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ABSTRACT 

Dual-porosity models are often used to describe solute transport in heterogeneous media, 

but the parameters within these models are difficult to identify experimentally or relate to 

measurable quantities.  Here, we developed synthetic, pore-scale microfluidics experiments that 

coupled fluid flow, solute transport, and electrical resistivity (ER) measurements to explore 

relations between dual-porosity model parameters and the hydrogeologic system. A conductive-

tracer test and the associated geoelectrical signatures were simulated for four flow rates in two 

distinct pore-scale model scenarios: one with intergranular porosity, and a second with an 

intragranular porosity also defined. With these models, we explore how the effective 

characteristic-length scale estimated from a best-fit DDMT model compares to geometric aspects 

of the flow field. In both model scenarios we find that: (1) mobile domains and immobile 

domains are interpreted to exist in a DDMT system even in a system that is explicitly defined 

with one domain; (2) the ratio of immobile to mobile porosity is larger at faster flow rates as is 

the mass transfer rate; and (3) a comparison of length scales associated with the mass-transfer 

rate (Lα) and those associated with calculation of the Peclet number (LPe) show LPe is commonly 

larger than Lα. These results suggest that estimated immobile porosities from a DDMT model are 

not only a function of physically mobile or immobile pore space, but also are a function of 

advective versus diffusive transport defined by the average linear pore water velocity, whereas 

the mass-transfer rates between mobile and immobile pore space are a function of the average 

linear pore water velocity. This work demonstrates that the definition of “immobile” is a function 

of the relation between pore water velocity and domain geometry (i.e., stagnant zones around 

pore constrictions), where physical obstructions to flow can drive the interpretation of immobile 

porosity even in single-porosity domains.  
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CHAPTER 1 

GENERAL INTRODUCTION 

 

As populations around the world continue to grow, it is crucial that we improve our 

ability to manage water resources and protect aquifers from environmental contamination. Doing 

so, not only means preventing them from being exposed to environmental contamination, but 

also means improving our ability to remediate previously contaminated groundwater resources. 

One common method to approach groundwater remediation, involves quantifying solute 

transport in aquifer systems by using the advection-dispersion equation (ADE); unfortunately, it 

has been shown that the ADE struggles to predict late-time concentration breakthrough behavior 

which can display long tailing or concentration rebound, otherwise known as anomalous tailing 

behavior (e.g. Feehley et al., 2000, Levy and Berkowitz, 2003, and Major et al., 2011).  

Anomalous tailing behavior can produce costly responses in many contaminated systems 

including both fractured rock (e.g. Becker & Shapiro, 2003; Kang et al., 2015, 2017; Meigs & 

Beauheim, 2001; Nagare et al., 2020) and porous media (e.g. De Barros et al., 2013; Moradi & 

Mehdinejadiani, 2018; Zheng et al., 2011). For this reason, improving our capabilities in solute 

transport modeling is increasingly important to water management. Consequently, this research 

focuses on using a geophysical method—electrical resistivity—to describe dual-domain mass 

transfer (DDMT) models; recent work has shown that this conceptual model improves our ability 

to predict concentration breakthrough behavior, and that geophysical methods can be used to 

help parameterize associated numerical models (e.g. Singha et al., 2007; Culkin et al., 2008; 

Day-Lewis and Singha, 2008)  

One of the reasons the ADE fails in field systems arises from subsurface heterogeneity 

that is difficult to characterize; in comparison, the ADE typically performs better in 

homogeneous systems (Huang et al., 1995; Moradi and Mehdinejadiani, 2018). To account for 

poor prediction of some solute transport processes by the ADE, this research is built on the 

concept of DDMT, which is a conceptual model that deviates from ADE models by interpreting 

aquifer systems as being defined with two components: a mobile porosity and less-mobile 

porosity, as well as a parameter called the mass transfer rate. In a DDMT system, the mobile 

domain is defined as the fraction of aquifer that transmits material such as water and solutes via 
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advection, whereas the less-mobile domain does not. The mass transfer rate is a parameter that 

describes how easily mass can move between these components which is important because it 

dictates how easily solutes are released from less-mobile porosity, therefore allowing us to 

predict anomalous tailing behavior, key to remediation of field sites.  

We build on recent studies that have shown we can determine information on less-mobile 

pore space in some settings by using fluid sampling coupled with electrical resistivity monitoring 

(e.g. Wheaton and Singha, 2010;  Briggs et al., 2014; Day-Lewis et al., 2017). We create a pore-

scale numerical modeling, using COMSOL Multiphysics v 5.6 to simulate 1) fluid flow, 2) 

solute transport, and 3) electrical flow. The pore-scale model is formulated such that every pore 

and grain can be simulated explicitly so that we can explore how the mass transfer rate and 

immobile porosity are estimated in systems of varying complexity. Two saturated systems are 

simulated: one explicitly defined as a single domain with only intergranular porosity (i.e., the 

grains are impermeable and not porous), and another model defined with an additional, 

intragranular porosity (i.e., the grains are permeable and porous). Using these two model 

iterations in COMSOL Multiphysics, we address the question: how can we define immobile 

porosity in systems of varying complexity?  
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CHAPTER 2 

MULTIPHYSICS SIMULATION OF THE ELECTRICAL SIGNATURE OF DUAL-DOMAIN 

MASS TRANSFER IN A PORE-SCALE MICROFLUIDICS EXPERIMENT 

 

2.1  Abstract 

Dual-porosity models are often used to describe solute transport in heterogeneous media, 

but the parameters within these models are difficult to identify experimentally or relate to 

measurable quantities.  Here, we developed synthetic, pore-scale microfluidics experiments that 

coupled fluid flow, solute transport, and electrical resistivity (ER) measurements to explore 

relations between dual-porosity model parameters and the hydrogeologic system. A conductive-

tracer test and the associated geoelectrical signatures were simulated for four flow rates in two 

distinct pore-scale model scenarios: one with intergranular porosity, and a second with an 

intragranular porosity also defined. With these models, we explore how the effective 

characteristic-length scale estimated from a best-fit DDMT model compares to geometric aspects 

of the flow field. In both model scenarios we find that: (1) mobile domains and immobile 

domains are interpreted to exist in a DDMT system even in a system that is explicitly defined 

with one domain; (2) the ratio of immobile to mobile porosity is larger at faster flow rates as is 

the mass transfer rate; and (3) a comparison of length scales associated with the mass-transfer 

rate (Lα) and those associated with calculation of the Peclet number (LPe) show LPe is commonly 

larger than Lα. These results suggest that estimated immobile porosities from a DDMT model are 

not only a function of physically mobile or immobile pore space, but also are a function of 

advective versus diffusive transport defined by the average linear pore water velocity, whereas 

the mass-transfer rates between mobile and immobile pore space are a function of the average 

linear pore water velocity. This work demonstrates that the definition of “immobile” is a function 

of the relation between pore water velocity and domain geometry (i.e., stagnant zones around 

pore constrictions), where physical obstructions to flow can drive the interpretation of immobile 

porosity even in single-porosity domains.  
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2.2  Introduction 

To predict solute transport in porous media, the advection-dispersion equation (ADE) is 

commonly used. Because the ADE assumes Fickian spreading, it cannot predict “anomalous” 

behavior including late-time concentration tailing from the slow release of solutes and 

concentration rebound (e.g., Feehley et al., 2000; Levy and Berkowitz, 2003; Major et al., 2011), 

which are costly responses in many contaminated systems including both fractured rock (e.g. 

Becker & Shapiro, 2003; Kang et al., 2015, 2017; Meigs & Beauheim, 2001; Nagare et al., 2020) 

and porous media (e.g. De Barros et al., 2013; Moradi & Mehdinejadiani, 2018; Zheng et al., 

2011). Consequently, conceptual models that divide groundwater solute transport into multiple 

domains of differing connectivity to the main flowpath(s) have shown to better describe transport 

in many systems (Bolster et al., 2019; Harvey and Gorelick, 2000; Liu et al., 2010; Liu and 

Kitanidis, 2012).  

One such conceptual model that breaks solute transport into two domains is dual-domain 

mass transfer (DDMT), which assumes the aquifer material can be described by two parameters 

beyond those in the ADE: an immobile porosity and the mass-transfer rate coefficient between 

the mobile and immobile porosity.  In 2-D, DDMT is described by: 

𝜀 + 𝜀 = 𝜀 ( (𝐷 ) + (𝐷 )) − 𝜀 (
( )

+
( )

)  (2.1a) 

 𝜀 = 𝛼(𝑐  – 𝑐 ) (2.1b) 

where ε  and ε  are the mobile and immobile porosities [unitless], respectively; cm and cim are 

the concentrations in the mobile and immobile porosities [M/L3]; D is the hydrodynamic 

dispersion coefficient [L2/T], which the sum of mechanical dispersion (De) [L2/T] and molecular 

diffusion (D*) [L2/T]; u is the average linear pore water velocity in the x and y direction [L/T]; 

and α is the mass-transfer rate coefficient [T-1]. In DDMT, the mobile domain/porosity is defined 

as the fraction of aquifer that transmits solutes via advection, whereas the immobile 

domain/porosity is the fraction that transmits solutes via diffusion. The ratio of the immobile and 

mobile porosity is referred to as β, the capacity coefficient. The mass-transfer rate coefficient, α, 

is a parameter that describes how easily mass can move between these porosities and is defined 

as 

 𝛼 =  𝐷∗/𝐿  (2.2) 
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where Lα is the characteristic diffusive-length scale [L] (Haggerty and Gorelick, 1998). The mass 

transfer rate is commonly determined by adjusting model variables until model results match the 

data (e.g., Rao et al., 1980; Knox et al., 2016). Despite notable previous work that employs 

DDMT models, one open question is what exactly “immobile” porosity means in many aquifer 

systems (e.g. Foster et al., 2021; MahmoodPoor Dehkordy et al., 2018; Wheaton & Singha, 

2010). 

We consider two dimensionless numbers that are often used to determine the importance 

of advective, diffusive, and mass-transfer controls in groundwater systems. For example, the 

importance of the advective timescale versus the mass-transfer timescale is often described by 

the Damkohler number: 

 𝐷𝑎𝐼 =  𝛼 (1 + 𝛽)
 

 (2.3) 

where x is the distance traveled from the solute source to the observation location [L]. One of the 

assumptions of the DDMT model is that immobile regions are diffusively controlled whereas 

mobile regions are advectively controlled, which is be defined by the Peclet number (e.g., Foster 

et al., 2021): 

 𝑃𝑒 =  
∗

 (2.4) 

where LPe is characteristic length [L] and ui is the local velocity [L/T]. Thus, values of Pe > 1 and 

Pe < 1 describe zones of advectively and diffusively controlled transport, respectively (Bahr and 

Rubin, 1987).  Here, we look to explore how the ratio of diffusively to advectively controlled 

areas in the numerical models, based on the Peclet number, could be compared to estimated 

ratios of immobile porosity to mobile porosity (β; Figure 2.1) from parameterizing the 1-D 

analytic DDMT equation. While the Peclet number is commonly employed at the field scale, we 

follow previous work that has similarly defined a local Peclet number at the pore scale (Hasan et 

al., 2020, 2019). What defines a characteristic length varies by investigation (Huysmans and 

Dassargues, 2005), and it is an open question as to whether LPe is or should be related to Lα. 

Consequently, the goal of this work is determining how immobile porosity is defined in systems 

when such a porosity is, and is not, explicitly defined.  
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Figure 2.1 Schematic conceptualization of dual domain mass transfer where areas of blue 
represent mobile porosity, areas of grey represent immobile porosity, and the arrows represent 
theoretical flow paths. The ratio of immobile to mobile porosity (β) would be calculated as the 
area of grey space divided by the area of blue space, and the mass transfer rate (α) would 
describe the rate at which mass moves between blue regions and grey regions. 

One other complication is although DDMT models have shown to fit experimental data 

better than the ADE in some cases (Feehley et al., 2000; Liu et al., 2007; Liu and Kitanidis, 

2012; Zheng et al., 2011), they are more difficult to parameterize because they include more 

unknown variables. Recent research has attempted to resolve the difficulty in parameterizing 

DDMT models by showing that we can determine information on the immobile pore space in 

some settings by using fluid sampling coupled with electrical resistivity monitoring of 

conductive tracers (e.g. Culkin et al., 2008; Singha et al., 2007). Fluid sampling from wells in the 

field preferentially draws from the mobile domain, therefore providing limited information on 

the immobile pore space whereas electrical resistivity is sensitive to the bulk composition of an 

aquifer. Therefore, electrical resistivity can be used in conjunction with co-located fluid 

sampling to infer the mass transfer rate and ratio of immobile/mobile porosity (e.g., Day-Lewis 

and Singha, 2008). In particular, DDMT models can explain the separation between the injection 

and flushing limbs, referred to as hysteresis, seen between fluid electrical conductivity and bulk 

apparent electrical conductivity in the field (e.g., Singha et al., 2008; Briggs et al., 2013; Scruggs 

et al., 2019), as shown in numerical studies (Day-Lewis et al., 2017; Wheaton and Singha, 2010), 

and laboratory work (Foster et al., 2021; Swanson et al., 2015, 2012). Here, we also look to 

explore how the hysteresis between bulk apparent and fluid conductivity contribute to our 

qualitative, if not quantitative, understanding of mass transfer. 

We developed a coupled numerical model at the pore scale in 2-D using COMSOL 

Multiphysics v. 5.6 to simulate 1) fluid flow, 2) solute transport, and 3) electrical flow. The pore-

scale model is formulated such that every pore and grain can be simulated explicitly so that we 

can explore how the mass transfer rate and immobile porosity are estimated in systems of 
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varying complexity. Two saturated systems are simulated: one explicitly defined as a single 

domain with only intergranular porosity (i.e., the grains are impermeable and not porous), and 

another model defined with an additional, intragranular porosity (i.e., the grains are permeable 

and porous); we refer to these as the impermeable-grains model scenario and permeable-grains 

model scenario from here forward. The impermeable grains model scenario replicates that of Liu 

and Kitanidis (2012), which enables comparison of our single-domain results to those previously 

published, although we add electrical flow modeling to that scenario. We then extend on that 

work by simulating permeable grains to explore systems with an explicitly defined secondary 

porosity. In both model scenarios, we add electrical flow modeling and simulate a range of 

pressure gradients to observe how changes in the velocity impact the estimates of mass transfer 

and immobile porosity. 

 

2.3  Model Setup and Equations 

 A 2-D pore-scale model was created using COMSOL Multiphysics 5.6, which uses the 

finite-element method to solve systems of partial differential equations. As in Liu and Kitanidis 

(2012), the domain is defined as 1 x 2 cm with grains with radii of 0.090, 0.045, and 0.020 cm 

(Figure 2.2). Although the model domain was traced, Liu and Kitanidis (2012) report a porosity 

of 0.41, whereas the model domain for this analysis is defined with a porosity of 0.51. The 

discrepancy in defined porosity may be because we traced a pixelated image of the model 

domain defined by Liu and Kitanidis (2012).  

The model is assumed to be a plan view of a porous medium; therefore, the effects of 

gravity are neglected. For simulating fluid flow, solute transport, and the flow of electric 

currents, COMSOL Multiphysics solves the respective 3-D partial differential equations by 

assuming the normal vector in the z-direction is 0, therefore simplifying to a 2-D partial 

differential equation. Resolving 3-D partial differential equations in 2-D allows the user to define 

more physically meaningful units like one might see in performing field or lab work; for 

example, concentration is defined as mol/m3 instead of mol/m2. 
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Figure 2.2 Physical representation of the water-saturated model domain. The grey space is 
defined as fluid and the white circles represent individual grains. The left border serves as the 
model inlet where groundwater, solute, and electrical currents enter the domain, whereas the 
right border serves as the outlet for groundwater, solutes, and electrical currents. The top and 
bottom boundaries, as well as grain surfaces, serve as no-flow boundaries and electrical 
insulators for the base case model; however, in the second scenario, the grains are defined as 
permeable.  

Three physical processes are simulated: (1) fluid flow, (2) solute transport, and (3) flow 

of electric currents. Simulating these processes are achieved via: (1) steady-state fluid flow using 

Stokes flow (Equations 2.5a-c) when grains are impermeable and incorporating the Brinkman 

equations (Equations 2.6a-c) when grains are permeable, (2) transient solute transport via the 

ADE (Equations 2.7a,b & 2.8), and (3) steady-state electrical flow assuming Ohm’s law to solve 

for current conservation (Equation 2.9a-c). We extract solute concentration and simulated fluid 

and bulk apparent electrical conductivity data from the model and use those data to estimate 

mass transfer rates and immobile porosities. 

Many physical processes can be simulated using COMSOL, which solves coupled 

partial differential equations (PDEs) via three methods. The first method is a “manual 

approach” where multiple physical processes are simulated and the user defines the dependent 

variables from one physics interface as the independent variables of another physics interface. 

The second method is the “sequential approach”, which consecutively simulates physical 

processes with an additional built-in Multiphysics coupling that defines the relationship 

between two or more physical processes. The third method is a built-in Multiphysics module, 
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which is a plug-in developed by COMSOL that simultaneously solves multiple physical 

processes. Because there is no built-in Multiphysics module or Multiphysics coupling for these 

methods, the Stokes flow and ADE were coupled via the first method, the “manual approach”, as 

were the ADE and the electrical flow equations. All parameters used in the numerical models are 

listed and described in Table A1 in Appendix A.  

The pore-water velocity field throughout the model domain was determined using the 

COMSOL Creeping Flow Interface. It assumes incompressible Stokes flow, which neglects the 

inertial term in the Navier-Stokes equation under the assumption of non-turbulent flow for the 

impermeable grains model scenario. Therefore, when the model is defined as a single domain the 

pore-water velocity distribution can be described from 

 0 = 𝛻 ∙ [−𝑝𝐼 + 𝐺] + 𝐹 (2.5a) 

 𝜌𝛻 ∙ 𝑢 = 0 (2.5b) 

 𝐺 =  𝜇(𝛻𝑢 + (𝛻𝑢) ) (2.5c) 

where p is pressure (Pa), I is the identity matrix (-), G is the viscous stress tensor (Pa), F is the 

volume force vector (N/m3), ρ is the density of water (kg/m3), and μ is the dynamic viscosity of 

water (Pa·s). The Brinkman equations (Equation 2.6a-c) are included when permeable grains are 

defined. The Navier-Stokes equations solve for the velocity and pressure field in open regions, 

and the Brinkman equations do the same in the porous regions; at the interface between open 

regions and porous regions, velocity and pressure are considered continuous (le Bars and 

Worster, 2006). The Brinkman equations are governed by the continuity equation and the 

momentum equation, and solve for the velocity field as: 

 0 = 𝛻 ∙ [𝑝𝐼 +  𝐺]  −  (𝜇𝜅 +  )𝑢 +  𝐹 (2.6a) 

 𝜌𝛻 ∙ 𝑢 = 𝑄  (2.6b) 

 𝐺 =  𝜇 (𝛻𝑢 + (𝛻𝑢) )  −  𝜇 (𝛻 ∙ 𝑢)𝐼 (2.6c) 

where κ is the permeability tensor of the porous medium (m2), εg is the intragranular porosity(-), 

and Qm is the mass source/sink (kg/(m3s)).  

To solve for the movement of solutes throughout the domain, the velocity u is solved for 

as the dependent variable from the Navier-Stokes and Brinkman equations and incorporated as 

the independent variable of the ADE: 

 + 𝛻 ∙ (𝑀 + 𝑢𝑐 ) = 𝑅 + 𝑆  (2.7a) 
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 𝑀  =  − (𝐷 + 𝐷∗)∇𝑐 ,  (2.7b) 

where ci is the local concentration of species i at the mesh element (mol/m3), Mi is the mass flux 

relative to the mass averaged velocity (mol/(m2s)), Ri is the reaction rate for the species 

(mol/(m3s)), and Si is an additional source/sink term (mol/(m3s)). Ri and Si are defined as 0 

mol/(m3s) for our purposes. The mechanical dispersion coefficient De is also defined as 0 m2/s 

here. When an intragranular porosity is defined, Equation 2.7a is expanded to simulate pore-

water concentrations in the intragranular porosity and intergranular porosity as: 

 
( , )

+
( , )

+ 𝛻 ∙ (𝑀 + 𝑢𝑐 ) = 𝑅 + 𝑆   (2.8) 

where ci,g is the local intragranular concentration, and ci,p is the local intergranular concentration.  

Lastly, the flow of electric currents is simulated as a current conservation problem where 

the solute concentration field is converted to fluid electrical conductivity using a linear transform 

where each 1 mg/L equates to 0.002 mS/cm (Keller and Frischknecht, 1966).  This equation was 

coupled with the molar mass of NaCl so that the conversion from concentration in mol/m3 to 

fluid electrical conductivity in S/m is represented by 58.44g/mol*0.0002 S/m. The Electric 

Currents interface solved for the electric potential at steady state at a series of timesteps via the 

following equations: 

 𝛻 ∙ 𝐽 = 𝑄 ,  (2.9a) 

 𝐽 =  𝜎 𝐸 +  𝐽  (2.9b) 

 𝐸 =  −𝛻𝑉 (2.9c) 

where J is the current density (A/m2) and the subscript e denotes an externally generated current 

density, Qj,v is the externally generated volumetric current source (A/m3), σ is the bulk electrical 

conductivity (S/m), E is the electric field, and V is the electric potential or voltage difference (V). 

It should be noted that Qj,v is invoked because the code assumes a unit (1m) out-of-plane 

thickness for 2-D simulations and the current is applied along the domain boundary which is 

therefore treated as a surface. A unit out-of-plane thickness for 2-D simulations of electric 

currents is required to resolve the flow of electric currents, where the electric potential only 

varies in the x and y directions but is considered constant in the z direction (out-of-plane).  

 

2.4  Model Boundary Conditions and Parameters 

The physical parameters and boundary conditions of the impermeable-grains model 

scenario are shown in Figure 2.2 and Table 2.1 and are defined to mimic those of Liu and 
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Kitanidis (2012). In the model domain, the flow is defined as moving from left to right by a 

pressure gradient. The top and bottom boundaries are defined as no flux boundaries. When grains 

are impermeable, they are defined with a no-slip condition.  

For modeling solute transport and electric currents several additional boundary conditions 

were defined (Figure 2.2). Solute is injected from the left boundary as a mass flux which defines 

the concentration at the inlet as 1.684 mol/m3, whereas the right boundary serves as the solute 

outlet. At the right boundary, the solute is allowed to flow freely through an open boundary 

condition. Along the left boundary at the inlet, the electric potential is defined as 0 V and along 

the right boundary at the outlet the electric potential is defined as 1 V, where the initial voltage 

throughout the model domain is 0 V. Additionally, the top and bottom boundaries are defined as 

no-flux boundaries for electric currents and solute transport. Lastly, in the model scenario with 

impermeable grains, the grain boundaries are defined as electric insulators and no-flux 

boundaries. In the permeable-grains model scenarios, electric currents and solutes can flow 

through the intragranular porosity of the grains; however, the grains themselves are electric 

insulators, so their electrical conductivity is a function of concentration.  

Table 2.1 Physical parameters and boundary conditions used in the coupled COMSOL models. 

Pressure head (inlet) 0.001, 0.01, 0.1, 
and 1 Pa 

Pressure head (outlet) 0 Pa 

Initial inlet and outlet 
concentration 

0.684 mol/m3 Inlet concentration 
during injection 

1.684 mol/m3 

Electric Potential (inlet) 0 V Electric Potential  
(outlet) 

1 V 

Injection transition length 
(defined in the rectangle 
function) 

5 s Fluid density 1000 kg/m3 

Intragranular porosity 1% Intragranular 
Permeability 

1x10-20 m2 

Temperature 293.15 K Dynamic viscosity of 
fluid 

8.9x10-4 Pa-s  

Diffusion coefficient 1x10-9 m2/s Dispersion 
coefficient 

0 m2/s 

 

The system simulated here is not completely consistent with the work of Liu and 

Kitanidis (2012). For example, backflow is suppressed at both the inlet and at the outlet so that 

𝑝 ≥ p0, where 𝑝  is the pressure defined on the upstream edges of the model boundary, and p0 is 
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the pressure defined on the downstream edges of the model boundary. Suppressing backflow 

prevents fluid from exiting the defined inlet depending on the velocity field of the rest of the 

domain; the same is true at the outlet. We inject comparatively saline solute at 1 mol/m3, like Liu 

and Kitanidis (2012); however, the initial background concentration before injection begins was 

defined as 0.684 mol/m3, which corresponds to natural freshwaters (Fetter, 2001), which 

prevents having a fluid with infinite electrical resistivity, which is unrealistic for the electrical 

simulations. Therefore, the domain concentration ranges between 0.684 mol/m3 and 1.684 

mol/m3 whereas the simulations of Liu and Kitanidis should range between 0 and 1 mol/m3. 

Saline injection was performed for 8.33 minutes in all models, which allowed near saturation of 

the model domain and was followed by a flushing period of equivalent duration with 

comparatively fresh water of 0.684 mol/m3 to remove solute from the model domain for the 

electrical simulations; Liu and Kitanidis (2012) do not simulate a flushing period. Lastly, for 

both the impermeable- and permeable-grains scenarios, the pore-water flow regime is simulated 

at four pressure gradients (Table 2.2): 50, 5, 0.5, and 0.05 Pa/m, equivalent to hydraulic gradients 

of 5.1x10-6, 5.1x10-5, 0.00051, 0.0051, respectively (Table 2.2). This correlates to a pore-water 

velocity of 6.3x10-7 m/s to 6.4x10-4 m/s, whereas Liu and Kitanidis (2012) explored velocities 

from 2.4x10-8 m/s to 1.4x10-6 m/s.    

Table 2.2 The model scenarios conducted. 

Model Simulations 
 
Models 1-4: Base Case 
with intergranular 
porosity only 

Grains Hydraulic Gradients 
Grain permeability = 0 m2 
Intragranular porosity = 0% 
 

5.1x10-6  
5.1x10-5  
0.00051  
0.0051  

Models 5-8: System 
with inter- and 
intragranular porosity 

Grain permeability = 1x10-20 m2 
Intragranular porosity = 1% 
 

5.1x10-6  
5.1x10-5  
0.00051  
0.0051  

 

2.5  Calculating the Bulk Apparent Conductivity of the Microfluidics Device 

The bulk apparent conductivity of the domain is estimated from Ohm’s law, where the 

electric potential is directly related to the product of electric currents and resistance of the 

medium. To estimate the electrical resistance, the normal current density flux at the outlet is 

calculated, thus allowing for a time-dependent estimate of current at the outlet; additionally, the 
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electric potential difference between the inlet and outlet is 1 V as defined in the boundary 

conditions. Lastly, a homogeneous medium is assumed, and the geometric factor K can be 

defined as follows at the pore scale (Binley and Slater, 2020): 

 𝐾 =  𝐴/𝑤 (2.10) 

where A is the cross-sectional area (L2), and w is the length between the observed voltage 

difference. For this study, because the model is defined with a unit thickness, the geometric 

factor K is equal to 0.5. We note that the normal current density at the outlet is used instead of 

defining potential electrodes within the interior of the domain due to the scale of investigation. 

Additionally, we use the normal current density at the outlet because potential electrodes situated 

perpendicular to the direction of the potential gradient would induce a potential difference of 0 

V. The bulk apparent conductivity calculated from COMSOL is then plotted in time-series 

against the fluid conductivity calculated which produces hysteresis curves indicative of solute 

mass transfer (Singha et al., 2007; Briggs et al., 2014). 

 

2.6  Improving the Numerical Stability of the Simulation 

Several numerical stabilization techniques were employed to minimize numerical 

instabilities in the model (Zheng and Bennet, 2002). First, the concentration at the inlet was 

ramped up and down using a numerically smoothed transition from 0.684 mol/m3 to 1.684 

mol/m3. The smoothed transition spans 5 seconds. Injection of comparatively saline solute, 

defined as 1.684 mol/m3, occurs between 20s and 500s, otherwise the background concentration 

of 0.684 mol/m3 is injected at all other times. Second, we include streamline and crosswind 

diffusion, which introduce numerical diffusion in the direction of, and orthogonal to, the 

transport direction (Zienkiewicz et al., 2013). Together, these efforts eliminated artificial 

oscillations in the breakthrough curves. 

 

2.7  Fitting Analytic Solutions of the DDMT Equation 

In all model simulations, a 1-D analytic solution of Equation 2.1 (Haggerty and Gorelick, 

1995; Day-Lewis et al., 2017) was fit to the advective flux of concentration from the outlet of the 

microfluidic cell. 

To calculate the outlet concentration for use in parameterization of the 1-D analytic 

model, we computed the advective flux as a line integral at the outlet, where the advective flux 
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was considered analogous to transport predominantly contributed through mobile-porosity 

pathways. The advective flux of concentration at the outlet is used for Equation 2.1, which is fit 

using a linear least-squares regression technique in MATLAB built on a trust-region-reflective 

algorithm (Coleman and Li, 1996). It iteratively adjusts the estimated ratio of β and estimated α 

until the magnitude of the residuals between the model output and the regression curve is 

minimized. In addition to the fitting parameters, β and α, the average linear velocity is required 

for the analytic solution; this is calculated based on the median arrival time of tracer at the outlet. 

 

2.8  Peclet Analysis 

Last, we compare our β values estimated from the analytical solution in Section 2.7 to the 

ratio of area within the model domain that is diffusively controlled versus advectively controlled 

as defined by a local Peclet number:  

 𝛽 =  
∑

∑
 (2.11) 

For the Peclet analysis, the velocity data were transferred from COMSOL to MATLAB 

on a regular grid that was spaced at 1140x570 points in the 2-cm by 1-cm domain. The Peclet 

analysis was performed as a binary assessment that involved thresholding the Peclet values as 

calculated in Equation 2.4 within the domain such that each grid cell is coded according to Pe < 

1 or Pe > 1, thus allowing us to quantify areas of advectively or diffusively controlled transport.  

Given βPe, we assess a range of LPe to determine a characteristic length LPe that best 

matches βPe with the ratio of immobile to mobile porosity, β, as estimated from the analytical 

solution. We then compare that estimated LPe to Lα as calculated from Equation 2.2. LPe was 

defined by a range of 1.07x10-3 cm and 2.00 cm, corresponding to twice the approximate side 

length of the smallest mesh element and length of the microfluidics cell, respectively. As such, 

lengths that are slightly larger than the smallest spatial discretization, up to the length between 

the source of the solute and observation (Huysmans and Dassargues, 2005) are assessed. 

 

2.9  Results and Discussion 

Considering two model scenarios of permeable grains and impermeable grains at four 

hydraulic gradients, the results of 8 model iterations are discussed below. 
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2.9.1  Model Scenario with Impermeable Grains: Electrical Hysteresis 

The estimated DDMT parameters and characteristics of electrical conductivity hysteresis 

vary depending on the hydraulic gradient for the model scenario of impermeable grains. At the 

four hydraulic gradients that range between 5.1x10-6 and 5.1x10-3, the pore-water velocity at the 

outlet varies between 6.4x10-5 and 6.4x10-2 cm/s (Figure 2.3). At the lowest hydraulic gradient of 

5.1x10-6, hysteresis between the fluid and bulk apparent conductivity exists (Figure 2.4A), 

implying dual-domain mass transfer behavior even in the absence of a defined secondary 

porosity. Hysteresis curves that are closed suggest the absence of DDMT. As the hydraulic 

gradient is increased by one and two orders of magnitude, the hysteresis behavior remains 

(Figure 2.4B,C), but as the hydraulic gradient is increased by three orders of magnitude, DDMT 

is reduced (Figure 2.4C) and eventually eliminated altogether at a hydraulic gradient of 0.0051 

(Figure 2.4D) such that the fluid versus bulk apparent conductivity plots follow a straight line.  

We additionally note that bulk apparent electrical conductivity changes faster than fluid 

electrical conductivity, thus creating a ‘backwards’ hysteresis loop. Because the model is defined 

at the pore scale, with the fluid sampling location defined at the outlet and the bulk apparent 

electrical conductivity measurements defined across the entire model domain from inlet to outlet.  

Consequently, we see that observed change in the fluid electrical conductivity measurements is 

delayed by the time required for solute to travel across the model domain. In general, bulk 

apparent electrical conductivity measurements increase faster than the fluid electrical 

conductivity because the bulk apparent electrical conductivities are sensitive to the entire 

composition of the model domain. (Briggs et al., 2014) discussed backwards hysteresis at the 

field scale extensively, attributing the behavior to non-collocated fluid and bulk apparent 

conductivity measurements. In a pore scale numerical model, non-collocation can be difficult to 

avoid. 
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Figure 2.3 Pore-water flow regimes for the scenarios of: A) impermeable grains, and B) permeable 
grains. For both model scenarios, the pore-water velocity scales from 0 - 4x10-4 cm/s, 0 - 4x10-3 
cm/s, 0 - 4x10-2 cm/s, and 0 - 4x10-1 cm/s for hydraulic gradients (dh/dl) of 5.1x10-6, 5.1x10-5, 
5.1x10-4, and 5.1x10-3, respectively. 

 

Figure 2.4 Hysteresis curves from plotting the bulk apparent versus fluid electrical conductivity 
in both model scenarios at various head gradients, where A-D are results from impermeable 
grains at head gradients of A) 5.1x10-6 B) 5.1x10-5 C) 5.1x10-4 D) 5.1x10-3 and E-F are results 
from permeable grains at head gradients of E) 5.1x10-6 F) 5.1x10-5 G) 5.1x10-4 H) 5.1x10-3. 
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2.9.2 Model Scenario with Impermeable Grains: Parameterizing the 1-D Analytic 
Solution of the DDMT Equation 

We estimated α, β, and DaI by fitting the model concentration histories to the analytic 

solution of the DDMT equation (Figure B1). The results of estimated α, β, and DaI exhibit 

several trends that imply more pronounced DDMT behavior at lower hydraulic gradients. As the 

hydraulic gradient increases from 5.1x10-6 to 0.0051, α increases from 0.018 s-1 to 1.6 s-1 (Figure 

2.5A), β increases from 0.9 and 4.1 (Figure 2.5B), and DaI decreases from 4.6 to 2.0 (Figure 

2.5C). These results are consistent with observations of hysteresis between the fluid and bulk 

apparent electrical conductivity (Figure 2.5A,B), which show greater separation in the hysteresis 

curves at low flow. β trends upwards with increasing flow, indicating the development of 

preferential flowpaths as pore water velocity increases. At the fastest flow, DDMT hardly exists. 

DaI is 2.0, which is sufficiently close to 1 to indicating a balance between advective and mass 

transfer timescales, and α is sufficiently fast that transport between both domains can effectively 

be treated as one domain (e.g. Day-Lewis and Singha 2008). At low flows, we see: 1) slower 

mass transfer rates, 2) greater Damkohler numbers, and 3) greater separation between lines in the 

hysteresis curves.  

Liu and Kitanidis (2012) similarly show that the mass transfer rate increases non-linearly 

at higher velocity regimes; it can also be inferred from their work that estimated immobile 

porosity non-linearly increases with increasing velocity. Our results generally agree with theirs 

which show increasing immobile porosity with velocity; however, we simulate slightly higher 

velocities. On the other hand, at flows notably lower than assessed in this experiment, transport 

would likely be sufficiently characterized by the ADE because the model would become a 

diffusive transport problem (Liu and Kitanidis, 2012). Lastly, Liu and Kitanidis (2012) conclude 

that mobile porosity approaches an asymptotic value with increasing velocity; however, given 

our results, mobile porosity may not reach an asymptote.  

 

2.9.3  Model Scenario With Permeable Grains: Electrical Hysteresis 

The results from modeling with permeable grains show more ideal hysteresis shapes, as 

described in previous work (Briggs et al. 2014). At the lowest hydraulic gradient of 5.1x10-6 

(Figure 2.4E), the hysteresis pattern remains in a clockwise (i.e., “backwards”) direction, similar 

to all observable hysteresis results associated with the impermeable-grains model. However, as 

the hydraulic gradient increases to 5.10x10-5 (Figure 2.4F), the hysteresis pattern rotates weakly 
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counterclockwise, indicating that the change in bulk apparent electrical conductivity is 

proceeding at a similar rate as change in fluid electrical conductivity. As the hydraulic gradient 

equates to, and exceeds 5.10x10-4 (Figure 2.4G & H), the fluid electrical conductivity changes at 

a faster rate than the bulk apparent electrical conductivity, with hysteresis in a more strongly 

counter-clockwise pattern. Faster change in fluid electrical conductivity than bulk apparent 

electrical conductivity indicates that solute is trapped in the permeable grains and leaches out, 

indicative of the presence of immobile porosity. The intergranular porosity is dominated by 

advective transport whereas the intragranular porosity is largely controlled by diffusive transport. 

 

2.9.4  Model Scenario with Permeable Grains: Parameterizing the 1-D Analytic Solution 
of the DDMT Equation 

We again observe clear trends in α and DaI and mixed results in β with different 

hydraulic gradients when parameterizing the analytic solution of the DDMT equation to the 

breakthrough curves produced from the permeable-grains model. As the hydraulic gradient 

increases from 5.1x10-6 to 5.1x10-3, α increases from 1.7x10-2 s-1 to 1.8 s-1 (Figure 2.5A), β 

increases from 1.0 and 4.1 (Figure 2.5B), and DaI decreases from 4.1 to 2.5 (Figure 2.5C). To 

compare the analytic results of β (Figure 2.5B) with β defined by the ratio of intra- to 

intergranular porosity, we consider the intragranular porosity of 1% as a rough estimate for the 

immobile porosity and the intergranular porosity of 51% as the mobile porosity, leading to a ratio 

of immobile/mobile porosity of 0.0097. The underestimate of this back-of-the-envelope 

calculation compared with the model-output results of 1.0-4.1 means that more zones of 

immobile porosity exist than can be estimated by the assigned porosities exist, likely because of 

the permeable grains as well as preferential transport pathways.  

 

2.9.5  Comparison Between Permeable and Impermeable Grain Scenarios 

We see clear differences when comparing the hysteresis plots of the impermeable-grains 

scenario versus those of the permeable-grains scenario. First, when grains are permeable, we can 

see that the hysteresis between fluid and bulk apparent electrical conductivity is more defined at 

higher hydraulic gradients than the impermeable-grain hysteresis curves (Figure 2.4C-D,G-H). 

At higher hydraulic gradients, the hysteresis curves from the permeable-grains scenario begin to 

approach the shape of idealized curves (Briggs et al., 2014) whereas the impermeable-grains 

curves do not. Although we see electrical resistivity methods are sensitive to DDMT regardless 
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of an explicitly defined secondary porosity at high hydraulic gradients, the relationship of 

DDMT is obfuscated by a changing direction of hysteresis seen in the graphs when a secondary 

porosity is defined at lower hydraulic gradients. Therefore, we note that it can be difficult to 

reconcile the hysteretic relationship of non-local transport at the pore-scale due to issues of 

support volume as mentioned earlier.  

Our results show that the advective timescale plays a larger role for the impermeable-

grains scenario when compared to the permeable-grains scenario at the three lowest hydraulic 

gradients assessed. First, higher β exists when grains are permeable than when they are 

impermeable for three of four hydraulic gradients (Figure 2.5B); this is not surprising as one 

would expect higher immobile porosity to be present in a system where immobile porosity is 

explicitly defined. However, at the lowest hydraulic gradient in the impermeable-grains scenario, 

greater immobile pore space is estimated than in the permeable case, which could be attributed to 

a poorly parameterized analytic model as indicated by comparatively large RMSE and percent 

bias. For three of four pore-water velocities, α is greater in the impermeable-grains scenario than 

for permeable-grains scenario (Figure 2.5A) and is a function of average linear pore water 

velocity. This result agrees with Liu and Kitanidis (2012). Additionally, our results show α is 

likely a function of what defines immobile porosity including preferential pathways and/or 

explicitly defined immobile porosity, because α is larger in impermeable-grains scenario for 

three of four hydraulic gradients. Lastly, DaI is larger in the impermeable-grains scenario than 

the permeable-grains scenario at the three lowest hydraulic gradients (Figure 2.5C). In contrast, 

at the highest hydraulic gradient of 0.0051, DaI is larger for the permeable-grains scenario than 

the impermeable-grains scenario, perhaps indicating that advective transport has overwhelmed 

the impermeable-grains scenario at the highest hydraulic gradient whereas diffusive transport 

still contributes significantly for the permeable-grains scenario. Lastly, we observe a decreasing 

trend in DaI as hydraulic gradients increase, which makes sense as the ratio of the diffusive to 

advective timescales is velocity dependent, where diffusive transport is increasingly important at 

lower pore-water velocity regimes.  
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Figure 2.5 Response of (A) mass transfer rates (α), (B) ratios of immobile to mobile porosity (β), 
(C) Damkohler number (DaI), and (D) a characteristic length scale (Lα) and dominant grain radii, 
for both model scenarios of permeable and impermeable grains at four hydraulic gradients 
including 5.1x10-6, 5.1x10-5, 5.1x10-4, 5.1x10-3. Values for (A), (B), and (C) were produced from 
the linear least square regression parameterization of the 1-D analytic solution of the DDMT 
equation (Equation 2.1) whereas values for (D) were produced by Equation 2.2. 

 

 

 



21 
 

Table 2.3 Best-ft model parameters (α and β) from the 1D analytic solution of the DDMT 
equation with associated goodness-of-fit metrics. Note the maximum values are underlined, and 
minimum values are italicized for the root-mean-square error (RMSE) and % bias. 

Impermeable Grains 
dh/dl Average 

solute 
velocity 

(m/s) 

α 
(s-1) 

β 
(-) 

DaI RMSE % Bias 

5.1x10-6 0.00018 0.018 1.3 4.6 0.022 -0.89                 
5.1x10-5 0.0018 0.12 1.4 3.1 0.009 0.015 
0.00051 0.013 1.0 0.90 2.9 0.009 -0.0027 
0.0051 0.04 1.6 4.1 2.0 0.011 -0.0054 

Permeable Grains 
dh/dl Average 

solute 
velocity 

(m/s) 

α 
(s-1) 

β 
(-) 

DaI RMSE % Bias 

5.1x10-6 0.00018 0.017 1.0 4.1 11 -3.4 
5.1x10-5 0.0016 0.075 1.5 2.4 0.35 -0.068 
0.0051 0.013 0.78 1.0 2.4 0.20 -0.0084 
0.0051 0.02 1.9 4.1 2.5 0.80 -0.22 

 

2.9.6  Length-Scale Analysis 

For the length-scale analysis, we explored the relations between LPe (Equation 2.4), Lα 

(Equation 2.2) and the grain radii. The calculated Lα from the mass-transfer rate fell near the 

range of the smallest and largest grain radii: the largest results of Lα for the impermeable- and 

permeable-model scenarios were 0.075 cm and 0.076 cm and the smallest length scales were 

0.0080 cm and 0.0073 cm, respectively (Figure 2.5D). In comparison, the smallest and largest 

grain radii were 0.020 cm and 0.090 cm, respectively. Larger Lα at lower hydraulic gradients is 

attributed to increased importance of diffusive transport as demonstrated by the results of DaI. 

The difference between Lα for the impermeable- versus permeable-grains model scenarios is 

greater at lower pore-water velocities. Although Coats and Smith (1964), among others, 

conceptualized the length scale in the definition of mass-transfer rate as the length over which 

diffusion occurs through a pore throat, we found that the grain radii were a reasonable proxy 

regardless of grain permeability, which is in agreement with Haggerty et al. (2000). 

The ratio of diffusively to advectively controlled areas, βPe (Equation 2.11), was 

calculated and compared to the values of β from parameterizing Equation 2.1. βPe and β are 
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similar in six out of eight simulations with only two results showing a percent difference of 10% 

or greater. The values of βPe and β that are notably different pertain to the impermeable-grains 

model at the highest hydraulic gradient of 0.0051, and permeable-grains model at the lowest 

hydraulic gradient of 5.1x10-6.  First, for the model scenario of impermeable grains at a hydraulic 

gradient of 0.0051, two observations provide explanation for poorly matching βPe and β, 

including 1) no hysteresis observed between fluid and bulk apparent EC measurements (Figure 

2.4D), and 2) values of α, β, and DaI (Table 2.3) that indicate model conditions that are not well 

described by DDMT. Second, for the poor match in the model scenario of permeable grains at 

the hydraulic gradient of 5.1x10-6, the 1-D analytic DDMT model represents the advective BTC 

more poorly than any of the other simulations. This simulation exhibits immobile porosity in 

regions of intragranular porosity as well as between regions of preferential flow pathways, and 

therefore may be better represented by a multirate mass transfer model rather than single-rate 

DDMT model, making the relation between diffusively controlled areas vs advectively 

controlled areas more complex. Lastly, for the remaining six scenarios, βPe was comparable to β 

(Table 2.4). Considering βPe is nearly the same as β for six of eight model simulations, we can 

see that the immobile porosity can be defined as diffusively controlled areas if an appropriate 

length scale (Equation 2.4) is determined. However, from these methods, immobile porosity can 

only be defined as diffusively controlled regions via numerically parameterizing Equation 2.11, 

therefore making these methods difficult to apply in a field setting. 

LPe was estimated in all eight model simulations. In estimating LPe, we see the ratio of 

diffusively to advectively controlled areas (βPe; Equation 2.11) is observed to depend 

logarithmically on the length scale LPe (Figure 2.6) chosen in the calculation of Pe. In calculating 

Pe, we considered a range of LPe from 0.0011 cm to 2 cm; these bounds correspond to twice the 

size of the smallest mesh element within the model domain to the length of the model domain 

which is equivalent to the maximum distance of solute transport, following Huysmans and 

Dassargues (2005). We chose these distances because they relate to nearly the smallest and 

largest lengths that can be defined in the model domain. For the impermeable-grains scenario, 

the minimum and maximum lengths of LPe are 0.0011 and 1.3 cm, respectively. At the highest 

hydraulic gradient, LPe is estimated as 0.0011 cm, which is not an adequate representation of the 

appropriate length scale for parameterizing Equation 2.11, as demonstrated by a percent 

difference between βPe and β of 78% (Table 2.4). For the permeable-grains scenario, the 
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minimum and maximum lengths are 0.0011 and 2 cm, respectively. At the lowest hydraulic 

gradient, we can see that an LPe of 2 cm is not an appropriate representation of the length scale as 

seen in the percent difference between βPe and β of 79%. Although an LPe of 0.0011 cm at the 

highest hydraulic gradient for the permeable grains scenario also corresponds to the minimum 

bound of values considered in this analysis, we see that it is in the vicinity of the appropriate 

length scale, as demonstrated by the percent difference between βPe and β of 9%. Thus, in six of 

eight simulations, we are able to estimate an appropriate LPe that describes the ratio of immobile 

to mobile porosity as the ratio of diffusively to advectively controlled areas.  

The results show a weak relationship between the magnitudes of LPe, Lα, and grain radii 

when βPe has been parameterized to match β (Table 2.4). First, in both the impermeable- and 

permeable-grain model scenarios, we see that the associated length LPe decreases as pore water 

velocity increases, which is a similar trend as Lα. Additionally, LPe is larger than Lα in six out of 

eight simulations. In each simulation that LPe is larger than Lα, it is larger by one or two orders of 

magnitude for both model scenarios (Table 2.4). Furthermore, the results show that the 

difference between LPe and Lα is more pronounced at lower hydraulic gradients for the 

impermeable-grains model scenario, whereas a similar relationship is less well defined for the 

permeable-grains model scenario. Collectively, these results show a weak relationship where LPe 

is commonly one to two orders of magnitude larger than Lα, whereas Lα is closely related to the 

dominant grain radii (Figure 2.5D) 

 

Figure 2.6 Calculations of βpe as a ratio of diffusively controlled areas to advectively controlled 
areas (Equation 2.11) where shades of green correspond to model scenarios with permeable 
grains and shades of orange correspond to model scenarios with impermeable grains. 
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Table 2.4 Summary results comparing βpe to β and LPe to Lα. Values that may be potential 
outliers are underlined. 

Comparison of β and βpe 
Model 

Scenario 
Hydraulic 
gradient 

β from 
parameter-

ization of the 
analytical 
DDMT 

equation 

βpe as calculated 
from the Peclet 

analysis  
(Equation 2.11) 

% 
difference 
between β 

and βpe 

Ratio of   
βpe/ β 

Impermeable 
Grains 

5.1x10-6 1.3 1.3 0.023 1.0 
5.1x10-5 1.4 1.4 0.42 1.0 
5.1x10-4 0.90 0.93 3.6 1.0 
5.1x10-3 4.1 1.8 78. 0.44 

Permeable 
Grains 

5.1x10-6 1.0 2.4 79. 2.3 
5.1x10-5 1.5 1.5 0.0034 1.0 
5.1x10-4 1.0 1.1 0.0023 1.0 
5.1x10-3 4.1 4.5 9.1 1.1 

Comparison of LPe and Lα 

Model 
Scenario 

Hydraulic 
gradient 

LPe (cm) 
associated 
with best 

matching βpe 
to β 

Lα (cm) as 
calculated form 

Equation 2.2 

% 
difference 

between LPe 
and Lα 

Ratio of    
LPe/ Lα 

Impermeable 
Grains 

5.1x10-6 1.3 0.075 180 17 
5.1x10-5 0.13 0.029 125 4.3 
5.1x10-4 0.016 0.0010 47 1.6 
5.1x10-3 0.0011 0.0080 153 0.13 

Permeable 
Grains 

5.1x10-6 2.0 0.076 185 26 
5.1x10-5 0.41 0.037 167 11 
5.1x10-4 0.55 0.011 192 48 
5.1x10-3 0.0011 0.0073 149 0.15 

 

2.9.7  Peclet and Diffusive Length Scales 

 The development of the Peclet length scale (LPe), was a method of parameterizing 

equation 2.11, as part of an effort to compare ratios of diffusively to advectively controlled 

regions with ratios of immobile to mobile porosity. From this analysis, we see that the immobile 

porosity can be defined as diffusively controlled areas in six of eight model scenarios, however 

this is only achieved through numerical methods, as such these methods would be difficult to 

apply in a field setting. Therefore, investigating the relationship between the Peclet length scale 
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and associated hydrologic parameters, like the characteristic diffusive length scale Lα and/or pore 

water velocity, may prove useful in helping to parameterize DDMT models via physical 

measurements obtained from the field or laboratory. Particularly, investigating the relationship of 

LPe with Lα and the pore water velocity may enhance our abilities to parameterize DDMT models 

because our results show that LPe is commonly larger than Lα by one to two orders of magnitude, 

where the magnitude of difference between these two values may be pore water velocity 

dependent. Furthermore, we estimated LPe by choosing to incorporate a wide range of lengths, 

due to the wide range of definitions for a Peclet number. The variety of definitions of Peclet 

numbers and subsequent length scales is thoroughly discussed by Huysmans and Dassargues 

(2005), who note that LPe is problem dependent but can be defined as many things including: the 

distance from source of contamination to observation, the waste container radius, the 

pore/fracture size, or the average particle diameter, among others. Therefore, because the length 

scale used in calculating a Peclet number is somewhat arbitrary, it seems prudent to continue 

working to define what an appropriate length scale is when defining a Peclet number. 

Subsequently, defining LPe may help practicing engineers and scientist establish a physical 

measurement which helps better define advective versus diffusive controls in a groundwater 

system, and may even help define ratios of immobile to mobile porosity.  

 

2.10  Conclusion 

Dual-porosity models are often used to describe solute transport in porous media, but the 

parameters within these models are difficult to identify experimentally or relate to measurable 

quantities.  Here, we looked to explore how (1) a DDMT model fits simulated data in the 

presence and absence of explicit dead-end porosity and (2) the effective characteristic length 

scale for a best-fit DDMT model compares to geometric aspects of the velocity field. We have 

three primary conclusions: (1) mobile and immobile domains develop even in a system that is 

explicitly defined with one domain; (2) the ratio of immobile to mobile porosity and mass-

transfer rates are smaller at slower flow rates; and (3) a comparison of length scales associated 

with the mass-transfer rate (Lα) and those associated with calculation of the Peclet number (LPe) 

show LPe is typically larger than Lα by one to two orders of magnitude. 

With respect to our first conclusion, our results show the presence of DDMT behavior 

regardless of a secondary porosity being explicitly defined. This conclusion is drawn from the 
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hysteresis between fluid and bulk apparent electrical conductivity observed in seven of eight 

models and was confirmed by parameterizing a 1-D analytic solutions of the DDMT equation to 

concentration breakthrough curves. The presence of DDMT is dictated, at minimum, by two 

physical properties: (1) physical geometric controls like dead-end pores, and (2) presence of 

differently advective transport pathways. 

In terms of the second conclusion, we find that estimates of β, α, and DaI are functions of 

average linear pore-water velocity. β, α, and DaI qualitatively relate to the hysteresis curves 

produced, which are more separated at 1) lower velocities than higher velocities and 2) in the 

presence of explicit intragranular porosity, α and β increase non-linearly as the average linear 

pore-water velocities increase, whereas DaI decreases.  

Lastly, we attempted to define immobile porosity in terms of the area of the microfluidics 

cell where diffusion was dominant, by comparing our estimates of β from the 1-D analytical 

model to βPe estimated throughout the domain. From this process, we show βPe decreases 

logarithmically as the length-scale LPe increases. Further, while six out of eight model scenarios 

show that the immobile porosity can be defined by diffusively dominated regions via similar β 

and βPe, the link between β and βPe, defined by LPe, is only teased out through numerical methods. 

Consequently, ratios of immobile to mobile porosity can be defined by the Peclet number; 

however, it is difficult to proactively apply these methods in the field because we see that LPe is 

velocity dependent and deviates from previous definitions of the length scale when calculating a 

Peclet number. 

These results suggest that estimated immobile porosities from a DDMT model are not 

only a function of diffusion-accessible pore space, but also are a function of average linear pore-

water velocity and a characteristic length. Mass-transfer rates between mobile and immobile pore 

space are also a function of the average linear pore-water velocity. This work demonstrates that 

the definition of “immobile” is a result of the relation between pore-water velocity and domain 

geometry, where physical obstructions to flow control the presence of advective and diffusive 

pathways. While DDMT is a useful model for predicting solute transport, the definition of 

immobile pore space remains difficult to interpret, even at the pore scale, and subsequently in 

field investigations as well. 
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CHAPTER 3 

FUTURE WORK 

 

This work identified how immobile porosity can be defined, and how parameters of a 

DDMT model, specifically α, β, and DaI, respond to different pore water velocities and 

geometric controls like the absence or presence of an explicitly defined secondary porosity.  

Given the opportunity to continue this work, I would propose pursuing several avenues such as 

1) continuing to add degrees of complexity such as electrically conductive grain surfaces, 2) 

replicating this work as a lab-based study, and 3) systematically investigating the role that the 

characteristic length LPe plays in describing advective vs. diffusive pathways.  

 Although we can discern trends in the hysteresis curves between fluid and bulk apparent 

conductivities one of the original goals of this work was to implement electrically conductive 

grain surfaces as a third model scenario. This scenario could help shed light on how surface 

conductance, which is only observable via electrical resistivity monitoring, may impact 

interpretation of hysteresis curves. Furthermore, focusing a study on how pore-scale numerical 

models represent electrical methods could help explain irregular hysteresis curves.  

 Several studies have performed lab experiments at the sub-meter scale (e.g. Swanson et 

al., 2012, 2015); however, few have performed pore-scale experiments where domain 

complexity can be systematically changed to observe how hysteresis between fluid and bulk 

apparent electrical conductivity responds to anomolous transport. Several experiments have been 

done which involve monitoring solute transport at the pore scale through partially and fully 

saturated media using electrical resistivity techniques (Jougnot et al., 2018), or describing 

diffusion limited transport using electrical resistivity in homogeneous media (Fernandez 

Visentini et al., 2021). That said, these laboratory tests do not consider systematically adding or 

removing degrees of system complexity, or systematically changing pore water flow regimes. 

Therefore, adding a laboratory experiment, which replicates the work of this thesis, would serve 

to validate this work, and help ground the findings of this thesis work to real world observations, 

amongst other recent related experiments. 

 Lastly, we see a weak relationship between Lα and LPe in this work; however, what drives 

this relationship is unclear. We see that LPe is commonly larger than Lα, and that LPe decreases as 
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pore-water velocity increases. We could not determine whether or not a strong relationship 

between LPe and the poe-water velocity exists, or between LPe and Lα. To investigate the 

relationship between LPe and velocity or Lα, I propose reproducing these experiments with a greater 

number of pore-water velocities and/or greater degrees of system complexity assessed. This 

investigation would differ from the established definitions of a characteristic length scale (Freeze 

and Cherry, 1979; Huysmans and Dassargues, 2005), where I hypothesize the length scale could 

be correlated to the pore water velocity, and subsequently be able to numerically characterize the 

immobile pore-space as diffusively dominated transport areas. 
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APPENDIX A 

TABLE OF PARAMETERS 

 

The following table displays all parameters that were used in this work. It is grouped by 

parameters used to simulate three physical processes of fluid flow, solute transport, and electric 

currents. There is one additional section for the analytic modeling of solute transport via the 

DDMT equation.  

Table A.1 Model parameters. 

For the modeling of fluid flow using the Navier-Stokes and Brinkman’s equations: 
Variables Parameter Variables Parameter 

ρ Fluid density (kg/m3) u Velocity vector (m/s) 
p Pressure (Pa) μ Dynamic viscosity of fluid 

(kg/(m*s)) 
I Identity matrix εg Intragranular porosity 

F Volume force vector (N/m3) 𝜅 Permeability tensor of the porous 
medium 

G Viscous stress tensor (Pa) Qm Mass source or sink (kg/(m3s)) 
For the modeling of solute transport using mass conservation equations: 

ci Local node concentration of 
species i  (mol/m3) 

Si Source/sink term (mol/(m3s)) 

c0 Initial inlet concentration (mol/m3) ci,g Local intragranular 
concentration of species i 
(mol/m3) 

ci,p Local intergranular concentration 
of species i (mol/m3) 

DD,i Effective diffusion coefficient 
(m2/s) 

Mi Mass flux relative to the mass 
averaged velocity (mol/(m2s)) 

De,i Effective dispersion coefficient 
(m2/s) 

Ri Reaction rate of species i 
(mol/(m3s)) 

  

For the Modeling of electric currents: 
J Current density (A/m2) where the 

additional subscript ‘e’ denotes 
externally generated 

σ Electrical conductivity (S/m) 

Qi,v Externally generated current 
source (A/m3) 
 

V Electric potential (Voltage, V) 

E Electric field 
 

K Geometric factor 
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Table A.1 Continued 
For the analytic modeling of dual-domain mass-transfer behavior: 

εm,im Mobile and immobile porosity (-) ε Total porosity (-) 

cm,im 

 

Mobile and immobile 
concentration (mol/m3) 

α 

 

Mass transfer rate (s-1) 

D Hydrodynamic dispersion 
coefficient (m2/s) 

β Ratio of immobile to mobile 
porosity (-) 

D* Molecular diffusion constant 
(m2/s) 

βPe Ratio of diffusively controlled 
zones to advectively controlled 
zones 

Pe Local Peclet number at the ith 
location 

LPe Advective length scale (cm) 
associated with solute transport 

ui Local velocity magnitude Lα Diffusive length scale (m) 
associated with mass transfer 

DaI Damkohler number (-)   
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APPENDIX B 

SUPPLEMENTAL FIGURES 

 

The following figures show the advective concentration at the outlet in red or green for 

both model scenarios at four hydraulic gradients. The results of the 1-D analytic DDMT model 

shows concentration in the mobile and immobile domains in dark gray and light grey 

respectively.   

 

 

Figure B.1 Concentration breakthrough curves showing the analytically modeled concentrations 
in the mobile domain (light gray), the immobile domain (dark gray), and the advective 
concentration at the outlet (orange) for the model scenario with impermeable grains.  
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Figure B.2 Concentration breakthrough curves in log-space showing the analytically modeled 
concentrations in the mobile domain (light gray), and the immobile domain (dark gray), and the 
advective concentration at the outlet (orange) for the model scenario with permeable grains.  
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APPENDIX C 

IRREGULAR HYSTERESIS 

 

Several model iterations were performed with different configurations of current and 

potential electrodes, which sometimes produced backwards hysteresis between bulk apparent and 

fluid electrical conductivities. Backwards hysteresis occurs when the bulk apparent conductivity 

observations change before the fluid electrical conductivity changes. This behavior is opposite of 

what is expected at the field scale because fluid sampling from groundwater wells preferentially 

draws from the mobile domain whereas the bulk apparent conductivity values are sensitive to 

both the mobile and immobile pore space; therefore, fluid conductivity often show a faster 

response depending on support volumes of measurements. Thus, we hypothesize that backwards 

hysteresis, at the pore scale, results from a convolution of two issues: 1) difficulty with collecting 

collocated fluid and bulk apparent electrical conductivity measurements at the pore scale 2) a 

scale issue, where the scale associated with electrode measurements is not well suited to the scale 

of the model domain. 

Difficulty collecting collocated fluid and bulk apparent electrical conductivity 

measurements, has been discussed at length in previous work (Briggs et al., 2014). Briggs et al., 

(2014) show through numerical experimentation the effects fluid sampling located up-gradient, 

down-gradient, and collocated with the bulk apparent electrical conductivity measurements; the 

results of these are respectively, wide separation between hysteresis limbs, little to no separation 

between hysteresis limbs that cross, and regular hysteresis that demonstrates simultaneous 

change in fluid and bulk apparent electrical conductivity measurements. Although the fluid 

sampling location is neither upgradient or downgradient of both potential electrodes in our 

simulations, fluid sampling does occur upgradient of one individual potential electrode. The 

result of non-collocated fluid and bulk apparent electrical conductivity sampling can be seen in 

figure C.2. From these results, we see that the potential electrodes being situated in diffusively or 

advectively dominated regions may impact behavior of hysteresis. Consequently, in figure C.2, 

the top set of electrodes are clearly located in an advective pathway, the middle set of electrodes 

are likely located in a predominantly diffusive pathway, and the bottom set of electrodes likely 

straddle the transition from a diffusive to an advective pathway. As such, the results show in 
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figure C.2, when the fluid sampling location is situated in an advective pathway, hysteresis 

proceeds in a “normal” direction, whereas when the fluid sampling location is situated in a more 

strongly diffusive pathway, hysteresis proceeds in a “backwards” direction.  

The scale of the potential electrodes and fluid sampling, relative to the size of the domain 

also seemingly impact the behavior of hysteresis. Thus, we note the differences in results from 

four methods of electrical resistivity monitoring including 1) no-support of the monitoring 

locations (Figure C.1A-D), 2) an explicitly defined support volume (Figure C.1E,F), 3) 

approximately collocated monitoring locations (Figure C.3), 4) using the advective flux and 

current density flux through the model domain. From methods one and two, where a support 

volume is, and is not defined, irregular hysteresis patterns are observed. From methods three and 

four, normal hysteresis patterns are observed. Consequently, it seems that the behavior of 

hysteresis may be dependent on the scale of observation relative to the model domain. In these 

results, from method three (Figure C.3), the potential electrodes seem to be situated closely 

enough and located in predominantly advective pathways, so that normal hysteresis patterns are 

observed. Therefore, to eliminate the issue of irregular hysteresis which depends on the 

electrodes’ location and scale, we use the configuration (Figure 2.2), which employs the 

advective flux and current density flux through the model domain. Thus, it can be seen that scale 

of observations when point electrodes with or without a support volume (Figure C.1) is not well 

suited to the scale of the domain, whereas the scale of the advective flux and current density flux 

at the domain outlet is appropriate for the scale of the domain. 

  



39 
 

 

 

Figure C.1 Example electrode configurations that produce backwards hysteresis curves. Note 
solute monitoring occurs at potential electrodes and fluid sampling locations, whereas the 
electric potential gradient is always collected between potential electrodes, therefore nine 
hysteresis curves are produced. The current electrodes are either defined as a line source or point 
source. For configurations A through D, the potential electrodes and fluid sampling location are 
defined as points, meaning they have no support volume. For configuration D, the current 
electrodes are defined as a point instead of a line. For configurations E and F, the current 
electrodes are defined as lines at the inlet and outlet and the potential electrodes and fluid 
sampling location have a support volume of 1 mm or 0.45 mm respectively. All configurations 
produce backwards hysteresis at one or more set of electrodes.  
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Figure C.2 Backwards hysteresis for electrode configuration from Figure C.1, configuration D. 
The fluid concentration was collected from every potential electrode and fluid sampling location, 
thus nine plots for three electrode sets. The top set of electrodes is sufficiently located in a region 
of fast pore-water velocity; however, the middle set is not. Further, one electrode for the bottom 
set of electrodes, which also collects fluid concentration, is located sufficiently outside of a fast 
pore-water region, which creates backwards hysteresis. The remaining two electrodes are 
situated sufficiently within fast pore-water regions that forwards hysteresis is observed.  

 

Figure C3. Example of electrodes configuration that produced ‘forward’ hysteresis. In this 
scenario, the potential electrodes and fluid sampling location are situated in regions of high pore-
water velocity, and they are oriented approximately parallel to the direction of the electric 
potential gradient. 
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APPENDIX D 

A BEGINNER’S GUIDE TO MODELING IN COMSOL MULTIPHYSICS 

 

COMSOL Multiphysics is a software built for simulating real world designs, or processes 

that may be difficult to assess using simplified diagrams or analytical models. It is a powerful 

tool, with a user-friendly graphical user interface (GUI), which allows the modeler to jump 

straight into the modeling process. Although COMSOL can be a user-friendly software which 

can help simplify the modeling process, the underlying mathematics and physics can be 

inherently complicated. The following is a brief introduction to the modeling process in 

COMSOL, followed by a detailed description of establishing a coupled multiphysics simulation, 

with three goals including: 1) ‘pulling back the curtain’ to help the new modeler understand the 

intricacies involved with numerical modeling, 2) creating a tutorial for beginning modelers to 

establish a COMSOL Multiphysics simulation, 3) familiarize the reader with relevant resources 

to continue furthering their modeling capabilities.  

D.1  Description of COMSOL Multiphysics 

COMSOL Multiphysics is a finite-element method (FEM) based software capable of 

simulating the physics of many real-world problems. It can be run using a GUI, or from the 

MATLAB command line; for the purposes of this tutorial, we focus on modeling using the GUI. 

It should be noted that the software was born out of MATLAB, therefore many functions 

available to a MATLAB user, should be usable in COMSOL, also in MATLAB syntax. 

Furthermore, COMSOL Multiphysics utilizes a CAD-based drawing software so that model 

domains can be drawn directly within the software. If desired, the user can import more 

complicated model domains drawn outside of the GUI in separate software.  

D.2  Finite-Element Method 

Many physically based problems approached in engineering and academic research can 

be broken down using systems of partial differential equations (PDEs). Although PDEs are a 

useful tool in analytically describing simple physical problems, many applied problems involve a 

spatially or temporally complex system which make solving PDEs analytically impossible. Thus, 

using systems of linear equations allows the user to move beyond simple 1D or 2D systems, and 

simulate the physics throughout the model domain for a system of interest.  
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For this summary of the FEM, some key points are summarized that are more thoroughly 

covered in the COMSOL Cyclopedia (“COMSOL Multiphysics Cyclopedia,” 2016). To begin, 

the FEM requires that the model domain be established, and discretized. The discretization is a 

method of spatially breaking up the entire domain into small sub-areas so that simple linear 

equations can be defined and used as an approximation of PDEs. The sub-areas are referred to as 

mesh elements where their shape is bounded by nodes. The physics is resolved at and between 

the nodes via a linear combination of basis functions. Say, for example, the modeler has 

developed a simulation of resolving the variable u (e.g., velocity, heat, electric potential, etc). 

The FEM solves for u throughout the domain via a linear combination of ui, such that:  

 𝑢 ≈  𝑢  (D.1) 

and 

 𝑢  =  ∑ 𝑢  𝜑  (D.2) 

In this scenario, φi is the basis function and ui is a coefficient of the functions that 

approximate u with un. Generally speaking, the more complex a model domain is, the greater i is 

required to be in order to accurately solve for u, thus increasing the number of mesh elements, 

number of linear combinations of basis functions, and the computational intensity. It is up to the 

user to determine an appropriate degree of mesh refinement to create sufficiently accurate 

simulations which are simultaneously sufficiently computationally efficient.  

D.3  Opening and Running the Software, Short Tutorial 

After installing the software, there should be several desktop icons including “COMSOL 

Multiphysics 5.6” and “COMSOL Multiphysics 5.6 with MATLAB”.  

 Click “COMSOL Multiphysics 5.6” to launch the GUI interface.  

Upon launching the GUI interface, the user should see the “New” window (Figure 1C). 
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Figure D.1 “New” model setup page 

The “New” window allows the user to establish a model from scratch using a “Blank 

Model” setup, or using the “Model Wizard”. This tutorial will step through a model setup using 

the “Model Wizard” which helps the user to predefine desired physics, and instructs the software 

to incorporate necessary nodes.  

 Click “Model Wizard”. 

Selecting the space dimension will define the dimensionality of the model domain. 1D, 

2D, and 3D establish a model window with the corresponding domain dimensionality. 1D 

axisymmetric or 2D axisymmetric define a model domain if the user knows they will be 

simulating a physical process which is symmetric around an axis.  

 

Figure D.2 “Select Space Dimension” setup page 
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 Click “2D”  

The user should now be on the “Select Physics” page. Here the user will be shown 

installed physics packages. Note that purchasing the software does not incorporate every physics 

package. The packages are modular, allowing the user to pick and choose which ones to 

purchase with their license. 

Clicking on a physics package once, will populate the right side of the GUI with a 

description of the selected package (Figure C3). Double clicking a physics interface will 

incorporate the appropriate interface in the model, as well as list the selected interface under 

“Added physics interface”.   

 

Figure D.3 "Select Physics" setup page 

 Click “Fluid Flow” > “Single Phase Flow” > “Laminar Flow (spf)”. 

 Click “Chemical Species Transport” > “Transport of Diluted Species in Porous Media” 

 Click “Study” 

Here we can define if we’d like to create a “Stationary” study, or a “Time Dependent” 

study. Stationary will solve the physics at “steady state”, meaning the physics are not changing 

with time. “Time Dependent”, also sometimes referred to as “Transient” will show how the 

model domain evolves with time.  
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 Click “Stationary”. 

The user should be directed to the GUI (Figure 4C) 

 

Figure D.4 COMSOL GUI, note the model ribbon (orange), model builder (yellow), settings 
window (blue), graphics window (green), and message window (red). 

If multiple physical processes have been incorporated, they should appear in the model 

builder tree. When the software is run, the model will proceed in sequential order from top to 

bottom of the model builder tree. In this example, that requires the user to define laminar flow 

first (i.e. above) to resolve the dependent variable, velocity (u), as an independent variable to 

input for the “Transport of Diluted Species” interface.  

Next, we build the model domain. COMSOL implements a CAD-based drawing 

software, which is useful in drawing basic geometries. For more complex geometries, the user 

may wish to draw a domain in a separate software. Externally generated domains can be 

imported by right clicking ‘Geometry’, then clicking ‘Import’. 

 Right click “Geometry” 

 Click “Rectangle” 

The settings window will populate with relevant information for defining a rectangle. We 

will recreate a simplified domain from this thesis. 
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 Expand “Size and Shape”, then type “0.02” in the “Width” window, and “0.01” in the 

“Height” window. 

 

Figure D.5 Settings to establish a domain using the rectangle tool 

 Right click “Geometry”, click “Circle”. 

 Define the radius as 0.0008 m, and the x,y coordinates as (0.0045 m, 0.003 m) 

 In the ribbon, click “Transforms”, “Copy”.  

o Note the options available in this window. The transforms tools allow the user to 

quickly and efficiently create copies of more complicated objects. We will simply 

copy the circle. 

 Under the “input” dropdown, enable the toggle button, then in the graphics window click 

the only circle to select it.  
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 Under the “Displacement” dropdown, specify “Displacement vector”, add a vector of [0, 

0.004 m]. Click “Build Selected” 

 

Figure D.6 Settings to copy a circle and displace it by a defined vector 

Next, we will duplicate and rotate the existing circles. 

 Click, “Transforms” in the ribbon. 

 Enable the input objects toggle and select both circles. Note that unless renamed, the 

second circle created will be labelled as “copy1”. Make sure the “Keep input objects” 

check box is selected. 

 Define the rotation as “90” deg, and the center of rotation as x: “0.0045” and y: “0.005”. 

Click “Build Selected”. 
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Figure D.7 Settings to rotate selected items 

 Define several more circles using these methods. The user is encouraged to explore 

several other tools in the “Transforms” tab of the ribbon, or practice defining circles 

manually. For a quick “drawing” approach, the user can click “Sketch” at the top of the 

ribbon, then click “Circle”, then click and drag within the domain to draw circles. 

 Select “Transforms”, “Mirror”. Select all the existing circles. Under “Point on Line of 

Reflection”, define x as 0.01 m and y as 0 m. Under “Normal Vector to Line of 

Reflection” define x as 1, and y as 0. Click “Build Selected”.  
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Figure D.8 Settings to define a mirror copy. 

The following is an example of what the model domain should look like thus far.  

 

Figure D.9 Example model domain after circles have been defined. 
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 Lastly, click “Booleans and Partitions” in the ribbon, then click “difference”.  

 Ensure the “Objects to add” switch is toggled on. Click the rectangle. Next, ensure the 

“Objects to subtract” switch is toggled on. In the graphics window, hover over the 

available tools to find and select “Select Inside” tool, and drag a rectangle around all 

items built for the domain in the graphics window; then click the rectangle to remove it 

from the selection.  

 Click “Build Selected to difference the circles from the rectangle.  

 Click, “Form union” in the model tree, then click “Build All”.  

 

Figure D.10 Final model domain. 

 For any physically based problem we need to define a material. Right click “Materials” in 

the model tree and click “Add Material from Library”.  

COMSOL is developed with many built in model materials. These are available to the 

user here in the material library. However, the user also can define their own custom material. 

For this tutorial, we will used built in materials.  

 In the material library, click “Built in”, then click “Water, Liquid”. A new node for water 

is added to the model tree. Toggle the “Activate Selection” switch to on, then click the 

model domain.  

Now that the model domain is defined with a material added, we can establish the 

boundary conditions in the physics interfaces. We will establish the domain so that water and 

solutes flow in from the left, and out at the right. The top, bottom, and circles will serve as no 

flow boundaries.  



51 
 

Notice a “wall” boundary condition in the “Laminar Flow” physics interface is 

predefined with all boundaries preselected. This will serve as our no flow boundary condition.  

 Right click on “Laminar Flow”. Notice all the choices of available boundary conditions 

the user can select. Click on “inlet”. Do this again and click on “outlet”. These will define 

the inlet and outlet boundaries. 

 Click the “Inlet” node in the model tree, then hover over the left edge of the domain. 

Notice that it should highlight before being clicked. If not, ensure that “select boundary” 

is enabled in the graphics window.  

In the settings window we can see which boundaries the node applies to. We can see if 

this node has been defined but overridden by other nodes, or we can see which nodes it 

overrides. Note that it overrides the “Wall 1” boundary condition. This is because the “Wall” 

boundary condition was set on every boundary of the domain, but now one edge has been 

redefined as the inlet. The user does not need to deselect the corresponding boundary in the 

“Wall” node because COMSOL will recognize which nodes are overridden and which are not, 

thus resolving the physics only when needed.  

 At the drop-down menu under “Boundary Condition” in the settings tab of “inlet”, set the 

boundary condition to “Pressure”. Under “Pressure Conditions” define a “Static” pressure 

of 0.01 Pa.  

 For the “Outlet” node, ensure that the right boundary is selected, and all of the boundary 

conditions are the same as the inlet except for the pressure, which should be defined as 0 

Pa. 



52 
 

 

Figure D.11 Settings for the inlet node of the Laminar Flow node. 

Next, we will establish the boundary conditions for the transport of diluted species node. 

Note COMSOL can simulate multiple physical processes and coupled PDEs sequentially via 

three methods: 1) using a built-in multiphysics module, 2) using the “sequential approach” by 

consecutively simulating physical processes with an additional built-in multiphysics coupling, 

or 3) via a “manual approach” where multiple physical processes are simulated one after 

another and manually set the dependent variables from one physics interface into the 

independent variables of another physics interface.  We will employ the third option. Note that 

this is the least preferred method by recommendation of COMSOL. Several Multiphysics 

couplings, and Multiphysics packages exist that may be suitable to the modeler. For the purpose 
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of modeling solute transport at the pore scale, we will define the Multiphysics coupling via the 

“manual approach”. 

 Click the “Transport of Diluted Species (tds)” node in the model tree.  

 Click the “Transport Properties” Sub-node.  

o Under the “Convection” sub-section of the settings window, click the drop-down 

for “Velocity Field” and select “Velocity field (spf)”. This will use the velocity 

field that is solved by the laminar flow study step to force the solute transport.  

 Right click the “Transport of Diluted Species (tds)” node, click “inflow” to set the inflow 

boundary condition where solute will be “injected” to the system.  

o Do this again but click “Open Boundary”. On the “Inflow” boundary condition, 

ensure the left boundary is selected. For the “Open Boundary” boundary 

condition, ensure the right boundary is selected.  

 Next, we must define an injection function. Scroll up in the model tree, and right click 

“Definitions”, then click “rectangle”. Set the lower limit as 5, the upper limit as 20, the 

size of the transition zone as 5, and the number of continuous derivatives as 2, then click 

plot. This is a plot of arbitrary units vs. time. It is established so that between the time of 

5 and 20 s, solute will inject. We have also established a “smooth” curve to avoid 

unrealistic conditions that we might not see in the real world. 

 Scroll back to the “inflow” boundary condition in the “Transport of Diluted Species” 

physics node, and type 1*rect1(t[1/s]) 
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Figure D.12 Settings window of the inflow boundary condition. 

Now that the domain boundary conditions have been established, we must discretize the 

domain with a mesh.  

 In the mesh node of the model tree, define a physics-controlled mesh. Set the element 

size to “fine” using the drop-down menu. If desired, the user can define a detail mesh to 

their specific needs with a user defined mesh. Additionally, multiple meshes can be 

defined for multiple studies in a model file. For this tutorial, we will use only the one, 

physics-controlled mesh, for both study steps.  

 Click “build all” to build the mesh.  

 Finally, we must ensure the study steps are defined appropriately. 

 Click “Step 1: Stationary” in “study 1” node of the model tree. In the “Physics and 

variables section”. Make sure just the check box for “Laminar flow (spf)” is checked.  

A second study step must be established for the time dependent study which resolves how 

solute is moved via the pore water velocity. 

 Right-click the “Study 1” node, and select “Study Steps”, “Time Dependent”, “Time 

Dependent”.  

In the settings window we must establish the simulated time.  
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 Click the “Study Settings” sub-section in the settings window, ensure the time unit is set 

to ‘s’ for seconds, then click the “range” button next to the output times definition.  

o A pop-up appears where we can define the start time as 0, the step as 0.5, and the 

stop as 50.  

o Note that this does not define the time step for the simulation, that is done 

automatically by the COMSOL software where it works automatically to 

minimize error to sufficiently low levels. The output times we have just defined 

will save a matrix of variables at defined times for postprocessing purposes. 

 Finally, click “Study 1” in the model tree, the click “compute”.  

The model will begin to run, with a progress bar appearing in the lower right-hand 

corner. Additional progress messages will appear in the messages window.  

 

 

Figure D.13 Model window while simulation is being calculated. 

Congratulations! We have just performed a simple model simulation in COMSOL. 

Scrolling down to the results section of the model tree, the user should find a “results” section.  
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In the “Results” section of the model builder tree there should be several sections 

including the following: 

 Datasets – This is where solutions to the physics reside. In this example, we solved for 

the pore water velocity at steady state, and the time-dependent solute concentration 

distribution. As such there should be two solutions corresponding to both steps of the 

simulation. Right Clicking “Datasets” sub-node displays various post processing 

capabilities, where the user can define a point, plane, or volume, for the intention of 

observing the changes at certain locations or domains throughout the simulation.  

 Derived Values – of particular use in this section are the “Average”, “Integration”, 

“Maximum”, and “Minimum” functions. These tools allow the user to calculate useful 

parameters that may be relevant to their postprocessing goals (for example the average 

velocity at the outlet or throughout the domain). 

 Tables – This subnode is particularly useful for establishing tables of post processing 

results where they are readily available. 

 Export – This subnode allows the user to pick variables or datasets of interest and export 

them to a file. This can be useful if additional postprocessing needs to be done in matlab 

or excel.  

D.4  Closing Remarks 

Note that this was an introductory tutorial, but it covers many of the tools that were 

necessary to build the model for this thesis work. Hopefully this serves as a useful springboard 

for future work to follow up on this project. Although this will hopefully help the future modeler, 

it should be noted that many things can prove to be difficult throughout the modeling process. As 

such, additional concepts that were reviewed throughout this project are summarized in the 

following.  

D.4.1  Unphysical Values: 

At times, the modeler may experience unphysical values in their model results. In this 

work, this looked like oscillations in concentrations or small negative concentrations. A detailed 

description of this issue can be found in the “Results with Unphysical Values” section of the 

COMSOL reference manual (“COMSOL Multiphysics Reference Manual, Version 5.6,” n.d.), 

but the causes are also briefly summarized here: 
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 Numerical noise, especially at low concentrations where the any change at all may be 

significant. In this work it was useful to define a baseline concentration so that low 

concentrations were avoided.  

 Lack of mesh resolution. The user may wish to discretize the mesh to finer resolutions to 

counteract unphysical values, however this can dramatically increase the computation 

intensity of a simulation. In the scenario of this work, it was useful to define a sufficiently 

discretized mesh for the laminar flow node, then define a secondary and finer mesh 

which is only applied to transport of diluted species physics interface. This gives the 

modeler the dexterity to use mesh refinement only when truly needed.  

 Sharp concentration fronts, which may not be physically real, or are too sharp to be 

resolved numerically with accuracy, can cause oscillations. Using a smooth rectangle 

function or smoothed Heaviside function are two techniques to gradually introduce 

concentration fronts that may be more realistic, or more accurately solve for via the FEM. 

D.4.2 Vague error messages: 

Sometimes, the model will not solve the physics as defined. Instead, it quits and provides 

an error message that may or may not be helpful. The user may find success in simply copying 

and pasting the error message to Google and specifying it came from COMSOL. Alternatively, it 

can be useful to revisit your model parameter definitions to make sure the model is defined in 

realistic terms. For example, in relation to the work of this thesis, multiple times COMSOL 

would notify of “Repeated error test failures. May have reached a singularity”. Eventually it was 

determined that this was a result of using unrealistic boundary conditions for defining the solute 

injection function. As such, smoothing the injection curve as described in this tutorial, allowed 

for a more realistic mode.  

D.4.3 Additional resources 

Throughout the entirety of this work, it was frequently necessary to refer to COMSOL 

Documentation and additional resources. Useful resources are listed here for the future user: 

 User’s manuals 

o COMSOL Multiphysics Reference Manual – this is the COMSOL documentation 

which includes brief descriptions of any of the tools found within the software. If 

the needed description is not found within the COMSOL Multiphysics Reference 
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Manual, it will point the user to another documentation which will give more 

detailed description. 

o COMSOL CFD Module, User’s Guide – This user’s manual provided detailed 

description of all physics involved with the laminar flow modeling. 

o COMSOL Chemical Reaction Engineering Module, User’s Guide – This user’s 

manual provided detailed description of all physics involved with the transport of 

diluted species modeling.  

o COMSOL AC/DC Module, User’s Guide - This user’s manual provided detailed 

description of most physics involved with the electric currents modeling.  

 COMSOL Learning Center 

o The COMSOL Learning Center provides short video tutorials of how to establish 

a handful of models. This resource spans topics such as opening the software for 

the first time, to post processing of your model results in COMSOL. 

o COMSOL application exchange – is a resource hosted on the COMSOL website 

which serves as a place for users to post their model files. Many complete model 

files can be found here to be used as examples to work from 

o COMSOL Discussion Forum – The discussion forum can be a useful place to post 

questions to the general public. It is perused by COMSOL employees and the 

general public, both of which are open to answering any questions posted.  

 Other 

o COMSOL cyclopedia – this online resource provides detailed description of the 

finite element method, meshing methods, and descriptions of the underlying 

physics for many of their physics packages like fluid flow and mass transport for 

example.  

 https://www.comsol.com/multiphysics  
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APPENDIX E 

MODEL CODE AVAILABILITY 

 

The COMSOL Multiphysics code for this project are made available through the 

CUAHSI Hydroshare data availability website as opposed to being included in Appendix E due 

to length. The CUAHSI Hydroshare resources can be found at the following link: 

 http://www.hydroshare.org/resource/c47091e0f7ea4d4793316100d05eb6d2 

The model files in the CUAHSI Hydroshare resource include: 

 PermeableGrains_CUAHSI.mph 

 ImpermeableGrains_CUAHSI.mph 

Both of these model files are defined with an inlet pressure boundary condition of 0.01 

Pa, which results in a hydraulic gradient of 5.1x10-6, corresponding to a pore water velocity of 

6.4x10-5 cm/s. Any of the four flow regimes assessed in this experiment can be created by setting 

the inlet pressure boundary condition for either model scenario as 0.001, 0.01, 0.1, or 1.0 Pa. 
 


