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ABSTRACT  

 

Polymers have inundated modern society because of their tunable nature that makes them 

ideal for a wide variety of applications. Despite their prevalent use however, there are still many 

issues that are not understood due to the difficult nature of taking in situ measurements on the 

molecular scale. In order to address the molecular scale issue, this thesis presents the 

development of a dynamic Monte Carlo algorithm that is capable of capturing the salient details 

of polymer rheology. The algorithm used throughout the course of these studies is entitled the p-

COMOFLO algorithm, thusly named because it modifies the Cooperative Motion Algorithm 

(also known as the COMOTION algorithm) to study flow and polydispersity. Throughout the 

course of this work the p-COMOFLO algorithm is developed which allows for the efficient 

simulation of polydisperse polymer melts subject to a wide variety of processing conditions 

including confinement, shear flow, parabolic flow, and extensional flow. The modification of the 

core Monte Carlo code to incorporate shear flow, parabolic flow, and extensional flow has been 

developed and subsequently implemented in an a priori manner. Utilizing these extensions, the 

p-COMOFLO algorithm is able to capture the molecular scale details of slip and cross-flow 

migration, which enables the evaluation and resolution of long standing polymer processing 

issues.  
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CHAPTER 1 : POLYMER PROCESSING AND THE NEED FOR SIMULATIONS 

 

 
The polymer industry is one of the most vital industries in today’s modern society. Ever 

since celluloid was first used to make a plastic comb and the introduction of the plastic chair 

shortly afterwards in 1945, plastics have inundated modern society.[2] Plastics are used 

everywhere, from clothing to storage, and even to solar panels. Polymers are highly versatile 

because they can be tuned on the molecular scale to obtain ideal properties. Today the polymers 

industry accounts for over $350 billion dollars of shipments every year, and for over one (1) 

million domestic jobs in the United States alone. [3,4]  

Polymers have proven to be such an ideal material for worldwide implementation 

because of their tunable nature on the molecular scale, which leads to changes in macroscopic 

properties. In homopolymers (polymer melts composed of one monomer), it is possible to 

change their macroscopic properties by changing the molecular weight. Subsequently, altering 

the polydispersity of a melt will result in all of its processing parameters (e.g. viscosity and 

normal stress differences) being affected to some extent. These trends are universal for all linear 

homopolymer melts; however, the molecular scale origin of this behavior is not fully understood. 

Polymers can also be tuned to ideal applications by adjusting their chemical makeup and 

structure. Branched polymers experience different chain dynamics because of their branch point 

which leads to a variant rheological profile. In the case of polyethylene, the most common plastic 

produced today (ca, 80 million tonne/year), the small branches lead to strain hardening when 

subject to extensional flow. Strain hardening is what yields polyethylene’s ideal use in plastic 

bags. Homopolymers can be blended together to form polymer blends which exhibit a complex 

morphology and thus unique rheological properties. Additionally, polymers can also be classified 
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as copolymers, which are composed of many different monomeric units, have tunable properties 

depending on their composition. One famous example of a copolymer is the common Lego piece. 

This highly tuned formulation of acrylonitrile, butadiene, and styrene (commonly referred to as 

ABS) possesses a high Young’s modulus of 1.λ0 GPa making it ideal for supporting large 

amounts of force and highly wear resistant. 

In order to custom tailor the properties of a given plastic, such as its rheological profile, 

to its final product, it is paramount to understand how the plastic behaves under processing 

conditions. Commonly, plastics are processed through an extruder that ensures homogeneity 

before passing through a die and into its final processing stages. In these final processing stages 

the polymer melts may be subject to shear, parabolic, or extensional flow. Each different type of 

flow results in the properties of the final product being slightly altered. Thus, the key to 

understanding the properties of a polymer not only rely on its molecular scale behavior under 

quiescent conditions, but also on how processing may affect the final properties on the molecular 

scale. Molecular scale simulations offer an attractive avenue to ascertain these properties 

allowing for the development of novel materials and directed polymer synthesis. 

Despite the prevalence of polymers, there are still many inherent processing issues, which 

affect the final product, which are not understood. Two such issues are slip and cross flow 

migration. Both issues have been thoroughly documented throughout the polymer literature, [5-

10] and affect the final product that is produced. To date, there has been no molecular scale 

investigation into the origin of these phenomena. Such an investigation could resolve decades of 

controversy; however, these investigations have not been conducted due to the difficult nature of 

capturing the salient details of polymer processing. Once again, molecular scale simulation could 

offer profound insight into these phenomena. 
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1.1 Polymer Processing Issues 

Out of these two aforementioned phenomena, slip is more documented. The first 

publications of slip arose from the seminal work of Navier in 1827 [11] in which he 

acknowledged that slip can occur and that the no slip boundary condition may not be valid for all 

situations. In this, he proposed that the slip velocity, vs, could be expressed as the product of the 

shear rate (= | = ) and some material constant, b, which depends on various properties 

such as polydispersity, temperature, molecular weight, and wall interactions. This postulate does 

not offer any understanding into the origin of slip. 

It was over 100 years until Mooney [12] published his seminal experiments to quantify 

slip. In this work he demonstrates that by changing the plate space (or respectively capillary 

diameter) in a rheometer, it becomes possible to ascertain the degree of slip. While these 

experiments were the first to quantify slip, Brochard and deGennes[13] were the first to propose 

a molecular scale explanation, in which a layer of adsorbed polymer chains is present at the 

polymer-solid interface. Under quiescent and low shear rate conditions, these chains exist in a 

coiled conformation. However, as the shear rate increases, the polymer chains become extended 

and unentangled. This disentanglement phenomenon depends on a wide variety of parameters, 

but has generally been accepted as an accurate hypothesis for polymers. Figure 1.1 demonstrates 

this phenomenon in which there are two competing forces, the force caused by molecular scale 

entanglements and attractive force between the wall and polymer, which can lead to slip. In the 

case of cohesive slip, the polymer chains become highly extended and disentangle from each 

other leading to the development of a slip plane. 

Unlike slip, cross flow migration is a phenomenon that is not as well documented and has 

proven to be more controversial. Cross flow migration is the phenomenon in which the lower
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molecular weight material migrates to the regimes of higher shear rate. It has been postulated 

that this phenomenon occurs because the work necessary to deform the shorter chains is less than 

that to deform the longer chains. In this formalism, the shorter chains are present at the regime of 

higher shear rate in order to reduce the entropic penalty of deformation. In 1965 and 1966 

Schrieber, Storey, and Bagley [14,15] were the first authors to support this hypothesis, 

demonstrating that extruded polyethylene has a lower molecular weight layer on the extrudate 

surface. Contradictory statements arose in 1972 and 1973 when Whitlock and Porter [16,17]  

found that in polystyrene this lower molecular weight layer was only found at high shear rates 

and high temperatures. This led the authors to logically conclude that the source of this layer was 

polymer degradation. However, the authors made the claim that this could be the only source of 

the lower molecular weight at the polymer surface. Within two years of Whitlock and Porter’s 

claim, however, Lee and White [18-20] demonstrated for a mixture of polystyrene, high and low 

density polyethylene, and poly(methyl methacrylate) that when these polymers were co-extruded, 

Figure 1.1: A demonstration of the coil stretch phenomena presented by Doi and 
Edwards. At low shear rates the polymer chains exist in their coiled state, but as shear 
rate increases the changes become stretched out leading to the force of entanglements 
on the polymer chains to decrease, leading to cohesive failure. 
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the lower viscosity material always encapsulated the high viscosity material. Their claim 

demonstrates that migration does occur, and that polymer degradation is not the only source of 

the lower molecular weight at the extrudate surface. While conflicting claims abound, [9] this 

issue is still intensely debated in the scientific literature and the rheology community. Until the 

research was conducted in Chapter 9, there had been no molecular scale investigation which had 

studied migration in polymer melts.[21,22].     

1.2 The Need for Polymer Simulations 

Due to the nature of polymer extrusion, it is extremely difficult to ascertain in situ 

measurements of the molecular details of polymer rheology. Thus, a toolkit which predicts the 

salient details of flow in an a priori manner on the molecular scale would greatly benefit the 

polymer industry and scientific community. Such toolkits allow for combinatorial optimization 

and avoid an Edisonian approach that would typically be employed in a laboratory. Simulations 

can elucidate the molecular-level causes of various rheological phenomena and allow for the 

comprehension of the molecular origin of slip and cross flow migration. The employed technique 

must be capable of capturing the salient details of polymer rheology that include, but are not 

limited to, the proper scaling of zero shear viscosity with molecular weight, the proper cross over 

in dynamics, proper scaling of the end-to-end vector, and proper scaling of the extensional 

viscosity. In addition, hard walls and polydispersity must be incorporated to gain a full 

understanding of all relevant phenomena. 

1.3 Scope of Thesis 

This work sets out to develop an algorithm that is capable of capturing the salient details 

of polymer rheology through the use of a lattice based Monte Carlo algorithm which allows for 

computational efficiency of large polymer systems. Specifically this work details the 
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incorporation of shear flow, extensional flow, and polydispersity into molecular simulations. 

While this work focuses on using the Cooperative Motion Algorithm, a Dynamic Monte Carlo 

technique, to ascertain polymer properties, the techniques described can be applied to a wide 

range of simulations. The objectives of this thesis are: 

 Demonstrate that the cooperative motion algorithm can reproduce Rouse and reptation-

like dynamics under quiescent conditions, thereby demonstrating that the algorithm can 

capture entangled polymer chain dynamics. 

 Show that the algorithm can effectively capture the correct shear flow profile and thus 

capture the correct rheological properties. 

 Extend the algorithm to polydisperse polymer melts, and study the effects of 

polydispersity on rheology and on confined melts. 

 Develop a method to model extensional flow and extensional rheology. 

 Investigate the molecular origin of slip and cross flow migration in polymer melts. 

The remainder of this thesis outlines the efforts that were performed to accomplish these 

goals. This thesis is a collection of the papers that have been published, or are pending 

submission, relating to this topic. Instead of being organized in chronological order, these papers 

are organized in an order that details the development of techniques for the algorithm followed 

by a discussion of subsequent results. The work of this thesis culminates in the work completed 

in Chapter 9, which requires an understanding of previous algorithm development. Specifically, 

the thesis is organized as follows: 

 Chapter 2 : The Simulation of Polymer Melts Subject to Flow - This chapter provides a 

general outline of the history and current state of polymer simulations. Specific interest is 

placed on understanding simulating the flow of polymer melts. 
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 Chapter 3 : Parameter Free Prediction of Rheological Properties of Polymer Melts as 

Determined by Dynamic Monte Carlo Simulation - This chapter details the 

implementation of shear flow and calculation of rheological properties using the 

cooperative motion algorithm. This chapter also details the dynamics of polymer melts. 

This work was the first paper published in 2012 in Macromolecules. 

 Chapter 4: Finding the Missing Physics - Mapping Polydispersity into Lattice-based 

Simulations - This chapter deals with mapping various distributions to a discrete set of 

chain lengths. This implementation allows for the simulation of polydispersity in all 

subsequent simulations. This work was published in Macromolecules in 2014.  

 Chapter 5: A priori Determination of the Extensional Viscosity of Polymer Melts by 

Dynamic Monte Carlo Simulation - This work details the development of the double 

biasing method to subject the polymer melts to planar extensional flow. The algorithm is 

found to capture multiple regimes of the extensional viscosity and accurately captures the 

lower limit extensional viscosity. This work has recently been submitted to Physical 

Review Letters. 

 Chapter 6: Effects of Polydispersity on Confined Homopolymer Melts: A Monte Carlo 

Study - Using the methods outlined in Chapter 4, this chapter discusses the effect of 

confinement on polydisperse melts. Polydispersity is demonstrated to reduce the effects 

of confinement because it provides more configurations than the monodisperse case. This 

work was published in the Journal of Chemical Physics in 2014.  

 Chapter 7: Parameter Free Prediction of Rheological Properties of Homopolymer Melts 

by Dynamic: Monte Carlo Simulation                      II. Role of Polydispersity - Once 

again utilizing the methods presented in Chapter 4, this work understands the differences 
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that arise when the polydisperse polymer melts are subject to shear flow. Polydispersity is 

demonstrated to lower the viscosity and shear stress of the polymer melts while still 

maintaining the same zero shear viscosity for a constant length averaged chain length 

(analogous to weight averaged molecular weight). This work is pending submission to 

Rheologica Acta. 

 Chapter 8: Molecular Scale Simulation of Homopolymer Wall Slip - This chapter 

discusses the preliminary observations of slip conducted using the algorithm. Despite 

being the second paper published during the course of this work, it relies heavily on the 

work from Chapter 3 and Chapter 4. This work was published in Physical Review Letters 

in 2013 and is the first simulation method to elucidate some of the molecular scale details 

of slip.  

 Chapter 9: Molecular scale simulation of cross flow migration in polymer melts - This 

work details the migration phenomenon that is observed when subjecting polydisperse 

polymer melts to parabolic flow. This is the first simulation to observe migration effects 

in dense polymer melts and attributes this phenomenon as a mechanism of lowering the 

free energy of work. These results were originally published in Physical Review E in 

2014.   

 Chapter 10: Conclusions and Future Work– This chapter will summarize the thesis as a 

whole with its major implementations in findings. The future work portion of this chapter 

will address additional slip findings that were found using the algorithm, but have 

remained unpublished. Finally this chapter will outline the future direction for the 

algorithm. 
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As this thesis is a collection of published works each chapter has an introduction specific 

to the subject matter. Also due to this, many equations will be redefined in each chapter. Not 

detailed in this thesis is the work with my Co-advisor on sodium diffusion in silicon clathrates, 

and education paper introducing multiscale modeling to undergraduate and graduate transport 

courses, and the experimental work conducted at the National Renewable Energy Laboratory 

(NREL) under the tutelage of Gregg Beckham. During the course of this thesis, I have also 

contributed to three collaborative publications on bioderived bioplastics that are beyond the 

scope of this thesis. 
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CHAPTER 2 : THE SIMULATION OF POLYMER MELTS SUBJECT TO FLOW 

 
 

The seminal work on simulations was conducted by Metropolis et. al. [23] in which the 

authors were able to accurately obtain the equation of state for a system of 2-D hard disks. With 

a strong foundation in statistical mechanics, the work demonstrated that simulations could be 

used to ascertain the salient details of a variety of systems. It was not long before these 

techniques were adapted to polymer melts. This chapter will aim at providing an overview of the 

algorithms that have commonly been used to study polymer solutions and melts and will be used 

to subsequently investigate simulations of flow. The work discussed within laid the ground work 

for the techniques that are developed throughout this thesis. 

2.1 An Overview of Polymer Algorithms 

Simulating polymers is a difficult task as evidenced by the literature.[24-26] Polymers 

are long chain molecules which demonstrate relevant phenomena across many time and length 

scales. Due to their complex nature it has been necessary to use coarse grained approximations. 

Coarse graining a polymer screens out the short time and length scales by representing multiple 

light (i.e. hydrogen) and a few heavy atoms (i.e. carbon) into one effective unit. For polymer 

melts, where the most important phenomenon is the entropic effects, these coarse graining 

techniques and associated assumptions are found to be valid and necessary. Coarse graining 

approximations have been utilized in all types of molecular simulations, but have made polymers 

an ideal system for Monte Carlo techniques. 

The first Monte Carlo technique to simulate polymers was the Verdier-Stockmayer 

[24,25] algorithm. This method is a lattice based simulation, which assigns algorithmic moves 

that are designed to mimic the conformational isomerization of polymer chains. These moves 

include, but are not limited to; end bond rotation, two bond rotation, kink straitening/formation, 
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and reptation. The moves are randomly preformed allowing for the study of the dynamics of the 

polymer melts. In addition, the use of an on lattice model has made the algorithms 

computationally efficient, as excluded volume can easily be accounted for, and the coordinates 

of each segment use integer calculations instead of double precision calculations (i.e. Cartesian 

coordinates). Early studies report that this algorithm obtains the proper scaling of the end-to-end 

vector and even Rouse dynamics. [27] However, it was quickly discovered that at high lattice 

occupancies and long chain lengths, the simulations became non ergodic and thus no longer 

represented reality. Despite these issues, the algorithm is still used. [28] 

In order to overcome the non-ergodic nature of the Verdier-Stockmayer implementation, 

two algorithms were proposed; the bond fluctuation model [29] and the cooperative motion 

algorithm [30,31]. Both models easily overcome the non-ergodicity issues that are present in the 

Verdier-Stockmayer algorithm by ensuring that there is no configuration that the melts could 

permanently be locked.  The cooperative motion algorithm will be discussed in further detail 

later in this chapter, specifically section 2.2. The bond fluctuation model also became known as 

the four site model, because each segment is represented by four occupied sites on a simple cubic 

lattice. In order to make a displacement a polymer segment is selected at random and a random 

displacement is performed. The new location of the segment is tested with the metropolis 

algorithm to identify if the move is accepted. The potential that is most commonly used with the 

acceptance criteria is the FENE (finite extensible nonlinear elastic) potential, UFENE, in which 

� =  −K [ − ( ) ] + [ � − � ]   (2.1) 

Where R0 is the equilibrium distance between segments, K is a spring constant, ε is the well 

depth (from a Lennard Jones potential), and  is the hard sphere radius. The potential thus 

models polymers as a Lennard Jones fluid with a spring constant to account for the polymer 
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connectivity. This potential is commonly used in molecular dynamics for polymers as well. 

Every trial move is tested against the metropolis algorithm [23] which states = exp [−∆ ]                       (2.2) 

Where Pacc is the probability of accepting a move, k is ψoltzmann’s constant, T is temperature 

and ΔU is the change in the potential energy between two proposed states. With this criteria, 

moves to a lower or same energy state are always accepted. Moves to a higher energy state are 

accepted with the probability Pacc. The bond fluctuation model accurately captures the details of 

a wide variety of polymer systems, and still finds prevalent use.[32,33]     

Another technique of note is the End Bridging Monte Carlo move. This technique 

introduced a new move to the Verdier-Stockmayer algorithm in which the two adjacent polymer 

chains would exchange their connectivity. In this situation, a minimum of two segments from 

each chain (four segments in total) must reside next to each other, and their connectivity would 

be exchanged. This move is computationally expensive, and unrealistic, but results in the 

simulation to have no “locked-in” configurations. The frequency that this move would occur is 

set by the user and results in the simulation evolving to a certain polydispersity, usually with 

polydispersity indexes (PDI) values less than 2. It is important to note that this is one of the few 

basic algorithms which can incorporate polydispersity. 

Molecular Dynamics (MD) have also seen advancements in the study of polymer melts. 

For low molecular weight polymers (often oligomers) typical MD is used with no further 

modification. In MD the equations of motion, in their most simple form are given by 

��� = �� = − ����  (2.3) 

Where ri is the position vectors for the particles, Fi is the force acting on the particles, mi is the 

mass of the particles, and U is the potential that governs the particles motion. The approximation 
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of using shorter chains is valid for a variety of systems in which the segmental dynamics are the 

most important feature. Examples of such systems are copolymers and polymer blends in which 

the most important features is phase separation, and the probing of glass transition temperature in 

which the segmental dynamics are the important feature.   

Studying entangled polymer melts is possible by using standard MD techniques, but the 

time scales are too short (i.e. nanseconds), sampling all configurations becomes problematic, and 

computation cost is prohibitive for most systems. To overcome this problem the slip link 

modeled has recently been proposed in the literature. The slip link model is complicated in 

nature and is still under development. In the simplest case of the single chain slip link model 

[34,35] the concept of an entanglement is represented as a mean force on a given monomer, 

commonly referred to as a slip lin. The simplest potential that can be employed is a harmonic 

potential in which U � − � = � − �   (2.4) 

Where  is a spring constant, ri is the monomer position, and ai is the position of the slip link 

anchor point. Initially the slip link was fixed on a monomer; however, as the algorithm 

developed so has the complexity of the slip link.[36] For linear monomers, the anchor monomer 

is allowed to change as monomers pass through the links and the links are destroyed when a 

chain end reptates through. The model has recently introduced complex polymer architectures 

and polydispersity. In the case of branched architectures a slip link potential is usually applied to 

the branch point. A recent review by Schrieber and Andreev[37] provides a thorough summary 

of recent advances. Despites its advantages, the slip link model often requires former knowledge 

of the system (such as the entanglement molecular weight and slip link friction) that may not 

always be known. 
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2.2 The Cooperative Motion Algorithm 

All of the computational studies conducted in this thesis were done using the cooperative 

motion algorithm. This section details the basics of the cooperative motion algorithm, with 

specific regards given to the concept of a temporary vacancy. Additionally, the history of this 

algorithm up until the first paper in this thesis (Dorgan et. al. 2012[1]) is discussed. 

The Cooperative Motion Algorithm was first developed by Tadeusz Pakula [30,31,38] in 

1988, around the same time as the Bond Fluctuation Model. In the years that would follow the 

cooperative motion algorithm did not find as much use as the Bond Fluctuation Model. Despite 

its lack of popularity, the cooperative motion algorithm offers many advantages over other 

Monte Carlo techniques with the biggest advantage being its ability to model coarse grained 

polymers on a fully occupied lattice, and allowing for the simulation of realistic densities. In 

addition, the algorithm fixes a bond length and uses a lattice, which means that no potential is 

needed to account for bond length fluctuations, and the use of a lattice ensures that excluded 

volume is taken into account; both of which considerably speed up the computation. 

The cooperative motion algorithm successfully models a fully occupied lattice through 

the concept of a temporary vacancy. In this formalism, a segment is selected at random and 

temporarily removed from the simulation, creating a vacancy. This vacancy can only be created 

at a chain end or at a 60° kink in the polymer chain. In the original iterations of the algorithm, the 

vacancy subsequently makes a random walk on the lattice; and as long as the bond length is held 

constant between all connected monomers it exchanges its position with the various polymer 

segments it encounters. The vacancy diffuses until it attempts to make a legal return to its 

original location. At this point, the temporary vacancy is destroyed, by replacing it with the 

original segment, and connectivity is restored. Figure 2.1 demonstrates this concept with a
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simple system of beads. It is important to note that the movement of the segments is opposite of 

the temporary vacancy.   

The movement of the temporary vacancy results in algorithmic moves that resemble 

those in the Verdier-Stockmayer Algorithm. For the cooperative motion algorithm [27] there are 

15 situational codes, which represent the various movements of the temporary vacancy. Out of 

these 15 code, one code represents a forbidden movement in which two bonds are stretched (so 

the move is rejected), and the other 14 codes represent entering the chain at a chain end or kink,  

the exchange of the vacancy with a solvent molecule, and five (5) different movements along the 

polymer chain,. The five different movements along the polymer chain are: end bond rotation (i.e. 

chain end flip), reptation along the chain, rotation around two bonds (i.e. crankshaft motion), 

kink straightening, and kink formation.  

The initial work conducted by this algorithm confirmed that it accurately captures the 

details of polymer melts. The first such detail was the scaling of the unperturbed root mean 

Figure 2.1: A demonstration of the creation, movement, and destruction of the 
temporary vacancey (tv). The tv is randomly created at a lattice site and then allowed 
to move randomly around the lattice until it attempts to return to its original position. 
In this instant the original monomer is replaced in the spot where the tv last was. 
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squared end-to-end vector with chain length. Classically for a polymer, the root mean squared 

end-to-end vector, /  , is known to scale as 

/ = b� .   (2.5) 

Where N is the chain length and b is the bond length.  Equation 2.5 is valid for polymers in the 

melt and for an athermal solution. Initially this scaling was confirmed for a two dimensional 

systems[30,31] followed by three dimensional systems.[39] 

Shortly after the simulations confirmed that they ascertained one of the most basic details 

of polymer melts, the dynamics of polymer melts were studied. In order to do this a fundamental 

time step must be defined. The definition of this time step, tu, will arise in various chapters of 

this thesis, but is defined as tu = N eg e                          (2.6) 

where Nsegments is the total number of segments that are being simulated (in most cases the total 

number of lattice sites). This time step was originally defined by Mansfield and Theodorou[40] 

to be analogous to the time step in molecular dynamics. Every time a Monte Carlo move is 

attempted the overall time counter is increased by tu. Thus when the number of attempted moves 

is equivalent to the number of segments in the simulation, each segment will, on average, have 

attempted to be displaced once. This approach is designed to resemble molecular dynamics 

where at each time step the equations of motion are solved for every particle. This fundamental 

time step can be mapped from simulation time to real time by matching diffusion and rheological 

data. This procedure is detailed in Chapter 9. 

The dynamics of polymer melts are diverse and unique acting as a fingerprint. These 

dynamics are indicative of the melt being either unentangled or entangled. Chapter 3, Chapter 4, 

Chapter 6, and Chapter 7 each address the finer details of polymer dynamics and the theories 
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relevant to the work presented in that chapter. A salient feature of polymer melts is that they are 

entangled due to their long chain length. The nature of this entanglement has been extensively 

theorized on by Doi and Edwards [41-43] in which the authors propose the concept of the tube 

model. The tube model indicates that the polymer segments are confined to a tube that is created 

from other neighboring chains. Through their postulations the tube gives rise to a scaling of the 

zero shear viscosity with molecular weight to be MW3.0 and affects the motion of the polymer 

segments. When tracking the mean square displacement of various segments, a time scaling of 

t1/4 will arise which indicates a random walk (where the scaling is t1/2) within a random walk 

(thus the scaling is <t1/2> 2 = t1/4). Many modifications to this tube model are still widely debated. 

All work conducted implementing the algorithm, until the first paper in this thesis, only 

demonstrated Rouse dynamics.[44] In the case of Rouse dynamics, the t1/4 scaling is not present 

anywhere in the correlation functions and indicates that the polymer chains are unentangled. As 

discussed later, the threshold for entanglement is a chain length of 128 as determined from the 

rheological profile and dynamics.[1]     

The algorithm has been used to study a wide variety of systems. The highest use of this 

algorithm has been validation through the study of linear homopolymers under quiescent 

conditions [30,31,45-47], under confinement[39], or subject to flow.[44,48] The flow studies 

have subjected the polymers to parabolic flow[39] and shear flow.[48] However, the studies on 

shear flow did not obtain the requisite linear flow profile for calculating rheological properties. 

The algorithm has found further use studying copolymer blends[49] and branched polymers.[50] 

For further information on the cooperative motion algorithm refer to Chapter 5 of 

Simulation Methods for Polymers.[27] This chapter, written by Tadeusz Pakula, details not only 
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some of the concepts discussed here, but algorithmic specific details, such as situational codes, 

that are necessary for its proper implementation.     

2.3 Studying Flow Using Algorithms 

Understanding the flow behavior of polymer melts is essential to understanding the 

processing of polymers and their rheological properties. The three common types of flow are 

shear (usually drag driven), parabolic (usually pressure driven), and extensional flow. Each type 

of flow deforms the polymers differently. The salient feature of shear flow is a constant 

deformation rate across a gap, while for parabolic flow the deformation rate varies linearly, and 

in extensional flow the deformation is present in the normal direction to flow. There are many 

ways of performing these deformations, but generally the methods can be categorized as: having 

a moving wall, applying a potential, applying a body-force bias, or modifying the equations of 

motion with complex boundary conditions. 

Implementing a physical moving wall seems to be the most intuitive method of creating 

flow, because it mimics what is done experimentally. Typically a hard wall is constructed in the 

simulation from a series of spheres laid out in a lattice formation. These spheres interact with the 

system, usually through a Van der Waals potential, and are set to move at a constant velocity. 

Despite the simplicity of this method, the results have been found to be unrealistic with either the 

particles in the simulation moving faster than the wall, or the walls moving at speeds greater than 

the speed of light to ascertain rheological properties.  

Despite a moving wall being an intuitive way of modeling shear flow, the first methods 

of modeling flow implemented a potential alongside Brownian Dynamics.[51,52] In these works 

the potential is derived from the velocity profile with no direct details given. The authors report 

resultant velocity profiles, a depletion of polymers near the wall, and an increase in the radii of 
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gyration when polymers are subject to flow. Subsequent work by Xu et. al. [53-57] details how 

flow is implemented in this formalism. In addition to utilizing the FENE potential (Equation 2.4) 

an additional term, ∆ , is added to account for flow. In terms of the Bond Fluctuation Model for 

shear flow this is given by     

∆ = − ∆  (2.7) 

Where k is the Boltzmann constant, T is temperature in Kelvin, D is the diffusion constant for 

the polymer chains, y is the place of the particle between two hard walls, ∆  is the change in the  

and  is the shear rate set which is by the user. Thusly, this potential gives a favorable energy 

whenever the segment is displaced in the direction of flow. The degree of favorability depends 

on the particles’ position between the two hard walls. If a displacement is made in the reverse 

direction, it is not always rejected, but tested alongside the FENE potential against the metropolis 

algorithm. The potential in Equation 2.7 can be modified for other types of flow. This routine 

results in realistic shear rates.   

Similar to the implementation of a potential, implementing a body-force bias has proven 

to be successful. This work is based off the work of that of Katz et. al[58] in which the authors 

biased the Ising model by means of an external field. In their formalism the probability of the site 

existing in some state is altered. This can be applied to flow as well, especially when utilizing a 

temporary vacancy. This technique was first applied to the Cooperative Motion Algorithm in the 

work of Gleimen and Dorgan[44] and subsequently adapted by Jeska and Pakula.[48] Instead of 

allowing the temporary vacancy to diffuse randomly, the movement of the vacancy is biased in 

regards to its position on the lattice. Depending on the strength of the biasing, the probability of 

moving forward is altered and tested against a random number generator. This concept is further 

detailed in Chapter 3. 
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Implementing flow in Molecular Dynamic simulations is algorithmically difficult. As 

noted earlier a moving wall can be implemented, but this is often unrealistic. Little work has 

been conducted to understand Pousielle flow; however, in this situation a “force-kick” (or a body 

force in the direction of slow) is usually applied in the center of the simulation to ascertain a 

parabolic velocity profile. It is more common for shear and extensional flow to be studied via 

molecular dynamics. Shear flow can be studied by the Müller-Plathe method[59] or by using the 

SLLOD Equations of Motion.[60-63] In the Müller-Plathe implementation two separate regions 

of the simulation box are defined as either a “hot” or “cold” region (as an analogy to thermal 

conductivity). The particle with the most negative velocity in the hot region swaps its velocity 

with the particle with the most positive velocity in the cold region. This swapping of velocities 

leads to a momentum flux to be developed across the box, resulting in a linear velocity profile 

and subsequently a low shear rate which allows for rheological properties (most commonly 

viscosity) to be calculated in the low shear regime. Shear rate can be adjusted in this method by 

increasing or decreasing the “velocity swap” frequency.  

 

The SLLOD equations of motion allow for the study of a wide variety of shear rates, as 

long as the Reynolds number is sufficiently small, which is always the case for polymer melts. In 

the case of shear flow the Lee-Edwards boundary conditions are implemented. In this 

implementation the simulation box is deformed at a constant rate and a continuous remapping of 

Figure 2.2: A demonstration of how the simulation box is deformed during flow when 
using the SLLOD algorithm. 
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the lattice back onto itself occurs. The continuous remapping allows for the simulations to run 

indefinitely without encountering minimum image convention issues. Figure 2.2 provides a 

simple sketch of the evolving lattice and its remapping. Subsequently the equations of motion for 

this system become 

��� = �� + � � �  ( 2.8 ) 

=   ( 2.9 ) 

Where  is the strain, is a delta function, t is time, and � is the y-position of the particles 

(Note: for shear flow the velocity only depends on a particles y-position). This formalism results 

in a simulation that can run indefinitely to capture the details of flow. However, the simulation is 

limited by the maximum velocity. Streamlines must be maintained, and in the case of shear flow, 

the velocity must only be in one direction. It is also worth noting that hard walls are rarely 

implemented in this formulation. 

Adaptations of the SLLOD algorithm have also been developed for extensional flow. In 

both experiment and simulation there are many ways to probe the extensional rheology. By 

implementing the Kraynik-Raynard boundary conditions it becomes possible to model uniaxial 

(i.e. deformation in one direction) and planar (i.e. deformation in two directions, usually 

extension in one direction and compression in the normal direction) extensional flows.[62,64] 

Once again, the equations of motion are modified in a manner similar to Equations 2.8 and 2.9. 

In this case the simulations can run indefinitely, but there is more likely to be an issue with the 

minimum image convention compared to the quiescent or shear flow case. 
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2.4 Concluding Remarks 

The field of polymers and simulation are both too vast to give an entire summary in this 

introductory chapter. For instance, this chapter does not elaborate on dissipative particle 

dynamics, density functional theory, or other mean field approaches which are commonly 

employed. Throughout this chapter, each mentioned method could be expanded, but for 

simplicity is only briefly mentioned. It is also worth noting that the introduction to this thesis has 

not discussed the incorporation of polydispersity into various algorithms as outilined Chapters 4, 

Chapter 6, and Chapter 7, which discuss this matter. The development of the aforementioned 

algorithms has laid the foundations necessary for this work. Despite, all that has been done 

historically, as listed here, there is still a need for further development of a simulation toolkit to 

capture the salient molecular scale details of polymers subject to flow.  

The remainder of this thesis will expand on the development of the cooperative motion 

algorithm by implementing shear flow, extensional flow, and polydispersity. Following these 

expansions, the effects of polydispersity on confinement and shear flow are detailed with the 

thesis culminating in Chapter 8 and Chapter 9, which elucidate the molecular details of slip and 

cross-flow migration. 
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CHAPTER 3 : PARAMETER FREE PREDICTION OF RHEOLOGICAL PROPERTIES OF 

POLYMER MELTS AS DETERMINED BY DYNAMIC MONTE CARLO SIMULATION 

 

This chapter is modified from a paper published in 

Macromolecules1 

John R. Dorgan2, Nicholas A. Rorrer3, and C. Mark Maupin4 

 

3.1 Abstract 

 
 A biased Monte Carlo method is developed to simulate shear flow of linear 

homopolymers between neutral hard walls. Simulations are conducted on a face centered cubic 

(FCC) lattice at full occupancy (φ=1) using of a modified version of Pakula’s cooperative motion 

(COMOTION) algorithm. As chain lengths are increased under quiescent conditions, a clear 

crossover in chain dynamics from Rouse behavior to Reptation like behavior is revealed in 

characteristic correlation functions. Shear flow is simulated through the use of a biasing 

technique that favors segmental movement in the direction of flow; this combination of 

cooperative motion with flow is referred to as the COMOFLO algorithm. Using this technique, 

rheological properties are calculated as a function of shear rate and chain length. The viscosity 

and the first and second normal stress coefficients are calculated and found to be consistent with 

well-established experimental facts. The zero-shear viscosity scales linearly with low molecular 

weights (0~N1.0) and scales to the 3.5 power at higher molecular weights ( 0~N3.5). This 

crossover in viscosity scaling occurs at the same chain lengths (N~150) as the transition in chain 

                                                 

1
 Reprinted with permission of the Macromolecules, (2012), 45(21), 8833-8840 

2
 PI who obtained funding and had initial code 

3
 Co-author, Ph.D. Candidate. Confirmed code, updated results. 

4
 Co-author, Co-advisor 
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dynamics. Because the simulations are conducted in the athermal limit, there are no parameter 

inputs.  The known observable linear viscoelastic rheological properties of polymer melts are 

thus predicted in an a priori fashion.   

3.2 Introduction 

Computer simulations are being employed in many areas of research and have gained 

widespread success across many disciplines of study. In polymer science various simulations 

have produced results that agree with experiments and have already found practical use. There 

have been many approaches applied to studying polymers and their properties, each with its own 

advantages and disadvantages. The use of Molecular Dynamics is very powerful due to its ability 

to predict properties based only on interaction potentials.[65] However, MD simulations are very 

computationally expensive; accordingly, many coarse graining techniques have been proposed. 

Coarse graining techniques include Brownian Dynamics and Monte Carlo 

methods.[25,31,45,49,66-68] 

Brownian Dynamics (BD) has been successfully utilized to study various complex 

polymer systems.[69-80] In BD simulations, polymers are modeled as a bead and spring systems 

subject to random forces as a means of capturing Brownian motion. These studies range from 

observing the relaxation in various polymer models,[77,78] to studying the configuration and 

rheological dynamics of molecules under shear and other types of flow,[69-72,75,76] and even to 

the study of DNA.[73,74,79,80]  BD simulations have proven useful in mapping real chain 

architectures onto coarse grained models. 

Many studies examine the dynamics of polymer chains using Monte Carlo (MC) 

techniques.  Many of the previous Dynamic Monte Carlo (DMC) studies, such as those 

conducted by Kreitmeier et. al.,[81] Nelson et. al.,[82] and Schulz et. al.[83] show Reptation like 
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signatures in the response of the center of mass motion. In the work done by Paul et. al[84,85] 

the bond fluctuation algorithm is used to show a cross over in dynamic correlation functions 

from Rouse to Reptation like behavior as the length of the polymer chains is increased.  

Furthermore, in a seminal paper by Shaffer,[86] a variant of the bond fluctuation algorithm was 

developed where it is possible to turn “on” and “off” chain entanglements. When chains are 

allowed to cross, the entanglements are turned “off” and untangled Rouse dynamics are shown 

for all chain lengths. However when chains are not allowed to cross, thus the entanglements are 

turned “on”, the chains exhibit Reptation like behavior (in the scaling of the diffusion coefficient 

with molecular weight) at longer chain lengths.  

Some studies also show a direct correspondence between Molecular Dynamics and 

Monte Carlo simulations.[26,29,66,68,83,87] In these studies the authors directly demonstrate 

that the dynamics of polymer systems are reproduced in both atomistic molecular dynamic 

studies and corresponding coarse grained Monte Carlo simulations; diffusion coefficients 

maintain their proper scaling. Importantly, these studies show  better agreement between Monte 

Carlo and Molecular Dynamic simulations when a face centered cubic (fcc) lattice is used.[87] 

(This improved agreement may be due to the higher coordination number (Z=12) provided by an 

FCC lattice.)  Accordingly, it can be concluded that previous studies demonstrate that Dynamic 

Monte Carlo can be used to capture realistic chain dynamics across the molecular weight span 

from unentangled to entangled regimes. 

Non-Equilibrium Molecular Dynamics (NEMD) and Non-equilibrium (biased) Dynamic 

Monte Carlo (NEMC) techniques have been used to study polymer flows. In a founding paper on 

biased Monte Carlo, Katz et. al. present a rigorous method for biasing the classic Ising model to 

simulate an external electric field.[58] Deuring and Rabin[52,88] reported early results of biased 
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Monte Carlo simulations of polymers in simple shear and Poiseuille flow in two dimensions 

between impenetrable walls.  Additionally a previous three dimensional DMC study,[44] 

replicates the salient features of Poiseuille flow of polymers using a biasing technique similar to 

the present study.  

Lai and Binder[89] use a biasing of the probability of the jump rates as a function of box 

position to simulate the shear flow of polymers. These authors show that a variety of properties, 

such as the radius of gyration, are affected by shearing. But this technique is not able to 

accurately reproduce a linear velocity profile; a non-linear velocity profile exists close to the 

“no-slip” boundary. 

In a series of studies done by Yang et. al.[53-57] the authors model chains under various 

flow conditions using the bond fluctuation algorithm. In a seminal paper on shear flow[54] the 

group calculates an effective viscosity which scales to the power of 1.3 relative to the number of 

beads minus one (N-1) (i.e eff~(N-1)1.3).  This work generates the correct linear velocity profile 

for shear flow, but is only able to obtain data for low occupancies of the lattice. Limitations of 

this early work include use of a two dimensional lattice, lack of a higher density representative of 

polymer melts, and application only to short chain lengths.  In a subsequent publication[53] on 

shear flow, the Yang group simulates shear flow in three dimensions; a linear velocity profile is 

again obtained. However, in this work the authors do not report on the rheological properties of 

the system and their work only models a dilute solution of polymers.  

In a study by Huh and Balazs[90] the authors show shear thinning behavior for telechelic 

chains under flow of different functionalities. In a later publication by Li and Denn[91] the 

authors study extensional flow of dilute polymer solutions and are able to compare the results to 

those obtained using BD Simulations. 
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In a recent study of shear flow, Jeszka and Pakula[48] use biased Dynamic Monte Carlo. 

These authors define multiple different ways to obtain a shear flow profile including moving 

both walls of the simulation box in opposite directions, or moving one wall, while the other wall 

is kept stationary. The authors are able to generate a linear velocity profile at high shear rates, 

but at lower shear rates they are not able to produce the correct linear flow profile often 

demonstrating nonlinearities at the walls.  Since these authors are not able to simulate the linear 

flow profile, the shear rate is not constant. This precludes a rigorous calculation of bona fide 

rheological properties. An extended NVT ensemble, in which the shear rate is held constant, is 

required to enable the rigorous calculation of rheological properties. 

In a relevant MD study by Kroger and Hess[65] the relation between chain size and the 

scaling of zero shear viscosity is presented. Specifically, the correct crossover of zero shear 

viscosity with increasing molecular weight is obtained. The zero shear viscosity scales with 

molecular weight to the first power (η0~N1.0) at low molecular weights, and with a power 

between 3.0 to 3.5 in the higher molecular weight regime (η0~N3.0to η0~N3.5). However, the 

authors also reported that their simulations are very time intensive, taking over a year on a 64 

processor computer to complete.  

The study presented here offers a number of improvements over previous approaches by 

using a modified version of Pakula’s cooperative motion algorithm.[27,30,31,45,49] This new 

methodology, cooperative motion with flow (COMOFLO), produces a linear velocity profile 

thereby fulfilling the requirement of an extended ensemble of constant shear rate. Also, a fully 

occupied lattice more physically representative of polymer melts is possible. Most importantly, 

the present methodology is extremely computationally efficient; all results presented were 

obtained on a single processor desktop PC. Rheological properties for linear homopolymers are 
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calculated and the behavior of these functions is consistent with an enormous amount of data on 

a large number of experimental systems.[92-95] Because the simulation technique is parameter 

free, it is concluded that the new methodology enables the a priori prediction of the well-known 

rheological properties for linear homopolymers. As such, the present approach should be capable 

of being extended to address a wide variety of issues in the rheology of polymer melts, including 

a greater understanding of the effects of molecular weight distribution and chain architecture on 

the rheological properties of complex polymer mixtures. 

3.3 Methodology 

 Simulation Method 3.3.1

MC simulations of linear homopolymers are performed on a face centered cubic (FCC) 

lattice by the use of a modified version of Pakula’s cooperative motion algorithm.[27,30,31,45] 

Bond lengths are constant and equal to √  where a is the lattice constant. The coordination 

number of the FCC lattice is 12 and there are four permissible bond angles of 180°, 120°, 90°, 

and 60°. In this algorithm, which has already been presented extensively in the 

literature,[27,30,31,45,49] chain segments move and replace neighboring segments, so that 

cooperative motion can occur. These movements abide a set of rules in which excluded volume, 

chain connectivity, and bond length are all preserved. 

In the simulations presented in this study periodic boundary conditions are specified in 

the y and z directions, while a solid wall boundary is specified in the x direction, at x=0 and x=L. 

The minimum wall spacing in the simulations is at least 10 times the unperturbed radius of 

gyration to ensure an adequate system size and reduce confinement effects. A schematic of the 

simulation is presented in Figure 1. Simulations are performed chains that have N segments with 

N ranging from 16 to 512 as described by Table 1. 
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Table 3.1: Case Studies - number of chain segments, N; non-periodic box lengths, L; periodic 
dimensions in the y and z directions, total number of chains, and quiescent end-to-end vectors, 
<R2>0

1/2, and radii of gyrations, <S2>0
1/2. 

 

N L y, z Nchains <R2>0
1/2

 <S2>0
1/2 

16 32 16 256 6.1 2.6 

48 48 24 288 11.0 4.5 

64 48 24 216 12.7 5.2 

128 96 48 864 15.5 6.3 

256 96 48 432 17.9 7.3 

384 128 60 600 25.3 10.3 

512 160 80 1000 35.8 14.6 

 

 Time Step Implementation  3.3.2

To calculate velocity profiles and the dynamic correlation functions, a fundamental time 

step must be assigned. Time steps are assigned to algorithmic moves that mimic conformation 

isomerization of polymer chains. Following Mansfield and Theodorou[40] the fundamental time 

step, tu, is defined as,  tu = N eg e         

                            

 (3.1) 

where Nsegments is the total number of segments on the lattice (the number of chains times the 

segments per chain, N). If nmoves is the number of Monte Carlo moves, then when tu*nmoves = 1 

on average each segment in the box has experienced an attempted displacement.  
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Time is incremented once for each local movement completed. These local moves 

include an end bond rotation, a crankshaft like motion around two bonds, kink 

straightening/formation and displacement of a few segments along the chain contour.  Full 

details of these elementary moves is outlined in the sixth chapter of Simulation Methods for 

Polymers.[27] 

 Flow Biasing 3.3.3

 

In order to simulate shear flow, the Monte Carlo moves must be biased. As previously 

stated the FCC lattice has 12 nearest neighbors.  On the FCC lattice, four of the nearest 

neighbors represent a step in the forward (+y direction), four represent a step backwards (-y 

direction), and the remaining four represent a lateral step in the y-plane. In the case of quiescent 

diffusion, where no flow biasing is present, there is an equal probability that a move can occur in 

the forward, backwards, or lateral y direction corresponding to a probability of 4/12 or 1/3 for 

each.  

To simulate shear flow the random walk of segmental displacements must be biased. To 

accomplish this biasing, the system is defined as shown in Figure 1 so that flow velocity is zero 

Figure 3.1: Schematic representation of the simulation box showing the coordinate 
system. 
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at the midplane, and greatest in magnitude near the walls. This is done by defining a position in 

the box, xdiv, as 

� = + −                                       (3.2)  

 

where nx is the distance between the hard walls in the x-direction and x is the location in the box, 

both measured in lattice units. This new coordinate thus defines xdiv as -1/2 at the left wall, 1/2 at 

the right, and zero at the middle when viewed as depicted in Figure 3.1. The probabilities of 

taking a step in the forward, p+y, and backward direction, p-y, respectively are 

+ = ∗ − ∗ �                    (3.3)  

− = ∗ + ∗ �                    (3.4)  

where pzero is the probability of making a move in any y direction with no biasing present (i.e. 

pzero = 1/3) and pmax is the biasing parameter that sets the strength of the shearing. That is, pmax 

determines the magnitude of the shear rate. The sum of the probabilities for motion in the y-

direction is unity as they include py = pzero corresponding to lateral motion.  If pmax is zero then 

p+y = p-y = py = pzero =1/3 is recovered for all Monte Carlo steps and no flow occurs. When a non-

zero value for pmax is set, the probability of displacing a segment in the negative y-direction is 

greatest at the right wall and equal in magnitude to the probability of displacing a segment in the 

positive y-direction at the left wall leading to the velocity profile depicted in Figure 3.1 (see 

Figure 3.4 also). 

Sampling of the system is conducted in a method similar to Owicki and Scheraga[96] and 

Gleiman and Dorgan,[44] where trial moves are made by the following steps. 

1. Generate a random number, rand, uniformly between 0 and 1. 

2. Compare the random number to the numerical divisions set by py, p+y, and p-y  
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3. Make a trial move in the direction prescribed by the biasing parameter determined in (b) 

(i.e. if 0 ≤ rand ≤ p-y then attempt backwards moves with equal random probability; if p-y 

< rand ≤ py + p-y then attempt lateral moves with equal random probability; if py + p+y < 

rand ≤ py +p-y + p+y (=1) then attempt forward moves with equal random probability). 

If the trail move is acceptable, make the move, increment time, and update the configuration. 

Otherwise increment time, generate a new random number and repeat the process. 

In every simulation the velocity profile, radius of gyration, end-to-end vector, order 

parameters, chain end distribution, correlation functions and the components of the stress tensor 

are periodically recalculated by averaging over several hundreds of thousands of closed loop 

cooperative motion displacements.  

One type of starting configuration consists of the chains laid out in all-trans 

configurations on the lattice. Monte Carlo moves are performed with no flow biasing present in 

order to “melt” or equilibrate this initial configuration. To track this equilibration, the radius of 

gyration is monitored as a function of Monte Carlo time until it reaches a steady state average 

value.  When an all trans configuration is used, a typical equilibration would consist of 1.5 

million closed loop moves. Depending on the box size in Table 3.1, this can take as little as one 

hour and no more than 48 hours on a single i5 processor.  Once the biasing is applied the same 

procedure is used to track the equilibration under flow biasing. Monte Carlo moves are 

preformed until a linear velocity profile is obtained and the box-averaged radius of gyration 

reaches a constant value.  Such steady-state configurations may also be used for the initial 

configuration based on pmax values that are either smaller or greater than the case of interest.  

Results were checked to ensure that the type of initial configuration utilized did not affect the 

results obtained. Some improvement (decrease) in the Monte Carlo time needed for reaching 
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steady-state is observed when utilizing initial configurations from steady-state configurations 

having similar pmax values. 

  Calculation of Rheological Properties 3.3.4

Shear rate, , is defined as the derivative of velocity in the y-direction with respect to the 

x-direction or, 

=  
(3.5)  

 

where vy is the velocity in the y direction and the x is the position in the box. As shown below, 

the velocity profile obtained is linear meaning that the shear rate is constant. 

The stress tensor is calculated from the dyadic product of the bond orientation vectors.  In 

this system, the total stress tensor, , is 

  � = νkT                                        (3.6)  

where k is the ψoltzmann’s constant, T is temperature, and r r  is the dyadic product of the bond 

orientation vectors. Furthermore, by using Kramer’s bead-spring treatment ν is defined as the 

number of chains per unit volume and β is defined as 3/(2σl2) where l is the length of a Kuhn 

segment. Thus dimensionless stress is � =  � =  
 

(3.7)  

 

where R2  is the unperturbed, unconfined end-to-end vector. This value has previously been 

determined[39] for the present lattice model with no bond energies as 

/ = . � .                                     (3.8)  

Individual components of stress follow as � =  
 

  (3.9)  
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for the shear stress, xy, and � =  
 

(3.10)  

 

for the normal stress, σxx, in the x-direction. 

Before the stress is used in rheological calculations the static stress tensor (where no flow 

biasing is present) corresponding to the pressure is subtracted from the total stress tensor to give 

the deviatoric stress tensor, .  
Finally with the shear rate and dimensionless stress data, the viscosity, the first and 

second normal stress differences, and the first and second normal stress coefficients can be 

calculated according to Equations (3.11 - 3.15. = �                                      (3.11)  � =  −    (3.12) � =  −                                (3.13) 

� = �  
 (3.14) 

� = �  
 (3.15) 

Here  is the viscosity, N1 and N2 are the first and second normal stress differences, and �  and 

�  are the first and second normal stress coefficients, respectively. 

3.4 Results and Discussion 

 System Dynamics (Rouse and Reptation) 3.4.1

One of the hallmarks of the cooperative motion algorithm is that it simulates polymer 

chains at high densities (full lattice occupancy) in three dimensions. At these realistic densities 

proper implementation of the time stepping enables the simulation technique to capture Rouse 

and Reptation like dynamics for short and long chains respectively. Chain dynamics are 
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described by a series of correlation functions. These functions, where ri(t) is the position of a 

given bead in the box at time, t, and rcm(t) is the center of mass of the polymer chain, include the 

mean-squared displacement of central monomers, = [ � − � = ]  for � = � ;                                     (3.16) 

the mean-squared displacement of central monomers in center of mass coordinates, = [( � − ) − ( � = − = )]  for � = �/    
                                  

 (3.17) 

the mean-squared center of mass displacement, = [ − = ]                                     (3.18)  

the mean-squared displacement of chain ends, = [ � − � = ]  for � =  and � = �    
                                 

(3.19)  

and the mean-squared displacement of chain ends in center of mass coordinates. = [( � − ) − ( � = − = )]  for � =  and � = � 
                                    

(3.20)  

For lower molecular weights (N<150), Rouse type behavior is seen over three regions of time by 

observing the g1 correlation function or the mean square displacement of chain ends (g4). At 

short times these functions scale as g1~t, at intermediate times as g1~ t1/2 and finally as g1~t at 

longer times scales; results are shown in Figure 3.2. 

  As the number of segments in the polymer chains increases, the polymers enter a 

reptation like regime (N>150). In this regime the mean squared displacement (g1) correlation 

function and the mean squared displacement of chain ends scales as g1~t1/2 at low time scales, as 

g1~t1/4 at intermediate times, and g1~t1/2 at longer times. Characteristic results are presented in 

Figure 3.3. The inset graph shows strong evidence of the reputation like dynamic behavior in g1.  
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In the context of the reputation model the changes in scaling are associated with 

particular time and length scales. The transition from g1~t1/2 to g1~t1/4 occurs at the entanglement 

time, e. At this time, the central monomers have diffused the diameter of the tube so their mean-

squared displacements should be on the order of the tube diameter (a) squared, g1=a2. As the 

data show continuous transitions rather than abrupt shifts times can only be estimated. The data 

show this first transition at a time around e = 200 mct corresponding to a size of about 20 mcs2.  

In the reputation picture this implies a tube diameter of about a=4.5 mcs.  Similary, the transition 

from g1~t1/4 to g1~t1/2 occurs at the reptation time, R. This time is estimated to be about 

R=2x104 mct.  At this time, g1 is given by g1=abN1/2 where b is the Kuhn step length of 

Equation (3.8.  Remarkable consistency is evidenced with the reputation picture asusing the 

value of a=4.5 mcs derived from the data, this this calculation provides a value of b  1 which is 

in close agreement with Equation  (3.8. 

This dynamic crossover and reputation like dynamics occur because the cooperative 

motion algorithm captures physically realistic chain movements. In dense liquid media, 
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N=16 chains 
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cooperative motion is known to occur and local cooperative movements constitutes the basis of 

Pakula’s CτMτTIτσ algorithm. In the literature, many models and algorithms capture the 

Rouse dynamics of a system. However, since these other models have limits on the amount of 

occupied lattice sites in order to give reasonable acceptance rates, they are difficult to use to 

model Reptation like dynamics, especially for longer chain lengths such as the  N=512 case 

presented here. 

 

 Velocity Profile 3.4.2

Velocity is calculated by tracking the displacement of segments at each lattice position as 

a function of Monte Carlo time. Segmental displacements are recorded and the sum of the 

displacements is divided by the current Monte Carlo time to provide a calculated velocity. At 

short times, or a low number of attempted Monte Carlo moves, the simulation is not yet fully 

equilibrated to the linear velocity profile. In about a trillion attempted moves (only a couple of 

hours on a single processor) the simulation reaches a steady velocity profile which does not 

Figure 3.3: Correlation functions demonstrating reptation like dynamics for an ensemble 
of N=512 chains; inset clearly shows g1(t) scaling characteristic of reptation. 
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change as the number of biased moves is increased. An example velocity profile equilibration is 

shown in Figure 3.4. 

The biased simulation methodology results in a linear velocity profile. As demonstrated 

in Figure 3.5, the gradient of the velocity profile (the shear rate) can be adjusted by changing the 

 

biasing parameter.  Previous attempts made with the cooperative motion algorithm[48] showed 

difficulties in obtaining the requisite linear velocity profiles. This error seems most pronounced 

when the velocity is defined to be zero at one wall and a maximum at another wall.[48,89] The 

key feature of the present approach is that it does provide the requisite linear velocity profile 

which is shown for two non-zero values of the biasing parameter in Figure 3.5. The shear rate for 

a given simulation is found by fitting the respective velocity profile to a straight line.   

Figure 3.6 shows that for a constant chain length, the shear rate is a linear function of the biasing 

parameter pmax, As might be expected, the shear rate is also a function of chain length. As the 

number of coarse grained segments increases the shear rate decreases (Figure 3.6). In this respect, 

the biasing parameter pmax acts like a shear stress; the higher the molecular weight of the polymer 

chain the greater the biasing parameter (stress) needed to obtain a given shear rate.  

Figure 3.4: Emergence of the constant velocity profile as a function of Monte Carlo time 
(mct) for the N=64 case and an applied bias of pmax=7*10-2. 
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 Rheological Response 3.4.3

Figure 3.7 shows a typical response of the biasing technique. At low shear rates the 

chains align in the direction of flow. At higher shear rates, the proportionality between the 

calculated shear stress and the shear stress changes. That is, at low shear rates the viscosity is a 

constant but 

Figure 3.5: Velocity profiles as a function of the biasing parameter, p, for an N=256 
L=128 system. Here L* is defined as x/L. 
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Figure 3.6: Shear Rate as a function of the user set biasing parameter and coarse grained 
chain units. 
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at higher shear rates the viscosity decreases. This is the classic shear-thinning behavior 

associated with the flow of polymer melts.  

The calculated viscoelastic functions show the universal behavior typical of polymeric 

liquids. Using appropriate values of the stress tensor, it is possible to calculate the rheological 

properties defined by Equations (3.11 - (3.15. Figure 3.8 presents the first and second normal 

stress differences (N1 and N2) and the first and second normal stress coefficients (�  and �  -

shown on the right hand axes) as a function of shear rate for N=128. As with real polymer melts, 

the first normal stress difference is opposite in sign to the second normal stress difference. Also, 

the second coefficient is smaller in magnitude than the first. With increasing shear rate both the 

first and second normal stress differences increase, while the first and second normal stress 

coefficients decrease. Importantly, Figure 3.9 shows that as the shear rate is decreased the ratio 

of the second to the first stress difference approaches the asymptotic value of about 0.1. This 

value has been observed in a wide number of literature reports on polymer rheology.[94] In fact, 

all of the simulation results are consistent with known experimental facts for linear 

homopolymers. 

Figure 3.7: Shear Stress as a function of shear rate for the N=48 case. 
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The results of the simulations show classic pseudo-plastic behavior. At low shear rates 

the viscosity is constant until a critical shear rate is reached after which the polymer begins to 

shear thin. Viscosity as a function of shear rate for three different chain lengths is presented in 

Figure 3.10.  

For all calculations the zero-shear viscosity is calculated by averaging the viscosity 

values before the critical shear rate. With increasing molecular weight (chain length N), the onset 

of shear thinning occurs at lower characteristic shear rates; the inverse of this shear rate can be 
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considered a characteristic relaxation time which increases with increasing N as expected.  In 

addition, the viscosity collapses onto a single curve at very high rates corresponding to 

segmental dynamics. 

  

 

In addition to capturing accurate melt flow dynamics, the simulation also captures two 

distinct regions in the scaling of zero-shear viscosity with molecular weight. This result is shown 

in Figure 3.11.  The new COMOFLO simulation technique obtains the correct scaling for the 

Figure 3.10: Shear viscosity as a function of shear rate for various chain lengths. 

10
-5

10
-4

10
-3

10
-1

10
0

10
1

 

 N256

 N128

 N64

V
is

c
o

s
it

y
, 
(m

c
t)

Shear Rate (1/mct)

Figure 3.11: The scaling of zero shear viscosity as a function of the number of chain 
segments, N. 
 



 43 

zero shear viscosity, 0, as a function of molecular weight.  In the Rouse regime (N<150) the 

zero shear viscosity is proportional to the molecular weight to the first power (0~N1.0).  Where 

reptation like behavior is seen (N>150) the zero-shear viscosity scales as molecular weight to the 

3.5 power (0~N3.5). Two distinct regimes of zero-shear viscosity have been observed 

experimentally for a variety of polymers.[95] Kroger and Hess[65] also observe this same 

scaling for their NEMD simulations; they report the zero shear viscosity scaling to the 1 power 

(0~N1.0) at lower molecular weights, and that the zero-shear viscosity scales with a power 

between 3.0 to 3.5 (0~N3.0to0~N3.5) at higher molecular weights. However, as mentioned 

previously their approach is tens of thousands of times more computationally expensive than the 

present technique. 

3.5 Conclusions 

A powerful new non-equilibrium dynamic Monte Carlo methodology has been developed 

which enables the a priori prediction of the rheological properties of homopolymer melts. This 

approach combines cooperative motion with probabilistic segmental biasing to create flow and is 

called the COMOFLO algorithm. Preliminary calculations on linear chains are fully consistent 

with the known experimental facts. The technique thus holds great promise for predicting the 

flow properties of differing chain architectures and their mixtures.  Present investigations are 

focused on the effects of molecular weight distribution and topological variations in chain 

architectures on melt rheology. 

Shear flow is simulated using a modified version of the cooperative motion algorithm. 

These Monte Carlo simulations are performed on a face centered cubic (FCC) lattice at full 

occupancy.  This simulation method accurately captures the dynamics of polymer melts under 

quiescent conditions. The Rouse and reptation regime are evident at low and high molecular 
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weights, respectively. These regimes are observed in the mean squared displacement of central 

monomers (g1) or the mean squared displacement of chain ends (g4) correlation functions. 

Rouse like dynamics are observed for chains shorter than 150 (N<150) in which the g1 and g4 

correlation functions scale as t1 at short times, t1/2 at intermediate times, and  t1 at longer times. 

Reptation like dynamics are observed for chains longer than 128 (N>150), in which g1 and g4 

scale as t1/2 at short times, t1/4 at intermediate times, and t1/2 at longer times.  

In order to simulate shear flow, the random walk of segments is biased. Hard walls are 

defined in the x-direction, while periodic boundary conditions are maintained in the y and z 

directions. The distance between the hard walls is defined to be at least ten times the unperturbed 

radius of gyration.  In the middle of the box there is an equal probability of a segment moving in 

any direction and the probability of moving backwards is greatest at the right wall and equal in 

magnitude to the probability of stepping forward at the left wall. The biasing methodology 

results in a linear velocity profile and thus a constant shear rate. Due to the constant shear rate 

extended ensemble, other quantities such as the viscosity, the first and second normal stress 

coefficients, and the first and second normal stress difference can be calculated.  All of the 

calculated quantities, as well as the scaling of zero-shear viscosity with molecular weight, are 

found to be consistent with well-known experimental facts.  Because the model involves no free 

parameters, the universal melt flow behavior of polymer melts has been predicted in a fully a 

priori manner.  
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 Abbreviations 3.5.2

DMC- Dynamic Monte Carlo, CMA-Cooperative Motion (Comotion) Algorithm, COMOFLO – 

cooperative motion with flow, mct- Monte Carlo Time, mcs- Monte Carlo Sites, NEMD- Non 

Equilibrium Molecular Dynamics, FCC-Face Centered Cubic, MD-Molecular Dynamics 
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CHAPTER 4 : FINDING THE MISSING PHYSICS - MAPPING POLYDISPERSITY INTO 

LATTICE-BASED SIMULATIONS 

 

This chapter is modified from a paper published in 

Macromolecules5 

Nicholas A. Rorrer6 and John R. Dorgan7 

 

4.1 Abstract 

Polydispersity plays an important role in polymer physics influencing both processing 

approaches and final properties. Despite the obvious physical importance of polydispersity, 

studies usually simulate monodisperse chains or occasionally, a few different chain lengths. This 

work presents a comprehensive methodology for mapping various probability distributions onto 

a finite number of lattice chains. The use of a lattice in the present derivation enables a variety of 

lattice-based simulations to incorporate polydispersity.  Examples are provided by extending the 

cooperative motion (CτMτTIτσ) algorithm for polydispersity to create the “polydisperse 

cooperative motion algorithm” (p-COMOTION).  The dynamic version of p-COMOTION 

captures the dynamics of entangled polydisperse melts. For the same weight averaged molecular 

weight, polydispersity introduces a broadening of the reptation transition and a lower Rouse time.  

In addition, when adapted into the cooperative motion with flow (COMOFLO) algorithm the 

resulting p-COMOFLO algorithm captures important physical features of polydispersity effects 

in polymer flows including the suppression of slip and stabilization of the shear stress response. 

Equilibrium results for confined geometries provide evidence that polydispersity modifies wall 

                                                 

5
 Reprinted with permission of the Macromolecules, (2014), 47(9), 3185-3191 

6
 Primary author and PhD Candidate 

7
 Corresponding Author and PhD Advisor 
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effects through reduced perturbation of chain dimensions. These and other important effects 

associated with including the missing physics of polydispersity can be addressed using the newly 

developed formalism. 

4.2  Introduction 

Computer simulations offer an important alternative to laboratory scale experiments. A 

distinguishing feature is that they provide unambiguous molecular scale details. Most detailed 

molecular simulations fall into one of two categories; they are either Molecular Dynamics (MD) 

or Monte Carlo (MC) simulations[25,27]. MD simulations typically offer a high level of 

atomistic detail but are computationally limited to relatively small time scales, especially for 

large system sizes.  Coarse grained approaches sacrifice atomistic detail in order to gain access to 

longer time-scale phenomena.  A wide variety of MC methods offer an alternative to MD.  For 

example, it is possible to design a set of Monte Carlo moves that mimic polymer motion 

[24,25,27,29,31,40,45,49,97,98]  instead of solving σewton’s equations of motion at each time 

step as is done in MD.  Some, but not all, of these molecular motion mimicking Monte Carlo 

methods are constructed on a lattice in order to save computation time. 

These simulations have shed fundamental insight into experimental phenomena. On area 

that can benefit from molecular scale simulation is polydisperse polymer melts. Polydispersity is 

known [cite] to change the rheological response of polymeric fluids. As polydispersity index 

(pdi) is increased, the shear viscosity at a given shear rate is lower. Polydisperse polymer melts 

with a constant weight average molecular weight are known to possess the same zero shear 

viscosity.[94] Lee and White have demonstrated that when polydisperse polymer melts are 

processed at high shear rates a shear induced migration effect is observed with the walls of the 
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extrudate (the regimes where the shear rate is the highest) possess a lower molecular weight than 

the bulk. 

Many simulations are conducted using an idealized set of assumptions.  One such 

assumption, which is almost exclusively used throughout the polymer simulation literature, is to 

assume that all chains are the same length. This monodisperse assumption is a severe 

oversimplification as it is widely recognized that polydispersity can have dramatic effects.  For 

example, while the zero shear viscosity remains constant with fixed weight-averaged molecular 

weight, the viscosity at higher shear rates of practical interest depends strongly on polydispersity. 

Due to its physical significance, incorporating polydispersity into simulations is an important 

undertaking. 

Relatively little simulation work on polydispersity effects has been reported previously.   

An exception is the work by Boyd and coworkers[99-101] where the simulation moves 

themselves are comprised of cutting and reconnecting chains; this aphysical approach evolves 

the system to a particular polydispersity rather than providing the ability to specify the 

distribution of chain lengths.  Some simulations use two chain lengths to simulate 

polydispersity[102-104]. One prevalent technique for introducing polydispersity is the End 

Bridging Monte Carlo technique developed by Harmandaris et. al.[105] In this work the authors 

prescribe a new way of rearranging polymer chains in Monte Carlo simulations in which 

polymer chains are sometimes “cut” and rejoined. This results in chains of varying length and 

produces modest polydispersity. The end-bridging move can be incorporated into other Monte 

Carlo simulations [24,25,27] to simulate coarse grained polymer melts. Dodd and Jayaraman[28]  

use Monte Carlo  to simulate polydisperse chains grafted onto a nanoparticle. In their work there 

is a relatively small number of chains and a small range of chain lengths. In two papers by 
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Escobedo[106,107] the author develops an in depth method for studying confined polydisperse 

systems using the Massieu Function; this formulation is elegant in nature but somewhat complex 

in implementation. In addition, like the End Bridging Monte Carlo method, this method starts 

with an initial system which evolves to a particular polydispersity. 

In real polymer melts there is a given molecular weight distribution that is governed by 

the polymerization technique used and influenced by processing when either degradation or 

trans-reaction between chains occurs. The present approach provides a universal method for 

mapping a molecular weight distribution onto a set of chain lengths for use in lattice-based 

molecular simulations. This mapping allows the specification of a predetermined weight-

averaged molecular weight and polydispersity. Since the polymer chains are not reconstructed by 

cutting and reconnecting, the approach offers many advantages. The predominant advantage is 

that arbitrary molecular weight distributions can be studied as a means of understanding how 

such distributions can be designed to realize processing strategies and desired properties. 

4.3 Methodology 

The weight-averaged, Mw, and number-averaged, Mn¸ molecular weights are often 

combined in order to characterize a molecular weight distribution. The quotient of these two 

numbers is equal to the polydispersity index, PDI. In a lattice-based coarse grained model there 

is no explicit weight, chains are represented by connected sequences of lattice segments.  

Accordingly, for the purpose of the mapping, the length Nw (measured in number of lattice-

segments) is defined in an analogous manner to Mw as, 

�� = � = ∑ ���∑ ���  
 

 (4.1)  

where No serves as  the target “average length”. In Equation (4.1, Ni is the length of chains 

measured in number of segments that are of type i, and ni is the number of chains of type i (that 
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is, the number of chains having length Ni). To be clear, i denotes only the number of a given sub-

group of chains in the distribution (i.e. i =1 can refer to all chains of length N1=32 segments). 

Similarly, Nn is defined in analogy to the number average molecular weight as, 

�� = � = � = ∑ ���∑ �  

 

 (4.2)  

In both cases the sum ∑ ��� is subject to the constraint that 

� �  = ∑ ���  (4.3)  

where Nsites is the total number of occupied sites on the lattice. 

Furthermore, ∑ �, ni, and Ni are expressed as, 

∑ � =   (4.4) 

� = �   (4.5)  �� = ��   (4.6)  

where nkT is the total number of chains in the simulation. Accordingly, bi is just the fraction of 

the total number of chains in group i; that is the fraction of chains having length Ni. In addition, 

ci is a proportionality constant which sets the length of chains in group i relative to the target 

“average length”, σo. (measured in number of lattice segments). 

Substitution of Equations  (4.5 and  (4.6 into the numerator of Equation  (4.1 and 

Equation  (4.3 into its denominator gives, 

�� = � = ∑ �� �� �  

 

 (4.7)  

The total number of chains, nkT, and target average lengths are independent of the sum over i and 

can be factored out to give Equation  (4.8. 

�� = � = � ∑ � �� �  
 (4.8) 
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Rearrangement of Equation  (4.8 gives the following result, � �� = ∑ � � 
 

 (4.9)  

Similarly, substitution of Equations  (4.3 and  (4.4 into the numerator and denominator of 

Equation  (4.2 provides,   

� = � �
 

 

  (4.10)  

Note that Equation 10 is just an alternative definition of the number-averaged molecular weight; 

the number of segments occupied divided by the number of chains.  Alternatively substitution of 

Equations 5 and 6 into Equation 2 gives, 

� = ∑ �� � = � ∑ � � = � ∑ � � 
 

  (4.11)  

Combining Equations   (4.10 and   (4.11 gives the result, � �� =∑ � � 
 

  (4.12)  

Equations  (4.9 and   (4.12 represent constraints on the constants ci and bi that must be satisfied 

for any constructed distribution. 

It is possible to relate bi to an arbitrary probability distribution.  Referring to Figure 4.1, 

let pi represent the area under the normalized probability distribution function centered around 

one of the selected chain lengths in the model. This value represents the probability of picking a 

lattice site at random and having it belong to a chain of group i. Since this probability is also 

related to the fraction of lattice sites that belong to a chain in group i, it can also be represented 

in terms of the number of chains. That is, the total number of chains in group i can be expressed 

as 

� = �� ��� = �� ���  
 (4.13)  
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where Equation  (4.6 has been used to introduce the constants ci.  Using expression  (4.5, bi 

represents the probability of selecting one chain out of the total number of chains and can be 

written as 

� = � = �� ��� = �� ���∑ �� ��� = � �⁄∑ � �⁄  

 

  (4.14)  

The probability pi is defined in terms of the probability density function, f(x | , ), where 

 is the mean of the probability distribution and  is the standard deviation. The mathematical 

formulation is given by 

� = ∫ | , �   
  (4.15)  

= ��− + ��
 

 

  (4.16)  

= �� + ��+  

 

  (4.17)  
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Figure 4.1: An example of mapping a set of chain lengths to a probability distribution. 
Three discrete chain lengths (N1,=128, N2=256, and N3=384) are mapped to the 
distribution. The shaded region represents the value of pi for chains of length 256.  
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Where a and b are the limits of integration. If the chain is the shortest chain in the model (N1) 

then the a-bound is 0 and if the chain is the longest chain in the model then the b-bound is ∞. 

By preselecting a target weight-averaged chain length (the N0 value), a discrete number 

of chain lengths each with a finite length (a set of ci values), a desired probability distribution f(x 

| , ), and a lattice size (σsites) the representative length distribution can be constructed.  

An illustrative example is now provided.  For simplicity, consider a three chain system 

that is centered on N0 = 256. For this example chains of length N1 = 32, N2 = 256, and N3 = 512 

are preselected so that Equation 6 gives c1 = 1/8, c2 = 1, and c3 = 2.  Adopting a Gaussian 

distribution with a standard deviation of 2ηθ ( = 2ηθ and  = 2ηθ), the resulting pi values are p1 

= 0.34, p2 = 0.36, and p3 = 0.34.  Application of Equation 11 yields bi values of b1 = 0.847, b2 = 

0.107, and b3 = 0.046. Using a lattice that is 128 x 64 x 64 in its xyz dimensions (giving 262144 

occupied sites on the face centered cubic lattice constructed by filling every other site) and 

Equation 9 (with the constraint that ∑ � � = ∑ � � = . ) gives the total number of chains 

as nkT=3362 with nk1 = 2848, nk2 = 360, and nk3 = 154. This yields values of Nw = 256 and Nn = 

78. On the lattice site basis the distribution was centered about 256 and the standard deviation of 

the data set is  = 215 lattice units. This value is slightly lower than the one prescribed by the 

probability distribution, but arises because of truncation and rounding errors in this example. 

This simple example is readily extended to systems having multiple chain lengths. 

This method is tested in conjunction with the cooperative motion algorithm and its 

extensions.[1,31,44,45] This family of algorithms offers many advantages including being able 

to simulate high density systems, maintain chain connectivity, capture realistic dynamics, and 

simulate flow phenomena.  This algorithm is able to obtain the proper dynamics and scaling of 

the zero shear viscosity with molecular weight in under 2 months on a single core processor, 
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which is a significant speed up compared to coarse grained molecular dynamic simulations that 

took a year on a 64 processor cray architecture.[65] Even accounting for Moore’s Law this 

accounts for a 10,000 times speed up at the current time of publication. The simulation results 

that are presented here were conducted on a fully occupied (φ = 1.0) face centered cubic (fcc) 

lattice. An fcc lattice is implemented because of its high coordination number, which has been 

shown to be in agreement with MD simulations and experiment.[1,87]  Hard athermal walls 

( =0) are usually specified in x-direction while periodic boundaries are present in the y and z 

direction. To minimize confinement effects the x-direction walls are separated by at least six (6) 

radii of gyration. Initially the polymer chains are laid in an all trans configuration on the lattice. 

This configuration is subsequently melted by performing over one million closed loops (~106 

Monte Carlo time) of cooperative motion. Attempted moves are accepted as long as excluded 

volume and a constant bond length are preserved. Equilibration is monitored by tracking the 

ensemble average radii of gyration. The melted configuration are then ran for an additional 

million closed loops to obtain equilibrium measurements (e.g. binned number average radii of 

gyration and center of mass density) and the dynamic correlation functions. Further details of 

this implementation can be found in previous work[1] and in Chapter 6 of Kotelyanski and 

Theodorou’s Simulation Methods for Polymers.[27] 

Results for polymer melts that have one, three, and five discrete chain lengths 

corresponding to PDI values of 1.00, 3.20, and 1.42 respectively are presented.  

4.4 Results and Discussion 

During implementation several variables are calculated including the binned radii of 

gyration and the center of mass distribution for each chain length group.  The squared radius of 

gyration, s2, for a chain is defined as the average distance from the chain center of mass or, 
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= �∑ � − �
�=  

  (4.18)  

Where ri is the position of the i-th monomer, rcm is the position of the center of mass, and N is the 

total number of segments in the chain. The chain length can be averaged across the whole 

simulation box or in a binned fashion as a function of the x-direction.  The center of mass density, 

ρcom,i(x), is defined as 

� ,� = ��⁄  

 

  (4.19)  

where nki(x) is the number of chains in group i that have a center of mass in a given x-plane and 

L is the number of lattice sites between the hard walls.    

When athermal monodisperse polymer melts are confined between two neutral walls  

there are  wall effects present within two radii of gyration of the wall.[39] The binned root mean 

square radii of gyration near the walls are lower than its bulk value due to reflection folding the 

chain back upon itself. The near-wall polymers also align their end-to-end vectors parallel to the 

walls.  Introducing polydispersity reduces these wall effects.  

The modified wall-effects are shown in Figure 4.3 which plots the number averaged radii 

of gyration as a function of normalized plate spacing. Polydisperse melts possess a lower average 

radii of gyration due to the high number of shorter chains present. As with the monodisperse case, 

for polydisperse systems there is still a lower radii of gyration near the wall as compared to the 

bulk. In the monodisperse case the wall effect persists for approximately two radii of gyration. In 

the polydisperse case the effect is less exaggerated and only accounts for 5% at each wall for the 

same lattice dimensions. In the case of the monodisperse melts this perturbation is upwards of 

two bulk radii of gyration while the polydisperse perturbation is only about one box-averaged 

radius of gyration. 
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The reduction of the wall effect arises due to a migration of chains having varying 

lengths. Longer polymer chains possess a larger radius of gyration, thus making it more difficult 

for them to reside close to the wall due to the greater perturbation in their coil size. In addition, 

previous work illustrates that chain ends are entropically favored at the wall.[39,44] The 

combination of these two factors leads the shorter polymer chains to reside closer to the walls.  

The center of mass density is reported in Figure 4.2 which clearly shows the migration 

phenomena where the normalized density of the shortest chains is highest near the walls. The 

result being that the perturbation of the wall on the mean coil size is less significant for the 

polydisperse case in comparison to the monodisperse case.  

Dynamics of both monodisperse and polydisperse polymer melts are also studied. In 

order to study the dynamics a distinct time step must be defined. This timestep, tu, is  defined 

as[40] 

= � �  
  (4.20)  
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Figure 4.2: Center of mass density simulated between two hard walls that are ten radii of 
gyration apart.  A three chain model centered around Mw = 256 is simulated for the PDI = 
3.2. The polymer chains are evenly distributed in the bulk but the shorter chains are 
present at higher normalized concentrations closer to the wall. 
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With this definition, every time a polymer segment is displaced  the  time counter is incremented 

by tu so that when the time counter is equal to 1 every segment has moved or had the chance of 

moving.  This is physically equivalent to what happens in an MD simulation at every time step. 

The unit of time so defined is referred to as a Monte Carlo time step (mct). By comparing 

diffusion coefficients between the simulation and laboratory data, the Monte Carlo time can be 

assigned a value in real time[108]; this procedure yields the value of a 1.0*10-11 s/mct when 

applied to polyethylene. 

Once Monte Carlo time is defined, dynamics of polymers can be interrogated through 

correlation functions.  In these functions ri(t) is the position of a given segment at a certain time 

and rcm(t) gives the position of the center of mass of the overall chain. The mean-squared 

displacement of central monomers is given by  

= [ � − � = ]  for � = � 
  (4.21)  
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Figure 4.3: Binned number average radii of gyration for chains between two hard 
walls that are ten radii of gyration apart; L* is the normalized plate spacing (L* = x / 
L).  A three chain model centered around Nw = 256 is simulated for the Nw = 256, PDI 
= 1.0 case. The polydisperse melts possess a lower ensemble average radius of 
gyration than the monodisperse melts. The wall effect is present for both melts but is 
less pronounced in the polydisperse melt.  
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where N is the total length of a given chain. The mean-squared displacement of central 

monomers relative to the center of mass is given by 

= [ � − − � = − = ]  for � = � 

 

 (4.22)   

The mean-squared displacement of the center of mass is  = [ − = ]  
 

 (4.23) 

The mean-squared displacement of the chain ends is given by = [ � − � = ]  for � =  and N   (4.24)  

Finally, the mean-squared displacement relative to the center of mass is given by = [ � − − � = − = ]  for � =  and N   (4.25)  

This set of five correlation functions provides great detail on the dynamics of polymers in 

the melt. Unentangled polymer melts will exhibit Rouse dynamics for which the g1 and g4 

correlation functions scale as t at short times, t1/2 at intermediate times, and t at long time scales. 

However, most polymer melts of technical interest are entangled, and exhibit reptation like 

dynamics. At very short times the g1 and g4 correlation functions scale as t1/2.  At intermediate 

times (between the entanglement and Rouse time) there is the hallmark scaling of g1 ~ t1/4. At 

longer times (between the Rouse and disentanglement time) g1 scales as t1/2. Finally, at very long 

time scales (above the disentanglement time), g1 scales as t. In addition it is important to note 

that the g3 correlation function scales as √  at long time scales. There are many theories and 

models[41,42] which describe the various characteristics of entangled polymer melts, but  their 

scaling is always described by these fundamental exponents. 

Previous work has accurately captured the dynamics of the polymer melts for 

monodisperse polymer melts.[1]  At chain lengths above the entanglement length (N >150) 
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reptation dynamics are reported by the observation of the characteristic t1/4 scaling in the g1 and 

g4 correlation functions. In the case of monodisperse polymer melts, the transition between all 

regimes of scaling is always continuous and not abrupt. This effect arises because there is a 

spectrum of relaxation times (e.g. chains near the wall relax at a different rate than chains in the 

bulk).  

The dynamics of a polymer melt with modest polydispersity are presented in Figure 4.4. 

This Figure shows that polymer melts still exhibit reptation like dynamics when a slight degree 

of polydispersity is introduced. The t1/4 scaling is still present and still demonstrates the 

continuous transition.  

 

Figure 4.5 presents a side by side comparison of the g1 correlation function between the 

monodisperse and polydisperse melts. The difference between the Rouse time (the transition 

from t1/4 to t1/2) and the entanglement time is smaller in the polydisperse case than it is in the 
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two hard walls spaced 10 radii of gyrtation apart. Reptation dynamics are hallmarked 
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g1 correlation function and also demonstrates the t1/4scaling.   
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monodisperse situation. Polydisperse melts possess a lower Rouse and disentanglement time. 

This phenomenon arises because of the spectrum of chain lengths (specifically the shorter 

chains), each possessing their own characteristic times.  

 

Doi et. al[41,42] postulate and show that for chains of similar lengths, that the 

characteristic times obey simple mixing rules, which is demonstrated by the results presented 

here. The polymer melt presented in Figure 4.4 and Figure 4.5 contains five different chain 

lengths (Ni = 128, 256, 512, 1024, 2048) and was mapped to a Gaussian probability distribution 

centered on Nw = 512. The resulting bi values are b1 = 0.2726, b2 = 0.2716, b3 = 0.4201, b4 = 

0.0310, and b5 = 0.0047 respectively. In the monodisperse case these individual polymer chains 

possess Rouse times of approximately 3.5*104 mct, 5.0*104 mct, 7.0*104 mct, 1.0*105 mct, and 

1.4*105 mct respectively. By applying a simple number averaged mixing rule to this polymer 

melt the resulting Rouse time is approximately 5.6*104 mct. This value roughly corresponds to 

5.6*104 mct which is in agreement with Figure 4.5.  Accordingly, the results of the present 
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Figure 4.5: The g1 correlation function for an Nw = 512 polymer melts between two 
hard walls spaced 10 radii of gyration apart. The polydisperse melts still exhibit the 
reptation like signature and distinctions in the characteristic Rouse and 
disentanglement times are observed. 95% standard deviation less than symbol size. 
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investigation support Doi’s postulate that mixing rules can be applied to understand 

polydispersity effects on the Rouse time. 

Polydisperse polymer melts have also been subjected to shear flow. Shear flow is 

modeled in the method described previously in Dorgan et. al.[1] in which the movement of 

polymer segments is biased depending on their position on the lattice. This method is based of 

work done by Katz et. al.[58] for biasing the Ising model subject to an external field. The same 

biasing has also been implemented by Glieman et. al.[44] and Jzeska and Pakula[48] to model 

parabolic and shear flow. When the polymer melts are subject to shear flow their rheological 

properties are calculated by using Kramer’s bead and spring model[109] in which the stress 

tensor, �, is calculated as the dyadic product of the bond vectors,  . This formalism can be 

expressed[94] as: � =     (4.26)  

Where v is the number of chains per unit volume, k is ψlotzmann’s constant, T is the temperature 

and β2 is 3/(2Nbk
2), where bk is the length of the Kuhn segment and N is the number of segments 

in the chain. Equation 4.26 can be rewritten as  � =   � =   
 

 

  (4.27)  

Equation  (4.27 is a dimensionless stress. The deviatoric stress tensor is defined as, � = � −     (4.28)  

Where p is the pressure tensor and is defined as the total stress tensor, � , under no flow 

conditions. 

Previous work using this algorithm has demonstrated that monodisperse entangled 

polymer melts exhibit failure at high shear rates.[108] This failure corresponds to weak and 
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strong slip, and is heralded by discontinuities in the velocity profile. For monodisperse chains, 

when the chain length reached Nw = 128, the first evidence of a non-monotonic stress response is 

observed. However,  as polydispersity is introduced the severity of the non-monotomic stress 

response is slowly reduced and eventually eliminated. This is shown in Figure 4.6 which presents 

a comparison between three different polydispersities. At low shear rates all polydispersities 

scale linearly with apparent shear rate and have the same slope corresponding to the same zero 

shear viscosities.  It is known from the experimental literature that polymer melts possessing the 

same weight average molecular weight will demonstrate the same zero shear viscosity.[94]  As 

the shear rate is increased the shear stress continues to increase and the proportionality between 

shear stress and shear rate is no longer constant, corresponding to shear thinning behavior.  

When the monodisperse melt is subject to high shear rates the stress response curve exhibits non-

monotonic behavior where two shear rates correspond to the same shear stress. When modest 

polydispersity is present the non-monotonic region is reduced in severity. At higher degrees of 
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polydispersity the non-monotonic region completely vanishes. These results are consistent with 

decades of observations on the flow behavior of polymer melts in shear.  

4.5 Conclusions 

This work provides a formalism that can be used to map various probability distributions 

to a set of chain lengths on a lattice. The set of equations derived allows the distribution of chain 

lengths, target molecular weight, and the number of representative chains to be set in a 

predetermined way. The chain collection so constructed can either be used in lattice based 

simulations or as an initial configuration for Molecular Dynamics simulations. The method is 

applicable to both the study of equilibrium and dynamic systems. 

When this method is implemented with the COMOTION algorithm polydispersity 

reduces wall effects.  The near-wall region over which chain dimensions are perturbed is reduced 

as measured by the system average radius of gyration; this change is due to migration of the 

shorter chain lengths to the wall. So in another sense wall effects are more profound in 

polydisperse systems as they lead to chain migration based on differing molecular weights. 

Polydispersity also affects dynamics.  Reptation-like dynamics are obtained for a 

polydisperse system and Reptation-like dynamics are hallmarked by the presence of a t1/4 scaling 

in the g1 and g4 correlation functions. The polydisperse polymer melts possess lower 

characteristic times and a broader transition between the different scaling regimes. For narrow 

Gaussian distributions, the Rouse time follows a simple mixing rule of all of its components.  

In addition when polydisperse melts are subject to flow, through the implementation of p-

COMOFLO, the shear stress response is affected.  As the PDI is increased the region of the non-

monotonic behavior decreases and is eventually eliminated.  These results are in post facto 

agreement with theory and experiments. 
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Polydispersity is important for understanding molecular details under equilibrium 

conditions, in the dynamics of polymers, and for polymers under flow. The present study shows 

the importance of including the often missing physics of polydispersity into molecular scale 

simulations of polymers.    
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CHAPTER 5 : A PRIORI DETERMINATION OF THE EXTENSIONAL VISCOSITY OF 

POLYMER MELTS BY DYNAMIC MONTE CARLO SIMULATION 

 

This chapter is modified from a paper pending submission to 

Physical Review Letters8 

Nicholas A. Rorrer9 and John R. Dorgan10 

 

5.1 Abstract 

The COMOFLO algorithm is extended to enable the simulation of steady-state 

extensional rheology providing the first ever molecular scale simulation of entangled polymer 

melts undergoing extensional flow. The purely extensional flow field associated with a four roll 

mill experiment is implemented in three dimensions. Periodic boundary conditions exist in all 

directions and enable a uniform deformation throughout the simulation domain. As expected, the 

extensional viscosity is four times the zero shear viscosity at low deformation rates. As the 

extension rate increases the extensional viscosity increases, plateaus, and then decreases. The 

algorithm thus correctly captures the physics of polymer melts in extensional flow in a fully a 

priori manner while providing significant computational advantages over molecular dynamics 

methods. Because the technique is applicable to polydisperse systems, the ability to predict in an  

a priori manner both shear and elongational rheology for linear polymer melts of arbitrary 

molecular weight distribution can now be considered a solved problem. 
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 Primary author and PhD Candidate 
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 Corresponding Author, PhD Advisor 
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5.2 Introduction 

The extensional behavior of polymer melts is of critical technological importance. 

Extensional rheology plays an important role in the flow of polymer solutions through 

microfluidics,[110,111]  in film blowing, and fiber spinning. Given its importance, there are now 

a wide variety of instruments available to measure extensional properties (each with their own 

advantages and disadvantages) so that a large body of extensional data is available. 

Molecular simulations provide an attractive solution to understanding the experimentally 

observed behavior of a wide variety of polymeric materials.  Recent advances allow for the 

simulation of polymer melts under flow, for example, the notable slip-link model can provide 

many molecular scale details.[35,64,112,113] However, this technique still requires input from 

experiments(such as the number of entanglements per unit volume).  In contrast, Molecular 

Dynamics (MD) requires only a knowledge of intermolecular potentials, usually on a group basis. 

Alternatively, MD can be done on a coarse-grained basis as is done in the now widely practiced 

Kramer-Grest approach. In MD simulations, flow is usually implemented by the SLLOD 

equations of motion. In addition, a wide variety of successful simulations capture flow effects by 

imposing a  potential [53-57,74] or by probabilistically favoring displacements .[1,44,114] 

Perhaps the most widely practiced extensional flow technique is that of the Kraynik-

Reinelt boundary conditions. The original work invoking these boundary conditions  

demonstrated that when  applied to a lattice, the lattice will reproduce itself at certain discrete 

values of time,  (the orientation of the rotated lattice),  and the Hecky strain and be time and 

spatially independent. In later work, Todd and Daivis [115-118]  demonstrate that this technique 

can be applied to real space systems.  Furthermore by using an appropriate form of the SLLOD 

equations of motion extensional properties are available. Despite their elegant nature, these 
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simulations remain computationally intensve.  A constant concern must be placed on system size 

and ensuring that the Hecky strain is correct. In addition, the work done with these flow 

conditions for polymer melts[64] does not capture the zero extension limit and instead is only 

capable of capturing the extensional thinning regime. Finally, because of the computational 

requirement highly entangled polymer melt simulations have not been conducted. 

5.3 Implementation of Extensional Flow 

This work draws inspiration from the work by Monaghan et. al.[119] in which the authors 

created a two dimensional periodic system to simulate extensional flows of Weeks-Chandler-

Anderson particles.. They provide a method for computing various quantities and provide the 

viscosity of a system at varying particle densities. However, this method has not been applied to 

polymer melts or three dimensional systems. The ingenious method creates a fully periodic 

system that is experimentally representative of the four roll mill. 

All simulations are produced using the COMOFLO algorithm[1,44,114,120-122], and 

adaptation of the Cooperative Motion Algorithm.[30,31,39,45,49] This dynamic Monte Carlo 

simulation technique simulates polymers as coarse grained segments on a fully occupied lattice 

thereby allowing for realistic melt densities. This algorithm is orders of magnitude faster 

compared to other techniques and  properly captures dynamics and the rheological properties of 

polymer melts.[1] The algorithm has now been extended to polydisperse polymer 

melts,[121,122] different flow scenarios,[1,44]  hydrodynamic  slip[120] and cross flow 

migration.[114] To extend the algorithm to extensional flows, the procedure described in 

previous work [1,44,114] is extended.  That is, the attempted displacement of segments is biased 

depending on the segments position on the simulation lattice. The velocity is reported in 

simulation units of Monte Carlo sites (mcs) per Monte Carlo time (mct). Previously this 
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conversion has been reported to be 37.7 m/s per mcs/mct. Unique to this implementation 

compared to previous simulations is that there are no hard walls present and flow is biased in two 

dimensions rather than just one. In addition the simulation is periodic in all three dimensions.  

 

Specifically, flow is biased to obtain hyperbolic flow representative of the four roll mill. 

Figure 5.1 provides a vector field and color contour depiction of the flow field realized.  In order 

to simulate flow the probability of displacing a particle “forward”, p+y(x,y) and p+x(x,y), or 

“backward”, p-y(x,y) and p-x(x,y), is given by 

+ , = + �    (5.1) 

+ , = − �    (5.2) 

− , = − �    (5.3)  

Figure 5.1. (COLOR ONLINE) Heat map of the absolute velocity for the N = 16 
system and a biasing parameter of pmax = 1.0*10-1. Rollers are drawn in black and 
have arrows to indicate the direction of flow. The stagnation regions are indicated in 
purple. 
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− , = + �    (5.4)  

Where pzero is the probability representative of diffusion and pmax is the maximum biasing 

parameter set by the user and is proportional to the extensional deformation rate, .   When pmax 

is set equal to zero displacements are equally probable in all directions and quiescent conditions 

are obtained. 

 

In the center of the lattice the components of velocity, vy(x,y) and vx(x,y),  are given by , =  �    (5.5) , =  − �    (5.6) 

Where  is the deformation rate, and xdiv and ydiv are a normalized coordinate that takes a value 

of zero in the center of simulation lattice; values of 1 correspond to the rightmost/uppermost 

boundary and -1 at the leftmost/bottommost boundary of the center region respectively. Figure 

5.2 presents a plot of vx(x,y) and vy(x,y) as a function of the corresponding normalized box 

dimension for the N=16 and pmax= 0.1 case; the deformation rate is calculated by taking the 

Figure 5.2: The y-component of velocity as a function of a normalized y dimension 
(Y*= y/total periodic image length) with the x-coordinate held constant. The velocity 
varies linearly with lattice position. This behavior is constant throughout the 
simulation lattice for both components of the velocity. 
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derivative of the velocity with respect to position.  Figure 5.2 clearly shows the equality of the 

slopes in the two directions.  This equality of the extensional deformation rate throughout the 

box established the validity of the approach; a purely stretching flow is obtained. 

5.4 Calculating Extensional Viscosity  

In order to calculate rheological properties stress must be calculated. Due to the changing 

direction of chain orientation in the four roll mill, the stress must be calculated using a frame of 

reference that moves with the chain.  That is, the principle of frame indifference must be 

enforced. To do so, the stress is calculated along the end-to-end vector of each chain. In this 

frame, the component of the bond vector that is parallel to the end-to-end vector contributes to 

the y-components of the stress tensor, while and component of the bond vector that is normal to 

the chain contributes to the x-component of stress tensor. Due to the nature of this flow (the 

chains are aligned in the xy-plane) there is no transformation on the z-component of the stress 

tensor. Subsequently the stress is calculated as the dyadic product of the bond vectors,  , 

where � =   � =   
 

 

  (5.7) 

Where k is the ψoltzmann’s constant, T is temperature,  is the volume per segment, N is the 

number of segments in a chain, l is the bond length, and  is the mean squared end-to-end 

vector. With the stress tensor defined the extensional viscosity, +, can be defined as 

+ = � − �
 

 

  (5.8) 

At low shear rates the extensional viscosity is found to be four times (4x) the zero shear 

viscosity as presented in Figure 5.3. As the extension rate is increased the viscosity departs from 

the low rate plateau region.  There is an initial strain hardening followed by a broad maximum.  
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The zero rate plateau is representative of the chains in the melt still being near an equilibrium 

coiled conformation whereas the strain hardening region is associated with the chain being 

extended – that is, stretched. In the final region the extensional viscosity shows a decrease with 

increasing extension. In this region the stress difference (� − � ) is still monotonically 

increasing. The algorithm predicts in an a priori manner the strain hardening followed by strain 

softening behavior of unentangled chains. The shape of this flow curve is consistent with 

experiments on unentangled polymers.  

Significantly, the computational efficiency of the technique means it is capable of 

capturing the details of extensional flow for entangled polymer melts. As shown in earlier work, 

entanglements in the model form at a critical length corresponding to roughly Nc = 100.  Figure 

5.4demonstrates that in the case of the Nw = 256 melt the Newtonian plateau is followed by an 

increase, maximum, and shear thinning region.  It is of interest to note that this model  

Figure 5.3. Shear and Extensional viscosity of a monodisperse Nw = 16 system. The 
shear viscosity is the data previously reported by Dorgan et. al[1]. The extensional 
viscosity is greater than the shear viscosity and exhibits distinctly different behavior. 
In the low extension limit the extensional viscosity is 3.99 +/- 0.03 times the zero 
shear viscosity ( 0 = 0.16 +/- 0.002 mct); this compares favorably with the known 
limit of 4. 
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demonstrates an extensional thinning exponent of -0.69. This value lies inbetween that predicted 

by the Doi-Edwards-Marrucci-Grizzuti model (which predicts an exponent of -1) and 

experimental results (which demonstrate an exponent of -0.5). Recent theoretical work to include 

the effects of tube pressure provide agreement with the -0.5 scaling exponent. Accordingly, the 

issue that emerges is what is the effect of both polydispersity and average molecular weight on 

the shear thinning region of extensional viscosity?  Clearly, the non-entangled results of Figure 

5.2 demonstrate a much stronger dependence – an observation that is consistent with 

polystyrenes dissolved in their own oligomers. So the issue becomes how much greater than the 

entanglement molecular weight must the sample molecular weight be in order to observe the -0.5 

scaling?   Also, the effects of polydispersity have yet to be clearly elucidated either 

experimentally or in simulations.  Fortunately, the present methodology can be used to study 

polydisperse systems.[114,121,122] 
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Figure 5.4: Extensional viscosity for the Nw = 256, PDI = 1.0 polymer melt. At low 
extension rates the viscosity approaches the limit for the zero extension viscosity 
( ��marked by the dotted line, the lowest point on the present flow curve is ��+ = . � ��). At moderate extension rates there is a strain hardening phenomena leading to a 
maximum. The maximum is less broad than in the unentangled material of Figure 3. At high 
extension rates an extensional thinning region is present which scales as ��+ ~ �-0.693. 
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5.5 Conclusions and Acknowledgments 

Extension of the COMOFLO algorithm to capture extensional flow rheology has been 

demonstrated to provide an a priori and parameter free prediction of polymer melt flows. 

Accordingly, extensional flow for dense entangled polymer melts is available for the first time.  

Not only does the algorithm capture the details of extensional flow in three dimensions, but it is 

able to ascertain extensional properties of entangled polymer melts across multiple flow regimes 

including the Newtonian plateau (where the correct ratio to the zero shear rate viscosity is 

exhibited), the strain-hardening regime, and the high deformation rate strain softening region. 

Because the technique is applicable to polydisperse systems the ability to predict in an a priori 

manner both shear and elongational rheology for linear polymer melts of arbitrary molecular 

weight distribution can be considered a solved problem.  
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Foundation under grant CBET-1067707. In addition, this material is based upon work supported 

by the U.S. Department of Energy, Office of Science, Office of Workforce Development for 

Teachers and Scientists, Office of Science Graduate Student Research (SCGSR) program. The 
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CHAPTER 6 : EFFECTS OF POLYDISPERSITY ON CONFINED HOMOPOLYMER 

MELTS: A MONTE CARLO STUDY 

 

This chapter is modified from a paper published in 

Journal of Chemical Physics11 

Nicholas A. Rorrer12 and John R. Dorgan13 

6.1 Abstract 

New insight into the molecular scale details of polymer melts under confined conditions 

is obtained from the first dynamic Monte Carlo study incorporating polydispersity. While 

confinement effects on polymers have been widely explored, little work exists on the effects of 

polydispersity. This is surprising given the near universal presence of polydispersity in physical 

systems.  To address this shortcoming, a new variation of on-lattice dynamic Monte Carlo 

simulation is used to provide an understanding of how polydispersity alters confinement effects 

on polymer melts. Polymer melts of varying polydispersity are simulated between two hard walls 

(surface interaction parameter, s=0) of variable spacing.  As plate spacing decreases, polymer 

chains adopt conformations in which the end-to-end vector is parallel to the hard walls. However, 

polydisperse melts with the same length average molecular weight, Nw, (which is analogous to 

the weight average molecular weight, Mw) show reduced orientation effects.  Polydispersity 

provides greater degrees of freedom; that is, there are more configurations for the system to 

adopt to accommodate confinement without ordering. At plate spacings of four radii of gyration 

and only modest polydispersity index values (polydispersity index, PDI = 1.42), the order 

parameters are reduced by 15% compared to the monodisperse case.  The same PDI value 
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corresponds to a 10% reduction in the perturbations of the end-to-end vector and Rouse time. 

Interestingly, length-based migration effects are observed. Longer chains reside away from the 

walls and the shorter chains are found nearer the walls; at equilibrium there is a molecular weight 

based fractionation across the gap. Confinement also leads to a “speeding up” of the polymer 

dynamics.  Altered dynamic phenomena include a reduction of the Rouse time for the same 

average molecular weight and an altered scaling behavior with plate spacing. Reptation times are 

also reduced and polydispersity smooths out the transitions between different scaling regimes. 

The overall picture that emerges is not unexpected - polydispersity profoundly affects the 

behavior of confined homopolymers. 

6.2 Introduction 

Confined polymers play a fundamental role in many technologies including micro- and 

nanofluidics, enhanced oil recovery, and microelectronics. The effect of the confining walls is 

truly profound; in mixtures there is usually a preferential layer next to the wall which affects 

dynamics, structure, and properties of polymer melts and mixtures.[123]  The effect of 

confinement is thoroughly documented by experimental techniques and simulation 

studies.[21,33,39,40,123-132]  Ordering of polymer chains under confinement can be 

experimentally monitored by various scattering techniques.[124,125] Polymer melts experience 

perturbations in their static and dynamic properties as a result of molecular scale confinement.  

Simulations provide an excellent tool to obtain a molecular scale understanding of wall 

effects. In an early Monte Carlo investigation on wall effects, Mansfield and Theodorou[40] 

report that polymer chains  orient  with end-to-end vectors parallel to the wall. In addition, they 

find a high energy of attraction between the polymer and wall leads to an increased density at the 

wall and that the relaxation time of polymer chains is retarded. Kremer and Binder[126] present 
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a combined theoretical and simulation study on the dynamics of polymer chains confined in 

tubes.  These authors present correlation functions in terms of the parallel and perpendicular 

components. In a confining tube the perpendicular component of motion is frustrated leading to 

shortened characteristic times compared to unconfined chains. In a later study by Baschnagel and 

Binder,[127] the authors investigate how confinement affects the glass transition temperature. 

They report that the perturbation of the wall is greater than one radius of gyration and that the 

whole melt vitrifies simultaneously instead of in layers. Additional studies, such as that done by 

Cui et. al.[33] demonstrate that confinement leads to acceleration in the rotational relaxation 

times.  In a more recent publication by Goel et. al.[128] a combination of density functional 

theory and Monte Carlo simulations is used to demonstrate how the density of monodisperse 

polymer chains (from 0.1 to 0.4 fraction of sites occupied) affects the properties and 

configurations of polymer chains at an interface. In addition, when athermal walls ( s = 0) are 

present, chain centers of mass are not located right at the wall, but do show an excess near the 

wall. Few previous studies focused on dense polymer melts. For dense polymer melts[39] it is 

reported that the effect of the wall extends greater than one radii of gyration; for monodisperse 

melts this perturbation is on the order of two radii of gyration.  

Previous simulation studies on confinement effects have examined exclusively 

monodisperse systems and calculated various configurational properties. However, it is well 

known that polydispersity plays a fundamental role in the behavior of polymers. Experimentally, 

polydispersity is known to affect the processing,[18,19,133-135] and the structural and 

thermodynamic properties of polymer melts.[132] Theoretical investigations by Doi et. al.[42]  

demonstrate that for narrow distributions, characteristic times will follow simple mixing rules 

using the appropriately averaged molecular weights; while for broader distributions, these rules 
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do to not apply.  Some work on polydispersity focuses on bidisperse distributions[21,102,136] 

where phenomena such as wall-slip can be observed.[137] In order to get a spectrum of chain 

lengths, Boyd and his collegues[99-101]  assigned algorithmic moves that cut and reconnect 

chains. This approach evolves to a certain polydispersity instead of allowing a predetermined 

distribution to be specified. Also, the algorithmic moves are aphysical meaning the algorithm is 

unsuited for dynamic simulations. One of the more prevalent Monte Carlo that is widely 

employed is the End Bridging Monte Carlo technique, developed by Pant and Theodorou.[97] 

Once again this technique relies on cutting the chains, but it provides an excellent technique to 

create equilibrated initial configurations for Molecular Dynamics where rigorous a priori 

relaxation times and diffusion coefficients can be obtained.[105]  

The work presented here utilizes the dynamic version of the polydisperse cooperative 

motion algorithm to investigate the effects of confinement on homopolymer melts.  Previous 

work using this algorithm[39] demonstrates agreement with experiments[1,39,44,120] when 

studying monodisperse systems of homopolymers. The present work uses the recently developed 

mapping of polydispersity onto a lattice[121] to investigate confinement effects for more realistic 

polydisperse melts.  

6.3 Methodology 

All results were generated using the p-COMOTION algorithm which  is an adaptation of 

the cooperative motion algorithm originally developed by Pakula.[31] The algorithmic moves 

directly reflect the molecular motions of polymers and run on a face centered cubic (fcc) lattice. 

Excluded volume, chain connectivity, and constant bond lengths are maintained. An fcc lattice 

offers the advantage of a high coordination number (z = 12) which more realistically models the 

liquid state[87] and reduces artificial wall effects compared to using simple cubic lattice models.  
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To initiate a simulation, polymer chains are laid out on the lattice in an all trans configuration. 

The polymer segments are then rearranged using the elementary Monte Carlo moves. The initial 

crystalline configurations are melted and equilibrated through over one million closed loops of 

cooperative motion.  Equilibration is tracked by monitoring the ensemble average radii of 

gyration as a function of simulation time. After the melting of the chains, data is collected on the 

system for another million closed loops of cooperative motion. Further details of the  basic 

algorithm can be found in Simulation Methods for Polymers[27] and in recent 

publications.[1,39,44,120,121] 

Polydisperse melts are studied between two hard neutral walls spaced at variable multiples of the 

ensemble average unconfinded radius of gyration for the respective system under study. All 

simulations are conducted in the athermal limit; this means conditions are equivalent to a system 

where only entropic effects are present. Earlier studies conclusively demonstrate that this 

technique obtains Rouse dynamics for shorter chains and reptation dynamics for longer 

chains.[1] The unperturbed radii of gyration, < > /
, have been previously shown to follow 

Equation (6.1. 

< > / = √  < > /    (6.1)  

/ = .  �� /    (6.2) 

Where / is the unperturbed end-to-end vector and Ni is the length of a polymer chain 

measured in lattice segments. The walls are set at a multiple of the radii of gyration for the 

“length average” chain length (analogous to the weight average molecular weight) of the 

polymer melt.  

Polydispersity is simulated in this model by mapping a probability distribution onto a 

discrete number of chains and on a lattice. A full derivation of this mapping can be found in  
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previous work,[121] which has demonstrated the ability to properly capture the static, dynamic 

and rheological properties of polymer melts.[121,138] 

Figure 6.1 provides a visualization of mapping three different chain lengths to the lattice 

based model using the methodology presented in Reference 32 for an Nw = 256, PDI = 3.2 

system. The visualization is a snapshot of a melted equilibration at different degrees of 

confinement. When equilibrated, all the polymer chains are interdigitated. Only a fraction of the 

polymer chains are displayed, but the lattice is still simulated at full occupancy. In this work, 

chains of “length average” chain length of σw = 64, 128, 256, and 512 are studied. Previous 

studies have established N=128 as greater than the entanglement molecular weight for 

monodisperse chains. [1] The monodisperse case and two Gaussian distributions with a standard 

deviation of  = 0.ησw and  = 2.0σw are simulated. The polydispersity index (PDI) of these 

systems are 1.0, 1.42, and 3.21 respectively. Table 6.1  provides a summary of the different  

Figure 6.1: Visualization of the effects of confinement on polydisperse chains at 
equilibrium. A polydisperse melt possessing a Nw value of 256 is simulated between 
hard walls spaced 6.5, 4.5, and 2.0 radii of gyration apart. [Color Available Online] 
The longest chains in the model (N = 512) are colored red, the shortest chains (N = 
32) are colored blue, and chains that are of medium length (N = 256) are yellow. The 
melts are periodic in the y and z direction with hard walls being present in the x 
direction (left and right in the Figure). 
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Table 6.1: Volume fraction of chains of a given length in the Nw = 256 Melts 
System PDI = 1.0 PDI = 1.42 PDI = 3.2 

N = 32 0 0 0.43 

N = 64 0 0.11 0 

N = 128 0 0.23 0 

N = 256 1.0 0.48 0.19 

N = 512 0 0.16 0.38 

N = 1024 0 0.02 0 

 

systems simulated for Nw = 256 case. In all cases the number of lattice sites is held near constant, 

and the spacing between the two hard walls is changed. This subsequently leads to the volume 

fraction of each chain length to be held constant and ensures no self-interaction. 

 provides an example of the different lattices used for the Nw=256 melts. In these Nw=256 

melts, the largest chain is 1024 lattice units long. Under unconfined condition the end-to-end 

vector is on average 51 lattice units. Under the highest degree of confinement (L/<s2>0
1/2 = 0.20) 

the end-to-end vector extends upwards to 2.5 times its original size, resulting in an end-to-end 

that is 127 lattice units long, which is still half of periodic image ensuring that there is no self-

interaction between the chains. See Supplementary Material Document in 1.1.1Appendix A  for 

detailed Tables of the other simulated cases. [139] 

6.4 Results and Discussion 

As the plate spacing is decreased, the conformations of the chains are affected. Results 

presented are for equilibrium melts having constant Nw values.  Figure 6.2 provides a
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Table 6.2: Lattice simulated for the Nw = 256 Melts* 
L/<s2>0

1/2 L ny nz Nsites 

12.40 128 64 64 262144 

5.81 60 96 96 276480 

4.26 44 112 112 275968 

2.91 30 128 128 245760 

1.35 14 196 196 268912 

0.78 10 224 224 250880 

0.20 4 256 256 262144 

* L/<s2>0
1/2 normalized plate spacing, L plate spacing in lattice sites, ny and nz are the periodic 

images, and Nsites is the total Number of Sites. The total number of chains range from 1080 to 
3917 for the Nw = 256 case. 
 

 

Figure 6.2: Visualization of the two longest chains at various degrees of confinement. 
Hard walls are present in the x-direction (the left and right side of each figure) and are 
spaced at 6.5 (left), 4.5 (center) and 2 radii of gyration apart (right), respectively. As 
plate spacing decreases, these longer chains undergo a “coil-stretch” transition and 
orient parallel to the walls. 
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visualization of the longest chains in an Nw = 256 / Nn = 67 polymer melt under various degrees 

of confinement. At large plate spacings (above 6 radii of gyration) the polymer chains exist in 

their coiled state but become elongated upon confinement as evident in Figure 6.2. Wall effects 

on ensemble averages can be quantified by the order parameters and the components of the end-

to-end vector. The order parameters, fi, are defined as, 

� = � −  
  (6.3)  

where i is the axis of interest (x, y, or z) and i is the angle between the end-to-end vector of the 

polymer chain and the axis of interest. The order parameters are bound by -1/2 and 1; a value of 

1 indicates perfectly parallel alignment and -1/2 indicates perpendicular alignment.  An order 

parameter value of 0 is indicative of isotropy. Recalling that the x-direction is measured across 

the width of the gap between plates, Figure 6.3 presents the fx order parameter for systems 

having PDI’s of 1.00, 1.42, and 3.20.  Even at the largest plate spacings, the order parameter is 

non-zero.  This non-zero value is due to the fact that there is a near wall layer that is oriented.  

As the plate spacing is decreased, the monodisperse (PDI=1.00) system shows the strongest 

response and the system with the greatest polydispersity PDI=3.20) shows the weakest. It can be 

concluded that polydispersity provides greater entropic freedom; that is, there are more ways in 

which the molecular conformations can adopt to accommodate the confinement without ordering. 

Under extreme confinement all melts approach a value of -0.5, indicating alignment 

perpendicular to the x-axis (thus parallel to the walls).  

Figure 6.4 provides the fy order parameters as a function of plate spacing, (the fz values, 

as expected, are equivalent).  At low degrees of confinement the polydisperse melts exhibit the 

same orientation with the walls as the monodisperse melts. As the polydispersity index is 

increased, parallel orientation is reduced at moderate degrees of confinement.  



 83 

 

Figure 6.3: The order parameter with respect to the x-axis as a function of normalized 
plate spacing for an Nw = 256 polymer melt of varying polydispersity. As plate spacing 
is decreased the end-to-end vector aligns parallel to the hard walls and thus 
perpendicular to the x-axis. As the polydispersity index is increased the melt is less 
ordered under confinement. At extreme degrees of confinement all systems are oriented 
almost entirely parallel to the walls, as indicated by fx approaching -0.5. Error bars are 
calculated as plus/ minus a standard deviation calculated over the equilibrated ensemble. 
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Figure 6.4: The order parameter with respect to the y-axis as a function of normalized 
plate spacing for an Nw = 256 polymer melt of varying polydispersity. The difference 
between the fz and fy order parameter is less than the symbol size. As plate spacing is 
decreased, the end-to-end vector aligns parallel to the hard walls. As the polydispersity 
index is increased ordering in the melt is suppressed.  
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Figure 6.5 presents the x-direction order parameters as a function of plate spacing for 

three different chain lengths. The average order of the polymer melt is shown in Figure 6.3 is 

dominated by the shorter chains due to the combination of their lower alignment and greater 

number. 

As shown in Figure 6.3 the order parameter values for N = 256 shows a near 50% 

reduction from the monodisperse case to the most polydisperse case. In addition to the dominant 

effect of the shorter chains being less ordered the longer chains are also less ordered due to the 

presence of the shorter chains. Evidently, the longer chains can assume different configurations 

under confinement in the polydisperse melts.  

The mean squared end-to-end vector is given by, 

/ =< | − | >= √∆ + ∆ + ∆    (6.4)  

Figure 6.5: The order parameter with respect to the x-axis as a function of normalized 
plate spacing for an Nw = 256 PDI = 3.2 polymer melt for three different chain lengths 
(N=32, N=256, and N=512).  As plate spacing is decreased all chains orient 
perpendicular to the walls. The shorter chains are less affected by the extreme 
orientation, while the presence of the shorter chains leads to the longer chains being 
less affected by the confinement than in the monodisperse case. 
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Where rN and r1 are the position of the last and first segment in a polymer chain respectively, and 

Δx, Δy, and Δz are the change in the x, y, and z coordinates from the last to the first segment 

respectively. The end-to-end vector can be resolved into its parallel and perpendicular 

components in order to provide a higher level of quantification of wall effects.  The walls in 

these simulations are present in the yz-plane, thus the parallel component of the root mean square 

end-to-end vector, || / , is expressed as 

∥ / = √∆ + ∆    (6.5)  

And the perpendicular component of the root mean square end-to-end vector, ⊥ /
, is  

⊥ / = √∆    (6.6) 

Figure 6.6 presents the end-to-end vector as a function of normalized plate spacing for 

two different polydispersity indices.  The end-to-end vector is not strongly affected by 

confinement at moderate plate spacing. As confinement is increased the polymer melts show an 

initial decrease in the end-to-end vector, due to reflection, but at extreme degrees of confinement 

the end-to-end vector shows an increase in the end-to-end vector. The decrease in the end-to-end 

vector at intermediate spacing is accompanied by a rapid decrease in the perpendicular 

component of the end-to-end vector.  This is evidence of the folding back caused by the 

reflecting wall. At higher degrees of confinement an elongation effect manifests due to the 

parallel component of the end-to-end vector increasing. Figure 6.7 provides a comparison of the 

components of the end-to-end vectors for monodisperse and polydisperse (PDI = 3.2) melts 

subject to confinement. Both polymer melts exhibit the same general behavior with the 

perpendicular component vanishing rapidly as confinement increases. The parallel component is 

affected at higher degrees of confinement.  
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Figure 6.6: Normalized magnitude of the average end-to-end vector for two Nw = 256 
polymer melts having different polydispersities (PDI = 1.0 and PDI = 1.42). As the 
plate spacing is decreased, the end-to-end vector decreases and then increases. The 
decrease corresponds to a  an initial decrease in the perpendicular component of the 
end-to-end vector due to reflection from the walls but ultimately chains orient and 
stretch parallel to the walls. For this modest polydispersity, the perturbation in the 
end-to-end vector is reduced by about 10%. 
 

Figure 6.7: Components of the parallel and perpendicular end-to-end vector as a 
function of plate spacing for two Nw = 256  melts (PDI = 1.0 and PDI = 3.2). As the 
plate spacing is decreased the perpendicular component of the end-to-end vector 
diminishes. At high degrees of confinement the parallel component of the end-to-end 
vector is enhanced.  
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Overall, the polydisperse melts are less affected by confinement. In Figure 6.6,  the end-

to-end vector of  the polydisperse melts do not exhibit the dramatic change in their scaling at a 

plate spacing of  four (4) radii of gyration, unlike the monodisperse melts which exhibits 

significant change at this spacing. The same is true for the components of the end-to-end vector, 

specifically in the perpendicular component for the polydisperse melts which exhibits a more 

gradual change than the monodisperse melts. 

The change in the behavior of these properties between the polydisperse and 

monodisperse melts can be attributed in part to a confinement induced migration phenomenon.  

In order to track the segregation of chains, the center of mass is monitored over the course of the 

simulation. The center of mass density, ρcom,i(x),  is reported for each individual chain length and 

is defined as, 

� ,� = � ,�⁄  

 

 (6.7) 

Where i is the index for a given chain length, nkT,i is the total number of chains for a given length, 

and x is the integer bin number on the lattice in which  the center of mass is located.  For an even 

distribution of center of masses this density is equal to unity at each bin location.  A value higher 

than one indicates an excess of centers of mass, while a value less than one indicates depletion. It 

has  been reported[121] that monodisperse systems exhibit an excess of chain ends at the wall. 

As a result of this entropic packing effect, monodisperse melts have an excess in their center of 

mass approximately one radii of gyration from the wall. In polydisperse melts confined by 

energetically neutral walls, the shorter chains reside closer to the wall.  For systems periodic in 

all three-dimensions, the center of mass density is uniform. When hard walls are introduced at 

sufficient plate spacing (greater than 6 radii of gyration) there is a depletion in the center of mass 
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at the wall with an excess at approximately half a radii of gyration away from the wall. As the 

plate spacing is decreased the longer chains can no longer reside near the wall and migrate to the 

midplane. Figure 6.8 provides evidence of these phenomena for a three chain system. Under 

periodic conditions all chains possess the same density distribution, but as confinement is 

increased the longest chains migrate to the midplane and the shortest chains are found near the 

walls. Such migration is one of the main physical factors that leads to the different set of 

equilibrium properties between polydisperse and monodisperse systems.  

Polymer dynamics are understood through time-correlation functions in which the center 

of mass location (rcm(t)) and various segmental locations (ri(t)) are recorded as a function of time. 

In order to track the dynamic correlation functions a fundamental time step must be assigned to 

the algorithmic moves. Thus fundamental time step, tu, is defined as 

Figure 6.8: Center of mass densities, ρcom, as a function of normalized plate spacing each 
chain in a three chain system.  Clear migration of the two longest chains to the mid-plane is 
observed at high degrees of confinement (corresponding to 1.36 times the system average 
radius of gyration under unconfined conditions). Here L* is defined as the x/L where L is the 
total number of lattice sites and x is the current x-plane. 
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= �  

 

  (6.8) 

Where Nsegments is the total number of segments on the simulation lattice. Every time an attempt 

to displace a moveable group is made, the total time counter is increased by tu. When the number 

of attempted moves is equal to the number of segments the total time is 1 time step unit. Such a 

time step is analogous to Molecular Dynamics where at each time step every segment attempts to 

move as a result of the forces encountered. Previously the conversion between the simulation 

time step and actual time has been determined to be 1.0*10-11 seconds/mct.[120] 

The g1 correlation function monitors the movement of the central monomers and is defined as = [ � − � = ]  for � = �
   (6.9) 

g1 is an ensemble average, and N represents chain length. The g2 correlation function monitors 

the motion of the middle segment relative to the center of mass and is given by = [ � − − � = − = ]  for � = �
    (6.10) 

The g3 correlation function is related to the diffusion of the polymers and monitors the center of 

mass motion.  = [ − = ]     (6.11) 

The g4 correlation function monitors the motion of chain ends. = [ � − � = ]  for � =  and N    (6.12) 

Finally the g5 correlation function tracks the motion of chain ends relative to the center of mass. = [ � − − � = − = ]  for � =  and N   (6.13) 

  These correlation functions scale with time differently for entangled and unentangled 

polymer melts. Unentangled polymer melts exhibit Rouse dynamics. The g1, g2, g3 and g4 

correlation functions scale as t1 at short times (below the characteristic time, n) and as t1/2 at 

intermediate times (between the characteristic time n and the Rouse time R). Above the Rouse 
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time the g1 and g4 correlation functions scale as t1
 and the g2 and g5 correlation functions scale as 

t0. At long time scales the g3 correlation function scales as t1 with a slope of 6D, where D is the 

self-diffusion coefficient. Reptation dynamics show a similar scaling except at times below the 

entanglement time ( e) the functions g1, g2, g4 and g5 scale as t1/2. Between the entanglement and 

Rouse time, these same correlations scale as t1/4; it is the t1/4
 scaling that is the hallmark of 

reptation dynamics. ψetween the Rouse and disengagement time, d, the correlation functions 

scale as t1/2. Finally above the disentanglement time the g1 and g4 correlation functions scale as t1 

while the g2 and g5 correlation function scale as t0. The cooperative motion algorithm has been 

shown to accurately capture reptation dynamics for both monodisperse and polydisperse polymer 

melts.[1,121]  

The transition between the scaling regimes is smooth and continuous rather than abrupt and 

polydispersity further increases the timescales over which the transitions are observed. The 

gradual nature of the transition means there are some inherent difficulties in determining any of 

the characteristic times with high precision. Figure 6.10 illustrates the method that is used in this 

work to determine the Rouse time and the deviation of the Rouse time that is reported in Figure 

6.9. For both monodisperse and polydisperse polymer melts, confinement reduces the Rouse time 

and all other characteristic times. The reduction of the Rouse time with confinement 

corresponds to the effect of the walls limiting movement perpendicular to the wall and 

thuspresumably favoring motion parallel to the walls. This effect corresponds to a “speeding up” 

of dynamics due to the presence of the wall. It is important to remember that in the present 

simulations, the walls are precisely energetically neutral. The situation is obviously very 

different when strongly absorbing walls are present which can bind polymer chains and decrease 

their mobility.[140-143] 
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Figure 6.9: Rouse times as a function of normalized plate spacing for two Nw = 128 
polymer melts. Dashed lines indicate the Rouse time for a fully periodic system.  

0 1 2 3 4 5 6 7 8 9 10
5000

10000

15000

20000

25000

30000

35000

40000

45000

50000

55000

60000
N

w
 = 128

PDI=1.42 Periodic 

Scaling of the Rouse Time

 

 PDI = 1.0

 PDI = 1.42

R
o
u
s
e
 T

im
e
, 
 R

 (
m

c
t)

L/<s
2
>

0

1/2

PDI=1.0 Periodic 

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

m = 1

m = 1  

Determining Rouse Times

 g1

 g2

 g3

 g4

 g5

C
o
rr

e
la

ti
o
n
 F

u
n
c
ti
o
n
s
 [
m

c
s

2
/m

c
t]

Time [mct]

m = 1/2


R,U


R,L


R

N
w
 = 128 PDI = 1.42

L/<s
2
>

0

1/2
 = 8.0

Figure 6.10: Determination of the Rouse time for a Nw = 128 PDI =1.42 polymer melt  
between two hard walls spaced 8 average radii of gyration apart. The Rouse time is 
reported as the intersection between the two scaling regimes. The upper limit of the 
Rouse time is reported as the time when the correlation functions have completely 
moved into the upper scaling regime, and the lower limit of the Rouse time is reported 
as the time when the correlation functions begin to deviate from the lower scaling 
regime. 
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Figure 6.9 also illustrates that the polydisperse system possess shorter Rouse times than 

the monodisperse melts. This effect arises from the shorter chains that are present in a 

polydisperse melt. Shorter polymer chains possess a lower Rouse time, and thus a mixing effect 

is present between the shorter and longer polymer chains, resulting in a lower average Rouse 

time than in the monodisperse case. While there are also longer chains present, the mixing rule 

must follow a number averaged value law of mixing.  Reptation times are also reduced with the 

introduction of polydispersity and increasing confinement. 

6.5 Conclusions 

  New insight into the molecular scale details of polydisperse melts under confined 

conditions is obtained from the first dynamic Monte Carlo study of its kind. Polydisperse 

systems have an important difference with monodisperse systems, namely that length based 

migration effects are present. In the present study where energetically neutral walls are used, 

shorter chains migrate preferentially to the walls. This migration phenomenon is enhanced by 

confinement as the larger chains must move to the mid-plane as the slit becomes narrower. As 

with mondisperse systems, chains in polydisperse systems align parallel to the wall and at high 

degrees of confinement there is an elongation of the end-to-end vector. There is a decrease in the 

perpendicular component of the end-to-end vector which is greater for the monodisperse system 

than for the polydisperse cases. The polydisperse melts exhibit a delayed decrease in the 

perpendicular component and a delayed parallel alignment with the wall as the degree of 

confinement is increased. At plate spacings above six (6) radii of gyration, the aligning effects of 

the walls are small.  As the degree of confinement is increased, the longer polymer chains 

migrate to the midplane and shorter chains are pushed out to the walls.  This migration is 
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presumably caused by the entropic penalties associated with stretching the chains away from 

their random coil configurations.   

  The characteristic Rouse time indicated that as both monodisperse and polydisperse melts 

are confined, there is a speeding up in the polymer dynamics. At a constant length average length, 

or a constant weight average molecular weight, the polydisperse melts possess lower Rouse 

times due to high amount of shorter chains. Polydispersity thus leads to a “smearing” out effect 

in the polymer dynamics and a different scaling behavior of the dynamics with confinement. 

The overall picture that emerges from the present study is that while many of the trends 

associated with confinement observed in monodisperse systems are mirrored in polydisperse 

systems, there are important differences. First, most effects are reduced. Secondly, transitions are 

smeared out over larger length scales and longer timescales. However, there are important 

distinctions – polydisperse systems can accommodate greater degrees of confinement without 

deviating from ensemble average property values. The physical mechanism associated with this 

adaptability is length based migration effects. 
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CHAPTER 7 : PARAMETER FREE PREDICTION OF RHEOLOGICAL PROPERTIES OF 

HOMOPOLYMER MELTS BY DYNAMIC: MONTE CARLO SIMULATION                      

II. ROLE OF POLYDISPERSITY 

 

This chapter is modified from a paper pending submission to  

Rheologica Acta14 

Nicholas A. Rorrer15 and John R. Dorgan16 

 

7.1 Abstract 

Recent advances using the COMOFLO algorithm have demonstrated the ability to predict, 

in a completely a priori manner, all of the experimentally observed shear rheology of 

monodisperse polymer melts in the linear viscoelastic regime. . The present work investigates the 

inclusion of polydispersity effects on the rheology of polymer melts using the powerful 

COMOFLO algorithm adapted to include multiple chain lengths. Consistent with a vast body of 

experimental literature, polydispersity in the simulations has a profound effect on all rheological 

properties.  The zero shear viscosity is independent of the molecular weight distribution but is a 

sole function of the weight average molecular weight, Mw).  Even for simple bimodal 

distributions (using two discrete chain lengths)e an infinite shear viscosity emerges. At low shear 

rates polydispersity greatly affects the first and second normal stress coefficients, while at higher 

shear rates the differences compared with monodisperse melts are less pronounced. This work 

reinforces the experimentally known importance of polydispersity in the rheology of polymer 

melts and demonstrates the fundamental necessity of incorporating polydispersity in computer 

simulations of polymer rheology.  

                                                 

14
 Pending Submission to  Rheologica Acta 

15
 Primary author and Ph.D. Candidate 

16
 Corresponding-author and Ph.D. Advisor  
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7.2 Introduction  

Studying rheology through computer simulations is an ever evolving field. Early 

simulations simply sought to capture the correct dynamics of polymer melts under quiescent 

conditions. While early simulations were able to capture the Rouse dynamics of short polymer 

chains in dilute systems, they were found to be non-ergodic.[24,25,27]. In order to address this 

problem the bond fluctuation model [102] and the cooperative motion algorithm[30,31,38] were 

proposed. Theese algorithms properly captured Rouse dynamics for short chains and prevented 

the “locked-in” configurations that earlier simulation techniques encountered. Eventually this 

work was extended to larger systems in order to capture the dynamics of entangled chains for 

both the Bond-Fluctuation Model [85,144] and the Cooperative Motion Algorithm.[1] 

With appropriate dynamics captured, molecular simulations evolved to capture the details 

of polymer melts subject to a wide variety of flow fields. Work done on biasing the Ising model 

in an external field[58] laid the ground work for biasing lattice based simulations of polymers in 

a variety of flows.   In an early study, [51,52]  investigators were able to subject melts to both 

shear (Couette) and pressure (Pousielle) driven flows.  The flow is implemented by biasing the 

random-walk displacement of segments.  This biasing procedure reproduces the important 

features of flow including appropriate velocity profiles and chain orientation and stretching. 

However, this pioneering work did neglect excluded volume effects. Subsequent work[89] 

biased move jumps with the bond fluctuation algorithm maintaining the principle of excluding 

volume while still obtaining some key features of shear flow.  Xu et. al. continued using the bond 

fluctuation model and were able to simulate polymers  in  slit, shear, and oscillatory shear 

flow.[53-57] Work on two dimensional shear flow[54] reported the scaling of the zero shear 
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viscosity scaling of 0 ~ (N-1)1.3. There are a series of other notable works that captured some 

additional details of shear flow [48], extensional flow[69,74,75,91], and Pousielle flow.[44] 

All of the previously mentioned simulations do not report the correct scaling of the zero 

shear viscosity with molecular weight to the 3.0 to 3.η power ( 0 ~ Mw
3.0 to 0 ~ Mw

 3.5). This 

effect was first captured through the use of Molecular Dynamics [145] and subsequently with the 

cooperative motion algorithm [1] but at 1/1000th of the computational cost of MD. Both of these 

pioneering works found the transition from the unentangled to entangled regimes in a completely 

a priori manner (i.e. for low molecular weights, the zero shear viscosity scales as 0 ~ Mw
1.0 but 

at higher molecular weights the zero shear viscosity scales between 0 ~ Mw
3.0 and 0 ~ Mw

3.5). 

Importantly, even these studies simulated monodisperse polymer melts.  However, polydispersity 

is known to be a dominant contributor to rheological response of polymers [133,135] 

Indeed, polydispersity is known to have a profound effect not just on rheology, [133,135] 

but on polymer dynamics [42], phase behavior [132], copolymer microphase formation [cite], 

hydrodynamic slip[8,146], and die drool. [9] The work that has investigated the effect of 

polydispersity has been mainly limited to theory and experiments with little to no molecular 

simulations.  

Simulation work on polydispersity has either been limited to bimodal distributions 

[21,102,136] or is aphysical involving the breaking of chains. The most reported upon 

methodology of this type is the work of Boyd et. al[99-101] where  polydispersity evolves  

through the cutting and reconnecting of polymer chains. The developments by Boyd were the 

precursor to the End Bridging Monte Carlo technique.[147]  which is a continuous space method 

that evolves a modest polydispersity and can be integrated with  other Monte Carlo 

techniques.[27] The Massieu formulation has also been used to evolve a polydispersity but is 



 97 

complex in nature.[106] Recently, adaptations to the Cooperative Motion Algorithm has allowed 

a discrete number of chain lengths to represent any distribution. [121] However, no in depth 

examination into rheology was done in any previous molecular simulation studies,  

The work presented here builds on the ground work previously laid to examine the effect 

of polydispersity on polymer melts. Gaussian and bimodal distributions are used to demonstrate 

that the type of distribution can have a profound effect on melt rheology in regards to viscosity, 

normal stress differences and dynamics of polymer melts. This work demonstrates the need to 

include polydispersity in simulations in order to realistically capture rheological response.   

7.3 Methodology  

All simulations are conducted using the Polydisperse Cooperative Motion with Flow (p-

COMOFLO) algorithm [1,44,121], which is a modification  of the Cooperative Motion 

Algorithm [31,45,47].  This algorithm simulates polymers as coarse grained segments on a fully 

occupied (φ = 1.0) face centered cubic, fcc, lattice.  This technique obtains the proper scaling of 

the zero-shear viscosity with molecular weight, the proper crossover in chain dynamics [1], the 

molecular scale details of slip [120], the importance of polydispersity on quiescent melts 

[121,122], and demonstrates the presence of migration effects when shear rate gradients are 

present.[138]. Flow is simulated by biasing the displacements of the polymer segments 

depending on their location on the simulation lattice. 

Details of the simulation techniques are available in earlier studies and mapping onto real 

space polyethylene chains is discussed in detail in a recent publication. .[138] Accordingly, only 

a brief description is provided here. The shear rate is calculated as = � �       (7.1) 
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where vy(x) is the average velocity of the segments in a given x-plane measured in lattice sites 

per Monte Carlo time. In all results reported in this study the shear rate is constant across the gap 

formed by two impenetrable and energetically neutral walls.  The total dimensionless stress 

tensor, 
�� , is calculated as the dyadic product of bond vectors,  , and is given by 

Equation(7.2. � =   � =         (7.2) 

 

Where k is ψoltzmann’s constant,  is the volume per segment, T is temperature,  is the 

mean squared end-to-end vector, N is the number of segments in a chain, and l is the length of a 

segment. In order to calculate the deviatoric stress tensor, �, the stress tensor under quiescent 

conditions, p, is subtracted  from the total stress tensor according to Equation(7.3. � = � − �   (7.3) 

Since flow is in the y-direction and varies in the x-direction, thus the shear viscosity 

function is defined as 

= �  

 

  (7.4) 

where �  is the shear component of the deviatoric stress tensor. The first and second normal 

stress difference, N1 and N2 respectively, are defined as � = � − �    (7.5) � = � − �    (7.6) 

where � , � , and �  are the diagonal components of the deviatoric stress tensor. Finally the 

first and second normal stress coefficients are, 

� = �   (7.7) 
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� = �  
(7.8) 

 

This work presents results for polymer melts possessing length average chain lengths, Nw 

(analogous to weight average molecular weight, Mw), of 64, 128, 256, and 512 segments. The 

polymer melts are contained between two neutral walls spaced approximately ten radii of 

gyration apart (L/<s0
2>1/2 ≥ 10). The critical chain length for entanglement for this system is σe = 

128.  Different molecular weight distributions are presented: 1) two Gaussian distributions (with 

PDI of 1.42 and 3.28), 2) the monodisperse case, and 3) two bimodal distributions (with PDI 

3.78 and 7.12). The behavior presented is expected to be universal for all polymer melts 

independent of specific molecular structure. Table 7.1 provides the volume fraction information 

for each case. 

Table 7.1: Volume Fraction of the different chain lengths present in each melt as a function of 
the length average chain length, Nw 

PDI 0.125 Nw 0.25 Nw 0.5 Nw Nw 2 Nw 4 Nw 8 Nw 

1.0 - - - 1.0 - - - 

1.42 - 0.09 0.9 0.6 0.09 0.03 - 

3.28 0.42 - - 0.21 0.37 - - 

3.78 (Bimodal) - - 0.75 - 0.25 - - 

7.12 (Bimodal) 0.89 - - - - - 0.11 

 

7.4 Results and Discussion  

To properly capture the dynamics of polymer melts, tracking the polymer motion through 

a set of five correlation functions is performed. All correlation functions are taken as the 

ensemble average over all polymer chains and track specific positions as a function of time, ri(t).  
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The g1 correlation function, which tracks the position of the middle of the chain as a function of 

time, is = [ � − � = ]  for � = �
  (7.9) 

 The g2 correlation function describes the motion of the middle segment relative to the center of 

mass and is = [ � − − � = − = ]  for � = �
  (7.10) 

Where the subscript cm refers to the center of mass. The g3 correlation function tracks the center 

of mass motion and is given by(7.11. = [ − = ]   (7.11) 

The g4 correlation function tracks the motion of the chain ends and is given by(7.12. = [ � − � = ]  for � =  and N  (7.12) 

And finally the g5 correlation function tracks the movement of the chain ends relative to the 

center of mass as described by(7.13).  = [ � − − � = − = ]  for � =  and N 

  

(7.13) 

Simulated dynamics are either Rouse or reptation like. Rouse dynamics are indicative of 

unentangled polymer melts. The g1, g2, g4, and g5 correlation functions scale as t1 at short times 

and t1/2 at intermediate times. At long times the g1 and g4 correlation functions scale as t1 while 

the g2 and g5 correlation functions scale as t0. Reptation like dynamics indicate an entangled 

polymer melt and  g1, g2, g4, and g5 correlation functions scale as t1/2 at short times, t1/4 at 

intermediate times, t1/2 at long times. At longer times the the g1 and g4 correlation functions scale 

as t1 while the g2 and g5 correlation functions scale as t0. The t1/4 scaling is indicative of 

entangled dynamics because it represents the constraint of a random walk motion within a 

random walk defined by a constraining tube. 
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Figure 7.1 presents these results for the Nw = 256 monodisperse case in which reptation 

dynamics are present as evident by the t1/4 scaling present in the g1, g2, g4, and g5 correlation 

function. 

Reptation dynamics for modest polydisperse polymer melts using this algorithm has been 

previously reported and the transitions between regimes become blunted and less 

distinct.[121,122] In contrast, new results of Figure 7.2 present the dynamics for a bimodal 

system composed of two chain lengths (σ=1θ and 1024, φshort = 0.7η and φlong = 0.25) that 

demonstrates a complete loss of entanglements. At the high levels of polydispersity and low 

concentrations, the longer chains (due to their significantly higher relaxation time) behave as 

chains in solution. Figure 7.3 presents a comparison of the g4 correlation function between the 

two cases demonstrating the profound effects of polydispersity on system dynamics. 

When subject to shear flow the polydisperse melts poses the same zero shear viscosity as 

long as the length average chain length, Nw, is held constant. Figure 7.4 and Figure 7.5 

Figure 7.1:The five correlation functions for the Nw = 256 monodisperse case. This is the 
lowest molecular weight that exhibits reptation like dynamics as evident in the t1/4 scaling 
in the g1, g2, g4 and g5 correlation functions. 
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Figure 7.2: The dynamics for a bimodal distribution with Nw = 256 composed of two 
chains of length 16 and 1024 (φshort = 0.7η and φlong = 0.25). The presence of the lower 
molecular weight changes leads to the melt to exhibit Rouse dynamics indicating an 
unentanglement of the melt as a whole. 
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Figure 7.3: Comparison of the g4 correlation function between the monodisperse and 
bimodal cases. The t1/4 is present in the monodisperse case but vanishes for the bimodal 
distribution indicating a loss of entanglements in  the melt. 
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demonstrate that melts exhibiting profoundly different dynamics, still have the same zero 

shear viscosities. At low shear rates all the viscosity curves collapse onto the same flow curve 

and obtain the same zero shear viscosity. At moderate shear rates the viscosity is always lower 

for the polydisperse melts. The basic effect of polydispersity is to broaden out the flow curve due 

to the broader spectrum of relaxation times that are present. [121,122] The broadening out of the 

flow curve results in a lower shear rate for shear thinning behavior as the deformation rate 

exceeds the relaxation rate of the shorter chains that are present in the polydisperse materials. In 

addition, the viscosity decreases with increasing polydispersity at a constant shear rate. A 

contributing factor is the dilution effect of entanglements from the shorter chains. 

 

 The specific type of length distribution mapped to the lattice also affects the rheological 

response.  While Figure 7.4 presents the results for Gaussian distributions mapped to a lattice, 

Figure 7.5 illustrates a comparison between a Gaussian and a bimodal distribution.  In this study, 

Figure 7.4: The viscosity for three Gaussian distributions with an Nw value of 128 at the 
same plate spacing. At low shear rates all the flow curves converge onto the same zero-shear 
viscosity. Increasing the polydispersity lowers the critical shear rate for shear thinning and 
the viscosity at a given shear rate beyond the Newtonian plateau. 
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whenever a bimodal distribution or a distribution of adequate PDI is mapped onto the lattice, an 

infinite shear viscosity emerges.   

 

 

Figure 7.5: (Left) A Gaussian distribution exhibiting the emergence of an infinite shear 
viscosity. (Right) A bimodal distribution exhibiting the emergence of an infinite shear 
viscosity. All bimodal distributions lead to the emergence of an infinite shear viscosity while 
only Gaussian distributions at adequate polydispersities show this emergence.  
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Figure 7.6:  (Left) The first normal stress difference for three polydispersities with an Nw 
= 128 case.  (Right) The second normal stress difference for the same three cases. In both 
cases the elastic motion of the longer chains at lower shear results in deviations from the 
monodisperse case. At higher shear rates the curves collapse back into the same curve. 
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Polydispersity also affects the normal stresses in the polymer melt as demonstrated by the 

first and second normal stress differences (N1 and N2). Figure 7.6 presents the first and second 

normal stress differences. At higher shear rates the stress differences collapse to the same value. 

However, at low shear rates the behavior is drastically different. At low shear rates the elasticity 

of the large molecules is the main contributing factor to the stress difference leading to this large 

deviation in behavior. The deviations are the most pronounced in the bimodal cases. This is due 

to the large degree in differences in the chain length.  Even though the length averaged chain 

length is held constant in the case of the bimodal distribution, there are no chains the possess a 

chain length equal to the Nw value. Instead there is a large amount of shorter chains and small 

amount of longer chains (the volume fraction of these cases is φshort = 0.7η and φlong = 0.25).  

 

The effect of the elastic motion is also realized in the normal stress coefficients. Figure 

7.7 presents the first normal stress coefficient. Once again, at high shear rates the value collapses 

onto the same curve, however at low to moderate shear rates elastic motion of the longer chains 

Figure 7.7: (Left) The first normal stress coefficient for the Nw = 128 version. The effect of 
the longer chains contribution to the elastic motion at low shear rates is clearly present. The 
plateau region is strongly influenced by the third moment, Nz, of the mapped distribution. 

(Right) A plot of Nz vs  � ��⁄  demonstrating the relationship between �  and Nz. 
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dominates. The value of the first normal stress coefficient is found to be in agreement with the 

theoretical and experimental result that 1 α σwNz
2  where Nz is defined as 

� = ∑ � �∑ � � 
 

(7.14) 

Where li is the length of the chain and ni is the number of chains with length li. Nz is 

subsequently equivalent to the third moment of the distribution, or the z-average molecular 

weight.  These changes in the stress coefficients leads to the stabilization of flow that has been 

previously reported in other work using this algorithm [120] and also allude to the profound 

effect that bimodal distributions have in stabilizing slip. 

Throughout the simulations the position of the chains are tracked by defining a segmental 

density. This segmental density for a given chain length, ρseg,i(x), measures deviations from a 

uniform distribution of chain segments and is defined as 

� ,� = ��, ⁄  

 

(7.15) 

where L is the spacing between plates, nsi(x) is the number of segments belonging to group i 

(where the group contains all chains of a given length) in a given plane x, and nsi,T is the total 

number of segments in group i. In this formalism, a value of one (1) indicates a uniform 

distribution, values less than one (1) indicate a depletion, and values greater than one (1) indicate 

an excess. 

Figure 7.8 provides the segmental distribution for the PDI = 1.42 case under quiescent 

and flow conditions. For all melts there is a slight excess of the shortest chain near the wall and a 

depletion of the longest chain. This effect arises due to the lower chains suffering less of an 

entropic penalty residing near the wall. This depletion near the wall does lead to a slight excess 

of the longer segments, and subsequently depletion of the shorter chains, throughout the bulk of 
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the melt. However, the segments are uniformly distributed throughout the bulk of the melt. When 

subject to flow, the same trends are present. Since there are no gradients in the shear rate, there is 

not a driving force for migration. Due to this uniform distribution of chains the melts have more 

configurations available than the monodisperse case to rearrange and find the lowest stress state 

when subject to flow. 

 

The differences in the rheology arise from the polydisperse melts arises due to the 

different configurations provided to the polydisperse systems. The order of the system is tracked 

using the order parameter, fi, which is defined as 

� = � −  

 

(7.16) 

where i is the axis of interest and � is the angle between the end-to-end vector and the axis of 

interest. A value of 1 indicates parallel alignment to the axis, a value -0.5 indicates perpendicular 

alignment, and a value of 0 indicates no correlation. For this work the fx order parameter is 
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Figure 7.8: The segmental densities for the Nw = 128 polymer melts under no flow (Left), 
and at moderate shear rates (Right). There is a slight excess of shorter chain segments, and 
subsequently depletion of longer chains, at the wall. This effect arises due to there being a 
lower entropic penalty for short chains to be deformed by the wall (they possess a lower 
radii of gyration). Since there are no gradients in shear stress or shear rate, the chains are 
uniformly distributed across the remainder of the gap.   
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utilized, so a value of -0.5 indicates that the polymers are oriented perpendicular to the hard 

walls, and in the direction of flow. 

Figure 7.9 provides details on the order of the polymer melt in the zero shear regime and 

in the shear thinning regime. At low shear rates, in the zero shear regime, the polymer chains are 

able to reorient and thus do not align in the direction of flow. This effect is indicated by the order 

parameter taking on a value of 0 throughout out the bulk of the polymer melt. There are slight 

wall effects present, as indicated by the order parameter being non-zero near the wall. The 

polydisperse melts are less affected by the wall because there is an excess of shorter chains at 

wall, as demonstrated in Figure 7.8.  

 

Above the critical shear rate for shear thinning the melts begin to orient in the direction of 

flow. As evident in Figure 7.9, the polydisperse polymer melts are less oriented in the direction 

of flow. This is due to the spectrum of relaxation times, the lowering of all characteristic times 

(Figure 7.3), and the higher number of configurations available. This lower orientation, 

Figure 7.9: The fx order parameter for the Nw = 128 polymer melts. At low shear rates, in the 
zero shear viscosity regime (Left), the melts experience the same degree of order and 
orientation in the melt. At higher shear rates, in the shear thinning regime (Right), the 
polydisperse melts exhibit a difference in their order parameter. Polymer melts with a higher 
polydispersity are less ordered in the direction of flow, an affect that rises due to the spectrum 
of chain lengths present.  
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subsequently leads to a lower stress at a given shear rate and subsequently a lower viscosity 

(Figure 7.3 and Figure 7.4).    

7.5 Conclusions 

Polydispersity has a profound effect on the rheology of polymer melts.  This fact is well-

established by a huge body of experimental data but little molecular scale insight into the origin 

of various phenomena is available.  The simulations provided here provide considerable insight 

into the effects of polydispersity. The type of affects the dynamics and rheology of the polymer 

melt. As in experiments,   the same zero shear viscosity is found for all systems possessing the 

same weight average molecular weight regardless of the type of distribution. For all systems, as 

PDI is increased the viscosity the viscosity at a given shear rate is decreased and the onset of 

shear thinning behavior occurs at a lower shear rate.  

Bimodal distributions are found to have the most profound effect on the polymer melts. 

At the most extreme case the bimodal distribution leads to an unentanglement effect in the 

dynamics of the polymer melt. Subsequently, in this study all bimodal distributions lead to the 

emergence of an infinite shear viscosity at the highest shear rates obtained by the simulation. In 

the case of the Gaussian distribution there is an emergence of an infinite shear viscosity at 

adequate degrees of polydispersity.  Polydispersity also affects the other rheological parameters. 

There are differences present in the first and second normal stress differences and coefficients. 

These differences are most profound at low shear rates where the elastic motion of the larger 

molecules dominates. 
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CHAPTER 8 : MOLECULAR SCALE SIMULATION OF HOMOPOLYMER WALL SLIP 

 

This chapter is modified from a paper published in 

Physical Review Letters17 

John R. Dorgan18 and Nicholas A. Rorrer19 

 

8.1 Abstract 

 The first molecular scale simulation of entangled homopolymers exhibiting wall slip is 

presented. An on-lattice dynamic Monte Carlo technique capable of correctly capturing both 

unentangled and entangled polymer dynamics is used to study the molecular details of wall slip 

phenomena.  For unentangled chains (those exhibiting Rouse dynamics) weak slip is not present 

but evidence of strong slip is manifest at very high shear rates.  In particular, shear banding is 

present and a small excess of chain ends along a shear plane is found.  For entangled chains (of 

sufficient length to exhibit reptation dynamics) both weak and strong slip are observed. 

Consistent with numerous experimental studies, disentanglement and cohesive failure occur at 

high shear rates. Disentanglement is clearly evidenced in  a non-linear velocity profile that 

exhibits shear banding, in an excess of chain ends at the slip plane, and perhaps most importantly 

in a non-monotonic stress vs. shear rate response. The chain end density exhibits a pre-

transitional periodicity prior to disentanglement. Unentangled Rouse chains do not show this pre-

transitional response or a bifurcation in their stress vs. shear rate response. Finally, it is shown 

that when polydispersity is introduced, slip phenomena is severely reduced and the inherent 

                                                 

17
 Reprinted with permission of the Physical Review Letters, (2014), 110(17), 176001 

18
 Corresponding Author, wrote initial algorithm 

19
 Co-author, Ph.D. Candidate, wrote polydispersity code and analyzed data 
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constitutive bifurcation is limited to a small region.  Predictions are in post facto agreement with 

many experiments and shed light on fundamental mechanisms of polymer wall slip. 

8.2 Introduction 

Wall slip of fluids under flow is an engaging topic that is still not fully resolved despite 

its importance in polymer processing[6,8,148], microfluidics[149], and 

superhydrophobicity.[150]   In 1827 Navier[11] proposed the slip velocity, vs, is linearly 

proportional to the shear rate with a proportionality constant, b. However, this simple postulate 

offered little physical understanding. Over a hundred years later Mooney[12] was the first to 

propose a series of equations and perform experiments that can  be used to understand and 

observe slip. These equations demonstrated that by changing the gap width in a parallel plate 

rheometer, or by changing the diameter of a capillary rheometer, slip could be determined. 

Brochard and deGennes[13] elaborated  on the shear rate dependent slip at a polymer/solid 

interface.  They proposed that above a certain shear rate adsorbed polymer chains would 

experience a coil stretch phenomenon, in which polymer chains would stretch out and become 

unentangled with adjacent polymer chains. This model is widely discussed and generally 

accepted. However, a number of details remain unresolved. 

Literature reviews on polymer slip [7,8,148,151] discuss these phenomena as belonging 

to two categories: weak and strong. Weak slip implies the chain segments in contact with the 

wall “slide” along the wallν they undergo a preferential surface diffusion in the direction opposite 

to the moving wall. This is the case when polymer-wall interactions are literally weak. 

Entanglements with the bulk pull on the surface adsorbed chains more than the wall pulls on 

them so they slip relative to the wall. If the chains are instead strongly bound to the wall (for 

example, chemisorption), then they will not “slide” until the stress is very high[13] (high enough 
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to break bonds in the case of chemisorption). In fact, that stress for desorption can be higher than 

the stress required to cause disentanglement with the bulk so the slip plane is not at the wall but 

in the vicinity of the wall and is called "strong". In this case the polymer-wall interactions are 

strong and the phenomenon of slip is effectively cohesive melt fracture. Both mechanisms should 

be possible when stress levels are high. In summary, no slip is observed at low shear rates, weak 

slip is observed at intermediate shear rates, and dramatic cohesive slip is evident at higher shear 

rates.  Strong slip may show shear banding in which a slip plane characterized by a locally higher 

shear rate separates regions (bands) that are sheared at lower rates.[7,152,153] Experiments show 

that it is possible to reduce slip by changing the materials of construction of the wall or by 

adding a lubricious coating.[154-157] Controlling slip phenomena is of critical industrial 

importance in the processing of polymers at economically competitive rates.[6,148] 

Khare et. al.,[158] Sun and Ebner,[159] Jabbarzadeh et. al.,[160,161] and Priezjev and 

Troian[162]  use Molecular Dynamics (MD) simulations to study slip phenomena. Khare et. al. 

are the first to show with MD simulations that polymeric fluids subject to shear flow experience 

a high degree of slip at the walls. Sun and Ebner show that slip depends on the energetic 

interactions of the polymer with the moving wall. Jabbarzadeh et. al. show slip for  hexadecane 

and investigate the effect of wall features on the magnitude of slip. These authors found no 

evidence for strong slip but are able to observe and characterize weak slip.  The most important 

factor was found to be the polymer-to-wall attractive interactions. Priezjev and Troian[162]  

demonstrate slip for unentangled coarse grained chains.  These authors find a difference between 

the velocity of the molecules at the wall and the wall itself and were able to quantify a degree of 

weak slip. MD simulations suffer from the limitation of being conducted  at artificially low 
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densities.[163,164] More importantly, the shear rates that must be utilized in MD simulations are 

artificially high, on the order of 1010 up to 1013 s-1!    

Such high shear rates are not representative of experiments; at normally accessible 

experimental rates small molecules and short (unentangled) polymers show no evidence of slip.  

So despite the progress made in understanding slip phenomena there are still questions that have 

not been fully answered, particularly for high molecular weight materials where conventional 

simulation techniques remain computationally prohibitive. In a recent review by Hazikirakos[8] 

the effects of  molecular characteristics, such as long chain branching and polydispersity, on slip 

effects is noted as being poorly understood.   

8.3 Approach and Methodology 

In the present work, flowing polymer chains between neutral walls are studied  using a 

biased Dynamic Monte Carlo (DMC) algorithm.[165] This coarse grained lattice model 

combines cooperative motion with flow in an algorithm known as COMOFLO. Under quiescent 

conditions, it properly reproduces Rouse and reptation dynamics as measured through 

characteristic correlation functions. 

Here the COMOFLO algorithm is applied to understanding slip in plane parallel shear 

flow.  In order to observe slip the velocity profile, chain end density, and stresses are calculated. 

The stress tensor is calculated using Kramer’s bead-spring treatment[94,109] from the dyadic 

product of the bond orientation vectors, r, according to =2 kTβ2 r r  where  is the number of 

chains per unit volume and β is defined as 3/(2Nl2).  N is the number of chain segments and l is 

the length of a Kuhn segment. The total dimensionless stress tensor is given by Equation 1. � =  � =  
 

 (8.1) 
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where R 2 is the mean-squared end-to-end vector under unperturbed and unconfined conditions. 

For the present model,[39]  R2 1/2=1.58N0.5. The deviatoric stress tensor, , is calculated by 

subtracting the static stress tensor (calculated from Equation 1 under quiescent conditions) from 

the total stress tensor. Velocity is calculated by monitoring the displacement of the segments as a 

function of Monte Carlo time. Monte Carlo time is defined[40] as tu=1/Nsegments where Nsegments is 

the total number of segments (monomers) in the simulation box. The apparent shear rate, , is 

calculated by fitting a linear function to the velocity versus plate spacing data. In the simulations 

presented here, plate spacing is set at approximately ten times the unconfined and unperturbed 

radius of gyration for each chain length studied. Further details of the COMOFLO simulation 

technique can be found in Dorgan et. al.[165]  

8.4 Results and Discussion 

Slip can be observed by examining the stress response and velocity profiles. Figure 

8.1shows the calculated stress response for an unentangled system which exhibits Rouse 

dynamics under quiescent conditions.  These unentangled chains show non-Newtonian behavior; 

a shear thinning viscosity is clearly pre sent. Importantly, the stress is monotonic with increasing 

shear rate.  Figure 8.1 also shows the chain end density for low, moderate, and high shear rates. 

Chain end density, ρends, is defined as the number of chain ends in a given plane parallel to the 

walls divided by the number of chain ends under the assumption of equal distribution throughout 

the box. At low and moderate shear rates chain ends are in slight excess at the walls, have a 

slight depletion in the layers near the wall, and approach uniformity in the middle of the gap.   

Despite the stress response being monotonic, at high enough shear rates the chain end density 

shows evidence for cohesive failure, or strong slip.   An excess of chain ends develops at the 

mid-plane indicating segregation and slipping. 
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Figure 8.1: Shear stress vs. shear rate for unentangled monodisperse chains having N=48 
segments; the inset shows chain end distributions across the plate spacing. At high shear 
rates evidence of cohesive failure (strong slip) is evident in the chain end distribution at 
point C.  

Figure 8.2: Velocity profiles for different apparent shear rates corresponding with the 
data of Figure 1.  These lower molecular weight chains show no evidence of weak slip at 
the wall (adhesive failure) but do show strong slip (cohesive failure) at sufficiently high 
shear rates. 
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Figure 8.2 shows the corresponding velocity profiles for different shear rates for the 

unentangled case. At low and moderate shear rates a linear velocity profile is obtained.  

Importantly, for all shear rates there is no evidence of slip at the wall; "weak" slip for 

unentangled chains is not observed. Without entanglements the flowing chains cannot exert 

stresses high enough to make the adsorbed chains slip relative to the wall. This is consistent with 

experimental findings [7,8,148,151] but distinct from MD simulations performed at 

unrealistically high shear rates. [158-162] As the simulations are extended to higher shear rates 

evidence for cohesive failure manifests itself in the velocity profile. Cohesive slip is observable 

as a region of higher shear rate (a steeper velocity profile) in the middle of the simulation box. 

This region of a higher shear rate corresponds to the region in which there is an excess of chain 

ends as seen in Figure 8.1.  The finding of cohesive slip at very high shear rates is consistent 

with careful examination of the velocity profiles reported in earlier MD studies. [160-162]  

Figure 8.3 presents the shear stress as a function of shear rate for monodisperse entangled 

polymers.  Strikingly, as shear rate increases a critical stress is reached after which the stress 

responses becomes non-monotonic.  This implies there is an inherent rheological instability or 

bifurcation in which the same stress level could be supported by two different shear rates. This 

finding is consistent with observations of so-called “sharkskin” or “stick-slip” textures 

sometimes observed when processing polymers at high rates.[6,148] At high shear rates the 

polymers exhibit a cohesive failure; this failure is seen in the large excess of chain ends in the 

center of the box. Unlike the unentangled polymers, the entangled polymers show pretransitional 

stacking in the chain end density leading up to the bifurcation in the stress responses. 

Pretransitional phenomena have been observed in experiments on wall slip.[152-154,166-168]  
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Figure 8.3: Shear stress vs. apparent shear rate for entangled monodisperse chains having 
N=256 segments. The stress response is non-monotonic implying inherent rheological 
instability.  Strong cohesive failure is evident in the chain end distribution at high shear 
rates. χlso, pretransitional “stacking” in the chain end distribution is evident at point ψ, 
the point of incipient instability.  

Figure 8.4: Velocity profiles for different apparent shear rates corresponding with the 
data of Figure 8.3.  These higher molecular weight monodisperse chains show weak slip 
at the wall (adhesive failure) near the point of insipient instability and both weak and 
strong slip (cohesive failure) at sufficiently high shear rates.  
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Figure 8.4 presents the velocity profiles corresponding to the stresses presented in Figure 

8.3.   At low shear rates there is no evidence of slip but at intermediate shear rates the weak slip 

phenomena described above is observed.  Ultimately, at the highest shear rates there is clear 

evidence of both weak slip near the wall and strong slip in the bulk.  Near the mid-plane, 

corresponding to the region of excess chain ends, there is a region of high shear rate.  Shear 

banding is clearly present.   

The simulations also support the hypothesized coil-stretch [7,13] transition for entangled 

polymers. At low and moderate shear rates the root mean squared end-to-end vector within one 

radius of gyration of the walls increases rapidly by about 30% – the quiescent “coil” becomes 

“stretched”.  χt the maximum stress level cohesive failure occurs and the magnitude of the 

vector increases in a nearly linear manner.  For the unentangled polymers, the end-to-end vector 

scales linearly for all shear rates. Accordingly, we take these findings as support for the coil-

stretch transition and loss of entanglements first proposed by Brochard and deGennes.[13] 

However, this mechanism is profoundly exaggerated by the monodisperse nature of the ensemble 

of chains. 

Experimental findings have shown that it is possible to reduce the degree of instability by 

incorporating greater polydispersity in the polymers being processed. Figure 8.5 presents the 

calculated stress as function of apparent shear rate for a system of linear polymers with an 

average length of 256 but a a polydispersity index of 3.2.  While the polydispersity index is 

moderately high, the system is composed of only five discreet chain lengths. This polymer 

system also demonstrates reptation dynamics under quiescent conditions. In strong contrast to 

the monodisperse case, the polydisperse shear stress vs. shear rate response is nearly monotonic.  

Only a small region in the curve exists where rheological instability would occur due to a stress 
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Figure 8.5 Shear stress vs. apparent shear rate for entangled polydisperse chains having 
N=256 segments; the inset shows chain end distributions across the plate spacing. The 
stress response is nearly monotonic implying only a very small region of inherent 
rheological instability.  Little cohesive failure is evident in the chain end distribution at 
high shear rates.  
 

Figure 8.6: Velocity profiles for different apparent shear rates corresponding with the 
data of Figure 3.  These higher molecular weight polydisperse chains show weak slip at 
the wall (adhesive failure) and both weak and strong slip (cohesive failure) at sufficiently 
high shear rates. However the region over which strong slip occurs is broadened 
compared to the monodisperse case. 
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bifurcation. The overall shape of this stress response curve, including the slight bifurcation, is 

reported in a number of experiments.[8,146,169] At low shear rates the chain ends are fairly 

evenly distributed throughout the box. It is noteworthy that in this polydisperse case there are 

more total chain ends than in the analogous monodisperse case of Figure 8.3 and Figure 8.4 

(2048 total chain ends for PDI =1 and 6662 chain ends for PDI=3.2 ). As shear rate increases the 

shorter chains preferentially move to the middle of the simulation box and thus the density of 

chain ends increases in the middle of the box. At high shear there is only a moderate excess of 

chain ends in the middle of the box. The effect of polydispersity is to create a more uniform 

distribution of chain ends across the gap width.  

The suppression of slip is also seen in the corresponding velocity profiles of Figure 8.6. 

Weak slip is still observed for moderate shear rates at the wall; however at high shear rates the 

region over which strong slip occurs is broadened in comparison to the monodisperse case.    

8.5 Conclusions  

New molecular scale details regarding the phenomena of polymer wall slip are available 

through the use of a coarse grained dynamic Monte Carlo technique. The COMOFLO algorithm 

combines cooperative movement with field biasing to simulate polymer flow.  Results for basic 

rheological properties[165] and the results of this study on wall-slip phenomena are in agreement 

with experiments[7,8,148,151] and some elements of MD studies. [158-162]  

Polymers having lengths well below the critical molecular weight for entanglement do 

not show evidence of slip until very high shear rates are reached. Even then, wall slip does not 

occur - only a strong slip phenomena involving cohesive failure of the unentangled melt is seen.  

Monodisperse entangled chains exhibit both weak (adhesive) and strong slip (cohesive) slip 

phenomena. Disentanglement is clearly evidenced in a non-linear velocity profile that exhibits 
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shear banding, in an excess of chain ends at the slip plane, and in a non-monotonic stress vs. 

shear rate response. Direct evidence for the coil- stretch transition and loss of entanglement is 

present.  Even moderate polydispersity severely reduces slip phenomena broadening the region 

of cohesive slip and leading to a more even distribution of chain ends. Such polydispersity 

effects may eliminate even cohesive slip for unentangled chains.   

The first molecular scale simulation of entangled polymers exhibiting slip demonstrates 

the complexity of the issues involved in this long standing problem in fluid mechanics and 

suggests several areas of future investigation. 

This work was funded by the Fluid Dynamics Program of the National Science 

Foundation under grant CBET-1067707. 
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CHAPTER 9 : MOLECULAR SCALE SIMULATION OF CROSS FLOW MIGRATION IN 

POLYMER MELTS 

 

This chapter is modified from a paper published in 

Physical Review E20 

Nicholas A. Rorrer21 and John R. Dorgan22 

 

9.1 Abstract 

The first ever molecular scale simulation of cross-flow migration effects in dense 

polymer melts is presented; simulations for both unentangled and entangled chains are presented.  

At quiescence a small depletion next to the wall for the segmental densities of longer chains is 

present, a corresponding excess exists about one-half a radii of gyration away from the wall, and 

uniform values are observed further from the wall. In shear flow the melts exhibit similar 

behavior as the quiescent case; a constant shear rate across the gap does not induce chain length 

based migration.  In contradistinction, parabolic flow (where gradients in shear rate are present) 

causes profound migration for both unentangled and entangled melts. Mapping onto 

polyethylene and calculating stress shows the system is far below the stress required to break 

chains.  Accordingly, our findings are consistent with flow induced migration mechanisms 

predominating over competing chain degradation mechanisms thus resolving a 40 year old 

controversy. 

                                                 

20
 Reprinted with permission of the Physical Review E, (2014), 90(5), 052603 

21
 Primary Author and PhD Candidate 

22
 Corresponding Authors, PhD Advisor 
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9.2  Introduction 

Chain-length dependent migration effects due to shear rate (or stress) gradients are of 

fundamental scientific interest. Technologically, the phenomena is important in polymer 

processing, [9,170] flow in porous media, [171] and next generation DNA sequencing 

technologies.[172-174]  Cross flow migration is thought to be influenced by many factors 

ranging from chain stiffness and enthalpic interactions to geometric effects, the type of flow field, 

and wall-slip phenomena. Despite the importance of the phenomenon, it is difficult to obtain in 

situ measurements of length-based migration. The combined fundamental interest, technological 

importance, and experimental difficulties provide a strong motivation for studying the issue 

using molecular scale simulations. 

To date, molecular simulations have focused on migration effects in dilute polymer 

solutions with an emphasis on DNA.[104,130,175-177] These studies present differing results - 

showing migration towards the center of the channel or the wall depending on the potentials 

adopted and simulation technique used. Dissipative particle dynamics have predicted migration 

towards the walls [175] while Brownian Dynamics and some Molecular Dynamics treatments 

find migration to the midplane.[104,176,177]  Khare et. al. [104] attempted to clear up some of 

the confusion in the literature on solutions by attributing migration to three different 

mechanisms:  wall interactions, thermal diffusion, and gradients in chain mobility. There are just 

a few simulation studies of segregation effects in dense polymer melts and these are limited to 

bidisperse melts at reduced densities; [102,178] only one of these studies incorporates flow 

effects.[178]  Similarly, while theoretical developments have progressed for dilute solutions, 

[179-181] results are sparse for melts.[43,182] Despite the fundamental interest and 
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technological importance, no simulation studies on polydisperse melts have appeared in the 

literature, presumably due to the computational complexity. 

While relatively little attention has been paid to migration behavior in polymer melts in 

recent years, there is a long history regarding the phenomena. Busse[183,184]  noted the 

possibility and proposed that shear rate gradients create an entropic driving force that leads to 

segregation of high molecular weights away from the walls.  Early experiments by Segre and 

Silverberg on two phase flow [185] were followed by investigation of melts by Schreiber, Storey, 

and Bagley. [14,186] Molecular weight measurements on linear polyethylene samples extruded 

through dies of differing lengths showed that the extrudate skin was of lower molecular weight 

than the core. In contradistinction, Whitlock and Porter [16,17] performed experiments on 

polystyrene and only observed a low molecular weight skin at high shear rates and elevated 

temperatures leading them to conclude that the lower molecular weight at the interface is a result 

of thermomechanical degradation. Subsequently, Lee and White[20,187] used a capillary 

rheometer to show that in mixtures of high and low density polyethylene, the higher viscosity 

HDPE migrates to the core. In addition, for miscible mixtures of low and high molecular weight 

polystyrene these same researchers found an excess of low molecular weight material on their 

extrudate exteriors.  In a much more recent study Musil and Zatloukal [188] study die “drool” 

during polymer extrusion; the die drool phenomena corresponds to an accumulation of polymer 

material at the die face (i.e. at the “lip”). These authors also report that the die drool material 

possesses a lower molecular weight than the rest of the extrudate and that its formation directly 

precedes flow instabilities. Likewise Inn has reported migration effects in bimodal molecular 

weight distributions of metallocene-based polyethylenes in capillary rheology. [189] In summary, 
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despite its fundamental nature and technological importance, the experimental literature is not 

conclusive regarding the role of length-based migration versus chain degradation. 

9.3 Methodology 

The present study investigates dense polydisperse polymer melts on a lattice using the 

COMOFLO algorithm [1,44] which is a variant of the COMOTION algorithm of Pakula. [45] 

This highly efficient technique enables the simulation of coarse grained polymer melts on a face 

centered cubic lattice at full density (volume fraction, φ = 1.0). In the present study the chains 

are held between two hard walls (surface interaction parameter, s = 0). Algorithmic moves are 

designed to mimic the conformational rearrangements of polymer chains. The implementation of 

polydispersity[121], shear flow [1] and parabolic flow[44] have been successfully demonstrated. 

In addition, the algorithm accurately captures polymer dynamics[1] and wall-slip 

phenomena.[108]  

 Mapping of the lattice to real space and time 9.3.1

The COMOFLO algorithm running on a face-centered-cubic lattice can be mapped onto 

any real polymer melt. Here the physical system adopted is polyethylene due to its prevalence 

and the large amount of available literature data.  From a first principles perspective, it is 

important to understand that the lattice beads do not have an inherent mass so the usual MLt 

(mass, length, time) system of dimensions is not usually used but the perfectly equivalent FLt 

(force, length, time) system is naturally suited for polymeric systems. In addition, as shown 

below it is possible to assign a mass to each bead when this is desired (for example when 

calculating the Reynolds number). 
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 Length scale matching - the end-to-end vector 9.3.2

In order to map the simulation length scale (that is, the lattice spacing) to real polymer 

length scales, the end-to-end vector connecting the first and last segment of a polymer chain is 

utilized.  For the model applied to monodisperse linear chains it is found that the equilibrium 

ensemble averaged root mean squared end-to-end vector [45], / , scales as: [39] 

/ = . � .   (9.1) 

where N is the total number of chain segments and the length is measure in lattice units (mcs – 

Monte Carlo sites). The r.m.s. end-to-end vector can be measured for any real polymer; for 

polyethylene the ratio of the mean squared radius of gyration (<s2>) divided by the molecular 

weight is relatively independent of temperature [190] and this result can be recast into the 

expression for the end-to-end vector given by Equation 9.2. 

/ = . � .   (9.2) 

In Equation 9.2, the units of length are Angstroms and the number of segments N is the 

number of repeating ethylene groups. By equating Equations 9.1 and 9.2, the length of a lattice 

unit is determined. In this case, where the mapping is onto polyethylene, each lattice site is 

equivalent to 3.65�.  The mapping of the end-to-end vector establishes a real physical length-

scale in Angstroms. 

As mentioned, this length matching associates each lattice site with an ethylene repeat 

unit.  Using this same association of an ethylene group per lattice site and matching an 

experimental value for the melt density of polyethylene of 0.866 g/cm3 at 140 °C gives a similar 

value of 3.77�. Accordingly while the matching is imperfect, it is reasonable and fully consistent 

with a lattice spacing corresponding to 3.71 +/- 0.06 Å/mcs and a segmental mass corresponding 

to polyethylene (28.06 g/mol). 
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 Time scales – from Rouse to reptation dynamics 9.3.3

To calculate velocity profiles and the dynamic correlation functions, a fundamental time 

step must be assigned. Time steps are assigned to algorithmic moves that mimic conformation 

isomerization of polymer chains. Following Mansfield and Theodorou[191] the fundamental 

time step, tu, is defined as, 

tu = 1 /  NTotal Segments   (9.3) 

where NTotal Segments is the total number of segments on the lattice (the number of chains times the 

segments per chain, N). If nmoves is the number of Monte Carlo moves, when tu*nmoves = 1 then on 

average each segment in the box has experienced an attempted displacement. (In molecular 

dynamics simulations each particle also experiences an “attempted move” as a result of the 

forces imposed). Time is incremented by tu for each local movement completed. These local 

moves include end bond rotations, crankshaft-like motions around two bonds, kink straightening 

or formation and displacement of a few segments along the chain contour.  Full details of these 

elementary moves is outlined in the sixth chapter of Ref. [27]. 

Using the above time scheme, the COMOFLO algorithm is capable of reproducing 

proper dynamics of polymer melts. Dynamics are probed by calculating a set of correlation 

functions that monitor the movement of specific segments in the polymer chain as a function of 

time. In these correlation functions the position of the i-th segment is monitored as a function of 

time (ri(t)). Some of the correlation function are monitored relative to the position of the center 

of mass, rcm(t). The first correlation function, g1(t), monitors the displacement of the central 

segment and is given by, = [ � − � = ]  for � = �
 

 

(9.4) 
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The g2(t) correlation function monitors the displacement of the central segment relative to the 

center of mass and is given by 

= [ � − − � = − = ]  for � = � 

 

(9.5) 

The g3(t) correlation function monitors the displacement of the center of mass and is given by = [ − = ]  (9.6) 

The g4(t) correlation function monitors the displacement of the chain ends (first and last 

segment) and is given by, = [ � − � = ]  for � =  and N (9.7) 

Finally the g5(t) correlation function monitors the displacement of the chain ends relative to the 

first center of mass and is given by, = [ � − − � = − = ]  for � =  and N  (9.8) 

Polymer chains below the critical molecular weight for entanglement follow Rouse 

dynamics. For Rouse dynamics the g1, g2, g4, and g5 the correlation function scales as t1 at short 

times and as t1/2 at intermediate times. At long times the g1 and g4 correlation function scales as t1 

and the g2 and g4 scale as t0. Figure 9.1 demonstrates these different scaling regimes for a 

monodisperse N= 128 system. 

The transition from Rouse to reptation-like dynamics indicates the transition from 

unentangled to entangled polymer melts. For reptation dynamics the g1, g2, g4, and g5 the 

correlation function scales as t1/2 for times below the entanglement time, e. The hallmark scaling 

of reptation dynamics occurs at short time between the entanglement and Rouse time, R, and the 

g1, g2, g4, and g5 the correlation function scales as t1/4. Above the Rouse time and between the 

disengagement times, the g1, g2, g4, and g5 the correlation function scales as t1/2
. Finally, at long  
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times, above disengagement time, the g1 and g4 correlation functions scale as t1 and the g2 and g5 

scale as t0. An example of the reptation-like dynamic signature is also provided in Figure 9.1.  

In previous work [1,121], the present algorithm has demonstrated its ability to capture the 

crossover from Rouse dynamics to reptation like dynamics just by increasing chain length for 

both monodisperse and polydisperse polymer melts. This crossover occurs at a critical chain 

length of Nc of approximately 100 segments.  

It is also important to note that the g3(t) correlation function scales as  at long times. 

This provides the method for matching time scales between the simulation and real polymer 

systems. An example of this long time behavior is provided in Figure 9.2. The measured self-

diffusivities of polyethylene[192] provide a means to map mct to real time.  

Center of mass motion simulation data (from the g3 correlation function) for a N=128 

fully periodic system (without walls) versus time is analyzed.  A linear data fit between 105 and 

6x105 Monte Carlo time (mct) steps has a slope of 5.78x10-3 (mcs2/mct) (with a regression 

coefficient of 0.999). Using the lattice spacing determined above, this value becomes 7.7x10-18  

Figure 9.1: The five correlation functions for an Nw = 128 (left) and Nw = 384 (right) 
monodisperse system (PDI=1.0). The hallmark t1/4 scaling is present in the entangled 
melt. 
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(cm2/mct).  This slope is set equal to six times the self-diffusion coefficient for an oligomeric 

polyethylene having a molecular weight of M=N*Mo=128(segments) x 

28((g/mol)/segment)=3584 g/mol.  To find the self-diffusivity of the real molecule, the 

experimental result summarized by Equation (9.9 is used, [192] 

= ..   

 

(9.9) 

Equation (9.9 is valid for a reference temperature of 140 °C and gives a value of 1.25x10-

7 (cm2/s) for M=3584 (g/mol); six times this value is 7.50x10-7 (cm2/s).  Equating this later value 

with the simulation value of  7.7x10-18 (cm2/mct) provides 1.0x10-11 (s/mct). If the analysis is 

repeated for different N values (from 16 upwards) this same order of magnitude is always found. 

  The simulations are able to access shear rates of 10-7 (1/mct) and still reliably extract 

viscosities meaning simulations corresponding to real shear rates as low as 10-4 (1/s) are 

possible; this is one order of magnitude lower than the best coarse grained MD simulations and 

ten to eleven orders of magnitude lower than the typical MD simulations on slip and other flow 

phenomena presented in the literature.  

Figure 9.2: An example of the long time behavior of the g3 correlation function for the 
N=128 case showing linear behavior at long times. The slope of the long time 
behavior, m, is equal to the 6 times the self-diffusion coefficient. 
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 Mapping viscosity and stress 9.3.4

In the simulations a dimensionless stress tensor, �, is utilized and is calculated according 

to Equation (9.10. � =   
 

 

(9.10) 

Where k is the ψoltzmann’s constant, T is temperature,  is the number of strands per unit 

volume,  is the mean squared end-to-end vector under unperturbed conditions, and   is 

the dyadic product of the bond vectors.  

Stress can be assigned physical values by matching values of the zero shear viscosity to 

experimental systems. In the simulations, entangled polymer melts of chain length N = 256 

possess a zero shear viscosity of 3.1 (Π mct) where Π indicates dimensionless stress units. Given 

the previous mapping, the corresponding molecular weight is calculated as 7.2 kg/mol, which is 

above the critical molecular weight for entanglement of polyethylene (Mc = 3.8 kg/mol). 

Regardless of polydispersity, entangled polymer melts possessing the same weight average 

molecular weight, possess the same zero shear viscosity. It is also known that the zero shear 

viscosity scales as the weight average molecular weight to the 3.4 power ( 0 ~ N3.4). Using the 

experimental data provided in Jordens et. al.[193] and extrapolating to a molecular weight of 7.2 

kg/mol (corresponding to the N=256 case) results in a zero shear viscosity of 0.543 Pa s.  

Equating the experimental value to the simulation value gives a viscosity conversion factor of 

0.17η (Pa s)/(Π mct). χpplying the conversion factor between mct and real time of 1.0x10-11 

(s/mct) gives 1.75x1010 Pa/Π. Equivalently, shear stress, � , can be expressed as the product of 

the shear viscosity, , and shear rate, .  � =    (9.11) 
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By dividing the real shear stress, � , , by the simulation shear stress, � , � , one arrives at 

the following relationship, � ,� , � = �  �  

 

  (9.12) 

The simulation shear rate, can be expressed in terms of the real shear rate, using the previous 

time scale conversion as, 

� = ∗  � = ∗ −  
(9.13) 

 

Substituting equation (9.13 into equation (9.12 and using the viscosity conversion, the shear 

stress conversion is again, � ,� , � = �  ∗ − =  . ∗ /�   (9.14) 

 

Table 9.1 provides a summary of the conversion factors for mapping the fcc lattice model onto 

polyethylene chains in real space and time. 

Table 9.1: Summary of conversion for polyethylene melts. 
Unit Conversion 

Length 3.77 �/mcs 

Time 

Mass 

1.0*10-11 s/mct 

28.06 g/(mol segments) 

Velocity 37.7 [m/s]/[mcs/mct] 

Viscosity 0.17η Pa•s/Π•mct 

Stress 1.75 *1010 Pa /Π 
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 Reynolds and Weissenberg numbers 9.3.5

In order to calculate the Reynolds number all units are converted from the simulation 

units into real world units. Recall that the Reynolds number, Re, is defined as 

= �  

 

  (9.15) 

Consistent with the mapping of real space, ρ = 88θ kg/m3 is used for the density, L is the plate 

spacing,  is the average velocity across the grap, and  is the viscosity. ψy using the 

previously outlined conversions, three decades in the Reynolds number are obtained, ranging 

from 10-5 to 10-2, for the systems studied. Such values are physically reasonable for typical 

polymer melt processes. 

In the context of this model the Weissenberg number, Wi, is defined to as �� = ́    (9.16) 

Where ́  is taken to be the wall shear rate in the simulations, and  is the longest relaxation time. 

In this case the ensemble averaged R, determined from the scaling of the correlation function. In 

these simulations the dimensionless Weissenberg number spans three decades from 0.1 to 10. 

Variables used to characterize segregation 

Different metrics can be used to describe chain segregation. The segmental density, � ,� , is averaged for each chain length i as a function of box position and is defined as, 

� ,� = ��, ⁄  

 

  (9.17) 

Where nsi(x) is the number of segments in an x-plane belonging to chain i and nsi,T is the total 

number of segments belonging to chains of type i in the simulation. L is the spacing between the 

hard walls so that when segments are uniformly distributed, the defined density is unity. An 

excess gives a value higher than one and depletion corresponds to values less than one. To 
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demonstrate the enhancement of segmental densities under flow conditions, the ratio defined by 

Equation 18 is used. 

�̃ ,� = � ,�  [ ]� ,�  [�  ] 
 

  (9.18) 

The apparent wall shear rate, � , is determined from the flow rate, , through the channel 

following the usual rheological protocol [194] by utilizing Equation (9.19. 

� = �  

 

  (9.19) 

Where W is the width in the transverse direction.  

9.4 Results and Discussion 

Results for both unentangled and entangled chains are reported.  Unentangled polymer 

melts with Nw=64 and Nn =44 (consisting of 313 chains: 86 of N=16, 91 of N=32, 127 of N=64, 

7 of N=129, and 2 of N=256) were simulated at a plate spacing of 48 segments. In the entangled 

case, results for a five chain system with corresponding weight average chain length with Nw 

=256 segments (analogous to the weight average molecular weight, Mw). Entanglement in the 

model begins at about N=100 and is evident for N=128 for a monodisperse system. [1] The 

plates are spaced at 128 lattice units apart corresponding to about ten radii of gyration for the 

average chain length. Periodic boundary conditions are applied in the other directions. The total 

number of chains is 1520; 469 of N=64, 471 of N=128, 496 of N=496, 80 of N=512, and 4 of 

N=1024.  Details of equilibration and flow implementation are available in earlier references. 

[1,39,44] Results for the unentangled case closely parallel the results for the entangled case; one 

distinction is that for entangled chains wall slip provides a slight shear rate gradient near the wall 

which is absent in the unentangled case (see Velocity profiles). 
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 Velocity profiles. 9.4.1

Data for both unentangled and entangled systems are presented including the velocity 

profiles associated with the steady-state flows. Details of the flow biasing methodology have 

been presented in earlier publications. [1,44] When no biasing is applied, the system is quiescent 

whereas spatially dependent biasing can produce either plane shear (Couette) or parabolic 

(Poiseulle) flow.  Briefly, to simulate flow in the y-direction, the random walk of segmental 

displacements must be biased. To accomplish this biasing, a position in the box, xdiv, is defined 

as, 

� = + −  
  (9.20) 

where nx is the number of lattice segments between the hard walls in the x-direction. This 

coordinate gives xdiv as -1/2 at the left wall, 1/2 at the right, and zero at the middle. To 

implement shear flow, the probabilities of taking a step in the forward, p+y, and backward 

direction, p-y, respectively are 

+ = − �    (9.21) 

− = + �    (9.22) 

 =    (9.23) 

where pzero is the probability of making a move in any direction with no biasing present (i.e. pzero 

= 1/3) and pmax is the biasing parameter that sets the flow strength. The sum of the probabilities 

for motion is unity as they include py = pzero corresponding to lateral motion.  To implement 

parabolic flow, equations (9.24 - (9.26 are implemented, 

+ = + − �    (9.24) 

− = − − �    (9.25) 

 =    (9.26) 
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Figure 9.3: Velocity profiles for unentangled melt in shear flow. Unlike entangled 
melts, even at higher Re numbers, slip is not present so there is no shear rate gradient. 

Figure 9.4: Velocity profiles for unentangled parabolic flow. Unlike shear flow, at 
high Re numbers, significant slip is present.  Even when the slip velocity is modest, 
migration is profound as shown in Figure 9.13. 
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Figure 9.5: Velocity profiles for entangled shear flow. At Re numbers of 10-5, wall 
slip is present which provides a shear rate gradient. This small shear rate gradient 
explains the deviation from no flow conditions in the segmental densities with 
increasing Re shown in Figure 9.14. 

Figure 9.6: Velocity profiles for entangled parabolic flow. As with shear flow, at high 
Re numbers, slip is present.  However, even for cases of minimal wall slip, migration 
is profound as shown in Figure 9.14. 
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In either case, when pmax is zero then p+y = p-y = py = pzero =1/3 is recovered and no flow occurs.  

Figure 9.3 presents velocity profiles for the unentangled Nw=64 melt in shear flow. 

Unlike entangled melts, even at high Re numbers, slip is not present so there is no shear rate 

gradient in the near wall region. In contrast, Figure 9.4 provides velocity profiles for the same 

unentangled melt undergoing parabolic flow; at the higher Re numbers studied, significant wall 

slip is present. A layer having a thickness of approximately the average radius of gyration is 

pulled along the wall by the flowing melt.   

Figure 9.5 and Figure 9.6 present analogous velocity profiles for the higher molecular 

weight, NW=256, melt. Figure 9.5 shows the shear flow result; compared to the unentangled melt, 

slip is clearly present at a Reynolds number which is an order of magnitude lower. Such a 

finding is consistent with the broad consensus that slip is prevalent in high molecular weight 

systems. [6,8] 

Segmental distributions 9.4.2

Even in the absence of flow, the introduction of hard walls creates deviations from a 

uniform distribution of segmental densities. Figure 9.7 and Figure 9.8 present the segmental 

densities as a function of spacing for no flow conditions; there is a near-wall depletion of 

segments from the longer chains and slight near-wall enhancement of segments belonging to 

shorter chains. Near the center of the box, segmental densities are nearly uniform but show some 

effects of confinement due to the width of the box being only 10 average radii of gyrations. 

These simulation results agree with field theories based on entropic arguments [195,196] – chain 

ends are preferred near the reflecting walls because the perturbation of equilibrium chain 

conformations are minimized.  Under simple shear flow (linear velocity field) the segmental  
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density distributions are very similar to the quiescent case.  This is shown in Figure 9.9 and 

Figure 9.10. In Figure 9.9,unentangled data is presented at a shear rate of 2.5x10-4 mct-1 which 

corresponds to a physical shear rate of 2.5x107 (1/s).  These simulations are at high shear rates 

and yet almost no additional migration other than that caused by the walls is evident. At even 

higher shear rates when slip and cohesive failure are present,[108] additional migration can occur 

but this is accompanied by velocity banding, that is, by an inhomogeneous shear rate. The data of 

Figure 9.9 and Figure 9.10 compared to that of Figure 9.7 and Figure 9.8 enable the conclusion 

that simple homogeneous shear does not lead to chain-length based migration in polymer melts. 

Poiseulle flow (where there is a parabolic velocity field across the gap) is very different from 

simple shear with respect to chain migration effects.  When gradients in shear rate are present, 

polymer melts exhibit strong flow migration phenomena. For unentangled chains, Figure 9.11 

demonstrates that at a wall shear rate comparable to the shear flow of Figure 9.9, migration is 

clearly present. Equivalently for entangled chains, comparison of Figure 9.12 with Figure 9.10 

demonstrates the same strong migration effects. The longest chains in the simulations migrate to 

Figure 9.7: Segmental densities for the unentangled polydisperse system under 
quiescence. 
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Figure 9.8: Segmental densities for the entangled polydisperse systems under 
quiescence.  

Figure 9.9: Segmental densities for the unentangled polydisperse system under shear 
flow; segmental distributions are very similar to the quiescent case (compare Figure 
9.7). 
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the midplane where the shear rate is lowest.  The shorter chains are highly preferred near the wall.  

Unlike quiescence or shear flow, there is no recovery to a uniform distribution away from the 

wall near the center of the simulation box for the longest chains.  

It is also observed that the excess of the longest chains at the midplane is proportional to 

the strength of the flow field. Figure 9.13 and Figure 9.14 provide the normalized segmental 

density for the longest chains right next to the wall and at the midplane. As the wall shear rate is 

increased (equivalent to the flowrate or Reynolds number increasing), the excess of the longest 

chain segments at the midplane increases while those at the wall decrease. The difference in  

these two diverges as the Reynolds number increases. In contrast, values for the shear flow case 

correspond to the quiescent case up to the onset of wall slip (see velocity profiles in Figure 9.3- 

Figure 9.6).  

The simulations demonstrate that cross-flow migration effects are dominated by gradients 

in shear rate. The walls are non-energetic and the system is at full occupancy meaning 

compressibility (free volume) does not play a role in these simulations (however, it is anticipated  

Figure 9.10: Segmental densities for the entangled polydisperse system under shear 
flow; segmental distributions are again very similar to the quiescent case (compare 
Figure 9.8). 
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Figure 9.11: Segmental densities for the parabolic flow of an unentangled melt. 
Migration phenomena are clearly present upon comparison with Figure 9.7 and Figure 
9.9 (note change in ordinate scale). 
. 

Figure 9.12: Segmental densities for the polydisperse entangled system under 
parabolic flow; length-based migration phenomena is clearly present in comparison to 
Figure 9.8 and Figure 9.10 (note change in ordinate scale). 
. 
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that in real polymer systems vacancies should migrate under flow). Under quiescent and simple 

shear conditions, shorter chains are preferentially located near the walls while the longer chains 

reside slightly away from the wall; further away from the walls, chains are nearly evenly 

distributed.  This uniform distribution is approximated by the center of the simulation box for 

both quiescence and shear flow. In contrast, when subjected to parabolic flow, very strong 

migration phenomena are present at all flow rates. The longest chains in the melt migrate to the 

midplane where the shear rate is lowest. Similarly, the shortest chains migrate to the wall where 

the shear rate is highest. The excess of longest chain segments at the midplane compared to the 

wall is proportional to the Reynolds number (equivalent to flow rate or wall shear rate). Since all 

simulations are conducted in the athermal limit, the migration phenomena are based purely on 

entropic factors.  

Maximum Stresses 9.4.3

In the implementation of this DMC technique the shear stresses range from 10-5 to 10-3 Π. This 

converts to a real stresses in the range of 105 Pa to 107 Pa. This stress is less than the stress 

required to break a carbon-carbon bond. Spectra, a commercial grade Ultra High Molecular 

Weight   Polyethylene fiber has an ultimate tensile strength of 3.7 GPa. This value is expected to 

be some fraction of the strength of the actual chemical bonds and yet far exceeds (by two orders 

of magnitude) the stresses reached in our simulations.  Accordingly, the critical stress required to 

break a carbon-carbon bond is not obtained. 

Similarly, a simple thought experiment can also be conducted in order to arrive at an 

estimate for the shear stress to break a bond. The work required to break the chemical bond is 

related to the energy of the bond. The equivalence of energy E, and work, W gives.
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Figure 9.13: Normalized segmental densities for the unentangled case. Parabolic flow 
shows dramatic segregation whereas shear flow mimics quiescent conditions. It is the 
curvature of the deformation gradient that drives migration. 
. 

Figure 9.14: Normalized segmental density of the longest chains (N = 1024) in the 
entangled system for a wide range of Re numbers in shear and parabolic flow up to the 
point of cohesive failure. Before the onset of cohesive failure, there is no migration in 
shear flow, however, migration is present at all Re numbers in parabolic flow 
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= � = ∙    (9.27) 

Where F is the force required to stretch the bond a distance d. The energy of a CH2-CH2 bond is 

88 kcal/mol.[197] The length of a Carbon-Carbon bond is approximately 1.54�. To break the 

bond we assume that it must be displaced by a distance of 1�. Using equation (9.14 and solving 

for Force a value of 5*10-9 N is obtained.  In order to get the stress, the force must be divided by 

a cross sectional area. In this example, for a single bond, the cross sectional area can be taken to 

be a circle of radius r, where the radius is twice the length of a carbon hydrogen bond. This 

results in a cross sectional area of 12.5 �2
 and a stress of 37.1 GPa. This simple calculation 

suggests spectra fibers achieve about 10% of the theoretically possible stress which is a 

reasonable gross approximation. 

It can be concluded that the stresses achieved in the simulations are far lower than the 

stress required to break a carbon-carbon bond. Thus all results pertaining to slip, migration, and 

rheology are representative of systems in which stress-induced polymer degradation is not 

present. There is no need to invoke thermomechanical degradation to explain low molecular 

weight fractions on extrudate surfaces. 

9.5 Conclusions 

All of the results presented in this study are consistent with ideas regarding the physical 

mechanisms governing non-equilibrium steady-states.  Namely, the system adopts the state of 

lowest free energy, or correspondingly, the system adopts a configuration in which the entropy 

generation is minimized.[198] Viscous dissipation per unit volume is calculated as the product of 

the shear rate with the shear stress or, given that the shear stress is the viscosity times the shear 

rate, as the viscosity times the shear rate squared. In parabolic flow, the shear rate is highest at 

the wall so if the system can arrange itself in a manner where lower viscosity components reside 
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in the regions of highest shear rate, entropy generation is minimized.  While it has been known 

for decades that in the capillary flow of high polymers shorter chains are found on the exterior of 

the extrudate, there has been controversy as to the mechanism being flow 

migration[14,20,186,187] or thermomechanical degradation. [16,17] The present simulations 

resolve this ambiguity by clearly demonstrating cross-flow migration occurs in both unentangled 

and entangled polymer melts. 

While chain length migration phenomena have been known for decades, the complexity 

involved has led to little theoretical consideration.[43,179,182] Incorporation of constitutive 

equations accounting for chain migration into computational fluids dynamics packages awaits 

implementation and poses significant challenges. Accordingly, while the present approach is 

limited to rather simplistic flow fields, the quantitative nature of the simulations holds significant 

promise for developing the detailed understanding needed for many potential technologies. 

Among the most prominent is next-generation DNA sequencing technologies.[174] Clearly the 

present simulations show that a melt of polymer chains can be fractionated according to 

molecular weight by dividing a pressure driven flow into smaller channels. Repeated division 

provides, in principle, arbitrary resolution in the precision of separation. While presented for 

polydisperse melts, the same cross-flow phenomenon is expected to hold for concentrated 

solutions of DNA of varying lengths.   

This work was funded by the National Science Foundation under the Fluid Dynamics 

Program Grant No. CBET-1067707. 
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CHAPTER 10 : CONCLUSIONS AND FUTURE WORK 

 

 
This thesis details advancements made using the Cooperative Motion Algorithm that can 

be applied to any general simulation system. Seven simulation papers arose from this work. Not 

presented here are the results from collaborative efforts, which include: an additional simulation 

paper on sodium diffusion in clathrates, one education paper, and three experimental papers on 

bioplastic synthesis for biomass. Overall, a robust algorithm for obtaining the polymer dynamics 

and rheological properties of polydisperse polymer melts was developed, which also allows for 

the capturing of elusive phenomena. The simulation techniques thus provide a toolkit that can be 

utilized in future works for polymer development, and shed light into elusive phenomena, such 

as slip and cross flow migration, which have plagued the community for decades. 

10.1 Development of a Robust Algorithm 

This work initially set out to develop an algorithm that captured the rheological 

properties of polymer melts in which it was first necessary to develop a method of capturing the 

salient details of entangled polymers and flow. This work was motivated by that of Gleiman and 

Dorgan [44] where they captured the details of Pouiselle flow. In order to capture rheological 

details, a linear velocity profile must be obtained. The first paper, as detailed in Chapter 3, 

captured the proper scaling of the zero shear viscosity with molecular weight ( 0 = N1 at low 

molecular weights/chain lengths and 0 = N3.5 at high molecular weights/chain lengths), other 

salient rheological details  such as the normal stress differences and the normal stress difference 

coefficients in addition to the crossover from Rouse to reptation-like dynamics has been 

observed. 



 148 

With the implementation of shear flow, the next undertaking of this thesis was to 

implement polydispersity. A method was developed, as outlined in Chapter 4, which allows for 

any probability distribution to be mapped to a lattice. This work further demonstrated that 

polydispersity affects system properties because it allows for more configurations than the 

monodisperse case. The lowest energy, or more specifically lowest entropy state, is that which 

the shorter chains have a slight preference near the wall with the polymer chains being uniformly 

distributed throughout the bulk. 

The last method that was necessary to implement in order to ascertain a full picture of the 

rheological properties of polymers melts was extensional flow. Extensional flow was modeled in 

the algorithm by implementing a biasing technique that would reproduce a flow field similar to 

the four roll mill. In this a double biasing technique, flow was implemented by biasing the 

displacement of the segments depending on their x and y position on the simulation lattice, 

resulting in planar extensional flow. It was found that in the limit of low extension for short 

chains the extensional viscosity was four times (4x) that of the zero shear viscosity for the same 

length averaged chain length, analogous to weight average molecular weight. As the chain length 

increases, it becomes increasingly difficult to probe the lower extension rate limit due to signal to 

noise issues. However, all the polymers follow the same trends when subject to extensional 

deformation. At low extension rates there is a lower limit plateau, followed by a strain hardening, 

followed by an upper limit plateau, and at high extensional rates extensional thinning is observed. 

This method, unlike many other prevalent methods, is the first simulation method to capture 

multiple scaling regimes, instead of just extensional thinning. 

With the development suite of this work clearly defined, it became possible to utilize the 

algorithm to investigate other relevant phenomena. In Chapter 6 and Chapter 7 the polydisperse 
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melts were subject to confinement and shear flow. In the confinement cases, polydispersity is 

shown to alleviate the effect of confinement. This effect once again arises due to the polydisperse 

melts being capable of taking a variety of configurations to minimize the entropy. As 

confinement increases the longer chains migrate to the midplane and the shorter chains migrate 

to the wall. Subsequently, the end-to-end vector and order parameters are reduced compared to 

the monodisperse case. In Chapter 7 polydispersity was shown to affect rheology.  In the cases 

studied, regardless of the distribution mapped to the lattice, as long as the length average chain is 

held constant, the zero shear viscosity is the same. Polydispersity lowers the threshold for shear 

thinning. Above this threshold, all the polydisperse melts exhibit a lower viscosity and shear 

stress at the same shear rate. These effects manifest due to the spectrum of relaxation times 

present in the polydisperse melts. 

Chapter 8 focused on studying slip phenomena using the algorithm. The first signs of slip 

manifest themselves in the velocity profiles of the polymer melts. At high shear rates a shear 

banding phenomena occurs in the velocity profile of the unentangled and entangled polymer 

melts. Shear banding is a manifestation of the chains becoming highly ordered in the direction of 

flow, which leads to the creation of a slip plane. In addition, at moderate shear rates the 

entangled polymers exhibit weak slip at the wall. However, unentangled polymers do not exhibit 

weak slip, indicating that weak slip is the result of flow and wall induced disentanglement. The 

stress response for the entangled polymer melts also indicates slip by exhibiting a bifurcation in 

its stress response. This bifurcation indicates that two shear rates produce the same shear stress 

state. When polydispersity is introduced the degree of slip is reduced in all cases due to the larger 

number of configurations available. Discussed later in this chapter is the possibility of extending 

this algorithm further to capture greater details of slip. 
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Chapter 9 was the culmination of the thesis in which migration phenomenon is captured. 

It is found that for polydisperse melts subject to Pousielle flow that migration is observed. 

Pousielle flow, unlike shear flow, has a shear rate that varies across the gap between the hard 

walls. This variance in shear rate, results in the longer chains migrating to the midplane while the 

shorter chains migrate to the walls in order to reduce the virtual work done by the system. This 

argument can be made in simpler terms, in which, the shorter chains possess a lower viscosity 

and thus migration occurs to have the lower viscosity layer at the regimes of higher shear rate. 

Due to the constant shear rate across the gap in the case of shear flow there is no migration. As 

the Reynolds numbers increases the degree of separation increases. As detailed in the future 

work, it is believed that migration and slip must be intimately coupled. 

10.2 Future Work 

This thesis has laid the necessary ground work for studying polymer melts subject to flow. 

The next modification to this code needs to be that of a branch point move, in order to study 

more complex architectures. Preliminary work has also been done on incorporating energetics 

into the simulation so that polymer blends and copolymer melts can be studied. With these final 

two extensions nearly any coarse grained polymer system can be studied in an efficient manner. 

However, some of the most promising details are the additional results are related to slip. 

An Aside on Slip 10.2.1

Slip is a complex phenomenon that has had many theories and experiments dedicated to 

its origin. Chapter 8 of this thesis was one of the first molecular scale studies to comment on the 

molecular details and origins of slip. Work completed during this thesis has provided insight into 

slip in polymer melts subject to parabolic flow. In these studies, any polymer chain with 

connectivity exhibited slip, as demonstrated in Figure 10.1. Thusly, slip at the wall is different in 
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parabolic flow than shear flow. In all cases, regardless of chain length, polydispersity, or 

entanglement, slip happens. The slip velocity is found to consistently increase with shear rate, 

which could indicate that everything slips, it is just a matter of observing the velocity on the 

relevant length and time scales. 

Commonly, experiments that study slip use the Mooney analysis to ascertain a slip 

velocity at a given wall shear stress. The Mooney analysis relies on changing the spacing 

between the walls, either by using different diameter capillaries for a capillary rheometer or 

different plate spacings in a parallel plate rheometer. At a constant wall shear stress, the shear 

rate is expected to drop with decreasing plate spacing. In the case of the parallel plate rheometer 

the slope of this line is six times (6x) the slip velocity at that given shear rate. This analysis was 

applied to the simulation results and found to be valid. Figure 10.2 presents this data. 

The slip velocity is found to scale with shear rate, and subsequently wall shear stress. As 

reported in Figure 10.3 the slip velocity increases with decreasing molecular weight and 

increasing polydispersity for parabolic flow. This result is found to be in agreement with 

experiments.[137,199] Migration is also found to be different between shear and parabolic flow.  
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Figure 10.1: The velocity profiles for parabolic flow. No slip occurs in the single bead, 
or solvent case (right). When connectivity is introduced slip is observed at all shear 
rates for all molecular weights (left). 
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Figure 10.2: The Mooney analysis from the simulation for the monodisperse Nw = 64 
melt. The slip velocity found using this analysis agrees with the slip velocity directly 
observed in the velocity profile. 

Figure 10.3: Slip velocity as a function of wall shear stress. The slip velocity is found 
to increase with low molecualr weight (left) and with increasing polydispersity (right). 
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In both cases the shorter chains migrate to the regime of the highest shear rate. This mechanism 

occurs to minimize the free energy of work necessary to deform the melt. In the case of shear 

flow this acts as a mechanism of stabilizing the shear stress across the gap. However, in the case 

of parabolic flow, this layer acts as a lubricating layer, increasing the flow rate in the gap. Figure 

10.4 provides a visualization of this response.   

This work has resulted in two conclusions: slip is not the same between shear and 

parabolic flow, and migration plays an intimate role in the observed systems. To enhance our 

understanding of the difference that arise in slip between shear and parabolic flow, the shear 

stress across the gap and its implications must first be understood. Subsequently, chain end 

densities, order parameters, and other metrics can be monitored to elucidate the mechanism for 

slip in shear and parabolic flow. Studies since the publication of Chapter 8 have demonstrated 

that near the wall the entangled polymer melts undergo a coil-stretch transition, unlike the 

unentangled polymers in the case of shear flow. This is observed in Figure 10.5 where the end-

to-end vector as a function of shear rate is monitored. Additionally, chain end distributions have 

been studied in parabolic flow and are reported in Figure 10.6. Like shear flow, there becomes a 

regime in which an excess of chain ends exist; however, unlike shear flow this regime exists  

Figure 10.4: Visualizaton of the extended chains in parabolic and shear flow. The 
shortest chains (blue) always migrate to the regime of highest shear rate while the 
longest chains (red) migrate to the regime of lowest shear. The yellow chains indicate 
those of the shortest molecar weight. 
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Figure 10.5: A demonstration of the coil stretch phenomenon present in the entangled 
polymer melts vs. the unentangled polymer melts. This data was not published in 
Chapter 8 but further elucidates the molecular origin of slip in polymer melts. 
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purely at both walls. This indicates that a slip plane has developed at the walls in parabolic flow 

due to the high shear rate. Further investigation into these fascinating phenomena is still needed. 

Additional work studying slip should implement energetics and branched polymers to 

understand their effect on slip. The energetics will allow users to comment on the effect of wall 

interactions on slip. Also, as branched polymers usually exhibit slower dynamics than linear 

polymers, this too should affect slip. 

 Proposed Projects 10.2.2

The p-COMOFLO algorithm can simulate a wide variety of polymer melts subject to 

myriad processing condition. With the suggested additivity of energetics to study copolymers 

and a branch point movement to study branched polymers, the following experiments are 

suggested as possible future work: 

 Shear Induced Separation of Copolymers – Recent experiments designed around 

copolymer use in microelectronic processing would benefit greatly from this study. This 

work would rely on the implementation of a subroutine that is capable of modeling 

polymer blends and copolymers. In this implementation, the Metropolis acceptance 

criteria would be used to validate the movement of the temporary vacancy. In addition, 

recent work by Hickey et. al.[200] has demonstrated that copolymers could be used to 

created entanglements in a copolymer system, even when polymers of a very short length 

are used. This work could comment on the mechanism of breaking and creating those 

entanglements. In addition, the authors indicate that due to the complex nature of these 

copolymers that the time-temperature superposition principle does not apply, and is 

another phenomenon that has remained a mystery. Molecular scale simulation could offer 
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valuable insight by probing the timescales on which rearrangements could occur relative 

to deformation. 

 Migration in Copolymers and Polymer Blends under Shear and Pousielle Flow – 

Understanding the role copolymers play on migration when subject to processing would 

further build off of the shear induced separation of copolymers work. This work would be 

used in conjunction with a slip study to determine methods of reducing slip in processing 

flows using polymer blends. 

 Rheology of Branched Polymers and the Confinement of Branched Polymers – This work 

would aim to understand how the different dynamics of the branched polymers affect the 

rheology and confinement of various polymer melts. The branched point is highly 

applicable to common plastics like polyethylene which are known to be naturally 

branched. 

 Polydisperse and Branched Melts Subject to Extensional Flow - The work completed in 

this thesis were the first steps to capturing the salient details of extensional flow. The 

proposed work will examine the various responses that occur when the architecture of the 

polymer melt is changed. Mechanisms, such as side chain withdrawal for branched 

polymers, can be studied. As this algorithm is one of the few algorithms to capture the 

details of strain hardening and extensional thinning, it can be utilized to comprehend 

what molecular scale behavior leads to the transition between these regimes. 

This is just a small subset of suggested studies that can be conducted with this algorithm due to 

the p-COMOFLO algorithm advantages over other techniques, such as its fast computation time 

and a priori nature. 
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10.3 Final Remarks 

The algorithm that was developed throughout the course of this work is a robust method 

for ascertaining the rheological properties of polydisperse polymer melts subject to myriad 

processing conditions. Polymer dynamics, including the cross over from Rouse to a reptation like 

regime, are captured in an a priori manner. The methods for mapping polydispersity onto a 

lattice and incorporating different types of flow can be expanded beyond Monte Carlo techniques. 

In the case of extensional flow, the algorithm captures multiple scaling regimes of the 

extensional viscosity unlike other existing techniques. In addition, this thesis has demonstrated 

that it is fundamental to incorporate polydispersity into constitutive models and simulations 

because of its profound effect on polymer processing. The most exciting results presented within 

have provided some of the first molecular scale investigations into slip and cross flow migration. 

Slip was experienced by all polymers subject to shear flow in which the development of a slip 

plane arose. Finally, the cross-flow migration work demonstrated that when gradients in shear 

rate are present polymers with a lower chain length will migrate to the regimes of higher shear 

rate. In both these cases this work shed light onto issues that have persisted across many decades.
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APPENDIX A: SUPPLEMENTAL INFORMATION FOR EFFECTS OF POLYDISPERSITY 
ON CONFINED HOMOPOLYMER MELTS: A MONTE CARLO STUDY                             

BY RORRER AND DORGAN. 
 
 
This appendix provides the supplemental information that was published alongside 

Chapter 6. These tables detail the different simulations of that study providing plate spacing in 

lattice sites. 

A.1 Supplemental Simulation Tables 
 

Tables A.1-A.6 are complementary to Tables 1 and 2 in the the manuscript for the Nw = 

256 system. The tables give the volume fractions of each chain length and the dimensions of 

each simulation box for each simulation case. 

 
Table  A.1: Volume fraction of chains of a given length in the Nw = 64 Melts 

System PDI = 1.0 PDI = 1.42 PDI = 3.2 
N = 8 0 0 0.43 

N = 16 0 0.11 0 
N = 32 0 0.23 0 
N = 64 1.0 0.48 0.19 

N = 128 0 0.16 0.38 
N = 256 0 0.02 0 

 
Table A.2: Lattice simulated for the Nw = 64 Melts 

L/<s2>0
1/2 L ny nz Nsites 

9.23 48 24 24 13824 
8.07 42 24 24 12096 
6.15 32 32 32 16384 
3.84 20 36 36 12960 
1.92 10 48 48 11520 
1.11 6 64 64 12288 

 
 
 
 
 
 
 
 
 



 170 

Table A.3: Volume fraction of chains of a given length in the Nw = 128 Melts 
System PDI = 1.0 PDI = 1.42 PDI = 3.2 

N = 16 0 0 0.43 
N = 32 0 0.11 0 
N = 64 0 0.23 0 

N = 128 1.0 0.48 0.19 
N = 256 0 0.16 0.38 
N = 512 0 0.02 0 

 
 
Table A.4: Lattice simulated for the Nw = 128 Melts 

L/<s2>0
1/2 L ny nz Nsites 

13.33 96 48 48 108288 
8.05 58 64 64 118784 
6.11 44 72 72 114048 
4.16 30 88 88 116160 
1.94 14 128 128 114688 
1.11 8 176 176 123904 
0.20 4 256 256 131072 

 
 
Table A.5: Volume fraction of chains of a given length in the Nw = 512 Melts 

System PDI = 1.0 PDI = 1.42 PDI = 3.2 
N = 64 0 0 0.43 

N = 128 0 0.11 0 
N = 256 0 0.23 0 
N = 512 1.0 0.48 0.19 

N = 1024 0 0.16 0.38 
N = 2048 0 0.02 0 

 
 
Table A.6: Lattice simulated for the Nw = 512 Melts 

L/<s2>0
1/2 L ny nz Nsites 

11.03 160 80 80 512000 
8.22 120 96 96 552960 
6.02 88 112 112 551936 
4.11 60 128 128 491520 
2.19 32 180 180 518400 
1.09 16 256 256 524288 
0.55 8 364 364 529984 
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