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Abstract

A one-dimensional filament is a useful mathematical object for modeling a variety of physical 
phenomena such as vortex filaments. Through a description of the filament using the tangent, 
normal, and binormal vectors, we get a more meaningful description of the curve in terms of 
curvature and torsion. Hasimoto’s transformation defines a mapping between a kinematic 
evolution of a space curve and nonlinear scalar equations evolving its intrinsic curve geometry. 
Through this transformation, the problem of understanding the time evolution of curves can be 
greatly simplified, yielding useful equations which arise in other areas of nonlinear physics. In 
our work, we generalize this transformation on arbitrary flows and test against several existing 
kinematic flows. We consider the time dynamics of length and bending energy to see that 
binormal flows are generally length-preserving, and bending energy is fragile and unlikely to be 
conserved in the general case. By describing a space curve in terms of curve geometry, we can 
perform a transformation that yields a useful description of the time evolution of the curve. 
Through a generalization of this transformation, we can better understand how the kinematic 
equation dictates the behavior of the curve, and how this relates to the modeling of physical 
phenomena.

Curves and Frenet-Serret

Vortex filaments are modeled as one-dimensional curves along their centerline. A curve in 
three-dimensional space can be parameterized in terms of the Tangent, Normal, and Binormal 
vectors as well as curvature and torsion. The Frenet-Serret equations are a linear system of 
differential equations describing the relationship between the derivatives of our basis vectors 
and the curvature and torsion of the line. This allows for a more natural mathematical 
description of the curve’s geometry. 

Results

We consider the Hasimoto transformation of a one-dimensional space curve in three-
dimensional space parameterized by arclength and permitted to evolve in time, where a 
background velocity field defines the kinematic equation

expressed in the local curvilinear basis defined by the tangent, normal, and binormal vectors 
whose coordinates are arbitrary functions of arclength and time.

Making use of the Frenet-Serret equations and transforming to Hasimoto’s coordinates we find 
that

While this equation is quite complicated in its general form, it reduces to common PDEs under 
nontrivial flow laws.

With our generalization of the Hasimoto transformation, we can now relate the kinematic flow 
to  two quantities important in the characterization of space curve dynamics, i.e., the total 
length and bending energy. 

Considering the dynamics of these two quantities, we derive conditions for which they are 
conserved by the autonomous flow affecting the curve geometry. Under the arclength 
parameterization, where D is the domain of the curve, the time rate of change of this quantity is 
given by

If the flow is purely binormal, then this integral is zero, and thus arclength is an invariant of the 
flow. More generally, we find that conservation is maintained if . This is particularly 
interesting because it defines conditions where flow in the tangential and normal directions can 
interact in order to conserve total length.

For the time dynamics of bending energy, denoted

And by taking the time derivatives of the Frenet-Serret equations and projecting out the 
curvature, we find that

Which is zero when                , but in the general case is highly dependent on the form of the 
flow, and unlikely to be conserved.

Conclusions and Future Work

Vortices can be modeled by one dimensional filaments along their centerline. By expressing the 
filament in terms of curvature and torsion, we get a more geometrically insightful representation 
of the curve. The time dynamics of the vortex filament can be derived by the physical aspects of 
the velocity field around the vortex, and results in a kinematic equation describing the time 
evolution of the vortex filament. Hasimoto showed that for a specific kinematic equation, this 
problem can be transformed into a nonlinear PDE with soliton solutions. 

By taking a generalized kinematic equation, we can show how the coefficients of the flow law 
dictate the PDEs which arise from Hasimoto’s transformation. We also find that arc-length is 
conserved under purely binormal flow but can also be conserved with specific interactions 
between the tangential and normal components. Bending energy, while conserved in the case of 
the VFE, it is generally quite fragile and depends highly on the interaction between the curvature 
and torsion.

Future work could include investigation of connections with stiff polymer chains, simulation and 
analysis of waves generated from PDEs, generalization to higher dimensions, and investigation of 
further conservation laws.

 

 

 

 

 

 

Hasimoto’s Transformation and Solitons

Hasimoto showed that under binormal flow (the VFE) a change of basis defines a 
transformation to a nonlinear PDE describing the time evolution of the curvature and torsion of 
the vortex filament. Hasimoto’s results showed that the nonlinear Schrödinger equation (NLSE) 
arises, which shows up in nonlinear optics and quantum physics, which allows for properties 
such as solitons from the well studied equation to arise in vortex filaments. 

Solitons are wave packets which maintain their shape as they propagate through space and 
time. They arise in various fields, such as nonlinear optics with applications in fiber optics. 
Hasimoto found solitons on vortex filaments, pictured below.

Special Cases of Result

Applying our generalized findings to 
specific flow laws we see that it greatly
simplifies to well known PDEs. The VFE,
which was the kinematic equation
Hasimoto performed his original 
transformation on, yields the nonlinear
Schrödinger equation as discussed before.
In addition to allowing for soliton solutions,
The NLSE gives rise to breathing modes 
and nonlinear dispersion.

Fukumoto and Miyazaki developed a 
correction to the VFE, accounting for
axial velocity. The kinematic equation is 
shown below, where W is a constant

This kinematic equation simplifies our general form to

which is an integrable mixture of the previous nonlinear Schrödinger equation and the modified 
Korteweg-de Vries equation showing, again, that vortex filaments are fundamentally connected 
to nonlinear wave motion.

We also look at a generalized form of binormal flow, where the kinematic equation is

Can be reduced using the power series approximation

yielding the PDE

where

Frenet-Serret equations

Nonlinear Schrödinger equation and 
Hasimoto’s transformation

Tangent, Normal, and Binormal vectors

Circular vortex filament in a bubble ring
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