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ABSTRACT

H5N1 influenza (the "bird flu") is a highly dangerous form of influenza which has begun 

to spread through the world's avian population, and ignited fears of a human pandemic on 

the scale of the 1918 "Spanish flu" disaster. Current theory proposes that the virus effects 

a sepsis-like state in its host, leading the host's own immune system to attack healthy 

cells. However, Salomon et al. have shown that restricting the immune system does not 

prevent death from the disease. No mathematical models currently examine the effects of 

the disease on the immune system. However, mathematical models have recently been 

proposed for examining H1N1 influenza and sepsis. A rigorous nonlinear mathematical 

analysis of these models is carried out; this analysis facilitates combining the two models 

into a single hybrid nonlinear system which simulates the effects of H5N1 on the 

immune system. This new hybrid model predicts that the immune system is an important 

part of the pathogenicity of the virus, but that restricting it will not save the host. Further, 

the new model predicts that the most dangerous part of an H5N1 infection is the virus's 

resistance to the immune system.
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C H A P T E R  1

IN T R O D U C T IO N

Influenza has been a m ajor cause of hum an disease and death for centuries. The 
first outbreak widely considered to  be pandemic, th a t is, affecting a large segment of 
the population the world over, occurred in 1580 [1], The most famous and deadly 
influenza eruption was the “Spanish flu” pandemic of 1918-1920, which killed an 
estim ated 40 million people [2]. Since then, there have been two more influenza 
pandemics in 1957 and 1968 which caused an estim ated combined loss of life of 
approximately three million people [3],

The discovery of a new type of influenza has engendered worries th a t another 
pandemic is on the horizon. This influenza, colloquially called bird flu, was first 
discovered in Hong Kong in 1997 [4]. In the ten years following, it infected 256 
people and killed 151, a m ortality rate of 59% [5]. This unusually high m ortality 
ra te  has raised fears th a t a bird flu pandemic could cause enormous casualties; the 
World Health Organization has projected deaths of between two and 7.4 million 
people - as a best case scenario - should a bird flu pandemic occur [3].

Fortunately, bird flu currently shows little propensity for the hum an-to-hum an 
transm ission required for its growth into a pandemic disease. It is endemic in 
waterfowl though, and most reported cases have originated from close human 
contact with poultry  [5]. However, influenza is an RNA virus, and therefore m utates 
quickly. In addition, it has been suggested th a t human and avian influenza viruses 
can trade genes when they both infect the same animal. Viral gene trading is called 
reassortm ent or genetic shift and sometimes results in a deadly new virus. The pig 
is often cited as a contender for being a “reassortm ent vessel” [5], an animal which 
can be infected by both human and avian viruses. Should reassortm ent between the 
bird flu and a hum an virus happen, the bird flu may acquire the ability to infect 
hum ans on a large scale.

1.1 T h e Influenza V irus: S tru ctu re

Influenza is a generally spherically shaped virus studded with surface proteins 
which aid in infection of new cells (Figure 1.1) [6, 7]. There are three kinds of
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Figure 1.1: Diagram of the influenza virion. The outer layer of the virion is made of 
the host cell membrane bilayer, and is covered with haem agglutinin (HA), which aids 
in attachm ent to a target cell, and neuram inidase (NA), which aids in cleavage from 
an infected cell, molecules. Once attached to a host cell, the virion injects its genetic 
m aterial (RNA) into the cell, initiating a new cycle of infection.

influenza virus: A, B, and C. Influenzas B and C, which differ from Influenza A in 
the composition of the internal proteins, do not appear to cause pandemics [5].
There are numerous subtypes of Influenza A th a t are identified by the distinct forms 
of their two surface proteins, haemagglutinin and neuram inidase [6].
Haemagglutinin, denoted by HA or H, is a protein which causes binding to and 
fusion with host cells, initiating the infectious cycle [8], It is the most common 
surface protein on influenza viruses [8], and is therefore a ready target for the 
immune system [7], Neuraminidase, denoted by NA or N, is a protein which appears 
to cause cleavage of the virion from the host cell after infection [8]. It is not as 
abundant as HA on the virus surface, but is nonetheless a target for the immune 
system. Due to  the evolutionary pressure placed on these two proteins by the 
immune system, they readily undergo m utation [7]. So far, 16 variants of HA and 
nine variants of NA have been catalogued by the scientific community, which names 
them  in order of their discovery: HI to H15 and N1 to N9 [6]. The bird flu is 
designated H5N1, meaning th a t its surface proteins consist of the fifth HA variant 
to be discovered, alongside the first NA variant discovered.
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Figure 1.2: The course of the influenza infection. (A) A pathogenic virus binds to cell 
surface receptors on a healthy target cell. It injects single-stranded RNA (ssRNA) 
into the cell, along with a number of proteins. (B) ssRNA is used as a tem plate 
to produce complementary RNA (cRNA), which then binds to the ssRNA, creating 
double-stranded RNA (dsRNA). dsRNA is a potent inducer of antiviral defense mech
anisms in the cell, including (C) capture of viral antigens by MHC proteins, which 
travel to the surface of the infected cell to present the antigens to passing immune 
cells. These antigens can either act as activators or signal the immune cell to destroy 
the infected cell. Meanwhile, the dsRNA migrates to  the nucleus, where it enables 
(D) production of viral RNA (vRNA) and structural and other proteins im portant 
to the replication and survival of new virions. (E) The structural proteins bind with 
the vRNA and m igrate to  the surface of the cell. Here, they wrap themselves up in 
the protective layer of the cell and bud off, freeing themselves to  infect other target 
cells (F).

Another im portant protein created by the influenza virus is the non-structural 
protein (NS1). The non-structural protein is an interferon antagonist: it somehow 
diminishes interferon’s effect on the immune system. Interferon is an im portant 
cell-signalling protein, or cytokine, which functions to prepare epithelial cells against 
infection by the influenza virus. Recombinant viruses which have had their gene for 
NS1 removed are non-pathogenic in their hosts, underscoring the im portance of NS1 
to a successful infection by the virus [9].
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1.2 T h e Influenza V irus: C ycle o f  In fection

The influenza virus generally attacks the upper airways of the respiratory system 
in human hosts. It is transferred from host to host via small airborne droplets, 
typically the result of coughing [6]. Once the virus has found a new host, it attaches 
itself to a receptor on the surface of an epithelial cell; a cell on the surface of an 
organ (the lungs, in this case). A ttachm ent to the receptor causes the cell to 
endocytose the virion, or wrap the virion in its cellular membrane, internalizing it. 
This in tu rn  causes the virus to  bind to  the endocytotic vesicle and release its RNA 
(Figure 1.2) [6]. After the viral RNA (vRNA) enters the host cell, transcription of 
host RNA is blocked, effectively shutting down the cell. At the same time, the 
vRNA hijacks the host cell’s production mechanisms and forces them  to begin the 
production of more vRNA [7]. Influenza RNA is single stranded, so this first 
consists of creating a complementary RNA strand to the vRNA. The presence of 
double stranded RNA activates the antigen expressing MHC proteins, which take up 
viral antigens and migrate to the cell surface, where they display the antigen for 
recognition by the immune system. If the infected cell is not destroyed by the h ost’s 
immune system, it begins producing the proteins and RNA necessary for the 
creation of new virions. At the beginning of the infectious cycle, these are typically 
internal proteins and NS1 [6], which the virus uses to block the action of interferons. 
During this phase, the eclipse phase, the infected cell does not produce any new 
virions. However, as it nears the end of the eclipse phase, it begins producing the 
structural proteins th a t make up the new virions. These structural proteins coalesce 
around the newly produced vRNA and m igrate to the cell surface. There, HA and 
NA embed themselves into the bilayer membrane of the cell. The virus then wraps 
itself in the HA- and NA-studded bilayer and buds off of the surface of the cell, 
becoming a new virion, which is free to infect other healthy cells [7].

There is some evidence to suggest th a t vRNA uptake by new virions is at least 
in part random  [7]. Therefore, in a cell infected by two different kinds of influenza 
virus, there is a chance th a t a new virion will contain RNA from both kinds of 
virus. This purportedly happens in pigs, which can be infected by both human and 
avian viruses. W hen an epithelial cell of a reassortm ent vessel is infected with two 
different kinds of influenza, RNA from both  viruses is produced. If the right 
combination of RNA strands is taken up by a new virion, a new type of virus
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emerges. However, there is no guarantee th a t the new virion will be viable. There is 
little error-checking in RNA assembly, leading to a high rate of m utation - some 
estim ate as many as one m utation per influenza virion. This, coupled with the 
random  basis of RNA uptake, leads to many more nonpathogenic than  pathogenic 
virions produced per infected cell. Still, pathogenic virions are produced and fears 
are th a t it is only a m atter of tim e before H5N1 reasserts with human viruses, 
leading to a destructive pandemic.

The immune response to infection can be broadly divided into two categories: 
the innate response and the adaptive response [10]. The innate response is also 
called the non-specific response, due to its ability to attack  any kind of pathogen.
On the other hand, the adaptive response is also called the specific response, 
because it requires recognition of a specific antigen to become activated. W hen the 
adaptive immune response recognizes an antigen, immune cells specific to  th a t 
antigen proliferate and move to  the area of infection. Once there, they destroy any 
invading microbes. The adaptive response is much more adept at destroying 
invading pathogens than  the innate response, so the immune system seeks to 
activate it as soon as possible. However, the innate response is much quicker than 
the adaptive response, and serves to contain the growth of the pathogen until the 
adaptive response is fully mobilized. The innate response also aids in transporting 
the antigen to places in the body where it might be recognized by cells of the 
adaptive response, a phenomenon called antigen presentation.

The body’s first line of defense against invading pathogens is the tissue 
macrophage population [11]. M acrophages are large white blood cells th a t are 
formed in the bone marrow. They begin life by circulating in the blood as im m ature 
monocytes. After some time, or in response to infection, they m igrate to the tissue, 
where they enlarge many times over to become fully grown macrophages. 
Macrophages are capable of phagocytosing many pathogens before dying. Since they 
are present in the tissue at all times, they are also the first responders to infection.

Another white blood cell im portant to  the innate immune response is the 
neutrophil. Neutrophils are also created in the bone marrow, but they emerge fully 
m ature and spend most of their lives circulating in the blood [11]. In response to 
infection, however, neutrophils are capable of m igrating out of the blood stream  and 
into the infected tissue, where they begin phagocytosing pathogen. They are 
capable of phagocytosing only a few bacteria before they die, bu t enormous 
numbers of them  are produced soon after infection is detected, so they have a great 
im pact on control of the infection.
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The dendritic cell also performs a m ajor function of the innate immune system. 
It uses m acropinocytosis, continuously engulfing small am ounts of the interstitial 
environment around it, to check for antigens [10]. If it comes in contact w ith an 
pathogen, the dendritic cell becomes activated, m igrating into the lymph nodes 
(where large amounts of B and T cells exist) and presenting the antigen to the cells 
in the node. Once it finds a B or T cell which is specific to th a t antigen, it helps to  
activate the cell, which initiates the adaptive immune response.

The adaptive immune response is further divided into two categories, each 
characterized by the two main kinds of adaptive immune cells: B cells and T  cells 
[11]. B cells regulate humoral immunity, which is im portant in the production of 
antibodies. B cells are specific to  a single antigen, and create antibodies th a t can 
bind to only th a t antigen. Antibodies have an extremely high affinity for their 
antigen, and so bind to  it in a so-called irreversible manner. W hen an antigen is 
bound by an antibody, it is marked for ingestion and destruction by T cells. T cells 
m ediate cell-based immunity. T cells are also specific to a single antigen, but, unlike 
B cells, they m igrate to the point of infection and actively phagocytose or destroy 
any pathogen expressing th a t antigen. The T cells which actually carry out 
phagocytosis are called cytotoxic T cells. O ther im portant T cells are helper T cells, 
which help activate adaptive immune cells.

W hen an RNA virus first infects a cell, it injects its RNA into the cytoplasm of 
the cell. In most RNA viruses (including influenza) this RNA is single stranded. 
However, in order replicate, the RNA must be bound to its complementary strand 
of RNA (cRNA). Double stranded RNA does not exist in the hum an cell, so its 
presence often indicates viral infection [10]. W hen the cell detects an abnormally 
large amount of double stranded RNA, it begins excreting interferon. Interferon is a 
cytokine, a small protein used in cell signalling, which primes nearby epithelial cells. 
Epithelial cells primed in this m anner begin producing a protein which can disrupt 
the synthesis of new viral RNA by destroying the cell’s ability to translate mRNA 
into proteins, killing the virus and the cell. Interferon also upregulates activity of 
the m ajor histiocom patability complex (MHC) proteins. In an infected cell, MHC 
proteins attach themselves to antigenic viral products and m igrate to the surface of 
the cell to  present the antigens. Cytotoxic T cells th a t are capable of recognizing 
the antigen will then phagocytose or destroy the cell. In influenza, this action 
eliminates the virus because the viral particles inside the cell are not yet fully 
formed and are uninfective. Interferon is so effective at disrupting viral reproduction 
th a t many viruses have evolved ways to  avoid the interferon response. In the case of
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influenza, this avoidance mechanism comes in the form of NS1, which somehow 
counteracts the action of interferon. In most forms of influenza, this disruption is 
not enough to render interferon useless, and so the immune system is still able to 
fight off the infection. However, the NS1 protein of H5N1 appears to completely 
disrupt the action of interferon, allowing the virus to  replicate more effectively than 
normal influenza [12].

After a macrophage detects the viral presence, either due to interferon signalling 
or having a viral antigen presented to  it, it becomes activated. Activated 
macrophages are capable of phagocytosing many pathogens, but their lifespan is 
only a few days long [11]. Additionally, tissue macrophages are small in number, 
and may be overwhelmed by too powerful an infection. Fortunately, chemotactic 
agents produced by infected or damaged cells migrate to  the blood and begin 
recruiting innate immune responders (primarily neutrophils and macrophages). 
Additionaly chemotactic agents can be carried downstream to promote the creation 
of more white blood cells. W ithin a few hours of infection, neutrophil density in the 
blood can increase fivefold. If the host’s immune system has been exposed to the 
virus before (e.g. the host has been immunized against it), there are relatively large 
numbers of adaptive immune cells specific to th a t antigen already in the body, 
allowing quick activation of the adaptive immune response [10]. W ithin a few days, 
copious am ounts of B and T  cells have been produced, and they descend upon the 
virus, eliminating it. This usually happens quickly enough th a t the host does not 
even experience symptoms associated with the virus. However, influenza m utates 
fairly quickly. Thus, every few years the antigens of the influenza virus have 
changed enough th a t the body does not fully recognize them, producing an 
a ttenuated  response which may take longer to develop. In this case, the sickness 
may drag on for some tim e while the body builds up its supply of B and T cells. In 
this case, the host experiences typical symptoms of the disease. Once the virus is 
eliminated, adaptive immune responders specific to th a t antigen remain in the host 
in greater numbers, endowing the host with immunity to th a t form of the virus. 
H5N1 is completely novel, though, and it may take weeks for a competent adaptive 
immune response to it to develop. Due to the highly pathogenic nature of this virus, 
a few weeks is often too long.
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1.3 H 5N 1 P a th o g en ic ity

As mentioned above, H5N1 influenza has a m ortality ra te  of over 50%. Studies 
have estim ated th a t even the 1918 pandemic killed only 3-5% of those infected. The 
mechanism of this increased severity of the disease is unknown, bu t it is the focus of 
a number of investigations [13, 14, 15]. Some have proposed th a t a prim ary 
contributor to the highly pathogenic nature of the virus is its ability to  somehow 
disrupt the normal workings of the host’s cytokine system [13, 14]. These 
hypotheses have been derived from autopsies which revealed abnorm ally high levels 
of cytokines in the area of infection, as well as the discovery of a m utation in the 
NS1 gene. In essence, investigators are proposing th a t H5N1 somehow induces a 
phenomenon known as cytokine storm  in its victims.

Cytokine storm  is a laym an’s term  used to describe w hat might otherwise be 
called cytokine disregulation or hypercytokinemia. Cytokine storm  is a symptom  
most often associated with sepsis, a condition in which bacterial infection leads to 
systemic inflammation and, in bad cases, organ failure and death [16]. This 
pathology is brought about because of the way the cytokine network interacts with 
the immune system. W hen a cell comes under assault from any noxious stimulus 
(infection, injury) and is damaged, it releases cytokines. These cytokines cause 
inflammation locally, a condition characterized by heat, pain, redness, and swelling 
[10]. The pain is caused by cytokines priming the local nerve fibers. The heat and 
redness are caused by the action of the cytokines on local blood vessels: they cause 
capillaries to dilate, increasing the blood flow to  the area. This is also partially 
responsible for the swelling, as cytokines act to loosen the junctions between 
epithelial cells lining the blood vessels, letting more extracellular fluid into the 
tissue. These mechanisms all enable white blood cells greater access to  the inflamed 
area. Blood flows more slowly and at more uniform speeds (instead of more quickly 
in the center of the vessel, as usual) through dilated vessels, giving white blood cells 
more time to attach themselves to the epithelium. The looser connections between 
epithelial cells make it easier for the white blood cells to squeeze through and into 
the infected area. The white blood cells follow the cytokines, which are chemotactic, 
to their source. Once there, they release more cytokines, drawing still more white 
blood cells to the area. In normal inflammation, anti-inflam m atory as well as 
proinflammatory cytokines are released, th ro ttling  the activation of white blood



cells. This is necessary because white blood cells can sometimes mistake healthy 
cells for damaged or infected ones and destroy them. Eventually, as the source of 
the inflammation is resolved, the anti-inflam m atory cytokines predominate, and the 
cycle dies down. However, in a cytokine storm, something disrupts the normal 
workings of the cytokine network. This causes an overabundance of white blood cells 
to begin assembling in the area, leading to greater healthy cell damage caused by 
white blood cells. The healthy cells then release more cytokines, contributing to the 
increase in the white blood cell population, leading to even more damage to healthy 
cells. The normal negative feedback loop of activation and inhibition now becomes a 
potentially deadly positive feedback loop. It is unclear what the mechanism or 
mechanisms for initiating a cytokine storm  are. It has been suggested tha t, e.g. in 
sepsis, a high rate of bacterial growth plays a role [17], although cytokine storm  has 
also been observed in otherwise healthy volunteers testing a T-cell superagonist [18].

A lthough it is not known w hat the mechanism for the induction of cytokine 
storm  by H5N1 is, some propose th a t the NS1 protein contributes. However, 
Salomon et al. have proposed th a t the cytokine storm  does not contribute as greatly 
to the highly pathogenic nature of the virus [15]. They performed a study using 
transgenic mice which were missing the gene encoding a particular m ajor cytokine 
( “knockout” mice). These mice still succumbed to H5N1. Further, Salomon et al. 
[15] treated  wild-type mice with steroids to  depress their cytokine response entirely. 
These measures still did not save the subjects from eventual death from the virus. 
Thus, it is unclear even if cytokine disregulation is a prim ary contributor to H5N1 
pathogenicity.

1.4 O u tlin e  o f T h is T h esis

The purpose of this thesis is twofold: first, m athem atical analysis using 
com putational and nonlinear analysis techniques is carried out on two models from 
the existing literature which have been used to examine benign influenza infection 
and sepsis. Using the knowledge gleaned from the analyses of these models, a new 
hybrid model is developed, based on these two models but more appropriate for 
studying H5N1. Finally, simulations of the hybrid model are run, in an a ttem pt to 
answer a number of questions about H5N1, chiefly, whether the immune system 
does play an im portant part in the pathogenicity of the virus, what characteristic of 
H5N1 makes it so deadly, and why the experiments of Salomon et al. had the results 
they did.
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The outline of the thesis is as follows: in Chapter 2, we recall two existing 
models from the literature, one by Baccam et ah [19] which quantifies certain viral 
kinetics for benign influenza infection, and the other by Reynolds et al. [17], which 
develops and examines a model for bacterial sepsis. Baccam et ah did not perform a 
m athem atical analysis of their model, so we carry out the analysis in Chapter 2. 
Reynolds et ah did perform a brief m athem atical analysis, bu t because of the 
difficulty of analyzing their model, use mostly numerical analysis. We perform a 
more in depth analysis in C hapter 2, and show th a t a few simplifications to  the 
model allow us to approximate it with a model which is tractab le  to m athem atical 
analysis. In C hapter 3, we use the analyses from Chapter 2 to develop a hybrid 
model which is better suited to modeling H5N1. We m athem atically analyze the 
hybrid model, and then use it to simulate infection with H5N1. Then by adjusting 
various param eters of the model, we examine the questions raised earlier: what 
impact does the immune system have during infection, why is H5N1 so deadly, and 
why does curtailing the effect of the immune system not protect the host. Finally 
we also examine the difference between the continuous tim e and discrete time 
hybrid model, and conclude th a t there are no noticeable behavioral differences 
between them.
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C H A P T E R  2

M A T H E M A T IC A L  A N D  C O M P U T E R  M O D E L S O F IN F L U E N Z A  
IN F E C T IO N  A N D  SE P S IS

M athem atical biology is com paratively new, and is still a developing field. Much 
of the work in modeling infection has focused on examining the spread of disease 
from person to person and population to  population, concentrating on methods for 
m itigating epidemics of dangerous diseases. Studies th a t have examined the actual 
process of infection have largely concentrated on bacterial infection or infection by 
viruses such as HIV. H 5N l’s com paratively recent emergence as a potentially m ajor 
killer has spurred a bout of interest in influenza, but m athem atical models of the 
disease are still few, and no work has been done on a model of H5N1 itself.
However, models governing the action of HIV have been adapted to influenza in a 
lim ited manner.

A small number of m athem atical models have been applied to bacterial sepsis. 
Since these models a ttem pt to  examine the mechanics of cytokine storm, the 
supposed mechanism of pathogenicity of H5N1, they can also be useful in trying to 
build a model of H5N1. Particularly, models of sepsis include some term s denoting 
damage to  the cells by hyperactive phagocytes, a hallm ark of cytokine storm. 
However, the model developed here is the first to combine equations from models of 
bacterial sepsis and equations from models of influenza infection in order to examine 
the effect of H5N1.

The main focus of this chapter is on recent models of infection with benign 
influenza (Baccam et al. [19]) and bacterial sepsis (Reynolds et al. [17]) proposed in 
2006. Baccam et al. sought to determine viral kinetics of influenza using H1N1 
influenza, which is not fatal to healthy adults because they have developed partial 
immunity to it. To this end, they developed a simple model for H1N1 influenza 
infection. Experim ental da ta  gathered by infecting human test subjects with H1N1 
and measuring the viral titre  at various times during infection are fit to the model. 
Baccam et al. make no m athem atical analysis of their model. In this chapter, we 
make a m athem atical analysis of the system  of equations proposed by Baccam et al. 
and examine the stability of their equilibria. We also compare the continuous 
dynamical model with a discrete model to  determ ine w hether a discrete formulation 
is more accurate or leads to different behavior than  the continuous formulation. In
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the Reynolds et al. paper, a model for bacterial sepsis is developed which examines 
the effect of an overzealous immune response to infection on healthy host cells. The 
model is too complicated for a thorough m athem atical analysis, as it is impossible to  
determine the values of most of the equilibria. Therefore, Reynolds et al. analyzed 
the model numerically - possible because they only consider the effects of varying 
one param eter. In this chapter, the analysis of the Reynolds et al. model is more 
thorough. We find th a t making a few simplifications results in a model for which it 
is possible to m athem atically determ ine the equilibria and their stability  properties; 
this model approximates the Reynolds et al. model. Both the Baccam et al. model 
and the Reynolds et al. model are nonlinear systems of ordinary differential 
equations. Because they are nonlinear, they cannot be analytically solved. Thus, 
the analyses of these models were carried out using nonlinear stability  analysis, an 
overview of which is provided in Appendix I. Simulations of these models were also 
run, using adaptive R unge-K utta m ethods to  numerically approxim ate the 
solutions. An overview of the Runge-K utta m ethod and the commands and 
param eters used in the simulations of these models is given in Appendix II.

2.1 Influenza M od el

Baccam et al. used a m athem atical model to study the kinetics of Influenza A 
infection [19]. They based their model on previous work done on HIV and hepatitis. 
Simple models of these infections have led to breakthroughs in the understanding of 
the kinetics of these viruses. For example, m athem atical models of HIV revealed 
th a t the virus had such a high turnover rate th a t greater than  99% of the titre  at 
any given moment was produced by new infections [20]. These models were quite 
simple; viral titre  and number of infected cells might be the only two variables 
examined. This was possible because the HIV and hepatitis models describe 
diseases which are at steady state for a long time, with the host getting neither 
worse nor better in term s of disease progression. However, the same cannot be said 
of influenza, which attacks and is resolved within a week or so. Thus, Baccam et al. 
develop a model that, while based on the previous work on HIV, allows them  to 
examine the effects of a virus which rapidly attacks and then subsides.

Though the model of Baccam et al. examined the effects of an influenza A virus, 
their use of healthy, hum an volunteers as test subjects precluded testing potentially 
fatal diseases such as H5N1. Instead, they infected their subjects with H1N1, the 
same type of virus which figured in the 1918-1920 influenza pandemic. People are

12



now largely immune to this virus. However, due to its high rate of m utation, new 
offshoots of this disease are constantly being produced. Most people are only 
partially immune to these new forms of the disease - enough so th a t the infection is 
quickly fought off, bu t not enough to be considered fully immune (i.e. not enough so 
th a t the disease is destroyed before symptoms are felt). Baccam et al. fit their da ta  
to the following model for t >  0

(2 .1) 

(2 .2)

p i  — cV. (2.3)

Here, T  is the number of healthy cells remaining in the area of infection, with initial 
sta te  T(0) =  4 x 108 cells (an estim ate for the number of cells in the upper 
respiratory system). I  is the population of infected cells with initial sta te  assumed 
to be 7(0) =  0 cells, and V  is the amount of free virus. The da ta  indicated th a t the 
average value for the initial am ount of virus was V (0) =  9.3 x 10~2 TC ID 5o . The 
units of viral titre, TCID50 are 50% tissue culture infective doses, in other words, an 
amount of virus capable of infecting 50% of the cells in a given culture after one 
round of infection. Biologically, this model examines the effect of the virus on the 
lung in a target-cell limited manner, meaning th a t the lack of target cells is the 
largest barrier to viral replication. This is a departure from biological normalcy, 
where the immune system plays an im portant part in eliminating the virus from the 
body. Further, it highlights the most glaring inadequacy of this model for describing 
the kinetics of H5N1; since the immune system is ignored in this model, it cannot 
play a part in the pathology of the disease. Most im portantly, it does not contribute 
to the destruction of healthy cells, as is believed to happen in H5N1.

However, it is an effective departure point, because it simply models a biological 
process (infection with H1N1) very similar to the process th a t the model developed 
in this paper examines (infection with H5N1). Equation (2.1) models the behavior 
of the population of healthy target (epithelial) cells using the law of mass action. 
The law of mass action is a principle derived from chemistry, which states th a t if 
two species interact randomly, the rate  of their interactions is proportional to the 
product of their concentrations. In the case of equation (2.1), the nonlinear 
interaction is the infection of healthy cells by virus, and /3 is a measure of how 
successful the virus is at infected a target cell. Since Baccam et al. assume th a t the

dT
dt
d l
dt

d y
dt
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time lapse between initial infection and resolution of infection is so short th a t no 
effective regeneration takes place, there is no term  denoting an increase of healthy 
cells from cell growth. To test this assumption they included a nonlinear logistic 
growth term  rX (l — T /T (0 )) for the epithelial cells. This term  did not lead to an 
improvement of the fit, and they discarded it. Thus, the only relevant term  is the 
one representing the infection of healthy cells by virus; since this interaction means 
th a t cells th a t once were healthy are now infected, the term  has a negative sign to 
denote the decrease of healthy cells due to infection.

Equation (2.2) models the behavior of the population of infected cells over time. 
The same term  from equation (2.1) also appears in this equation, bu t this time with 
a positive sign. This is because every healthy cell infected by the virus becomes an 
infected cell, so the term  representing movement from healthy cells to  infected cells 
must be the same, bu t negative for healthy cells (representing a decrease in the 
number of healthy cells) and positive for infected cells (representing the 
corresponding increase in the number of infected cells). This is counterbalanced by 
the 51 term , which is a term  th a t represents death of infected cells. Here, 6 
represents the rate of infected cell death, i.e. given a concentration of infected cells,
5 represents how many remain after a given interval of tim e. Biologically, this is 
intended to represent death due to  the effects of the virus (influenza essentially 
“starves” a host cell by shutting down its ability to create proteins im portant for 
life) and the effects of the immune system. It is im portant to note th a t since this 
term  depends on I  only, it would be impossible to  separate the effects of the virus 
from the effects of the immune system should this model be used to analyze H5N1.

Finally, equation (2.3) models the behavior of the amount of virus in the system. 
Baccam et al. assume th a t virus is produced at a constant ra te  p by infected cells.
In reality, there is often a lag or eclipse phase, between when a cell is infected and 
when it begins producing new virions. However, infected cells were assumed to begin 
new virion production immediately for simplicity. The term  cV  represents viral 
clearance, or the rate at which free virus is removed from the system, c characterises 
the rate of clearance, which is due largely to mucociliary clearance, th a t is, clearance 
of virions which are trapped in mucus secretions and then moved out of the lungs by 
the action of cilia. The loss of free virions due to  binding to healthy cells was 
neglected because it had a very small impact on the behavior of the population, so c 
can also be thought of as representing loss of free titre  in this m anner. It has been 
shown recently th a t non-specific antibodies and complement are also im portant for 
clearance of influenza virions [21], and the action of these defense mechanisms can
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also be considered to  be represented by the clearance rate  c .

2.1 .1  M a th em a tica l A n a ly sis

The prim ary purpose with this model was to provide a framework for viral 
kinetics param eters. Thus, Baccam et al. made no m athem atical analysis of their 
model. However, it is im portant to  understand the changes in behavior of the model 
in order to understand which param eters affect the behavior of the system more 
acutely. Thus, we perform a m athem atical analysis of (2.1) -  (2.3), using a 
linerization technique at the equilibria (see Appendix I for a general description of 
this analysis).

Equilibria: Equations (2.1) -  (2.3) are nonlinear, and therefore not 
tractable to solving analytically. Despite this, the basic behavior of the system is 
amenable to analysis. The relevant (positive and real) equilibria of the system are 
given by the steady s ta te  vector [T*,/*, V*]T of the system

0 =  (2.4)

0 =  /3 T * y * -& r ,  (2.5)

o = p r - c y * .  (2.6)

Substituting (2.4) into (2.5) gives I* =  0, which in tu rn  means th a t equation (2.6) 
becomes 0 =  —cV*. Thus, V* =  0, which satisfies equation (2.4) automatically. This 
means th a t T* =  a, for real, positive a. Therefore, there are infinitely many 
equilibria of the form [a, 0, 0]T, a £ M, the set of all real numbers.

S ta b ility  at th e  E quilibria  Standard linear stability analysis (Appendix 
I) implies th a t [a, 0, 0]T is stable if real(A) < 0, where A are the eigenvalues of the 
Jacobian of the system at [a, 0,0]T, denoted by J([a, 0, 0]T). Further, [a, 0, 0]T is 
asym ptotically stable if real(A) <  0. The Jacobian of the system (2.1) -  (2.3) at 

is
"  o -/?T"

o p

/3T*
—c
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Substituting in the equilibria [T*, I*, V*]T — [a, 0, 0]T gives

j  (K 0 ,0 ]T) =
0 0 —j3a
0 —8 pa  
0 p —c

Let the lower-right 2 x 2  m atrix be A, th a t is, let

A  =
—8 Pa 
p —c

The characteristic equation associated with J([a,  0, 0]T) is

0 =  det ( J  ([a, 0, 0]T) — XI)  — —A((—<5 — A)(—c — A) — Ppa).

Therefore, one eigenvalue is A% = 0 ,  the other two are solutions of

A2 T ((5 T c)A T  8c — Ppa =  0.

The real parts of A, where A satisfies (2.7), are negative if the Routh-Hurwitz 
conditions (Appendix I) hold:

tr(A ) <  0, 

det(A) >  0,

(2.7)

th a t is,

— {5 +  c) <  0,

8c — ppa > 0.

Both 8 and c are positive param eters, so the first condition, (2.8), is always 
satisfied. The second condition, (2.9), is satisfied if

a <
8c

(2.8)

(2.9)

(2 .10)

Assuming (2.10) is satisfied, the equilibria are stable, but not asym ptotically stable 
(the largest eigenvalue is 0). This is intuitively understandable. Because the 
equilibria are of the form [a,0,0]T, a real and positive, any a which satisfies (2.10)
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will be a component of the equilibrium. Thus, any equilibrium of the form 
[a +  6, 0, 0]T, b real and greater than  or equal to —a is also stable provided th a t 
a + b < ôc/Pp. Therefore, the system might be stable around [a,0,0]T, but it might 
also be stable at [a +  6,0, 0]T and if the behavior of the system arrived at 
[a +  6, 0, 0]T first, it would never decay to [a, 0, 0]T (see Figure 2.1).

We simulated the model (2.1) -  (2.3), using techniques given in Appendix II.
The sim ulated results show good agreement with the theoretical analysis. In each of 
the figures in Figure 2.1, the viral and infected cell populations approach zero, while 
the healthy cell population reaches a plateau. Since the equilibrium allows for any 
healthy cell population, it is impossible to  know whether the simulated healthy cell 
population is approaching its equilibrium point or not. However, a decline from the 
initial number of healthy cells can be expected, since the derivative of the 
population of healthy cells with respect to  time is non-positive. More strongly, since 
the initial number of healthy cells and the initial amount of free virus must both be 
greater than  zero in order to model a biologically relevant sta te  of infection, the 
derivative of the healthy cell population with respect to tim e can be said to be 
negative for at least some tim e t >  0. The expected decline in healthy cell 
population can be seen in each figure in Figure 2.1.

Since there is a condition on the stability of the equilibria [a, 0 ,0]T, (2.10), it 
may be insightful to  examine the effects of violating the stability condition. 
Obviously, a >  0, otherwise the equilibrium is biologically irrelevant. Thus, it is 
possible th a t a >  ^  for some values of 6, c, j3, and p. However, since [a, 0, 0]T is not
asymptotically stable, it is expected th a t the effect of decreasing the value of is
merely to  push the equilibria [a, 0, 0]T to smaller and smaller values of a. In 
contrast, Figure 2.2 shows th a t decreasing the values of can have consequences 
for the biological relevance of the model. As decreases, the population of healthy 
cells decreases ever more rapidly, until eventually it dips below zero, though it 
eventually returns to decay towards zero. Baccam et al. do not address this 
possibility in their paper, though it is of obvious im portance, since negative cell 
populations do not exist in nature.

2 .1 .2  D iscrete  m od el

Since infection and virus creation do not take place continuously, a discrete 
version of this model might be more appropriate than  the continuous one proposed

17



T im e c o u r se  o f B a c c a m  et al. M odel 
V(P) =  0 .3 5  p =  3 .4 e - 0 0 5  5 =  3 .4  p =  0 .0 0 7 9  c  -  3 .3

Bi

10

5

H ealth y  C e lls
 In fected  C e lls

: —  ̂ - Viral Titre

0

-50 2 4 6 8

T im e c o u r se  o f  B a c c a m  et al. M odel
V (0 ) =  0 .0 0 1 4  p  =  0 .0 0 0 1 6  5 =  1 1 .2  p = 0 .0 0 4 1  c  =  2 .1

T im e (D a y s)

10

5

0 H ea lth y  C e lls  

— - I n fe c te d  C e lls  

 V iral Titre

a.
4 6 80 2

T im e (D a y s )

T im e c o u r se  of B a c c a m  et al. M odel 
V (0) =  0 .01  8  =  0 .0 0 0 1 3  5  =  2 .1  p =  0 .0 0 3 2  c  =  2 .1

m

o
H ealth y  C e lls

 In fected  C e lls
• — -V iral Titre

-10

T im e (D a y s )

a .
' o

T im e c o u r se  o f B a c c a m  et al. M odel 
V (0) =  0 .9 1  (3 =  6 .3 e - 0 0 6  6  =  2 .8  p =  0 .0 4 2  c =  3 .
10

5

H ea lth y  C e lls
 In fec ted  C e lls
 Viral Titre

0

-5 420 6 8
T im e (D a y s )

T im e c o u r se  o f B a c c a m  et al. M odel 
V (0) =  0 .4 3  8  =  2 .3 e -0 0 5  0 =  5 .1  p =  0 .0 1  c =  4 .2

10

5

H ealth y  C e lls  

— Infected  C e lls  

• - Viral Titre

0

-50 2 6 84

T im e c o u r se  o f B a c c a m  et al. M odel 
V (0) =  0 .3 3  {3 =  3 .8 e - 0 0 6  6  - 3 . 6  p =  0 .0 7 1  c =  3 .6
10

5

H ealth y  C e lls
 In fected  C e lls
• — -V iral Titre

0

5
20 4 6 8

T im e (D a y s ); Tim e: (D a y s )

Figure 2.1: Log graphs of the behavior of the Baccam et al. model. These graphs 
show the number of healthy cells, infected cells and the viral tite r for each system. 
The param eters used were taken from the fit of six patients to  the  model of Baccam et 
al. The stability conditions for each plot are A) a < 4.177 x 107, B) a <  4.413 x 107, 
C) a < 1.06 x 107, D) a <  3.280 x 107, E) a <  9.313 x 107, and F) a < 4.804 x 107.
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Timecourse of B accam  et al. Model
0.01 (S =  0.01 S =  4 p = 0 .012  c = 3

Healthy Cells
 Infected Cells
: ------Virai Titre

to
co

£ 2-O
CL
O
o

-10

Time (Days)

Figure 2.2: A graph of the continuous tim e Baccam model for a relatively small value 
of =  1 x 106. The oscillations in the population of healthy cells indicate th a t 
^  =  —f3TV  is changing sign, and since /3 >  0 and F  > 0 for the duration of the 
oscillations, it can be concluded th a t the sign of T  is changing. This indicates th a t 
for at least some time, T  <  0, which is biologically impossible.

by Baccam et al. [19]. A discrete in tim e version of (2 .1 ) -  (2.3) is

Ai+i =  A  +  f3TnVn — 0Ini (2.12)

Fn+1 = Vn p ln — cVn. (2.13)

The various param eters and variables are the same as in the continuous model. We 
simulate this model for the average param eter values found by Baccam et al. and for 
the param eter values representing the disease course of each patient (also given in 
Baccam et ah). All of these simulations result in biologically irrelevant, unstable 
oscillations of all three populations (not shown). As it is im portant to  identify the 
source of this discrepancy with the continuous dynamical model, we examine the 
param eters of the system. Assuming /  =  0, as in the initial condition, and 
examining equation (2.13)

Vn+i = Vn — cVn =  Fn( l  -  c), (2.14)

reveals th a t c m ust be less than  1 , or F t will begin oscillating between positive and
negative values. However, Baccam et al. have, on average, c =  3.01/day. Thus, F + i
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will have the opposite sign as Vn . Fortunately, (3 is measured in units of 
l/(T C ID 5odays), 8 in TC ID 5o/days, and p  and c in 1/days. Converting from days to  
hours for each param eter requires only dividing by 24, so e.g. c =  0.125. The 
resulting simulation is shown in Figure 2.3. This version of the discrete model is 
very similar to th a t shown in Figure 2.1 for the continuous model. In order to 
determ ine the reason for the similarity between the  discrete model (after 
modification of param eters) and the continuous model, we require linear stability  
analysis of the discrete model (2.11) -  (2.13).

E quilibria o f th e  D iscrete  M o d el Equilibria of this model are points 
where Tn+i =  Tn, In+i =  and Vn+i =  Vn. Plugging these relations into equations 
(2.11) -  (2.13) gives

0 =  (2.15)

0 =  (2.16)

0 =  p ln — cVn. (2.17)

This is the same system as given in equations (2.4) -  (2.6), and the equilibria of the
two systems are therefore the same: [a, 0 , 0 ]T, where a is real and positive.

S ta b ility  o f  th e  E quilibrium  V alues The Jacobian of the discrete 
system (2.11) -  (2.13) at [V, / ,  T]T is

j ( [ y ,T ,T ] r  =
1 -  /3V 0

1 -  J /3T
0  p 1 — c

Plugging in the values of the equilibria of the system gives

(̂[<2 , 0 , 0 ]r ) =
1 0  /3a
0 1 — <5 (3a
0  p 1 — c

The associated characteristic equation is (1 — A)[(l — 8 — \)(1  — c — X) — (3ap\ — 0. 
Thus, one of the eigenvalues is Ai =  1. The other two are solutions to

À2 T  (8 — 2 +  c)À T 1 8c — c — 8 — (3ap — 0.
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Figure 2.3: Discrete form of the continuous Baccam et al. model (2 .1 ) -  (2.3). The 
outputs of this form of the model are qualitatively similar to those of the continuous 
model shown in 2 .1 .

21



To determine stability of these eigenvalues, we need not actively determ ine their 
values. Instead, we can check them  against the Jury conditions (Appendix I); in this 
case they are

11 T  be — c — b — /3czp| <  1,

2 — b — c <  2 +  be — c — b — j3(ip.

The first Jury  condition requires th a t

— 1 <Z 1 T  be — c — b — (3cip <Z 1,

— 2  — be c -\~ b <c —(bap —be c -\~ b,
2  b(c — 1 ) — c bfc — 1 ) — c
 1---------^ > a > -------  .

A?

The second Jury condition requires th a t

be
0 < be — fbap => a < — .

PP

This condition is the same as the one given in the continuous form of the system. 
Therefore, the equilibria are the same for both systems, and the conditions on 
stability of those equilibria are largely the same. Thus, unlike in the discrete and 
continuous logistic equations, the behaviors of the continuous model, (2.1) -  (2.3), 
and the discrete model, (2.11) -  (2.13), are the same.

2.2 Sepsis M od el

Reynolds et al. described a model used to analyze bacterial sepsis [17]. Sepsis is 
a disease which could have any number of sources and symptoms including rapid 
breathing, therm al disregulation, rapid heart rate, and depressed numbers of 
leukocytes. The common thread in all cases of sepsis is a hyperactive immune 
response. It is estim ated th a t sepsis causes about 400,000 deaths annually in the 
United States, an overall case fatality rate of 40% [22]. Though the mechanism of 
sepsis is not conclusively known, it has been theorized th a t an over active cytokine 
response is at least partially to blame. It is thought th a t, due to some excitatory 
stimulus, a positive feedback loop of cyotkines is generated: cytokines a ttrac t 
immune cells to the area, which release more cytokines, which a ttra c t more immune 
cells, and so on. In normal infection, the body’s anti-inflam m atory cytokines take

22



over after some time, reducing the effectiveness of the immune response, but also 
calming the inflam m atory effect of the infection. However, in sepsis, this regulatory 
mechanism is not potent enough, and the immune response grows. The immune 
response is not able to perfectly differentiate between normal host cells and non-self 
antigens and so occasionally destroys a healthy host cell. O ther host cells are caught 
in the crossfire as the immune response destroys the infection, succumbing to  the 
m embrane disrupting chemicals released by adjacent immune cells. The destruction 
of healthy cells releases more inflam m atory cytokines, which worsens the problem. 
The result can be deadly, and often is. Since this septic cytokine disregulation is 
similar to  one of the proposed mechanisms of H5N1 pathogenicity, understanding 
the effects of sepsis is an im portant step in understanding the mechanism of H5N1.

The goal of Reynolds et al. in creating this model was to examine the effects of 
cytokines, specifically anti-inflam m atory cytokines, on the m ortality of sepsis. To 
th a t end, they constructed a four-dimensional model based on da ta  collected from 
various literature sources. However, to create the four-dimensional model, they 
combined term s from different, lower-dimensional subsystems designed to model the 
behavior of different parts of the whole system independently. One of these models 
was a three dimensional model which held the anti-inflam m atory cytokine 
population constant:

d P  - k ^ p f i -  /CpmSmP
dt Poo J Pm "b kmpP

d N  sfiy {knpP  "h knnN  "h kjjdD
dt Pnr'y T  kjipP T  knnN  T  kf^dP)

— PdD-

) (2.18)
7

l*ri. ̂  • (2.19)

(2 .2 0 )

where 7  =  1 +  {Ca / C ^ ) 2. Here, P  is the population of the bacterial pathogen, N  is 
the population of activated phagocytes, and D  represents damage done to healthy 
cells. The initial values for N  and D  are taken to be zero, though Reynolds et al. 
point out th a t those values could be modified to analyze the effects of tissue injury 
on infection. The initial value for P  varies w ith the simulation, though Reynolds et 
al. keep it near 1 P-unit. Due to  the great variety of cells, signalling molecules, and 
various other proteins th a t each population represents, Reynolds et al. do not use 
units th a t are directly relevant to  the biology of the system. Instead, they use 
generalized units based on the variable: P-units for pathogen population, N-units 
for the immune response population, and D-units for the damaged cells population.
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This is a drawback to the model, since it is difficult to examine the biological 
im pact of the results, which becomes especially relevant when discussing equilibria 
of the system. Reynolds et al. take any stable equilibrium am ount of damage 
(Z) > 0 at a stable equilibrium) to  mean the patien t has died, when in reality the 
hum an body can easily w ithstand some perm anent damage. Indeed, the entire body 
is continually recycling itself by discarding old dead and damaged cells and 
replacing them  with new ones. However, this happens over a relatively long period 
of time. In modeling conditions such as sepsis, which can be long-term conditions, it 
makes sense to include a resolution and regeneration component, as Reynolds et al. 
do. In modeling influenza infection though, whose course usually lasts about a week, 
a repair term  is not as realistic [19]. One final drawback for using this model to 
examine H5N1 infection is th a t the pathogenic insult to  the host in this model is 
assumed to be bacterial. This is apparent from the growth term  of the pathogen - it 
is logistic, which is an accurate enough description of how an organism which 
reproduces itself grows, but is not a biologically realistic model of growth for a 
virus, which requires living cells to propagate. Since bacteria and viruses infect their 
hosts differently, a different model should be used to  investigate viral infection.

However, this model provides a good example of the effects of the immune 
system on healthy cells, and therefore w arrants further investigation. The first term  
in equation (2.18) represents the logistic growth of the bacterial population.
Logistic growth is a pattern  of growth where the population grows at a rate very 
close to the growth rate at small populations, but as the population increases, the 
growth slows. W hen the population reaches the carrying capacity of the 
environment (the maximum population sustainable by the environment) population 
growth stalls. In equation (2.18), the bacterial growth rate is represented by kPg and 
the carrying capacity by . Since this is the only positive term  in equation (2.18), 
it represents the only source of pathogen. It can then be seen th a t the behavior of 
bacterial growth obeys the above analysis of logistic growth. Notice th a t for small 
P , kpgP ( l  — P/poo) ~  kpgP. As P  becomes larger, growth declines. If P  =  Poo/2, 
growth becomes kpgP ( l  — 1/2) =  0.5/cPgP, and if P  =  it is 
kpgP ( l  — P/Poo) =  kpgP{l — 1) =  0.

The next term  in equation (2.18) represents killing of the pathogen by the “local 
immune response” , which Reynolds et al. equate w ith non-specific humoral defenses, 
such as antibodies and complement. Reynolds et al. derive this term  by first

* " .C a p '/
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considering the submodel of pathogen interaction with the local immune response.

Sm P-i (2 .21 )

— kprnM P . (2 .22)

In this submodel, M  represents the population of the local immune response, and P  
the pathogen population, as in equations (2.18) — (2 .2 0 ). sm is the source of the 
local response, /im is the death rate (or clearance) of the local immune response, 
is the rate at which the local response is destroyed while attacking pathogen, and 
kpm is the rate at which the local response removes pathogen. For simplicity, 
Reynolds et al. then assume th a t the local response reaches a quasi-steady state, so 
th a t ^  — 0. Though this is a simplifying assumption, it is a good one, since, for 
example, complement is present in such high concentrations (in serum, more than  1 

m g/m l) th a t it can be considered ubiquitous, and small deviations such as those 
from attaching to pathogen can be ignored. Once the quasi-steady state assumption 
is made, Reynolds et al. solve for M  and get

W hen this is substitu ted  into (2.22), it yields the second term  in equation (2.18). 
There are more effective immune responses than  the local immune response though, 
and the effects of nonspecific phagocytes such as macrophages and neutrophils are 
modelled in the last term  in equation (2.18). This is a term  utilizing the law of mass

which phagocytes kill pathogen. This is m odulated by the effect of 
anti-inflam m atory cytokines, which cause activated phagocytes to be less effective at

the anti-inflam m atory cytokines is represented by 7 , which is greater than  one. 
Anti-inflam m atory cytokines should vary with the course of the infection, but are 
here taken to be constant for simplicity. (For the effect of varying the 
anti-inflam m atory cytokine population, see Reynolds et al. [17].)

immune response. The first term  is a Hill-type function, which Reynolds et al. use 
to model damage by overexcited phagocytes. The Hill-type function was chosen 
because low levels of phagocytes do little damage, but above a certain population 
the damage begins to  increase precipitously, until it plateaus at maximum damage.

M  =

action to describe the killing of pathogen by the phagocytes, where knp is the rate at

destroying pathogen (but also help prevent damage to healthy cells). The effect of

Equation (2.20) models the damage done to healthy cells by an inappropriate
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kdn is the maximum amount of damage the phagocytes can do to  healthy cells, and 
Xdn is a param eter th a t defines w hat population of phagocytes cause the damage 
done to healthy cells to  be half maximum. Reynolds et al. s ta te  th a t they chose the

“reasonable basin of a ttrac tion” for the health state. The Hill-type function 
exponent controls the sharpness of the rate of increase of the function. In this case, 
a higher exponent means th a t once the minimum level of phagocytes required to  do 
significant amounts of damage is reached, the amount of damage increases very 
quickly with respect to larger phagocyte populations. Smaller exponents would 
cause slower increases, while larger exponents cause faster increases (see Figure 2.4). 
The one remaining term  in equation (2.20) represents repair and regeneration of 
damaged cells. It simply says th a t, in the absence of activated phagocytes, damaged 
cells will be regenerated exponentially, with rate fid ■

Finally, equation (2.19) governs the behavior of the population of activated 
phagocytes. The first term  represents the source of activated phagocytes and the 
second represents the decay of activated phagocytes. The second term , like the fidD 
term  in equation (2 .2 0 ) says th a t, in the absence of activating factors, activated 
phagocytes will decay with rate fin . The first term , representing activation, is 
somewhat more complicated. Reynolds et al. derived this term  by once more 
considering a submodel, this tim e of activated and non-activated phagocytes. They 
represented activated phagocytes by N* and non-activated phagocytes by N r .
Non-activated phagocytes are continuously circulating in the  blood and tissues, and 
pose no danger to healthy cells or pathogen. However, upon encountering an 
activating stimulus, the non-activated phagocyte begins the process of activation, 
which allows it to become an efficient destroyer of pathogen. An activating stimulus 
could be a number of things, from bacterial toxins or pathogenic antigen (activation 
by P ), activation signals in the form of cytokines from other activated phagocytes 
(activation by TV*), or cytokines released by dying cells (activation by D).
Therefore, the submodel governing the activation of phagocytes has the form

In equation (2.23), snr represents the source of non-activated phagocytes (Reynolds 
et al. use N R for “resting” phagocytes). This is controlled by the production of 
phagocytes in the bone marrow and the am ount of circulating phagocytes, but also

value of the Hill-type function exponent - 6  - to be large enough to  produce a

(2.23)

-jj-  — {knpP  +  knnN* +  kndD)NR  — jj*N . (2.24)
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by the chemical triggers released by cells in the local area of infection which a ttrac t 
non-activated phagocytes to  the area of inflammation. Likewise, p.nr is the death 
rate of non-activated phagocytes; it controls the rate of decay of non-activated 
phagocytes in the absence of activating stimuli. Finally the last term  in equation
(2.23) represents the loss of non-activated phagocytes due to activation. The three 
activating stimuli each contribute to  the activation of phagocytes, and knp, knn, and 
kn(i are the param eters representing the efficacy of each of these stimuli. As in the 
derivation of equation (2.18), Reynolds et al. assume N r to be in a quasi-steady 
state, reasoning th a t the activation of phagocytes is “rapid” . Though perhaps 
reasonable for a model of bacterial sepsis, this is not as good an assum ption for 
modeling viral infection. First, the activation process for macrophages can take 
eight hours [1 1 ], which is not insignificant in a viral infection which is contained or 
even eradicated within a week. Second, the cells which do activate rapidly in 
bacterial infection (polymorphonuclear neutrophils) do not play as im portant a roll 
in viral infection. However, considering activated immune response in general, as 
opposed to  actived phagocytes in particular, the rapid activation assum ption may 
be more fitting. Regardless, once this quasi-steady sta te  assumption is made, 
Reynolds et al. solve equation 2.23 for N r  and get

/^nr ~F knpP  -(- knnN  ~F kndD 

Substituting into equation (2.24) and letting N  =  N* gives equation (2.19).

2 .2 . 1  A n a ly s is

Due prim arily to having 17 param eters, the system (2.18) -  (2.20) is too 
complicated for a purely analytical approach to characterizing the equilibria and 
stability. Reynolds et al. confined their analysis of the model to one param eter, kPg , 
the growth rate of the bacterial pathogen, and kept all other param eters constant. 
Thus, they were able to present a purely numerical discussion of the behavior of the 
system. However, a larger view of the behavior of the system, based on variance in 
other param eters, is also desirable, especially because of the large deviation of 
hum an immune responses from the average.

E q u ilib r ia : It is not trivial to  determ ine the equilibria of equations (2.18)
-  (2 .2 0 ), bu t it is readily apparent th a t they fall into three categories: [0 , 0 , 0 ]r ,
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[0, b, c]T, and [a, b, c]T . Reynolds et al. call these the healthy state, the aseptic death  
state, and the septic death state, respectively. The healthy s ta te  is the simplest 
equilibrium to  examine; there is only one healthy state. However, the other two 
categories of equilibrium are less easy to analyze.

S ta b il i ty  o f th e  H e a l th  S ta te :  The Jacobian of the system (2.18)
(2 .2 0 ) a t the health sta te  equilibrium is

j  ([0,0, o f )

7 KpmSi

S n r k n p

0

Unr'y
0

Snrknn
fJ-nr'Y fJj7

0
S n r k nci
Unr'y
~ fId _

(2.25)

The characteristic equation of (2.25) is

k kpms m xfopg A
H"m

Snr knn — fJ-n — ^ — A) — 0.

Thus, the eigenvalues are A% =  kpg — kp™̂m, A2 =  — fin , and A3 =  —/id . Since
fid is always non-negative, A3 <  0. Therefore, the  health sta te  is stable provided th a t

7 „ kpmSm I  7
P 9  a n d  S n r k n n  /^ n /^ n r O 1' •

A se p tic  D e a th  S ta te  E q u ilib r ia : To find the equilibria of the aseptic
death state, assume P  =  0. Then equation (2.18) is zero for all N  and D, and 
equations (2.19) and (2.20) become

  Snr {knnN T  kndD^ ^  o/ \̂
dt finrj  +  knnN  +  kndD

At equilibrium, ^  ^  =  0. Solving equations (2.26) and (2.27) for N  gives a
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CA S-nr Equilibria Real P art of 
Largest Eigenvalue

0.125 0.08 [0.00,1.1443533077,17.4999989182]^
[0.00, 0.0318310643, 0.1301463332]^

- 0 . 0 2 0 0 0

+0.04083
0.25 0.08 [0.00,1.0005905288,17.4999725858]^ 

[0.00,0.0568800308,0.3690317764]^
- 0 . 0 2 0 0 0

+0.04045
0.5 0.08 [0.00,0.6629203820,17.4481901695]^

[0.00,0.1991647244,3.4736699741]^
-0.01966
+0.03119

0.04 0.16 [0.00,2.4108942024,17.4999999953]^ 
[0.00,0.0212167550,0.0302558431]^

- 0 . 0 2 0 0 0

+0.03837
0 .0 1 0.3 [0.00,4.6033770666,17.4999999999]^ 

[0.00,0.0168415727,0.0084897346]^
- 0 . 0 2 0 0 0

+0.03227
0.75 0.3 [0.00,1.6304743639,17.4870405901]^ 

[0.00,0.3804732405,3.1306177662]^
-0.01989
+0.03369

Table 2.1: Numerically found, aseptic death  state  (P  =  0) equilibria of the system 
(2.18) -  (2 .2 0 ) for different values of Ca and snr. Ca and snr were chosen because each 
of the coefficients in equation 2.28 depends on at least one of these param eters. For 
the values examined, the smaller equilibria are all unstable (at least one eigenvalue 
has real part >  0 ), while the larger equilibria are stable.

polynomial equation of degree seven

7  I '1'l^nr ^ n d ^ d n  ^nr X ^ n r^ n d ^ d n  a 7-5( _ |_  I “ f ù w  n /  i  v  f i t  v u u ,

\  knn f-t'dknn l^n J

+  ^ A n N  + 7 64 „  ( ~ L - S- ^ ] = 0 .  (2.28)
\  ^nn H'n /

This equation cannot be solved analytically. Biologically relevant numerical 
solutions for the equilibria are shown in Table 2.1, along with the numerical 
estim ate of the stability of the given equilibrium (see below for stability conditions) 
for various values of and Ca , with all other param eters as in Reynolds et al.

It is obvious th a t the roadblock to determ ining an analytic solution to the 
system is the large value of the exponent of what Reynolds et al. call the Hill-type 
term , the term  governing the damage caused by ram pant phagocytosis in equation
(2.20). Reynolds et al. stated  in [17] th a t they chose this large value for the 
exponent in order to “produce a reasonable basin of attraction  for health .”
However, choosing a smaller value for the exponent will allow for an analytic 
solution for the equilibrium to be found. Figure 2.4 shows a comparison of the 
Hill-type function with exponent 6  and with exponent 2 . Changing the exponent

29



0.9

 HilMype Exponent 2

—— Hill-type Exponent 6

0.6

0.5

0.3 -

0.2

1.5 2.50.5

Figure 2.4: Comparison of a Hill function, i.e. a function of the form x n/ (0n +  x n). 
The function with larger exponent behaves more like a step function than  the function 
with smaller exponent, but the differences are minimal along much of the domain. 
Here, 9 =  0.4.

produces little difference in the behavior of the system given in equations (2.18) -
(2.20) (see Figure 2.5), and even less variation in the ultim ate result. Table 2.2 gives 
the results of numerical approximations to the equilibria of the system  modified so 
th a t the Hill-type exponent is 2 , along with numerical estim ates of the stability of 
the given equilibrium.

The equilibria are examined for various values of x^n and C'a, which, due to 
being raised to different exponents, most affect the behavior of the system when 
compared to the Reynolds et al. model. However, the equilibria are similar for most 
values of Xdn and Ca, with the larger equilibria being proportionally more alike than  
the smaller equilibria. Since Reynolds et al. use generalized units, though, there is 
no way of determining how large a difference is significant. Furtherm ore, Reynolds 
et al. consider only the end result of the behavior of the system - which equilibrium 
it decays to - when deciding whether the modelled patient has survived or been 
subject to aseptic or septic death. Thus, the exact values of the equilibria are less 
im portant than  the ultim ate behavior of the system. A comparison of the stability 
properties of the equilibria for given values of and Ca shows th a t equilibria of 
the system with Hill-type exponent 2 have the same stability properties as the 
corresponding equilibria for the Reynolds et al. system. Since the behavior of the 
systems with respect to their equilibria is the same, the behavior of the  systems in 
general can be considered very similar. Therefore, aseptic death s ta te  equilibria of
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Figure 2.5: Representative comparisons of the original system proposed by Reynolds 
et al. (left) and the system with modified Hill-type function (right). The system 
behavior is shown for four different values of kpg and C'a, the growth rate of pathogen 
and the population of anti-inflam m atory cytokines, given above each graph. Little to 
no deviation from the original system is observed in the modified system.

31



CA Snr Equilibria Real P art of 
Largest Eigenvalue

0.125 0.08 [0.00,1.1430929039,17.4309260230]^ 
[0.00,0.0011840569,0.0047370563]^

-0.01993
+0.01166

0.25 0.08 [0.00,0.9962961862,17.2973738015]^ 
[0.00,0.0041636258,0.0260520595]^

-0.01971
+0.01176

0.5 0.08 [0.00,0.6033309639,14.9123195509]^ 
[0.00,0.0604175744,0.9560676930]^

-0.01478
+0.01009

0.04 0.16 [0.00,2.4105296674,17.4887180709]^ 
[0.00,0.0003027626,0.0004279387]^

-0.01999
+0.01089

0 .0 1 0.3 [0.00,4.6032112913,17.4970197551]^ 
[0.00,0.0001033866,0.0000518270]^

- 0 . 0 2 0 0 0

+0.00923
0.75 0.3 [0.00,1.5173881792,15.8444762571]^ 

[0.00,0.1134298129,0.8884124816]^
-0.01584
+0.01045

Table 2.2: Numerically found, aseptic death sta te  equilibria of the system consisting of 
equations (2.18), (2.19), and (2.33). The equilibria and their corresponding stability 
properties are given for the same values of Ca and snr as in Table 2.1. The larger 
equilibria are fairly close to each other in value, though not for all values of the 
param eters. However, the stability properties of the equilibria are the same for all 
values of Ca and snr. Note th a t this table assumes th a t the eigenvalue given by 
À =  kpg — kpmSm/[dm has real part less than zero, because the value of this eigenvalue 
was not solved for. However, th a t eigenvalue does not depend on any of the param eters 
examined here.

the model given by equations (2.18) -  (2 .2 0 ) can be approximated by solutions of 
the algebraic system

0 =  Snr{kn„N + kndD) _  ^  (2.29)
ftnr'Y "t" k"nnN ~\~ kn(iD

z l - f  +  ^
0 =  _2  -  AW). (2.30)

Solving these equations for N  gives a third degree polynomial equation

y y -3  _|_ |  I k ' n r  k n d k d n  ^  S n r  \  |  ^ 2 ^ 2  _  f n r ^ n d ^ d n  \  ^ y _ |_

\  krin  k'dfenn k"n J  \  k 'n k 'd^ n n  J

7 24 „ ( ^ - ~ )  = 0 -  (2.31)
\  K"nn H'n J

This equation is solvable. Its solutions can be used to find the equilibrium values of
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D  by solving

D =
k jn N 2

M 7 2a4> +  N 2 )
(2.32)

S ta b ility  o f  th e  A sep tic  D ea th  S ta te  Reducing the value of the 
exponent in the Hill-type term  of equation (2.20) modifies the original system (2.18) 
-  (2.20). The new, Hill-type exponent 2 model, consists of equations (2.18) and
(2.19) and

dD _  kdnN 2 
dt Xdnl2 + N2

(2.33)

Equilibria of this system approximate equilibria of the original system, (2.18) -
(2.20). It is desirable for the stability properties of both  systems to be the same as 
well. Therefore, stability  analysis is performed on the system (2.18), (2.19), and 
(2.33). The Jacobian of the system (2.18), (2.19), and (2.33) with respect to 
[P ,N ,D ]T is

kp g
I k p g  P    ' y k p m  S m P m ~ \ ~ k p n  N P r f

Po o  i P d

krip^d

0

'y/J'TirSnr

KnP 0

knn-^d /^n knd-^d 

~fJ>d

where Pd = (^m +  kmpP)  and N d =  httnr+knp-p+knnN+krldDp
[0 , 0 , 0 ]T, this becomes

At the health state

J ( [0 ,0 ,0 ]T)

L. ___ kpmSmppg
kn p Q n r

0

kr
'yP-nr ' J p n r

/ i 7

0

0

kndsnr
'ypnr

f^d

This is the same as the Jacobian of the health sta te  for the original system (2.18) -
(2 .2 0 ), so the stability conditions for the health sta te  are the same for both systems. 
At the aseptic death  sta te  [0, n*, d*]T , the Jacobian is

j  ( [ o x , e r f )  =

kp g P m

ÀXr.Mnp1  ̂nd 

0

0

knn-^nd f^n 
o l 2x2dnkdnn*

0

knd-^nd

—j^d

(2.34)
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Original System Modified System
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Figure 2.6: Comparison of equations (2.18) (left) and (2.36) (right) for various values 
of N .  The largest difference noticeable is for smaller values of P. This difference is 
what allows the health s ta te  to  be stable for the original system, where the health  
sta te  is not stable in the modified system. However, the degree of complexity im parted 
by this difference is too large to determ ine the equilibria of the original system.

where N nd =  (7 /Anr+jb„”n*+fc dd*)2' order for the equilibria determ ined by equations 
(2.31) and (2.32) to be stable, the real part of the eigenvalues of this m atrix  must be 
negative. The characteristic equation of (2.34) is

7 kpmSm ikpg ’ 1 X

Jç 7 -T*̂ OO ̂
(knnN nci — fin — X) (—^d — A) — 2kndNnd- n =  0. (2.35)

One eigenvalue of the system is easy to  find: A =  kpg — kp̂ n — kpr̂  • This is 
negative if n* >  _  ^ prnJ m. If this condition does not hold, it can be inferred
immediately th a t the equilibrium is unstable. Determining the other eigenvalues is 
more involved. They are solutions to the characteristic equation of the lower-right 
2 x 2  subm atrix of the Jacobian in equation (2.34). Determining these values is 
nontrivial and does not grant greater insight into the behavior of the system.

E quilibria  o f th e  S ep tic  D ea th  S ta te  The equilibria of equations (2.18) 
-  (2 .2 0 ) in the septic death sta te  are solutions [a, 6 , c]T such th a t the right-hand 
sides of equations (2.18) -  (2.20) equal zero. These equations are also too 
complicated to  analytically discover equilibria. Using the same reduction as above,
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equilibria of the system satisfy

Poo J  P m  "b ^ m p -P

q SnrO^npP "b knnN  kn(iD^ ^  
k'nr'l +  knnN  +  ^
knéN2 n

0 = x ^  + N 2 ~ ^ D -

Solving these equations gives an eighth degree polynomial equation which is also 
analytically unsolvable. This necessitates further modification of the system in order 
to approximate the equilibria. A term  th a t contributes very little to the behavior of 
the system, especially at large values of P, is the “local immune response” term, 
kpmSmP/ (Pm +  kmvP ) . This term  approaches kvmsml k mv as P  —> oo. There is a 
slight difference between ^  for the original model and the system modified by 
ignoring the local immune response term  (see Figure 2.6). This difference grows for 
larger values of k^n  or sm and is smaller for larger values of jim and kmv . Removing 
this term  from equation (2.18) gives the modified system

t2-36>
d_/V Snr(kjipP +  knnN  kndD)
dt J P n r  "b knpP  "b knnPt "b kndD 

dD  k dnN 2

~  P nN ■> (2.37)

— pd,D ■ (2.38)

Setting the left-hand side of these equations to zero and solving yields a fourth 
degree polynomial. The real, positive equilibria of this system (2.36) — (2.38) 
correspond to the largest real, positive equilibria of the system (2.18) -  (2.20). The 
larger equilibria of these systems correspond more strongly to each other, and the 
strength of the correlation depends most on the relative sizes of /cmp , sm , and fim . 
This is because at larger values of P , the local immune response term  is very small 
compared to the logistic growth of pathogen term  kpgP ( l  — P /pœ ) and (for large 
values of the activated neutrophil population) neutrophil killing of pathogen term  
kpnN P / j .  Figure 2.7 shows numerical solutions for various values of kpm and sm of 
the systems (2.18) -  (2.20) and (2.36) -  (2.38). Table 2.3 lists numerically 
discovered equilibria for the two systems, as well as their stability properties. The 
smaller degree of the polynomial equation governing the equilibria of the system 
(2.36) -  (2.38) means th a t, in general, there are fewer biologically relevant equilibria
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Original System Modified System
Equilibria Stability Equilibria Stability

kpg =  1.0 C'a =  0.5
[6.2490 x 106 1.6000 17.4997] 
[0.2258 0.6874 17.4583] 
[0.1264 0.1882 2.6247]
[0.1044 0.0336 0.0001]

Stable
Unstable
Unstable
Unstable

[6.2490 x 106 1.6000 17.0786] Stable

kpg =  1.25 C'a =  0.4
[4.8462 x 106 1.6000 17.5000] 
[0.1903 0.8132 17.4978] 
[0.0540 0.1163 1.1026]
[0.0422 0.0191 0.0000]

Stable
Unstable
Unstable
Unstable

[4.8462 x 106 1.6000 17.2754] Stable

kpg =  1.5 C'a — 0.3
[2.1226 x 106 1.6000 17.5000] 
[0.2292 0.9558 17.4999] 
[0.0084 0.0724 0.5323]

Stable
Unstable
Unstable

[2.1226 x 106 1.6000 1 7.3872] Stable

^  =  1.75 C'A =  0.25
[1.6858 x 106 1.6000 17.5000] 
[0.2131 1.0222 17.5000]

Stable
Unstable

[1.6858 x 106 1.6000 17.4209] Stable

Table 2.3: Comparison between numerically discovered septic death  state  equilibria 
of equations (2.18) -  (2 .2 0 ) (the original system) and the modified system given by 
equations (2.36) -  (2.38). The original system yields more solutions in most cases, 
however, the additional solutions are unstable for all values examined above. As in 
Tables 2.1 and 2.2, only the largest equilibria are stable, and these are stable for both  
systems and similar in value. As before, the most im portant fact is th a t the systems 
behave similarly, which they do in the above cases.

than  there are for the system (2.18) -  (2.20). Again, though, Reynolds et al. 
consider the behavior of the system more im portant than  the exact values of the 
equilibria, and it is the large equilibria and only the large equilibria of (2.18) -
(2.20) which are stable for these values of kpg and C'a [17]. Likewise, the equilibria 
of the system (2.36) -  (2.38) are stable only at the large values, suggesting th a t the 
two systems behave similarly. Thus, the equilibria of the modified system can be 
used to approximate equilibria of the original system.
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Figure 2.7: Comparison of the behavior of the original system (left) and the modified 
system (right) for various values of kprn and sm . The top pair of figures corresponds 
to the values of the param eters given by Reynolds et al. The remaining figures show 
behavior for param eters twice as big and five times as big, in descending order. The 
behavior of the modified system does not change because it depends on neither kpm 
nor Sm . The value of fim was not varied because differences in stability between 
the original system and the modified system depend largely on the ratio /cpTnsm//rm , 
so increasing the value of /rm is akin to  decreasing the value of A:prn or sm by a 
corresponding amount. The behavior of the original system does change as these 
param eters increase, undergoing a change from stability of the aseptic death sta te  to 
stability of the health state. This shows th a t the modified system is not well suited 
to describing the behavior of the system when the health sta te  is stable, as the health 
sta te  is always unstable in the modified system. However, for the septic and aseptic 
death  states, the modified system does approximate the original system. The initial 
s ta te  of this system was [1,0, 0]T for all simulations, w ith kpg = 0.5 and Ca = 0.125 
and all other param eters as given in Reynolds et al.
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S tab ility  o f th e  S ep tic  D ea th  S ta te  The Jacobian of the modified 
system (2.36) -  (2.38) at a general s ta te  [P, TV, D]T is

^  ^  Poo

knpNd

0

7
'̂nn P 0

kjinP^d i^n ^nd^d  

-Pd
o 72x2dnkndN

(2 .3 9 )

where, as before, N d = (Wnr+fc„ J + rfĉ Tfc;Vop- At the health s ta te  [0. 0.° ]T. 
equation (2.39) becomes

J ( [ 0 , 0 , 0 ] T) =

kpg
knpSnr knnSr

'YfJ'nr T p f t r
Jl7 kn,dsnr

IV-nr
~^d

The eigenvalues of this m atrix are Ai =  kpg , À2 =  — fin , and A3 =  —fdd. Since
kpg > 0 , this equilibrium state  is never stable.

At the aseptic death sta te  [0, n*, d*]T , the Jacobian in equation (2.39) becomes

k. kpn n*
pg ~
"fknpfJ'nrSnr

(iPnr + knn^ + kndd*)2 
0

0

'yknnP'nrSn
{ i P n r  + f c n n  n * + k n d d * ) 2

[J,7

0

TkjKiP'nr Sr

O l 2pir,kdnn*
( iP -n r  + k n n  n *  + k n d d*  ) 2

—N

The characteristic equation of this m atrix is similar to equation (2.35).

pg
kpnTi

7
X

{ k nn N nd Pn  ^ ) ( f^d ^ ) 2/uncgTVnc;
kd„x2dnn ‘

(x dn + (n*)2)2
0, (2 .4 0 )

P'nr SnrHwhere N n(i ( p n r 'y + k n n n *  + k n d d * ) 2

is easy to  determine. This is A =  kpg
. As in equation (2.35), there is one eigenvalue which 

- . This is negative if n* > ^ a~L- The other
two eigenvalues are more difficult to  determine, but as in the Hill-type exponent 2 
system, they are found by solving the characteristic equation of the lower-right 2 x 2  

subm atrix in equation (2.39). Since this lower-right 2 x 2  subm atrix is the same as 
the lower-right 2 x 2  subm atrix in equation (2.34), these eigenvalues are the  same as
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the corresponding eigenvalues in th a t system. This implies th a t, as long as the first 
eigenvalue of this model has the same stability as the first eigenvalue of the system 
(2.18), (2.19), and (2.33), the aseptic death equilibria of the two systems have the 
same stability (assuming the equilibria are the same).

At the septic death sta te  [p*, n*, d*]T, the Jacobian given in equation (2.39) is

k  — 2 -
^ Poo

k p n  T7-
7

kpnP
0

knn^d* l^n ^nd^d*
'dn -fJ'd

where N d, = (- ,^ r+knvJ + kZn-+knid-)  ̂■ The characteristic equation of this m atrix is

k —p g
‘IkpgP

-  X X

P o o  7

(knnNd* — (dn\ )  {fid — A) — 2kndNd* +

—~ — (knpNd*(—fid — A)) — 0. (2.41)

Again, in order for the equilibria found above to be stable, the real part of the 
eigenvalues of this m atrix  m ust be negative. However, in this system, computing the 
eigenvalues is involved, and there are none whose value can be easily elucidated. 
Since the eigenvalues are non-trivial and do not add to an understanding of the 
system, they will not be examined here.

2.3 R em arks and Im p rovem en t on  M od els

Baccam et al. [19] use a system of ordinary differential equations (2.1) — (2.3) to 
model the course of infection with influenza. However, they do not consider the 
effects of the immune system, instead seeking only to determine viral kinetic values 
for certain param eters. This makes their model inadequate for an examination of 
the pathogenesis of H5N1, in which the immune system is theorized to play an 
im portant part. Additionally, Baccam et al. do not perform a m athem atical 
analysis of their system, which could further lead to understanding of the 
im portance of the various param eters in infection modelled by equations (2 .1 ) -  
(2.3). Performing a nonlinear stability analysis of the system shows th a t there are 
infinitely many equilibria of the form [a, 0, 0]T, a  >  0 and a E R. These equilibria
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are stable only if they satisfy equation (2.10). Baccam et al. do not examine the 
effect of attem pting to violate this stability condition, however, it was found here 
th a t violating equation (2 .1 0 ) leads to oscillatory behavior in the num ber of healthy 
cells, which is a biologically unrealistic behavior. A closer exam ination revealed th a t 
the cause of this oscillation was an implicit closed community assum ption made by 
Baccam et al. W hen this assumption did not hold, biologically irrelevant behaviors 
began occurring, which Baccam et al. did not address. As well as drawing 
inspiration from the model of Baccam et ah, the model in the next section will 
examine the effects of disrupting its (explicit) closed community assumption.

Reynolds et al. [17] approached a different problem, sepsis, w ith a similar 
technique. However, as their model examined bacterial sepsis, it is inadequate for 
representing infection with viral H5N1. H5N1 is postulated to  induce a sepsis-like 
state in its host, though, so the model of Reynolds et al. is useful as a foundation 
for a model th a t examines infection with H5N1. However, the model of Reynolds et 
al. is very complicated, too complicated to examine analytically for any bu t the 
simplest equilibrium. Reynolds et al. do analyze the behavior of their model at this 
equilibrium, but use numerical tools to examine the remaining equilibria. In this 
thesis, the model is instead simplified in a number of steps in order to  examine the 
other stability properties of the other equilibria. It is found th a t reduction of the 
exponent of the Hill-type function has little effect on the value of the equilibria and 
none on the stability properties of the health state. This reduction allows much 
more analysis to be done on the system at the cost of very little in term s of 
behavior. The second simplification involves removing a term  from one of the 
equations, which results in a somewhat less accurate approximation. However, the 
values of equilibria which cannot be found with the Reynolds et al. model can be 
elucidated using this simplification. Thus, in order to determ ine the equilibria and 
stability properties of those equilibria, one can apply the simplifications in various 
steps. To find the stability of the health state, no simplification is necessary. To find 
the equilibria and stability of the aseptic death state, the first simplification is 
necessary. To find the equilibria and stability of the septic death state, the second 
simplification is necessary. Using these simplifications, a fully analytic exam ination 
of the system can be performed. In addition, Reynolds et al. use generalized units 
to examine their system and characterize their equilibria only by which population 
values are non-zero, implying th a t they are not so much interested in the exact 
values of the populations as in the behavior of those populations. Since the behavior 
of the simplified systems is the same as the behavior of the Reynolds et al. system,

40



the two can be used interchangeably. This allows the simpler model to 
well-approximate the more complicated model of Reynolds et al.
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C H A P T E R  3

A  N E W  H Y B R ID  M O D E L

No m athem atical model for infection by H5N1 yet exists, though a good 
background has been laid out in recent years. This chapter proposes a new hybrid 
model which will examine infection by H5N1. Although H5N1 is a deadly disease, it 
is rare in people. However, should it acquire the ability to transm it itself from 
hum an to human, a pandemic could be devastating. Most work on H5N1 has thus 
far focused on clinical aspects, such as its ability to provoke an over-active immune 
response, or on strategies for containing a pandemic should one break out. However, 
there has been no work done on the interaction of the disease w ith the body’s 
immune system. M athem atical models of disease have proven helpful in the fight 
against HIV, and there is renewed interest in using them  to examine the effects of 
influenza. The work done so far, however, has focused on benign influenza which, 
while far more prevalent than  H5N1, does not have its destructive potential. Thus, 
further understanding of the disease’s pathogenesis is crucial in order to develop 
clinical strategies to combat it. Experim ental evidence has been contradictory on 
the main mechanism of attack  for H5N1, but the complicated interplay between 
virus, cytokines and the immune response and all their effects on cell health are an 
excellent target for m athem atical modeling.

We derive the hybrid model by combining earlier work by Baccem et al. [19] and 
Reynolds et al. [17]. The param eter values of these two disparate models do not 
easily mesh together, so adjustm ents are made to the hybrid m odel’s param eters by 
comparing them  with known da ta  on H1N1 infection. This is an acceptable m ethod 
because it has been shown th a t H1N1 infection and H5N1 infection have 
significantly similar characteristics, and differ in only a few respects [12, 13, 14]. 
Next, we perform a m athem atical analysis of the hybrid model, using nonlinear 
stability analysis (Appendix I) as before. Finally, we simulate the model and 
examine the results of the simulation. These results show good agreement with 
experiments performed by Salomon et al. [15], which indicated th a t curtailing the 
immune response would not protect the host from death by H5N1. This, along with 
the agreement of the hybrid model and earlier work on influenza, suggest the hybrid 
model is a good model of H5N1 infection.
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While both the Baccam et al. model ((2.1) -  (2.3)) and the Reynolds et al. 
model ((2.18) -  (2 .2 0 )) are useful for describing viral kinetics and bacterial sepsis, 
respectively, they fall short of being ideal for describing the interaction of the 
immune system with the influenza virus. The Baccam et al. model, for example, 
uses a target-cell limited approach, where lack of lung epithelial cells is w hat causes 
the eventual slump in viral titre. It largely ignores the immune system, instead 
modeling the effects of the immune system on the infection by including them  in the  
constant viral clearance param eter. This is not optim al for describing the effects of 
H5N1, because an overactive immune system may contribute to  the effects of the 
virus, th a t is, it may be more dangerous to the healthy cells than  the virus itself. 
Therefore, it is necessary to know the behavior of the immune system  in this disease. 
The Reynolds et al. model, in contrast, does model the effects of the immune system 
on healthy cells, and the behavior th a t it models is much like the proposed modus 
operandi of H5N1. However, the Reynolds et al. model considers sepsis induced by 
bacteria, which have quite different growth and infection patterns than  viruses. In 
addition, the Reynolds et al. model does not include a term  examining damage to  
the cells because of the pathogen alone, which may also be an im portan t factor in 
H5N1 pathogenicity. A model designed to study the effects of H5N1 and the 
immune system on the host cells, specifically, which is more dangerous to the 
healthy cells, must therefore incorporate elements from both  models.

3.1 D eriva tion  o f th e  H ybrid  M od el

Each of models (2.1) -  (2.3) and (2.18) -  (2.20) has three populations. The 
model given by equations (2.18) -  (2 .2 0 ) has a population of pathogen, a population 
of immune cells, and a population of damaged cells, each of which is im portant in 
modeling the effects of H5N1. The model given by equations (2.1) -  (2.3) has a 
population of viral titre, a population of infected cells, and a population of healthy 
cells. It also assumes th a t no new healthy cells are formed during the duration of 
the infection, since it takes a few days for cells to begin dividing, by which time the 
course of infection is decided. Since H5N1 is also an influenza virus and behaves in 
much the same way, the same assumption can be made for the hybrid model. 
Therefore, a closed community assumption is made, since no new cells are created 
and lung epithelial cells do not enter or leave the lung. All lung cells can then either 
be considered healthy, infected or damaged, which implies th a t the healthy cell 
population of equations (2.1) -  (2.3) can be interchanged with the damaged cell
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population of equations (2.18) -  (2.20) via the simple equation T  = Tq — I  — D, 
where T0 represents the initial number of healthy cells. Thus, there remain four 
populations th a t are im portant in H5N1 infection: V, the population of viral titre, 
/ ,  the population of infected cells, N ,  the population of immune response, and D, 
the population of damaged cells.

Virus antigen is ever-changing and has no constant regions [10], which is what 
the innate immune response relies on the identify pathogen. Because of this, it is 
very unlikely th a t an innate immune cell will recognize viral antigen, so viral titre  is 
largely unaffected by the presence of innate immune cells. Also, as in Baccam et ah, 
virus binding to healthy target cells represents a small fraction of loss of viral titre  
and is ignored. Therefore, the equation governing the behavior of viral titre  is 
similar to  equation (2.3).

kvg represents the am ount of viral titre  produced by an infected cell per unit time, 
and fiv represents the viral clearance rate. Virion production by infected cells only 
begins after an eclipse phase, a short tim e after infection before the cell begins 
producing new virions. Here we ignore the eclipse phase in favor of a simpler

into account both mechanical clearance of the virus (e.g. by cilia) and the effect of 
the complement system and antibodies. Complement and antibodies are im portant 
for binding to  and aggregating influenza virus [2 1 ], rendering it largely im potent as 
an infective agent. Complement is ubiquitous in serum (present at concentrations 
greater than  1 m g/m l) and so a simplifying assumption can be made th a t 
complement reacts with influenza virus based on the concentration of virus alone.

In contrast to the virus, infected cells are readily recognized as pathogenic by the 
innate immune system, which then destroys them. Those th a t the immune system 
does not destroy eventually die from the effects of the virus, which shuts down the 
cellular machinery in order to make new virions. W ithout its proteins working to 
sustain its life, a cell essentially starves to death within a relatively short period of 
tim e (approximately 24 hours, see [23]). Cells are infected at a rate proportional to 
the amount of viral titre  and the number of healthy cells, which can be represented 
as a function of damaged and infected cells using the closed community assumption. 
Thus, the equation determ ining the behavior of the number of infected cells is

(3.1)

system. Virion production is known to be linear [19]. The viral clearance rate takes

—jj; — kVi(T0 — I  — D )V  — kinI N  — //V (3.2)
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Here, kvi represents the infectivity of the virus, T0 represents the to ta l num ber of 
healthy cells at t =  0 , kin is a measure of the ability of the immune system  to kill 
infected cells, and fii represents the death of infected cells due to “starvation” , dying 
because of infection instead of killing by immune cells. This equation is similar to  
the corresponding equation (2.2) in the Baccam et al. model, w ith a term  added to 
represent immune killing of infected cells.

In bacterial models, immune cells are activated by other immune cells and 
damaged cells via inflammatory cytokines, and also by bacterial toxins such as 
lipopolysaccharide. However, in a viral infection, there are no toxins exuded by the 
pathogen. Also, innate immune cells rarely identify the products of infection - new 
virions - as pathogenic. They do identify infected cells as foreign organisms, and 
these are capable of activating innate immune cells. The Reynolds et al. equation 
governing the behavior of the immune cell population, (2.19) can therefore be 
altered by substituting a term  representing immune cell activation by infected cells 
for the term  representing activation by bacterial toxins. The equation then becomes

d N  _  snr(kniI  +  knnN  +  knci^ - )  ^  ^
dt fxnr +  kni l  +  knnN  +  kn(i ^

snr and n nr are, as in Reynolds et ah, term s governing the source and death, 
respectively, of unactivated immune cells. The various knx represent activation 
coefficients for the particular stimulus, and represents the clearance or death of 
activated immune cells. The biggest difference between this equation and its alter 
ego in Reynolds et ah, equation (2.19), is the inclusion of the term  in (3.3), 
representing change in the number of damaged cells, instead of the D  term  in (2.20), 
representing number of damaged cells. This substitution is a product of different 
assumptions made by the model of Reynolds et ah and this model. W hen a cell is 
damaged, it emits a burst of inflammatory cytokines which alert the immune system 
to its death, and are also the source of the activation of immune cells modelled in 
the above equation. Bacterial sepsis is potentially a long term  condition, which can 
afflict its victims for longer than the six to eight days th a t influenza does. Thus, it 
is a good assumption th a t cells damaged during bacterial sepsis regenerate within 
the time frame of the infection. Reynolds et ah used this regeneration to  model the 
clearance of cytokines released by cell death from the system. However, with a 
closed community assumption, there is no regeneration; damaged cells stay damaged 
(i.e. D > 0 for all time). If equation (3.3) used D  instead of as equation (2.19) 
does, the positive D  would mean th a t immune cells would constantly be activated,
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which would damage more cells, which would lead to greater activation of immune 
cells. The slightest inflam m atory stimulus would lead to a cytokine storm, which is 
not a physiologically relevant response. W ith the ^  term  instead, only newly 
damaged cells contribute to the activation of immune cells. The cytokines from 
these newly damaged cells are then cleared from the area, and do not continually 
activate an additional immune response. This is physiologically more accurate, since 
eventually inflammatory cytokines are cleared from an area of infection.

In a viral infection like H5N1, healthy epithelial cells can be damaged in three 
ways: they can be infected and destroyed by the immune system, they can be 
infected and die because the virus destroys the mechanisms th a t keep the cell alive, 
or they can be accidentally killed by an overzealous immune response. The la tter 
effect is modelled in equation (2.20), by Reynolds et al. However, to examine the 
relative magnitudes of the effect of the immune system and the virus, all three 
means of cellular destruction m ust be modelled. The equation governing the 
behavior of the population of damaged cells is therefore

d~ §  =  i t ^  +  k i- I N  +  ^ 1 ( 3 -4)

kdn and Xdn are param eters th a t describe how the immune response damages 
healthy cells; the last two term s of the equation are the same as in equation (3.2). 
The first term  of the equation is the Hill-type function discussed in the previous 
chapter. Although Reynolds et al. chose an exponent of 6 , this model uses an 
exponent of 2 in the interests of simplicity (see section 3).

3.2 D eterm in in g  P aram eter V alues

Since the hybrid model of equations (3.1) -  (3.4) consists of various elements 
from two other models, most of the param eters of the hybrid model can be adapted 
from those other models. A dapting the param eters from previous models poses two 
potential stumbling blocks: dimensional com patibility and the fact th a t neither 
model addresses H5N1 specifically.

Param eters from the model of Baccam et al. use different units from those of the 
model of Reynolds et ah, which presents a problem in compatibility. The most 
noticeable difference is th a t Baccam et al. measure time in days, while Reynolds et 
al. measure tim e in hours. Since more of the param eters of the hybrid model are 
adapted from Reynolds et ah, the hybrid model measures tim e in hours as well.
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Thus, the hybrid model converts the param eters it im ports from Baccam et al. to a 
per hour form by dividing by 24. Reynolds et al. used generalized units to measure 
their populations, e.g. they used “P-units” to measure the am ount of pathogen 
present in the system. Baccam et ah, on the other hand, a ttem pted  to use units 
th a t were as biologically relevant as possible. They use TCID50, 50% tissue culture 
infective doses (doses th a t contain enough virus to infect 50% of the tissue they are 
placed on), to measure viral titre  and cells to measure healthy and infected cell 
populations. Since the generalized units of Reynolds et al. can be anything, but it is 
more difficult to convert specific units to generalized ones, the hybrid model uses 
specific biological units as well. Thus, viral titre  is measured in TCID50 and infected 
and and damaged cells are measured in cells. However, the model measures a 
variety of immune cells with a single population (TV), and the content of this 
immune response is ever changing with time. In addition, the population N  is 
intended to  measure not only response from immune cells like macrophages and 
natural killer cells, but also the effects of cytokines. Thus, the hybrid model does 
not try  to relate its measurement of the immune population to  a specific biological 
effect, instead using generalized N-units as a measure of the strength  of the immune 
response. The various param eters, a description of the  biological effect they 
represent, and the derivation of their values are given in Table 3.1.

Values of the param eters in Table 3.1 were determ ined by comparing the results 
of simulation to the known pathophysiology of non-fatal influenza HINT. H1N1 is 
the same kind of influenza th a t Baccam et al. infected their experim ental group 
with [19]. H1N1 exhibits the typical course of infection with influenza, the viral titre  
peaks between two and three days post infection with an approximately 1 0 8-fold 
increase in titre  [23], with little viral shedding after 6 - 8  days. H1N1 was chosen as 
the first disease for the hybrid model to examine because it has a substantial 
amount in common with H5N1. There are few differences between H1N1 and H5N1 
in the genes th a t control production of external proteins. Most notably, there is a 
substitution in position 92 of the NS1 protein and a cluster of basic amino acids in 
the HA protein. However, it has been dem onstrated th a t only the substitution in 
the NS1 protein is necessary to provide a recombinant virus with the virulence seen 
in H5N1 [12]. It has been shown th a t both H5N1 and H1N1 replicate to  similar 
titres in vitro [14], though H1N1 viral titre  was slightly higher than  H5N1 titre  (105 

compared with 104 TCID50). In addition, the two different kinds of virus are equally 
infectious in vitro [13]. More, H5N1 exhibits the pathophysiological dynamics 
typical of H IN I: its titre  peaks about two days post infection, and little is shed
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after 6 - 8  days [12]. However, the cells infected with H5N1 do significantly 
upregulate production of macrophage chem oattractant cytokines (as well as others) 
[13] and in someway the virus manages to protect itself from the anti-viral effects of 
interferon and other cytokines [12]. These factors suggest th a t if the model 
adequately simulates H1N1 infection, no significant changes will be necessary in 
order for it to  simulate H5N1 infection. The differences in cellular cytokine 
expression and efficacy of the immune response cited above imply th a t only two 
changes are needed: snr , the source of immune response, should be increased, while 
kin , the rate  of infected cell killing by immune response, should be decreased.

Most param eters are adapted from Baccam et al. or Reynolds et al., although 
some, particularly those having to do with the interaction of infected cells and the 
immune system, are estim ated from other studies or according to  pathophysiological 
relevance.

From equation (3.1), kvg and (iv , the production of viral titre  and its clearance, 
respectively, are taken directly from the average values determined by Baccam et al. 
and adjusted by dividing by 24 to  convert the day - 1  unit to an hour- 1  unit. As 
equation (3.1) is the only one of equations (3.1) -  (3.4) to be taken directly from 
Baccam et al. w ithout modification to its form, changing the values of the 
param eters is unnecessary.

Equation (3.2) involves three terms: the infection of healthy cells by free virus, 
the destruction of infected cells by immune response, and the destruction of infected 
cells by the action of the virus, discussed here in reverse order. In Baccam et al., the 
viral clearance param eter 5 takes into account both killing of infected cells by virus 
and elimination by activated immune cells. This model separates these two sources 
of cell death, and therefore the param eter value from Baccam et al. cannot be used. 
However, it is estim ated th a t the average lifespan of an infected cell is 24 hours [23], 
or approximately 0.04/hr, the value chosen for fit . ktn represents the other half of 
the infected cell killing mechanism, the ra te  at which infected cells are killed by the 
immune response. It has been noted th a t cytotoxic T lymphocytes destroy 
approximately 60% of cells they are bound to at the end of one hour [24]. Since the 
innate response is less effective than  the specific response represented by the T  
lymphocytes, kin should be less than  0.6. A value of 0.18 gives good agreement 
between the model and the experim ental values of viral titre, th a t is, the the titre  
peaks at between 1 0 4 and 106 TCID50 between days 2  and 3 post infection [19, 23]. 
Finally, kvi is the infectivity of free virus. Like kvg and /ry , the value of kvi was taken 
from Baccam et al. and modified to  m atch the units of the rest of the expression.
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The param eters in equation (3.3) are much the same as in Reynolds et ah, and 
some (knn and /in) are taken directly from Reynolds et al. The rest are modified or 
derived from Reynolds et al. in some way. In equation (2.19), there is a 7  term  
multiplying the finr term . Reynolds et al. have separated these two param eters 
because they examine the effects of varying the anti-inflam m atory cytokine 
population (represented by 7 ). However, in this model, the anti-inflam m atory 
cytokine response is constant, chosen to  be the baseline 1.2. Therefore, the 7  and 
finr term s are combined into a single param eter, /inr, which has a value equal to its 
value in Reynolds et al. (0.12) times 1.2. Reynolds et al. have snr equal to 
two-thirds iinr , but these term s represent resting (non-infected) rates. W hen the 
host is infected, immune response recruitm ent is significantly upregulated. W ithin a 
few hours of infection, influx and efflux of the immune response population in the 
lungs are approximately even [25]. Therefore, snr is set to  the same value as n nr . In 
order to determine the value for kn i, it was first assumed th a t the rate of activation 
of immune response due to  infected cells is the  same as the rate of activation of 
immune response due to bacterial pathogen. In a bacterial infection, invading 
bacteria produce by-products which are toxic to  the host. One such product is 
lipopolysaccharide, LPS, which is produced by a number of bacteria. LPS induces 
an immune response either by directly activating the immune cells or by being 
absorbed by antigen presenting cells (like dendritic cells) which then activate an 
immune response. In the same way, viral antigens can either directly activate an 
immune response, e.g. infected cells secrete cytokines (like interferon) th a t provoke 
an immune response, or they can be taken up by antigen presenting cells, which 
then initiate the immune response. Since bacterial antigens and viral antigens play 
such a similar role in the activation of the immune response, it was assumed th a t 
the immune system was roughly equally sensitive to both. A:np, however, has units of 
(P-unit • h r)-1 , whereas kni must have units of (cell • h r)-1 . There is no direct 
correlation between P-units and cells, but it can be seen th a t the largest value P  
can obtain is poo, due to  the logistic growth term  in equation (2.18). Reynolds et al. 
take this to  be 20, 000, 000. However, the largest value I  can achieve is T0, taken 
here to be 400, 000, 000. Hence, if both types of stimulus affect the immune system 
in the same manner at maximum population, knp must be m ultiplied by 
20,000, 000 P-units/400, 000, 000 cells to  convert it to  the proper units. This gives 
kni =  0.005 (cell • h r)-1 . A similar m ethod was employed to determ ine the value of 
knd. F irst, it was noted th a t the activation of immune response to  damage was 
roughly equal to the activation of immune response due to  bacterial pathogen over a
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long period of tim e [26]. Thus, knd was taken to be equal to  knp from equation
(2.18). Repeated experim ents have suggested th a t the largest value obtainable by 
D, the population of damaged cells in the model of Reynolds et al., at equilibrium is 
17.5 (see e.g. Table 2.3). The largest value obtainable by D  in the model of 
equations (3.1) -  (3.4) is 400, 000, 000. Thus, the conversion factor from the units of 
knp , (P-units • h r )" 1, and the units of knd in equation (2.38), (cells • h r ) " 1 is 
17.5/400,000, 000. M ultiplying knp by this ratio  gives knd =  4.375 x 10"9.

Finally, equation (3.4) has two term s which are the same as in (3.2). The other 
term  represents damage to the healthy cells by an overactive immune response, as in
(2.20). The value of kdn was determ ined in a m anner similar to th a t used to 
determ ine the value of knd above. Since kdn has units of D -units/h r in Reynolds et 
al. though, the conversion factor is 400, 000, 000/17.5, which gives kdn in equation
(3.4) a value of 8,000,000. The final param eter to  adjust is Xdn, which in equation
(2.20) has value 0.06. However, numerically solving the system (3.1) -  (3 .4 )  with 
this value of Xdn leads to results th a t do not m atch the known pathophysiology of 
influenza. Running the model with various different values of Xdn suggests th a t 20 is 
a more biologically appropriate value for this param eter.

In summary, the param eters of the hybrid model were determ ined in large part 
from the param eters of the Baccam et al. model [19] and the Reynolds et al. model 
[17]. A single convention for units was achieved by means of converting the units of 
the param eters of the previous two models into the units used by the hybrid model. 
A list of the param eters and their values is given in Table 3.1.

The behavior of the system of equations (3.1) -  (3.4) is compared to the 
behavior of the system of Baccam et al. (equations (2.1) — (2.3)) w ith average 
param eters in Figure 3.1. Similarity in the behavior of these two systems is 
desirable, because at the lower levels of immune response encountered in normal 
H1N1 infection the immune response does not do much damage to the healthy cells. 
Thus, the disease is prim arily target cell limited, as in Baccam et al. The similarity 
of the two models suggests th a t the hybrid model of (3.1) -  (3.4) adequately 
simulates infection with H 1 N 1 (see Figure 3.2).

It is im portant to note th a t the simulation so far has introduced no concept of 
host death. Baccam et al. show th a t a large proportion (more than  95% in all cases) 
of the epithelial cells in the lung could be destroyed and the patient still survives. 
However, Baccam et al. also implicitly assume a closed community of cells, and do 
not examine the effects of breaking th a t closed community assumption (i.e. when 
the number of infected cells is greater than  the number of healthy cells). A possible
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Param eter Value Biological Represen
tation

Derivation

kyg 0.0005 TCID so/hr Production of virions 
by infected cells

A dapted from Bac
cam et al. [19]

fJ'V 0.125 TCID so/hr Clearance of free viri
ons

A dapted from Bac
cam et al. [19]

kyi 1.125 x 10-6 TCID so/hr Infectivity of free 
virions

A dapted from Bac
cam et al. [19]

kin 0.18 (N-unit h r ) - 1 D estruction of 
infected cells by 
immune response

The innate immune 
response is less effec
tive than  the cyto
toxic response, which 
destroys 60% of in
fected cells attacked 
per hour [24].

fJ'i 0.04 h r - 1 Decay rate of in
fected cells due to  vi
ral action

Estim ated life of in
fected cells is 24 hrs. 
[23]

Snr 0.144 N -units/hr Source of quiescent 
immune response

From Reynolds et al. 
[17]

fJ’nr 0.144 h r - 1 Decay rate of qui
escent immune re
sponse

From Reynolds et al. 
[17]

k̂nn 0.01 (N-unit h r ) - 1 Activation of im
mune response by 
activated immune 
response

From Reynolds et al. 
[17]

kni 0.005 (cell h r ) - 1 Activation of im
mune response by 
infected cells

Estim ated based on 
activation of immune 
response by pathogen 
in Reynolds et al. [17]

knd 4.375 x 10-9 cell-i Activation of im
mune response by 
instantaneous change 
in damaged cells

Estim ated from 
Reynolds et al. [17] 
and activation of 
immune response by 
lipopolysaccharide as 
compared to HMG - 1  

[26]
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Param eter Value Biological Represen
tation

Derivation

0.05 h r " 1 Decay rate of ac
tivated immune re
sponse

From Reynolds et al. 
[17]

kdn 8 , 0 0 0 , 0 0 0  cells/hr M aximum amount of 
damage to healthy 
tissue by immune re
sponse

A dapted from 
Reynolds et al. [17]

•Edn 20 N-units Level of immune re
sponse to bring tissue 
damage to half maxi
mum

Estim ated by adjust
ing to physiological 
behavior of virus

Table 3 .1 : A list of the param eters used in the hybrid model, their biological repre
sentation, and the derivation of their values.

reason for this is th a t Baccam et al. do not consider the action of the immune 
system. In normal infection, specific immune response is generated within the week, 
and quickly becomes the prim ary means of fighting off the infection. Therefore, as 
the specific immune response develops, conditions th a t were true at the beginning of 
the infection may not hold. Importantly, it has been suggested th a t the specific 
immune response can tone down the innate response, protecting healthy cells from 
accidental destruction [27]. It may be th a t by the tim e the infection has proceeded
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Figure 3.1: Comparison of the Baccam et al. model (equations (2.1) -  (2.3)) and 
the hybrid model (equations (3.1) -  (3.4)) for a typical H1N1 influenza A infection. 
The hybrid model is similar to the Baccam et al. model for both viral titre  (which 
was experimentally determined by Baccam et al.) and infected cell population. The 
damaged cell population is smaller for the hybrid model than  for the Baccam et al. 
model. However, the Baccam et al. model does not take into account the effect of the 
immune system, and therefore it is expected th a t including the effects of an immune 
response, as done in the hybrid model, will result in fewer damaged cells.
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Log of Infected Cell Population with respect to TimeLog of Viral Titre with respect to Time
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Figure 3.2: Time course of the various populations of the hybrid model. The upper 
four graphs represent the population of viral titre, infected cells, activated immune 
response, and damaged cells. The lower two graphs represent the portion of cells 
damaged by the immune response (left) and the portion of cells damaged by the virus 
(right). In a typical H1N1 infection, which is not fatal, only about 6 % of damaged 
cells are attacked by the immune response, the rest fall victim to  the effects of the 
virus.
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to  the point where the closed community assumption would be broken, the specific 
response has changed the environment so much th a t the model is no longer 
accurate. This is particularly true for the hybrid model of equation (3.1) -  (3.4), 
which does take into account the immune response. This model cannot be 
considered accurate on a long time scale when modeling infections such as H1N1 
influenza. However, H5N1 influenza is different enough from other influenzas 
(especially hum an influenzas) th a t most people do not have antibodies against it. 
Therefore, their bodies can m ount at best a weak specific defense against H5N1, 
complements of reactive cross-immunity (where immune cells specific to a similar 
disease respond to the infection). This implies th a t an effective specific immune 
response does not develop until later than  normal in cases of infection with H5N1, 
which in tu rn  implies th a t a model which examines the interaction of the disease 
with only the innate immune system m aintains relevance for longer than  normal. 
Consequently, the possibility of breaking the closed community assumption becomes 
germane once more. Because H5N1 is so often fatal, it is assumed for the model 
given by equations (3.1) -  (3.4) th a t breaking the closed community assumption, in 
this case defined as D(t)  +  I ( t )  > 400, 000, 000 for some 0 < £ <  120, implies th a t 
the host has died, t < 120 was chosen because it has been shown th a t after 5—7 days 
post infection with influenza A, basal lung epithelial cells begin regenerating [19]. 
This implies th a t the closed-community assumption would be a poor one after 5 
days, and therefore th a t breaking it would have little biological relevance. Further, 
in an analysis of the 1997 outbreak of H5N1, patients in severe cases waited four 
days on average before entering the hospital to  seek treatm ent [4]. It is assumed 
th a t w ithout intervention by the hospital staff most would have died soon after. 
Even under hospital care, 5 of the 7 severe cases were fatal; these deaths occurred 
an average of 13.4 days after admission. In studies done on mice infected with 
highly pathogenic H5N1 influenza, the mean time to death was 8  days [28].

3.3 M a th em a tica l A n a lysis  o f  th e  H ybrid  M od el

A nonlinear stability analysis was performed on the system (3.1) -  (3.4) in order 
to help elucidate the effects of changing the param eter values, and to discover which 
param eters are im portant in determ ining the behavior of the system. Knowing these 
param eters can aid in learning which parts of the virus are the most im portant 
targets for therapy and which effects are the most deadly to  the host.
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Following the procedure given in Appendix I, the first step is to  determ ine the 
equilibrium values for the hybrid model, i.e. the vectors [v*, d*]T such th a t

0  -- kVgl /Ty U ,

0  =  kvi (To — i* — d*)v* — kinn* i* — ,

n    S n r { k n i i  "F k n n TL *
U — : : : (J'nn  ,

0  =

fJ'nr +  knii* knnn

Xdn +  (n*y
+  kinn*i* +  /Aii*.

(3.5)

(3.6)

(3.7)

(3.8)

Equation (3.7) does not include a kdn term  as (3.3) does because ^  =  0. Since each 
of the term s in (3.8) is positive, (3.8) can only be true if n* = i* =  0. This implies 
th a t v* = 0 because of (3.5); these conditions are sufficient to  satisfy the other two 
equations. As in the model of Baccam et al., (2.1) -  (2.3), the equilibrium num ber 
of damaged cells d* can therefore be any a, a > 0 and u E EL Therefore, the only 
equilibrium of this system is [0 , 0 , 0 , a]T .

The Jacobian of the system (3.1) -  (3.4) is

0fly lUyg
kVi (T0 — I  — D) —kViV  — kinN  — yiq —kinI

0  k7n N cd knn N cd (d7
0 kinN  + Ali

0

-kyiV
0

where N ci =

« + A ,2):

. At the equilibrium [0, 0, 0, a] , (3.9) is

0

(3.9)

J  ([0,0,0, a]71)

fly kyg
kVi{T0 — a) —fii

Snrkni Snrknn
(d'nr fd'nr
fdi C

(3.10)

The characteristic equation associated with (3.10) is

-A(
Sny kr 

f^nr
dn — A) [{—fdv — X)(—fii — A) — kvgkvi(To — a)] — 0. (3.11)
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Thus, the eigenvalues are

Ai =  0 ,
snrknn

A2   fJ'Tl 5
t^nr

1
A3 — — — Hi + y  {Hi ~  Hv)2 — 4kvgkVi(TQ — a)J  ,

A4 = — ^ ~ H v  ~  Hi ~  \ J { H i  ~  H v ) 2 ~  4 k Vg k Vi ( T o  — <2 )  ̂ .

As in Baccam et al., one of the eigenvalues is zero, implying th a t the system is never 
asym ptotically stable. Once more, this is understandable given th a t a can be any 
real number. Therefore, any other real num ber can also be a component of the 
equilibrium, so the system may not decay to [0 , 0 , 0 , a]T . The real part of A2 is less 
th a t zero provided th a t Hn >  sy knn. À4 always has negative real part. To determine 
the conditions on À3 having negative real part, examine the following cases: a = T0, 
a > T0, and a < T0. First, if a =  T0, then
A3 =  1/2(—Hv — Hi + yj{Hi — Hv)2) =  ~Hv < 0. Second, if <2 >  T0, then

Hv — Hi y  (Hi ~  H v ) 2 + 4 k vg k v i { a  — To) < 0,

T* — H v ) 2 T 4k vgk vi{a — To) < Hv Hii  

{Hi ~  H v ) 2 + 4 k vg k v i { a  — T o )  <  { h v + H i ) 2 •> 

^kVgkVi{cL Tq) ^HvHi 1 

a < T0 +  ^
kvgkvi

On the other hand, if a <  To, then

A3 = — (^—Hv — Hi T  {Hi — H v ) 2 ~~ 4:kvgk Vi { T o  — a)̂ J .

If 4kVghVi(To — a) >  {Hi — H v ) 2 , then the real part of A3 =  1/2{—Hv — Hi) <  0. If
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AkVgkvi{TQ — a) < (/J,i — yLt-u)2, then — fiy)2 — 4kvgkVi(To — a) >  0  so

~  yC /h — ^v)2 ~  AkvgkVi(To — a) <  0 ,

if^i ~  ^v )2 — AkvgkVi(To — a) < fiv

(fii — fly)2 — AkygkyiiTft ~  O) < {fly +  / ^  ) 2 ,

AfJ/ifJyy Akygky^iTç) O') )

^  a < T o  +  i r i k  ’'Viug'vm

the same condition as when a > Tq. Thus, depending on the value of a, up to two 
stability conditions must hold in order for [0, 0, 0, a]T to be stable. If a =  T0 or 
a <  T0 and 4:kygkyi(T0 — a) > (fii — fiv)2, then

!*„ > Sĵ  (3.12)
fJ"nr

is the only condition which must hold. If a >  To or a <  To and 
AkvgkVi(To — a) < — //y)2, then (3.12) must hold and in addition

a < T a +  - ^ k r  (3.13)
fcygfovi

must hold. In effect, this means th a t if a is close enough to T0 (where “close 
enough” is decided by the relative values of f i i , fiv , kvg , and kVi), it must be less 
than some upper limit for the equilibrium to be stable. Note th a t even if both  of the 
conditions (3.12) and (3.13) are obeyed, the host can still suffer “death” as defined 
for the hybrid model, as a is allowed to be larger than  T0. This is true even 
discounting the non-asym ptotic stability  of the equilibrium, which could cause the  
population of damaged cells to decay to  a constant value still larger than  a. 
However, note th a t for biologically relevant values of the variables, D(t)  is a 
non-decreasing function. Thus, as long as D(t)  <  T0, it can only increase. However, 
if D(t) > To, the variables can take on biologically irrelevant values, e.g. /  <  0. In 
this case, D(t)  can no longer be considered a non-decreasing function, and the 
population of damaged cells may actually decrease. It is more probable, therefore, 
th a t the value to which D(t) eventually decays is near T0. However, this cannot be 
considered biologically relevant behavior. If I(t )  +  D(t) > T0 is defined as host 
death, then the behavior of the system after t = t0 , where /(to ) +  D (t0) > T0 bu t 
I (t )  +  D(t)  <  T0 for all t < t0, departs severely from the biological reality.
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This model chooses 2  as the exponent of the Hill-type function in equation (3.4). 
Reynolds et al. chose 6  for the exponent of the Hill-type function in their model
(2.18) -  (2.20). However, choosing the Hill-type function exponent to be 6  in 
equation (3.4) makes no difference to the behavior of the system, and therefore is 
unnecessary, since it increases the complexity of the system. This was seen in section 
2 , and further, this can be shown m athem atically in the case of the hybrid model. 
The equilibria of the system would remain the same, because in order for equation
(3.4) to equal zero, both  I  and N  must equal zero, which in tu rn  imply th a t V  = 0 
by equation (3.1). These three constraints satisfy all the equations, so D = a: 
a £ M. Therefore, the equilibria of the system with Hill-type function exponent 6  

are of the form [0,0, 0, a]T, exactly like the equilibria of the system (3.1) -  (3.4). 
Additionally, the stability of these equilibria have the same constraints, because the 
Jacobian of the system with Hill-type function exponent 6  at the equilibria is

J ( [ 0 ,0 ,0 ,a n  =

fJjy &vg 0  0

kVi(To — a) 0  0
n  S n r k n j  S n r k n n  __  , ,  O
U mir ^  U
0  fii 0  0

which is the same as the Jacobian of the hybrid model, seen in equation (3.10). 
Since the Jacobian is the same, the eigenvalues are the same, and hence the system 
has the same stability conditions. Therefore, the behavior of the system with 
Hill-type exponent 2 is the same as the behavior of the system with Hill-type 
exponent 6 . Therefore, a Hill-type exponent 2 can be used in place of a Hill-type 
exponent 6  w ithout loss accuracy and with an increase in simplicity.

Now th a t the stability conditions of the system have been elucidated, it is 
instructive to examine the behavior of the system when those conditions do not 
hold. Figure 3.3 shows the effects of increasing snr to  1.58 while holding all other 
param eters at the values given in Table 3.1. In this case, the condition given by 
equation 3.12 is broken, since

Snrknn -  (1'58)(°-01) =  0.1097 >  ^  =  0.05.
/Linr 0.144

It is not possible to analytically determ ine whether equation (3.13) has been 
violated, as the value of a is not known. However, it is possible to force the right 
side of (3.13) to be as small as possible. Figure 3.4 shows graphs of the system with 
param eters set to kvg =  5  x 10-3 , kin — 1.5, snr =  0.6 and all other param eters as in
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Figure 3.3: The behavior of the hybrid model with snr =  1.58 and all other param eters 
as in Table 3.1 over the long term  (t =  400 hrs). In this case, the condition given by 
equation 3.12 does not hold. It can be seen th a t N ( t )  reaches a steady state, which 
necessarily implies th a t D(t)  is increasing for all t.
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Figure 3.4: Graphs of the behavior of the system in an attem pt to violate the stability 
condition given in equation (3.13). The param eters used to develop these graphs were 
kvg =  5 x 10-3 , kin =  1.5, snr = 0.6 and all other param eters as in Table 3.1. The sta
bility condition given by equation (3.12) holds because Sn̂ n =  (0.6)(0.01)/0.144 =  
0.04167 < fin = 0.05. Therefore, since the [0, 0, 0, a]T equilibrium does not appear to 
be stable (the value of N (t)  goes to a constant as t oo, necessitating th a t D(t)  
increases) it can be assumed th a t the stability condition (3.13) does not hold. In this 
case, th a t condition requires th a t a <  T0 +  HiHv/(kVgkvi) =  400, 8 8 8 , 888.9.
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Table 3.1. The behavior of the system around the equilibrium [0, 0, 0, a]T appears to  
be unstable because N (t)  approaches a constant as t grows (at least, for t <  400), 
which causes D(t)  to  increase. However, equation (3.12) is satisfied, since

=  (0^ )(°-01) =  0.04167 <  =  0.05.
[Inr 0.144

Therefore, it can be assumed th a t the only remaining stability condition, (3.13), is 
not satisfied. This implies th a t

a > T 0 + =  400,000, 000 +  8 8 8 ,888.0 =  400, 888,889.
foygfoyi

Since the equilibrium [0, 0, 0, a]T appears to  be unstable, nothing can be said with 
certainty about the m athem atical behavior of the p a tien t’s health, despite a being 
larger than  T0 and thus breaking the closed community assumption. However, since 
D(t)  is an increasing function for biologically relevant conditions (i.e. when the 
patient is alive), it cannot grow away from a and towards zero. Thus, so long as 
either I{t)  or N (t )  are greater than  zero, D(t)  increases until the closed community 
assumption is violated. Therefore, since [0, 0, 0, a]T is unstable, it can be assumed 
th a t D(t)  increases until the closed community assum ption is broken, at which point 
the patient suffers death. W hether this death is biologically relevant (i.e. whether it 
happens before the epithelial cells would begin regenerating) cannot be determined.

3.4 R esu lts  o f S im u lation

The behavior of the hybrid model for H1N1 influenza A infection is shown in 
Figure 3.2. The similarity of the behavior of the hybrid model to the behavior of the 
Baccam et al. model (see Figure 3.1) and to established da ta  on influenza infection 
suggests th a t the model adequately represents H1N1 infection, at least for the first 
few days post infection. The goal of using the hybrid model, however, is to 
determine whether the immune system is more dangerous to the host than  the virus 
during H5N1 infection. As the virus induces increased expression of macrophage 
chemotaxis promoting cytokines, and is also somewhat immune to the effects of the 
immune response, the two param eters varied here are snr , the source of quiescent 
immune response, and k iri, the ability of the activated immune response to destroy 
cells infected by H5N1.

First, the effects of increasing snr and decreasing kin together were examined.
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M easurements of cytokine levels in case studies of H5N1 infection compared to 
typical H1N1 infections indicate th a t certain cytokines can be as much as 8 -fold 
higher in H5N1 infection after three days than  in H1N1 infection. However, certain 
other cytokines are only twice as high even after the H5N1 patient has been infected 
for 6  days [29]. Further, it is not known whether an increase in cytokines results in a 
proportional increase in immune response. However, snr was taken to  be 5 times 
higher than  in normal H1N1 infection, and kin was adjusted to produce typical viral 
load behavior (maximum load at between 2 and 3 days post infection and at levels 
of between 1 0 4 and 106 TC ID 5o). The results after 1 2 0  hours are shown in Figure 
3.5. The host has suffered death at approximately 82 hours after infection. The 
population of activated immune response is approximately 5 times higher in H5N1 
infection than  in H1N1 infection, and does m easurably more damage in proportion. 
In H1N1, approximately 6 % of the damage was done by the immune response, 
whereas in H5N1, approximately 37.5% of the damage was done by the immune 
response. While this does not constitute a m ajority of the damage, it is 
pathologically high, and can be considered an im portant part of the pathology of 
the virus; reducing the damage done by the immune system to its normal ratio 
while m aintaining the damage caused by the virus results in a healthy outcome.

In order to determ ine which effect of the virus (increasing the amount of or 
decreasing the effectiveness of the immune response) is more dangerous, the 
param eters were set to the normal H1N1 level (as in Table 3.1) and then modified 
singularly. First, the effects of increasing snr while holding the remaining 
param eters constant was examined. The results are shown in Figures 3.6 and 3.7. It 
is obvious from the figures th a t an increase in immune response is beneficial to the 
host in this case. However, too much immune response can quickly become more 
damaging than  the virus itself, as shown in Figure 3.7. Undoubtedly, this is the 
reason the body does not normally attack invading pathogen with such a powerful 
innate immune response.

The effects of decreasing kin while holding all other param eters constant at the 
normal H1N1 level is shown in Figure 3.8. Even reducing kin to two-thirds of its 
original level compared to infection with H1N1 resulted in host death. Compared to 
a five-fold increase in snr , which left the patient alive after five days, it may be 
deduced th a t kin is the far more im portant param eter in analyzing the effects of 
H5N1. Since kin represents the effectiveness of the immune response in destroying 
infected cells, it is clear from these da ta  th a t it is the inability of the immune 
response to cause damage to the virus - not its ability to cause damage to the body

63



Infected Cell P opu la tion  with r e s p e c t to  TimeLog of Viral Titre with re s p e c t to  Tim e

- 2  ----------------------------  L------------------------ '------------------------ 4 -------------------------- !-r-----------------------1 - Q  5 1 -------------------------1------------------------ 1-------------------------1-------------------------1------------------------- U ------------------------
0 20 40 60 80 100 120 ' Q 20 40 60 80 100 120

Damaged Cell Population with respect to Time

x IQ8 Final Healthy Cell Population:-!00894393.9003Immune Response Population with respect to Time
6

5

4

3
2

0
0 804020 100 120100 60120

Population of Cells Damaged by Virus10s Population of Cells Damaged by Immune Response x 10

2.52.5

1.5

0.50.5

100 12020 60 80100 120

Figure 3.5: Graphical representation of an H5N1 infection, w ith snr =  0.72 and 
kin =  0.03. The patient suffers “death” about 82 hours after infection. At th a t time, 
y (82) % 2.874 x 1Q4 TC ID 50 , 7(82) % 5.613 x 10^ cells and # (8 2 ) % 14.14 N-units. 
Damage due to over active immune response is 1.509 x 108 cells, and damage due 
to the effects of the virus is 2.503 x 108 cells. Thus, while the actions of the virus 
still cause a m ajority of the cell death in the disease, the effects of the over active 
immune system cannot be considered small, as they constitute approximately 37.5% 
of the damage to the host, a proportion more than  six times higher than  th a t seen in 
typical H 1 N 1 disease.
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Figure 3.6: Graphs of populations for snr =  0.36, and all other param eters given 
as in Table 3.1. It can be seen th a t a slight increase (2.5 times in this case) in the 
am ount of immune response is not an effective strategy for the virus. First, the virus 
takes longer to reach its peak, giving the specific immune response more tim e to 
respond and wipe out the virus before it becomes as numerous as possible. Second, 
the increased amount of immune response dam pens the maximum amount of virus 
and infected cells. The decrease in the viral load causes fewer cells to be damaged 
by the  virus than  are damaged by the immune response, but as the specific response 
begins to take over, the host still has more than  75% of his original healthy cells. 
This would be considered a mild, though prolonged, infection.
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Figure 3.7: Graphs of populations for snr — 0.72, the same value for snr as in Figure
3.5. In this case, a large increase in snr (5 times) is detrim ental to  both  the virus 
and the host. The virus is less effective than  in Figure 3.5 or even Figure 3.6, barely 
reaching values of titre  greater than  1. Likewise, only a few hundred cells are infected 
at a time. However, the immune response is pathological to  the host. Though it 
reaches 12 N-units (3 fewer than  in Figure 3.5), it does nearly 2 x 108 cells of damage 
to the host - meaning th a t less immune response did more damage than  in Figure
3.5. The host still manages to  survive, but w ith a loss of nearly half of the original 
healthy cells, enough to cause symptoms.
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Figure 3.8: Graphs of populations for kin =  0 . 1 2  and all other param eters as in Table 
3.1. Even this slight reduction in the effectiveness of the innate immune response has 
lead to  host death at approximately 93 hours. At th a t time, V (93) ~  6718 TC ID 5o , 
1(93) ~  1.894 x 104 cells, # (9 3 )  ~  2.850 N-units. Though approximately the same 
am ount of immune response was generated, its ineffectiveness allowed nearly twice as 
many infected cells at the peak of the disease. This helped contribute to many more 
cell deaths caused by virus, leading to host death.
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as previously postulated - which is the most potent weapon in the arsenal of H5N1.
The choice of which param eters to modify when m igrating the  hybrid model 

from analyzing H1N1 to analyzing H5N1 was not made in a scientifically rigorous 
manner; it stemmed from a basic idea of the effects of the virus. However, modifying 
other param eters might have the same result, as the body is capable of utilizing 
many different pathways to produce a single effect. In order to  determ ine whether 
modifying other param eters could generate similar data, two other param eters were 
chosen as potential targets of H5N1, kni and knn . The first, kn i, determ ines how 
much each infected cell activates immune response. It could be argued th a t this 
param eter is increased instead of (or in addition to) snr. The second, knn, represents 
how much each unit of immune response activates more immune response. It could 
be argued th a t this param eter is decreased instead of kin , since the virus evades the 
immune response. However, Figures 3.9, 3.10, and 3.11 show th a t this is not the 
case. After altering each of the param eters 100 fold (up in the case of kn i, down in 
the case of knn), very little change is observed in the model. Figure 3.11 shows the 
results of altering only kni and knn , in case their effects were masked by changing 
the values of other param eters. Since there is little difference between the graphs at 
these param eter values and the graphs when the values are set to those given in 
Table 3.1, it can be concluded th a t these are not the targets of the virus. Therefore, 
snr and kni are the correct param eter values to modify.

Salomon et al. [15] reported th a t mice missing genes for certain im portant 
cytokines, as well as mice whose immune systems were systemically depressed by 
steroids, were not protected from H5N1, and thus deduced th a t cytokine storm  was 
not a m ajor factor in the pathogenesis of the disease [15]. The model governed by 
equations (3.1) -  (3.4) shows th a t healthy cell damage by the immune response is 
indeed a relevant phenomenon in the pathology of the disease. Figure 3.12 shows 
the estim ated effects modifying the system by removing cytokines would have. Since 
cytokines are strong attractors of the immune response, reducing the num ber of 
cytokines will reduce the immune response (decreasing snr). Cytokines also activate 
immune response, so removing a cytokine from the network will decrease immune 
activation (and, correspondingly, kni and knn). There is no evidence th a t this will 
increase kin, the efficacy of the immune response’s attack of the pathogen, but as a 
best case scenario, it is included. The results show th a t the patien t still suffers 
death, though many more cells are damaged from the action of the virus than  of the 
immune response. It seems likely, therefore, th a t the actions of Salomon et al. 
reduced the effect of the immune system upon cell damage, bu t did not protect
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Figure 3.9: Graphs of the response of the model to altering kni instead of snr. Here, 
kni =  0.5 (100 times its original value according to Table 3.1) and kin = 0.12, with 
all other param eters as in Table 3.1. If kni was a realistic target for the action of 
the virus, similar effects to those seen in Figure 3.5 would be expected. However, 
this figure has more in common with Figure 3.8. Especially absent is the increase in 
immune response which is a hallm ark of infection with this disease.
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Figure 3.10: Graphs of the model for knn — 0.0001 (100 times less than  its original 
value according to  Table 3.1), snr =  0.36, and all other param eters given as in Table 
3.1. If knn was a valid target for the virus, behavior such as seen in Figure 3.5 would 
be expected. Indeed the increase in immune response appears, courtesy of increased 
snr. However, the virus does not manage to  evade the immune response; in 120 hours, 
titres don’t rise to more than  1 0 0  times less than  typically seen.
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Figure 3.11: The effect of modifying both  kni and knn as in Figures 3.9 and 3.10. 
Combining these two modifications, while keeping all other param eters at the levels 
shown in Table 3.1, shows th a t there is no emergent phenomenon related to their 
interaction or masked by the decrease of kin in Figure 3.9 or the increase of snr 
in Figure 3.10. Indeed, these modifications appear to contribute to a very typical 
influenza infection.
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Figure 3 .1 2 : Graphs of the behavior of the system modified to reflect changes made 
by Salomon et ah Assuming th a t reducing the number and efficacy of the cytokine 
network both decreases the amount of immune response influx (snr), increases the 
effectiveness of the immune response in killing pathogen (kin), and decreases the 
activation of quiescent immune response by infected cells and activated immune re
sponse (kni and knn , respectively, the param eters of the system were modified so 
th a t snr = 0.578, kin =  0.04, knn — 0.001, and kni =  0.0005 (all other param 
eters as in Table 3.1). The patient still suffers death at approxim ately 81 hours. 
F (81) Ps 2.68 x 104, 7(81) % 3.60 x 105, # (8 1 ) % 11.25, cell damage by the immune 
response is approximately 0.97 x 10s , while damage from the action of the virus is 
approximately 3.03 x 108.
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against cell death due to  virus. Salomon et al. concluded from their study th a t the 
effects of the immune response were less reasonable targets for therapy than  the 
virus itself. However, it seems more likely th a t it is a specific effect of the virus on 
the immune system - namely, its escape from the immune response - which is more 
relevant to developing a cure for the disease.

3.5  D iscrete  V ersion  o f th e  H yb rid  M od el

A model which is discrete in time may be more appropriate than a continuous 
tim e model, because cellular and viral processes do not take place continuously. A 
discrete version of the hybrid model is

kn+i 1A, d" kVgIn (3.14)

In+l — In A kvi (-̂ "o In Hn'jVn kinN nI n l^iln i (3.15)
Ar Ar . Snr{kniIn +  knnN n +  kncl(Dn-\-l Un))  AT /q 1 £>\
N i+ i =  N n +  . u T t i .— a t  ^  i ,  ( n ----F T A  -  ^ A rn ,  (3.16)f-^nr H- k ni l n rCnn-L'n d" k nciy U n-\-i J-^n)

b, AT?
Dn+i — Dn H— —7x79 +  kiriN nI n +  fi i ln. (3.17)

Xdn +

The equilibria of this system are where \Vn+i , I n+1, Vn+1, D n+1]T =  [l/n, 7n, V n, D n]T, 
i.e. where

0 =  kvgI n — fivVn, (3.18)

0 — kVi(T0 — In — D n)Vn — kinN nIn — Hiln, (3.19)
q _ Snr(kni ln T  knnN n +  kn(ji(KD njr\ D n)) ^  ^  ^

Â nr T  kniI n T  knnN n -\- kn(i(Dn+i Dn)
-  - j 2

+  kinN nI n +  Aq/n. (3.21)0

As in the continuous version of the model, equation (3.21) implies th a t In — N n =  0, 
which in tu rn  implies, by equation (3.18), th a t Vn = 0. The remaining two 
equations, (3.19) and (3.20), are also satisfied by these conditions. Therefore,
D n =  a, where a >  0 and a E R. Thus, the equilibria of the discrete form are 
[0 , 0 , 0 , a]T, as in the continuous model.

The Jacobian of the discrete version of the hybrid model at a general
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equilibrium sta te  [V, I ,  N,  D]T , equations (3.14) -  (3.17), is

1 — k.vg

kvi (To — I  — D)  1 — kViV  — kinN  —
0

kinI
0

kni Ndd 
kinN  +  fli

1 “f~ knnNdd kn  0

^  +  k in i  i

T

Oẑ 2)2 in

where %  =  T^+k^i+knnNV ■ Therefore, at the equilibrium [0,0,0, a] , the  Jacobian 
.7([0,0,0, a]T) is

J ( [ 0 ,0 ,0 ,a n  =

1 kv kVg
kVi(To — a) 1 — fa

k n j  Snr  
f̂ nr

0

0

0

0

knn . S n r1 +  „ gMnr
(3.22)

k i  0

The characteristic equation associated with equation (3.22) is

( 1  — A)  ^ 1  H---------------------- k n  ~  A^j [ ( 1  — — A ) ( l  — — A )  — k v g k v i ( T o  — a ) ]  .
\  k n r  J

Then two eigenvalues are A i  =  1 and A^ — l  T knnSnr — Hn- The other two are
solutions of

A2 +  \ ( k v  — 2  +  H i )  +  (1 — k v ) ( ^  ~  k i )  —  0-

Therefore, they are

1

2 
1

A3 — ^ — Ah; — Ah + y / { k v  — 2 +  H i ) 2 ~  4(1 — ^ ) ( l  — k i ) ( T o  — n)^ ,

X4 = — (̂ 2 — k v  ~  k i  ~  V { k v  — 2 +  H i ) 2 — 4(1 — kv) ( ^-  — k i ) ( T o  — u)^ .

(3.23)

(3.24)

Because Ai — 1, the equilibria are not asym ptotically stable. |A2| <  1 if

-2 +  H n  <
knn^nr

k n r
^  k n - (3.25)

The right-hand inequality is the same as (3.12). If equation (3.25) is satisfied, then 
the discrete model, (3.14) -  (3.17), is (non-asymptotically) stable as long as |A3| and 
I A4 1 are less than  or equal to one. Since A3 and A4 are the roots of the characteristic
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equation of

A =
I — Hv hvg

k Vi { T Q  — a )  1 — f i i

we can use the Jury  conditions to check their stability. Thus, we require th a t

|det(A )| <  1 

1 +  det(A) > tr(A ).

In this case, this implies th a t

— 1 <  (1  — /̂ y) ( l  — fa) ~  kvgkVi(To — a) <  1 , 

1 +  (1  — /ry ) ( l  — H i )  ~  k v g k Vi ( T o  ~  a )  >  2  — Hi  ~  f ^ v

(3 .2 6 )

(3 .2 7 )

Equation (3 .2 6 )  simplifies to

— 1 — 1 +  yLtt +  yitv — Hv/J'i <  kvgkvi(a — Tq) <  1 — Hif^v
— 2 — H v ^ i  + Hi  + ^  r r  ^  ~ ^ v ^ i  + Hi  +  < a — lo < —

kyg kv{ kygkyi
rr, . —2 —  HvHi + Hi + ^ ^ rr^ , ~  Hv Hi + f î +
J-Q H-------------------- :--- :-------------------- <  a  <  IQ  -\-----

kugkyi kygkyi

Equation (3.27) simplifies to

2 — fa ~  Hv ^  /^ vfa  — kvgkVi(TQ — a) > 2 — Hi ~  Hv

k v g k Vi ( a  — T q ) >  — H v f a

a  >  T q — 1c 1c ti"ugnjvi

If Hi T  f a  < 2, then (3.27) is a  stronger condition for the lower bound of a  than  
(3.27). Therefore, the stability conditions for the discrete form of the combined 
model, equations (3.14) -  (3.17), are equation (3.25) and

H i f a  /  ^  , — f a f a  +  f a  T  f a
J-o — i— ]— <  a <  io  H----kvgkyi ky g kyi

(3 .2 8 )

if Hi  + fa  < 2  or

rr-, . _ 2  —  H v f a  +  f a T  f a  ^  rp  . ~ f a f a  +  f a  T  f a
-/ o i------------- 1— ;------------  <  a <  i  o +kygkyi ky g kyi

(3 .29)
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if Hi + n v > 2. The right-hand side of (3.25) is the same condition as (3.12), and 
equations (3.28) and (3.29) resemble (3.13). Thus, the equilibria are the same in 
both the continuous and discrete forms of the model and we expect similar stability  
conditions.

3.5 .1  S im u lation  o f  th e  D iscrete  M od el

The results of simulating the discrete version of the combined model, given by 
equation (3.14) -  (3.17), with param eters given by Table 3.1 are shown in Figure 
3.13. The behavior of the model with the param eters adjusted to values used to 
simulate H5N2 is shown in Figure 3.14. These figures should be compared to  their 
continuous model counterparts in Figures 3.2 and 3.5. The behavior of both  models 
is very similar. Thus, it is obvious th a t the continuous model is as appropriate a 
model for H5N1 as the discrete model.

3.6 C on clu sion

The models of Baccam et al. and Reynolds et al. are insufficient to  accurately 
model infection with H5N1 influenza. However, Baccam et al. models H1N1 
influenza, which is closely related to H5N1 and shares many pathological 
similarities, such as maximum viral titre  and showing little shedding of new virus 
after 6 - 8  days. Additionally, Reynolds et al. models a sepsis state; a similar s ta te  
is theorized to develop during the course of H5N1 infection. Thus, both  systems can 
be used together to generate a hybrid model to  study the effects of H5N1, as 
dem onstrated in this chapter.

Baccam et al. perform no m athem atical analysis of their model, as they are 
interested only in fitting values to the param eters of their model. However, because 
infection by H5N1 is likely to share much in common with infection by H1N1, a 
m athem atical analysis was performed. Similarly, Reynolds et al. perform only a 
cursory m athem atical analysis before concentrating on bifurcation analysis with 
respect to a single param eter. However, H5N1 is different from H1N1 in multiple 
ways (represented by multiple param eters). The model of Reynolds et al. is too 
complicated to  analyze completely without resorting to numerical methods.
However, it is possible to simplify their model and use this simplified model as an 
approximation to their model. In particular, it can be noted th a t changing the 
exponent of the Hill-type function in equation (2.20) from 6  to  2 results in little
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Figure 3.13: Behavior of the discrete version of the hybrid model, equations (3.14) -  
(3.17). These graphs were generated with param eter values as in Table 3.1, and are 
intended to  simulate infection with H1N1 influenza. Comparison between this figure 
and Figure 3.2 shows no noticeable difference in the behaviors.

77



Infected Cell P opu la tion  w ith r e s p e c t to  TimeLog of Viral Titre with re sp e c t to  Time x 10

0 5

-0.5, 12C100 log120 2020 40 60 80

Damaged Cell Population with respect to Time

. x 10» Final Healthy Cell Populatjon:-76637460.9109Immune R esponse Population with respect to Time
5

4

3

2

1

0 120100120 20 :100.

Population of Cells Damaged by Virus10® Population of Cells Damaged by Immune R esponse x 10
2.5 2.5

0.5 0 5

12C100120 . 20 . 40 60100

Figure 3.14: Behavior of the discrete version of the hybrid model, equations (3.14) -  
(3.17), for param eter values intended to simulate infection with H5N1 influenza. This 
figure can be compared with Figure 3.5, which is the continuous version of the model 
w ith the same param eter values. There are no significant differences in the behavior 
of the continuous and discrete models.



difference in behavior of the model. However, this reduction makes it possible to 
analytically determine the septic sta te  equilibrium values, furthering the ability to 
analytically analyze the system. Additionaly, the health sta te  [0, 0 , 0]T has the same 
stability conditions in both  the original Reynolds et al. model (2.18) -  (2.20) and 
the model consisting of equations (2.18), (2.19), and (2.33). This is particularly 
im portant because the hybrid model, (3.1) — (3.4), uses an exponent of 2 for the 
Hill-type function, and its only type of equilibrium is [0 ,0 ,0 ,a]T, which is analogous 
to the health s ta te  equilibrium of Reynolds et al. As in Reynolds et ah, the hybrid 
model w ith Hill-type exponent 2 and Hill-type exponent 6  has the same stability 
conditions. Further, since [0, 0, 0, a]T is the only type of equilibrium of the hybrid 
model, the model with Hill-type exponent 6  also has the same equilibria as the 
model with Hill-type exponent 2. Therefore, reducing the complexity of the problem 
by reducing the value of the Hill-type exponent results in no change in behavior, 
provided th a t a is the same in both models.

The hybrid model,

dV
dt
d l
dt

^vgd f-Lv

kvi (T q  — I  — D ) V  — kinN  I  —
ai

d N  snr(kniI  +  knnN  +  knd^- )
—-— =  --------------------------------------- — fJLnN
dt finr +  kni I  +  knnN  +  knd-jj-

^  =  x f + J V *  +  k'n N I  +

was developed by combining equations (2.3) and (2.2) from Baccam et al. [19] with 
equations (2.19) and (2.33) from Reynolds et al. A number of modifications were 
made in order to more accurately reflect the action of these equations on each other. 
In addition, param eter adjustm ents were made to unify time dependence and give 
more biologically accurate results. The values of the param eters are given in Table 
3.1. The results from this model suggest th a t while immune response destruction of 
healthy cells is an im portant part of the pathology of the disease, it cannot be the 
only target of research for therapies. This was shown by Salomon et al. [15] and 
further suggested by the results of this model. New results from the proposed 
hybrid model show th a t the most deadly weapon th a t H5N1 has available to it is its 
evasion of the host immune response. W ithout this evasion, the increased immune 
response recruitm ent merely destroys the invading virus (Figures 3.6 and 3.7). 
However, even w ithout the increased recruitm ent of immune response, the evasion of



the host’s immune system results in death in short order (Figure 3.8).
Nonlinear stability analysis of the model suggests th a t this is only true to  a 

certain extent. The one condition which must always be obeyed for stability  of 
[0,0, 0, a]T is (3.12), which depends on snr. Thus, if the virus initiates an immune 
response large enough, i.e. such th a t snr > , the host will eventually die from
the overzealous immune response. No reports exist on the quantitative aspect of the 
increased immune response to  H5N1, so no biologically relevant speculation on 
whether this condition holds can be made. However, with the m odel’s param eters as 
given in Table 3.1, it can be seen th a t if snr is more than  five tim es greater in H5N1 
infection than  in H1N1 infection (i.e. the population of the immune response is more 
than  five times larger), host death  will result from the action of the immune 
response. If it is less than  five times larger, death  from the immune response can be 
avoided, although the host may not survive due to the virulence of the  virus.

In conclusion, the results of this new hybrid model suggest th a t while an 
inappropriate immune response is damaging, restricting it will not save the patient - 
a finding th a t concurs with th a t of Salomon et al. [15] - as the virus will merely 
spread vigorously into healthy cells which would otherwise have been destroyed by 
the immune response. Further, this study shows th a t the focal point of research into 
cures or therapy for this disease should be the ability of H5N1 to evade the host 
immune response. Destroying or even dampening this ability enough will result in 
host health, and in fact, may be as good as a vaccine if given early enough in the 
infection (see Figure 3.6, which models a 2.5-fold increase in immune response w ith 
no decrease in the effectiveness of the immune killing of infected cells - the low viral 
titre  growth is barely enough to cause symptoms in the infected individual).
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A P P E N D IX  A

N O N L IN E A R  ST A B IL IT Y  A N A L Y SIS

Nonlinear stability analysis is an im portant tool for examining the behavior of 
nonlinear dynamical systems. The idea of nonlinear stability analysis is to  examine 
the equilibria of the system, those states at which the solution of the system is 
unchanging. Near those states, the system behaves a lot like its linearized version, 
which can be found by expanding the system using a Taylor series expansion. 
Analyzing the eigenvalues of the linearized system allows us to say whether the 
equilibrium is stable (the solution tends towards the equilibrium as time increases) 
or unstable (the solution tends away from the equilibrium as time increases). Since 
the behavior of the linearized system is an accurate representation of the behavior 
of the nonlinear system near the equilibria, we expect th a t the nonlinear system to 
eventually (as it gets close to an equilibrium) behave in the same manner as the 
linearized system about th a t equilibrium.

A - l  N on lin ear O rdinary D ifferen tia l E quations

It may not always be possible to find a solution to a system of ordinary 
differential equations, especially if they are nonlinear. In this case, it is possible to 
gain some understanding of the behavior of the system using nonlinear stability 
analysis (for a reference for this section, see [30]). The idea of nonlinear stability 
analysis is to find equilibria of the system, i.e. points at which the behavior of the 
system doesn’t change with respect to time, and then examine whether the behavior 
of the system near the equilibrium tends toward it or away from it. Given a system 
of nonlinear ordinary differential equations

(A -l)

first find the equilibria. T hat is, find the set of points x* such th a t

0  =  F (x ‘). (A-2)

f  =  F ( x W ),
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An equilibrium x* is stable if for all e >  0 there is a 5 >  0 such th a t

|x (0 ) — x*\ < 6 \x(t) — x*\ < e for all t >  0. (A-3)

In other words, if the initial sta te  of the system is close enough to  the stable 
equilibrium, the subsequent behavior of the system will not deviate too far from the
stable equilibrium. Further, the equilibrium x* is asymptotically stable if (A-3)
holds and

lim x(t)  —> x*.
*—>■00

T hat is, the x* is asymptotically stable if it is stable and the behavior of the system 
tends towards x*. If (A-3) does not hold, then ôc* is unstable.

To examine the stability of the equilibrium, a perturbation analysis is 
performed. Take x* T  x(t),  where x(t)  is assumed to  be small. Then the left-hand 
side of equation (A -l) is

d(x* +  x(t)) dx* dx(t) _  dx(t)  .
dt dt dt dt

because — O by definition. The right-hand side of equation (A -l) is

F(x* +  x(t)) = F(x*)  +  F'(x*)x(t)  +  term s of order {x(t))2 (A-5)

where F'(x*) is the Jacobian of F(x)  at x*. This follows from the Taylor expansion 
around x*. Since (x(t))  is small, the terms of order {x(t))2 can be neglected. 
Additionally, F(x*)  — O by definition. Thus,

^  -  n ? w t ) .

Let z(t) =  x(t)  for small values of |T(£)|. Then

dz(^)
dt

=  F '(f")z(^). (A-6 )

This is a linear system, and therefore its stability can be analyzed using linear 
systems methods. Note th a t since z(t) =  x(t),  if z(t) —>• 0, i.e. it is asymptotically 
stable, then x(t)  —> 0  and x* is asymptotically stable.

One useful m ethod for analyzing linear systems of ordinary differential equations
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is the eigenvalue-eigenvector method. Assume that (A-6) has solution vext. Then

= XeM0- (a-7)

Therefore, (A-6 ) can be w ritten 

Rearranging gives
( F '( f * ) - A / ) i ;  =  0. (A-8 )

The non-trivial solutions of this equation have A such th a t

det (F'(Z*) -  A/) =  0, (A-9)

which can be found using standard  techniques (solving the characteristic equation of 
the m atrix  on the left-hand side of equation (A-8 )). If the N  eigenvectors 
corresponding to the N  (possibly repeated) eigenvalues which solve equation (A-9) 
are linearly independent, then the general solution to equation (A-6 ) has the form

z(t) = C\CXltV\ +  C2 €^2tV2 +  1 - - +  C/vC^^U/v- (A-10)

In order for z(t) to go to  zero, therefore, the real part of A% m ust be less than  zero 
for all i. If any of real(A^) >  0, z(t)  increases with increasing time, and x* is not 
stable. If

max {real(Ai)} =  0,
i= l , . . . , N

then z(t)  neither decays to zero nor increases w ithout bound, but approaches some 
vector. In this case, x* is stable, but not asymptotically so.

In some cases, it may be difficult to determ ine the eigenvalues. However, finding 
the eigenvalues may not be necessary. The Routh-Hurwitz conditions can be used to 
check whether the roots of an equation he in the left half plane [31]. Thus, checking 
the characteristic equation of equation (A-8 ) against the Routh-Hurwitz conditions 
can provide sufficient information to  determ ine whether x* is stable w ithout having 
to determ ine the eigenvalues. For a general N th degree polynomial

A^ +  cli 1 +  • • • +  tt/v—i A +  G-jv := 0
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The Routh-Hurwitz conditions are a^v >  0 and

A i > 0 , A 2 >  0 , . . . ,  Aat >  0 ,

where
CLi a 3 & 5

1 a 2 ti .4

0 CLi

0 1 a 2

0 0 0

For a two dimensional system, these are

A -2 N on lin ear D ifference E quations

&7 ............
^ 6  ............
U5 ..............
U4 ..............

0 . . .  cifc

,11)
, 12)

-13)

,14)

«i >  0 ,

a2 >  0.

which autom atically satisfy the th ird  constraint,

(A

(A

CLi 0

1 # 2
> 0 aia2 > 0 .

If the second-degree polynomial is the characteristic equation of a 2 x 2 matrix, 
(A -ll)  and (A-12) simplify to

tr(A ) <  0, 

det (A) >  0.

(A

(A

A similar m ethod to the one used for ordinary differential equations can be used 
to examine the stability of nonlinear difference equations (for a reference for this 
section, see [32]). A similar rationale supports the analysis of steady states in both  
kinds of systems. T ha t is, knowing the stability properties of the equilibria im parts 
basic knowledge of the general behavior of the system. For the system  of nonlinear 
difference equations

xn+i =  F ( x n), (A-15)
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equilibria (or steady-state solutions) satisfy

x n-\-\ — x n.

Therefore, by (A-15),
x n — F ( x n). (A-16)

Vectors which satisfy equation (A-16), x*, are equilibria. The approach to the 
analysis of the stability of difference equations is similar to the one taken to analyze 
the stability of differential equations. T hat is, examine a small perturbation from 
the equilibrium x* +  x'. Because x' is small, a Taylor series expansion can be used 
to linearize the system. Thus, the right-hand side of equation (A-15) is

F(x*  +  xJJ — F(x*)  +  F z(x*)x^ +  term s of order (x^)2, (A-17)

where F z(x*) denotes the Jacobian of F  at x*. The left-hand side of equation (A-15)
is

(Z* + zOn+i = ^+1 + 4+1 = ^  + 4+1 (A-18)

However, the F(x*)  term  in equation (A-17) equals x* by (A-16) and the term s of
order (4)2 can be neglected because they are small. Thus, equations (A-17) and 
(A-18) become

r  + 4 + i =  + Fz(â n (4 )

Rearranging gives
x'n+1 «  F ' ( j T ) « )

Let zn = 4  f°r small values of \x'n \. Then the left-hand side of equation (A-19) can 
be w ritten

,̂+1 =  Fz(r)z ;. (A-19)

This is a linear system, and can therefore be analyzed with linear methods. Note 
th a t if —* 0  as n —> oo, > 0  and x* is asymptotically stable.

Stability analysis can be carried out using the eigenvector-eigenvalue method. It
is similar to  th a t m ethod for continuous dynamical systems. Assume th a t equation
(A-19) has solutions of the form

= uAT (A-20)
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Then zn+i = \ v \ n, and equation (A-19) can be w ritten

AuA" =  )uA".

This equation can be rearranged by dividing both  sides by An and collecting terms, 
yielding

( F '( ^ )  -  A /)u =  0. (A-2 1 )

This system can be solved by finding the eigenvalues of the m atrix  (F z(x*) — XI). If 
there are N  linearly independent eigenvectors for the N  (possibly repeated) 
eigenvalues, the general solution of (A-19) is

z n  — c l X i V i  +  C2 X 2 V2 T  • • • +  C/vAivUjV- (A-2 2 )

In order for zn to  go to zero as n, —» 00 (and therefore for x* to be asym ptotically 
stable), |Aj| must be less than 1 for all i .  If |Â | >  1 for any i, then —» 00 as 
n 0 0 , and x* is unstable. If |Â | — 1 for any z, zn approaches a constant (or 
alternating in sign if A% =  —1 ) vector, and therefore x* is stable, bu t not 
asymptotically so.

Similar to continuous dynamical systems, it is not necessarily required to  find 
the eigenvalues of the characteristic equation explicitly in order to determ ine the 
stability of an equilibrium. Instead, the Jury  conditions can be used [30], though 
they quickly grow unwieldy for high-degree polynomials. For an n th degree 
polynomial

A n  +  c q  A n  ̂ T  ■ ■ ■ T  czn _ i  A T  CLn  — 0 ,

define
£>n =  1

bn- i  =  0*1 — CLna n- i

bn-2 = ci2 — anan-2

Cn =  % -  6^
Cn—i bnbn—i — b\b2
C n - 2  =  bnbn_2 — b\6 3

Qn = P r  

I n — 1 — P n P n —1 ~~ P n —i P n —2 

I n —2 ■ P n P n —2 P n —S P n —l

bn—k ^n^n—k C-n—k

b̂  — un _ 3  — ana^

^2 =  & n - 2  ~~ & n a 2

b\ — Un —1

c3 — bnbz — bibn-2  

c2 — bnb2 — 6 i 6n_i

Then the Jury  conditions are
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1. -P ( l )  — 1 +  Oi +  • • • +  CLn —i +  CLn >  o

2. (—l ) nP (  —1) =  ( —l ) n[(—l ) n +  ai( — l ) n  1 +  • • - +  an_ i(—1) +  cLn] > 0

3. (a) \an \ < 1,

(b) \bn \ > |6 i|,

(c) |C n|>  |C2 |,

(d) \qn \ > \qn- 2\.

For the simple case of a second degree polynomial, the Jury  conditions are

1. |ti2| < 1,

2 . 1 — CLi +  CL2 >  0  —r” 1 H-  0,2 &1

If the polynomial is the characteristic equation of the m atrix  A, these simplify to

1 . |det(A)| < 1,

2 . 1 +  det(A) z> tr(A ).
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A P P E N D IX  B

N U M E R IC A L  M E T H O D S  A N D  SIM U L A T IO N S

The code used to  numerically examine the various models in Chapters 2  and 3 
utilizes two numerical methods: New ton’s m ethod for finding roots and the 
Runge-K utta m ethod for numerically solving differential equations. Newton’s 
m ethod is used for determ ining non-health-state equilibria in the Reynolds et al. 
model. The function implementing Newton’s m ethod was w ritten in MATLAB, 
while the R unge-K utta m ethod is natively supported via the ode45 () function. The 
Runge-K utta m ethod is the prim ary means of numerically solving all of the models 
examined here. Due to the im portance of these two m ethods in the numerical 
analysis of the models discussed here, an examination of their properties is 
performed here.

B - l  N e w to n ’s M eth o d

Newton’s m ethod is a m ethod for finding the roots of equations and systems of 
equations. It is used here to find approximations to  the roots of the high-degree 
polynomial equations which result from solving for the equilibria in the various 
versions of the Reynolds et al. model. The systems im plem entation of Newton’s 
m ethod is similar to New ton’s m ethod for finding the roots of single equations, thus, 
the la tte r is examined first.

N ew ton’s m ethod can be used to solve equations of the form

0 =  / 0 ) ,  (B-l)

where f { x )  is differentiable. Let x Q be the initial approximation to the root, so th a t
f ( x Q) ~  0 [33]. Then a correction h is sought such th a t f ( x 0 +  /i) =  0. Taylor’s
theorem implies th a t

0  =  f ( x 0 +  h) =  /  (xq) +  hf'(xo)  +  — f n{xo) +  0 ( h 3). (B-2 )

It is difficult to  determine h from equation (B-2). Therefore, as an approximation, 
the equation (B -l) is linearized by ignoring the term s of order h2 or smaller. This
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results in
0 =  /O o )  +  hf'(xo).

Solving for h  gives

"  -  - M  i b -31

Since h  i s  a  correction to  the original estim ate X q , it should be th a t

7 f ( x o)
X q - h  h  —  X 0  — ------   —  X i ,

jT(zo)

where f ( x i )  — 0. Because the higher order term s in equation (B-2) were ignored, 
however, /(aq ) ^  0 in general. Instead, under the right conditions, < |/(x q )|,
and so Xi serves as a more accurate approximation to  the root of the equation. 

Newton’s m ethod exhibits quadratic convergence, th a t is

< C,  (B-4)
\xn — r j2

where r is the actual root of the equation (so th a t f ( r )  — 0), and C  is some 
constant. This is true as long as f ( x ) ,  f ' ( x ) ,  and f " ( x )  are continuous in a 
neighborhood of of r, |r  — x0| <  S for some d >  0 , and r  is a simple root, i.e. 
f ' ( r )  0. (If r  is not a simple root, Newton’s m ethod converges only linearly.) Let
r — x n =  en. Then

en+1 =  r  -  * B+1 = r - , n +  # d =  +  /(* „ .). (B-5)
/ ( a n )  / '(a n )

Taylor’s theorem implies th a t

0 =  / ( r )  =  / ( ^  +  ^n) =  /(a ^ )  +  e ^ / ' ( ^ )  +  y / " ( & ) ,

which can be rearranged into

ënf ' ixn)  +  / ( a n) =  —l / 2 e^/"(Çn).

Then equation (B-5) becomes

e +1 =  _ T M e 2
2 f ' ( x n )  "•
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Taking absolute values and rearranging gives

|en+l |

which is equation (B-4). This proves th a t Newton’s m ethod converges quadratically. 
In order to show th a t lim x n =  r , take 5 small enough th a t

<  i,

which is possible because as 6  —> 0, > / /z(r ) / / /(r ) <  oo. Then xn+i is
within 5 of r  (assuming, as done above, th a t x n is w ithin 5 of r), since

1 /" (& ) |e„ | 2 <  - f ( & )
2 /'(%n)

1 n| _  2 I G-n. I I Gj (B-6 )

Let f'ixn) =  p. Note th a t p <  1. Then equation (B-6 ) implies th a t 

|en+i| <  p\en\ < p2\Gn-\ \  <  <  pn+1 |e0|.

Since p <  1, this implies th a t as n ^  oo, |en| ^  0, or th a t the m ethod converges. 
This does require th a t the initial guess is w ithin 5 of r , however.

The systems version of New ton’s m ethod is very similar to  the one-dimensional 
m ethod. It a ttem pts to  solve the system of equations

0  f  1 ( ^ 1  ) •X'2 5 • • • 5 "EN )

0  =  ^ ( ^ i ,  ^ 2 , - -, 3:v)

0  =  f n ^ h  2-2 ) • • • ; ^7v)

(B-7)

As before, assume an initial guess x ^ \  . . .  , x $ . Then find /ii, /i2, • • •, such
th a t f i ( x ^  +  h i , x ^  -h h2, , x f f  +  hjv) =  0. This requires taking Taylor
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expansions of the equations in (B-7), which, to first order, are 

0  =  - 

+  - - - , 3 ^ ) -"I------- ^ - - - ,3 :^ )

0  =  - - - ,3 :^ )  +

+  - - ,3 :^ )-4------- k ) ( ^ )

0  =  / w ( z i ° \ : C 2 ° \  . . .  4 -  . . .  , T ^ )

+  / t 2 ^ ^ ( z i ° \ % 2 ° \  - - - , 3 : ^ )  4 k - - - , 3 : ^ )

Let x n = [x^n), 4 n ) 5 • • •  ̂^ }]T, h = [/ii, /i2, . . . ,  hN]T1 and /  =  [/i, / 2, • • • , / tv] t - Then
equation (B-8 ) can be w ritten in matrix-vector form as

0 =  /(T 0) 4- h ? (T0),

where f  (T o )  is the Jacobian of the system (B-7) a t xq . Solving for h gives

^  =  - f  ( T o ) / ( T o ) ,  (B-9)

assuming th a t the inverse of the Jacobian at T0 exists. Therefore, the next iterate 
can be calculated by

Tn+i =  Tn 4- h =  Tn -  f  (Tn)/(T). (B-10)

Convergence in the systems level case is similar to th a t of the single equation level.
However, there is an additional requirement th a t the inverse of the Jacobian exist, 
i.e. th a t the determ inant of the Jacobian is non-zero. The determ inant of the 
Jacobian is determ ined on a case-by-case basis depending on the system, bu t 
MATLAB natively checks to  ensure th a t the inverse of the Jacobian is not singular 
or nearly singular. In this case, MATLAB warns the user, allowing an adjustm ent
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to the initial estim ate of the root to be made.

B -2 R u n g e-K u tta  M eth o d

Like Newton’s M ethod, the R unge-K utta M ethod is based on Taylor series 
expansions, however, R unge-K utta is used to  numerically solve differential equations
[34] of the form

(B -ll)

Integrate equation (B -ll)  from x  to x  + h. This gives

r x - \ - h

2/(:r +  &) =2 / ( a ; ) 4 - /  / ( T , 2/(a:))d2 ;.
J X

The integral on the right-hand side can be approxim ated by a numerical quadrature 
m ethod. For example, using the trapezoid rule,

2/( 2 ; +  A) =  i /M  +  S/M) +  Z/(% +

which is an implicit formula. Approximating y(x  +  h) using Euler’s formula gives

2 /( 2  +  A) =  2/M  +  T^/M  S/M) +  ^ )  +  ^ / M  S/(a:))), (B-1 2 )

which is called the second-order R unge-K utta m ethod. More generally, B - l2 can be 
w ritten

2/(z  +  A) =  2/ M  +  a / t / M  S /M )  +  +  qA, 2/(2;) -I- ^A/(T, 2/(a;))). (B-13)

In discrete term s, equation B-13 becomes

SA+i =  S/i +  ^ A /( ^ ,  2/i) +  /3A/(%i +  yA, 2A +  ^ A /(^ , 2/i)). (B-14)

If / ( )  is reasonably smooth, it can be approxim ated by a Taylor series. The 
rightm ost term  in equation (B-14) becomes

y(2:j +yA,2/i + #A/M,2/i)) = /M,2/%) + A(y/^(^,2/i) + ( /̂(2:i,2/i)AM,2/i))
Â

+  (7^Aa;(a;i, 2/i) +  2 y 6 / M ,  2/i)A%/M, 2/i) +  ^ / ^ M ,  S/i)A%/(a;i, i/i)) +  O(A^),
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which means th a t equation (B-14) can be w ritten

ti1
2/i+i =  2A +  (a  +  %/i) +  — 2/i) +  2/ i )A (^ , 2/i))

+  y  (3^A T (3 ;i,2 /i) +  6 ^ 6 / ( ^ , 2/i)A y(^ i,2/i) +  3^/^(a;i,2/i)A/2/(a;i,2/i)) + 0 ( ^ ) .  
(B-15)

This is very similar to  a Taylor series expansion of the actual solution Y (x), which 
looks like

Yi+ i = Yi +  hY- +  — Y ”{x)  +  — Y ”' ( x )  +  0 ( h 4). (B-16)

Y '  is known from the problem definition, and

y" = y) + /̂ (T, y)y' = A(j:, y) + /,/%, y)/(T, y) 

y  = y) + 2 (̂ ,̂ y) + (a;, y) + A(%, y)y,(2:, y) + y)y (%, y)

Therefore, (B-16) is equivalent to 

y:+i = y  + /ty(^,y) + y  (yr(^,y) + y^(^,y)y(^,y)) + y  (y^^i^y)
+ 2 f x y { X i ,  y )  +  f y y f 2{%ii Yj )  +  f x {^ i ,  Y i ) f y ( x il Y{) +  f y ( x i} Y i ) f  (Xi ,  Y i )') +  0 ( h 4).

(B-17)

From equations (B-15) and (B-17), three conditions can be derived which, when 
satisfied, imply th a t the differnce between the actual and approxim ate solutions is 
at most 0 ( h 3). These conditions are

<a +  /9 =  1 ,

W i  =  y
2(35 — 1.

The second order Runge-K utta method, equation (B-12), has a  = (3 = 1/2,, and 
7  — 5 = 1 .  A th ird  order m ethod can also be derived by requiring, in addition,

3 y Y  =  i,
3 /^ 7 5  =  1 ,

3/35= =  1 .
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This is satisfied by a  =  1/4, f3 =  3/4, and 7  =  5 =  2/3. The numerical m ethod itself 
(for the second-order case) proceeds in three steps:

•  Calculate K 0 =  / ( ^ , ^ ) .

•  Calculate Kx =  f ( x i+1,yi +  h K 0).

• Calculate yi+\ =  ^  +  +  K\) .

The third-order R unge-K utta m ethod also proceeds in three steps:

•  Calculate K Q =  f ( x i , y i ) .

•  Calculate K i  =  f { x i  +  -̂ , r/i +  ^-Ko) •

•  Calculate ^  +  4 ( ^ 0  +  3R"i).

The second order m ethod can be thought of as finding the slope of the equation at 
(xi,yi)  (finding K 0), using th a t slope and Euler’s m ethod to approximate 
(xi+i , y i+i), finding the slope of the function /  at th a t approxim ated (0 7+1 , yi+i) 
(finding Ki) ,  and then taking the average of those two slopes and using th a t average 
and Euler’s m ethod to  better approxim ate (xi+i , y i+i). Likewise, the th ird  order 
m ethod can be thought of as finding the slope at (3 7 , 7 )̂ (finding K q), using th a t 
slope and Euler’s m ethod to approxim ate (xi +  fr/3, y* +  h/3)  and finding the slope 
there (finding Ki) ,  and then taking the weighted average of those two slopes, and 
using th a t weighted average and Euler’s m ethod to find (xi+i , yi+i).

The ode45() function uses a fourth-order Runge-K utta formula to find 
numerical solutions of the differential equation. However, it also uses adaptive step 
sizes, which change according to the needs of the function. The step size is 
determined by com puting the fifth-order R unge-K utta solution to the differential 
equation, using the fourth-order coefficients plus two more. The truncation error of 
the m ethod is estim ated by 645 æ 12/4 — 2/5 1, where y4 is the fourth-order 
approximation to the solution and 2/5 is the fifth-order approximation to the 
solution. If 645 is greater than  emax, the largest permissable error, at some point 
(3 7 , 2/%), the step size is halved and the R unge-K utta m ethod is performed again at 
(xi,yi).  Likewise, if 645 is less than  some em n̂ , the minimum permissable error, the 
step size is doubled and the Runge-K utta m ethod is performed again at (3 7 , y j .  In 
general, these modifications to the step size continue until either or hmax is 
reached, at which point, the m ethod either uses the largest step size (in the case 
when h =  h ^ x )  or reports an error (in the case where h =  /imiri).
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R unge-K utta m ethods can also be performed on systems of ordinary differential 
equations

2 / 1  = / i ( % , 2 / i , 2 / 2 , . . . , 2 / N )

2/2 =  /2(z,2/i,Z/2, . . . , 2 /N)

Z / N  =  . f j v ( 3 : , 2 / i , Z / 2 ,  - - - , 2 / # )

The m ethod is much the same, except th a t derivatives of the system m ust be 
approximated for each variable, i.e. for a system of two dimensions, and 
must be found, but also and Here, the represent the coefficients
found with respect to the first variable, and the represent the  coefficients found 
with respect to the second variable. Thus, a two-dimensional R unge-K utta 
second-order formula requires

= F{xi+U yi + Kq, Z{ + To),

k [  ̂ =  G{xi+h yi +  RTq, Zi +  To).

Then the approximation to the next step in the solution is given by

z / i+ l  =  Vi +  2 ^ 0   ̂ +  ^ 1 ^ )

z i + l  =  Zi +  2 ^ ^  +  ^ 1 ^ )

B -3  S im u lation  C om m ands

A script file and a function baccam3d() were w ritten to sim ulate the continuous 
dynamical version of the Baccam et al. model, while a single function (DiscBac())  
sufficed to  simulate the discrete model. The script initializes a vector of param eters 
corresponding to  the param eter values discovered by Baccam et al. for each of their 
patients. R then repeatedly calls the baccam3d() function to  plot Figure 2.1. In 
order to  change the behavior of the system, it is sufficient to  modify the values of 
the param eters given in the script function. To develop Figure 2.3, the function
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DiscBac (192) was called. The param eter passed to DiscBac () represents the 
maximum tim e (in hours) to run the function. In this case, as in Baccam et al. the 
function was run for eight days. To modify the behavior of the function by altering 
the param eter values, it is necessary to  change the vectors of the param eter values 
defined at the top of the function.

Modeling Reynolds et al. is not as simple as modeling Baccam et al. F irst, we 
examine the code which compares the original Reynolds et al. model (2.18) -  (2.20) 
w ith the model with Hill-type exponent 2  (2.18), (2.19), and (2.33). The function 
which makes this comparison is called c o m p ar e2 6 ( ) . It takes two param eters kpg 
and CA, which are the various values of kpg and C'a at which the two systems are to 
be compared. The ou tpu t is a set of graphs which compares the behavior of the 
system  with Hill-type equilibrium 6  (on the left) w ith the behavior of the system 
w ith Hill-type equilibrium 2 (on the right) for initial conditions P(0) =  1, and 
N(0)  = D(0)  =  0. In order to  adjust any of the other param eters (which are as given 
in Reynolds et al. [17]), it is necessary to  alter the value of the param eters where 
they are defined inside the function. To change the initial conditions, a different 
vector must be entered in place of [1, 0, 0] in the call to the ode45()  function.

Likewise, the compareM6() function compares the original model proposed by 
Reynolds et al. (2.18) -  (2.20) with the modified model (2.36) -  (2.38). The syntax 
for compareMG() is similar to th a t of com pare26( ) ,  except th a t compareMGO takes 
three param eters sm, kpm, and mm, which represent the values of sm, kprn, and p.m, 
respectively. These param eters were chosen because the two systems are most 
dissimilar for different values of these param eters. As w ith compare26( ) ,  the initial 
sta te  is taken to be P (0) =  1, 7V(0) =  D(0) =  0. In order to change the values of 
param eters other than  sm, kprn, or /rm, it is necessary to go into the function and 
alter them  where they are defined at the top of the function. As in c o m p ar e2 6 ( ) , 
changing the initial s ta te  requires altering the initial sta te  vector passed to the call 
of ode45( ) .

The various functions below were used to  find numerical solutions to the 
equilibria and stability of the models (2.18) -  (2.20); (2.18), (2.19), and (2.33); and 
(2.36) -  (2.38). At the heart of the solutions is the function multNewt (F,  JF ,  x , 
a r g s ,  N, t o i ) ,  which implements a multi-dimensional version of Newton’s 
M ethod. This is used to refine or check initial estim ates of the equilibria and 
eigenvalues. multNewt (F,  JF ,  x ,  a r g s , N, t o i )  is designed to look like the 
ode45()  function native to MATLAB: it accepts two function handles which 
describe the system, an input vector of initial guesses, param eters, maximum
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number of newton iterations to perform, and a tolerance value w ithin which the 
answer is considered close enough to the root. The param eters F and JF are passed 
to multNewt () as function handles. F returns a vector which describes the value of 
the system at the input, and JF returns a square m atrix  which is the Jacobian of 
the system at the input. W hich functions are passed to multNewt () in these 
capacities depend on which system is being analyzed.

To analyze the aseptic equilibria of the systems (2.18) -  (2.20), the functions 
NewtFQ and Newt Jac  () were used. The roots of the Reynolds et al. model, (2.18) -  
(2.20), were found by using the R o o tF in d 6 ( )  function. This function uses the 
r o o t s () function to first approximate the equilibria and then runs those 
approximations through multNewt () to refine them  if necessary. To determ ine the 
stability of the equilibrium, R o o tF in d 6 ( )  uses the e i g e n 6 ( )  function. This function 
takes two inputs, the equilibrium and the list of arguments, and examines the values 
of the eigenvalues. It uses the r o o t s  () function to approxim ate the eigenvalues, 
however, they are not further refined by Newton’s m ethod because only the sign of 
their real part is im portant. To find the values of the equilibria and their 
corresponding eigenvalues given in Table 2.1, R o o tF in d 6 ( )  was called multiple 
times. Each time, N = 20 and t o i  = l e - 1 2 ,  but the values of CA and s n r  varied 
according to  the values given in th a t table.

Finding the equilibria and their corresponding eigenvalues for the system (2.18), 
(2.19), and (2.33) is very similar. The function corresponding to R o o t F i n d S O , 
R o o tF in d 2 ( ) ,  uses a different polynomial in the r o o t s () command and changes the 
way values of D  are found. Additionally, the loop used to refine the equilibria and 
find their eigenvalues changes slightly as well. The three new functions used in 
R o o tF in d 2 () are NewtF2(),  N e w t J a c 2 ( ) , and e i g e n 2 ( ) . They are very similar to 
their R o o tF in d 6 ( )  counterparts, only modifying the code where the difference in 
Hill-type function exponent warranted. As with R o o tF in d 6 ( ) ,  R o o tF in d 2 ( )  was 
called multiple times to determ ine the values shown in Table 2.2. Each time, N =
20 and t o i  = l e - 1 2 ,  and the values of CA and s n r  varied according to the table.

Determining the values of the equilibria and their corresponding stability 
properties for the septic death sta te  of the systems (2.18) -  (2.20) and (2.36) -  
(2.38) is less straightforward. Due to the complexity of the task, estim ates for 
equilibria were first obtained in M athem atica using the M athem at icaR ootF ind  
notebook and then refined in MATLAB using m ultN ew t( ) . Therefore, the root 
finding functions for the septic death state  are somewhat different from the root 
finding functions for the aseptic death state. The function F u l l R o o t F i n d 6 ( )  checks
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septic death s ta te  equilibria and their stability properties. Like R o o tF in d 6 ( )  and 
R o o t F i n d 2 ( ) , it takes two system param eters which can be varied by the user and a 
maximum iteration value and tolerance value. However, it also takes a m atrix of 
user-input initial guesses for the roots, provided by M athem atica and manually 
im ported to the function. It then  refines the roots and examines their stability 
properties. The functions which F u l l R o o t F i n d 6 ( )  calls are F u l l S e p t i c 6 ( ) , 
F u l l S e p t i c ô J a c ( ) , and F u l l e i g e n 6 ( ) . These have similar functions and form to 
their counterparts which were used to examine the aseptic death state.

The code examining the septic death sta te  equilibria of the modified model is 
much the same. The roots were first estim ated using M athem atica (also by the 
M athem a t icaR oo tF ind  notebook) and then input into the Ful lRoo tF indM Q  
function as initial guesses.

Because finding the values of the equilibria shown in Table 2.3 required the use 
of two programs, the procedure is slightly more complex than  the rest of the code in 
this appendix. F irst, Mathemat i c a R o o tF in d  was run, adjusting kpg as desired by 
changing its value in the assignment list and adjusting CA by modifying gam (CA can 
be changed by changing the value of the number represented by CA in 1 + 
(CA/0 .28)~2  in the definition of gam). Once the estim ates for the roots were found, 
these were placed into a MATLAB m atrix  in the form

i n p u t s x  = [ P I , P 2 , . . . ,  PN; N I , N2, . . . ,  NN; D1, D2, . . . ,  DN];

where P, N, and D represent the equilibrium values of P , N y and D, respectively, for 
all N  equilibria. All th a t remains is to call FullR ootSolveG  () or
F u l l R o o tS o lv e M Q , depending on which system is being analyzed. For the values in 
Table 2.3, this was done using F u l l R o o t S o l v e (kpg, CA, i n p u t s x ,  20,  l e - 1 2 ) ,  
where F u l l R o o tS o lv e  ( ) represents either Fu l lRoo tS o lveG  () or 
F u l l R o o tS o lv e M Q , and kpg and CA are the values of kpg and Ca examined.

Finally, the bulk of the simulation of the combined model was done with the 
function MySystemQ . This is the function called by the ode45()  function when 
solving for the behavior of the system. As per MATLAB guidelines, it takes a scalar 
t  and a vector of current values y, and returns the derivative of y at time t .  This 
function is designed as a five variable system even though the combined model given 
by equations (3.1) -  (3.4) is a four variable system because MySystemQ splits the

equation into two different equations. The first, represented by d y ( 4 ) , consists 
of only the term , and is used to calculate the damage done by the over active
immune response. The second, d y ( 5 ) , is kinN I  +  and represents the damage
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done to healthy epithelial cells by the virus. W herever ^  appears in the original 
model, this function uses dy(4 )  + d y (5 ) ,  the definition of the  original equation 
(3.4). However, splitting (3.4) into two distinct parts as is done by MySystem allows 
the damage done by the immune system and the virus to  be evaluated 
independently. Different values of some param eters are used to  generate different 
figures, these are given in the respective sections. In each case, it was necessary to  
modify these param eter values by changing the corresponding value of the code 
variable representing the param eter in the function. A script file was used to 
generate the plots of the behavior of the system according to  the estim ates provided 
by MySystemO . The only value th a t changed when different figures were created 
was the length of the integration, specifically, the final tim e t f  passed to  the 
ode45()  function. In most of the figures, t f  was 120, in accordence with the 
biological condition given in Chapter 3. However, Figure 3.2 was generated with t f  
= 192 (the number of hours in eight days) and Figure 3.3 was generated with t f  = 
400 to  show the long term  behavior of the model. W hen it was necessary to 
determ ine when the closed community assum ption had been broken (i.e. when 
f(Z) +  D(Z) >  400,000,000),

x = f i n d ( ( Y ( : ,  2) + Y ( : , 4) + Y ( : , 5 ) )  > 400000000, 1)

was entered into the MATLAB console. This line of code returns the index of Y in 
which the closed community assum ption is first broken (since /(T ) , represented by 
Y( : , 2),  plus D(t),  represented by Y( : , 4) + Y(: , 5),  are greater than  T0). To 
find the time at which it is broken, T(x) was entered in to the MATLAB console. 
This returned the tim e value at which the closed community assum ption is first 
broken.

Finally, the function DiscHybO was used to study the effects of the discrete 
version of the hybrid model. As with simulating the Baccam et al. model, the only 
param eter DiscHybO takes is a maxtime param eter representing the am ount of 
time (in hours) to simulate. Once more, adjusting the values of param eters requires 
adjusting the values of the variables representing those param eters in the function. 
The function itself takes care of creating the graphs in the same configuration as the 
MySystemO function does, and finding when the simulated host suffers death is also 
done in the same way.
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