

a naturally fractured, cylindrical reservoir, which is the basis of the work in this 

dissertation. 

Chapter 3 presents the methodology used to develop the model as well as 

comparing cylindrical model with the trilinear model and indicating how the model can 

be used to analyze production data. 

Chapter 4 lists the flow regimes under the model and explains their 

characteristics and existence conditions. 

Chapter 5 discusses the theoretical results of this dissertation and 

demonstrates their application to field production data. 

Chapter 6 concludes the dissertation and provides the conclusions and 

recommendations for future work. 

The Appendix includes the derivation of the flow regimes in detailed 

mathematical steps.  



7 
 

CHAPTER 2  

LITERATURE REVIEW AND BACKGROUND 

The objective of this chapter is to set the stage for the presentation of the 

central results of this dissertation. First, a review of the literature relevant to the 

discussion of boundary-dominated flow in naturally fractured reservoirs is presented, 

followed by a summary of the pseudotransient linear flow concept introduced by 

Ozkan et al. (1987) for a vertical well in a cylindrical, dual-porosity reservoir produced 

at constant pressure. 

2.1 Literature Review  

Boundary dominated (physical-depletion) flow in closed (volumetric) reservoirs 

is associated with a production decline behavior, which is expected to follow one of 

the exponential, hyperbolic, or harmonic decline curves of Arps (1945). In most 

unconventional reservoirs, however, this depletion behavior is not evident during the 

economic life of the well. Instead, the production of these wells display extended linear 

flows, which are interpreted as a transient flow behavior as shown in Figure 2.1 

(Arévalo-Villagrán et al. 2001). This interpretation has led to either ignoring the matrix 

contribution and modeling the well’s life only on the storativity of the natural fracture 

network or overestimating the transmissibility of the matrix and interpreting the 

observed behavior as the depletion of the total system (matrix and fractures). Such 

models create underestimation of the recoverable oil-in-place.  

Ozkan et al. (1987) pointed out the existence of a boundary-influenced linear 

flow regime (Flow Regime 4) for vertical wells producing at a constant pressure from 

naturally fractured reservoirs. They argued that this pseudotransient linear-flow 

behavior was a result of boundary-dominated flow in natural fractures and transient 
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flow in the matrix. They documented the physical conditions, the ranges of the dual-

porosity parameters, and the time periods for the existence of this pseudotransient 

linear-flow regime. 

 

 

Figure 2.1  Production data from a shale-gas well displaying linear flow behavior for a period of 
over 20 years (Arévalo-Villagrán et al. 2001). 

 

The possibility of having boundary-dominated flow in natural fractures and 

transient flow in matrix have been mentioned in the literature for fractured horizontal 

wells in unconventional reservoirs (Carlson and Mercer 1991; El-Banbi and 

Wattenbarger 1995; Mayerhofer et al. 2006; Medeiros et al. 2008). However, this flow 

behavior has not been associated with a specific flow regime and the diagnostic 

features and interpretation guidelines have not been documented until now. It should 

be emphasized that the existence of pseudotransient linear-flow period requires 

special combinations of the matrix and fracture properties in addition to the geometry 

of the SRV. In general, for the pseudotransient linear-flow regime to be identifiable in 
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shale plays, the matrix contribution should stay in transient mode for a long period of 

time (a case, which is more likely for tight matrix permeabilities or large matrix blocks 

where time to stabilized flow is considerably delayed).  

It must be emphasized that there are two versions of dual-porosity formulation 

considering pseudosteady (Warren and Root 1963) and transient (Kazemi 1969) fluid 

transfers from the matrix to fractures. By definition, pseudotransient linear-flow regime 

is only evident in the transient dual-porosity idealization. For demonstration, Figure 2.2 

compares two dual-porosity idealizations for the naturally fractured inner zone (SRV) 

of a hydraulically fractured horizontal well (Brown et al. 2011). The responses labeled 

as pseudosteady model in Figure 2.2 assume instant stabilization of flow in the matrix 

and pseudosteady fluid transfer from matrix to natural fractures. The derivative 

responses for the pseudosteady model display a ½-slope straight line at early times 

(tD<5x10-7) indicating linear flow in the natural fracture network. The early-time linear 

flow behavior is followed by an upward bend and the unit-slope behavior (both 

pressure and derivative responses) as a result of the depletion (boundary-dominated 

flow) of the fractures for × − < < × − . The subsequent stabilization of the 

pressure responses and the sharp dipping of the derivative responses for − < <
 indicate the start of the pseudosteady fluid transfer from the matrix system. When 

the matrix is depleted ( > ), another upward bend leads to the final unit-slope 

behavior of the pressure and derivative responses representing the depletion of the 

entire system. In this case, there is only one linear flow behavior at early times ( <× − ) due to linear flow in natural fractures.  

The responses labeled as transient in Figure 2.2 consider transient fluid 

transfer from matrix to natural fractures in the SRV of the fractured horizontal well. 

Similar to the pseudosteady model, the derivative responses indicate a linear flow 
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behavior (½-slope straight line) in natural fractures at early times ( < × − ). After 

a relatively short transition behavior, which is characterized by an upward bend of the 

derivative responses due to the depletion of the fracture network, another longer 

linear-flow period develops in × − < <  as a result of boundary-dominated, 

depletion behavior in natural fractures and transient fluid flow from matrix to fracture 

network. This is the pseudotransient linear flow behavior to be investigated in this 

research. (When the matrix system starts showing a depletion behavior; that is, 

pseudosteady state is established within the matrix, the pressure and derivative 

responses display unit-slope behavior and merge with the responses for the 

pseudosteady model for > ). 

 

Figure 2.2  Linear flow behaviors for fractured horizontal wells as a result of pseudosteady and 
transient flow behaviors from matrix to natural fractures (Brown et al. 2011). 
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In general, the recent focus of the efforts to model flow in unconventional 

reservoirs has been the unconventional flow mechanisms due to the small pore sizes 

of the rock matrix and existence of organic material. Among those, efforts to include 

desorption and slippage effects have been highly recognized (Cui et al. 2009; 

Javadpour 2009; Javadpour et al. 2007; Ozkan et al. 2010; Sakhaee-pour and Bryant 

2012; Sherman 1969). Another approach was to define linear flows in three 

contiguous zones around a fractured horizontal well and then couple them to create a 

trilinear flow model (Brown et al. 2011; Ozkan et al. 2011). This approach used the 

classical dual-porosity formulation (de Swaan O. 1976; Kazemi 1969; Prado and Da 

Prat 1987; Warren and Root 1963) to represent the naturally fractured SRV between 

hydraulic fractures (Anderson and Liang 2011; Ozkan et al. 2009). 

Anomalous diffusion has also been considered as a means of incorporating 

flow in heterogeneous, naturally fractured SRV into fractured horizontal well models. 

This approach has its roots in the application of fractals to naturally fractured 

reservoirs (Camacho Velazquez et al. 2008; Chang and Yortsos 1990; Ozcan et al. 

2014; Yao et al. 2012). Raghavan and Chen (2013), Ozcan et al. (2014), Albinali and 

Ozkan (2016) and Holy and Ozkan (2016) have applied anomalous diffusion concept 

to flow in unconventional reservoirs.  The most important challenge of anomalous 

diffusion models is the lack of a direct physical relationship between the intrinsic 

properties of the reservoir and anomalous diffusion parameters. 

On another front, many researchers have attempted to improve reserve 

estimates. The current practice of using conventional reserve estimation methods to 

unconventional plays, such as the volumetric and material balance techniques (Lee 

and Sidle 2010), have been noted to violate their underlying assumptions. For 

instance, volumetric methods require determination of hydrocarbon saturation, which 
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is not easily inferred as adsorbed gas, and gas migration can create anomalies in 

different spots. With the material balance method, boundary dominated flow is 

required to forecast the remaining gas-in-place (Lee and Sidle 2010).  

Decline-curve analysis methods have been modified to predict the future 

production and estimate the reserves and lifespan of wells in unconventional plays. 

The origin of these methods were the empirical relations proposed by Arps (1945), 

which were based on his observations for vertical wells producing oil at a constant 

bottomhole pressure from a closed cylindrical reservoir. Application of decline curve 

analysis to fractured horizontal wells in unconventional reservoirs requires several 

improvements: First, the data measured under variable bottomhole pressure and rate 

conditions need to be converted to constant bottomhole pressure data. This can be 

accomplished rigorously by applying Duhamel’s (convolution) formula (van Everdingen 

and Hurst 1949). This approach has been applied by many researchers in the past 

(Kuchuk 1990; Ozkan and Raghavan 1997; Roumboutsos and Stewart 1988), but in 

real-world applications, this may not be a practical approach due to the quality of 

routinely measured data. Other modifications such as rate-normalized pressure 

(Blasingame and Lee 1988) and material balance time (Palacio and Blasingame 1993) 

are more commonly used approximations. 

Another method to use production decline data is a probabilistic approach by 

using the analogy of offset wells. This method can work for older fields where a large 

span of production data exists. Similar to the other decline curve analysis methods, 

this approach lacks the fundamental understanding of what derives the observed 

behavior (Anderson and Liang 2011; Virués et al. 2013). 
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2.2 Cylindrical, Dual-Porosity Slab Model for a Vertical Well 

The existence of a boundary-influenced flow regime, which displays similar 

characteristics to conventional linear flow was first noted by Ozkan et al. (1987). In this 

work, the boundary-influenced linear flow concept is extended to fractured horizontal 

wells surrounded by a SRV and producing at a constant pressure. For the purposes of 

emphasizing that this flow regime corresponds to transient flow in matrix while 

boundary dominated flow prevails in fractures, and to distinguish it from the 

conventional, transient, linear flow for a fractured well, it is called the pseudotransient 

linear flow in this work. 

The model for a vertical well in a cylindrical, dual-porosity reservoir is relatively 

simpler than the fractured horizontal well model and, therefore, more convenient to 

document the potential flow regimes for a well producing at a constant pressure from a 

transient dual-porosity reservoir. In this work, the cylindrical, dual-porosity model for a 

vertical well is used to explain the pseudotransient linear flow concept. It also serves 

as a benchmark for the results of the trilinear flow model, which is used in this work to 

derive the potential flow regimes for fractured horizontal wells surrounded by a SRV 

and document the characteristics of pseudotransient linear flow in unconventional 

reservoirs. 

The cylindrical, transient, dual-porosity slab model consists of repetitive 

fracture-matrix elements where the flow is expected to go from the matrix to the 

fracture and from the fracture to the well in the middle of the cylindrical reservoir. The 

centerline in each matrix is expected to be a no-flow line (see Figure 2.3). 

The number of expected flow regimes for this system is five, where three of 

them prevail during the infinite acting period and the other two are in the boundary 
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dominated flow period. Table 2.1 delineates the flow regimes and shows the start and 

end times of each flow regime as well as the representing equation. The definitions of 

the dimensionless variables used in the equations given in Table 2.1 are given below: 

= .    ℎ ( − ) .  

= .  �    .  

 

 

Figure 2.3  Cylindrical slab model. 

 

Dual porosity models rely on multiple zones within a reservoir that have 

different properties (in this case, fractures and matrix blocks). During the derivation, 

these parameters can be combined into ratios, namely: storativity ratio �′  and 

transmissivity ratio ′ . The definition used in this work is shown in Equations 2.3 and 

2.4. These definitions are used widely in literature (Brown et al. 2011; Kazemi 1969; 

Ozcan et al. 2014; Ozkan et al. 1987; Warren and Root 1963) 
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Table 2.1 Summary of flow regimes in Cylindrical dual porosity model with constant Bottom Hole 
Pressure 

Flow 
Regime Start time End time Equation remark 

Flow 
Regime 1 

See 
Figure 2.4 

See Figure 
2.4 ⁄ = . ln + . + �  

Flow 
Regime 2 = �′ ′ = .  �′′  

⁄ = . ln − ln �′ ′ + . + �  

Flow 
Regime 3 =  �′′  

= .+ �′  
⁄ = . (ln ( + �′) + . ) + � 

. .   
Flow 

Regime 4 The end 
of 2 or 3 if 
they are to 

exist 
= .  �′′  

= ln − . exp √  

where, = √√�′ ′ ln − .  

′  .× −  

Flow 
Regime 4 = √�′ ′ �  

If √   is 
small 

Flow 
Regime 5 =×  �′′  

Depends 
on the 

economic 
limit 

= × exp (− + �′  ) 
where, = ln − . + �′ / ′�  

′<   

Flow 
Regime 5 

= × exp (− + �′  ) 
Where, = ln − .  

′
 and 

flow 3 
exist 

 

�′ = ℎ� � ��ℎ   � .  

′ =  �  � ℎ�ℎ�  ℎ  .  

The first flow regime exhibits a ½-slope straight line on log-log coordinates and 

is described by the equation given in Table 2.1. Substitution of the dimensionless 

variables given in Equations 2.1 and 2.2 into the equation for Flow Regime 1 reveals 

that only the natural fracture properties are involved in the definition of this flow 

regime. The physical meaning of this observation is that the flow comes from the 
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natural fracture network during this flow regime. Moreover, the fact that the size of the 

reservoir is not involved in the equation implies an infinite-acting flow regime; that is, 

the pressure pulse has not yet reached the boundary of the slabs. Figure 2.4 depicts 

the start and end of this flow regime.  

 

 

Figure 2.4  The start and end of Flow Regime 1. The blue and green lines correspond to the 
start and end of Flow Regime 1, respectively. 

 

The second flow regime characterizes the flow response when both matrix and 

fracture contribute to flow but neither is under the influence of drainage boundaries 

(infinite acting). This flow regime is characterized by a ¼-slope straight line on log-log 

coordinates, which is the characteristic feature of bilinear flow. The equation for Flow 

Regime 2 and its onset are given in Table 2.1. The presence of omega and lambda in 
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the equation suggests the contribution of natural fractures and matrix block. The 

parameter alpha in the relation for the start of Flow Regime 1 is given as a function of 

omega and lambda in Figure 2.5. 

 

 

Figure 2.5  Alpha values for Flow Regime 2. 

 

The third flow regime shows a parallel but shifted straight line to that for Flow 

Regime 1. The shift is dictated by the contrast in storativities between the matrix and 

natural fractures. The physical meaning of this flow regime is that the fractures are in 

transient flow and the matrix is in pseudosteady fluid transfer mode. Examining the 

flow equation given in Table 2.1 shows that it is not a function of matrix permeability; 

in fact, natural fracture permeability solely controls the production from the matrix 

blocks. This flow regime is similar to Flow Regime 1 but the storativity contributing to 

flow is the total (matrix and fracture) storativity of the system while the conductivity is 
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that of the natural fractures only. The start and end times of this flow regime are 

shown in Table 2.1. 

The fourth flow regime is of our main interest in this study. It occurs when the 

flow within the natural fracture network is under the effect of drainage boundary while 

the matrix still displays infinite-acting behavior. For this flow regime to occur, the 

natural fractures should have some depletion behavior (boundary-dominated flow) 

while the supporting matrix experiences transient (infinite-acting) flow This behavior 

will show a ½-slope straight line on the log-log plot of  vs.   and a straight line on 

the Cartesian plot of ⁄ vs.  . Existence of this flow regime is rather rare in 

conventional fractured reservoirs where matrix permeabilities are relatively high to 

establish boundary dominated flow in the matrix fairly quickly. Low matrix 

permeabilities in unconventional reservoirs, on the other hand, may cause this flow 

regime to prevail for extended periods. The existence of this flow regime requires a 

very small transfer coefficient, ′ implying that the matrix feeds into the fracture 

network slower than the depletion of fractures under boundary-dominated flow. By 

definition, Flow Regimes 3 and 4 cannot coexist. 

Note that Flow Regime 3 is radial whereas Flow Regime 4 displays linear flow 

characteristics. If the well were hydraulically fractured, then Flow Regime 3 would also 

be linear flow in the normal direction of the hydraulic fracture plane. This situation is 

more in line with the trilinear flow geometry considered for fractured horizontal wells in 

this dissertation.  

The fifth flow regime prevails when the entire system goes into depletion (both 

matrix and natural fracture media are under boundary-dominated flow) and exhibits a 

decline behavior (for the constant bottomhole flowing pressure condition considered in 
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this study, the boundary dominated flow behavior is exponential decline). Assuming 

that the fracture flow has already felt the effect of the boundary, the transition from 

Flow Regime 4 to 5 happens when the flow within the matrix hits the no-flow boundary 

in the middle of the matrix slab. In the case where Flow Regime 4 does not exist, Flow 

Regime 5 follows Flow Regime 2 or 3 depending on the size of the reservoir (see 

Figure 2.6). 

 

Figure 2.6  The effect of boundary flow on infinite acting period. 
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CHAPTER 3  

TRILINEAR MODEL AND ASSOCIATED FLOW REGIMES 

The trilinear model was proposed by Brown (2012) to study the fundamental 

flow behaviors toward a fractured horizontal well surrounded by a SRV in 

unconventional plays (Brown et al. 2011, 2009; Ozkan et al. 2009). The trilinear model 

will be used in this work to derive the potential flow regimes for fractured horizontal 

wells surrounded by a SRV under constant-pressure-production conditions and 

document the characteristics of pseudotransient linear flow in unconventional 

reservoirs. This chapter introduces the trilinear model and provides the asymptotic 

approximations serving as the basis of the flow regimes identified in this work. 

The original derivation of the model by Brown (2012) assumed constant-flow-

rate and the flow regimes were identified for the same condition. Constant-pressure 

production, however, is of practical interest because most shale and tight-oil operators 

keep the bottomhole pressure as low as possible to maximize productivity and the flow 

behaviors considered in this research prevail under constant bottomhole pressure. 

Therefore, the original trilinear model for constant-rate production is converted to one 

for constant-bottomhole-pressure in this work by using the convolution principle in the 

Laplace domain. Also, for the first time, asymptotic approximations for the trilinear 

model under constant-pressure-production conditions are derived and the 

corresponding flow regimes are documented with their existence conditions. 

The derivation of the trilinear flow model is available in Brown (2012) and the 

details will not be presented in this dissertation. Because the asymptotic 

approximations of the trilinear model and the flow regimes derived from them are 
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some of the main contributions of this work, the derivation of the asymptotic 

approximations are explained in the Appendix. 

3.1 Trilinear Model  

In this section, first, the constructions and fundamental assumptions of trilinear 

model are explained and the model equation and definition of the variables involved 

are provided. Then, the asymptotic approximations and the corresponding flow 

regimes are documented.   

3.1.1 Definition of Model  

The trilinear flow model has been proposed to simulate the flow behavior 

toward a hydraulically fractured horizontal well surrounded by a SRV in a tight 

unconventional play (Brown 2012). It assumes certain conditions, such as hydraulic 

fractures are equally spaced and have the same exact properties. The height of the 

hydraulic fracture is assumed to extend through the entire thickness of the pay and the 

top and bottom layers are impermeable barriers. The volume between hydraulic 

fractures is called stimulated reservoir volume (SRV) and it is assumed to be a dual 

porosity system consisting of matrix and natural fracture layers (de Swaan O. 1976; 

Kazemi 1969). The volume beyond the tips of the hydraulic fractures is assumed to be 

made out of the virgin matrix (no natural fractures).  

The trilinear flow model consists of three linear flow regions as shown in Figure 

3.1. These regions are hydraulic fractures (HF), a stimulated reservoir volume (SRV) 

consisting of a natural fracture network (NF) and an inner matrix (IM), and the outer 

reservoir matrix (OM).  The production from these regions are coupled to simulate flow 

toward a fractured horizontal well surrounded by a SRV. Under this arrangement, 

linear flows may prevail in each medium subsequently or concurrently. The following 
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individual transient linear flows may be possible: transient linear flow in the hydraulic 

fracture (HF), in the natural fractures (NF) of the SRV (normal to hydraulic fractures), 

from the matrix layers (IM) into natural fractures (NF), and from the outer reservoir 

matrix (OM) toward the SRV. These transient linear flows are followed by a production 

decline behavior when the pressure pulse reaches the physical boundary in each 

medium (in the case of the inner matrix medium, the physical boundary is the line of 

symmetry located halfway the thickness of the matrix slab). 

 

Figure 3.1  The setup for trilinear model, a top view. 

 

In this study, the trilinear flow solution is first considered for constant-rate 

production in the Laplace domain; then, the solution for the constant-pressure-
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production case is obtained by convolution. The constant-rate production solution 

(Brown et al. 2011) is given by  

̅̅ ̅̅ ̅ = � � √ �  ℎ √ � .  

where, 

� = �� + �� .  

� = � �̃  � .  

where ̃   is the bulk permeability of natural fractures; that is, 

̃ = ℎℎ .  

where  is the intrinsic natural fracture permeability, and 

� = √ �  ℎ[√ �( − ⁄ )] .  

where, 

=  ℎ � .  

= �� .  

� = �� + .  

where, 

� =  ̃  �� .  

 

= .  

where, 
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= +√�′ ′ ℎ √ �′′ .  

� = √��  ℎ [√�� − ] .  

where, 

= �    ℎ  �   ℎy �  � .  

�� = ���� .  

where, 

�� = �� � .  

�� = � = � .  

In naturally fractured reservoirs, natural fracture and matrix properties can be 

defined relative to either their own (intrinsic) volume or in terms of the total (bulk) 

volume of the system (matrix plus fracture). Although the conversion of one to the 

other is relatively simple, not specifying how a given fracture or matrix property is 

defined causes confusion. (This is usually a problem for the natural fracture properties 

only as the intrinsic to bulk volume ratio of the matrix is very close to one.) Standard 

well testing software, for example, reports the bulk values of natural fracture 

properties, whereas the definition of fracture permeability from outcrops (by converting 

aperture to permeability) is intrinsic in nature. Also, although both models can be 

expressed in terms of either intrinsic or bulk properties, in most fundamental literature, 

the pseudosteady dual-porosity model (Warren and Root 1963) is presented in terms 

of bulk properties while the transient dual-porosity model is usually derived in terms of 

the intrinsic properties. Following this convention, because the transient dual-porosity 
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idealization is used for the SRV in this dissertation, all results are presented in terms 

of intrinsic properties of matrix and natural fractures.  

The definition of dimensionless variables in the trilinear flow model is similar to 

that in the vertical well model. The base (scaling) quantities are the inner reservoir 

properties, which are the natural fracture properties for the dual-porosity transient 

model (de Swaan O. 1976; Kazemi 1969), , ℎ , � , , and the number of natural 

fracture and matrix slabs, = �. The only difference is the definition of 

dimensionless time based on hydraulic-fracture half length, �. The dimensionless 

properties are defined as: 

= � ℎ ( − ) .  

= .     ̃ ℎ( − ) .  

= �� .  

where, 

� = � .  

The computational code of the trilinear model was written in MATLAB. 

Because the model was in the Laplace transform domain, the results were numerically 

inverted to the real-time domain by using the Stehfest (1970) algorithm (Ozkan and 

Raghavan 1997). Also, because the mathematical derivation of the model given in 

Equation 3.1 assumes constant rate production, convolution principle in Laplace 

domain was used to generate constant pressure production results from Equation 3.1. 
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3.1.2 Flow Regimes  

Based on the physical derivation of the model, nine potential flow regimes 

have been identified under the trilinear flow model in this study. The asymptotic 

approximations of the linear and bilinear flow regimes are provided in the Appendix. 

This dissertation will be mainly focusing on the flow regime that exhibits similar 

properties to Flow Regime 4 of the vertical well model discussed in Section 2.2. First, 

we outline the physical conditions for the existence of the potential flow regimes. 

Depending on the order of occurrence and sequence of these linear flows, the 

following flow regimes can be expected under the trilinear flow model (Brown et al. 

2011): 

For early times (no contribution from IM and OM): 

1. Hydraulic-fracture linear flow (transient linear flow in HF only, no contribution from NF) 

2. Early bilinear flow as a result of linear flows in HF and NF  

3. Transient Linear flow in NF only (no contribution from HF) 

For intermediate times (transient contribution from IM, no contribution from OM)  

4. Late bilinear flow due to linear flows in the NF and IM (no contribution from HF) 

5. Trilinear flow as a result of linear flows in HF, NF, and IM (highly unlikely) 

6. Pseudotransient linear flow in NF and IM (no contribution from HF) 

a. Transient flow in NF and boundary dominated flow (pseudosteady fluid transfer 

to fractures) in IM (high λ’) 

b. Transient linear flow in IM and boundary-dominated decline in NF (low λ’) 

For late times (pseudosteady contribution from IM)   

7. Boundary dominated flow in NF and IM 

8. Boundary dominated flow in NF and IM, and linear flow from OM 

9. Boundary dominated flow from HF, NF, IM, and OM 
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Among those, Flow Regimes 3 and 6 are of interest in this study. We will refer 

to Flow Regime 3 as the transient linear flow while Flow Regime 6 will be called 

pseudotransient linear flow, owing to the existence of boundary-dominated flow in 

either matrix or fractures while linear flow prevails in the other medium. Flow Regimes 

3 and 6a are similar in that they are both governed by infinite-acting linear flow in the 

fracture network. The conductivity of the fracture system governs both Flow Regimes 

3 and 6a but the storativity is provided by the fracture network only in Flow Regime 3 

and by the total system in Flow Regime 6a. Flow Regime 6b, on the other hand, is 

defined by the infinite-acting flow (and the conductivity) of the matrix medium and the 

storativity of the total system.  

3.2 Characteristics and Sensitivities of Flow Regimes  

In this section, a suite of equations is presented that characterizes the linear 

and bilinear flow regimes. Flow beyond the tips of hydraulic fractures (beyond the 

boundaries of SRV) is not considered as it is not within the scope of this work and 

generally has little impact on well productivity. Sensitivity tests have been applied to 

the variables affecting the flow regimes to obtain appropriate relations for the start and 

end times of each flow regime. 

All parameters of hydraulic fractures, natural fractures, and matrix blocks are 

set to pre-known values to derive the results discussed here. Focusing on individual 

flow regimes, sensitivity analysis for each parameter is conducted. The asymptotic 

solutions presented in the Appendix are compared with the full solution of the model to 

identify the flow regimes. The start and end times of each flow regime are marked 

when full solution and asymptotic solution are within 1% difference. Graphical check is 

used to confirm the accuracy of the start and end times. The constants in these 
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equations are based on average values since these constants are affected by the 

length of the transition zones between the flow regime and its adjacent one. 

The dual-porosity idealization used is the slab model and inner reservoir 

properties included in the derivation are intrinsic properties. The asymptotic solutions 

and time functions are presented in terms of intrinsic properties. 

3.2.1 Flow Regime 1 (Hydraulic-Fracture Linear Flow) 

Flow Regime 1 takes place in the hydraulic fractures and it is expected to be 

linear in the direction parallel to the fracture plane. It starts with the disturbance of the 

pressure field due to the inception of production from the horizontal well. Figure 3.2 

sketches the conditions when the production is predominantly from the hydraulic 

fractures. Pressure drop is only felt in the hydraulic fractures and the pressure is not 

disturbed in the natural fractures or matrix blocks yet. Flow Regime 1 is likely to 

prevail during the flow back after stimulation. Due to the high productivity of the 

hydraulic pressure, this flow regime does not last long and it may be masked by 

wellbore storage and choking effect due to the radial convergence of flow toward 

wellbore and horizontal well intersection. 

The solution for Flow Regime 1 under constant-pressure conditions is given by  

= �√�  √�� √ .  

 

The dimensionless flow rate solution for Flow Regime 1 given by Equation 3.21 

can be written in terms of the real variables as follows: 
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= � ℎ  � .   √ � �� � √ .  

 

Figure 3.2  A schematic for Flow Regime 1 which depicts transient flow in hydraulic fractures 
only. 

The solution given in Equation 3.21 indicates that the log-log plot of 1/qD vs. tD 

should display a ½-slope trend at early times. The parameters appearing in Equation 

3.22 are of those of the hydraulic fractures and the horizontal well only. The terms ℎ  is the total (bulk) thickness of the natural fractures which corresponds to the 

characteristic length used in the derivation of the equations. This indicates that the 

flow rate during Flow Regime 1 is only sensitive to the hydraulic fracture properties for 

a given horizontal well length. Sensitivity analysis shown in Figure 3.3 indicates that 

the well length has no effect on the general characteristics of this flow regime because 

while it depends on the distance between the hydraulic fractures, its value is not 

changed in the analysis. Similarly, as shown in Figure 3.4, hydraulic fracture 

permeability affects the productivity of the well but not the duration of Flow Regime 1. 
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On the other hand, hydraulic fracture width affects the productivity and the duration of 

Flow Regime 1 as shown in Figure 3.5. 

 

Figure 3.3  Flow Regime 1 at different well lengths. 

 

 

Figure 3.4  Flow Regime 1 for different hydraulic fracture permeabilities. The time for the end of 
this flow regime does not change as a function of hydraulic fracture permeability.  
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Figure 3.5  Flow Regime 1 at different hydraulic fracture width. 

 

Because Flow Regime 1 is the first flow regime to develop, its start coincides 

with the inception of production from the well at a constant bottomhole pressure. The 

end of Flow Regime 1 depends on whether Flow Regime 2 or 3 follows it. If Flow 

Regime 2 occurs after Flow Regime 1, this means that the natural fractures has 

started contributing to production before flow in hydraulic fractures reaches their tips 

(initial pressure is the same at the tip of the hydraulic fracture). If, however, Flow 

Regime 3 occurs after Flow Regime 1, it means that flow in hydraulic fractures have 

already reached their tips (boundary dominated flow in hydraulic fractures) and the 

pressure has dropped sufficiently for the natural fracture to start flowing. 

If Flow Regime 2 occurs after Flow Regime 1, then the end of Flow Regime 1 

is predicted by the following expression: 

= . × −  ��� .  
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Equation 3.23 in terms of dimensionless variables indicates that the end of 

Flow Regime 1 depends on the properties of hydraulic fracture only. If Flow Regime 1 

ends due to the contribution of flow from natural fractures (start of bilinear flow), 

however, it is expected that the properties of natural fractures should have an 

influence on the end of Flow Regime 1. Expressing Equation 3.23 in terms of real 

variables yields the following expression for the end of Flow Regime 1, which now 

displays the influence of hydraulic and natural fracture properties: 

= .   � �� �    � .  

 

This equation shows that the end of Flow Regime 1 depends on the storativity 

ratio between the natural fractures and the hydraulic fractures. (Because the transition 

between Flow Regimes 1 and 2 is very short, Equation 3.24 may be taken as the start 

of Flow Regime 2 also). 

For the cases where Flow Regime 2 does not exist, the end time shows that 

the end of Flow Regime 1 (and the start of the boundary dominated flow in the 

hydraulic fracture) can be estimated by: 

= .�� .  

or, in dimensional form: 

= .  � �� � � .  

 

As expected, all parameters involved in Equation 3.22 are of those of hydraulic 

fractures. It is important to mention that the constants in Equations 3.23 through 3.26 
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were estimated by marking the first point that departs more than 1% of the asymptotic 

solution and then interpolating between these points to find the constants.  

3.2.2 Flow Regime 2 (Early Bilinear Flow) 

Flow Regime 2 is the bilinear flow from the hydraulic fractures and natural 

fractures occurs. The physical interpretation is that the natural fractures are sufficiently 

conductive to start contributing to flow before the start of boundary-dominated flow in 

hydraulic fractures. It ends when Flow Regime 3 starts due to the start of boundary-

dominated flow in hydraulic fractures. If the matrix starts contributing flow before the 

hydraulic fractures reach boundary dominated flow, then, the rare Flow Regime 5 may 

occur, skipping Flow Regime 3. Figure 3.6 depicts the concurrent transient flows in 

both hydraulic and natural fractures, which causes two mutually perpendicular linear 

flows referred to as bilinear flow. 

Based on the asymptotic solutions of the trilinear flow model, the relationship 

between the dimensionless flow rate and dimensionless time during Flow Regime 2 

can be expressed as 

= √ �( ⁄ )� − ⁄ , .  

or in dimensional form, 

= .  √ � � � ℎ  ∆    � .  

 

Equations 3.27 and 3.28 indicate that the bilinear flow during Flow regime 2 

depends on the properties of the hydraulic fractures and natural fractures. It, also, 
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does not depend on the geometry of the system as the system boundaries are not 

reached in either the hydraulic fractures or the natural fractures during Flow Regime 2. 

 

 

Figure 3.6  A schematic for Flow Regime 2 where the natural fractures starts to produce while 
the hydraulic fractures are still in transient. 

 

For Flow Regime 2 to exist, the following conditions must be met in terms of 

dimensionless variables: 

√��� > .  

or, in dimensional form:  

 �    �� �� � � > .  
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The condition expressed in Equation 3.29 or 3.30 concurs with the physical 

interpretation that for Flow Regime 2 to exist, natural fractures should have higher 

transmissivity than the hydraulic fractures, so that flow starts in natural fractures 

before the boundary effects are felt in the hydraulic fractures. The larger the left-hand 

side of Equations 3.29 and 3.30, the longer the duration of Flow Regime 2. 

Based on Equation 3.27, a plot of 1/qD vs. tD on log-log coordinates should 

display a one-fourth slope trend during Flow Regime 2. As shown in Figure 3.7, the 

permeability of hydraulic fractures affects the presence and duration of Flow Regime 

2.  

 

Figure 3.7  Flow Regime 2 for different hydraulic fracture permeabilities. 

 

Increased number (density) of hydraulic fractures leads to better productivity 

but shortens the duration of Flow Regime 2 (Figure 3.8). Also, as shown in Figure 3.9, 

the effect of the hydraulic-fracture width is similar to that of hydraulic-fracture density. 

The half-length of the hydraulic fracture has a direct effect on the start and end times 
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of Flow Regime 2 but not much effect on its duration (Figure 3.10). The thickness of 

natural fractures affects the end of Flow Regime 2 but does not influence the 

productivity as Flow regime 3 starts earlier with wider natural fractures as shown in 

Figure 3.11. 

 

Figure 3.8  Flow Regime 2 for different hydraulic fracture density. 

 

Figure 3.9  Flow Regime 2 for different hydraulic fracture widths. 
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Figure 3.10  Flow Regime 2 for different hydraulic fracture half-lengths. 

 

 

Figure 3.11  Flow Regime 2 for different natural fracture thicknesses. 

 

3.2.3 Flow Regime 3 (Transient Linear Flow)  

This flow regime occurs when flow is controlled by natural fractures after the 

depletion of hydraulic fractures. Flow Regime 3 is analogous to the reservoir linear 
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flow for hydraulically fractured vertical wells in homogenous reservoirs, which is known 

as reservoir linear flow. In this work, we call it transient linear flow to emphasize that it 

is truly infinite acting; that is, it is different from linear flows under the influence of 

either matrix or natural fracture boundaries covered under Flow Regime 6. Because 

the depletion of hydraulic fractures is a requirement for the existence of Flow Regime 

3, properties of hydraulic fractures control the start of this flow regime. Flow Regime 3 

assumes linear flow within natural fractures and, as shown in Figure 3.12, the 

boundary of the fracture network is the midpoint between two hydraulic fractures (due 

to symmetry, the volume between two hydraulic fractures is drained equally by the two 

fractures).  

 

Figure 3.12  A schematic of Flow Regime 3 where the flow is predominantly in the natural 
fracture network after the hydraulic fractures are effectively depleted. 

 

During Flow Regime 3, dimensionless flow rate for constant-pressure 

production is given by 
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= � ( √ ) .  

where, 

=  � .  

If the argument of the error function is large, Equation 3.31 can be approximated by   

= √� .  

or, in dimensional form, by 

= .  � �  ℎ  ∆  √   � .  

 

Equations 3.33 and 3.34 indicate, as expected, that flow is controlled by the 

natural fracture properties during Flow Regime 3. Half-length of hydraulic fractures, �, 

appears in Equation 3.34 because, together with the half-distance between two 

hydraulic fractures, , it defines the area of the natural fracture slabs where flow takes 

place during Flow Regime 3 (see Figure 3.12). 

For Flow Regime 3 to exist, the conductivity of the hydraulic fracture should be 

sufficiently high to cause the depletion of the hydraulic fracture before the natural 

fracture system experiences boundary dominated flow (see Figure 3.13); otherwise, 

Flow Regime 2 prevails. Figure 3.13 shows the existence of Flow Regime 3 as a 

function of hydraulic fracture permeability. 

The existence of Flow Regime 3 requires several conditions. These conditions 

also include the existence of bi-linear flow before or after Flow Regime 3. Four cases 

can be expected based on the existence of bi-linear flows. 
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Figure 3.13  Flow Regime 3 existence based on hydraulic fracture permeability. 

 

Case 1: The first case is when bilinear flow does not exist before or after Flow 

Regime 3. The physical requirement for this case is that the hydraulic fracture is 

depleted and the matrix is not contributing yet by the time Flow Regime 3 ends. This 

condition is expressed by 

−  �� > .  

 

or, in dimensional terms, by 

− �  �  �� � ��  > .  

 

The condition given by Equation 3.35 or 3.36 ensures that Flow Regime 3 exists for at 

least one log cycle. Equation 3.36 contains the properties of the hydraulic fractures 

because one of the requirements for Flow Regime 3 to prevail is that hydraulic 

fractures must be depleted by the time the flow is dominated by the natural fractures. 
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The geometry of hydraulic fractures ( � and �) also influence the existence of Flow 

Regime 3. 

Case 2: The second case is when bilinear flow exists before and after Flow 

Regime 3. Physically, this condition requires that natural fractures start contributing to 

flow while the flow in hydraulic fractures is still in transient mode and the matrix has 

not started producing. For these conditions to be met for at least one-log cycle,  

��′ ′ > × .  

 

Equation 3.37 can be expressed in dimensional form as 

�  ℎ   �  ��   � �� � > . × .  

 

Equation 3.38 indicates conditions where the permeability of hydraulic 

fractures is much larger than the permeability of the natural fractures. These 

conditions ensure that natural fractures stay in linear flow and the hydraulic fracture 

act as an infinite conductivity medium. 

In the other cases, bilinear flow exists either before or after Flow Regime 3. 

Case 3: In this case, bi-linear flow exists before Flow Regime 3; that is, Flow 

Regime 2 exits but Flow Regime 4 does not exist. This condition is expected when the 

storativity and conductivity of hydraulic fractures are fairly large but not large enough 

for the hydraulic fractures to deplete before flow from natural fractures to start. The 

depletion of hydraulic fractures marks the end of the preceding Flow Regime 2 and the 

continuing transient flow in the natural fractures is characterized by Flow Regime 3. 
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Since no bilinear flow follows Flow Regime 3, in this case, the inner matrix is expected 

to have considerably less transmissivity than the natural fractures to delay the start of 

fluid transfer from matrix to natural fractures (marking a transition into Flow Regime 

6b). These conditions are expressed by 

� − > .  

 

In dimensional terms, Equation 3.39 is given by 

� �ℎ�  ℎ − � > .  

 

Equation 3.40 means that the conductivity of hydraulic fractures should be 

sufficiently large to go into boundary dominated flow while the natural fractures are still 

in transient flow (i.e., the volume of the natural fractures indicated by  is large); 

otherwise, Flow Regime 3 does not exist and Flow Regime 5 may prevail. This may be 

interpreted as an indication of insufficient stimulation as natural fractures seem to 

outperform the hydraulic fractures.  

Case 4: The last case happens when Flow Regime 2 does not exist but Flow 

Regime 4 does; that is, bi-linear flow exists after Flow Regime 3. The hydraulic 

fractures must have relatively high transmissivity and the matrix must have high 

storativity and transmissivity ratios for Case 4. This case can happen regardless of the 

existence of transient or pseudosteady flow in matrix, which will be discussed in Flow 

Regime 6. The condition for this case is expressed by 

���′ ′ > .  

or, in dimensionless form, by 
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ℎ � �� �  � �� � � > . × .  

As expected, Equation 3.42 indicates that the existence Flow Regime 3 in this 

case requires contribution of natural fractures while hydraulic fractures are still in 

transient flow.  

The start of Flow Regime 3 depends directly whether Flow Regime 2; that is, 

whether natural fractures contribute to flow while the hydraulic fracture is still in 

transient model. In the case where Flow Regime 2 does not exist, the start of Flow 

Regime 3 is given, in terms of dimensionless variables, by 

= .�� .  

and, in dimensional form, by 

= .  ��� .  

Equation 3.44 shows that, if Flow Regime 2 does not exist, the start of Flow 

Regime 3 depends on the diffusivity of the hydraulic fractures and indicates that Flow 

Regime 3 will not start until the hydraulic fractures have reached the boundary 

dominated flow. 

If Flow Regime 2 exists before Flow Regime 3, the start of Flow Regime 3 is 

given by 

= .� .  

or, in terms of dimensionless variables, by 

= ,   �   � �  � .  
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Equations 3.45 and 3.46 indicate that, if Flow Regime 2 precedes Flow Regime 3 the 

start of Flow Regime 3 depends on the dimensionless conductivity of hydraulic 

fractures (i.e., the ratio of the hydraulic and natural fracture conductivities). 

The end of Flow Regime 3, similarly, depends on the existence of Flow 

Regime 4; that is, whether the matrix starts contributing to flow before or after 

boundary-dominated flow starts in natural fractures. When Flow Regime 4 does not 

exist, the end of Flow Regime 3 is given by 

= .  − .  

or, in dimensional form, by 

=  �  � − � .  

These relations show that the end of linear flow in the natural fractures (Flow 

Regime 3) depends on the properties of the natural fractures and its geometry. 

When Flow Regime 4; that is, bi-linear flow between matrix and natural 

fractures, follows Flow Regime 3, the end of Flow Regime 3 is given by 

= . �′ ′ .  

or, in dimensional from, by 

= .  (  �  ℎ )  � � �� .  

Based on Equations 3.49 and 3.50, Flow Regime 3 ends when the matrix 

starts contributing to flow which makes the end Flow Regime 3 a function of natural 

fractures and inner matrix storativity. 
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3.2.4 Flow Regime 4 (Late Bilinear Flow) 

Flow Regime 4 occurs after the hydraulic fractures are depleted and when 

bilinear flow between the natural fractures and the inner matrix occurs. Figure 3.14 

sketches the flow conditions in natural fractures and matrix during Flow Regime 4.  

The dimensionless rate responses for Flow Regime 4 under constant-pressure 

production conditions are given by 

=  �� ⁄ { ⁄ − ⁄ + ⁄ ⁄ } .  

where, 

= . �′ �′ .  

For practical purposes, for large values of , Equation 3.51 can be approximated by 

= � ( ⁄ )  �′ ′ .  

or, in dimensional form, by 

= .  � � ℎ√ℎ�  ∆  � ��  �  .  

 

Equations 3.53 and 3.54 indicate that flow is controlled by the permeabilities of 

natural fractures and matrix, cross-section area of the natural fractures with the 

hydraulic fractures, and the storativity of the matrix. The duration depends on the 

same properties as the end of Flow Regime 3 and the start of Flow Regime 6. 
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Figure 3.14  A schematic of Flow Regime 4 where natural fractures and inner matrix are in 
transient. 

 

Flow Regime 4 is noticed under certain conditions. The inner matrix should be 

productive enough to start flowing before the natural fractures reach boundary 

dominated flow. The condition for Flow Regime 4 to exists is 

′�′ − > .  

In dimensional form, Equation 3.55 is given by 

� �� � � ℎ − � > .  

 

Sensitivity analysis shows that Flow regime 4 exists when natural fracture 

permeability is small enough to stay in transient mode as the matrix starts to 

contribute. Once the natural fracture goes into boundary-dominated decline, Flow 

Regime 6 prevails as shown in Figure 3.15. Although hydraulic fractures are not 
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contributing to flow during Flow Regime 4, their permeability should be high enough 

for Flow Regime 4 to occur; otherwise, Flow regime 2 will be followed by Flow Regime 

5 leading eventually to Flow Regime 6 (Figure 3.16). 

 

 

Figure 3.15  Flow Regime 4 for different natural fracture permeabilities. 

 

 

Figure 3.16  Flow Regime 4 for different hydraulic fracture permeabilities. 
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3.2.5 Flow Regime 5 

Flow Regime 5 occurs when linear flows from hydraulic fractures, natural 

fractures and the inner matrix coexist. The existence of Flow Regime 5 requires that 

hydraulic fractures stay in transient mode until the natural fracture network and the 

matrix start contributing (see Figure 3.17). This condition is physically unrealistic and 

suggests that the hydraulic fractures are very tight, which defeats the purpose for 

creating them. In this study, this flow regime will be covered briefly for completeness. 

However, the mathematical expression for the flow rate during Flow Regime 5 and the 

existence conditions of this flow regime are provided below for completeness.   

The mathematical expression for dimensionless flow rate during Flow Regime 

5 is  

= ′ �′ √  �� ( ⁄ ) ⁄ .  

In dimensional form, Equation 3.57 is given by  

= .   �   �   ∆   �   √  � �ℎ ℎ [ � � ��ℎ   ] .  

 

Equation 3.58 includes properties of hydraulic fractures, natural fractures, and 

inner matrix. It does not, however, include the boundary parameters, which means 

that all three zones are producing in transient mode. This is a highly unlikely situation 

in practice, and, if for some reason, it occurs, it will be after Flow Regime 2 and before 

Flow Regime 4. Under these conditions, Flow Regime 3 will not exist because it 

requires hydraulic fractures be under boundary dominated flow and the matrix not 

contributing to flow. 
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Figure 3.17  A schematic of Flow Regime 5 where a transient flow is expected in hydraulic 
fracture, natural fractures and inner matrix. 

 

The condition for Flow Regime 5 to exist is that the matrix should start 

contributing to flow while the hydraulic and natural fractures are still in transient mode. 

The mathematical condition is expressed by 

 ′�′ � > .  

or, in dimensional form, by 

� �� �  �   ℎ� � � � > .  

 

3.2.6 Flow Regime 6 (Pseudotransient Linear Flow) 

Flow Regime 6 develops when one of the natural fracture and matrix media is 

under transient flow while the other experiences boundary dominated flow. This flow 

regime requires that the hydraulic fractures be depleted earlier. If Flow Regime 6 



50 
 

prevails, it displays linear flow characteristics; that is, a -½-slope straight-line trend, on 

the log-log plot of  vs. . It may follow a bi-linear flow period if the matrix was able to 

contribute to flow before the natural fractures reach their boundary. Figure 3.18 

presents a schematic of Flow Regime 6.   

Depending on whether the matrix or natural-fracture medium experiences 

boundary-dominated flow while the other is in transient mode, two types of 

pseudotransient linear flow may develop under Flow Regime 6. In the first type, which 

is referred to as Flow Regime 6a in this work, fluid transfer from the matrix system to 

natural fractures becomes pseudosteady when the flow in natural fractures is still in 

transient mode. Pseudotransient-linear Flow Regime 6a is similar to transient-linear 

Flow Regime 3 in that the flow is governed by the conductivity of natural fractures; the 

difference is that the storativity is provided by both fractures and matrix (the total 

system storativity) as opposed to fracture storativity in case of Flow Regime 3. 

Flow Regime 6a, together with Flow Regime 3, is one of the two conventional 

flow regimes related to the transient dual-porosity slab models. The second type of 

pseudotransient linear flow, Flow Regime 6b, on the other hand, has not been 

reported in the literature and it occurs when the matrix is still in transient flow mode 

while the pressure pulse in natural fractures reaches the boundary. It must be noted 

that whether Flow Regime 6a or 6b prevails in the system depends on the properties 

of the natural fractures and matrix. If the matrix is prolific and natural fractures have 

relatively low conductivity, then Flow Regime 6a may prevail. On the other hand, if 

natural fractures have sufficiently high conductivity to start boundary-dominated flow 

by the time the contribution of transient linear flow becomes evident, then, Flow 

Regime 6b may prevail. In principle, while Flow Regime 6a may be expected to occur 
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in both conventional and unconventional naturally fractured systems, Flow Regime 6b 

should be unique to naturally fractured, ultra-tight unconventional reservoirs.  

 

Figure 3.18  A schematic of pseudotransient-linear Flow Regime 6. If the matrix blocks are under 
pseudosteady flow and natural fractures are in transient flow mode, it is denoted as Flow 

Regime 6a. Conversely, if the natural fractures experience boundary-dominated flow while the 
matrix is still in transient flow mode, it is referred to as Flow Regime 6b in this work.   

 

Figure 3.19 shows the dimensionless flow rate as a function of dimensionless 

time and highlights pseudotransient-linear Flow Regimes 6a and 6b as well as the 

transient-linear Flow Regime 3. As expected from the conventional theory of transient 

dual-porosity idealization, transient-linear Flow Regime 3 and pseudotransient-linear 

Flow Regime 6a display two parallel, -½-slope straight lines. The vertical displacement 

between the two straight lines is a function of the ratio between the storativities of the 

fractures and the total system [ +�′⁄ ] and the possibility of having Flow Regime 

6b increases as +�′⁄  increases. Flow Regime 6b, on the other hand, may 

appear to be a downward-shifted, -½-slope straight line in relation to Flow Regime 3 or 
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as an extension of it depending on the conductivity of the matrix. The possibility of 

having Flow regime 6b increases when the matrix permeability decreases and the 

ratio between the storativities of the fractures and the total system becomes very 

small; that is, when [ + �′⁄ ] → . Below, the relations for the flow rate, existence 

conditions, and the start and end times of Flow Regimes 6a and 6b are provided. 

 

Figure 3.19  Pseudotransient-linear Flow Regimes 6a and 6b. Also shown is the transient-linear 
Flow Regime 3.  

 

The dimensionless flow rate for Flow Regime 6a is given by 

= √ + �′� .  

In dimensional form, Equation 3.61 becomes 

= .  � � ℎ   ∆ √ + �′    �  .  

or 

Flow Regime 6a 

Flow Regime 6b 

Flow Regime 3 
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= .  � �  ∆ √ ℎ  (ℎ   � + ℎ� � ��)   .  

 

As expected from the physical conditions of existence of Flow Regime 6a, 

Equation 3.63 does not depend on the permeability of the matrix but it depends on the 

permeability of the fractures and the storativity ratio of the fractures to the total 

system. The black straight line in Figure 3.19 corresponds to Equation 3.61 and 

indicates pseudotransient-linear Flow Regime 6a where it is tangent to the  vs.  

curves for different values of the matrix permeability. As indicated in the figure, when 

matrix becomes tighter, the duration of Flow Regime 6a becomes shorter. When the 

matrix becomes too tight (for � −  ), then, Flow Regime 6a does not exist 

and pseudotransient-linear Flow Regime 6b develops.  

If the following condition is satisfied, Flow Regime 6b, instead of Flow Regime 

6a, prevails:  

+�′�′ ′  − > . .  

or, in dimensional from, 

(ℎ   � + ℎ� � ��)  ℎ
� � ��  − � > .  

The dimensionless flow rate during pseudotransient-linear Flow Regime 6b can be 

expressed as 

= √̃�̃ − ⁄√�  .  

In dimensional form, Equation 3.66 becomes 
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= .  � �  − �  ∆ √ � � ��   .  

Equation 3.67 indicates that the flow is controlled completely by the properties of the 

inner matrix and the dimensions of the natural fractures. 

The start of Flow Regime 6a depends on the total system storativity and matrix 

properties. It is given by  

= .   ℎ��  [ + �′�′ ] .  

or 

=  � ��� (ℎ � + ℎ� ���) .  

On the other hand, the start of Flow Regime 6b depends on the existence of Flow 

Regime 4 (that is, the existence of bi-linear flow before Flow Regime 6). When Flow 

Regime 4 exists, the start of Flow Regime 6b is given by 

= .  −  �′ ′ .  

or, in dimensional form, by 

= ,  − �  � � �� ℎ , .  

which is a function of the natural fracture permeability and dimensions and the 

storativity of the inner matrix. When there is no bi-linear flow (Flow Regime 4) before 

Flow Regime 6b, the start of Flow Regime 6b depends on the properties of natural 

fractures only and is given by 

= .  − .  

In dimensional form, Equation 3.72 yields: 
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= . × − �  �  .  

As implied by Equation 3.73, in this case, the start of Flow Regime 6b depends on the 

depletion of the natural fractures to create enough pressure drop to allow the inner 

matrix to start contributing. 

The end of Flow Regime 6a is given by 

= .  + �′ − .  

or 

=  �(ℎ   � + ℎ� � ��) − �ℎ .  

On the other hand, the end of Flow Regime 6b, can be predicted by  

= .  �′′ .  

or, in dimensional form, by 

= .  ℎ� � �� � .  

As indicated by Equation 3.77, the end of Flow Regime 6 is controlled by the diffusivity 

and geometry of the inner matrix. It is important to mention that the end of Flow 

Regime 6 is delayed as the permeability of the inner matrix decreases and the 

economic life of the well may be reached under Flow Regime 6. 

After the end of pseudotransient linear flow in the inner matrix, the stimulated 

reservoir volume develops boundary dominated flow (exponential decline). During this 

period (and, theoretically, only during this period), standard decline curve analysis 

methods are applicable. After some time, linear flow from the outer matrix may start 

but, due to its insignificance, it is not included within this study.  
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CHAPTER 4  

DISCUSSION OF RESULTS AND APPLICATIONS  

The focus of this dissertation is the flow regimes of fractured horizontal well 

surrounded by a SRV and producing under constant-pressure production conditions. 

Flow Regimes 1 and 2 explained in Chapter 3 are rarely noticed on production data as 

they last only a few seconds or even less. Because flow choking around the horizontal 

well/hydraulic fracture intersections effects mostly Flow Regime 1, it is not covered in 

this work. Similarly, because the fundamental assumption of this work is constant-

pressure production, wellbore storage effect is nonexistent and not considered in this 

study. 

The focus of this work are the linear flow regimes displaying -½-slope behavior 

of the log-log diagnostic plot of  vs. ; particularly, the pseudotransient linear flow 

as it is a new flow regime identified in this research and has the potential of revealing 

some information about the volume of the stimulated reservoir. Due to the similarity of 

the characteristics of pseudotransient linear flow to those of conventional transient 

linear flow, in this chapter, the consequences of confusing pseudotransient linear flow 

with transient linear flow will be discussed. First, the analysis of transient and 

pseudotransient linear flow data will be explained. Then, a synthetic example will be 

generated and the pseudotransient linear flow data will be analyzed by using transient 

linear flow assumption to assess the consequences. Finally, two field examples will be 

presented to demonstrate the use of the findings of this dissertation for the analysis 

and interpretation of actual production responses. 
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4.1  Analysis of Pseudotransient Linear Flow Data 

As discussed in Chapter 3, both Flow Regimes 6a and 6b display similar 

characteristics, namely, a -½-slope straight line, on a log-log plot of  vs. . Similarly, 

the same data display a straight-line trend on the Cartesian plot of ⁄  vs. √ , which, 

in case of Flow Regime 6a, can be used to estimate the product of natural fracture 

flow capacity and total system storativity if the fracture half-length is known, or if Flow 

Regime 6b prevails, yields the volume of the natural fracture system if the permeability 

and storativity of the matrix are known. In this section, the procedures to analyze the 

data under the two types of pseudotransient linear flow regime are documented. The 

data given in Table 4.1 is used to demonstrate the analysis procedure. 

Table 4.1 Data used to generate rate responses displaying pseudotransient flow 

 

 

4.1.1  Analysis of Pseudotransient Linear Flow Regime 6a  

Analysis of Flow Regime 6a requires identification of linear flow characteristics 

(-½-slope line) on a log-log plot of production rate vs. time data. Figure 4.1 shows an 

example of log-log diagnostic plot indicating linear flow behavior (the straight line, 

which is tangent to the data, has a slope of -1/2) for .  days  days. The flow 

rates in Figure 4.1 were generated by using the trilinear model with the data shown in 

Table 4.1. Here, we pretend that either the fracture half-length or the product of 

natural fracture flow capacity, ℎ , and total system storativity, ℎ � + ℎ��� �  is 

Variable Value Units Variable Value Units Variable Value Units 
Well length 1,000 ft Viscosity 0.5 cP HF half length 250 ft 
Number of HF 4 -- No. of slabs 2 -- Δp 10,000 psi 
HF width 0.1 ft NF thickness 0.01 ft Matrix height 125 ft 
HF 

permeability 
108 md 

NF 

permeability 
20 md 

Matrix 

permeability 
Flow Regime 6a 10-1 

md 
Flow Regime 6b 10-5 

HF porosity 0.45 -- NF porosity 0.5 -- Matrix porosity 0.09 -- 
HF 

compressibility 
10-3 psi-1 

NF 

compressibility 
10-5 psi-1 Matrix compressibility 10-6 psi-1 
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not known and using the available data in Table 4.1, we try to estimate them from the 

analysis. Note that, at this point, it may not be possible (other than that from the 

general trace of the rate vs. time data) to decisively determine whether the -½-slope 

straight line corresponds to Flow Regime 6a or 6b. Therefore, we will assume that it is 

Flow Regime 6a and proceed with the appropriate analysis. 

 

 

Figure 4.1  Identification of pseudotransient linear flow on the log-log diagnostic plot of  ⁄  vs. 
. Although the -½-slope straight line tangent to the data indicates pseudotransient linear flow, it 

is not known whether it is Flow Regime 6a or 6b.  

 

From Equation 3.63 in Chapter 3, we can write the reciprocal flow rate 

equation during Flow Regime 6a as follows: 
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= .� �  ∆  √   ℎ (ℎ   � + ℎ� � ��) .  

Equation 4.1 indicates that, on a plot of ⁄  vs. √ , the slope of the straight line 

for the linear flow period identified on the log-log plot of  vs.  in the interval of .  days  days is 

= .� �  ∆  √ ℎ (ℎ   � + ℎ� � ��) .  

Figure 4.2 shows the Cartesian plot of ⁄  vs. √  for the linear flow period 

identified in Figure 4.1. The slope of the straight line corresponding to linear flow 

( . √days √ .  √days) is = . × − STB - √hours ⁄ . Using the 

slope of the straight line and the natural fracture and matrix properties, , , , � , �, �, and  �� given in Table 4.1, the fracture half-length, �, is estimated to be 

250.17 ft from Equation 4.2. Alternatively, using the slope and the fracture half-length, 

�, and the total storativity, ℎ   � + ℎ� � ��, the natural fracture flow capacity, ℎ , may be estimated to be 0.2004 md.ft. 

As noted in the beginning of this section, identification of the -½-slope trend on 

the data only indicates a linear flow period but does not verify whether it is Flow 

Regime 6a or 6b. In this work, several means of determining whether the data are in 

Flow Regime 6a or 6b. For example, after the data are analyzed and the matrix and 

fracture properties are estimated, Equation 3.65, which defines the condition for Flow 

Regime 6b to prevail, can be checked. In this specific example, Equation 3.65 is not 

satisfied; that is the linear flow data are not in Flow Regime 6b; thus, they should be in 

Flow Regime 6a. Also, the start of Flow Regime 6a from Equation 3.69 is 1.55 hours 

and the end of Flow Regime 6a from Equation 3.75 is 311.5 hours, which are 

consistent with the start and end of the -½-slope straight line in Figure 4.1.  
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Figure 4.2  Transient linear flow analysis of 1⁄q vs. √t. 

 

4.1.2  Analysis of Pseudotransient Linear Flow Regime 6b 

In this example, the same data in Table 4.1 is used to generate the synthetic 

production responses but a tighter matrix ( � =  −  md) is considered to ensure the 

existence of Flow Regime 6b. Similar to the Flow Regime 6a analysis in Section 4.1.1, 

the first step in the analysis of Flow Regime 6b is the identification of this flow period 

on production responses. This requires making a log-log plot of  vs.  as shown in 

Figure 4.3 and looking for the -½-slope straight-line trend. 

In Figure 4.3, the straight line has the slope of -1/2 in the interval of  hours,  hours. As in the case of Flow Regime 6a, it is normally not possible to 

decipher whether the -½-slope straight line corresponds to Flow Regime 6a or 6b. 

However, we will assume that it is Flow Regime 6b. After the analysis of the data, 
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knowing the reservoir and fracture properties, we can use the existence condition 

(Equation 3.65) and the start (Equations 3.71 and 3.73) and end (Equation 3.77) times 

to verify Flow Regime 6b.  

 

Figure 4.3  Identification of pseudotransient linear flow trend on the log-log diagnostic plot of 1⁄q 
vs. t. Although the ½-slope straight line tangent to the data indicates linear flow, it is not known 

whether it is transient or pseudotransient linear flow. 

 

As shown in Chapter 3, during Flow Regime 6b, reciprocal flow rate is given as 

function of time by  

= .� � − �  ∆  √    � � �� .  

Based on Equation 4.3, if we make a plot of ⁄  vs. √ , the pseudotransient linear flow 

data identified on the log-log plot (  hours ,  hours) should display a 

straight line with the slope of  
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= .� �   − � ∆   √  � � ��  .  

The straight line through the ⁄  vs. √  plot for .  √hours √.  √hours in Figure 4.4 corresponds to the linear flow trend identified on the log-log 

plot of  vs.  (Figure 4.3). The slope of the straight line is = . ×
−  STB - √hours ⁄  . If we assume that the matrix properties, �, �, and  ��, 

are known, then the total fracture area, �  �  − �   may be estimated as . ×  ft  from the slope of the straight line given by Equation 4.4. Conversely, if we 

assume that the total fracture thickness, ℎ , the number of hydraulic fractures, �, 

and the distance between hydraulic fractures, , are known, then the fracture half 

length, �, can be estimated as 250 ft. 

 

 

Figure 4.4  Pseudotransient linear flow analysis of 1⁄q vs. √t. 
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As in the case of Flow Regime 6a discussed above, to verify that the linear 

flow trend identified on the data is indeed for Flow Regime 6b, we can use Equation 

3.65. The data from Table 4.1 and from the analysis yield 

(ℎ   � + ℎ� � ��)  ℎ
� � ��  − � =  > .  

Similarly, as shown below, the start and end times of the linear flow trend on the data 

shown on Figure 4.1 satisfy the start and end of Flow Regime 6b given by Equations 

3.71 and 3.75, respectively: 

  hours ≈ = ,  − �  � � �� ℎ =  hours .  

and 

,  hours ≈ = .  ℎ� �� = .  ℎ� � �� � = ,  hours .  

There seems to be some difference in the start times estimated on Fig. 4.1 and 

from Equation 3.71. This is expected based on the approach used to derive the 

relations for the start and end of the flow regimes. The constants in the relations for 

the start and end times have been estimated within 1% by equating the straight-line 

relations for the preceding and proceeding flow regimes and depend on multiple 

factors, including the duration of transition between the flow regimes and the 

resolution of data around the start time. When there is no bilinear flow before Flow 

Regime 6, the equation predicts the starting time of Flow Regime 6 more closely. 

These results verify the assumption that the linear flow trend observed on the data 

was due to Flow Regime 6b.  
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4.2  Consequences of Mixing Flow Regimes 6a and 6b  

As discussed in Chapter 3, characteristics of Flow Regimes 6a and 6b are 

impossible to distinguish on log-log diagnostic plots. In addition, because the 

existence of Flow Regime 6b was not known until this work, all linear flow trends on 

production data were interpreted either as transient linear flow or Flow Regime 6a. 

Therefore, it is important to evaluate the consequences of mixing Flow Regime 6a and 

6b. Here, the set of the data in Table 4.2 is used to create an example where the 

production data display Flow Regime 6b. Then, we analyze the data under the 

assumption of Flow Regime 6a and 6b to estimate the fracture half-length using the 

natural fracture permeability or to estimate the natural-fracture permeability using the 

fracture half-length. 

Table 4.2 Data used to generate rate responses displaying pseudotransient flow 

Variable Value Units Variable Value Units Variable Value Units 
Well length 2,000 ft Viscosity 0.5 cP HF half-length 200 ft 

Number of HF 10 -- 
Number of 
slabs 

24 -- Δp 5,000 psi 

HF width 0.01 ft NF thickness 0.01 ft Matrix height 12.5 ft 

HF permeability 106 md NF permeability 500 md 
Matrix 
permeability 

10-9 md 

HF porosity 0.45 -- NF porosity 0.5 -- Matrix porosity 0.2 -- 
HF 
compressibility 

10-3 psi-1 
NF 
compressibility 

10-4 psi-1 
Matrix 
compressibility 

10-5 psi-1 

 

Figure 4.5 shows the production rates generated by the trilinear model with the 

data in Table 4.2. Also shown by the straight lines in Figure 4.5 are the asymptotic 

approximations corresponding to Flow Regimes 6a and 6b. By design, only Flow 

Regime 6b solution matches the rate data. Figure 4.6 shows the plot of ⁄  vs. √  for 

the same data. The slope of the straight line corresponding to the linear flow in Figure 

4.6 is . × −  days STB - √hours ⁄ . Assuming Flow Regime 6b, and using this 

slope with the data in Table 4.2 in Equation 4.4, the fracture half-length is computed to 
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be 200 ft, which is consistent with the input data for the simulated example. If we had 

assumed that the straight lines in the log-log and Cartesian plots (Figures 4.5 and 4.6, 

respectively) were for Flow Regime 6a, then we would use Equation 4.2 and estimate 

the fracture half-length as 0.158 ft, instead of 200 ft, which is three orders of 

magnitude smaller than the input value. 

 

Figure 4.5  Simulated production rates and the theoretical straight lines corresponding to Flow 
Regimes 6a and 6b. 

 

Alternatively, if we assumed that the fracture half-length was known and 

estimated the natural fracture permeability with the assumption of Flow Regime 6a 

(using Equation 4.2), then we would have × −  md instead of 500 md. Such 

physical inconsistencies may be a warning sign for the analyst but expecting only one 

linear flow trend and clearly identifying it on the diagnostic plots, the analysts would try 

to adjust the other input variables. The contribution of the work presented in this 

dissertation is to provide the analysts with not only the understanding that there may 
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be more than one linear flow behavior, but also the condition given by Equation 3.65 

to verify whether the assumed linear flow trend is physically viable. For the particular 

example considered here, the value computed for Equation 3.65 is . × , which 

satisfies the requirement for the existence of pseudotransient linear flow under Flow 

Regime 6b. 

 

Figure 4.6  Cartesian plot of simulated production rates. 

 

4.3 Field Applications 

In this section, two field examples are presented to demonstrate the 

importance and application of the findings of this research. The first example is an 

Eagle Ford well and the second example is in the Niobrara play. These wells have 

been selected because their extended linear flow behaviors make them good 

candidates for pseudotransient flow. In the Eagle Ford well example, we will analyze 

the data by assuming that the linear flow is because of Flow Regime 6b. In the 

Niobrara well example, the time range of the linear flow behavior is such that it can be 
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transient or pseudotransient linear flow. Therefore, we analyze the data by assuming 

Flow Regime 3, Flow Regime 6a, and Flow Regime 6b and then run the existence and 

time-range checks to find out which flow regime yields consistent results. 

In both examples, pressure data were not available and production at a 

constant bottomhole pressure was assumed since most operators in unconventional 

plays tend to maintain the bottomhole pressure as low as possible to maximize 

production. If the production data shows evidences of shut-ins or large fluctuations of 

bottomhole pressure, equivalent (or material balance) time suggested by Raghavan 

(1993) and Palacio and Blasingame (1993) can be used to account for these events. 

Furthermore, because of the assumption of slightly compressible flow of a constant 

compressibility fluid (oil) used in the derivations of the flow regime equations given in 

this dissertation, we selected two tight-oil examples.  (The application of the equations 

given in this equation to unconventional gas reservoirs is possible by the use of 

pseudopressure transformation but this is left for another study.)  

Finally, and most importantly, it should be noted that the existence of Flow 

Regime 6b requires linear flow from matrix slabs to fracture slabs. In most 

unconventional gas reservoirs, the complex network of natural fractures renders the 

assumption of the slab model unrealistic. However, the dual-porosity slab model may 

be a good proxy for the tight oil plays, such as Eagle Ford, Bakken, and Niobrara. In 

these formations, producing layers of fractured carbonates are interbedded by the 

slabs of shale (source rock) where the carbonate layers may be represented by the 

natural fracture slabs and the shale layers may be taken as the matrix in the transient 

dual-porosity slab model. 
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4.3.1 Eagle Ford Well 

This well was in the Eagle Ford tight-oil formation in Texas. The monthly 

production data were obtained from the Railroad Commission of Texas website 

(Albinali 2016; Curnow 2015). Because the well consisted of 3 laterals, one-third of the 

flow rate will be used in the analysis. The properties of hydraulic fractures are 

assumed to be the same as those used in the stimulation design. The monthly data 

are converted to daily rates assuming a full month of production. 

The production data of this well were analyzed earlier by Curnow (2015) and 

Albinali (2016). Tables 4.3 and 4.4 summarize the results of the analyses in Curnow 

(2015) and Albinali (2016) respectively. Curnow (2015) used the CMG DPDK (Dual-

Porosity Dual-Permeability) model, which emphasized the permeability of the matrix 

and underestimated the permeability of the natural fractures. In addition, the porosity 

of the natural fractures was assumed to be very small, which led to the estimation of a 

higher matrix permeability due to the early depletion of natural fractures. Also, the 

natural fracture and matrix properties were expressed in terms of bulk values as 

opposed to intrinsic properties used in our analysis which can be converted back and 

forth using Equation 3.4 (see Section 3.1.1). 

Table 4.3 Match Parameters for the Eagle Ford Well by Curnow (2015) 

Initial reservoir pressure, psi 5,375 
Formation thickness, h, ft 150 
Natural fracture permeability, , md 2.0E-5 
Natural fracture porosity, �   1.0E-3 
Natural fracture compressibility, , psi-1 1.0E-6 
Matrix permeability, �, md 1.0E-4 
Matrix porosity, ��  0.1 
Matrix compressibility, �, psi-1 1.0E-6 
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In the anomalous diffusion model used by Albinali (2016), subdiffusion was 

considered in the fracture network; that is, the flow in the fractures were being 

hindered by cementing material, proppants, or by the discontinuous nature of 

fractures. The flux relation used in the subdiffusion model is different from Darcy’s law. 

The permeability in Darcy’s law is replaced by a flux coefficient which has different 

units then permeability and a fractional power (subdiffusion parameter) of pressure 

gradients are also used. Thus, a direct comparison of the magnitudes of permeability 

and subdiffusive flux coefficient is not possible. However, the other properties used by 

Albinali (2016) serve as a reference for the analysis in this work. The comparison of 

the data in Tables 4.3 and 4.4 indicates that Albinali (2016) assumed the same matrix 

properties as in Curnow (2015) but used higher fracture conductivity with a 

subdiffusion parameter to slow down the flow in fractures.  

Table 4.4 Match Parameters for the Eagle Ford Well by Albinali (2016) 

Distance to natural fractures boundary, , ft  170 
Hydraulic fracture half-length, �, ft 550 
Hydraulic fracture width, �, ft 0.1 
Viscosity, µ, cP 0.5 
Initial reservoir pressure, pi, psi 5,375 
Bottomhole pressure, pwf, psi 800 
Formation thickness, h, ft 150 
Natural fracture flux coefficient, , md·day1-αf 10 
Natural fracture porosity, �  0.4 

Natural fracture compressibility, , psi-1 1.0E-4 
Natural fracture thickness, ℎ , ft 3.0E-3 
Number of slabs, nf = nm  25 
Matrix flux coefficient, �, md·day1-αm 1.0E-4 
Matrix porosity, �� 0.1 
Matrix compressibility, �, psi-1 1.0E-5 

 

For the analysis using the suggested model in this dissertation, the start time of 

the production had to be shifted beyond the last shut-in/zero production month. 

Months with very low average production were also ignored since they were related to 
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multiple shut-ins or high bottomhole pressures due to not pumping the well. As a 

result, the first 16 months of production were ignored and the seventeenth month was 

used as the first month. Table 4.5 shows the adjusted monthly production data 

converted to daily rates. 

Table 4.5 The adjusted monthly production converted into daily rate 

Month Monthly Production into daily 
rate (STB/Day) Month Monthly Production into daily 

rate (STB/Day) 
Jan-2012 0.00 Jan-2014 0.94 
Feb-2012 1.43 Feb-2014 0.97 
Mar-2012 10.07 Mar-2014 0.34 
Apr-2012 0.00 Apr-2014 0.00 
May-2012 0.00 May-2014 0.89 
Jun-2012 0.00 Jun-2014 0.83 
Jul-2012 0.00 Jul-2014 0.70 
Aug-2012 0.00 Aug-2014 0.69 
Sep-2012 5.05 Sep-2014 0.65 
Oct-2012 7.11 Oct-2014 0.62 
Nov-2012 5.28 Nov-2014 0.56 
Dec-2012 2.98 Dec-2014 0.52 
Jan-2013 2.21 Jan-2015 0.56 
Feb-2013 1.90 Feb-2015 0.53 
Mar-2013 0.00 Mar-2015 0.46 
Apr-2013 0.03 Apr-2015 0.18 
May-2013 2.35 May-2015 0.03 
Jun-2013 2.81 Jun-2015 0.87 
Jul-2013 1.64 Jul-2015 0.51 
Aug-2013 1.63 Aug-2015 0.48 
Sep-2013 1.34 Sep-2015 0.44 
Oct-2013 1.16 Oct-2015 0.45 
Nov-2013 1.18 Nov-2015 0.45 
Dec-2013 0.95 Dec-2015 0.36 

 

The log-log diagnostic plot in Figure 4.7 indicates a linear flow trend ( =− /  for  days  days. Fitting a straight line through the ⁄  vs. √  plot in 

Figure 4.8 for the same time range (  √hours √  √hours) yields a slope of = . × − days (STB-√hours)⁄ . In this example, we assume that the linear-flow 
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behavior is because of Flow Regime 6b.  From Equations 4.4 and 3.77 for the slope of 

the straight line corresponding to Flow Regime 6b on the Cartesian plot ⁄  vs. √  

and for the end of the pseudotransient linear flow, respectively, we obtain the following 

relation: 

� = [ . ℎ� � �   − � ∆ ]√ .  .  

 

Using the data given in Tables 4.3 and 4.4 in Equation 4.8, we obtain � =. × −  md. Next, using the value of � in Equation 3.77, we obtain �� � =. × −  psi- .  

 

 

Figure 4.7  Log-Log diagnostic plot for Eagle Ford well. 
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Figure 4.8  Cartesian plot of pseudotransient linear flow data. 

 

It is also possible to obtain an estimate of �  from Equation 3.73 for the start 

of Flow Regime 6b ( =  days) if  is known by independent means or vice versa. 

Estimates of  and �  are available from the analysis of Curnow (2015) or Albinali 

(2016) but these estimates are not consistent with our analysis and cannot be used in 

this case. Alternatively, a regression analysis may be run as shown in Figure 4.9 on  

and �  by using the values of � and �� � estimated from Flow Regime 6b 

analysis, which yields = .  md � = × −  psi- . 

Note that the analysis performed here used the slope of the Cartesian straight 

line together with the start and end times of Flow Regime 6b. Also, using the data 

obtained from the analysis, we can show that the existence condition of Flow Regime 

6b given in Equation 3.65 is satisfied ( > ). Therefore, the analysis meets the 
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consistency checks for the procedure developed in this dissertation. A summary of the 

analysis results is given in Table 4.6. 

 

Figure 4.9  Regression match of the Eagle Ford data with the trilinear model. 

 

Table 4.6 Matching parameters for Eagle Ford well using Pseudotransient model 

Number of hydraulic fractures, � 14 
Distance to natural fractures boundary, , ft  125 
Hydraulic fracture half-length, �, ft 550 
Hydraulic fracture width, �, ft 0.1 
Viscosity, µ, cP 0.5 
Initial reservoir pressure, psi 5,375 
Bottomhole pressure, psi 800 
Formation thickness, h, ft 150 
Natural fracture permeability, , md 2.47 

Natural fracture porosity, �   0.4 

Natural fracture compressibility, , psi-1 1.00E-5 

Natural fracture thickness, ℎ , ft 3.0E-3 

Number of slabs  25 
Matrix permeability, �, md·day1-αm 3.40E-9 
Matrix porosity, �� 0.1 
Matrix compressibility, �, psi-1 1.05E-7 
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In the analysis so far, the focus was on obtaining estimates of permeabilities 

and storativities. If the matrix permeability and storativity were known by independent 

means, then the volume of the natural fractures, or in other word, the size of the SRV, 

could also be obtained from the analysis. From Equation 4.4, we can write the 

following expression for the volume of the natural fracture medium:  

� = � � ℎ − � = .  ℎ ∆   √  � � ��  .  

Using = . × − days (STB-√hours)⁄ , � = . × −  md, and �� � =. × −  psi-1 in Equation 4.9, we obtain � = ,  ft .  

 

4.3.2 Niobrara Well 

The well in this example was in the Wattenberg field, Weld County, Colorado, 

and the production data were available publicly on the Colorado Oil and Gas 

Conservation Commission (COGCC) website. The website also provided the well 

completion information, location of the well, and the name of the operator. Additional 

information about the geology of the area as well as the porosity and permeability 

ranges could be obtained from the USGS area report (Higley and Cox 2007). Daily 

production rates were computed by dividing the monthly production data by the 

number of the operating days in that month. The results are shown in Figure 4.10. 

Other available data are shown in Table 4.7. 
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Figure 4.10  Niobrara well production data. 

 

Table 4.7 Available input data for Niobrara well 

Distance to natural fractures boundary, , ft  135.2 
Hydraulic Fracture half-length, �, ft 53.2 
Hydraulic Fracture width, �, ft 0.1 
Viscosity, µ,cP 0.5 
Initial Reservoir Pressure, psi 4000 
Bottomhole Pressure, psi 400 
Formation thickness, h, ft 200 
Natural Fracture thickness, ℎ , ft 3.00E-3 
Number of slabs  2 

 

As shown in Figure 4.10, particularly the late portion (after July 2015) of the 

data is oscillatory. It is indicated that, around late 2014 into 2015, the well production 

shifted down. This down-shift may have been caused by changing the flowing 

bottomhole pressure or shutting down the pump. Through 2015, the well was 

producing for less than 20 days per month and, between September 2015 and 

February 2016, it was producing for less than 15 days per month with a shut-in in 

December 2015. This production trend may be explained by the drop of oil prices 
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which imposed shorter producing times of wells. Following the shut-in in December 

2015, the well started producing at high rates; in March 2016, it was producing 

continuously for the full month again. Production rate dropped from the peak point in 

January 2015 in the first seven months and then stabilized in the last five months of 

2015 again.  

Because of the multiple shut-in periods, which were fairly irregular and not long 

enough for re-initialization of the system, it is appropriate to use the following 

equivalent (or material balance) time suggested by Raghavan (1993) and Palacio and 

Blasingame (1993): 

= ∫ = .  

where  and  are the cumulative and instantaneous flow rates at time . Figure 

4.11 shows the log-log plot of the oil production rate, , with respect to equivalent 

time, . As expected, the use of equivalent time fixes the oscillatory behavior 

observed in Figure 4.10 after July 2015. A -½-slope straight-line trend is identified on 

the plot of  vs.  in Figure 4.11 before 799 days (the start of the straight-line trend is 

not clear due to limited data at early times). After 799 days, the production data 

indicates a steeper decline trend. Therefore, there are two challenges in this analysis. 

The first challenge is to decide whether the -½-slope straight-line trend in Figure 4.11 

is due to transient (Flow Regime 3) or pseudotransient (Flow Regime 6) linear flow (for 

Flow Regime 6, there are also two options: Flow Regime 6a and Flow Regime 6b). 

Second, weather the decline behavior after 799 days is a transition to Flow Regime 6 

or to exponential decline. To answer these questions, the linear flow data will be 

analyzed by assuming both Flow Regime 3 and Flow Regime 6 and the existence 

conditions will be checked. For both assumptions, the nature of the following decline 
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period (after 799 days) will be investigated by curve fitting the data with the trilinear 

model and checking the sensitivities to formation properties. 

 

Figure 4.11  Log-log diagnostic plot of the Niobrara well showing the production decline with 
respect to equivalent time. 

 

Figure 4.12 shows the Cartesian plot of ⁄  vs. √  and the straight line fit 

through the data until √ =  √hours, which corresponds to the end of the -½-

slope trend ( =  days) in Figure 4.11. The slope of the straight line on Figure 

4.12 is = . × − day STB− √hours⁄ . Below, we will use this slope by assuming 

that the straight line in Figure 4.12 corresponds to Flow Regime 3, Flow Regime 6a, 

and Flow Regime 6b: 

Flow Regime 3 Analysis: If we assume that the straight line in Figure 4.12 is 

because of Flow Regime 3 (transient linear flow), From Equation 3.34 in Chapter 3, 

we have the following relation between ⁄  and √ : 



78 
 

= .� �  ℎ  ∆   √    � .  

Therefore, the slope of the straight line on the plot of ⁄  vs. √  should be 

= .� �  ℎ  ∆   √    � .  

 

 

Figure 4.12  Cartesian plot of the linear flow data identified on the log-log diagnostic plot. 

 

To be able to estimate the natural fracture permeability, , from Equation 

4.12,  �  needs to be known. Using Equation 3.48 for the end of Flow Regime 3, we 

have 

  � =  � − � .  

Also, using Equation 4.13 in Equation 4.12, we obtain 
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= . �  ℎ  ∆   √ − �
� .  

From Equation 4.14, we estimate = .  md and from Equation 4.13,  � =. × −  psi-1. 

To complete the analysis for Flow Regime 3, we also check the existence 

condition given by Equation 3.40 

� �ℎ�  ℎ − � = > .  

 

Equation 3.48 can be used to check the end time using the calculated variable.  was 

found to be 799 days. 

Flow Regime 6a Analysis: Next, we assume that the straight line in Figure 

4.12 corresponds to Flow Regime 6a (pseudotransient linear flow) and use Equation 

4.2 for the slope of the straight line in Figure 4.12 and Equation 3.75 for the end of the 

linear-flow trend in Figure 4.11, we obtain 

= .   � ℎ  ∆  √  − � � .  

which yields =  . × −  md. Then, using the estimate of  in Equation 3.75, we 

obtain (ℎ   � + ℎ� � ��) = . × −  ft-psi-1.  

Using the existence condition in 3.65, we obtain: 

(ℎ   � + ℎ� � ��)  ℎ
� � ��  − � = . < .  

The end time is calculated using Equation 3.75 and it was found to be  799 days. 
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 Flow Regime 6b Analysis: If we assume that Flow Regime 6b is responsible for the linear 

flow trend in Figure 4.11, then using Equation 4.8, we obtain � =  . × −  md and ��� =. × − psi- . Equation 3.77 shows that the end time is 799 days. 

Finally, we run the consistency checks with Equation 3.65 

(ℎ   � + ℎ� � ��)  ℎ
� � ��  − � = > .  

 

Figure 4.13 shows the plots of all the three analyses using the calculated 

permeabilities and storativities. It also shows that the straight-line part along with the 

transition tail can be matched only if the -½-slope part is matched with Flow Regime 3. 

Table 4.8 summarize the results of matching Flow Regime 3. 

 

 

Figure 4.13  Matching the results of all the three analysis. It shows that Flow Regime 3 fits the 
data the best. 
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Table 4.8 Results of matching production data of Niobrara shale well 

Natural Fracture permeability, , md 1.97 
Natural Fracture porosity, ∅  0.6 
Natural Fracture compressibility, , psi-1 4.54E-4 
Matrix porosity, ∅� 0.02 
Matrix compressibility, �, psi-1 1.35E-5 
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CHAPTER 5  

CONCLUSIONS AND RECOMMENDATIONS 

In this study, asymptotic solutions of the trilinear flow model for a fractured 

horizontal well surrounded by a SRV in a tight, unconventional reservoir have been 

derived and the corresponding flow regimes have been documented. The central new 

results of this dissertation are the identification of a new linear flow regime, which was 

coined as the pseudotransient linear flow, and the comparison of this new flow regime 

to conventional transient linear flow. It has been conclusively documented that the 

consequences of mixing the pseudotransient linear flow with transient linear flow may 

lead to drastically erroneous estimates of system properties and significantly deceiving 

interpretation of the physical system. As seen in Section 4.2, a fracture permeability of 

500 md was interpreted as × −  md because fractures were expected to continue 

being in transient flow after the depletion of the tight inner matrix and that can occur 

only if the fracture permeability is tight. The procedure to analyze the pseudotransient 

linear flow data and the approach to verify the existence of pseudotransient linear flow 

regime have also been documented. The findings of this work and the recommended 

future work are discussed in the following sections. 

5.1  Conclusions 

The following conclusions are warranted by the work presented in this 

dissertation:  

1. Fractured horizontal wells surrounded by a SRV and producing from a 

tight, unconventional reservoir might display multiple linear flow 

behaviors. 
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2. Although the common interpretation of any linear flow behavior for 

fractured horizontal wells in unconventional reservoirs is transient flow in 

the natural fracture network, which is perpendicular to the hydraulic 

fracture planes, the new linear flow regime is a result of boundary 

dominated flow in natural fractures and transient flow from matrix to 

natural fractures. 

3. The pseudotransient linear flow behavior is expected to prevail in 

unconventional reservoirs where the natural fracture network has a small 

volume or have high permeability to start boundary dominated flow in 

natural fractures while the permeability of the matrix system is low 

enough to delay the start of the matrix to fracture fluid transfer and the 

volume of the matrix is large enough to have elongated transient flow 

periods.  

4. Because the pseudotransient linear flow requires boundary dominated 

flow in the fracture network, unlike the transient linear flow, it is possible 

to estimate the size of the SRV from the pseudotransient linear flow data. 

5. The diagnostic features of the linear flow regimes are the same, which 

might lead to mixing pseudotransient linear flow with transient linear flow. 

The consequences of mixing transient and pseudotransient linear flows 

are substantial. 

6. The analysis procedure presented in this work and the guidelines to 

verify the existence of pseudotransient linear flow significantly reduce the 

uncertainties in the analysis of production responses and improve the 

estimation of the size of the SRV. 

7. The complex network of natural fractures in most unconventional gas 

plays may not be appropriate to represent the transient dual-porosity 
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slab model, which is the basis of Flow Regime 6 identified in this work. 

However, the dual-porosity model used in this work and the results 

developed are applicable to tight oil plays, such as Eagle Ford, Bakken, 

and Niobrara, where producing layers of fractured carbonates are 

interbedded by the slabs of shale (source rock).  

8. Examples presented in this work should guide the analysts to perform 

more informed interpretations of the production data from fractured 

horizontal wells in unconventional reservoirs. 

5.2  Recommendations for Future Work 

The identification of a new flow regime and the respective analysis procedure 

presented in this work indicate the potential to improve the analysis of production data 

from unconventional reservoirs. Three immediate and important extensions of this 

work are the following:  

1. Reformulation of the results of this work for gas flow using 

pseudopressure approximation. 

2. Restatement of production decline analysis procedures for 

pseudotransient flow where natural fractures are under the influence of 

the boundary. 

3. Improving decline curve analysis by using the start and end times of the 

bounded-reservoir behavior of the production data.  
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APPENDIX A   … 

The derivation of the trilinear flow model asymptotic solutions is presented here. 

Flow Regime 1 

The derivation for this flow will start by approximating the early time flow. The pressure should 

be a function and sqrt(t) or half-slope on log-log plot to represent a linear flow. 

The derived trilinear equation is: 

̅̅ ̅̅ ̅ = � � √ �  tanh√ � 

Let’s take the limit as s∞ 

lim→∞ ̅̅ ̅̅ ̅ = lim→∞ � � √ �  tanh√ � = lim→∞ � � lim→∞√ � lim→∞ tanh√ � 

lim→∞ tanh√ � =   

lim→∞√ � = lim→∞√ �� + ��  lim→∞ � = lim→∞{√ �  tanh[√ �( − ⁄ )]} ≈ lim→∞√ � 

lim→∞√ � = lim→∞√ �� � +  lim→∞ � = lim→∞ {√��  tanh [√�� − ]} ≈ lim→∞√��  

So, we have 

lim→∞√ � = lim→∞√ √ �� + �� = lim→∞√ √ �� +
� + �� = lim→∞√    

      √ √��� +
� + ��  
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lim→∞√ � = lim→∞√    
     �� ( 

 + �� √( + � �� √  �� )√  � ) 
 ≈ lim→∞√��     because → ∞ 

lim→∞ ̅̅ ̅̅ ̅ = lim→∞ � � lim→∞√��  = lim→∞ � √��⁄  �   
if 

̅̅ ̅̅ ̅ = � √��⁄  �  = Γ ⁄⁄ � √��Γ ⁄  �  = Γ ⁄⁄ � √��√π �   =Γ ⁄⁄ √� √�� �   

= √� √�� �  ⁄  

And since 

̅̅̅̅ = ̅̅ ̅̅ ̅ = � √��⁄  �  =
�⁄ � √�� = Γ ⁄⁄ �Γ ⁄ � √�� = Γ ⁄⁄ �√�  √��  

= �√�  √�� √  

Flow Regime 2 

We start again with the full solution 

̅̅ ̅̅ ̅ = � � √ �  tanh√ � 



91 
 

lim→∞√ � = lim→∞√    
      
  
�� ( 

  + �� √ + � √  ��√  � ) 
  ≈ lim→∞√�� + ��√  � ≈ lim→∞√ √ �  

lim→∞ ̅̅ ̅̅ ̅ = lim→∞ �
 � lim→∞√ √ �   

 ̅̅ ̅̅ ̅ = � � √ √ �  = �⁄ √ �  = Γ ⁄⁄ �Γ ⁄ √ �   

= �√  �  ⁄Γ ⁄  

For flow rate 

̅̅̅̅ = �⁄ √ �  = √ �⁄ � = Γ ⁄⁄ √ �Γ( ⁄ )� 

= √ �Γ( ⁄ )� − ⁄  

Flow Regime 3 

This flow regime has a bounded term of the HF 
��  and linear flow component. This flow 

regime is represented by: 

= √� + ��  

And the derivation would be 
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lim→ ̅̅ ̅̅ ̅ = lim→ � � √ �  tanh√ � ≈ lim→ � � √ �  √ � −√ � = lim→ � � �  − �

= � � lim→ � lim→ − � = � lim→ + � � lim→ � = lim→ � + � � � 
= lim→ �  � � + �  �   

lim→ � = lim→ �� ( 
  + �� √ + � √  ��√  � ) 

  ≈ lim→ �� + ��√  � ≈ lim→ �� ��√  �
= lim→ √ �  

lim→ ̅̅ ̅̅ ̅ = lim→ �  � � + �  �  = lim→ �  � √ �  + �  �  = lim→ �  ⁄  + �  �   
̅̅ ̅̅ ̅ = �  ⁄  + �  �  = � Γ ⁄ Γ ⁄  ⁄  + �  �  = � Γ ⁄ √π ⁄  + �  �  = √π Γ ⁄ ⁄  + �  �   

= √π ⁄ + � �   
= √π  + � �   

̅̅ ̅̅ ̅ = (� ⁄  + �  �  ) 

And for rate, 
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̅̅̅̅ = ̅̅ ̅̅ ̅ = ( �  ⁄  + �  �  ) = ( �  ⁄  + �  �  ) =  � �  ⁄  �  +  ⁄  �  ⁄   �  
=  � � +  ⁄  �  ⁄  �  =   �� ⁄  � +  ⁄ =   �� ⁄ ⁄ +  �  
=   �� ⁄ ⁄ +  �   

Let =  �   
if ̅̅̅̅ =   �� ⁄ ⁄ +   then, =   �� √  

 

= � √  

 

By using √ ≈ −�√� √  

= √�  

Flow Regime 4 

The expected flow should have a bounded component coupled with a ¼ slope. And that would 

be 

̅̅ ̅̅ ̅ = ( ̃�̃) ⁄ �  Γ ⁄   Γ ⁄⁄ + �  �   



94 
 

= � ( ̃�̃) ⁄Γ ⁄ + � �   
̅̅̅̅ = ̅̅ ̅̅ ̅ = [ ̃�̃ ⁄ �   ⁄ + �  �  ] = [ ̃�̃ ⁄ �   ⁄ + �  �  ]

= [ ̃�̃ ⁄ �   ⁄  � � + �  �  ( ̃�̃) ⁄  ⁄( ̃�̃) ⁄ ⁄  ]
=

= [ ⁄  � � + �( ̃�̃) ⁄  ⁄∗  � ( ̃�̃) ⁄ ⁄  ] = ∗  � ( ̃�̃) ⁄ ⁄  [ ⁄  � � + �( ̃�̃) ⁄  ⁄ ]
= ∗  � ( ̃�̃) ⁄ ⁄  ∗ �( ̃�̃) ⁄ [ ⁄  � ��( ̃�̃) ⁄ + ⁄ ] = ∗  � ( ̃�̃) ⁄ ⁄  ∗ �( ̃�̃) ⁄ [ ⁄ + ⁄   �( ̃�̃) ⁄ ]
=  � ⁄  ∗ � [ ⁄ + ⁄  � �( ̃�̃) ⁄ ] 

Let’s call  

=  � �  = ⁄   �(  (�̃�̃) ⁄ )   

̅̅̅̅ =  ⁄  [ ⁄ + ⁄ ] 
Let’s do some simplification 
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̅̅̅̅ =  ⁄  [ ⁄ + ⁄ ] [ ⁄ − ⁄ ][ ⁄ − ⁄ ] =  ⁄ − ⁄  ⁄  [ ⁄ − ⁄ ]
= [  ⁄ − ⁄  ⁄ ] [ ⁄ − ⁄ ] [ ⁄ + ⁄ ][ ⁄ + ⁄ ]
= [  ⁄ − ⁄  ⁄ ] [ ⁄ + ⁄ ][ − ]
= [  + ⁄  ⁄ − [ ⁄  ⁄ + ⁄  ⁄ ]][ − ]
=  [ − ] + ⁄  ⁄[ − ] − { ⁄  ⁄[ − ] + ⁄  ⁄[ − ] }
= { − + ⁄  ⁄− − [ ⁄ ⁄− + ⁄ ⁄− ]}
= { − + ⁄  ⁄ − − [ ⁄⁄ − + ⁄⁄ − ]} 

ℒ− [ − ] =  

ℒ− [ ⁄− ⁄ ] = ⁄ ℒ− [ − ⁄ ] = ⁄ √ erf √  

ℒ− [ ⁄− ⁄ ] = ℒ− [ ⁄ Γ ⁄Γ ⁄ − ⁄ ] = ⁄Γ ⁄ ∫ − − ⁄  

ℒ− [ ⁄− ⁄ ] = ℒ− [ ⁄ Γ ⁄Γ ⁄ − ⁄ ] = ⁄Γ ⁄ ∫ − − ⁄  
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= { + ⁄ √ erf(√ )
− [ ⁄Γ ⁄ ∫ − − ⁄ + ⁄Γ ⁄ ∫ − − ⁄ ]}
= { + erf(√ ) − [ ⁄Γ ⁄ ∫ − − ⁄ + ⁄Γ ⁄ ∫ − − ⁄ ]}
= { − erfc √ − [ ⁄Γ ⁄ ∫ − − ⁄ + ⁄Γ ⁄ ∫ − − ⁄ ]} 

Let’s work out the negative term 

⁄Γ ⁄ ∫ − − ⁄ + ⁄Γ ⁄ ∫ − − ⁄
= ⁄Γ ⁄ [ � ⁄⁄ Γ − �Γ , ⁄ ] + ⁄Γ ⁄ Γ − �Γ ,⁄  

We found that 

�Γ ( , ) = − ⁄ exp − = ⁄ − ⁄ exp − = ⁄ erfc(√ ) 
�Γ ( , ) = − ⁄ exp − = − ⁄ − ⁄ exp − = − ⁄ erfc(√ ) 

Γ ( ) = ⁄ � Γ ⁄  

erfc(√ ) = √�  
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⁄Γ ⁄ [ � ⁄⁄ Γ − �Γ , ⁄ ] + ⁄Γ ⁄ Γ − �Γ ,⁄
= ⁄Γ ⁄ [Γ ⁄⁄ − − ⁄ erfc √⁄ ] + ⁄Γ ⁄ [Γ ⁄ − ⁄ erfc √⁄ ]
= [ − − ⁄ erfc √Γ ⁄ ] + [ − ⁄ erfc √Γ ⁄ ]
= − [ − ⁄ erfc √Γ ⁄ + ⁄ erfc √Γ ⁄ ] 

Let’s substitute  

= { − erfc √ − [ ⁄Γ ⁄ ∫ − − ⁄ + ⁄Γ ⁄ ∫ − − ⁄ ]}
= { − erfc √ − [ − [ − ⁄ erfc √Γ ⁄ + ⁄ erfc √Γ ⁄ ]]}
= { −erfc(√ ) + [ − ⁄ erfc √Γ ⁄ + ⁄ erfc √Γ ⁄ ]}
= erfc(√ ) { − + [ − ⁄Γ ⁄ + ⁄Γ ⁄ ]}
= √� { − + [ − ⁄Γ ⁄ + ⁄Γ ⁄ ]} 

Let’s do some simplification 
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= √� { − + [ − ⁄Γ ⁄ + ⁄Γ ⁄ ]} = √� ⁄ { − + [ − ⁄Γ ⁄ + ⁄Γ ⁄ ]}
= √� {− ⁄ + [Γ ⁄ ⁄ + Γ ⁄ ⁄ ]}
= √� {Γ ⁄ ⁄ − ⁄ + Γ ⁄ ⁄ }
= √� ⁄ {Γ ⁄ − ⁄ + Γ ⁄ ⁄ }
=  �√� ⁄ {Γ ⁄ − ⁄ + Γ ⁄ ⁄ } 

=  �√� ⁄ {Γ ⁄ − ⁄ + Γ ⁄ ⁄ } 
Simplifying this equation leads to 

=  �� Γ( ⁄ ) ��� ⁄  

Let’s work out the negative term 

⁄Γ ⁄ ∫ − − ⁄ + ⁄Γ ⁄ ∫ − − ⁄
= ⁄Γ ⁄ [ � ⁄⁄ Γ − �Γ , ⁄ ] + ⁄Γ ⁄ Γ − �Γ ,⁄  

We found that 

�Γ ( , ) = − ⁄ exp − = ⁄ − ⁄ exp − = ⁄ erfc(√ ) 
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�Γ ( , ) = − ⁄ exp − = − ⁄ − ⁄ exp − = − ⁄ erfc(√ ) 
Γ ( ) = ⁄ � Γ ⁄  

erfc(√ ) = √�  

⁄Γ ⁄ [ � ⁄⁄ Γ − �Γ , ⁄ ] + ⁄Γ ⁄ Γ − �Γ ,⁄
= ⁄Γ ⁄ [Γ ⁄⁄ − − ⁄ erfc √⁄ ] + ⁄Γ ⁄ [Γ ⁄ − ⁄ erfc √⁄ ]
= [ − − ⁄ erfc √Γ ⁄ ] + [ − ⁄ erfc √Γ ⁄ ]
= − [ − ⁄ erfc √Γ ⁄ + ⁄ erfc √Γ ⁄ ] 

Let’s substitute  

= { − erfc √ − [ ⁄Γ ⁄ ∫ − − ⁄ + ⁄Γ ⁄ ∫ − − ⁄ ]}
= { − erfc √ − [ − [ − ⁄ erfc √Γ ⁄ + ⁄ erfc √Γ ⁄ ]]}
= { −erfc(√ ) + [ − ⁄ erfc √Γ ⁄ + ⁄ erfc √Γ ⁄ ]}
= erfc(√ ) { − + [ − ⁄Γ ⁄ + ⁄Γ ⁄ ]}
= √� { − + [ − ⁄Γ ⁄ + ⁄Γ ⁄ ]} 
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Let’s do some simplification 

= √� { − + [ − ⁄Γ ⁄ + ⁄Γ ⁄ ]} = √� ⁄ { − + [ − ⁄Γ ⁄ + ⁄Γ ⁄ ]}
= √� {− ⁄ + [Γ ⁄ ⁄ + Γ ⁄ ⁄ ]}
= √� {Γ ⁄ ⁄ − ⁄ + Γ ⁄ ⁄ }
= √� ⁄ {Γ ⁄ − ⁄ + Γ ⁄ ⁄ }
=  �√� ⁄ {Γ ⁄ − ⁄ + Γ ⁄ ⁄ } 

=  �√� ⁄ {Γ ⁄ − ⁄ + Γ ⁄ ⁄ } 
Simplifying this equation leads to 

=  �� ( ⁄ ) ��� ⁄  

Flow Regime 5 

̅̅ ̅̅ ̅ = ( ′  �′ ) �√ � ⁄  

= ( ′  �′ ) �√ �
⁄Γ( ⁄ ) 
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̅̅̅̅ = ̅̅ ̅̅ ̅ = ⁄ ̃  �̃ �√ �
= √ � ( ′  �′ )� ⁄ = ′  �′ √ �� ⁄ ( ⁄ )( ⁄ )

= ′  �′ √ �� ( ⁄ ) ( ⁄ )⁄  

 

= ( ′ �′ ) √  �� ( ⁄ ) ⁄  

Flow Regime 6 

Transient Linear Flow 

The expected flow should have a bounded component coupled with a ¼ slope. And that would 

be 

̅̅ ̅̅ ̅ = √ �+ �′ Γ ⁄⁄ + �  �   
= √ �+ �′ + � �   
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̅̅̅̅ = ̅̅ ̅̅ ̅ = ⁄ √ �+ �′ Γ ⁄ = Γ ⁄⁄ Γ ⁄ Γ ⁄ √ �+�′
= Γ ⁄⁄ Γ ⁄ Γ ⁄ √ �+ �′ = Γ ⁄⁄ Γ ⁄ Γ ⁄ √ �+�′
= Γ ⁄⁄ π√ �+ �′ = Γ ⁄⁄ √ �+ �′ =

Γ ⁄⁄ √ +�′� = 

= √ +�′�  

 

Pseudotransient Linear Flow 

= √̃�̃ √�− ⁄ + � − ⁄ + ��  

= √̃�̃ √�− ⁄  
 

̅̅ ̅̅ ̅ = √ ̃�̃ √�− ⁄  

Γ( ⁄ )⁄  
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̅̅̅̅ = ̅̅ ̅̅ ̅ = √ ̃�̃ √�− ⁄  

Γ( ⁄ )⁄
= √̃�̃ − ⁄⁄ Γ( ⁄ ) √� = √ ̃�̃ − ⁄⁄ √� √�

= √ ̃�̃ − ⁄⁄ � = √ ̃�̃ − ⁄� ⁄ = √̃�̃ − ⁄� Γ( ⁄ ) Γ( ⁄ )⁄
= √̃�̃ − ⁄√�  Γ( ⁄ )⁄  

= √̃�̃ − ⁄√�   

 


