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ABSTRACT

The objective of this study is to numerically model the dynamic interaction 

between a vibratory roller compactor drum and an underlying soil foundation, 

utilizing a linear hysteretic constitutive model for the incorporation of material- 

based dissipative properties within a finite element environment. Specifically, an 

iterative algorithm is developed that converges upon the appropriate time-varying 

drum-soil contact area underneath a given dynamic contact force. Experimental 

research and practical experience have shown that vibratory roller-measured 

force-displacement data has the potential for the measurement of composite 

soils’ stiffness properties during compaction operations. However, the 

relationship between the roller-measured stiffness and the mechanistic properties 

of the underlying soil layers, specifically their elastic moduli, is not yet 

established. Therefore, it is necessary to determine suitable methods for the 

forward modeling of the dynamically loaded soil foundations. Towards this end, 

this thesis presents the development and implementation of a finite element 

program that utilizes a linear hysteretic constitutive modeling methodology. This 

finite element program may be used to incorporate materials’ dissipative 

properties at the material level as opposed to the system level. This modeling 

methodology is developed to be a robust finite element program that can 

incorporate strain-dependent material properties as well as individual soil layers’ 

unique damping ratios. This program is specifically used in this thesis study for 

modeling the dynamic, time-dependent evolution of the contact area between the 

vibratory roller and a soil foundation.



An iterative algorithm is created that converges upon the appropriate 

, dynamic contact area between the roller and the soil, given an assumed dynamic 

contact force. It is found in utilizing the linear hysteretic constitutive modeling 

methodology for the analysis of the time-dependent evolution of the contact area 

that the base course layer’s mechanical properties have a significant effect on 

the contact width between the vibratory roller and the underlying soil foundations. 

Specifically, an increase in the stiffness of the underlying soil will decrease the 

contact area between the roller and the soil. Although the studies shown herein 

are performed primarily upon a homogenous halfspace, the code is robust 

enough to accommodate multiple layered materials with multiple material 

properties that may vary with both space and strain level.
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CHAPTER 1

INTRODUCTION

Understanding and appropriately modeling the behavior of elastic media 

subjected to dynamic loading is a challenge common to a variety of engineering 

applications. Examples include wheel contact with a rail or road surface (e.g., 

Matsumoto et. al. 1996, Pau et. al. 2002, Pieringer et. al. 2009), vibration 

characteristics of high-speed railway foundations (e.g., Wang et. al. 2007, 

Kouroussis et. al. 2011), and rolling cylinders on a coated substrate (e.g., Meijers 

1968, Gupta and Walowit 1974, Lovell 1998). The particular application 

presented in this work involves the vibratory compaction of soil foundations 

modeled as equivalent linear continuum materials. Finite element analyses of 

layered soil foundations undergoing compaction procedures have been the 

subject of several previous investigations (e.g., Adam 1996, Nikas and Sayles 

2008, Musimbi 2011), which have led to significant insight as to the dynamic 

behaviors of the system. However, in order to more accurately quantify the 

dynamic behavior of these engineered systems, it is necessary to appropriately 

represent the layered media's elastic, inertial, and dissipative properties. The 

latter of these characteristics, the materials' intrinsic damping properties, is 

perhaps the most ambiguous in terms of determining appropriate modeling 

techniques. While methods for representing the elastic and inertial properties of 

materials within a finite element framework are readily established, methods for 

incorporating multiple materials’ intrinsic damping properties are not.
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The objective of this study is therefore to numerically model the dynamic 

interaction between a vibratory roller compactor drum and an underlying soil 

foundation, utilizing a linear hysteretic constitutive model for the incorporation of 

material-based dissipative properties within a finite element environment. 

Specifically, an iterative algorithm is developed that converges upon the 

appropriate time-varying drum-soil contact area underneath a given dynamic 

contact force. This frequency domain, linear hysteretic constitutive model is 

deemed preferable to the more commonly used, time-domain Rayleigh damping 

model in that the dissipative properties of the soil materials may be assigned on 

the material level as opposed to the system level.

For the purposes of this thesis study, this methodology is used for 

modeling the dynamic, time-dependent evolution of the contact area between the 

vibratory roller and a soil foundation. The material properties are kept constant 

with respect to space and strain. Again, the material properties are modeled as a 

continuum material on the element level. However, the developed modeling 

methodology is a robust finite element program that can incorporate strain- 

dependent material properties as well as individual soil layers' having unique 

damping ratios. This developed algorithm may be used in the further 

development of forward models of vibratory compaction that will contribute 

towards the overall goal of determining a soil foundation’s mechanistic properties 

based upon roller-measured stiffness values.
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1.1 Background: Roller Compaction and Roller-Measured Stiffness

The history of mechanically powered rollers being used as a means of 

improving soil for construction purposes dates back to the invention of the steam 

roller. Early roller compactors relied primarily on their own static self-weight to 

compact soil. Modem compaction equipment utilizes power-trains that are 

motorized primarily by diesel-powered internal combustion, and the drum-soil 

contact force can be additionally increased with the usage of vibratory excitation 

in vibratory roller compactors. Vibratory roller compactors implement rotating 

eccentric masses within the drum to provide a centrifugal force that translates 

into increased mechanical energy to the soil. Figure 1.1 shows a side-view of a 

single drum vibratory roller along with a profile schematic of how vibratory 

excitation is achieved atop a typical soil configuration found in earthwork 

processes. Table 1.1 provides a range of parameters for typical single-drum 

vibratory roller compaction machines.

Base Course

Subgrade

Figure 1.1: Single drum vibratory roller atop layered soil strata
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Table 1.1: Parameter ranges of single-drum vibratory rollers

Parameter Range

Static Mass 
Drum Length 
Drum Radius 
Excitation Frequency 
Excitation Force 
Static Linear Load 
Foreword Velocity 
Impact Spacing 
Depth of Influence

7,000 -  20,000 [kg]
0 .6 -2 .2  [m] 
0 .5 -0 .7 5  [m] 
20 -  80 [Hz] 
0 - 4 0 0  [kN] 
2 0 - 4 0  [kN/m] 
0.5 - 1 . 5  [m/s] 
2 0 - 7 5  [mm] 
1 .2 -1 .3  [m]

The specific overall masses and geometries of vibratory drum rollers 

depend on individual manufacturers' specifications. Excitation frequencies and 

resultant excitation forces are controlled by the rotating eccentric mass and the 

orientation of multiple eccentric masses if applicable. Anderegg and Kaufman 

(2004) and Rinehart and Mooney (2009) experimentally observed that vibratory 

roller compactors had measurable depths of influence on the order of 1.2-1.3 

meters. Impact spacing refers to the spatial offset between maximum loading 

points, which varies with respect to the relationship between forward velocity, 

excitation frequency, and elastic moduli of the soil. For the purpose of this study, 

impact spacing will not be investigated as the numerical representation of the 

roller will have no forward velocity. This approximation is made assuming that the 

plane strain simulation of a vibrating roller in a single location behaves similarly 

to the steady state operation of a vibrating roller with a fixed velocity horizontal 

translation.
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The eccentric mass moment,m0eo, rotating about the drum axle at a 

circular frequency, Q, provides the time varying centrifugal force, m0e0n 2(t). 

Figure (1b) depicts the simplest eccentric mass configuration (one single rotating 

eccentric mass about the drum axis). In modern practice, vibratory equipment 

companies such as Bomag, Ammann, and Dynapac (see Mooney et. al. 2010 for 

a full overview of vibratory compaction equipment) employ multiple eccentric 

masses, often rotating in opposing directions, to allow for variations in vertical 

and horizontal centrifugal force amplitudes. Many companies have also 

incorporated variable frequency control. Appropriate adaptations of the amplitude 

and frequency of the vibratory drums to optimize the stiffness of layered soil will 

are unique for each particular site and will vary after each pass of the roller.

Earthwork operations typically involve the addition and compaction of 

base course layers of soil upon a natural or precompacted subgrade. In the field, 

previous experience indicates that the roller-measured stiffness of soil lifts during 

compaction may potentially be used to quantify individual layers' mechanistic 

properties (Andregg and Kaufman 2004, Mooney and Rinehart 2007). The roller- 

measured soil stiffness is determined by measuring the contact force at 

maximum drum displacement, Fc@Zd_MAX , and maximum ground surface 

displacement, zd- MAX, during vibratory roller loading using onboard 

instrumentation. These data may be used to calculate the roller-measured soil 

stiffness, kd:

k d  =  Fc@zd - m a x - F s ta tic  (H)
z d -m a x  z s ta tic
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where Fstatic and zstatic are the static force of the drum and resultant static 

vertical displacement, respectively (Anderegg and Kaufman 2004).

However, although the measurement and calculation of the roller- 

measured stiffness is relatively straight-forward, it is unclear as to how it is 

related to the dynamic mechanistic properties (i.e., the elastic moduli, the 

damping ratios, and the mass densities) of the underlying soil materials. The soil 

layers’ mechanical properties therefore cannot yet be determined from the roller- 

measured stiffness, limiting the usage of roller-measured stiffness measurements 

for mechanistically evaluating the quality of individual earthwork lifts or layers.

As a first step towards addressing this knowledge gap, it is necessary to 

develop a robust finite element modeling framework that can be used in the 

creation of a forward model of the dynamic drum-soil interaction, taking into 

account the underlying soils’ dynamic mechanical properties. This study 

addresses this need through the development of a forward finite element model 

of a vibratory roller compactor on soil foundations. This modeling methodology 

utilizes a linear hysteretic constitutive model such that the intrinsic damping 

property of the soil foundation may be incorporated at a material level. This is a 

significant advantage over many commercially available finite element packages, 

in which the specification of damping properties is done at the system level within 

the Rayleigh damping framework. This modeling methodology and its associated 

finite element implementation have been under development for the past ten 

years (Wang 2007, Mott 2009, Ham 2011). It is expanded and further developed 

for this study specifically to examine the time dependent evolution of the contact
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area between the drum and the underlying soil under an assumed contact force, 

providing the foundation for future expansion of this forward model to determine 

the relationships between the soil materials’ dynamic mechanical properties and 

the observed roller-measured stiffness.

1.2 Background: Numerical Modeling of Drum-Soil Interaction

Numerically modeling the contact area between a smooth drum and an 

elastic material is a challenge faced in many engineering applications. The 

concept behind a rigid cylinder statically pressing or rolling along a potentially 

layered elastic media is an ongoing field of research and has been studied widely 

(e.g., Meijers 1968, Gupta and Walowit 1974, Lovell 1998, Musimbi 2011). A 

large field of this study has investigated the distribution of stress, strain, and 

displacement within layered media (e.g., Chen 1971, Gupta and Walowit 1974, 

Choi and Thangijitham 1991, Gao and Wu 1993, Schwarzer 2000, Nikas and 

Sayles 2008). These researchers place a large emphasis on the importance of 

the contact area being created by the indentation of the rigid drum. Therefore, 

this research aims to explicitly model the evolution of the contact area under a 

dynamic contact force through the previously described finite element 

programming methodology, based off of the work done by Musimbi (2011). 

Musimbi’s work is described in detail in Chapter 3, as it provides the motivation 

for the development of this work. Briefly, his work details the differences between 

pseudostatic and dynamic analyses of drum-soil interaction, determining that 

pseudostatic analyses are insufficient simplifications for capturing the roller- 

measured stiffness values predicted by full dynamic analyses. His work highlights
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the fact that full dynamic analyses must be used. However, the dynamic analyses 

he performed utilized a system-based Rayleigh damping construct, where the 

dissipative properties of the underlying soil materials were specified through an 

approximated system level methodology as opposed to a material-based 

procedure. This thesis project builds upon Musimbi’s work by developing and 

implementing a dynamic finite element modeling methodology where the 

individual dissipative properties of the soil materials may be specified on a 

material-level basis to perform the dynamic analyses necessary for appropriately 

modeling the drum-soil interaction.

The interaction between a vibratory roller drum and the underlying soil is 

complicated by a number of issues. Firstly, the contact area is dependent upon 

both the contact force and the material properties of the soil foundation within the 

1.2-1.3 meter depth of influence (e.g., Lovell 1998, Anderegg and Kaufman 2004, 

Rinehart and Mooney 2009). Secondly, during the vibratory loading cycles, the 

contact force changes, which results in a time-dependent change in the contact 

area. Thirdly, at certain combinations of excitation frequencies and soil 

properties, the vibratory drum has the potential for complete loss of contact with 

the soil, effectively chattering upon the soil surface. The behavior of the soil 

during loss of contact is not well understood. All of these issues require a new 

approach which can account for the variable contact area during loading cycles.

Previous numerical modeling of drum-soil interaction has proved 

successful in depicting the overall non-linear vibratory response (e.g. Yoo and 

Selig 1979, Pietzsh and Poppy 1992, Adam 1996, van Susante and Mooney
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2008, Musimbi et. al. 2010). However, these models have invoked simplifying 

assumptions such as single-degree-of-freedom approximations of the underlying 

soil systems or pseudostatic approximations of the loading that may be 

obfuscating the true nature of the time-dependent contact area. This research 

aims to provide insight into the variable contact area and its effect on the overall 

roller-measured stiffness of the layered system. Finite element simulations are 

performed, utilizing a frequency domain, finite element program that incorporates 

an equivalent linear, linear hysteretic constitutive model for modeling the 

underlying soil materials’ elastic and dissipative properties. This program has 

been previously developed for general dynamic finite element analyses and was 

enhanced during the course of this project such that nodal forces representing a 

Hertzian contact force distribution generated by the dynamic loading of the roller 

could be applied over an assumed contact area and iterated upon until the 

correct contact area for a given contact force was found. This finite element 

program was also fleshed out such that iterative equivalent linear analyses could 

be performed to reflect the strain-dependence of the elastic and dissipative 

properties, appropriately and automatically adjusting the shear modulus and 

damping ratio values in accordance with the converged shear strain values under 

the Hertzian contact loading. For the purposes of this particular study, an iterative 

algorithm was created to evaluate the contact area. However, iterating to the 

appropriate shear strain-dependent elastic modulus and damping ratio values 

that spatially vary throughout the entire soil region, while feasible within the 

capabilities of the developed finite element methodology, was deemed out of the
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scope of this particular Master’s project and will be continued in a future research 

project. The material properties used in the presented results of this thesis are 

held constant over the entire spatial region of the modeled soil, regardless of 

determined strain level.

1.3 Summary and Overview of Document

The research presented herein investigates the dynamic evolution of the 

contact area between the roller drum and the layered soil foundation, as well as 

the force-displacement behavior within the entire plane-strain representation of 

the layered soil system. To achieve this, a linear hysteretic constitutive soil model 

was utilized within a finite element framework such that damping properties may 

be assigned to the soil materials at the material level as opposed to the system 

level. This is a significant advantage over other common material modeling 

frameworks for intrinsic damping such as Rayleigh damping, which incorporate 

material damping on an ad hoc basis via system level natural frequencies and 

mode shapes instead. An iterative approach is created within the finite element 

methodology which converges upon an appropriate contact area between the soil 

foundation and the vibratory drum, given an assumed contact force. Complexity 

arises from the non-linear relationship between the contact force, contact area, 

and stiffness variables, creating an undetermined model.

The structure of the document is described as follows. Chapter one 

introduces the background of vibratory rolling and explains the motivation behind 

the research. Chapter two provides an overview of the mechanics of intrinsic soil
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properties and describes the methodology to implement within equivalent linear 

soil constitutive models. Chapter three provides an examination into the 

differences between dynamic and pseudostatic analyses found in the literature 

that provides the motivation for this particular study utilizing dynamic analysis 

procedures as well as a description of the finite element methodologies and 

algorithms used and developed for this study. Chapter four presents the 

development and results of the finite element model for the convergence onto the 

appropriate contact area using the Hertzian force distribution to represent the 

given contact force. A discussion of the general findings and proposed ideas for 

further research may be found in chapter five.

This research contributes towards the overall goal of creating appropriate 

forward finite element modeling methodologies to quantify the effects of soil 

material properties on the vertical displacements and resultant roller-measured 

stiffness of soils being subjected to vibratory roller loading.
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CHAPTER 2

FINITE ELEMENT IMPLEMENTATION OF EQUIVALENT LINEAR MODELS OF

SOIL MATERIALS

Cohesionless soils are granular materials whose observable mechanical 

properties are fundamentally based upon their particle scale characteristics and 

interactions. The study of dynamic soil behavior based upon micromechanical 

physical models and contact mechanics is a very broad and active field of 

research and application (e.g., Cundall and Strack 1979; Nguyen et. al. 2002; 

Lashkari 2009; Karg et. al. 2010). However, it is currently computationally 

impractical to incorporate these particle scale characteristics, actions, and effects 

in the analysis of infrastructure systems where the scales of application are 

significantly larger than the internal scales of the particulate medium.

Therefore, granular soils’ mechanical behaviors are often simplified, 

approximating the particulate materials as equivalent continuum materials in 

finite element analyses. When performing dynamic analyses, soils are often 

approximated using equivalent linear viscoelastic constitutive models to 

incorporate their elastic and dissipative properties. The experimental 

determination and representation of the elastic properties of soil materials is well- 

documented in several basic soil mechanics texts (e.g., McCarthy 2007). 

However, the measurement and modeling of the damping properties of a soil 

material, that is, its inherent, material-based capability for the dissipation of 

mechanical energy, is arguably not as well-documented or understood. The
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following chapter provides a review on quantifying the intrinsic damping 

properties of a soil material and using these properties in a linear viscoelastic 

material model.

2.1 Intrinsic Damping in Soils

Any material subjected to vibratory excitation will respond with unique 

inertial, elastic, and dissipative properties. The latter characteristic, the innate 

ability for a material to dissipate mechanical energy, is perhaps the least well 

understood dynamic material property of the three. Quantifying intrinsic damping 

for a granular material such as a soil is a somewhat ambiguous process. As a 

particulate medium is cyclically deformed, it reacts by dissipating the added 

mechanical energy through particle-scale actions, such as interparticle friction, 

particle rolling and frustration, and contact crushing (e.g., Kramer 1996). Directly 

relating these particle-scale energy loss mechanisms to the observable dynamic 

behaviors of a civil engineering infrastructure system's foundation would be 

overwhelming in terms of the required amount of descriptive data for 

computational simulations.

Therefore, for many civil engineering applications, it is often assumed that 

the intrinsic mechanical properties of granular soils can be quantified through 

specimen-scale laboratory procedures. The multitude of particle-scale actions 

that result in mechanical energy loss are observed as a cumulative material 

property, allowing for the approximation of the soil as an “equivalent" linear 

viscoelastic continuum material. There are several methods for experimentally
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determining the intrinsic damping properties of a soil material across different 

ranges of shear strain. One of the most common procedures for determining the 

shear-strain dependent damping properties of a soil material at small strains is a 

resonant column procedure. A description of the procedure is described as 

follows.

2.1.1 Soil Characterization Using Resonant Column Procedures

Quantifying a material's strain dependent stiffness and damping 

characteristics is at the crux of accurately modeling real-world dynamic events. 

The usage of a resonant column apparatus (RCA) to determine the strain- 

dependent shear modulus, G(y), and damping ratio,f(y), over small strain levels 

(~1 0 '6 to 1 0 "̂  shear strains) on reconstituted soil specimens in a triaxial cell has 

been well-established (e.g., Hardin and Drnevich 1972; Ishihara 1993; Saxena 

and Reddy 1989; Lai and Rix 1998; Drnevich et. al. 1978). These procedures 

assume that the combined behavior of the individual particles in soil specimens 

may be interpreted as the behavior of a fictional equivalent, continuous, linear 

viscoelastic material.

A resonant column test involves the torsional, flexural, or axial excitation 

of a soil sample contained within a triaxial cell. Figure 2.1 shows the fully 

assembled fixed-free GDS resonant column device in Colorado School of Mines' 

graduate soil mechanics laboratory, save for the pressure cell and cap. 

Cylindrical soil samples 70 mm in diameter and 140 mm in height may be tested

14



for stiffness and damping properties following the guidelines and specifications 

given by ASTM-4015 and ASTM-2487 (ASTM 2008, and 2010).

Dmvmg piste

Figure 2.1: Resonant Column Apparatus

A detailed procedure for sample preparation and RCA procedures can be 

found in Ham (2011). A brief summary of the procedures is as follows. The 

resonant frequency of the sample is determined by monitoring output amplitude 

over a frequency sweep of an input cyclic load. Resonance is achieved at the 

frequency where the voltage output is the greatest over constant voltage input. 

Once the resonant frequency is determined, torsional excitation is applied at that 

frequency for a short duration and then abruptly stopped, and the decaying free 

vibration response is observed. A screen shot of GDS’s RCA software which is
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used for the control and data acquisition of the decaying response is shown in 

Figure 2.2.

RetQfiaitt Test Damping Test TmwWShem

Figure 2.2: Logarithmic decrement of cohensionless soil

From this decaying response, the soil's logarithmic decrement, L, may be defined 

as:

=  Zn& ) (2 .1)

where represents the amplitude of one peak and xn+l the amplitude of the

subsequent decaying peak. The soil’s ability to dissipative energy is manifested 

in this observed response; it is a blanket, overall measurement of the culmination 

of the multitude of particulate actions that dissipate the mechanical energy. This 

measurement of the logarithmic decrement may be related to a more commonly 

used viscous damping ratio, £  via the relationship:

f  = L/2n (2.2)
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This experimental quantity may be considered as a specimen-scale 

representation of a material's intrinsic damping capability and is commonly 

considered as a material property. This viscous damping ratio may be 

incorporated into equivalent linear viscoelastic constitutive models of the 

particulate material.

2.1.2 Strain Dependent Properties of Cohesionless Soils

Soil materials' stiffness and dissipative properties follow a non-linear, 

shear strain-dependant path. Therefore, the damping measurement as described 

in the previous section may be performed at multiple strain levels to determine 

multiple f  values at varying levels of strain, populating a Ç(y) curve along the 

whole range of small strain (e.g., Santamarina et. al 2001, Lin e t al. 1996; Hardin 

1965, Hardin and Drenevich 1972).

Procedures for determining the strain dependent shear modulus, G(y), are 

not described in detail here (see Ham 2011 for further details), but these stiffness 

degradation curves may be generated simultaneously with the damping ratio 

curves, providing the shear strain-dependent stiffness and dissipative 

characteristics of the soil material. Figure 2.3 shows the strain dependent 

modulus and damping curves generated for three different types of sands.

These data can then be used as material input in linear viscoelastic 

constitutive models (e.g., Kelvin-Voigt or linear hysteretic model) for numerical 

simulation of dynamic behavior on the infrastructure scale. The proof of concept 

for implementing an iterative algorithm for strain dependence was previously



established (Mott 2009, Ham 2011) within a frequency-domain linear hysteretic 

algorithm; however, a significant portion of the work performed for this study 

involved the streamlining of the implementation of the strain-dependent stiffness 

and damping properties within the finite element framework. However, although 

the developed finite element program can incorporate the strain-dependence as 

described, strain dependence was not accounted for in the convergence to the 

appropriate contact area shown later in Chapter Four. The capability for material 

property strain dependence is readily available in the enhanced finite element 

programming methodology and will be used in the further development of the 

forward model in a future research project.
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Figure 2.3: Shear dependent modulus and damping curves 

2.2 Equivalent Linear Models for Elasticity and Dissipation

The intrinsic damping properties for cohesionless soils are in reality 

nonlinear, path-dependent behaviors. These energy losses may be observed in 

the nonlinear hysteresis loops generated during cyclic loading and unloading of
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soil materials. Davidenkov (1936) derived a constitutive equation for the one

dimensional dynamic stress-strain hysteresis relation to model the complex 

skeleton curve for metals. However, the equations and methods used to replicate 

this nonlinear curve are quite complex. In order to keep mathematical complexity 

and computational run-time at a minimum, an equivalent linear, linear 

viscoelastic continuum model may be used to incorporate the elastic and 

dissipative properties of the soil materials. Two of the most commonly used 

equivalent linear, linear viscoelastic models used to approximate soil behavior 

are the Kelvin-Voigt and the Linear Hysteretic models. These models, when 

conceptually simplified to single-degree-of-freedom oscillators, incorporate an 

elastic spring in parallel with a dissipative dashpot. Therefore, the overall 

restoring force, f R> of a Kelvin-Voigt or a linear hysteretic viscoelastic unit may be 

generically represented as:

fn =  kv + k'iv (2.3)

where kr and k represents the dissipative dashpot coefficient and the elastic 

spring constant, respectively (e.g., Waas 1969), v is the direction of motion, and i 

is the imaginary number constant. The ratio of the dashpot coefficient to the 

spring constant may also be used to define the loss factor, rj, of the system:

V =  7  (2.4)

These basic definitions within the Kelvin-Voigt and linear hysteretic 

viscoelastic units provide the necessary foundation for modeling the elastic and
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dissipative behaviors of soil materials, once extended into a multi-degree-of- 

freedom finite element framework. The remaining sections of this chapter 

elaborate upon these simple models and their extension into the finite element 

framework built for the purpose of this study.

The Kelvin-Voigt and linear hysteretic solids as previously described vary 

in their k' coefficients, reflecting their dependence or independence on external 

applied forcing frequency (e.g., Scalan 1970, Feriani and Perotti 1996). It is 

important to acknowledge the limitations and capabilities of such models. Finite 

element representations of soils' mechanical response during dynamic events 

are ambiguous at best. Perhaps the largest limitation is assuming that a 

continuum viscoelastic media is an appropriate model for granular soils. This 

would mean that a soil specimen is capable of tensional strength, which makes 

limited physical sense, particularly for cohesionless soils. Aside from the 

discrepancies between real-world phenomena and the numerical analysis 

thereof, using these modeling approximations can still provide useful insight to 

the dynamic response of soils.

Expanding on the idea of equivalent linear hysteresis, the loss factor may 

be more explicitly defined per one cycle of loading and unloading as:



where D is the amount of dissipated energy and U Is the maximum strain energy 

stored by the system (e.g., Lazan 1968). In both the Kelvin-Voigt and linear 

hysteretic oscillators, the stored strain energy, U, is defined as:

where R is the amplitude of excitation and k is the stiffness.

Given that the specific loading conditions are cyclic, by integrating over 

one cycle of loading, it is found that the total amount of dissipated energy for the 

Kelvin-Voigt solid is:

where c is the intrinsic damping proportionality constant and m is the driving 

oscillatory forcing frequency. A major flaw is observed when relating the Kelvin- 

Voigt solid to observed behaviors of soil. That is, the area of the force- 

displacement loop is dependent upon the driving frequency. This would mean 

that the semi-minor axis of the force-displacement ellipse would be dependent on 

the frequency of excitation, which disagrees with experimental observations of 

soil behavior. Substituting Equations 2.6 and 2.7 into Equation 2.5 gives

It can be seen that the driving frequency dependent loss factor is another 

characteristic within the Kelvin-Voigt solid that limits the numerical effectiveness 

of appropriately capturing soil behavior. Conversely, the linear hysteretic model

U =  -k R 2
2

(2.6)

D =  itcmR2 (2.7)

(2.8)
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responds independent of forcing frequency. Using the same logic as for the 

Kelvin-Voigt solid, the amount of dissipated energy in the linear hysteretic solid 

is:

D = nhR2 (2.9)

where

h = cuj (2.10)

The addition of the fictitious h parameter is the biggest advantage gained 

when moving from the Kelvin-Voigt solid to the linear hysteretic solid. Ultimately 

for the linear hysteretic solid, the intrinsic damping proportionality constant, c, is 

inversely proportional to the forcing frequency, allowing for overall frequency 

independence within the linear hysteretic solid. Similarly, the loss factor of the 

linear hysteretic solid is also independent of the forcing frequency.

For practical modeling purposes, the linear hysteretic solid coheres more 

closely with the observed behavior of cyclically loaded soils. The next two 

subsections of this chapter will give an in-depth view of how the single-degree-of- 

freedom oscillator is incorporated within both Kelvin-Voigt and linear hysteretic 

models, and the numerical modeling advantages and limitations of both.

The remaining sections of this chapter will overview the methodologies 

used in extending each of these model types for multi-degree-of-freedom finite

h (2.11)
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element analyses. It can be deduced from the literature that the linear hysteretic 

damping algorithm more appropriately captures the intrinsic damping properties 

of a layered soil system. Application of the linear hysteretic methodology will be 

incorporated into a finite element framework presented in Chapters 3 and the 

results may be found in Chapter 4.

2.2.1 Kelvin-Voigt Model

The dashpot coefficient, k't in the Kelvin-Voigt system is typically 

represented by the coefficient, c, representing a linear dashpot directly 

proportional to the velocity. If this system is added in parallel to a lumped mass 

parameter, represented by the quantity, m, it represents a simple single-degree- 

of-freedom oscillator that incorporates the three necessary properties of 

elasticity, inertia, and dissipation. When subjected to any sort of cyclic loading, 

the Kelvin-Voigt oscillator will respond by dissipating the energy; however, the 

amount dissipated will depend on the driving frequency. The equation of motion 

for the Kelvin-Voigt oscillator in the time-domain is described as (e.g. Lazan 

1968, Bert 1973)

mv(t) +  cv(t) + kv(t) =  p(t) (2.12)

where v(t) is the displacement under some time forcing function, p(t), and the 

mass, intrinsic damping and stiffness parameters of the system are represented 

by /77, c and Jç respectively. It should be noted that the intrinsic damping 

constant, c, is proportional to the frequency of the vibratory roller force being 

applied.
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Through free vibration analysis and setting the forcing function to zero, it 

can be derived that (e.g., Lazan 1968, Bert 1973) the natural frequency of the 

single-degree-of-freedom oscillator is

I E
! Nm"  =  (2-13)

It is important to note that the natural frequency of a system is dependent 

upon the composite stiffness and mass of the system which loading is applied. 

Also through free vibration conditions, it can be found that the critical damping 

proportionality constant can be defined as

Ccr — lmo) (2.14)

The damping ratio, 5 maV then be defined as the ratio between the intrinsic 

damping proportionality constant to the critical damping proportionality constant

f  =  r  (2.15)
Co-

Through analysis of the magnitudes of two successive peaks during the 

decaying response, it can be shown that the damping ratio and experimentally 

generated logarithmic decrement are related by

<2 - 1 6 >

where <o and a)D are the natural and damped natural frequencies of the system, 

respectively. When dealing with relatively low values o ff, it is generally accepted 

that the ratio of —  may be set equal to 1. That is:
(OD

24



(ùj(iij) ~  1 (2.17)

Where the damped natural frequency, (oD, is expressed as:

d)D =  0 )^ 1  — Ç2 (2.18)

meaning the damped natural period is equal to

2 lt (2.19)

The relationships presented in this section are derived based upon the 

representation of the particulate material as a linear viscoelastic Kelvin-Voigt 

oscillator (e.g. Soroka 1949, Bishop 1955, Lazan 1968, Iwasaki et al. 1978). After 

rearranging Equation 2.16, the damping term from Equation 2 . 1 2  can be 

simplified to

c =  —  (2.20)n

For validation purposes, the experimentally derived material damping 

property can be incorporated into a numerical framework. Combining Equations 

2.16 and 2 . 2 0  it can then be shown that the frequency dependent intrinsic 

damping constant is represented as:

With this logic, the material damping is always dependent upon the natural 

frequency of the system being cyclically loaded. Since the natural frequency is 

dependent upon mass and stiffness parameters, changing either one of these

2mo)
(2.21)
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material properties will result in a modification of the dashpot. The limitations of 

this will be discussed in greater detail in Chapter 3.

2.2.2 Linear Hysteretic Model

The usage of the linear hysteretic viscoelastic unit instead of the Kelvin- 

Voigt unit in the single-degree-of-freedom oscillator addresses this physical 

modeling weakness, in that the dissipative properties become independent of the 

natural frequency (e.g., Rosset et al. 1973, Whitman 1970, Lai and Rix 1998, 

Kramer 1999). As with the Kelvin-Voigt model, the linear hysteretic viscoelastic 

solid has an elastic parameter in parallel with a dissipative parameter, which 

represents the soils' ability to store and dissipate energy when subjected to 

dynamic loading (e.g., Lazan 1968, Candrall 1970, Bert 1973, Inaudi and Kelley 

1995). The linear hysteretic oscillator mimics the Kelvin-Voigt in every way 

except for that fact that the dashpot constant, k \  is inversely proportional to the 

driving frequency. Equation 2.22 provides the time-domain equation of motion for 

the linear hysteretic oscillator:

mi* (t) +^T>(t) + kv(t) = p(t) (2.22)

where again, i;(t) is the displacement under some time forcing function, p(t), 

and the mass and stiffness parameters of the system are represented by m and 

k, respectively. It should be noted that the intrinsic damping term now has a 

fictitious parameter h that is inversely proportional to the forcing frequency. 

Equation 2.22 may be rewritten as:
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mv(t) + k*v(t) = p(t) (2.23)

where the complex stiffness, k*, can be represented as

fc* = fc(l + riO (2.24)

k* is therefore a representation of the elastic and dissipative characteristics of 

the equivalent continuum material. When dealing with linear models, the complex 

stiffness assumption also holds true for other material properties such as the 

tensile and stress modulus:

E* =  E(1 + 771) (2.25)

G* = G{l + r)Q (2.26)

Research has been done (e.g., Crandall 1970, Inaudi and Kelly 1995) that 

questions the appropriateness of the time-domain representation of the equation 

of motion for a linear hysteretic oscillator as shown in Equation 2.23. Since the 

imaginary part of the stiffness is not physically well defined in the time-domain, it 

has been deemed more suitable to use a frequency dependant equation of 

motion:

(~m2m + k*)v(m) =  p(nr) (2.27)

where tzr represents the forcing frequency, 17(0 7 ) is the displacement vector 

representation in the frequency-domain, and p(ar) is the forcing function vector
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representation in the frequency-domain. The conversions between time domain 

and frequency domain representations of the forcing function and resulting 

displacement functions may be done through frequency domain analysis and 

synthesis via Fourier transformations (e.g., Oppenheim and Schafer 1989) which 

will be discussed in further detail in Chapter 4. Upon substituting Equation 2.8 

and 2 . 1 0  into 2 . 2 2  and rearranging,

mi7(t) +  +  kv(t) = p(t) (2.28)

it is seen that should be equal to c. The intrinsic damping proportionality

constant is related to the logarithmic decrement in the same way as the Kelvin- 

Voigt solid. An important observation to make here is that for the case of linear 

hysteretic damping when w = the loss factor is only dependent upon the 

logarithmic decrement. This assumption may be made if it is assumed that the 

response is dominated by the behaviors observed around resonance. It is 

apparent that the linear hysteretic model is more closely relatable to reality since 

the loss factor is frequency independent. Now, the frequency independent loss 

factor is more easily related to the resonant column based logarithmic decrement 

through

i? =  ;  (229)

Crandall (1970) demonstrates that that a linear hysteretic loss factor

defined by Equation 2.30 equates a single-degree-of-freedom impulse response

that is practically identical to a linear viscous system. Comparing Equations 2.8

and 2.30, it is imperative to understand that unlike the linear viscous loss factor,
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the linear hysteretic loss factor is independent of external forcing frequency, and 

therefore is a material-based property. For this reason, the linear hysteretic 

oscillator more appropriately represents the intrinsic damping characteristics of 

layered soil. Therefore, the linear hysteretic oscillator will be used for the 

constitutive equations within the dynamic analyses that are discussed in 

Chapters 3 and 4.

Once the equivalent linear hysteretic damping constitutive model is 

established for a single-degree-of-freedom oscillator, the techniques can be 

extrapolated into a mutli-degree of freedom arrangement to simulate discretized 

regions of the soil being modeled.

2.3 Multi-Degree-of-Freedom Systems

These single-degree-of-freedom oscillators are useful for illustrating the 

behaviors of Kelvin-Voigt and linear hysteretic constitutive models and their 

means for incorporating materials’ intrinsic damping properties. However, to 

model the dynamic evolution of the drum-soil contact area, a multi-degree-of- 

freedom model as represented by a finite element mesh must be used. Finite 

element methods have been widely used to study the soil-drum interaction during 

dynamic events (e.g., Prakash 1981, Idriss and Sun 1992; Nour et. al. 2000, Das 

2010, Yoo and Selig 1979, Pietzsch and Poppy 1992, Adam 1996, van Susante 

and Mooney 2008, Musimbi 2010). Although these studies have contributed to 

the development of the explanation of the behavior at the drum-soil interface, the 

predicted responses may not necessarily be totally exact, as the examination of
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the incorporation of individual materials' intrinsic damping properties has not 

been fully investigated. Within this particular study, an added level of complexity 

is introduced through the fact that it would be desirable to create a finite element 

framework capable of preserving multiple materials' unique intrinsic damping 

properties, if multiple layers and their individual mechanical properties are to be 

appropriately represented.

Therefore, this subsection presents the extensions of the Kelvin-Voigt and 

linear hysteretic models and their incorporation of the dissipative properties of the 

materials for finite element applications and their strengths and weaknesses. 

Equations 2.31 and 2.32 show analogous time-domain representations of the 

single-degree-of-freedom Kelvin-Voigt and linear hysteretic oscillators and their 

multi-degree-of-freedom extensions:

mv(t) +  ci>(t) + kv(t) =  p(t) -» [M]Ü_(t) + [C]6(t) + =  £ (t) (2.30)

mv(t) +  fc(l + irj)v(t) =  p(t) -» [M](t) + [K](l 4- =  P(t) (2.31)

where the inertial, elastic, and dissipative properties are now represented via

mass, stiffness, and dissipative matrices instead. The assembly of mass and

stiffness matrices for multi-degree-of-freedom, finite element constructs are well 

established in the finite element literature (e.g., Bathe 1996). However, the 

construction of a multi-degree-of-freedom damping matrix is not as well defined. 

The following subsections will describe the contents of the damping matrices for 

the Kelvin-Voigt and linear hysteretic models.
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2.3.1 Multi-Degree-of-Freedom Kelvin-Voigt Damping Matrix: Rayleigh 

Damping

For the case of linear viscous models with multiple material properties, 

there is currently no general consensus as to an appropriate method for defining 

the intrinsic proportionality damping matrix, [C]: The coefficients within the 

intrinsic damping matrix cannot be determined by methods similar to that of the 

mass and stiffness matrix (e.g., Ungar 1992, Chopra 2001) due to the complex 

nature of damping, especially when multiple materials’ damping parameters are 

being used. A common method used to estimate the entries in this matrix is via a 

methodology known as Rayleigh damping. Rayleigh damping provides an ad hoc 

means of determining a global damping matrix for the system, based upon the 

orthogonality of the undamped system’s mode shapes (Chopra 200.1). The 

method uses the assumption that the damping matrix is proportional to the 

stiffness matrix, the mass matrix, or a combination of both:

where *  and /? are constants of proportionality (Chopra 2001). Therefore, this 

method of relating damping to mass and stiffness is commonly referred to 

proportional damping. In can be shown that if the proportional damping is 

dominated by the stiffness component:

conversely, if the proportional damping is dominated by the mass component:

[C] = a[K ]+p[M ] (2.32)

(2.33)
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ft =  2Ç(o (2.34)

where f  and œ are the maximum values of the ranges of intrinsic damping and 

frequency that are deemed suitable for modeling the behavior of a system 

(Chopra 2001). Even though this model conceptually simple and easy to follow 

mathematically, there are still many assumptions that need to be made to have 

the model adhere to reality. Especially for a system with non-uniform material 

properties, it is unclear how to incorporate individual unique damping properties, 

since the Rayleigh damping parameters are reliant upon a system based natural 

frequency and damping ratio and not material based properties. Additionally, 

there is no physical rationale for why the damping matrix should be proportional 

to a summation of the mass and stiffness matrices; this assumption is made 

purely for the mathematical convenience of preserving the undamped system's 

orthogonal mode shapes. Therefore, although Rayleigh damping provides a 

simple way to assign intrinsic damping properties, there are many ambiguities 

and assumptions involved that may influence the efficacy of this model.

2.3.2 M u I ti-Deg ree-of-F reed om Linear Hysteretic Damping Matrix

The linear hysteretic damping matrix formulation does not suffer from the 

same system-based limitations as the Rayleigh damping formulation. Through 

typical finite element procedures (e.g., Bathe 1996), the global complex stiffness, 

[K*\, can be assembled as per typical global stiffness assembly procedures, but it 

is assembled using each individual element’s unique complex stiffness matrix, 

which incorporates both the real, elastic properties of the material behavior as

32



well as the imaginary, dissipative properties of the material behavior. Therefore, 

this material model can be used to incorporate multiple individual elements' 

unique material properties in a straight-forward, established manner. This 

complex stiffness matrix may be used in conjunction with a global mass matrix, 

a forcing function vector, £  and a displacement vector, Uy ultimately creating 

a multi-degree-of-freedom frequency dependant equation of motion:

(-n r2 [M] + [K*])U(rn') = P(m) (2.35)

where the frequency dependant global impedance matrix, [/*](gt), is defined as

[/*](# ) =  [K*] * -G72 [M] (2.36)

Therefore, Equation 2.33 can be simplified to

[ /1 (zit)[/(zu) = P(gt) (2.37)

with tu representing a generic forcing frequency. It is now possible to calculate 

the frequency dependent displacement response, JJ, of the entire system, taking 

into account each material's individual mechanical properties, including the 

individual damping properties. This is a significant advantage of this multi- 

degree-of-freedom model over the multi-degree-of-freedom Kelvin-Voigt model: 

the representation of each element or material’s unique intrinsic damping 

properties is straight-forward, with no obfuscating assumptions. Therefore, this 

modeling methodology will be used for this development of a finite element 

model for this particular study. However, it is important to note that the complex 

nature of the stiffness matrix requires the finite element calculations to be
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performed in the frequency domain. Implementation of linear hysteretic finite 

element procedures to create the complex impendence matrix and analysis 

within the frequency-domain will be discussed in further detail in Chapter 4.

2.3.3 Radiation Damping

Another critical item to consider when using finite element analysis for 

dynamically loaded soil foundations is the incorporation of radiation damping. 

Radiation damping is a separate means of energy dissipation that does not 

depend upon the intrinsic material damping properties of the constituent 

materials; rather, it is the term used to describe the phenomenon of energy loss 

from a localized loaded soil region to the surrounding semi-infinite half-space.

A discretized soil region is typically modeled as a semi-infinite half-space, 

allowing for energy to be dispersed infinitely away from the area in question (e.g., 

Lysemer and Waas 1972). It is impractical to model a very large region of soil 

with finite element analysis. Therefore, transmitting boundary elements are used 

to surround a smaller soil region to simulate the infinite dispersion of energy 

(e.g., Kausel and Tassoulas 1981). For the purposes of the roller compaction 

studies presented here, the depth of influence of the roller has been found to be 

1.2-1.3 meters below the drum and about one meter in front of and behind the 

drum (e.g., Anderegg and Kaufman 2004, Rinehart and Mooney 2009). 

Therefore, an ideal finite element mesh for drum-soil interaction should be 

roughly 1-2 meters deep by 2-4 meters wide to appropriately model the region of 

interest. The finite element interpretation must apply appropriate radiation



damping boundary conditions to mimic the 'infinite' nature of soil. Properly 

modeled transmitting boundaries absorb wave propagation on the outer edges of 

a finite element region, allowing little to no energy to enter back into the system 

once it has left.

Many considerations regarding transmitting boundary conditions are 

highlighted in the literature (e.g. Kausel and Tassoulas 1981, Liao et. al. 1984, 

Wolf and Song 1996). There are three broad classes of generally accepted 

transmitting boundaries: the non-transmitting elementary boundary, the imperfect 

transmitting local boundary, and the perfectly transmitting consistent boundary.
I ;

Elementary boundaries are probably the least useful transmitting boundary since 

they do not allow transmission through the boundary at all. In fact, these 

boundaries are modeled as perfect reflectors of energy. Implementing such a 

boundary condition would trap all of the impending energy, causing 

reverberations which ultimately compromise the integrity of the intrinsic damping 

nature of the material at question.

Local transmitting boundaries are a simple way to absorb energy 

approaching at parallel or perpendicular directions with respect to the orientation 

of the boundary. Local transmitting boundaries depend on the wave energy and 

spatial material properties at the location of the boundary. Lysmer and 

Kuhlemeyer (1969) numerically represented local transmitting boundaries as 

dashpots which are spatially dependent upon the elastic material properties 

directly at that boundary. As will be seen in Chapter 5, horizontal (axial) and
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vertical (shear) dashpots will be used to mimic the infinite nature of soils within a 

linear hysteretic model.

Consistent boundary conditions are potentially the most complex out of 

the three transmitting boundaries to implement, and there are many ways to 

model (e.g. Kausel 1981, Wolf and Song 1996). The general consensus with all 

consistent boundaries is that nearly all impending energy is absorbed no matter 

the angle of incidence. Consistent boundary conditions are generally more 

difficult to implement than the previous two due to the increased amount of 

computational requirements and storage.

Local boundary conditions are used within this study, as the frequency- 

domain linear hysteretic model, the Lysmer and Kuhlemeyer axial and shear 

dashpots will be utilized. The next chapter will give a literature review behind the 

time-domain dynamic and pseudostatic analyses, which will provide the rational 

that dynamic analyses must be performed. Then, an introduction into the 

dynamic linear hysteretic finite element methodology will be given.

36



CHAPTER 3

INTRODUCTION TO EQUIVALENT LINEAR NUMERICAL MODELING 

PROCEDURES TO REPLICATE DRUM-SOIL INTERACTION

The previous two chapters provided an introduction into the kinematics 

and contact mechanics of drum-soil interaction and how to numerically model the 

intrinsic damping properties of dynamically loaded layered viscoelastic material. 

This chapter will provide a literature review displaying the motivation behind why 

a dynamic analysis procedure is necessary for the force-displacement behavior 

of the roller-soil interaction. Secondly, this chapter will provide the background 

into the parameters used within a dynamic frequency domain linear hysteretic 

finite element algorithm. The frequency domain linear hysteretic model will 

exclusively investigate dynamic simulations.

Drum-soil interaction is a complex process that depends on a multitude of 

parameters. To improve understanding of drum-soil interaction, finite element 

simulations utilizing equivalent linear damping in the frequency domain were 

created to investigate the soil foundation’s dynamic response to the forces which 

a vibratory drum imparts, specifically the evolution of the contact area. Due to the 

complex relationship and variable nature of drum-soil interaction during dynamic 

excitation (van Susante and Mooney 2008, Musimbi et. al. 2010), finite element 

analysis was deemed an appropriate modeling tool since no preliminary 

assumption must be made about the distribution of the contact force or contact 

area (e.g., Lovell 1998, Nikas and Sayles 2008, Musimbi 2011).

37



3.1 Investigation into Dynamic vs. Pseudostatic Analyses

The motivation for performing full dynamic analyses that require the 

incorporation of the dissipative properties of the soil material comes from the 

work done by Musimbi (2011). Musimbi (2011) investigated the differences 

between force-displacement behaviors from finite and boundary element 

analyses using pseduostatic and dynamic analysis frameworks. Pseudostatic 

analyses are commonly used for dynamic geotechnical engineering analyses as 

approximations of the full dynamic behavior. Pseudostatic analyses consider only 

the elastic properties of the soil materials and use linear elastic material models, 

while dynamic analyses utilize equivalent linear, linear viscoelastic models and 

consider the elastic, inertial, and dissipative properties of all the materials. 

Pseudostatic analyses are used for many geotechnical applications due to their 

relative simplicity. However, it is sometimes unclear as to whether or not a 

pseudostatic approximation is sufficient or if full dynamic analyses must be 

performed for any given geotechnical engineering application.

Musimbi (2011) investigates the differences between pseudostatic and 

dynamic analyses as a means to determine the effects on the predicted force- 

displacement behaviors when making the pseudostatic assumption. His work 

also helps isolate the contributions of the damping and inertial properties that are 

present within the dynamic analyses. His findings are summarized within this 

subsection to provide the motivation for why full dynamic analyses incorporating 

the inertial and stiffness properties must be used when analyzing the drum-soil
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interaction, thus justifying the usage of the linear hysteretic finite element model 

for examining the contact area.

As Musimbi describes, a 2D plane strain finite element model of layered 

elastic media was created within the commercial finite element program, Abaqus 

(Abaqus V9.2). Dynamic analyses were performed using Abaqus Explicit, while 

pseudostatic analyses were performed using Abaqus Implicit. Parametric studies 

were investigated to quantify the inertial contributions of the addition of a thin, 

stiff base layer over subgrade.

The full scale discretized soil region was modeled as a symmetry model 

with a height of 2m and a width of 4m using square, linear quadrilateral elements 

of dimensions 20 mm X 20 mm. Linear infinite elements as defined within 

Abaqus are applied on the outer boundaries to appropriately represent energy 

dissipation due to radiation damping. Musimbi (2011) provides the calibration 

methods used to determine appropriate geometrical dimensions of the finite 

element mesh and element sizes. The drum is modeled as a rigid body with a 

diameter of 1.5 meters attached to a frame. The vibratory excitation frequency is 

set to 30 Hz for dynamic simulations with an eccentric mass moment of 4.25 kg- 

m. No friction is defined between the drum and elastic media.

Musimbi’s premise for comparing the roller-measured stiffness obtained 

from the pseudostatic vs. the dynamic analyses is based upon the fact that the 

pseudostatic analyses use the same maximum contact force derived from the 

dynamic simulations to statically compute the vertical displacement. In this way,
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the resultant measured stiffness from both analyses are obtained in a way that 

allows relatively analogous comparisons between the two analysis frameworks’ 

abilities to appropriately model drum-soil behavior.

However, even though finite element analysis provides a well-established 

method for assigning non-uniform systems’ elastic and inertial properties, no 

general consensus has been reached for describing multiple materials’ intrinsic 

damping properties in a useful way (e.g., Wang 2009). As described by Section

2.3.1, Musimbi utilized the Rayleigh damping construct as a means to create the 

mulit-degree-of-freedom intrinsic damping matrix, [C]. The Rayleigh damping 

methodology is a useful tool in that the a  and /? damping parameters can be 

easily modified to fit experimental data. However, Rayleigh damping being used 

for modeling multiple soil materials in multiple layers, each with their own intrinsic 

damping contribution, is based purely upon mathematical convenience and not 

physically based, limiting the validity of using this methodology in the dynamic 

analyses.

The results of Musimbi’s (2011) resultant roller-measured stiffness for 

dynamic, kd, and pseudostatic, kpSf simulations are presented in Figure 3.1. 

These plots show two different subgrades (£2=50 and 100 MPa, respectively) 

and the influence of the ratio of E Æ 2 (ranging from 1 to 10) and top layer 

thickness, h (ranging from 0.1 to 0.3 meters). As the results show, kd and kps 

increase with increasing E2, E1/E2 and h.
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Figure 3.1: Dynamic and pseudostatic stiffness for layered soil (Musimbi 2011)
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However, it should be noted that kps monotonically increases throughout 

the investigated ranges, while levels off for all scenarios in Figure 3.1 except 

for E2=50 and h=0.3m. This suggests that kps is always influenced by the 

subgrade material properties, while fcdmay become insensitive to the subgrade. It 

should also be of note that kps tends to overpredict kdfor much stiffer scenarios.

The parametric analysis performed by Musimbi (2011) show that, for 

layered soil scenarios, pseudostatic analyses are insufficient for capturing 

equivalent trends to dynamic analyses. Looking into the overall trends, the 

pseudostatic stiffness generally overpredict dynamically measured stiffness for 

stiffer subgrade scenarios (i.e., most cases of E2=1 0 0 MPa and 6 7 / 6 2  greater than 

2 ), and underpredict dynamically measured stiffness for softer scenarios (i.e.,
i

6 2 =5 0 MPa and 6 7 / 6 2  less than 4). Again, it can be seen that kps monotonically 

increases throughout the investigated ranges, while kdlevels off. More 

specifically, for an 6 2 =5 0 MPa, kd levels off at 6 7 / 6 2  > 3 for h=0.2m and at 6 7 / 6 2  

> 5 for f7=0 .2 m. For an 6 2 =1 0 0 MPa, kd levels off at 6 7 / 6 2  >  6  for /7=0 .1 m, at 6 - 

7 /6 2  > 6  for h=0.2m, and at 6 7 / 6 2  >  8  for h=0.3m. This suggests that kd becomes 

insensitive to the contribution of the subgrade at some threshold of h. However, 

kps feels a contribution from the subgrade for all scenarios, no matter the top 

layer thickness. Therefore, it may be concluded that dynamic analyses should 

be performed for any further investigations of drum-soil interaction. The 

pseudostatic approximations utilized in many aspects of dynamic geotechnical 

engineering are simply insufficient for this specific application.
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However, although the work by Musimbi (2011) was useful in that it 

proved that dynamic analyses were necessary, providing insight into the 

importance of the inertial and damping contributions of the base lift layer within 

the dynamic analyses, the method for modeling the damping contributions of 

each layer is arbitrary. Again, this is due to the fact that Rayleigh damping 

approximations make many assumptions about the intrinsic damping 

contributions within each soil layer. Perhaps the greatest weakness of the 

Rayleigh damping construct is that, since it uses the constitutive Kelvin-Voigt 

equations, it inherently incorporates a dependency upon system natural 

frequencies. Musimbi (2011) calibrated the intrinsic eand /? damping parameters 

within his models to data generated in the field; however, experimental data is 

not always readily available, and an effective predictive forward model should not 

require the resultant force-displacement behavior to be known a-priori. In 

contrast, the linear hysteretic damping algorithm as previously described can be 

used to readily assign material-based intrinsic damping properties to individual 

soil materials within a non-uniform layered soil system.

Therefore, based upon Musimbi’s results that dynamic analyses are 

necessary and based upon his limitations in his dynamic analyses in modeling 

intrinsic damping, the linear hysteretic constitutive model as previously described 

is used to further investigate the drum-soil interaction. To that end, a linear 

hysteretic finite-element methodology was further developed and implemented 

for the examination of the dynamic contact area evolution; the details of the 

parameters and iterative processes are presented in the next section.
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3.2 Finite Element Equivalent Linear, Linear Hysteretic Viscoelastic Model 

for Dynamic Analysis

The literature review provided in the previous section proves that 

pseudostatic analyses are insufficient for capturing the force-displacement 

behavior of the drum-soil system. However, the dynamic analysis results which 

are taken as “correct” are potentially obfuscated due to their incorporation of 

multiple materials' intrinsic damping properties via the system-based Rayleigh 

damping construct. This provides the motivation for using the linear hysteretic 

model, which can readily incorporate material-based intrinsic damping properties 

of the constituent materials, for the dynamic analysis of the contact area between 

the drum and the soil foundation. This section will detail the linear hysteretic, 

equivalent linear viscoelastic model used for the dynamic analysis of the 

evolution of the contact area.

The frequency-domain finite element framework built within MATLAB 

(7.8.0 R2009a) is a 2D symmetric plane strain representation of Figure 3.2. The 

finite element mesh is comprised of linear, 4-node, 8 degree of freedom plane- 

strain square elements (Smith and Griffiths 2004). 5 mm X 5 mm square 

elements were used to capture the shape of the deformed surface in the contact 

area. Homogeneous setups of Figure 3.2 are created by setting the top layer 

thickness value of hi to zero, thus eliminating the base lift layer. These 

'halfspace' scenarios were analyzed as a means to calibrate the contact area 

convergence criteria.
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Figure 3.2: General model and parameters for layered soil

The geometry and material properties of the two layered models are 

shown in Table 3.1. It should be noted that the variability of the base course 

stiffness and thickness (shown in bold in Table 3.1) are important parameters to 

vary within the context of earthwork compaction; however, within this study, most 

of the simulations are homogeneous. To isolate the importance of the intrinsic 

damping properties of the materials in the dynamic analyses, the mass densities 

of both layers are always set to 1750 kg/m3, thus setting constant the inertial 

effects. This ensures that the only measurable effects come as a result of the 

varying elastic, inertial, and dissipative quantities. In the interest of time, the 

frequency-domain linear hysteretic damping models provide a proof of concept 

for small-scale analyses. Another benefit of the linear hysteretic damping model 

is that the damping parameters can be readily established within the framework.
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Table 3.1: Input parameters for Finite Element Analysis

Parameter Value

hi 0.01 - 0.03 [m]
f?2 0.2 [m] -  hi
L 0.4 [mj
Ei 30 - 500 [MPa]
e 2 30; 50; 60; 90 [MPa]
V1,V2 0.25

1750 [kg/m3]
0.1

The linear hysteretic dynamic analysis created in MATLAB has the 

capability for the direct assignment of material damping properties for individual 

layered materials if necessary. This methodology also provides a proof of 

concept for the iterative processes needed to describe the underdetermined 

problem of the time varying contact area occurring at the drum-soil interface. The 

linear hysteretic model is a continuation of an in-house algorithm used for thei ■
dynamic analysis of soil under various types of dynamic loading (e.g., Wang

!
2007, Mott 2009, and Ham 2010). Table 3.2 provides the roller parameters 

assigned for all simulations of both algorithms.

Table 3.2: Roller parameters for Finite Element Analysis

Parameter Value

Drum mass 4466 [kg]
Drum radius 0.75 [m]
Drum length 2.13 [m]
Frame mass 2534 [kg]
Mass moment m0e0 4.25 [kg m]
Excitation frequency 30 [Hz]
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The drum is not modeled as a physical rigid body in the linear hysteretic 

model. Instead, the forces over the contact area are distributed over discrete 

nodal locations based upon static Hertzian theory (Johnson 1987). This is a 

complicated process because the contact force and contact area both vary with 

respect to time. In order to calculate the time varying force, a similar iterative 

approach is used for the 3 degree of freedom lumped parameter model by van 

Susante and Mooney (2008). Even though in the model described herein the 

drum and frame are not explicitly physically modeled, the inertial contributions 

from the drum and frame onto the soil are incorporated into the description of the 

time varying force described as:

F(t) = Fev cos(/2t) +  (md +  mf )g  -  mdzd -  mf zf  (3.1 )

where Fev = m0e0û 2t which is the eccentric force from the drum, Û is the 

frequency of the eccentric mass oscillation, md is the mass of the drum, mr is the 

mass of the frame, zd is the acceleration of the drum, zf  is the acceleration of the 

frame, and t is the total time vector. The acceleration the frame is considered 

negligible; therefore the last term in Equation 3.1 is ignored.

Once the time varying force is calculated from the contributions of the 

eccentric mass, static weight, and the acceleration of the drum, this force is 

distributed over the nodes in contact with the drum. Within the time varying 

contact area, the surface traction p(x), seen in Figure 3.3, is calculated based on 

Hertz theory (Johnson 1987) and depicted and described as:
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Figure 3.3: Hertzian surface traction

p(x) =  P o j l  -  ( | ) 2 (3.2)

Po = (3.3)

where p0 is the amplitude of maximum pressure, x  is the location along the 

horizontal axis (at the soil surface), a is half of the contact area, Fc is the contact 

force and A/is the length of the drum.

Previous research has yielded multiple ways to investigate the nonlinear 

oscillation of Hertzian contact vibrations (e.g., Tian et.al. 2004, Rigaud and 

Perret-Liaudet 2003). However, no consensus has been found to explain the 

vibratory Hertzian distributions due to a variable contact length. Furthermore, the 

propagation of energy this vibration imparts through an elastic media has not 

been widely studied. Within this study, the basic static Hertzian distribution theory 

is used during the calculation of the surface traction during periods of vibration. 

The amplitude and width of the surface traction will vary with respect to time in 

the same way that the vibratory roller oscillates with respect to time. However,
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within this time variation, the static Hertzian distribution of the surface traction will 

be used for these analyses. The ramifications of this will be discussed in detail in 

Chapter 4.

3.2.1 Iterative Approach to Converge Upon Contact Area

Determining the composite soil stiffness as would be measured by the 

roller force-displacement signals is not a straight-forward process. The 

underdetermined nature of drum-soil interaction is depicted by Figure 3.4. Lovell 

(1998) explains that “...contact between layered surfaces is a complex nonlinear 

phenomenon for which no closed-form analytical method can be applied." In fact, 

the contact area depends on the material properties of the composite system as 

well as the contact force /b  being applied. The maximum interface contact force, 

Fc-m ax, depends on stiffness k  (Yoo and Selig 1979). Musurribi et.al. (2010) 

additionally note that /rdepends on the time varying 2a. In order to appropriately 

model drum-soil contact, iterative processes should be used to converge on 

appropriate contact areas. These three parameters are non-linearly related; 

therefore, iterative processes to converge upon the appropriate contact area and 

contact force are needed within the algorithm.

For the purpose of this study, convergence upon the contact area is the 

only criterion which was met. Convergence upon the contact force (and therefore 

stiffness) is out of the scope of this particular project and will be investigated in 

future research, using the methodology established herein.
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Figure 3.4: Undertermined nature of model

Once the maximum and minimum force is calculated through Equation

3.1, the contact area is once again iteratively solved for the new updated contact 

force by a geometrical relationship (see Figure 3.5). The contact area is derived 

through the geometrical relationship between the maximum displacement and 

the displacement at the radial position of loss of contact between the drum and 

soil:

2a* = 2 * JR 2 - [ R -  (wmax -  wloss)]2 (3.4)

where R is the drum radius, wmax is maximum vertical displacement under the 

center of the drum, and wtoss is the vertical displacement of the outermost 

surface node in contact with the soil. This updated contact area is then used in 

the subsequent iterations within the convergence process.



loss
max

2d

Figure 3.5: Roller indentation parameters (after Musimbi 2011)

The updated contact area 2a* is re-inserted into the iterative solver (see 

Figure 3.6 step 3.2). Once convergence is reached for the contact area, this 

updated contact area is re-inserted into step 2 of the contact force loop. If the 

contact force does not reach convergence with the updated value of contact 

area, the iterative process begins again; calculating new contact areas for a 

specific contact force until convergence of both contact area and contact force 

are reached. This methodology is based off of the work done by Musimbi for 

pseudostatic boundary element analyses but extended to the dynamic finite 

element analyses described herein (2011).

Figure 3.6 depicts the iterative processes used to converge upon 

appropriate contact force and contact area. In the interest of time, steps 3.1-3.4 

are the only parts of the iterative process that this research addressed. This part 

of the loop converges upon an appropriate contact area.
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2011)
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It should be noted that the frequency domain code is currently set up to 

also accept convergence criteria upon contact force and strain dependence; 

however, contact area was the only criterion examined for this particular study. 

Within each convergence upon the contact area, 4 to 7 iterations were 

necessary. It should be noted that for each convergence criteria, a contact force 

time history as shown by Figure 4.1 is used to converge upon the appropriate 

contact area. Figures 3.7 and 3.8 show the first and second iterative

convergences upon the contact area, respectively. For the first iteration in Figure
i

3.7, an initial guess of 100 mm was given to a (this guess is purposefully high 

such that convergence was not reached after the second iteration). It can be 

seen that Figure 3.7 ulitmately converges upon an a of 58.3mm. This value is 

then the initial guess for the second iteration seen in Figure 3.8, which converges 

upon an a of 50.9mm. This process is repeated until the converged values are 

within 5% of each other between two consecutive iterations.

For the case of E2=50 MPa, a total of 14 iterations were necessary to 

converge upon the appropriate contact area of 70.3mm, as shown by Figure 3.9, 

given that the contact force time history remains at a constant. Updating the 

contact force as described by equation 3.1 will be carried out through another 

graduate research project in the future. It can be seen that the second iteration’s 

guess is extremely too low, but as the iterative process continues, the contact 

area begins to correct itself to the appropriate value.
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Figure 3.9: Final iterations for convergence criteria upon a for E2=50MPa

For the small scale model (which can be run on a home computer or lap

top), a total of 40 rows and 40 columns of elements were needed, creating 3,362 

total degrees of freedom. This was the absolute maximum total number of 

degrees of freedom which could be created on a home computer or laptop due to 

memory limitations. Greater computational power is required to increase the 

memory, and therefore, increasing the total size of the model being analyzed. 

Chapter 4 will go into further detail of the iterative, frequency-domain linear 

hysteretic finite element methodology and the results thereof.
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CHAPTER 4

LINEAR HYSTERETIC MODEL FOR THE CONVERGENCE OF CONTACT 

AREA WITHIN A DYNAMIC ANALYSIS

Section 3.2 presented a general overview of the methodology behind an 

equivalent linear, linear hysteretic algorithm created in MATLAB to investigate 

soil-drum interaction while taking into account an individual material’s unique 

intrinsic damping properties. This chapter highlights the capabilities and 

limitations of the equivalent linear, linear hysteretic damping algorithm that 

models a layered elastic media experiencing dynamic loading from a smooth 

drum vibratory roller. This model does not create a smooth drum vibratory roller 

within the finite element algorithm; instead, the model incorporates the equivalent 

forces of the vibratory roller at individual nodes that would be in contact with the 

roller if it were physically modeled. The displacement and acceleration of the 

entire system are calculated within the frequency-domain. Iterations were 

performed until convergence upon contact area as based off the inner loop (right 

side) of Figure 3.6. Within the simulations analyzed within this chapter, the 

contact force was not iterated upon; this criterion will be carried out by another 

graduate student. As this chapter will show, the proof of concept for determining 

the appropriate contact area has been established. The displacement and 

acceleration distribution throughout the entire small-scale model will be analyzed, 

as well as the contact area evolution with increased modulus.
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4.1 Theory behind Frequency-Domain Finite Element Algorithm

Due to the nature of the linear hysteretic analysis, calculation of the 

displacement and acceleration time history is calculated completely within the 

frequency-domain. A complex impedance matrix r(a>) is created within each 

frequency step, and the displacement j[/(cu)is derived from the applied force P(cu) 

by

2(<u) = /:(û>)\£(ûi) (4.1)

where the backslash (\) operator replaces typical operations where the inverse of 

the impedance matrix is multiplied by the applied force. This drastically improves 

computational efficiency and run time. In this way, the total displacements at 

each degree of freedom are calculated in the frequency-domain from the 

frequency-domain representation of the forcing function. The acceleration can be 

derived from the displacement in the frequency-domain by

0(cû) = U(ùj)* (-eu)2 (4.2)

I Using the inverse fast Fourier transform function in MATLAB to transition 

back into the time-domain, the acceleration time history of the center node can 

be fed back into Equation 3.1 to calculate the appropriate contact force. Once the 

iterative algorithm has converged on the appropriate contact area and contact 

force, the composite stiffness of the system can be derived through Equation 1.1. 

The remaining sections of this chapter examine the converged analyses of 

homogeneous and layered soil setups.
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A small scale model (which can be run on a home computer or lap-top) 

consists of 40 rows and 40 columns of elements, creating 3,362 total degrees of 

freedom (half of them are vertical degrees of freedom and the other half 

horizontal). This code is optimized by using symmetry boundary conditions 

directly underneath the center of the smooth drum (see Figure 3.2). Stationary 

boundary conditions were implemented along the bottom row vertical degrees of 

freedom. The horizontal degrees of freedom along the symmetry boundary are 

also set to be stationary since no horizontal translation is expected directly under 

the center of the drum. Axial and shear dashpots were used as the transmitting 

boundary conditions for the right side of Figure 3.2, and the top degrees of 

freedom are considered ‘do nothing’ boundaries to mimic the surface of soil.

The time-varying (time steps of 0.001 second) total force that the drum 

imparts on the soil (as calculated by Equation 3.1) is discretized among the soil 

nodes in contact with the drum at any given time step. In this way, the equivalent 

nodal forces may be summed to find the total force at any time step. Figure 4.1 

depicts the total time-varying force, while Figure 4.2 shows the equivalent nodal 

force time histories of a homogeneous case where E^=6O MPa. The sinusoidal 

time varying force for these analyses is arbitrary, and user defined to be 0-120. 

As Figure 4.2 shows, the center node has the highest equivalent nodal force 

magnitude and is relatively always in contact with the drum. For this scenario, 

there are 14 nodes that feel at least some influence from the drum. The 14th node 

away from center has the lowest equivalent nodal force magnitude, and spends a 

considerable amount of time out of contact with the drum.
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Figure 4.2: Nodal force time histories: homogeneous case (E2 = 50 MPa)
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Again, the main purpose of this numerical algorithm is to iteratively solve

for and update the appropriate contact area that the smooth vibratory drum
|
|

imparts on the elastic media. The code is set up that it can easily be modified into 

a two layer system; in addition, the code is also set up to converge upon contact 

force (the outer loop of Figure 3.6) and can be easily adapted to accommodate 

for shear-strain dependence. The top layer of the layered elastic media will be 

able to accommodate variable stiffness and thickness with ease. Analysis of a 

homogeneous setup is shown in section 4.2, contact area distribution is found in 

section 4.3, and analysis for a layered situation can be seen in section 4.4.

4.2 Homogeneous Halfspace Simulation

In order to validate the efficacy of this numerical model, analysis of the 

vibratory drum on a halfspace was analyzed first. It was chosen that a halfspace 

with E2 = SOMPa be used to investigate the efficacy of the model's ability to 

analyze a homogeneous setup. There was no top layer incorporated here, 

therefore, the value of h is set to zero. Figures 4.3 and 4.4 show the distribution 

of displacement (in mm) during maximum and minimum loading conditions, 

respectively. It can be noticed that the displacement profile follows similar 

patterns to a Boussinesq normal stress distribution (Boussinesq 1885, Holtz and 

Kovacs 1981), as shown by Figure 4.5. This distribution is to be expected when a 

soil undergoes time varying force from a smooth drum vibratory roller. The 

maximum and minimum displacements match up well with the ranges of 

displacement found in previous analyses of this situation (Musimbi 2011).
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Figure 4.5: Boussinesq pressure bulb (Transportation and Road Research
Laboratory (1952))

Figures 4.6 and 4.7 show the acceleration profiles (in m/s2) throughout the 

elastic media corresponding to Figures 4.3 and 4.4, respectively. It can be seen 

that the maximum and minimum accelerations occur at the outer bounds of the 

contact area. This is to be expected since theoretically, the rate of change of 

displacement will be most extreme at the outer edges of the contact profile. The 

maximum and minimum accelerations are on the order of around 4-8 G’s, which 

is a reasonable range of accelerations that is to be expected for this scenario.

The maximum and minimum accelerations underneath the center of the 

roller are less than the values at the edges of the roller. This code can be 

extended to iterate over the contact force. To do so, the acceleration time history 

of the center surface node would be implemented into Equation 3.1 to calculate 

the updated contact force time history. The application of this will be carried out 

within a future research project.
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Figure 4.8 shows a force displacement loop calculated after convergence 

upon contact area. Where the displacement on the x-axis is the vertical 

displacement of the center node and the force on the y-axis is the total force 

calculated by summing the equivalent nodal forces of the nodes in contact with 

the roller. The static condition calculated as the static weight of the drum, 

(md +  md) 0 , and the static displacement calculated by dividing the static force by 

the stiffness contribution of the center node. By doing this, the stiffness of the 

elastic media (see Equation 1.1) can be derived as the slope between the force 

at maximum displacement over the static scenarios (i.e. the slope between the 

square and the circle). Again, convergence upon contact force was not achieved, 

this was the force calculated after convergence upon contact area.

140
 Force-Displacement Loop
O Force at Max Disp 
□ Static Conditions120

100

40
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Vertical Displacement [mm]

1.2 1.40.2 0.8 1.6

Figure 4.8: Force displacement loop: E2 = 50 MPa
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4.3 Contact Area Analysis

This section will investigate the surface nodes of the finite element 

analysis in an attempt to characterize the point of loss of contact between the 

drum and elastic media. Again, the representation of the cylindrical drum is 

modeled through the static Hertzian distribution of forces acting upon the nodes 

within a specified contact width.

Figures 4.9 and 410 shows the maximum and minimum vertical 

displacement of the elastic media, respectively. Static Hertzian surface traction 

(as described by Equations 3.2 and 3.3) was applied over each time step. It can 

be seen that even though a static Hertzian distribution was applied during 

dynamic loading, the displaement profile of the soil surface matches almost 

perfectly with the shape of an artificially created drum shape. Since the drum was 

not physically modeled, the drum seen in Figures 4.9 and 4.10 is an arbitrary 

representation of a drum whose maximum displacement was set to be at the 

same location as the maximum displacement of the soil. Then, moving outward 

away from the center node, the artifical drum is calculated by

Drum =  VÆ2 — n2 — R + wd_max (4.3)

where R is the drum radius of 0.75m, n is the nodal spacing away from the center 

of the drum (in increments of 5mm), and wd_max is the maximum soil 

displacement at all timesteps. This, in turn, is the equation for a circle, with the 

center of the circle being at the maximum displacement beneith the center node.
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It can be seen that at maximum displacement (Figure 4.9), around 14 

nodes are in contact with the roller, and at minimum displacement (Figure 4.10), 

8 nodes are in contact. It should be noted that even though a static Hertzian 

distribution is used for the time varying force, the distribution of the nodes in 

contact with the drum follow a somewhat circular shape. At intermediate time

steps, the total number of nodes in contact will vary. It is possible that for a very 

stiff scenario, there may be loss of contact between the soil and drum; however, 

this was not investigated in this study. Scenarios where the drum experiences 

loss of contact will be carried out in future graduate projects.

Figures 4.11 and 4.12 depict the maximum and minimum vertical surface 

displacement profile distributions of a range of halfspaces with increasing 

stiffness, respectively. It can be seen that as the homogeneous layer increases in 

stiffness, the indentation into the elastic media decreases. This results in a 

decrease in maximum vertical displacement under the center of the drum as well 

as a decrease in contact area between the drum and elastic media. Figure 4.13 

shows the trends of vertical displacement and contact area as a function of 

Young’s modulus. It can be seen that an increase in Young’s modulus produces 

a decrease in maximum vertical displacement and contact area. Again, this 

decreasing trend is expected since increasing the elastic modulus of the 

subgrade would decrease the amount of indentation which a drum could impart. 

In addition, if a base course layer were added, a thicker layer of stiffer material 

would add to the inertial effect which would oppose the indentation of the drum.
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4.4 Layered Simulations within Linear Hysteretic Model

Layered simulations of variable thickness were used to investigate the 

effects of the top layer on the overall response. Figures 4.14-4.16 show the 

addition of a base course Young’s moduli value Ei = 100 MPa atop the subgrade 

of E2 = 50 MPa, and with thickness, h, of 0.01, 0.02, and 0.03m, respectively. It 

can be seen that the boundary between the top and bottom layer produce a 

discontinuity in the displacement profile right at the thickness of the top layer. It 

can also be seen that the displacement profile diminishes once it reaches the 

less stiff lower layer.
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The discontinuity occurring within the displacement profiles of Figures 

4.14-4.16 occurs as a result of the increasing inertial contribution of the top layer. 

It can be seen that a thinner layer of stiffer material (Figure 4.14) produces a 

slightly less maximum vertical displacement that relatively thicker layers (Figure 

4.15 and 4.16). This suggests that there may be some threshold of top layer 

thickness that would influence the roller-measured displacement and stiffness. 

That is, once the top layer thickness increases past a certain depth, it is as if the 

roller is not influenced by the subgrade at all. Again, due to the small-scale 

nature of these simulations, the results presented herein are subject to the 

limitations of the model. Further investigation into the frequency-domain linear 

hysteretic algorithm should be performed to prove its efficacy.
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4.5 Explanation of the Iterative Linear Hysteretic Model

A series of finite element analyses were performed to analyze vibratory 

drum/elastic media interaction through an iterative equivalent linear, linear 

hysteretic algorithm capable of incorporating multiple materials’ intrinsic damping 

properties. Only small scale simulations were run of these analyses. This 

provided a proof of concept that the algorithm was able to capture the trends of 

vertical displacement and contact area as functions of Young’s modulus.

The profiles of vertical displacements and accelerations throughout the 

model are quite similar to the Boussinesq normal stress distribution seen in 

Figure 4.5. Surface displacements match up almost perfectly with the artificial 

roller which provides an indication that static Hertzian distribution theory is 

applicable for this study. The best example of this is seen in Figures 4.9 and 

4.10, where it can be seen that at maximum displacement, 14 nodes are in 

contact with the roller, and at minimum displacement, 8 nodes are in contact. 

During periods of oscillation, the number of nodes in contact will vary. The 

vertical displacement and contact width will vary with respect to the elastic 

modulus of both base lift layers and subgrade. Increasing the modulus of the 

subgrade results in a decrease in maximum vertical displacement maximum 

contact area. Analysis of layered situations may provide insight into the inertial 

contributions of individual layers, but further layered studies must be performed. 

Overall, the proof of concept generated from this model suggests that it has 

potential to provide useful information into the characterization of drum 

interaction with layered media.
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CHAPTER 5

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

This chapter overviews the general conclusions of the frequency-domain 

linear hysteretic methodology and suggests applications to enhance future 

research with the finite element framework.

5.1 General Conclusions

A finite element algorithm utilizing the linear hysteretic constitutive material 

model was developed for the purpose of studying the time dependent evolution 

of the contact area between a vibratory roller drum and the underlying soil 

foundation. The in-house linear hysteretic finite element algorithm has been 

under development for general dynamic analyses for the past 10 years. The 

developments made to this algorithm over the course of this study expanded its 

capabilities such that the forces exerted by a dynamic roller could be modeled 

onto the soil surface such that the time dependent evolution of the contact area 

between the drum and soil could be investigated. The linear hysteretic finite 

element framework as further developed over the course of this research project 

will be used to further investigate the force-displacement behavior of vibratory 

roller-soil foundation interaction, utilizing its capabilities for incorporating strain 

dependent shear moduli and damping ratios, spatially variable shear moduli and 

damping ratios, and convergence to the appropriate contact area under a contact 

force that can be further investigated. The general conclusions from this study 

may be summarized as follows.
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5.1.1 Pseudostatic vs. Dynamic Analyses

Musimbi (2011) provides the background that necessitates the usage of 

dynamic analyses for drum-soil interaction as opposed to pseudostatic analyses. 

It can be seen that for a parametric analysis of variable top layer thickness and 

stiffness, the pseudostatic analyses underpredict dynamically measured stiffness 

for soft cases and overpredict dynamically measured stiffness for stiffer cases. 

However, in Musimbi’s work, many assumptions are made about the Rayleigh 

damping constitutive models in the time-domain dynamic analyses, potentially 

obfuscating the resulting predicted dynamic behaviors. Therefore, linear 

hysteretic frequency-domain models are deemed a more appropriate model for 

the dynamic analysis of vibratory drums atop layered elastic media.

5.1.2 Finite Element Linear Hysteretic Viscoelastic Model

The linear hysteretic finite element algorithm is enhanced such that the 

force distribution of the roller upon the soil may be applied as an input force 

loading condition. This is used to determine the convergence of contact area 

based upon an assumed contact force and the given material properties of the 

underlying soil system. However, a general investigation into the capabilities of 

this model shows that it will be a useful tool for further iterative investigations into 

converging upon the contact areas and contact forces between the drum and 

soil. Analysis of the displacement and acceleration profiles may show and 

indication that a Boussinesq normal stress bulb is created the elastic media 

beneath the zone of loading. By applying static Hertzian conditions, soil surface
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displacement profiles matched well with the shape of a drum roller. This suggests 

that a time-varying static Hertzian distribution within the time-varying contact area

is an justifiable way to apply the vibratory load from a smooth drum roller.
I

Additions of a top layer with higher stiffness values indicate that the model 

is sensitive to the increased inertial effects introduced by the top layer. However, 

further investigation into different layered situations must be performed to prove 

its efficacy. Generally, the concept behind this model suggests that it has 

potential to provide meaningful and useful information into the characterization of 

the inertial effects of the addition of a thin, stiff base course.

5.2 Suggestions for Future Research

The largest limitation of this study lies in the fact that a granular soil 

material is being modeled as a continuous viscoelastic media. A suggestion for 

future research is to explore the possibility of modeling drum-soil interaction 

through the discrete element method, which could take into account the granular, 

no-tension nature of cohesionless soil. In addition, a hybrid-style code could be 

implemented where discrete elements are used near the contact zone and finite 

elements throughout the rest of the model. Further research could also 

incorporate a vibrating drum roller with a foreword velocity to monitor the change 

in stress distributions leading the moving drum. Another step further beyond this 

would be to model vibratory rolling within a 3-dimensional realm. This would give 

more insight as to the stress distributions which propagate on either side of the 

length of the drum.
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The linear hysteretic model should also be extrapolated into a full-scale 

model such that the validity of the model would improve. The model also has the 

capability to converge upon the appropriate contact force, which was left out of 

this study. Another step beyond this would be to incorporate the strain 

dependence by incorporating yet another iterative procedure outside of this loop. 

Once this is complete, a variety of layered situations should be performed to 

investigate the model's sensitivity to the inertial and intrinsic damping 

contributions of individual layers. Calibration and validation of the linear 

hysteretic code to experimental data would be the final step to make this 

algorithm a powerful tool in predicting compaction behavior of layered soil.
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LIST OF SYMBOLS

m0e0: eccentric mass on drum 
12. roller forcing circular frequency 
m0e0û 2(t)\ time varying centrifugal force 
k: soil stiffness
Fc@zd-MAx: contact force at the maximum drum displacement
Zd-MAx- maximum drum displacement
Fstatic- static contact force
Zstatic'- static vertical displacement
G(y): strain dependent shear modulus
f(y): strain dependent damping ratio
L: logarithmic decrement
xn: amplitude of first peak
xn+1: amplitude of subsequent peak
G. shear modulus of stress-strain curve
12. energy dissipated within stress-strain curve
75?: restoring force
k*. stored energy
k. dissipated energy
v. direction of motion
/  imaginary component
7 : loss factor
Æ phase lag between loading and rebound
R. amplitude of excitation
c: intrinsic damping proportionality constant
m\ driving oscillatory frequency
h: fictitious damping parameter
v(t): displacement vector
p(t) : forcing vector
m\ mass component
k  stiffness component
f  damping ratio
co\ natural frequency
(ùd: damped natural frequency
Td: damped natural period
k*: complex stiffness
E*: complex Young’s modulus
G*: complex shear modulus
JÇH. global complex stiffness
M- global mass component
P. global forcing vector
[f. global displacement vector
[C] : global damping matrix
[K]: global stiffness matrix
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[M]: global mass matrix
r(o>): complex global impedance matrix
or., p. proportional damping components
hi, hz height of top layer and bottom layer
Ei, Ez. Elastic modulus of top layer and bottom layer
vi, V2. Poisson s ratio of top layer and bottom layer
pi, pz. density of top layer and bottom layer
L. model length
Fev: eccentric force amplitude
md: drum mass
my : frame mass
g\ acceleration of gravity
zd: drum acceleration
iy. frame acceleration
p(jc): contact pressure distribution
p0: maximum contact pressure
x. position along the horizontal axis
Fc contact force
Lj. drum length
2ar. contact width
R. drum radius
wmax: maximum vertical displacement under center of drum 
wioss\ vertical displacement of last loaded node 
2a*: newly calculated contact width
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