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ABSTRACT 

 

Reliability analysis has gained considerable popularity in practice and academe as a 

way of quantifying and managing geotechnical risk in the face of uncertain input parameters.  

The purpose of this study is to investigate the influence of soil spatial variability on the 

probability of failure of different geotechnical engineering problems, including block 

compression, bearing capacity of strip footings, passive and active earth pressure and slope 

stability problems. The primary methodology will be the Random Finite Element Method 

(RFEM) which combines finite element analysis with random field theory and Monte-Carlo 

simulation. The influence of the spatial correlation length of soil properties on design 

outcomes has been assessed in detail through parametric studies. Results from traditional 

Factor of Safety approaches have been compared with those from probabilistic analysis. In 

addition, the influence of the coefficient of variation of the input random variables and two 

different input random variable distribution functions on the probability of failure have been 

studied. The concept of a “worst case” spatial correlation length has been examined in detail, 

and was observed in all the geotechnical problems considered in this thesis. This “worst 

case” concept is of particular interest, because it could be used as a basis for design in the 

absence of good quality site-specific data. 
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1 CHAPTER 1 

INTRODUCTION 

 

Geotechnical engineers have relied heavily on judgment and experience to account 

informally for uncertainty in design, despite having arguably the highest degree of 

uncertainty of all disciplines of civil engineering. In contrast to other disciplines of 

engineering that use manufactured materials with reasonable controlled properties, the 

properties of soil and rock vary widely from site to site. Observational approaches and 

empirical methods that neglect a rigorous treatment of uncertainty have been used 

extensively for the design of geotechnical structures because our ability to measure and 

model soil variability is still evolving. Morgenstern (1995) stated that geotechnical 

uncertainties can be classified in three categories.  

 

 Parameter uncertainty: refers to uncertainty of input parameters to models of soil 

behavior or performance.  

 Model uncertainty: refers to inaccuracies associated with imperfect theories or 

mathematical formulations used to infer real soil behavior.  

 Human uncertainty: refers to errors, omissions or mistakes during the analysis, 

design, construction and service life phases. 

 

In engineering, there are very few quantities that can be exactly estimated. Hence, most 

engineering parameters can be considered as random variables. The mechanical parameters 

of soil such as undrained shear strength and internal friction angle are examples of random 

variables that may take on any value from a range of possible values. 

Geotechnical stability analysis has attracted a great deal of interest from investigators 

wishing to implement probabilistic methods; however, the evaluation of the stability of 

natural or constructed slopes has traditionally been based on deterministic approaches where 

the level of stability is quantified by a Factor of Safety, FS. In the deterministic approach, 

geotechnical engineers try to deal with uncertainties by choosing reasonably conservative 

parameters. Figure 1.1indicates a schematic picture of calculating the bearing capacity of a 

strip footing in a deterministic approach. In this example, the bearing capacity of the footing 

is calculated by inputting characteristic values of the soil cohesion c′ and internal friction 
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angle ϕ′ into the Terzaghi‟s equation. The output of this equation, qult is then divided by a 

Factor of Safety to decrease the effect of the uncertainties in the output. However, it is 

common to use the same value of the Factor of Safety for different applications without 

regard to the degree of uncertainty involved in its calculation. Through regulation or 

tradition, the same value of FS is often applied to conditions that involve widely varying 

degrees of uncertainty.  

 

 

Figure 1.1 - The traditional approach for calculating the bearing capacity of a strip footing. 

 

When analytical methods are used, deterministic approaches remain the standard of 

practice for design whereby input parameters are selected subjectively and with varying 

degrees of conservatism. An overall Factor of Safety criterion is used in design to offset all 

sources of uncertainty, but the criterion is typically not determined on the basis of site-

specific uncertainty or soil variability. 

Furthermore, deterministic approaches may only implicitly account for the severity of 

failure consequences in the subjective selection of input parameters. As a result, structures in 

different geological settings with differing degrees of variability, quality of information, and 

failure consequences that are designed to a consistent Factor of Safety criterion will have 

varying degrees of failure probability. In the probabilistic analysis, on the other hand, instead 

of having a constant value for input parameters, a distribution of each parameter is used in 

the model and consequently a distribution is calculated for the output. Figure 1.2 illustrates a 
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schematic picture of a strip footing with the probabilistic approach for finding the bearing 

capacity. Comparing Figure 1.2 with Figure 1.1, it can be noticed that for the same bearing 

capacity problem the probabilistic approach needs a mean μ and standard deviation σ as input 

to Terzaghi‟s equation in order to calculate a distribution of the bearing capacity. After 

finding the output distribution, the probability of failure is defined by the probability of the 

calculated output being less than a target value which is the maximum load that can be safely 

carried by the foundation. 

 

 

Figure 1.2 - The probabilistic approach for calculating the bearing capacity of a strip footing. 

 

The probabilistic methods have been partially used in design codes such as AASHTO 

and Eurocode 7. However, different values of load factors and load combinations are used in 

these approaches. In the European approach, the strength parameters are divided by partial 

factors to produce factored strength parameters. The factored strength parameters are then 

used directly in geotechnical models to calculate the factored resistance for design. The 

factored resistance must be greater than or equal to the factored load effects for design. In the 

AASHTO approach, the unfactored strength parameters are used directly in similar 

geotechnical models to calculate an unfactored or nominal geotechnical resistance. The 

nominal resistance is then multiplied by a resistance factor to calculate the factored resistance 

(Becker 1996). The approaches used in these methods, however are not completely adequate 
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probabilistic methods, and there is not any comparison between these methods outputs with 

traditional Factor of Safety approaches. Hence, a study which compares the traditional and 

probabilistic methods in geotechnical engineering is needed. 

1.1 Objective of the Research 

There are several tools for probabilistic analysis in geotechnical engineering, but few 

of them properly take account of soil spatial variability or not. Some research has shown that 

consideration of spatial variability can result in different failure mechanisms, that would not 

be captured by neglecting this parameter (e.g. Fenton and Griffiths 2003, Griffiths and 

Fenton 2004, Griffiths et al. 2008, Ahmed and Soubra 2012). Other studies have claimed that 

proper spatial correlation modeling in unnecessary because the highest probability of failure 

corresponds to that with an infinite spatial correlation length, i.e. that obtained using a single 

random variable analysis in which each simulation is uniform (e.g. Cho 2007, Javankhoshdel 

& Bathurst 2014). This study is focused on the influence of random soil spatial variability on 

the probabilistic behavior of different geotechnical stability problems including a block 

compression test, bearing capacity, earth pressure and slope stability.  The availability of 

field data relating to spatial correlation length is limited, so it was decided that parametric 

studies would be useful in this research. In particular, the existence of a “worst case” 

correlation length in some geotechnical applications, that could be used for design in the 

absence of good quality site-specific data, is an important finding of this research.  

In addition, this research compares the result of traditional Factor of Safety 

approaches (usually based on a mean value) with the result of probabilistic analyses with 

proper consideration of spatially variability. 

The thesis is divided into eight chapters, and an overview of each chapter is 

summarized below: 

CHAPTER 2, entitled “Literature review and methodology”, follows the introduction 

of the thesis and includes the different methodologies that are being used in probabilistic 

analyses. An overview of Random Finite Element Method (RFEM) is also presented in this 

chapter which is the main method that is used in this study. Previous work and research in the 

area of probabilistic geotechnical engineering has been reviewed in this chapter. 

CHAPTER 3, entitled “Jointly Distributed Random Variables Method”, review the 

JDRV methods background and its application in geotechnical engineering problems. The 
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probability of failure of a simple geotechnical engineering problem is also studied using this 

method and results are compared with that form Monte-Carlo simulation. 

CHAPTER 4, entitled “Block compression problem”, shows the result of a simple 

soil block compression problem when the soil is modeled with spatial variability. The 

compressive strength of the block by the RFEM is compared with deterministic values. The 

effect of two different random variable distribution functions on the probability of failure of 

the block is studied. The concept of a “worst case” spatial correlation length is introduced 

and is calculated for the block compression problem. 

CHAPTER 5, entitled “Bearing capacity of strip footings”, presents the result of 

several RFEM models of bearing capacity with consideration of the soil spatial variability. 

The probabilistic bearing capacity calculated with the RFEM is compared with that obtained 

from a traditional Factor of Safety method. The worst case spatial correlation length is again 

demonstrated for the bearing capacity problem. 

CHAPTER 6, entitled “Earth pressure”, contains the random finite element models of 

earth pressure for both active and passive problems. The result of traditional earth pressure 

calculation by Rankine‟s theory using deterministic inputs are validated by the RFEM 

results. The effect of soil spatial variability is studied and the worst case spatial correlation 

length observed for the both active and passive cases. 

CHAPTER 7, entitled “Slope stability analysis” includes the result of deterministic 

and probabilistic analyses of slope stability.  Initially the influence of inhomogeneity in the 

form of layered soils on the failure mechanism of an undrained slope and its Factor of Safety 

is studied deterministically. Later, the RFEM is used to study undrained and drained slopes 

and the effect of soil spatial variability, slope angle, coefficient of variation and input 

variables distribution functions. The worst case spatial correlation length is found once more 

for these slopes and discussed in detail.  

CHAPTER 8, entitled “Concluding remarks” is the final chapter of this thesis. The 

most important findings of this study and recommendations for the future research are 

presented. 
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2 CHAPTER 2 

LITERATURE REVIEW AND METHODOLOGY 

 

Probabilistic methods used by different researcher and engineers for analyzing 

geotechnical problems can be divided into four categories: analytical methods, approximate 

methods, finite element methods, and Monte Carlo simulations. An overview of previous 

work in literature of probabilistic geotechnical engineering has been provided in this chapter. 

Different probabilistic methods that have been applied on geotechnical problems have been 

reviewed including some of previous researches that have been completed using these 

methods.  

Some of the most popular of these approaches are the application of reliability 

principles to limit equilibrium analysis, the historic performance method and event trees 

method, the stochastic finite element analysis (SFEM), and the application of probabilistic 

input soil parameters into deterministic numerical analysis, which applies the random field 

theory to the finite element method (RFEM). 

2.1 First Order Second Moment Method (FOSM)  

Slope stability analysis has had the most attention by researches in probabilistic 

geotechnical engineering.  Some of these studies (e.g. Harr 1987, Christian et al. 1994, Paice 

and Griffiths 1997, Baecher and Christian 2003) led to approximate solutions of probabilistic 

slope stability analyses, such as the First Order Second Order Moment Methods (FOSM) and 

the point estimate method (PEM). Mean and variance of all input values are required in both 

methods. 

The First Order Second Moment Method (FOSM) is a relatively simple method of 

including the effects of variability of input variables on a resulting dependent variable. The 

FOSM method uses a Taylor series expansion of the function to be evaluated. This expansion 

is truncated after the linear term (hence first order). The modified expansion is then used, 

along with the first two moments of the random variables, to determine the values of the first 

two moments of the dependent variable (hence second moment). Due to truncation of the 

Taylor series after first order terms, the accuracy of the method deteriorates if second and 

higher derivatives of the function are significant (Fenton and Griffiths 2008).  
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In the FOSM method for the slope stability analysis, the factor of safety is expressed as 

a function of different random variables considered in the statistical analysis. In this method 

as well as other probability analysis, the uncertainties in the analysis are expressed in the 

form of a reliability index, which describes safety by the number of standard deviations 

separating the best estimate of computed factor of safety from its failure value of 1.0. This 

method was used for the stability analysis of the James Bay Dikes (e.g. Christian et al, 1994). 

2.2 Point Estimate Method (PEM)  

Point Estimate Method (PEM) proposed by Rosenblueth (1975) uses a series of point 

estimates of the response function at selected values (known as weighting points) of the input 

random variables to compute the moments of the response variable. This method applies 

appropriate weights to each of the point estimates of the response variable to compute 

moments. 

In the PEM, all possible combinations are taken into account for two point estimates for 

each independent variable. If the probability density functions are symmetric, the estimated 

points are separated one standard deviation below and above the average. 

The simplicity is the main advantage of these methods. On the other hand, the accuracy 

of these methods is not as much as other methods, especially when modeling nonlinear 

relations and large soil variability, due to the truncation of high order terms in the Taylor 

expansion (Beacher and Christian 2003).    

2.3 First Order Reliablity Method (FORM)  

While the FOSM and point estimate methods are powerful tools that usually give good 

results, they involve some approximations that may not be acceptable. Hasofer and Lind 

(1974) addressed these concerns by proposing a different definition of the reliability index 

that leads to a geometric interpretation. This method has been named after them and also 

known as First Order Reliability Method (FORM). In the FORM method for slope stabilities 

it has been assumed that the critical failure surface always occur at the base of the slide which 

is not always true, depending on soil properties.  

2.4 Even Trees and Historic Performance Methods 

The event tree method and historic performance methods based on Monte-Carlo 

simulations are other approaches that been used to estimate the probability of failure of 

different geotechnical engineering problems.  
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Event trees consist of a series of linked nodes and branches. Each node represents an 

uncertain event or condition while each branch represents one possible outcome of the event 

or one possible state that a condition may assume. The event tree is constructed from left to 

right, starting with an initiating event and proceeding through potential failure mode (Scott 

2011). 

Event tree has been used by some organizations with expert judgment to assess the 

probability of geotechnical projects (e.g. US Army Corps of Engineers and Bureau of 

Reclamation 2010). Fell et al. (2000) also used this method in slope stability analyses. 

A main advantage of the event tree method is its ability to capture engineering 

judgment and calculation if it is needed to assess the probability of failure of a complex 

engineering structure such as an earth dam. On the other hand, its subjectivity is the main 

disadvantage of this method since the probability and distribution assigned to each variable 

are subjected to the interpretation of the team member evaluating the geotechnical problem.  

The historic performance method uses the historic performance record of a case similar 

to the one that being analyzed to assess a historic failure frequency. This method assumes that 

the performance of the analyzed case will be similar to the similar previous problems.   

2.5 Stochastic Finite Element Method 

The Stochastic Finite Element Method (SFEM) has also been used in probabilistic 

geotechnical engineering to model the effect of soil spatial variability. In this method, which 

is based on FOSM approximation, the finite element discretization is being used to compute 

the mean and variance of the soil property analyzed together with the covariance between the 

property values at different nodes of the mesh (e.g. Elkateb et al. 2003). 

One of the main advantages of SFEM is the direct assessment of the mean and variance 

of the output variables without long computational time.  

Early studies based on this method were carried out by Beacher and Ingra (1981) and 

later by Auvinet et al. (1996). The SFEM has been used over the years in different 

engineering problems. Young (1993) and Shengxiang et al. (2000) used this method on 

probabilistic slope stability analysis.  

2.6 Monte – Carlo Simulations 

The Monte-Carlo method, as one of the most popular methods in probabilistic analysis, 

relies on repeated random sampling to address risk and uncertainty in quantitative analysis 
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and decision making. A range of possible outcomes is provided in this method and 

consequently the probabilities that they will occur for any choice of action can be estimated. 

Models of possible results are built in the Monte-Carlo method by substituting a range 

of values (a probability distribution) for any variable with inherent uncertainty. The result is 

then calculated several times, each time using a different set of random values from the 

probability functions. Depending on the extent of uncertainty and the ranges specified for the 

variables, a significant number of simulation runs could be needed in this method to produce 

distributions of possible outcome values. This significant number of iterations would require 

considerable running time which is the most important disadvantage of the Monte-Carlo 

method. 

In a Monte-Carlo simulation, random variables values are sampled randomly from the 

input probability distributions, and the resulting outcome from that sample is recorded. The 

probability distribution of the possible outcomes is provides; thus, it gives a much more 

comprehensive view of what may happen. 

Monte-Carlo simulations has been applied in several geotechnical engineering 

problems. As an example, this method was implemented as a probabilistic slope stability 

method using a spreadsheet computational approach in Microsoft Excel coupled with the 

software @Risk by El-Ramly et al (2002).  

2.7 Random Finite Element Method (RFEM)  

Starting in early 90‟s, a new method, which combines the random field theory and the 

finite element method, was introduced into the probabilistic geotechnical analysis called 

Random Finite Element Method (RFEM) (Griffiths and Fenton 1993, 1995, Fenton and 

Griffiths 1993, 1995, Paice et al. 1994, 1996, Griffiths, et al. 1994, Fenton et al. 1996, 

Griffiths et al. 1996, Popescu et al. 1996).  

The finite element method was used widely in different aspects of geotechnical 

engineering before introducing the RFEM. Some of these areas are: seepage analysis 

(Griffiths and Fenton 1997, 1998), bearing capacity and foundation stability (Fenton and 

Griffiths 2000, Griffiths and Fenton 2000, Nobahar and Popescu 2001, Popescu et al. 2003, 

2005, Fenton and Griffiths 2005, Fenton et al. 2007, 2008), settlement analysis (Paice et al. 

1996, Fenton and Griffiths 2002, Kuo et al. 2004, Griffiths and Fenton 2007), seismic loads 

analysis (Popescu 2002, Chakrabortty and Popescu 2006), liquefaction (Popescu 2005, 
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Popescu et al. 2006) and slope stability analysis (Fenton et al. 2003, Griffiths and Fenton 

2004, Griffiths et al 2007, Griffiths, et al. 2010. Huang et al. 2010, 2013).  

One of the advantages of using elasto-plastic finite elements is that the failure 

mechanism is allowed to seek out the weakest path through the soil. The ability of the finite 

element approach to model the shape and location of the failure mechanism offers many 

benefits to traditional methods in which the shape of the failure mechanism is fixed a priori. 

Slope stability analysis is a good example in which commonly used methods such as 

Bishop‟s method, require the failure mechanism to be circular. Duncan et al (2003) pointed 

out that the assumption of a circular failure surface in the layered slopes led to a quite 

significant overestimation of the factor of safety. Figure 2.1 shows an analysis of the James 

Bay Dike on a layered soil, in which the finite element solution clearly develops a non-

circular critical failure mechanism. A mechanism constrained to be circular would certainly 

predict a higher and less conservative factor of safety. 

 

 

Figure 2.1 - Finite element analysis of James Bay Dike demonstrating a non-circular failure 

mechanism (Griffiths 2013). 

 

Another example of the finite element ability to “seek out” failure is demonstrated in 

Figure 2.2 for a layered slope, where three failure mechanisms with essentially the same 

factor of safety, are developing simultaneously. 

The Random Finite Element Method, combines the elasto-plastic finite element method 

with the random field theory. This method uses the generation of random fields of soil or 

rock properties (e.g., permeability, shear strength, stiffness, and thermal properties) and 

controlled spatial statistics suitably (i.e., mean, standard deviation, cross correlation and 

spatial correlation). A random field generation with two spatial correlation lengths is shown 
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in Figure 2.3 (a). The spatial distribution of properties is then mapped onto refined finite 

element meshes taking proper account of local averaging over each element (Figure 2.3 (b)). 

 

 

Figure 2.2 - Development of multiple failure mechanisms with the same factor of safety. 

 

A finite element analysis is then performed relating to the particular application under 

investigation (e.g., permeability, compressibility, strength analysis). The Local Average 

Subdivision Method (LAS) proposed by Fenton and Vanmarcke (1990) is used for generating 

the random field in the RFEM method. The LAS method has been shown to be accurate and 

has advantages over the other approaches. This method produces a local average process 

which is easily mapped onto elements of the finite element mesh, and each element is 

assigned a property representing an average over the domain of the element. 

Later, Monte Carlo simulations are applied by repeating the finite element analysis 

numerous times. Each time, the underlying statistics of soil or rock properties remain the 

same, but the spatial locations across the finite element mesh differ.  

The spatially variable soil properties are correlated through the parameter spatial 

correlation length or scale of fluctuation (θ), which indicates the distance within which the 

values of a property show a relatively strong correlation, and the parameter correlation 

coefficient. This parameter will be explained in more details in the next section. 
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Figure 2.3 - Random field generation (a) and mapping of finite element mesh (b). 

 

The benefits of the RFEM for stability problems is also pronounced in highly variable 

soils, where the complexities prohibit meaningful stability analysis using traditional limit 

equilibrium methods. In Figure 2.4, numerous incomplete failure zones have developed prior 

to the development of a dominant non-circular failure mechanism that runs along the base of 

the mesh for a slope with spatially variable soil. The program developed based on the RFEM 

can  exploits the power of the finite element method for modeling soils with variable 

properties with random field theory, which provides a systematic way of modeling variable 

materials with statistically defined properties given by a mean (µ), a standard deviation (σ) 

and a spatial correlation length (θ). Any appropriate soil property can be characterized this 
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way. The spatial correlation length has units of length and can model anisotropic correlation 

structures by giving different correlation lengths to the horizontal and vertical directions.  

Figure 2.5 shows a bearing capacity analysis using the RFEM with different spatial 

correlation length. One of the Monte-Carlo simulations may have a zone of weak material 

directly beneath the footing leading to a low bearing capacity, whereas in another, stronger 

soil beneath the footing leads to a higher bearing capacity. 

 

Figure 2.4 - Development of failure mechanisms in a highly variable soil modeled using the 

random finite element method (RFEM) (lighter zones are weaker). 

 

 

Figure 2.5 - Bearing capacity analysis with different special correlation length using RFEM 

(Griffiths and Fenton, 2001). 
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Although the strength of a soil may be defined in terms of a mean, standard deviation 

and correlation length, from a probabilistic point of view, the locations of the weak and 

strong zones referred to above are unknown. If the weak zones happen to occur near the toe 

or under the middle of the slope, the failure will be relatively higher chance to happen, 

whereas if strong zones occur at those locations, the probability of failure would be relatively 

low. The spatial distribution of the properties can have a significant effect on stability of two 

analyses that have the same underlying input statistics, but different spatial variability. For 

this reason, the RFEM involves Monte-Carlo simulations in which the stability analysis is 

repeated until the probabilities relating to output quantities of interest become statistically 

accurate. In the case of a slope stability analysis we would typically be interested in the 

probability of failure, which would be estimated by dividing the number of realizations in 

which the slope failed by the total number of realizations. 

2.7.1 Spatial Correlation Length 

Generally, the mean and standard deviation of a variable are well understood by 

engineers. However, the spatial correlation length θ of a random property is less well 

understood. This property, called the “scale of fluctuation” or “spatial correlation length”, has 

units of length, and represents the distance over which the soil or rock property in question is 

reasonably well-correlated to its neighbors. In this research, a “Markovian” correlation 

function is being used where the spatial correlation is assumed to decay exponentially with 

distance (Vanmarcke 1984). 

 

     | |                                                                                                                 2-1 

 

In Equation 2-1which is for an isotropic material, τ is the absolute distance between any 

two points in the random field.  

The influence of spatial correlation length on a wide range of geotechnical systems has 

been assessed through parametric studies. It has also shown that the spatial correlation length 

has a significant influence on probabilistic analyses. Some areas of geotechnical engineering 

that soil was modeled with spatial variability are slope stability analyses (e.g. Griffiths and 

Fenton 2000, 2004, Griffiths et al. 2009, Huang et al. 2010, Hicks and Spencer 2010, Kasama 

and Whittle 2011) , landslides (e.g. Santoso et. al. 2011), seepage (e.g. Fenton and Griffiths 

1993, Griffiths and Fenton 1993, 1995, 1997, 1998, Srivastava et. al. 2010, Cho 2012) 

bearing capacity and foundation settlement (e.g. Griffiths and Fenton 2000, 2007, Fenton and 
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Griffiths 2002, Fenton and Griffiths 2005, Al-Bittar and Soubra 2012, Ahmed and Soubra  

2012, 2013). The influence of spatial correlation continues to be an active area of 

investigation. Furthermore, the correlation length has been shown to affect the nature and 

extent of the failure mechanism (Griffiths et al. 2006, 2007) which is an important aspect of 

this research. 

The availability of field data relating to the spatial correlation length is limited. 

Moreover, the data that has been examined are more likely to represent the correlations in the 

vertical direction than horizontal due to the nature of borehole logging. There are a few 

researches that have been done to calculate the soil spatial variability (e.g. Van Helden 2013). 

This suggests that parametric studies will be useful in this research. In particular, there is 

strong evidence of a “worst case” correlation length (Griffiths et al. 2006, 2008) in some 

geotechnical applications, that could be used for design in the absence of good site specific 

data.  
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3 CHAPTER 3 

JOINTLY DISTRIBUTED RANDOM VARIABLES METHOD (JDRVM) 

 

In most probabilistic problems of geotechnical engineering, we are often interested in 

probability statements of output concerning two or more random variables. In order to do 

this, joint distribution functions of these random variables can be defined. The Jointly 

distributed random variables method (JDRVM) is a relatively new method that is being 

suggested for use in geotechnical engineering. Because of its novelty, a separate chapter is 

dedicated to the background theory of the method including some examples. 

The jointed distributed random variables method (JDRVM) is a semi-analytical 

probabilistic method in which density functions of input variables are expressed 

mathematically and jointed together by statistical relations (Hoel et. al 1971). This method 

was first applied in a geotechnical problem by Johari and Javadi (2012) where the probability 

density function of the Factor of Safety of an infinite slope was calculated using this method. 

Later, this method was implemented in other geotechnical applications such as liquefaction 

potential (e.g. Johari et al. 2012, Johari and Khodaparast 2014) and rock slope stability 

analysis (e.g. Johari et al. 2013). 

The JDRV method can be considered as a semi-analytical method which predicts 

reasonable results comparing to previous approved methodologies. The main advantage of 

this method is that it can be used for stochastic parameters with any distribution curve such as 

normal, exponential, uniform, and gamma.  

The JDRVM is particularly suited to problems where an analytical expression for the 

response of the system is explicitly available. 

3.1 Mathematical Background 

Suppose X and Y are random variables having joint probability density function f. In 

many contexts a random variable Z defined in terms of X and Y and the density of Z needs to 

be calculated. Let Z be given by Z = G(X, Y), where G is a real-valued function whose 

domain contains the range of X and Y. For fixed z the event {Z ≤ z} is equivalent to the event 

{(X, Y) ⋲ Az}, where Az is the subset of R
2
 defined by Az = {(x, y)| G(x, y) ≤ z}. 

Then Fz(Z), the density of Z, can be calculated as below (Hoel et. al 1971): 
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In engineering, the probability density function of sum or quotient of two random 

variables need to be calculated. The following section presents the simplified solution of 

Equation 3-1 for the sum and quotient of two random variables. 

3.1.1 Distribution of Sums  

The distribution of X + Y from the distributions of X and Y can be computed by 

following approach (Hoel et al. 1975): 

Set Z = X + Y. Then Az = {(x, y)| x+y ≤ z}. Thus: 
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by making the change of variable y = ν – x in the inner integral we have: 
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thus the density of Z= X + Y is given by: 
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In the main applications of Equation 3-2, X and Y are independent random variables 

with the probability densities f(x) and f(y) respectively. Then the distribution of Z= X + Y can 

be rewritten as: 
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If x and y are nonnegative independent random variables, then fX+Y(z) = 0 for z ≤ 0 and 
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Following are some simplified rules which could be useful to avoid solving the 

Equations 3-3 and 3-4 (Hoel et al. 1975): 

 Suppose that X and Y are independent random variables, X is a normal random 

variable with parameters (μ1, σ
2

1) and Y is a normal random variable with parameters 

(μ2, σ
2
2). Then Z=X + Y is a normal random variable with parameters (μ1 + μ2, σ

2
1+ 

σ
2

2). 

 Suppose that X and Y are independent random variables, X is a Poisson random 

variable with parameter λ1 and Y is a Poisson random variable with parameter λ2. Then 

Z= X + Y is a Poisson random variable with parameter λ1 + λ2. 

 Suppose that X and Y are independent random variables such that X has the gamma 

density Γ(α1, λ) and Y has the gamma density Γ(α2, λ). Then Z=X + Y has the gamma 

density Γ(α1+α2, λ). 

3.1.2 Distribution of Quotients  

Similar to the sum of random variables, lets assume X and Y denote random variables 

having joint density f. A formula for the density of the random variable Z = Y/ X can be 

driven as below (Hoel et al. 1975): 
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by changing of variable y=xν in the inner integral we have: 
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by interchanging the order of integration: 
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therefore, the Y/X has the density fY/X given by: 
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In the special case when X and Y are independent positive random variables, the 

Equation 3-5 reduces to fy/x(z) = 0 for z ≤ 0 and therefore: 
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For some special cases instead of solving the Equations 3-5 and 3-6, simplified rules 

can be used: 

 If X and Y are independent random variables having the respective gamma densities 

Γ(α1, λ) and Γ(α2, λ), Z = Y/X has the density given by fy/x(z) = 0 for z ≤ 0 and (Hoel et 

al. 1975): 

 

    ( )  
 (     ) 

 (  ) (  )
 

     

(   )     
                                                                   3-7 

 

 Suppose that X and Y are independent random variables, X is a normal random 

variable with parameters (μx, σ
2

x) and Y is a normal random variable with parameters 

(μy, σ
2

y). Then Z = Y/X has the density given by (Hinkley 1969): 
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However, these days by improving the numerical solutions speed, solving this integral 

is easier with numerical integration. 

3.2 JDRVM Application in Geotechnical Engineering Problems 

Since 2012, this method has been applied on geotechnical engineering problems. A 

probabilistic analysis of computing the shear strength of soils and Factor of Safety of an 

undrained slope using the Taylor charts is performed in this section using the JDRVM, and 

the output distributions are compared with Monte-Carlo results. 

3.2.1 Shear Strength Example 

The shear strength of a given soil can be calculated using the Coulomb equation: 
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where s is the shear strength, σ′ is the effective normal stress and c and ϕ are the cohesion and 

internal friction angle of the soil respectively.  

The c and tan ϕ were decided to be the independent random variables with a truncated 

normal distribution function, with the mean and standard deviation of μc, σc and μtanϕ, σtanϕ for 

the cohesion and tangent of friction angle of the soil respectively. The normal stress was kept 

constant.  

The distribution functions of the stochastic parameters are as follows: 
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where: 
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For using the JDRVM, it is needed to write Equation 3-9 based on the jointed random 

variables which are c and tan ϕ. Therefore, the k parameters are defined as below to relate the 
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random variables together. The adding characteristics of jointly distributed random variables 

were used to reproduce the Equation 3-9 based on jointed random variables. 

 

 {

                        
               
          

                                                                                                   3-12 

 

where A = σ′, the normal stress. 

The density functions of k variables are given by the following: 
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As k1 and k2 are independent random variables, Equation 3-3 can be used for 

computing the density function of    ( )        
(  ) : 
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where 
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A program was developed in MATLAB to compute the density function of k1, k2 and 

finally k3 for an example soil. Mean of the random variables, c and tan ϕ, was μc = 50kPa and 

μtanϕ = 0.577 with standard deviation equal to σc = 15kPa and σtanϕ = 0.173 respectively. The 

normal stress σ′ was kept constant and equal to 200kPa.  

The distribution of the shear strength s computed with the JDVRM is compared with 

the Monte-Carlo results with 10000 simulations. Figure 3.1 shows the probability distribution 

functions of the shear strength problem for the example soil with both JDRVM and Monte-

Carlo (MC) solutions.  
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Figure 3.1 - Probability distributions function of the shear strength problem calculated with 

the JDRVM and Monte-Carlo methods. 

 

3.2.2 Undrained Slope Example 

The Factor of Safety of an undrained slope can be calculated by: 
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when cu and γsat are the undrained shear strength and saturated unit weight of the soil 

respectively, H is the slope height, and Ns represents the stability number which is a factor of 

slope angle and depth ratio. 

For the example considered in this section, the shear strength and unit weight of the 

soil were decided to be the random variables while the slope height and stability number were 

treated as deterministic parameters.  

Similar to the previous example the k functions can be produced as following: 
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where A is equal to H×Ns. 
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The density functions of k1 and k2, therefore, can be calculated using equations 3-13 

and 3-14 with the new A value. 

As k1 and k2 are independent random variables, Equation 3-5 can be used for 

computing the density function of quotients of two random variables    (  )        
(  ): 
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A program was developed in MATLAB to compute the density function of k1, k2 and 

finally k3 for an example slope. The mean of the random variables, cu and γsat, was μcu = 

10kPa and μγsat = 20kN/m
3
 with standard deviation equal to σcu = 2kPa and σγsat = 2kN/m

3
 

respectively. The slope height H and stability number Ns were kept constant and equal to 1m 

and 0.172. The distribution of the shear strength FS computed with the JDVRM is compared 

with the Monte-Carlo results with 10000 simulations in Figure 3.2. 

 

Figure 3.2 - Probability distributions function of the Factor of Safety of the undrained slope 

calculated with the JDRVM and Monte-Carlo methods. 
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As it can be seen in both Figure 3.1 and Figure 3.2, JDRVM produces an almost 

identical solution as the Monte-Carlo method. The JDRVM is a semi-analytical method that 

can be applied to the problems when there is more than one random variable involved. This 

method is useful when the relationship between the input variables and output is known by 

the user. Although the numerical solution of the integrals in the JDRVM may be time 

consuming, this method might result in faster solutions than the simple Monte-Carlo method 

where there are numerous random variables present in the model. 
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4 CHAPTER 4 

BLOCK COMPRESSIOM PROBLEM 

 

As a simple geotechnical probabilistic problem, a block compression model has been 

analyzed using the Random Finite Element Method (RFEM), which enables soil property 

variability and spatial correlation to be accounted for.  

The block compression problem is a 2D plain strain model of a soil mass where a 

vertical displacement was applied on the top of the model. The block is constrained in 

horizontal and vertical directions on the left and bottom boundaries respectively. The width 

and height of the block are the same and equal to 1m. Figure 4.1 shows a schematic picture of 

the block under pressure with the boundary conditions.  

 

 
Figure 4.1 - Loading and boundary conditions for the block compression problem. 

 

The generation and mapping of random field variables including c′ and tan ϕ′ 

properties onto a finite element mesh are performed in this methodology as it was discussed 

earlier in chapter 2. As characteristics of the RFEM, full account is taken of local averaging 

and variance reduction over each element, and the exponentially decaying spatial correlation 

function is incorporated. An elastic-plastic finite element analysis using the Mohr-Coulomb 

failure criterion is then performed. For each Monte-Carlo simulation, the top nodes of the 

block were incrementally displaced vertically, and the sum of the nodal reactions was back 
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calculated from the converged stress state. When the sum of the nodal reactions leveled out to 

within a given tolerance, failure was considered to occur. The sum of the nodal reactions 

divided by the block width, B, was the compressive strength, qu, of that particular simulation.  

Using the Monte-Carlo simulations this procedure is repeated numerous times. 

Although each simulation of the Monte-Carlo process involves the same mean, standard 

deviation and spatial correlation length of the soil properties, the spatial distribution of 

properties varies from one realization to the next which leads to a different value for qu for 

each simulation.  Following a sufficient number of realizations, the statistics including mean 

and standard deviation of the output quantity qu can be computed.  

Normal and lognormal distributions of c′ and tan ϕ′ are used separately in this study 

and mapped onto a square mesh of 8-node, plane strain elements. The soil properties c′ and 

tan ϕ′ were assumed to be uncorrelated to each other. Both distributions were defined by a 

mean µ and a standard deviation σ. The probability density function of c′ is given by the 

following equation for the normal distribution. The same equation was used for tan ϕ′. 
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In the lognormal distribution, ln c′ and ln tan ϕ′ are normally distributed. For c′, if μc′ 

and σc′ are the mean and standard deviation, then the standard deviation and mean of the 

underlying normal distribution of ln c′ can be calculated by: 
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and the probability density function of the lognormal distribution is given by: 
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By rearranging the above equations, the properties of the lognormal distribution, 

therefore, can be calculated by: 
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The mean and standard deviation can conveniently be combined in terms of the 

dimensionless coefficient of variation V defined as: 
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For the block compression problem, the spatial correlation length is defined with 

respect to the underlying normal distribution as θ, where both c′ and tan ϕ′ were assigned the 

same isotropic correlation length.  

By dividing the spatial correlation length (which has unit of length) by the height of 

the block B, non-dimensionalized spatial correlation length can be achieved as ϴ = θ/B. 

In order to maintain reasonable accuracy and run-time efficiency, the sensitivity of the 

results to number of Monte-Carlo simulation and mesh density was examined. Two thousand 

Monte-Carlo simulations were considered to be accurate enough while keeping the run-time 

as low as possible.  

The block was modeled with two different mesh sizes to decide on the optimum 

meshing generation for the model. Figure  4.2 illustrates two different meshings that were 

applied to the block problem. Figure  4.2(a) has 400 8-nodes square elements while 1600 

elements were generated in the model with the finer meshing shown in Figure  4.2(b). 

A series of analyses then were performed in which the mean of c′ and tan ϕ′ were kept 

constant and equal to μc′ = 100kPa and μtan ϕ′ = tan 30° = 0.577. The coefficient of variation, V 

was 0.3 for both random variables while the spatial correlation length ϴ was varied. 
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Figure  4.2 - Mesh used for the finite element block compression analysis. 

 

The mean compressive strength μqu, was calculated by averaging the compressive 

strength values for all 2000 Monte-Carlo simulations and normalized with respect to the 

deterministic value qdet (μc′ and μtan ϕ′) = 346.5kPa  based on the mean values of input 

parameters. The equation suggested by Griffiths et al. (2002) was used for calculating qdet. 
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Figure  4.3 shows the effect of mesh density on the normalized mean of qu (μqu/qdet)) 

versus spatial correlation length for the block with V = 0.3 while other variables were held 

constant. A lognormal distribution was used as the input random variables distributions. 

Since there is a small change from the 20×20 to 40×40 meshing, the coarser mesh is deemed 

to give reasonable precision for the analysis. The finer mesh facilitates the failure to happen 

more than the coarse mesh, therefore, less compressive strength is calculated for these 

models.   

Figure  4.4 shows two typical failure mechanisms with the soil cohesion distribution in 

the form of a grey scale in which weaker regions are lighter and stronger regions are darker. 

Figure  4.4(a) has a relatively low spatial correlation length while Figure  4.4(b) present a 

model with higher spatial correlation length. It should be emphasized that the mean and 

standard deviation of the input random variables portrayed in Figure  4.4 are the same in both 

cases.  
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Figure  4.3 - Variation of μqu with ϴ with different mesh density, V = 0.3. 

 

 

 

Figure 4.4 - Typical random field realization and failure mechanisms for the block 

compression problem, μc′ = 100kPa and μtan ϕ′ = 0.577 (a) ϴ = 0.1, (b) ϴ = 5 

(The deformed meshes at the bottom of the models are because of graphical scaling). 

    

4.1 Parametric Study 

The same block with μc′ = 100kPa and μtan ϕ′ = 0.577 was analyzed with different 

coefficients of variation and spatial correlation lengths to study the effect of these parameters 

on output compressive strength of the block. Figure  4.5 illustrates the results of these 

analyses when the input random variables have a lognormal distribution.  
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Figure 4.5 - Variation of normalized μqu with ϴ and V with a lognormal distribution for the 

input random variables, μc′ = 100kPa and μtan ϕ′ = 0.577. 

 

An observation from Figure  4.5 is that although by increasing ϴ mean compressive 

strength of the block converges to the deterministic value based on the mean of input 

variables for all cases with different coefficients of variation, there is a considerable 

difference between these values in lower and intermediate spatial correlation lengths.  

When ϴ approaches to 0, the average of the random field tends to a constant equal to 

the median (Griffiths and Fenton 2004). Therefore, the compressive strength can be estimated 

by using the median value of the input random variables as its input parameters when ϴ = 

0.01. Following shows a sample calculation for the case when V = 0.3. Similar procedure can 

be applied for calculating the compressive strength of the block using the median values of c′ 

and tan ϕ′ when V = 0.2 and 0.5 when ϴ = 0.01. 
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The μqu seems to have a minimum value for all cases when ϴ is between 0.1 and 1. 

This is a very important finding and different from the traditional probabilistic methods in 

which spatial correlation length does not take into account and leads to a constant μqu. This 

shows that there is a critical spatial correlation length which leads to a minimum compression 

strength of the block. This is similar to what Griffiths et al. (2002) found for a pillar stability 

problem. 

The same block problem was analyzed using normal distributions for c′ and tan ϕ′. 

Figure  4.6 shows the normalized μqu versus non-dimensionalized spatial correlation length for 

the block problem for this case. The mean of the input random variables were kept constant 

for these analyses and equal to μc′ = 100kPa and μtan ϕ′ = 0.577. 

 

 

Figure 4.6 - Variation of normalized μqu with ϴ and V with normal distribution for the input 

random variables, μc′ = 100kPa and μtan ϕ′ = 0.577. 
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As it can be seen in Figure  4.6, the general graph shapes are like the lognormal case. 

However, for the block with V = 0.5 the minimum value of the μqu is as low as 40% of the 

deterministic qu calculated with the mean values of random parameters. For a better 

comparison, the normalized μqu versus ϴ curves for both normal and lognormal distributions 

has been plotted in the same graph with V = 0.2, 0.3 and 0.5 separately in Figure  4.7. 

 

 
  

Figure 4.7 - Variation of normalized μqu with ϴ for V = 0.2, 0.3, and 0.5 with normal and 

lognormal distributions for the input random variables, μc′ = 100kPa and μtan ϕ′ = 0.577. 

 

An observation from Figure  4.7 is that when V = 0.2, normal and lognormal 

distributions result in the same values for μqu. However, by increasing the V to 0.5 there is a 

considerable difference in μqu values for these two cases. This difference reaches to its 

maximum value when ϴ has small or intermediate values; however, by increasing the ϴ the 

μqu converge to identical values.  

A reason for this difference could be that by increasing the coefficient of variation, 

the standard deviation increases, therefore, some values for the input variables with normal 

distribution became negative.  

For example, for V = 0.3, 0.04% of each input values are negative, but when V 

changes to 0.5, this number increases to 2.27%. However, these values are small and cannot 

be the main reason for different outputs of normal and lognormal distributions. Figure  4.8 

indicates the distribution of the c′ when V is equal to 0.2, 0.3 and 0.5. As it has been shown it 

this figure, by increasing the coefficient of variation, the normal and lognormal input 

functions result in more different distributions. This explains the different values of μqu for 

the normal and lognormal cases, especially when V = 0.5. 
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Figure 4.8 - Normal and lognormal distributions of c′ with different coefficients of variation, 

μc′ = 100kPa. 
 

4.2 Probability of Failure (pf) 

By dividing the qu values by Factor of Safety (FS) a probability of failure pf can be 

defined as the probability that the true compressive strength (calculated with RFEM) is less 

than factored strength calculated with mean values of c′ and tan ϕ′. That is, if the compressive 

strength qu of the soil mass calculated with the RFEM with modeling the soil spatial 

variability for the block problem is considered to be the real strength of the block, the pf will 

be the probability of which the factored deterministic value of qMean calculated with the mean 

of c′ and tan ϕ′ is less than this qu. 
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Figure  4.9 shows the pf versus ϴ for the block when V = 0.2 for different factors of 

safety when the input random variables have lognormal distribution density functions. By 

increasing the FS values pf decreases, but there is still 5% probability of failure with the 

factor of safety of 1.5.  An important observation from this graph is that there is a critical 

spatial correlation length in which the block has the maximum probability of failure. This 

critical ϴ, called the “worst case” spatial correlation length ϴw, is 0.5 when FS is equal to 1.2. 
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ϴw increases by increasing the Factor of Safety values and becomes infinity when FS = 1.5. 

This is an important finding which indicates that the infinite spatial correlation length does 

not give the maximum pf for the all cases.  

 

 

Figure 4.9 - Variation of the pf with FS and ϴ, V = 0.2 with lognormal distribution, μc′ = 

100kPa and μtan ϕ′ = 0.577. 

 

When ϴ is small c′ and tan ϕ′ is highly variable in each Monte-Carlo simulation, 

hence, each simulation is essentially the same. For this case, because of using a lognormal 

distribution function for input random variables, when ϴ         0, the average of the soil shear 

parameters in each simulation tends to their median values (Griffiths and Fenton 2004). The 

median of c′ and tan ϕ′ calculated by Equations 4-2 to 4-7 when V =0.2 are 98.06 and 0.566 

respectively. Thus, the compressive strength of the block based on the median of input 

random variables can be calculated by Equation 4-9: 
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This value is less than the qMean = 346.5 kPa, however, by applying a Factor of Safety 

of 1.2 the factored qMean becomes 288.75 kPa. Hence, a probability of failure of zero is 

calculated for all the cases with a Factor of Safety of 1.2 and bigger for the block 

compression problem.  
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For the large spatial correlation lengths, on the other hand, soil variability is very 

small for each Monte-Carlo simulation, therefore, the soil is uniform in each simulation, and 

the probability of failure converges to a constant number for each case with different Factors 

of Safety. For large spatial correlation lengths, which is 100 in this block compression 

problem, the effect of spatial correlation length is negligible because the soil turns into a 

uniform mass. Thus, the value of the pf that each set of simulations converges to can be 

estimated by analyzing a uniform block with no spatial variability for the soil parameters. A 

more simpler expression would be solving Equation 4-9 with random inputs for c′ and tan ϕ′, 

and comparing the values of qu with the factored qMean. The probability of which any 

combination of c′ and tan ϕ′ gives a qu less than qMean/FS, would be the probability of failure 

when ϴ         ∞ for the block problem with the corresponding Factor of Safety. A program in 

MATLAB was developed to find the values of the ultimate probability of failure for the block 

compression problem when the spatial correlation length approaches to infinity and the 

coefficient of variation is equal to 0.2 for different Factors of Safety. The result is presented 

in Table 4-1. These predicted values are very close to the ones observed in Figure 4.9 when ϴ 

= 100. 

 

Table 4-1- Ultimate pf values for the block compression problem when ϴ is infinity, V= 0.2, 

μc′ = 100kPa and μtan ϕ′ = 0.577. 

Factor of Safety Probability of failure 

1.2 0.236 

1.3 0.137 

1.4 0.079 

1.5 0.039 

 

In finite element analyses the failure is free to seek out the easiest path through the 

soil. Figure 4.10 shows two typical failure mechanism for the block compression problem 

when V = 0.2 and the spatial correlation length of c′ and tan ϕ′ is equal to 1 which is the worst 

case spatial correlation length. The reason that the maximum probability of failure happens at 

the intermediate spatial correlation lengths is that there is some weak regions in each Monte- 

Carlo simulation which facilitates more failure options. The two examples in Figure 4.10 

shows the failure going through the weak regions, which is represented by lighter colors, and 

create failure shapes that would not happen in a uniform block compression problem.  
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Figure 4.10 - Two typical failure mechanism for the block compression problem when V = 

0.2 and ϴ = ϴw = 1. 

 

The pf versus ϴ for different values of V has been plotted in Figure  4.11 when FS = 

1.3. This figure shows that the probability of failure also increases by increasing the 

coefficient of variation. This graph has teo branches: one when V < 0.5 and probability of 

failure starts at 0 and immediately increases by increasing the ϴ from 0.01 to 0.1, and another 

one for V = 0.5 when pf is equal to 1 for ϴ = 0.01 and decreases by increasing the ϴ. This is 

similar to what Griffiths and Fenton (2004) reported for a study on slope stability analyses.  

 

 

Figure 4.11 - Variation of pf with ϴ and V, FS = 1.3 with lognormal distribution, μc′ = 100kPa 

and μtan ϕ′ = 0.577. 
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As it was explained earlier, the compressive strength of the block can be estimated by 

calculating the qu with the median of c′ and tan ϕ′ when spatial correlation length is very 

small. The median of c′ and tan ϕ′ are equal to 53.53 kPa and 0.309 respectively when V = 

0.5. Hence, the compressive strength of the block can be calculated as: 

  

                     ,      (        )   -              

 

The value of qMeadian, V=0.5, therefore, is smaller than the factored qMean 346.5/1.3 = 

266.54 kPa. This is the reason that the model with V = 0.5 has a probability of failure of 1 

when ϴ = 0.01. For the smaller coefficients of variation, however, the value of qu based on 

the median of c′ and tan ϕ′ is bigger than 266.54 kPa. Hence, a probability of failure of 0 was 

calculated. 

For the FS = 1.3, ϴw is between 0.5 and 2 for V = 0.2, 0.3 and 0.4 as it can be seen in 

Figure  4.11. Coefficient of variation also seems to have an influence on the worst case spatial 

correlation length. For this block compression problem, for V = 0.5, ϴw is equal to 0.01 and 

by decreasing V, ϴw increases to 0.5, 1 and 2 for the block with V = 0.4, 0.3 and 0.2 

respectively when FS=1.3. 

The probability of failure is also calculated for the block with normal distribution 

density functions for the input random variables. The pf is calculated the same way that it was 

for the lognormal case. The pf versus ϴ curves for different coefficients of variation has been 

plotted in Figure  4.12 when FS = 1.3.  

 

 

Figure 4.12 - Variation of pf with ϴ and V, FS = 1.3 with normal distribution, μc′ = 100kPa 

and μtan ϕ′ = 0.577. 
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The pf versus ϴ graphs for the block compression problem when V = 0.2 with normal 

and lognormal distribution functions has been compared in Figure  4.13. Figure  4.13 shows 

that the normal and lognormal distributions result in similar trend for probability of failure for 

the block problem when V = 0.2.  

 

 

Figure 4.13 - Variation of pf with FS and ϴ, V = 0.2 with normal and lognormal distributions. 

 

Comparing Figure  4.12 with Figure  4.11 shows that lognormal and normal 

distributions for the input random variables lead to similar outputs for the pf of the block 

compression problem studied in this research when the coefficient of variation is less than 

0.5. For the case with V = 0.5, however, there is a different trend for the normal and 

lognormal distributions. For the block with lognormal distribution, the maximum pf occurs 

when ϴ is equal to 0.01 and it decreases by increasing ϴ; hence, ϴw = 0.01. On the other 

hand, when the normal distribution is used for distribution of the soils strength parameters, 

the probability of failure of the block is calculated to be 0 when ϴ = 0.01. pf increases by 

increasing the ϴ and reaches its maximum when ϴ = 0.1; the probability of failure then 

decreases by increasing the ϴ. 

When ϴ is small, the block becomes increasingly uniform with essentially constant 

strength at each simulation. For the block model with the normal distribution function these 

constant values tend to the mean of c′ and tan ϕ′, however, in the lognormal distribution the 
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average of shear parameters tends to the median. The mean of c′ and tan ϕ′ results in the same 

values for the compressive strength as qMean and consequently a zero probability of failure for 

the block compression with the normal distribution function. On the other hand, the 

compressive strength was calculated to be less than the qMean with the median values of the 

soil strength parameters when V = 0.5, hence pf = 1. 

Figure  4.9 to Figure  4.12 shows that the worst case spatial correlation length ϴw has a 

value between 0.1 and 1 for the most cases of the block compression problem regardless of 

input distribution functions type. The result of the RFEM model indicates that the Factor of 

Safety, FS and coefficient of variation V, have considerable influence on ϴw. The input 

random variables distribution function type can also affect the ϴw for higher coefficients of 

variation (V ≥ 0.5).  
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5 CHAPTER 5 

BEARING CAPACITY OF STRIP FOOTINGS ON WEIGHTLESS SOIL 

 

The design of a footing involves the serviceability limit state by controlling the 

settlement of the footing and the bearing capacity which presents the ultimate limit state. The 

ultimate limit state is concerned with the maximum load that is applied on the footing prior to 

a bearing capacity failure. This chapter includes the results of analyses of the ultimate bearing 

capacity of strip footings by the Random Finite Element Method with consideration of the 

soil spatial variability.   

5.1   Bearing Capacity 

The basic principles governing bearing capacity was developed by Terzaghi (1943) 

and are still being used today by engineers. The following equation was developed by 

Terzaghi for calculating ultimate bearing capacity:  

 

        ̅   
 

 
                                                                                            5-1 

 

where qu is the ultimate bearing capacity,  ̅ is the overburden stress, c is the cohesion, ,γ is 

the unit weight of soil, B is the footing width, and Nc, Nq and Nγ are the bearing capacity 

factors. By considering a weightless soil with no surcharge, Equation 5-1 will be simplified 

to: 

 

                                                                                                                          5-2 

 

Bearing capacity predictions are often based on plasticity theory (e.g., Terzaghi, 1943, 

and Sokolovski, 1965) involving a rigid base punching into the homogeneous soil underneath 

it. That is, the soil properties are considered to be spatially constant. Most bearing capacity 

theories, therefore assume that the failure slip surface takes on a logarithmic spiral shape 

(e.g., Prandtl, 1921, and Meyerhof, 1951, 1963). Figure 5.1 shows a schematic picture of a 

strip footing with Terzaghi bearing capacity components and the shape of the failure 

mechanism. 
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Figure 5.1 - Strip footing with failure shape. 

 

The N factors are functions of the soil‟s internal friction angle ϕ and can be calculated 

by following equations (Reissner 1924): 

 

                .    
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 by rearranging the Equations 5-3 and 5-4 Nc can be calculated by: 

 

   
             .    

 

 
/  
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 This relationship has been found to give reasonable agreement with test results under 

ideal conditions (e. g. Bowles, 1996). In practice, however, the actual failure conditions could 

be more complicated than a simple logarithmic spiral. Due to spatial variation in soil 

properties, the failure surface under the footing can follow the weakest path through the soil 

and create complicated failure shapes. Figure 5.2 illustrates the bearing failure of a soil mass 

with spatially varying properties. It can be seen that the failure surface only approximately 

follows a logspiral on the right side and is certainly not symmetric. In this plot, lighter 

regions represent weaker soil and darker regions indicate stronger soil. The weak region near 

the ground surface to the right of the footing triggered a nonsymmetric failure mechanism 
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that is typically at a lower bearing load than predicted by traditional homogeneous and 

symmetric failure analysis. 

 

 

Figure 5.2 - Typical deformed mesh at failure for the bearing capacity problem. 

 

A RFEM model of the bearing capacity problem of a rigid strip footing with 

consideration of the soil spatial variability was analyzed and the results are presented in this 

chapter. The bearing capacity problem is similar to the block compression problem 

considered previously with the difference that the vertical transition only applied on the 

nodes underneath the footing instead of all nodes at the top of the block. The transition was 

performed incrementally which modeled a rigid, smooth footing with no rotation. Figure 5.3 

indicates the 2D finite element mesh of bearing capacity problem for the strip footings. The 

foundation width B is equal to 1m. 

 

  

 Figure 5.3 - Finite element mesh for the bearing capacity problem of the strip footing. 
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The soil cohesion c′ and tangent of internal friction angle tan ϕ′ were chosen as the 

random variables for the bearing capacity analyses. Soil was modeled in the weight less 

condition in order to simplify the bearing capacity calculation. Two thousand Monte-Carlo 

simulations were performed for each RFEM analysis. Considering the soil spatial variability, 

each Monte-Carlo simulation had the same mean μ, standard deviation σ and spatial 

correlation length ϴ of the input random variables led to different bearing capacity, qu.  

For each Monte-Carlo simulation, the strip footing was incrementally moved 

vertically into the soil, and the sum of the nodal reactions was back calculated from the 

converged stress state. When the sum of the nodal reactions leveled out to within a given 

tolerance, failure was considered to occur. The sum of the nodal reactions divided by the 

footing width was the bearing capacity, qu, of that particular simulation.  

A lognormal distribution function was used for the both c′ and tan ϕ′ distribution.  

Equation 5-6 represents the lognormal distribution function for the tangent of soil internal 

friction angle. A similar function was used for the soil cohesion. 
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The two input random variables, c′ and tan ϕ′ were assumed to be uncorrelated to each 

other. The spatial correlation length θ was non-dimensionalized by dividing it by the width of 

the strip footing, B. The coefficient of variation V and the non-dimensionalized spatial 

correlation length ϴ was decided to be equal for both random variables: 
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The mean of the c′ and tan ϕ′ were kept constant for all the analyses and equal to μc′ = 

100 kPa and μtan ϕ′ = tan 30° = 0.577. The standard deviation and consequently the coefficient 

of variation were changed for each analysis. The bearing capacity of the footing, for all the 

Monte-Carlo simulations were found by the RFEM model and the mean of these outputs was 

calculated and normalized by the deterministic bearing capacity qdet calculated using the 
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mean values of c′ and tan ϕ′ μc′ = 100 kPa and μtan ϕ′ = 0.577. Figure 5.4 shows the normalized 

mean bearing capacity distribution as a function of the spatial correlation length for different 

coefficients of variation. The distribution of the coefficient of variation of the output bearing 

capacity Vqu calculated with the RFEM model with the coefficient of variation and spatial 

correlation length of the input shear parameters is also plotted in Figure 5.5. 

 

 

Figure 5.4 - Variation of the normalized μqu with ϴ and V for the bearing capacity of the strip 

footing with μc′ = 100 kPa and μtan ϕ′ = 0.577. 

 

 

Figure 5.5 - Variation of the coefficient of variation of the bearing capacity Vqu with V and ϴ 

of the input shear parameters, μc′ = 100 kPa and μtan ϕ′ = 0.577. 
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Figure 5.4 indicates that for all the coefficients of variation the estimated bearing 

capacity based on mean shear strength parameters is always more than the mean value of the 

RFEM model when the soil is modeled with spatial variability. That is, using the traditional 

approaches for calculating the bearing capacity of the strip footings based on mean values 

may result in unconservative values for the bearing capacity if the proper Factor of Safety is 

not applied.  

The difference between the mean and estimated deterministic bearing capacity 

increases by increasing the coefficient of variation V which is similar to that observed in the 

block compression problem. While the mean of the bearing capacity is around 97% of the 

deterministic one for a soil with V = 0.2, this value can be as low as 74% for some cases with 

V = 0.5. The minimum mean bearing capacity is observed when the input random variables 

spatial correlation length is around 2. However, according to Figure 5.5, the coefficient of 

variation and, consequently, the standard deviation of the bearing capacity increase by 

increasing the ϴ from 0.01 to 10 and stay constant for ϴ > 10. This indicates the importance 

of performing additional probabilistic analyses to calculate the probability of failure of the 

bearing capacity problem. 

The reason that the minimum bearing capacity occurs at the intermediate spatial 

correlation length is that the presence of weak zones among the stronger zones create an easy 

path for the failure to pass through. Figure 5.6, shows two typical failure mechanism with a 

spatial correlation length that gives the minimum mean bearing capacity. For small and large 

spatial correlation lengths on the other hand, soil behaves more like a uniform soil. Figure 5.7 

(a) and (b) show a typical Monte-Carlo simulation with the deformed mesh at the failure for 

the bearing capacity problem when spatial correlation length is very small and large 

respectively. Light colored elements are the weakest and dark ones are the strongest in these 

figures. The failure mechanism in both these figures are close to logspiral, however, a 

symmetric failure rarely happens with a random soil because of the non-symmetrical spatial 

variability of the properties in the soil mass. Figure 5.8 illustrates a typical symmetric failure 

mechanism for the bearing capacity problem when the influence of soil spatial variability is 

eliminated by choosing a very small value for the soil spatial correlation length and 0 for the 

coefficient of variation of c′ and tan ϕ′. 
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Figure 5.6 - Two typical Monte-Carlo simulation with corresponding failure mechanism for 

the bearing capacity problem with (a) ϴ = 2, (b) ϴ = 1.5 and V = 0.5. 

 

 

Figure 5.7 - Typical Monte-Carlo simulation with corresponding failure mechanism for the 

bearing capacity problem with (a) ϴ = 0.01 (b) ϴ = 50 and V = 0.5. 
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Figure 5.8 - Typical Monte-Carlo simulation with corresponding failure mechanism for the 

bearing capacity problem with ϴ = 0.01 and V = 0. 

 

5.2 Probability of Failure of the Bearing Capacity Problem 

The probability of failure, pf for the bearing capacity of the strip footings can be 

defined as the probability that the actual bearing capacity is less than the factored estimated 

bearing capacity qdet calculated by deterministic soil parameters:  
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For calculating the probability of failure using the RFEM model, the qu calculated in 

each Monte-Carlo simulation is compared with the factored deterministic bearing capacity. A 

failure occurs if qu on a particular simulation is less than qdet /FS. The ratio of the number of 

failed Monte-Carlo simulations to the total number of simulations is defined as the 

probability of failure. 

Figure 5.9, Figure 5.10 and Figure 5.11 show pf vs. ϴ for the bearing capacity 

problem with μc′ = 100 kPa and μtan ϕ′ = 0.577 with different Factors of Safety when the 

coefficient of variation is equal to 0.3, 0.4 and 0.5 respectively. 

By investigating the pf distributions with spatial correlation length, it can be observed 

that by increasing the Factor of Safety the probability of failure decreases. The pf becomes 

zero by applying a FS equal to 3, which is common in traditional bearing capacity analyses, 

for the bearing capacity problem when the soil has a coefficient of variation of 0.3. The 

probability of failure, however, can be up to 9% when a Factor of Safety of 1.5 is applied.  
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Figure 5.9 - Probability of failure vs. spatial correlation length for different FS values for the 

bearing capacity of the strip footing with μc′ = 100 kPa, μtan ϕ′ = 0.577 and V = 0.3. 

 

 

Figure 5.10 - Probability of failure vs. spatial correlation length for different FS values for the 

bearing capacity of the strip footing with μc′ = 100 kPa, μtan ϕ′ = 0.577 and V = 0.4. 
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Figure 5.11 - Probability of failure vs. spatial correlation length for different FS values for the 

bearing capacity of the strip footing with μc′ = 100 kPa, μtan ϕ′ = 0.577 and V = 0.5. 

 

By increasing the coefficient of variation to 0.4, as it is shown in Figure 5.10, a small 

value of pf, close to 1%, appears for the bearing capacity even with a Factor of Safety of 3. 

The probability of failure for the bearing capacity problem with FS = 3 increases up to 5% by 

increasing the coefficient of variation to 0.5. The maximum pf is 19% and 38% for this case 

when a Factor of Safety of 2 and 1.5 is applied.  

The maximum probability of failure occurs for all the cases with different coefficients 

of variation and Factors of Safety when the spatial correlation length is between 2 and 10.  

Figure 5.12 illustrates the probability of failure distribution with spatial correlation 

length for the bearing capacity of the strip footing with different coefficients of variation 

when Factor of Safety is equal to 1.5.  

It is shown that although the probability of failure is constant and close to zero for the 

model with V = 0.2, the worst case spatial correlation length ϴw exists for bigger values of V 

and is equal to 10 for the model with V =0.3. It decreases to 5 and 2 by increasing the 

coefficient of variation to 0.4 and 0.5. 
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Figure 5.12 - Probability of failure vs. spatial correlation length for different V values for the 

bearing capacity of the strip footing with μc′ = 100 kPa, μtan ϕ′ = 0.577 and FS = 1.5. 

 

The reason for having the maximum probability of failure, is that for soils with 

intermediate spatial correlation lengths, there are always weak regions in each Monte-Carlo 

realization which can fail easily, comparing to the stronger zones in its neighborhood (Figure 

5.6). Consequently, it results in smaller values for the qu. However, depending on the layout 

of these weak regions and soil parameters associated to them, failure may or may not pass 

through these regions. For the bigger spatial correlation lengths, on the other hand, each 

Monte-Carlo simulation is behave as uniform soil mass which has either weak or strong soil 

parameters which lead to a more uniform failure shape. For the models with small spatial 

correlation length, each simulation is uniform because of the highly variable soil parameters, 

hence, most of the Monte-Carlo simulations behave as uniform soil. 

The worst case spatial correlation length, which is shown to be in the range of 2 and 

10 for the bearing capacity of a strip footing, can be chosen as the critical spatial correlation 

length in design of a strip footing to achieve the most unconservative solution for the bearing 

capacity when there is not much information about the soil spatial variability in the site.  
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6 CHAPTER 6 

EARTH PRESSURE 

 

Retaining walls and anchorage systems are usually designed to resist active and 

passive earth pressure. The loads acting on wall or anchorage system by adjacent soil is 

determined typically using the Rankine or Coulomb theories by assuming uniform soil 

properties. In this chapter, the deterministic earth pressure calculated by Rankine‟s theory is 

compared with that computed with a RFEM model where the soil spatial variability is taken 

into account. A slightly different approach has been used in this chapter comparing to the 

block compression and bearing capacity problems which will be explained later on in this 

chapter. Both passive and active earth pressures have been studied and the results are 

presented in separate sections. The specific case of a two-dimensional cohesionless drained 

soil mass with a horizontal upper surface retained by a vertical frictionless rigid wall is 

examined for both passive and active earth pressure problems. 

6.1 Passive Earth Pressure 

Figure 6.1 shows the traditional theory of lateral passive earth pressure derived from 

equilibrium along an assumed planar failure surface passing through the soil mass.  

 

 

Figure 6.1- Rankine passive failure plane. 

 

The Rankine passive earth pressure coefficient Kp for the retaining wall with a 

constant friction angle ϕ′ is given by: 
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The total lateral passive earth pressure on the wall Pp, therefore can be calculated by 

the following equation where H is the total height of the wall and γ is the unit weight of the 

soil mass behind the wall.  
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The values of ϕ′ and γ can be estimated by sampling, however in order to capture the 

soil spatial variability more samples are needed. The lateral passive earth pressure using a 

sampled value of ϕ′ calculated by Rankine‟s theory is compared with the RFEM. This 

approach is different with the block and bearing capacity problems where the mean of input 

variables were used in the deterministic calculation instead a sampled value. 

The finite element meshing used in the RFEM passive earth pressure problem is 

shown in Figure 6.2. Sixty four 8-noded square elements in the horizontal direction by 32 

elements in the vertical direction were used. Each element has a side length of 0.05m. The 

wall started from the far top left element and extended to a depth of 20 elements which is 

equal to 1m. 

 

 

Figure 6.2 - Finite element mesh for the passive earth pressure problem. 

 

 The passive wall considered in this model was modeled by translating the nodes of 

the top twenty elements on the upper left side of the mesh uniformly horizontally and in the 

direction of the soil mass. The transition was performed incrementally which modeled a rigid, 
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smooth wall with no rotation. The vertical displacement of the nodes at the right boundary of 

the soil mass is not restricted, hence, the nodes are free to move in this direction. The left and 

top boundaries were also modeled with free conditions in both horizontal and vertical 

directions, and the bottom boundary was fixed in both horizontal and vertical directions. An 

elastic perfectly plastic Mohr-Coulomb constitutive model was considered for the soil which 

allows the failure by gradually increasing of the wall toward the soil mass. 

The initial stress conditions in the mesh were applied prior to the transition of the 

nodes at the wall location as vertical stresses equal to the weight of the overburden as: 
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where z is the depth to the Gauss points of the elements and σv is the vertical stress.  

The initial horizontal stresses were defined by the coefficient of earth pressure at rest 

K0 given by Jaky‟s (1944) formula: 
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The unit weight γ was treated as deterministic and the tangent of internal friction 

angle of the soil was the only random variable in this model. The reason for not considering 

the unit weight as random variable is that the rang of variability of this parameter is small 

comparing to the friction angle (e.g. Kulhaway and Phoon 1999, Griffiths et al. 2008).   

The lognormal distribution density function was applied to tan ϕ′. The mean and 

standard deviation of tangent of the friction angle is presented by μtan ϕ′ and σtan ϕ′. Similar to 

the block compression and bearing capacity problems the coefficient of variation is defined 

by:  
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The spatial correlation length of the soil is non-dimensionlized by dividing it by the 

height of the wall H: 
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6.1.1 Probability of Failure of the Passive Earth Pressure 

The passive earth pressure can be predicted by different ways such as the Rankine‟s 

equation presented in Equation 6-1. The predicted passive lateral load, Pp(det) is then divided 

by a Factor of Safety, FS, to obtain the soil resistance. The failure will occur if the actual 

value of the soil resistance is less than this factored predicted value. The probability of 

failure, thus, can be expressed as the probability that the actual resistance of the soil is less 

than factored Pp: 
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where PRp is the actual passive resistance of the soil. The PRp is calculated by a RFEM model 

of the passive earth pressure problem by consideration of soil spatial variability.  

The predicted lateral load Pp(det) is dependent to the value of the friction angle ϕ′. The 

value of the ϕ′ can be found by a single borehole sample as part of the site investigation for 

the earth pressure problems.  

The purpose of the RFEM model of the passive earth pressure problem was to 

investigate that if the design based on one borehole sample including a Factor of Safety 

would result in a higher estimate for the soil resistance than the actual resistance when the 

soil spatial variability is modeled.   

At each Monte-Carlo simulation, the friction angle was sampled in a specific element. 

The factored Pp(det) value was then calculated using this friction angle using Rankine‟s theory 

and compared with the PRp value calculated by the finite element model. Finally, the 

probability of failure was estimated by Equation 6-7. 

The location of the “virtual sampling” point was expected to affect the value of the 

Pp(det) and consequently the probability of failure. Hence, four analyses were performed 

where the mean, standard deviation and spatial correlation of the soil were the same and only 

the location of the sampling point was changed for each analysis. The sampling points were 

H/4, H/2, H and 2H away from the wall in the horizontal direction while the vertical distance 

kept constant and equal to H/2 from the top of the model as it is shown in Figure 6.3. Red 

squares are the sampling elements. 
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Figure 6.3 - Four sampling locations for the earth pressure problem with the Rankine passive 

failure plane for a soil with ϕ′= 30°. 

 

The probability of failure for the passive earth pressure has been plotted in Figure 6.4. 

The unit weight, Young Modulus and Poisson‟s ratio of the soil were kept constant and equal 

to 20 kN/m
3
, 100,000 kN/m

2
 and 0.3 respectively. The mean of tan ϕ′ was set to tan 30 = 

0.577 with a coefficient of variation equal to 0.3 and a (dimensionless) spatial correlation 

length of 1. A Factor of Safety of 1.5 was also applied to Pp(det). 

 

 

Figure 6.4 - Probability of failure vs. the horizontal distance of the virtual sampling point 

from the wall, V = 0.3, ϴ = 1, FS = 1.5 and μtan ϕ′ = 0.577. 
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Figure 6.4 indicates that when the sampling point is H/2 apart from the wall in the 

horizontal direction, pf is at a minimum. That is, fewer Monte-Carlo simulations fall below 

the factored Pp(det). Hence, the optimal sampling point is at (H/2, H/2) which will be used for 

the additional passive earth pressure analyses in this chapter 

Owing to spatial variability, the failure surface is often more complicated than a 

simple plane as predicted by Rankine. Figure 6.5 illustrates two typical Monte-Carlo with 

corresponded failure mechanism when ϴ = 0.2, and a typical failure mechanism for the same 

problem with ϴ = 10 and 0.01is shown in Figure 6.6 (a) and (b) respectively.  

 

 

Figure 6.5 - Typical Monte-Carlo simulation of passive failure with ϴ = 0.2. 
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Figure 6.6 - Typical Monte-Carlo simulation of passive failure with (a) ϴ = 10 and (b) ϴ = 

0.01. 

 

Additional earth pressure analyses with different coefficients of variation and spatial 

correlation lengths were performed. Five thousand Monte-Carlo simulations were 

implemented for each model. The probability of failure distribution with the spatial 

correlation length for the passive earth pressure problem with different FS values has been 

plotted in Figure 6.7, Figure 6.8, and Figure 6.9 when the coefficient of variation is equal to 

0.2, 0.3 and 0.4 respectively. The Factor of Safety was changed between 1.2 to 2 as it is the 

range recommended for retaining walls and anchorage systems (e.g. Canadian Geotechnical 

Society 1992, NYDOT Geotechnical Engineering Bureau 2007). 
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Figure 6.7 - Probability of failure vs. spatial correlation length for the passive earth pressure 

problem with different Factors of Safety, V = 0.2 and μtan ϕ′ = 0.577. 

 

 

Figure 6.8 - Probability of failure vs. spatial correlation length for the passive earth pressure 

problem with different Factors of Safety, V = 0.3 and μtan ϕ′ = 0.577. 
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Figure 6.9 - Probability of failure vs. spatial correlation length for the passive earth pressure 

problem with different Factors of Safety, V = 0.4 and μtan ϕ′ = 0.577. 

 

For all the three cases with V equal to 0.2, 0.3 and 0.4, decreasing the Factor of Safety 

results in an increased probability of failure as would be expected. For the model with a 

coefficient of variation of 0.2, there is a 5% maximum probability of failure, corresponding to 

the worst case spatial correlation length ϴw = 0.2, even by applying a Factor of Safety of 1.5. 

In other words, for 5% of the Monte-Carlo simulations the computed passive resistance PRp, 

is less than the factored deterministic value obtained from sampling Pp(det)/FS. By applying a 

Factor of Safety of 2 however, the pf becomes zero. The pf value for the passive earth 

pressure with FS = 2 increases to 3% and 7% by increasing the coefficient of variation to 0.3 

and 0.4 respectively. The result of these analyses shows that there is still a probability of 

failure that the passive earth pressure is less than the deterministic factored pressure even 

with a Factor of Safety of 2 if the coefficient of variation is high enough.  

Figure 6.10 shows the pf versus ϴ graphs for the passive earth pressure problem with 

different coefficients of variation when FS = 1.5. An important observation from the pf versus 

ϴ graphs is that, there is a maximum probability of failure for the earth pressure problem for 

all the coefficient of variations. This maximum probability of failure happens when the 

spatial correlation length is ϴ = 0.2. Hence, it can be concluded that the worst case spatial 

correlation length ϴw for the passive earth pressure problem exists and is equal to 0.2. The 

reason that the intermediate spatial correlation lengths result in higher probability of failure, 

0

0.1

0.2

0.3

0.4

0.5

0.01 0.1 1 10 100

p
f 

ϴ 

FS=2

FS=1.5

FS=1.4

FS=1.3

FS=1.2



 

60 

can be the layout of the weak regions which can provide an easy path for failure to pass 

through.  It is expected that the majority of displacement and the following possible failure 

occurs in the weaker regions of the soil. As it can be seen in Figure 6.5, for the soil with a 

spatial correlation length equal to 0.2, the spatial variability is not too high or small to create 

a uniform soil mass. Therefore, soil is divided to weak and strong regions next by next which 

allows the failure to find the easiest path through the week zones.  

Figure 6.6, on the other hand, shows much smoother failure paths when the spatial 

correlation length is either big or small which is more similar to a uniform soil earth pressure 

problem. Soils with very high or very low spatial correlation lengths imply more uniform soil 

which lead to planar failure mechanisms as suggested by Rankine„s theory. 

 

 

Figure 6.10 - Probability of failure vs. spatial correlation length for the passive earth pressure 

problem with different coefficients of variation, FS = 1.5, μtan ϕ′ = 0.577. 

 

The probability of failure of the passive earth pressure problem starts at 0 for ϴ = 

0.01and after reaching its maximum at ϴ = 0.2, converges to 0 by increasing the spatial 

correlation length toward infinity. When ϴ = 0.01the Pp(det) calculated with the sampling can 

be different with the PRp which is close to the mean Pp. As an example, when the Factor of 

Safety in not applied to Pp(det), or FS =1, the pf is 66% for the model with V =0.4 and ϴ = 

0.01. The mean and standard deviation of sampled Pp(det) values calculated from 5000 Monte-

Carlo is 28.04 and 2.27 respectively. Therefore, the coefficient of variation of the output 
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case. It shows that by a mean of 28.04 and coefficient of variation of 0.081, although 66% of 

the Pp(det) values are bigger than PRp values, but the difference is small. Hence, by applying a 

Factor of Safety of 1.2 and bigger, this difference is eliminated and all the factored Pp(det) 

values lies below PRp, and pf becomes 0.By increasing ϴ to 0.2, the mean and standard 

deviation of the output Pp(det) becomes 31.2 and 12.45 respectively. The coefficient of 

variation of Pp(det) is, therefore, equal to 0.4 which is almost 5 times bigger than the case with 

ϴ = 0.01. That is, the output sampled earth pressure Pp(det) is highly variable comparing to the 

case of ϴ = 0.01. Therefore, even by applying a Factor of Safety of 1.5, there is still some 

values of Pp(det)that are bigger than PRp, which generates a pf of 20% when V =0.4.  

For the cases with very large ϴ, each Monte-Carlo simulation is uniform and has 

either a weak or a strong soil. Therefore, the sampled property is almost the same as the rest 

of elements in one simulation. The values of Pp(det) and PRp are very close to each other 

consequently, and hence, pf converges to zero for these cases. 

6.2 Active Earth Pressure 

The active earth pressure is even more important than the passive pressure problems, 

as in most cases, retaining walls are designed to resist active earth pressure. Both Rankine 

and Coulomb theories can be used to estimate the active pressure on the wall. Rankine theory 

was used in this study to predict the active earth pressure. Figure 6.11 shows the active 

Rankine failure plane. 

 

 

Figure 6.11- Active Rankine failure plane. 

 

The finite element mesh and boundary conditions for the active earth pressure is 

similar to the passive earth pressure model as it is shown in Figure 6.12. The only difference 

is that the displacements are applied in the opposite direction to the passive model, namely to 

the left and away from the wall.    
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Figure 6.12 - Finite element mesh for the active earth pressure problem. 

 

The Rankine theory considers a spatially constant friction angle, therefore, the active 

earth pressure coefficient is proposed to be: 

 

       (   
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The total lateral active earth pressure on the wall Pa can be calculated by the 

following equation based on Rankine theory: 
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Similar to the passive earth pressure model, the mean and standard deviation of the 

lognormal tangent of friction angle is presented by μtan ϕ′ and σtan ϕ′. The coefficient of 

variation was also defined by the ratio of the standard deviation to the mean of tangent of the 

friction angle. The spatial correlation length of the soil was non-dimensionlized for the active 

earth pressure problem by dividing it by the height of the wall H: 
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6.2.1 Probability of Failure of the Active Earth Pressure 

The theoretical definition of the probability of failure pf for the active earth pressure 

problem is defined by the probability that the estimated factored active load FS. Pa calculated 

by the Rankine theory is less than the actual active load PRa. Thus, the probability of failure 

can be presented by: 
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The PRa was calculated with a RFEM model in this study with consideration of soil 

spatial variability. The virtual sampling point was considered in the active earth pressure 

problem for calculating the Pa(det) of a sample element and comparing it with the Monte-Carlo 

simulations results. A similar analysis to the passive earth pressure problem was performed to 

find the optimal sampling point location. The result showed that by getting closer to the wall, 

the pf decreases (Figure 6.13). However, in real projects taking samples next to the wall 

would not be realistic. For this reason and also being consistent for both passive and active 

earth pressure problems, the sampling point was decided to be at the same location as the 

passive earth pressure problem with H/2 spacing from the wall in both horizontal and vertical 

directions when H is the height of the wall.  

 

 

Figure 6.13 - Probability of failure vs. the horizontal distance of the virtual sampling point 

from the wall for the active case, V = 0.2, FS = 1.5 and μtan ϕ′ = 0.577. 
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The tangent of friction angle of the soil was considered as the only random variable 

for the active earth pressure problem with a mean of μtan ϕ′ = tan30 = 0.577. The unite weight, 

Young Modulus and Poisson‟s ratio were treated as deterministic parameters for all analyses 

and were equal to 20 kN/m
3
, 100,000 kN/m

2
 and 0.3 respectively. The wall had a height of 

1m. The dilation angle was set to zero for all analyses. 

Different analyses were performed where the mean of the friction angle was kept 

constant, and coefficient of variation and spatial correlation length were varied. Figure 6.14 

and Figure 6.15 illustrate the different possible failure mechanisms for the active earth 

pressure problem with different spatial correlation lengths.  

 

 

Figure 6.14 - Typical active earth displacement and possible failure mechanism with (a) ϴ = 

10 and (b) ϴ = 0.01. 
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Figure 6.15 - Typical active earth displacement and possible failure mechanism with ϴ = 0.6. 

 

Figure 6.14 shows the displacement of the soil in an active condition when soil has a 

relatively big (a) ϴ = 10 and small (b) ϴ = 0.01 spatial correlation length. For the case with a 

high spatial correlation length, the soil has either a high or a small value of friction angle in 

each Monte-Carlo simulation. Therefore, it acts in a similar way to a uniform active earth 

pressure problem.  

The soil with a small spatial correlation length also acts as a uniform soil mass due to 

the highly variability of the friction angle of the soil as it is shown in Figure 6.14 (b). For 

both cases with high and small spatial correlation lengths, hence, a more linear failure 

mechanism is seen for most of the Monte-Carlo simulations.  
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Figure 6.15 shows two sample failure mechanism of the active earth pressure problem 

with ϴ = 0.6. Because of the effect of the spatial variability of the soil in the intermediate 

range, more complex mechanisms are observed when the spatial correlation length is in the 

range of 0.5 to 1 times of the wall height. The weak regions of the soil sitting next to the 

stronger regions give the opportunity to failure to find an easy path through the weaker 

regions. The failure, therefore, might have a nonlinear or more complex mechanism than the 

uniform soil mass.  

The probability of failure versus spatial correlation length has been plotted for the 

active earth pressure problem with different coefficients of variation in Figure 6.16, Figure 

6.17 and Figure 6.18. The Factor of Safety was changed in the range of 1.2 and 2 for each 

model with different V.  

 

 

Figure 6.16 - Probability of failure vs. spatial correlation length for the active earth pressure 

problem with different FS values, V = 0.2 and μtan ϕ′ = 0.577. 
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Figure 6.17 - Probability of failure vs. spatial correlation length for the active earth pressure 

problem with different FS values, V = 0.3 and μtan ϕ′ = 0.577. 

 

 

Figure 6.18 - Probability of failure vs. spatial correlation length for the active earth pressure 

problem with different FS values, V = 0.4 and μtan ϕ′ = 0.577. 
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By increasing the FS, pf decreases for all cases with different coefficients of variation. 

The probability of failure becomes zero by applying a Factor of Safety of 2 to the active earth 

pressure problem when the coefficient of variation of the friction angle is equal to 0.2. The pf, 

becomes 4% and 8% by increasing the coefficient of variation to 0.3 and 0.4 respectively. 

That is, even a Factor of Safety of 2 may underestimate the active load behind the retaining 

walls for higher coefficients of variation of the friction angle which is in the range of 0.05 to 

0.5 for soils (e.g. Lee et al 1983, Duncan 2000). 

Another observation from Figure 6.17 to Figure 6.19 is the obvious worst case spatial 

correlation length ϴw. This important parameter has value of 1 when V =0.2 and decreases to 

0.5 by increasing the coefficient of variation to 0.3 and 0.4. Thus, it can be concluded that for 

the active earth pressure problem the probability of failure reaches to its maximum value 

when the dimensional spatial correlation length is in the range of 0.5H and 1H where H is the 

height of the retaining wall. The pf distribution with ϴ for different V values has been plotted 

in Figure 6.19 when a Factor of Safety of 1.5 is applied to the Pa(det) values. 

 

 

Figure 6.19 - Probability of failure vs. spatial correlation length for the active earth pressure 

problem with different coefficients of variation, FS = 1.5 and μtan ϕ′ = 0.577. 
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simulation is essentially the same as the uniform soil model. Therefore, small probability of 

failure is observed. On the other hand, when ϴ is very large, the problem becomes similar to 

a uniform field. In this case, one simulation has a uniform soil mass for which each may have 

either a high or a small value of the friction angle, thus it leads to small pf for this case as 

well. For intermediate values of ϴ, the soil contains a number of weak zones adjacent to a 

number of strong zones in each Monte-Carlo simulation. The weak zones facilitates the 

failure, and consequently, the active load calculated in the RFEM model is more than Pa(det) in 

more simulations comparing to the cases with small and large spatial correlation lengths.  
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7 CHAPTER 7 

SLOPE STABILITY ANALYSES 

 

The probabilistic slope stability analyses have been performed in this chapter as one of 

the most important braches of geotechnical engineering. Several slope stability analyses were 

performed using a RFEM model with consideration of the soil spatial variability and the 

results have been presented in this chapter. Both drained and undrained slopes have been 

investigated. Figure 7.1 shows a schematic picture of the slope profile with its characteristics. 

The slope height and angle are presented by H and β respectively and D refers to the depth 

ratio to a firmer layer and equals to 2 in this research. 

 

 

Figure 7.1 - Slope profile. 

 

The saturated unit weight of the soil, γsat, Young Modulus E, and Poisson‟s ratio υ were 

treated as deterministic input variables and held constant equal to 20kN/m
3
, 100,000 kN/m

2
 

and 0.3 respectively for all slope stability analyses in this study. The shear strength 

parameters of the soil including cu for the undrained slopes and c′ and tan ϕ′ for the drained 

slopes are considered as random variables. In the interest of generality, cu and c′ were decided 

to be non-dimensionlized and represented by Cu and C′ respectively where Cu = cu /γsat.H and 

C′= c′/γ.H. 

7.1 Undrained Slope 

Before presenting the result of the RFEM models, the result of a deterministic slope 

stability analysis is presented in the next section in order to study the effect of the layered soil 

on failure mechanism of undrained slopes. 
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7.1.1 Deterministic Layered Slope  

Taylor (1937) stated that for a homogenous undrained slope with a slope angle β less 

than 53
o
 a deep failure mechanism is expected (Figure 7.2).  

 

 

Figure 7.2 - Taylor identified failure modes. 

 

In order to study the failure mechanism of undrained slopes in more details in non-

homogeneous slopes, a deterministic slope model was created with H =1m, D=2 and β = 

26.6°. The soil in the slope was modeled in two horizontal layers with different undrained 

shear strengths. Two models were developed: one when the thickness of the weak layer is 

0.4H and another with H for thickness of the weak layer, where H is the height of slope. The 

weaker layer was systematically moved from the top of the slope to the bottom for each 

model. 

Figure 7.3 shows the meshing of the deterministic slope. The relative undrained shear 

strength of the soil is defined by the ratio of the undrained shear strength of the weaker soil to 

the stronger soil, Cw/Cs where Cw and Cs are the undrained shear strength of the weak and 

strong layers respectively. This ratio was changed from 0.2 to 1 by changing the Cw values 

for each slope model. Cs was kept constant and equal to 10kPa for all analyses. 

The Factor of Safety for each analysis of the slopes was calculated and plotted versus 

the depth of the weak soil (the vertical distance from the top of the slope to the middle of the 

weak layer) in the slope with different relative shear strength in Figure 7.4 and Figure 7.5.  
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Figure 7.3 - The deterministic slope with two layered soil. Darker color represents the weaker 

soil. (a) thickness of the weak soil = 0.4H, (b) thickness of the weak soil = H. 

 

 

Figure 7.4 - Factor of Safety of the deterministic slope vs. depth of the weak layer when the 

weak layer has a thickness of 0.4H and Cs = 10kPa. 
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Figure 7.5 - Factor of Safety of the deterministic slope vs. depth of the weak layer when the 

weak layer has a thickness of H and Cs = 10kPa 

 

When Cw /Cs = 1, it means that the slope is uniform and has a shear strength equal to 

Cs = 10kPa. The Taylor chart can be used to calculate the FS for this case of the undrained 

slope with uniform soil: 

 

    
  

        
 

  

          
       

  

where Ns is the stability number and was found from the Taylor‟s chart for the undrained 

slope based on D and β values. The calculated FS by the Taylor‟s equation is the same as the 

one found in the finite element model which is shown in both Figure 7.4 and Figure 7.5 (Cw 

/Cs = 1). 

According to Figure 7.4 and Figure 7.5 the Factor of Safety for the slope is not 

considerably affected by the position of the weak layer when the thickness of the weak layer 

is equal to H. One reason for this is that the slope has a deep failure for most of the cases; 

therefore, for a similar failure mechanism, a similar FS is being calculated for the slope. A 
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shallow failure only occurs when the weak layer is on the top of the slope. Figure 7.6 shows 

two failure mechanism for this slope when the weaker layer is on the top and in the middle of 

the slope respectively for the slope with Cw/Cs=0.5.  

 

 

Figure 7.6 - Failure mechanisms of the deterministic slope when the thickness of the weak 

layer is equal to H and Cw/Cs=0.5 (a) weak layer depth = 0.5H (b) weak layer depth = H. 

 

On the other hand, as it could be seen in Figure 7.4, the Factor of Safety is sensitive to 

the location of the weak soil when the relative thickness of this layer is small (0.4H). For all 

cases except the first one with Cw/Cs=0.2, deep failure occurs. As the thickness of the weak 

layer is low comparing to the whole thickness of the slope, failure cannot find an easy path 

through this layer. Therefore, the failure happens in deeper depths. By moving the weak layer 

to the bottom of the slope, shear strength of the soil gets lower underneath the toe, and 

subsequently the factor of safety decreases. The only exception is when the relative shear 

strength of the soil is equal to 0.2 (Cw/Cs=0.2). In this case, failure occurs exactly through the 

weak layer. Figure 7.7 shows two failure mechanism when the thickness of the weak layer is 

equal to 0.4H and the layer located on the top of the slope for Cw/Cs=0.2 and Cw/Cs=0.5. 
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Figure 7.7 - Failure mechanisms of the deterministic slope when the thickness of the weak 

layer is equal to 0.4H and the depth is 0.2H (a) Cw/Cs=0.2 (b) Cw/Cs=0.5. 

 

The results of the deterministic slope stability analysis indicates that for the undrained 

slopes with a slope angle less than 53° a deep failure is not necessarily forced to happen. The 

chance of shallow failure increases by increasing the soil non-homogeneity in the slope 

which could be increasing the height or decreasing the shear strength of the weak layer.  

7.1.2 RFEM Slope Stability Model 

The first slope studied in this research with a RFEM model is an undrained slope with 

Cu and ϕ = 0. A lognormal density function was applied for the distribution of Cu. Since the 

actual undrained shear strength field is lognormally distributed, its logarithm yields an 

underlying normal distributed (or Gaussian) field. The spatial correlation length is measured 

with respect to this underlying field, that is, with respect to lnCu. In particular, the spatial 

correlation length θ describes the distance over which the spatially random values tend to be 

significantly correlated in the underlying Gaussian field. Thus, a large value of θ implies a 

smoothly varying field, while a small value will imply a ragged field. In the undrained slope 

model, the spatial correlation length has been non-dimensionalized by dividing it by the 

height of the slope H and will be expressed in the form: 
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                                                                                                                          7-1 

 

The mean and standard deviation can conveniently be combined in terms of the 

dimensionless coefficient of variation defined as: 

 

  
   

   

                                                                                                                       7-2 

   

Lognormal density functions were used for the distribution of the input random variable 

Cu by a mean, μ, and a standard deviation σ for the undrained slope. The following equation 

shows the lognormal distribution functions for Cu.  
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}                                                           7-3 

 

A typical finite element mesh used for this problem is shown in Figure 7.8. The 

elements were all 8-node plain-strain squares except the elements adjacent to the slope which 

were degenerated into triangles. The RFEM slope stability model generates a random field of 

shear strength values and maps it onto the finite element mesh. The value assigned to each 

element, therefore, is a random variable. Thus, the total number of random variable in each 

simulation is equal to number of the finite elements.  

 

 

Figure 7.8 - Typical mesh used for the RFEM slope stability analysis. 

 

The gravity loading is then applied to the slope and stresses are monitored at all the 

Gauss points. The slope stability analyses use an elastic-plastic stress-strain law with a Tresca 

failure criterion which is appropriate for undrained clays (Griffiths and Fenton 2004). The 
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violation of the Tresca criterion, if it happens, leads the program to redistribute excess 

stresses to neighboring elements that still have reserves of strength. This is an iterative 

process that continues until the Tresca criterion and global equilibrium are satisfied at all 

points within the mesh under quite strict tolerances. For the slope problem, the failure is 

considered to happen if for any given realization the algorithm is unable to converge within 

specific number of iterations.   

For a given set of input shear strength parameters (mean, standard deviation and 

spatial correlation length), Monte-Carlo simulations are performed. This means that the slope 

stability analysis is repeated many times until the statistics of the output quantities of interest 

become stable. Four thousand simulations of Monte-Carlo process for each slope stability 

analysis were considered sufficient to give reliable and reproducible estimates of the 

probability of failure (pf).  

A series of analyses for an undrained slope with H, D and β equal to 1m, 2 and 26.6° 

respectively were performed. The μCu of the soil was chosen to be 0.25. The slope has been 

modeled with 4 different coefficients of variation equal to 0.25, 0.5, 1, and 2 as the typical 

values for undrained shear strength lie in the range 0.1-0.5 (e.g. Lee et al. 1983, Kulhawy et 

al. 1991). ϴ was varied from 0.1 to 10 for each slope.  

Figure 7.9 shows the probability of failure pf versus the dimensionless spatial 

correlation length ϴ for these slopes. The spatial correlation lengths in both horizontal and 

vertical directions are equal. 

 

  

Figure 7.9 - Probability of failure vs. spatial correlation length for the undrained slope, μCu = 

0.25 and a lognormal distribution. 
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Figure 7.9 indicates two branches, with the probability of failure decreasing and 

increasing for higher and lower values of V, respectively. This result is similar to that 

Griffiths and Fenton (2004) reported for an undrained slope. For the V values bigger than 1 

the median of Cu gives a Factor of Safety below 1, therefore for the case with very small 

spatial correlation length, ϴ =0.01, the probability of failure becomes 1 as the Cu values tend 

to the median. On the other hand, when V < 1, the Factor of Safety is bigger than 1 based on 

the median of Cu, and consequently pf is 0. 

Another observation from Figure 7.9 is that by increasing the coefficient of variation, 

probability of failure of the slope increases for V < 1, which is the common range for the 

undrained shear strength. The spatial correlation length also has a significant influence on the 

probability of failure. As an example, when V = 0.5, for the small values of ϴ the pf of the 

slope is 0 and by increasing ϴ to 8 probability of failure of the slope increases to 25%. 

Figure 7.10 shows two typical Monte-Carlo simulations and the associated failure 

mechanisms for the undrained slope with the soil‟s cohesion distribution in the form of a grey 

scale in which weaker regions are lighter, and stronger regions are darker. V is equal to 0.5 

for both figures and ϴ = 1 and 8 for figures (a) and (b) respectively. Although both these 

analyses shown in Figure 7.10 had the same mean and variance, the different spatial 

correlation lengths have led to quite different failure characteristics.  

 

 

Figure 7.10 - Typical failure mechanism for the undrained slope stability analysis with (a) ϴ 

= 1 and (b) ϴ = 8. 
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Another observation from Figure 7.10 is that shallow failure can happen for an 

undrained slope with β= 26.6°. Consideration of the spatial variation of the soil results in a 

nonhomogeneous slope which can have shallow failure. Non-homogony of the soil means 

that some elements have weaker properties comparing to the others. This weak region, which 

could be closer to the top of the slope and not necessarily in the toe, creates the weakest path 

for the failure to pass through. This results in having shallow failures in some of the Monte-

Carlo simulations. 

7.1.3 Highly Anisotropic Slopes 

Soils can have multiple layers under the structures that are built or in natural slopes. 

These layers can be in both horizontal and vertical directions. Figure 7.11 indicates an 

example of layered soil which the layers mostly lie in horizontal directions. These highly 

anisotropic properties of soil can be modeled by the RFEM with an extremely large spatial 

correlation length in one direction. The ultimate case would be when the spatial correlation 

length is infinity in one direction. That is, the modeled soil would be considered as a uniform 

soil in one direction with the infinite spatial correlation length. The influence of highly 

anisotropic soil properties on probabilistic slope stability analysis has been studied in this 

research and the results are presented in this section.  

 

 

Figure 7.11 - An example of layered soil (the website of University of Cambridge) 

 

Infinite spatial correlation lengths in one direction were applied to the same undrained 

slope that was modeled with the RFEM in previous section. H, β and D are equal to 1m, 

26.6° and 2 respectively. Six identical slopes with V = 0.5 and μCu = 0.25 were analyzed while 

ϴ was chosen to be different in the horizontal and vertical directions for each model. Infinite 
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spatial correlation lengths were also applied in both horizontal and vertical directions 

separately and the results were compared with an isotropic slope. Table 7-1indicates the input 

values of ϴ for each simulation. ϴh and ϴv represent the spatial correlation lengths of the Cu in 

horizontal and vertical directions respectively. Infinite spatial correlation length in the 

horizontal direction ϴh can simulate the soils with a more uniform distribution in the 

horizontal direction. 

 

Table 7-1 - Input values of ϴ for the slope models. 

Slope No. ϴh ϴv 

1 1 1 

2 2 2 

3 

4 

5 

6 

Infinite 

Infinite 

1 

2 

1 

2 

Infinite 

Infinite 

  

Figure 7.12 and Figure 7.13 show typical failure mechanism of the undrained slope 

when the undrained shear strength of the slope has infinite spatial correlation length in the 

horizontal and vertical directions respectively.  

 

 

Figure 7.12 - Typical failure mechanism of the undrained slope with ϴh = infinite and ϴv = 2, 

μCu = 0.25. 

 

 

Figure 7.13 - Typical failure mechanism of the undrained slope with ϴh = 2 and ϴv = infinite, 

μCu = 0.25. 
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The probability of failure of the slopes for these analyses have been presented in 

Table 7-2 for each of the six models with different spatial correlation lengths in the horizontal 

and vertical directions considering the infinite ϴ in one direction.  

 

 Table 7-2 - The probability of failure of the undrained slopes with infinite ϴ. 

Slope No. ϴh ϴv pf 

1 1 1 0.185 

2 2 2 0.221 

3 

4 

5 

6 

Infinite 

Infinite 

1 

2 

1 

2 

Infinite 

Infinite 

0.278 

0.296 

0.108 

0.194 

  

The RFEM results indicate that the slopes with infinite ϴh have the highest pf between 

the six models while by considering an infinite ϴv the pf is the minimum for the slope. Based 

on these outputs, it can be concluded that consideration of the infinite spatial correlation 

length in the horizontal direction is the critical case for this undrained slope. 

The slope with an infinite ϴv more likely has a deep circular failure which is close to 

what is expected for an uniform undrained slope. The reason is that the soil is homogenous in 

vertical direction with weak and strong vertical layers. Hence, the failure is doomed to pass 

through a strong region in most of the Monte-Carlo simulations. This leads to lower pf for the 

slopes with infinite ϴv.  

By applying the infinite spatial correlation length in the horizontal direction on the 

other hand, a shallow failure may happen. In this case, the weak layers are in the horizontal 

direction. The failure may pass through the weak layers in this case. Therefore, a semi-linear 

failure mechanism, like the one shown in Figure 7.12, may happen. The probability of failure 

is consequently higher in this case. 

Additional RFEM models were implemented in order to survey the effect of the 

horizontal infinite spatial correlation length on the probability of failure of the slopes with 

different V and ϴv. The pf versus vertical spatial correlation length with different coefficients 

of variation for the same slope is plotted in Figure 7.14 and compared with the same graphs 

for the isotropic slope when ϴv = ϴh which was presented earlier in this section (Figure 7.9). 
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Figure 7.14 - Probability of failure vs. ϴv while ϴh is constant and equal to infinity for “Inf 

V” and ϴv = ϴh for “V” cases with lognormal distribution. 

 

According to Figure 7.14, where V <1 the slope with infinite ϴh have a higher 

probability of failure regardless of ϴv. However, when V > 1, the isotropic slope with equal 

ϴh and ϴh results a higher pf for the slope. The difference in pf between the infinite ϴh and 

isotropic slopes decreases as ϴv increases. ϴv = 8 is the spatial correlation length in which 

both the infinite and finite ϴh result in the same probability of failure for the slope. The 

reason is that ϴ = 8 is a big number for spatial correlation length and the slope behaves as an 

uniform slope for the ϴ larger than this value. Therefore, the slopes with ϴh = ϴv = 8 and ϴh = 

infinity and ϴv = 8 give the same probability of failure. 

7.1.4 Slope Inclination Effect 

Factor of Safety of the slopes decreases by increasing the slope angle β. The slope 

steepness therefore is expected to play a considerable role in the probability of failure of 

slopes as well. The influence of the slope angle β on the probability of failure of the 

undrained slopes with a mean of RFEM model was studied in this research and the results are 

presented in this section.  

The slope modeled in this section, has the following geometric and mechanical 

characteristics: H = 1m, D = 2, ϕ = 0 and μCu = 0.25. The slope angle β is equal to 26.6°, 45°, 

55° and 63.5° for the four different slope models, and the deterministic Factor of Safety for 

these slopes are 1.45, 1.35, 1.32 and 1.26 respectively. The spatial correlation length ϴ was 
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assumed to be the same in the horizontal and vertical directions. Figure 7.15 shows a typical 

random field simulation and finite element meshing for each of the slopes with different β 

when the spatial correlation has a length of 10 and coefficient of variation is equal to 0.5.   

 

Figure 7.15 - Random field realization for the undrained slope with V = 0.5 and ϴ = 10 for 

different slope angles (a) β = 26.6, (b) β = 45, (c) β = 55, (d) β = 63.5 
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The slopes were modeled with two different coefficients of variation. The pf versus ϴ 

is plotted in Figure 7.16 for the slopes with different β and V = 0.3.  

 

 

Figure 7.16 - Probability of failure vs. spatial correlation length for the undrained slope with 

different slope angles and lognormal distribution, V = 0.3, μCu = 0.25. 

 

The probability of failure of the slope increases by increasing the slope angle as it was 

expected. The difference between the pf values for the slopes with different angles however, 

is bigger for the intermediate spatial correlation lengths (2 < ϴ < 5). For example, for the 

slopes with β = 26.6 and β = 63.5 the pf is equal to 7% and 29% respectively when ϴ = 5. 

These values changes to 14% and 27% by increasing the ϴ to 100. The worst case spatial 

correlation length, ϴw also decreases by increasing the β. This value seems to be infinite for 

the slope with β = 26.6 and decreases to 5 by increasing the slope angle to 63.5.  

The same graphs for the slopes with V = 0.5 has been plotted in Figure 7.17. There is 

a boost in the probability of failure of the slope by increasing the slope angle for these cases 

as well. However, the difference in the highest pf for the four slope models is noticeably 

higher than the previous graph when V = 0.3 such that the maximum pf difference is when ϴ 

= 0.25. The slope with β = 63.5° has a pf equal to 59% while this value falls to 1% by 

decreasing the slope angle to 26.6°. This difference decreases by increasing the spatial 

correlation lengths such that when ϴ is 100, the slope with β = 63.5° has a probability of 
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failure of 40% and for the one with β = 26.6° there is a 29% probability of failure. These 

results show the significant spatial correlation length influence on the probability of failure of 

slopes.  

 

 

Figure 7.17 - Probability of failure vs. spatial correlation length for the undrained slope with 

different slope angles and lognormal distribution, V = 0.5, μCu = 0.25. 

 

Another important observation from Figure 7.17 is that the worst case spatial 

correlation lengths ϴw, are around 1 for the slopes with β = 45°, 55° and 63.5°. The only case 

that the maximum probability of failure occurs when ϴ = 100 is the slope with 26.6° slope 

angle. This is an important finding which shows that the infinite spatial correlation length 

does not always result in the highest estimate of the pf for slopes; in other words, taking 

account of the soil spatial variability does not necessarily decrease the probability of failure 

as it was reported by other researches previously (e.g. Cho 2007, Javankhoshdel & Bathurst 

2014). 

Investigating at the failure mechanism of the slopes with different spatial correlation 

lengths can explain the worst case spatial correlation length. Figure 7.18 and Figure 7.19 

illustrate typical failure mechanisms for the undrained slope with β = 63.5° when ϴ = 0.5 and 

100 respectively.  
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Figure 7.18 - Typical failure mechanisms of the undrained slope with β = 63.5° and ϴ= ϴw= 

0.5. 

 

  

Figure 7.19 - Typical failure mechanisms of the undrained slope with β = 63.5° and ϴ = 100. 
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In Figure 7.18, the failure paths have been highlighted by colored dotted lines. The 

first observation from this figure is that the failure does not have a smooth circular shape. The 

slope in the failure paths has weaker soil comparing to the neighborhood elements as the 

lighter colors present the weaker soil in this figure. In Figure 7.18 (a) the failure starts in a 

weak region on the top of the slope and when it reaches the stronger soil, it passes through 

the weaker regions on the top and below of the stronger area. This is an important 

characteristic of finite element based slope stability analyses where the failure is free to seek 

out the weakest path. 

A double failure mechanism can be seen in Figure 7.18 (a) when ϴ = 0.5 for the same 

slope. The same phenomenon happens here where the failure refuses to go through the strong 

soil and find easier paths as the both shallow and deep mechanism. The soil strength 

distributions in the slope for the intermediate spatial correlation lengths allows the failure to 

find a path which is not necessarily circular, and consequently results in higher probability of 

failure for the slope. On the other hand, when the spatial correlation length is high, ϴ = 100, 

the slope behaves more like a uniform slope and the only failure mechanisms that happen are 

either a shallow or deep circular shapes as it has been shown in Figure 7.19(b). 

By increasing the spatial correlation length, the pf of each slope in Figure 7.17 with 

different β becomes constant. As the slopes with large ϴ are uniform in each Monte-Carlo 

simulation, this ultimate probability of failure can be estimated analytically. For the 

undrained slope Factor of Safety is linearly proportional with the shear strength of the soil. 

That is, there is a corresponding Cu value for each Factors of Safety. Therefore, the 

probability that Cu results in a FS < 1 is equal to the pf that is calculated by the RFEM model 

when ϴ >100. A simple code was developed in MATLAB to calculate the analytical values 

of the ultimate pf for the undrained slope with four β values and consequently four calculated 

FS. The pf for each slope is presented in Table 7-3. These results are very close to the values 

shown in Figure 7.17 for ϴ = 100. 

 

Table 7-3 - Ultimate analytical pf values for the undrained slope, μCu = 0.25. 

Slope angle, β° Factor of Safety, FS Probability of failure, pf 

26.6 1.45 0.289 

45 1.35 0.342 

55 1.32 0.365 

63.5 1.26 0.4 
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The probability of failure vs. spatial correlation length distribution for the undrained 

slope with a slope angle of 63.5° with two different slope heights has been plotted in Figure 

7.20. The μCu was kept constant and equal to 0.25 for the both models. The graphs show that 

the probability of failure and the worst case special correlation length for the two slopes with 

the same μCu but different slope height H are almost identical. That is, the worst case spatial 

correlation length ϴw is independent of the slope height.  

  

 

Figure 7.20 - Probability of failure vs. spatial correlation length for the undrained slope with 

different slope height and lognormal distribution, V = 0.5, μCu = 0.25, β = 63.5°. 

 

Based on the RFEM results for the undrained slope presented in this section it can be 

concluded that the worst case spatial correlation length values, ϴw depend on the coefficient 

of variation and the slope angle. Moreover, the slope angle has a direct relationship with the 

factor of safety of the slope such that by increasing the slope angle, FS decreases. Hence, the 

ϴw versus FS graph can be a useful tool for calculating the worst case spatial correlation 

length for the slopes when there is not much information about the soil spatial characteristics 

in the site. This graph has been plotted in Figure 7.21 for the undrained slope modeled in this 

section with V = 0.3 and 0.5. The points between the data points have been interpolated to 

create a smooth graph.  
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Figure 7.21 - Factor of Safety vs. ϴw for the undrained slope with V = 0.3 and 0.5. 

  

7.2 Drained Slope 

Another slope was studied using a RFEM model with drained soil properties with c′ 

and tan ϕ′. The slope is similar to the undrained slope with a height of H, depth ratio D, and 

slope angle β equal to 10m, 2 and 26.6° respectively. The shear strength of the soil is 

expressed in a non-dimensionlized form and represented by C′ where C′= c′/γ.H and γ is 

equal to 20kN/m
3
. 

The spatial correlation length, ϴ and the coefficient of variation, V of C′ and tan ϕ′ 

were assumed to be the same: 
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The shear strength parameters of the soil C′ and tan ϕ′ were treated as random 

variables and characterized statistically by both normal and lognormal distributions 

separately. Both distributions are defined by a mean µ and a standard deviation σ. The μC′ and 

μtanϕ′ of the soil were chosen to be 0.025 and tan 20° = 0.364 respectively. The probability 

density function of C′ is given by the following equations for normal and lognormal 

distributions. The same equations were used for tan ϕ′. 
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The influence of the cross correlation ρ, between C′ and tan ϕ′ were first studied on 

the probability of failure of the drained slope. Three values were considered for ρ equal to 

0.5, 0 and -0.5 such that ρ = 0.5 represents the positive cross correlation between the two 

random variables, 0 no correlation and -0.5 a negative correlation between the two random 

variables. The pf variation with the normalized spatial correlation length ϴ for these three 

analyses have been plotted in Figure 7.22. The random variables have a normal distribution 

functions and a coefficient of variation equal to 0.3 in these analyses.  

 

 

Figure 7.22 - Probability of failure vs. ϴ for different cross-correlations for the drained slope 

with a normal distribution μC′ =0.025 and μtanϕ′= 0.364. 
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the most conservative case, it has been suggested by some investigators (e.g. Cherubini 2000) 

that C′ and tan ϕ′ tend to have a negative cross correlation which results in lower values for 

the pf. Thus, modeling the slope with no correlation between the C′ and tan ϕ′ would be on 

the conservative side. For this reason, the shear strength parameters of the soil for the drained 

slope were modeled as uncorrelated to each other in this study. 

Another observation from Figure 7.22 is that by increasing the ρ from -0.5 to 0.5 and 

subsequently increasing the pf, the worst case spatial correlation length becomes more 

noticeable around ϴw = 1. More RFEM models were performed to investigate the worst case 

special correlation length for the drained slope. The coefficient of variation was shown to 

have an important effect on ϴw for the undrained slope. Hence, the same drained slope with 

no correlation between the C′ and tan ϕ′ was modeled with different coefficients of variation 

to study the influence of V on the probability of failure and finding the ϴw values for the 

drained slope. The pf variation with ϴ for different coefficient of variations has been plotted 

in Figure 7.23 for the drained slope with applying a normal distribution function for C′ and 

tan ϕ′. 

 

 

Figure 7.23 - Probability of failure of the drained slope vs. spatial correlation length for 

different coefficients of variation with a normal distribution, μC′ =0.025 and μtanϕ′= 0.364. 
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From Figure 7.23, it can be deduced that similar to the undrained slope, by increasing 

the coefficient of variation, the probability of failure of the drained slope increases. The worst 

case spatial correlation length also decreases by increasing the coefficient of variation. ϴw 

seems to be infinite when V = 0.25, however, it decreases to 0.4 by increasing V to 0.5. This 

is similar to the results gained from the RFEM analyses of the undrained slope when the ϴw 

was around 1 for most of the cases.  

When ϴ is large, the field is more strongly correlated, so that it appears smoother with 

less variability in each simulation. The slope consequently tends to behave as a homogeneous 

slope more like that predicted by traditional methods. Conversely, when ϴ is small, the 

random field is typically rough in appearance; however, as the variability is high, the soil 

behaves like a uniform mass (with properties approaching the mean). This results in having a 

slope with homogeneous soil in each realization as well. Thus, for very large and very small 

spatial correlation lengths, fewer failures are expected. 

In finite element analysis of slope stability, as mentioned before, failure is free to seek 

out the weakest path through the soil. For intermediate correlation lengths within the scale of 

the slope height, the soil properties measured at one location may be quite different from 

those actually present at other locations. It gives the failure the opportunity to find the 

weakest path through the soil which could have a non-circular or non-linear shape. Similar to 

the undrained slopes, Figure 7.24 illustrates two failure mechanisms for the drained slope 

with intermediate spatial correlation length, ϴ = 0.5, which is the worst case ϴ for this slope, 

and ϴ = 100. Black represents the strongest element and white is the weakest in a particular 

realization. 

As it can be seen in Figure 7.24, failure does not follow a specific path when ϴ = 0.5. 

The failure is be able to find its path where the soil has the weaker parameters (lighter color).  

Hence, for the intermediate correlation lengths, more failures are observed. Following this 

reasoning, the maximum probability of failure occurs when the slope has an intermediate 

spatial correlation length as shown in Figure 7.23. 

The variation of the probability of failure of the drained slope with the spatial 

correlation length has also been plotted in Figure 7.25 and Figure 7.26 for different Factors of 

Safety and normal and lognormal distributions respectively.  

The slope with μC′ = 0.025 and μtanϕ′ = 0.364 has a Factor of Safety of 1.1. For 

increasing and decreasing the FS values for this slope, all the parameters were kept constant 

and only μC′ and μtanϕ′ were changed to get different FS values.  
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Figure 7.24 - Typical failure mechanism for the drained slope with two different spatial 

correlation length, a) ϴ = 0.5, b) ϴ =100. 

 

 

Figure 7.25 - Probability of failure of the drained slope vs. spatial correlation length for 

different FS with a normal distribution β = 26.6°. 
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Figure 7.26 - Probability of failure of the drained slope vs. spatial correlation length for 

different FS with a lognormal distribution β = 26.6°. 

 

As it was expected, by decreasing the Factor of Safety, the probability of failure 

increases generally, however, this increase in the FS is more than any other areas for 0 < ϴ < 

1. This is the interval that the worst case spatial correlation occurs. By decreasing the Factor 

of Safety, the ϴw decreases and the corresponding pf increases. The Factor of Safety graph 

versus the worst case spatial correlation length, has been plotted in Figure 7.27 for the 

drained slope. Similar to what was seen for the undrained slope, ϴw is getting closer to 

infinity as FS increases. According to these graphs, it can be summarized that for the slope 

with FS<1.25, the worst case spatial correlation length is not infinity, and the maximum 

probability of failure, consequently, does not happen when the soil has the infinite ϴ.  

 

 

Figure 7.27 - Factor of Safety vs. ϴw for the drained slope, V= 0.3, H = 10m, D=2, β = 26.6°. 
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For a drained slope with c′ and ϕ′, however, there is not only one combination of these 

two random variables that results in an identical Factor of Safety for the slope. A drained 

slope model with H =10 m, β = 26.6° and two different combination of c′ and ϕ′ that results 

in a Factor of Safety of 1.48 was modeled with RFEM to investigate that if two slope with 

identical FS would result in the same probability of failure and worst case spatial correlation 

length. The coefficients of variation of c′ and tan ϕ′ were decided to be the same and equal to 

0.4 and a normal distribution function was used for the input random variables. The 

probability of failure distribution with the spatial correlation length for the two slopes with c′ 

and ϕ′ equal to 5 kPa and 28° and 12 kPa and 20° has been plotted in Figure 7.28.  

 

 
 

Figure 7.28 - Probability of failure of the drained slope vs. spatial correlation length, FS = 

1.48, V = 0.4, β = 26.6° with a normal distribution. 

 

Result of this analyses presented in Figure 7.28, indicates that for the ϴ > 10 pf 

calculated for both slopes is the same. However, for the ϴ values less than 10, the pf is higher 

for the slope with higher tan ϕ′. The worst case spatial correlation length is also equal to 1 

and 0.5 for the two cases. Although there is not a big difference in ϴw values, by increasing 

the pf, ϴw decreases. This was observed in previous models for the both undrained and 

drained slopes. That is, any reason, which could be weaker soil and/or steeper slope angle, 

that leads to increase in pf, results in a smaller value for the ϴw. The worst case spatial 

correlation length is then expected to be closer to zero for the slopes with a Factor of Safety 
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if FS is less than 1 based on the mean values of soil shear parameters, pf would be equal to 1 

at ϴ = 0 which is the absolute maximum value for a probabilistic slope stability analysis.  

7.2.1 Normal versus Lognormal Distribution 

In the probabilistic slope stability analyses, the user is often required to choose a 

probability density function for characterizing random inputs without a great deal of data to 

support the decision. Normal and lognormal distributions are both common choices that have 

been applied to geotechnical problems. The influence of two different input random variable 

distribution functions on the probability of failure of the drained slope stability problem was 

studied and has been presented in this section.  

The 2:1 drained slope with H, D and β are equal to 10, 2 and 26.6° respectively and 

μC’ and μtan ϕ’ equal to 0.025 and tan20° = 0.364 was modeled with both normal and 

lognormal distribution functions. C′ and tan ϕ′ have considered uncorrelated to each other. 

The slope was modeled with three different coefficients of variation equal to 0.3, 0.4 and 0.5. 

ϴ was varied from 0.01 to 100 for each slope model.  

Figure 7.29 to Figure 7.31 show the probability of failure pf versus the spatial 

correlation length ϴ for the slope with different coefficients of variation for each figure. The 

spatial correlation lengths in the both horizontal and vertical directions are equal. Each figure 

has two graphs one corresponding to a slope stability analysis when the input random 

variables C′ and tan ϕ′ have normal distribution and another with lognormal distribution. 

 

 

Figure 7.29 - Variation of pf with ϴ for V = 0.3 with normal and lognormal distributions for 

input variables, β = 26.6°, μC’ =0.025 and μtan ϕ’ = 0.364. 
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Figure 7.30 - Variation of pf with ϴ for V = 0.4 with normal and lognormal distributions for 

input variables, β = 26.6°, μC’ =0.025 and μtan ϕ’ = 0.364. 

 

  

Figure 7.31 - Variation of pf with ϴ for V = 0.5 with normal and lognormal distributions for 

input variables β = 26.6°, μC’ =0.025 and μtan ϕ’ = 0.364. 

 

 

Figure 7.29 shows that when the coefficient of variation is equal to 0.3 input variables 

with normal and lognormal distributions result in almost a same probability of failure for the 

slope. The worst case spatial correlation length is also the same and equal to 1 for both cases. 
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By increasing the V to 0.4 there is a difference in the results of two analyses with different 

input distribution density functions. This difference decreases by increasing the spatial 

correlation length. As discussed for the block problem, different distribution functions of C′ 

and tan ϕ′ in normal and lognormal distribution cases (Figure 4.8) can lead to different results 

in finite element analysis and consequently different probability of failure for the slope 

stability analysis. 

For the slope with V = 0.5 for C′ and tan ϕ′, on the other hand, this difference is more 

considerable. For the small values of ϴ this difference is the maximum. This incompatibility 

is more visible when the ϴ is 0.01 in which the normal distribution results in pf = 0 while 

with the lognormal distribution the probability of failure is equal to 1. When ϴ is small, the 

slope becomes increasingly uniform with essentially constant strength at each simulation. For 

the slope with the normal distribution function these constant values tend to the mean of C′ 

and tan ϕ′, however, in the lognormal distribution the values tend to the median of input 

random variables (Griffiths and Fenton 2004). The means of C′ and tan ϕ′ result in a Factor of 

Safety of 1.1 for the slope, therefore, the probability of failure of the slope is equal to 0 for 

the normal distribution case. On the other hand, FS is calculated to be essentially 1.0 with the 

median values of the soil strength parameters, hence pf = 1. Another reason for this difference 

between normal and lognormal distribution results is that when ϴ is small, the results of the 

RFEM start to display discretization errors and statistical distortion due to local averaging 

when the elements are not big enough to properly model the spatial variability. 
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8 CHAPTER 8 

CONCLUDING REMARKS 

 

8.1 Concluding Remarks 

Soil spatial variability in traditional approaches of geotechnical engineering design 

rarely is taken account in a systematic way. An equivalent or average parameter is usually 

used as the input values for analysis. This thesis has studied the probabilistic behavior of four 

different geotechnical engineering problems including a block compression problem, bearing 

capacity of strip footings, passive and active earth pressure, and slope stability analysis with 

consideration of spatial variability of the soil parameters using the Random Finite Element 

Method (RFEM). The RFEM combines the finite element method with random field theory 

and Monte Carlo simulation in which spatial variability is properly taken into account. The 

RFEM enables the failure mechanism to seek out the weakest path through heterogeneous 

soil which can lead to higher probabilities of failure than might be predicted when spatial 

variability is ignored. Parametric studies were performed for each geotechnical problem, and 

the influence of different parameters such as the coefficient of variation, spatial correlation 

length, and the choice of input random variable distribution functions (normal or lognormal) 

on the probability of failure pf was investigated. Some of the most important findings of this 

study are as follows. 

 

 The 2D RFEM models show that the deterministic compressive strength of the block 

and bearing capacity problems calculated using the mean of the soil shear parameters, 

can overestimate the strength of the soil. The important role of the Factor of Safety 

was shown by applying it to the deterministic compressive strength and bearing 

capacity of the soil to decrease the probability of which the RFEM values lie under 

the factored deterministic ones. For the bearing capacity problem it was shown that 

for some cases with relatively high coefficients of variation (V> 0.4) even a Factor of 

Safety of 3, could still give a probability of failure as high as 5%. It confirms that use 

of the mean values of soil shear parameters is not a conservative choice and many 

engineers would use lower (more pessimistic) characteristic values. 

 It was shown clearly that a worst case spatial correlation length exists for all the 

geotechnical problems studied in this research. The worst case spatial correlation 
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length, leading to a maximum probability of failure was shown to be of the order of 

0.1H to H, where H is the block height for the block compression problem. For the 

bearing capacity the worst case spatial correlation length was shown to be in the range 

of 2B and 10B when B is the width of the strip footing. The worst case occurs when 

the spatial correlation length is around 0.2H for the passive and between 0.5H and H 

for the active earth pressure problems, where H is the wall height. The result of 

several slope stability analyses proved the existence of the worst case spatial 

correlation lengths for both undrained and drained slopes with a value around 0.5H to 

H when H is the height of the slope. However, for all these different problems, the 

worst case spatial correlation length tends to infinity when the Factor of Safety is 

relatively high or when the coefficient of variation of the input random variables are 

low (V< 0.2). The implication of these results is that the spatial correlation length 

should be fixed to the worst case length ϴw if there is insufficient data, in order to 

yield a conservative design aimed at a target reliability. This result is a practical and 

important finding, as the soil spatial variability is generally difficult and expensive to 

estimate accurately , may be anisotropic, and requires a large number of samples. 

 For both the block and slope problems, results from normal and lognormal input 

distributions were similar when the coefficient of variation was small and increasingly 

differed as the coefficient of variation increases. This is to be expected from the 

nature of the normal and lognormal distributions. Another reason for the difference is 

that with a higher coefficient of variations, a predictable percentage of input variables 

in the normal case will have negative values. The biggest differences between the 

results of normal and lognormal distributions occurred at low spatial correlation 

lengths, when local averaging resulted in properties being “safe” with the normal 

distribution and “unsafe” with the lognormal. The results of the RFEM start to display 

discretization errors and statistical distortion due to local averaging when the elements 

are not big enough to properly model the spatial variability. It can still be stated 

however, that careful consideration should always be given to the choice of input 

probability density functions for geotechnical analysis. Distributions should be based 

on high-quality field data if available, but if that is not available, a conservative 

approach should always be followed. 
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8.2 Recommendations for Future Research 

 The majority of results presented in this thesis assumed that the spatial correlation 

was isotropic. The exception was in the slope stability chapter where spatial 

correlation lengths of infinity were considered in one direction or the other. A 

thorough investigation of realistic soil anisotropy is now needed, since it is well-

known that the spatial correlation length in the horizontal direction is often higher 

than that in the vertical direction due to sedimentary depositional processes. 

 In all the RFEM models considered in this study, the soil was given a single set of 

statistical input parameters. Results from the deterministic slope stability analyses 

presented in this research however, showed that layering could have a significant 

influence on stability. Additional RFEM models should be developed to model 2 or 

more layered slopes or bearing capacity problems in which each soil has different 

statistical parameters. 

 The sampling method for calculating the deterministic earth pressure used in both the 

active and passive earth pressure problems could be applied to other geotechnical 

engineering applications. 

 This study concentrated on the probability of failure of geotechnical problems, 

however studying the consequence of failure would be a valuable future study. For 

example, the consequence of failure for people and infrastructure downhill is very 

different if a slope experiences a shallow or a deep failure mechanism, so in a risk 

analysis it would be logical to weight these two types of failure differently. In order to 

measure consequences of failure, pattern recognition software or other tools could be 

used to estimate the volume of the soil in each failure simulation of a slope stability 

problem. 
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