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A B ST R A C T

Here I present a Green’s function/Green’s Theorem integral equation approach to 

effectively, numerically modeling two-dimensional s polarized or p polarized wave 

propagation problems for a variety of geometries. The model accurately calculates 

both near-fields and far-fields with minimal assumptions made on the behavior of 

the scattered radiation. The method was applied to modeling light emission from a 

Near-field Scanning Optical Microscope (NSOM) fiber tip. Several convergence and 

energy tests were used to give confidence in the results. Results were also compared 

to those of Novotny et al. [16] and showed good agreement. The behavior of intensity 

and power near the tip, effects of changing the dielectric constant of the sample, and 

effects of topographic anomalies in the sample are discussed.
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Chapter 1 

IN T R O D U C T IO N

Modeling wave propagation has been of interest for a very long time. Before 

the advent of the computer, the only tractable problems were those that involved 

certain approximation techniques to make them analytically solvable. In the field 

of electromagnetic wave propagation, such techniques included Kirchhoff and Fresnel 

diffraction theory [1]. However, as engineering and science have become more precise, 

problems that do not allow for so much restriction on pertinent parameters have 

become of great interest.

One area that is of interest, especially in the semiconductor community, is Near- 

Field Scanning Optical Microscopy (NSOM). The near-field is the region less than 

a wavelength of the radiation from scatterers, in contrast to the far-field, which is 

the region many wavelengths from such scatterers. Optical techniques have proven 

extremely useful in characterizing advanced materials and electronic devices. Diffrac

tion, however, limits the spatial resolution that can be achieved with far-field optics 

to dimensions comparable to the illumination wavelength. However, if the source of 

the radiation is smaller than the wavelength, this limit can be exceeded. NSOM ex

ploits this fact to make optical measurements with much higher spatial resolution ([2] 

and [3]). In the most common implementation, a sub-wavelength aperture is scanned 

across a sample while maintaining a separation (~  lOnm) also much less than the 

wavelength (typically about 500nm) between sample and aperture. See Figure 1.1 

for a schematic of the tip-sample configuration^]. Using this approach, spatial res
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olutions comparable to the aperture size and much less than the wavelength can be 

achieved. The critical element in this form of NSOM is the aperture, which is typ

ically prepared by tapering an optical fiber to a point [5]. Because the taper causes 

the diameter of the fiber core to shrink below the cutoff diameter for the propagating 

mode, light begins to escape from the core before reaching the tip. This enlarges 

the effective size of the light source and limits resolution. Most tip preparation pro

cesses reduce this effect by coating the outside of the tip with metal while leaving an 

uncoated, sub-wavelength (~  50nm) aperture at the point.

Reflected Light

Topography

Metal Coating

Photocurrent, PL, etc.
Tapered Optical Fiber

NSOM Tip

F ig . 1.1. Schematic of NSOM tip-sample configuration. Tip-sample separation is 
held fixed at ~10nm while tip is raster scanned across sample.

During a scan, topographic information and optical signals such as transmission, 

reflection, photoluminescence and Raman scattering are simultaneously recorded with 

spatial resolutions of 50nm or less. While the technique is proving to be quite useful,
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interpreting the results of NSOM measurements is not nearly as straightforward as 

for far-field optics. For example, both propagating and evanescent fields emanate 

from the tip into the sample and the achievable resolution is critically dependent 

on how these fields spread and couple. Scattering of evanescent modes into the 

far field is a topic of discussion ([6] and [7]). The possibility that some observed 

optical contrast is due solely to coupling to surface topography rather than to intrinsic 

changes in optical properties is also a major concern [8]. There is a clear need for 

a better understanding of the fields emanating from the tip to assist in interpreting 

measurements and optimizing microscope performance.

The purpose of this thesis was to make a robust model that would be applicable 

to a variety of problems in two-dimensional wave propagation, particularly in the 

field of NSOM. We have formulated an integral equation approach to compute the 

electric and magnetic fields emanating from a 2-d NSOM tip. Although the problems 

that we have modeled are inherently 3-d, an analogous 2-d model may sometimes be 

used to yield qualitative results. However, since there are some aspects of 3-d wave 

propagation tha t cannot be modeled in 2-d (coupling between different polarizations 

is a good example), this thesis is a preliminary study to prepare for extension to a 

true three-dimensional model.



Chapter 2

G EN ER A L O VER VIEW  OF BA SIC  PR O BLEM , G R E E N ’S 

F U N C T IO N S A N D  G R E E N ’S TH EO R EM

We want to model the behavior of light emanating from an NSOM tip. Such 

tips, in reality are made up of a tapered fiber optic cable that is coated in aluminum 

as described in Chapter 1. The wavelengths of light used are in the visible region (400 

nm to 700 nm). A common laser wavelength is 488 nm. We will use that wavelength 

for all calculations in this thesis. For such a tip, the lower aperture is on the order of 

50 nm and so the apertures in this thesis were chosen to be 50 nm as well. To model 

a three-dimensional tip is beyond the scope of this thesis. We therefore sought a two 

dimensional analog that could perhaps yield qualitative results. Using our technique 

in the simpler 2-d case gives insight into how to better solve the 3-d case. We reduced 

the problem’s dimensionality by making the geometry translationally invariant in one 

cartesian direction. A picture of what such a tip would look like is in Figure 2.1. By 

making this constraint on the geometry, any vector field may be separated into two 

parts, transverse electric (TE) and transverse magnetic (TM). The former refers to 

when the electric field is always perpendicular to the plane of the 2-d geometry. The 

latter refers to when the magnetic field is in that direction. These two “polarizations” 

(TE modes are also designated as “s polarized” while TM modes are designated as “p 

polarized”) are independent. Therefore, any arbitrary polarization may be split into 

two solutions, one for each polarization. Also, since the direction of the electric field 

is conserved for s polarized light, the problem is scalar in nature (the same is true for
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the magnetic field and p polarized light). The problem which we then face is solving 

the differential equation obeyed by the scalar fields given boundary conditions and a 

forcing function (incident field).

Direction of u
Direction of propagation 

of incident field v '

Plane of geometry

F ig . 2.1. Tip which is reduced to two dimensions. In this geometry, the aperture of 
the NSOM is a slit and not a hole, u is defined in Eq. 2.2 as the scalar field for which 
we will solve. I t ’s direction is conserved when scattering from our 2-d geometry.

At optical frequencies, the time dependence of the field is not measurable. There

fore, we are most concerned with steady state fields and calculate the time averaged 

intensity of the field, which obeys the Helmholtz equation

(V2 +  k f )Ui(x) = 0. (2.1)

In this equation, the index i represents some characteristic region in which the optical
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properties are constant, V 2 is the Laplacian operator, ki is the wave number in the 

zth region, and Ui(x) is the scalar field in that region at a “field point” x. For the 

different polarizations, the definitions of Ui are

s polarized p polarized
(2 .2)

U i  —  E i /  [Ai U i  =  H i / € i

where Hi is the permeability for the region and e* is the permittivity. When two 

regions of distinct /z or e meet, say region i and j ,  the field and the normal derivative 

of the field, N,  obey the following boundary conditions as you approach from different 

sides of the surface connecting the two regions:

s polarized p polarized

fAiUi = fljUj tiUi — dj Uj (2.3)

Ni = Nj Ni =  Nj

Here the subscripts i and j  denote the region from which the surface is being ap

proached. The incident field that we will use in this thesis is always a plane wave of 

the appropriate polarization incident in the direction shown in Figure 2.1.

There are a number of methods for numerically solving partial differential equa

tions (PD F’s) such as finite difference methods which impose a discretized grid of 

points underlying the geometry [9]. However, methods such as this strongly restrict 

the possible size of the area in which the field can be calculated. This is due to the 

fact that they discretize the region in question into rectangles, solve the differential 

equation in the rectangles and match boundary conditions at the edges. In such algo

rithms the amount of memory needed is proportional to the area of the system. This 

is efficient over small (compared to the wavelength), closed regions, but in the case
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of NSOM, the problems are open in nature, meaning that the regions of interest are 

very large (once again, compared to the wavelength). Therefore, such methods are 

far too inefficient to be of use for this type of problem.

Green’s theorem offers an alternative scheme for obtaining a solution. In this 

thesis, Green’s theorem means that the field in a closed region (that is, enclosed by a 

closed surface) can be related to the field and its normal derivative on the enclosing 

surface by

Ui(x) =  jf  ds' {u i ix1) (nix') ■ V 'Gj) -  Gi (n (f ')  • V 'u ,( i ') )}  , (2.4)

where Si is the surface that encloses the region, ds' is the infinitesimal element on the 

surface (an infinitesimal line segment in 2-d), V' is the gradient operator (operates 

on the primed coordinates), and h(x') is the unit vector normal to the surface into 

the region. Figure 2.2 gives a visual aid to understand the meanings of the different 

terms in two dimensions. Gi is the “Green’s function” and depends on k, x 1 and x. 

These dependences were left off to simplify the equation. The Green’s function for 

the Helmholtz equation is defined as the function that satisfies

(V 2 + k^ G i ix tX 1) = - i 5 ( | f - f ' | ) ,  (2.5)

where J is the Dirac delta function. Here, x 1 is called the “source point” . In Eq. 2.5, 

the source point is interpreted as being the point from which the field is being sourced 

by a unit impulse (the Dirac delta function). The solution to Eq. 2.5 in two dimensions 

is [21]

Gi( x , x ' ) = l- H i l)(ki \ x - x ' \ ) ,  (2.6)

where H q1̂ is the zeroth order Hankel function of the first kind.



At this point, it is appropriate to discuss a possible concern with this method. 

Above, I mentioned that the regions will not necessarily be closed. But to apply 

Green’s theorem, it is necessary for the regions to be closed. This was an important 

point in the development of the model and will be discussed at length in Section 3.4.

ds'

Region i

Surface Sj

F ig . 2.2. Visual aid for nomenclature used with Green’s Theorem.

To use Eq. 2.4, it is necessary to obtain the field and its normal derivative on the 

bounding surface. Once these are known, Eq. 2.4 may be used to produce the field 

at any point in a given region. Therefore, the problem is reduced to finding the field 

and its normal derivative on the surface that bounds the region. This is attractive 

because it only requires that the boundaries be discretized, and not the regions. This 

“reduction” in the dimensionality of the problem relaxes constraints on the size of the 

model geometries. To find the field and its normal derivative on the surfaces, Eq. 2.4 

is used with the field point on the surface, along with the boundary conditions, which
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form a well defined system of equations. This will be explained in more detail in 

Chapter 3.

2.1 C om parison /contrast w ith  previous work

Now that the basic idea of the model has been presented, there are two questions 

of concern: “W hat other approaches have been applied to modeling the tips of an 

NSOM?” ; and “Does the model have anything new to offer?” Several groups have 

applied various approaches to this field. For example, the Bethe-Bouwkamp model 

([10] and [11]) of light emission from a circular aperture illuminated by a plane wave 

has been used to simulate an NSOM tip aperture ([12] and [13]). Martin et al. have 

discussed a generalized field propagator approach for three-dimensional modeling of 

scattered light in the near field [14]. Valee et al. have applied a similar approach to 

simulations of the contrast mechanism in NSOM when the tip is used as an illumina

tion source [15].

Novotny et al. have used a multiple-multipole method (MMP) to simulate the 

near-field region of a two-dimensional tip [16]. This method has proven to be the most 

efficient to date for two-dimensional calculations. The MMP is similar to our integral 

equation technique in that they both use Hankel functions to generate the field for 

each region. It differs in that it does not use them in an integral equation. In the 

MMP, the field is expanded in Hankel functions for each region and boundary condi

tions are imposed to obtain the coefficients. This method has a number of attractive 

attributes. The Hankel functions are expanded about points outside of the region 

of interest, so there is no problem with the fact that they contain singularities when 

the field and source points coincide. There are also sufficient boundary conditions to 

yield an over-determined system of equations to reduce the error in the calculation.
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However, in publications using this model, I have failed to find any estimates of the 

error in the calculated field.

Although Green’s Theorem is nothing new, to our knowledge no one has applied 

our technique in such a precise way to this class of problem. The two major strengths 

of our model are broad applicability and precise estimates of the error in the calculated 

result. Green’s Theorem can be applied to any geometry as long as all regions are 

closed in a suitable manner. We have devised such a procedure for “closing” all 

regions. The error in the problem is monitored closely in two ways: In a numerical 

sense by testing the convergence of the field as a function of boundary point number, 

and in a physical sense by testing energy conservation in the system. In this way, the 

program can reliably be applied to a large class of model geometries.
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C hapter 3 

D E SC R IP T IO N  OF MODEL

At this point, some nomenclature is necessary to avoid confusion. A “region” 

is a 2-d area that has constant optical properties. “Surface” means the entire 1-d 

surface that lies between two distinct regions. “Boundary” means one segment of 

that surface that has no curvature (a straight line segment). “Boundary unknowns” 

are the field and its normal derivative along a boundary or surface.

3.1 C onstraints on and selection  of m odel geom etry

Although the applicability of Green’s theorem is broad, there are some restric

tions tha t must be imposed to make a problem numerically tractable. There are two 

types of constraints on the model: memory constraints, and time constraints. The 

former refers to the number of unknowns along the boundaries being limited due to 

limited memory in the computer, and the latter refers to the number of calculations 

to be performed being limited (no one wants to wait a month for a calculation to 

finish).

To summarize the constraints on the model: first, it must be possible to split 

the geometry into a reasonably small number of regions with optical properties, e and 

/i, constant in any given region. In our model, to make computations simpler, we 

have constrained all surfaces between these regions to be comprised of straight line 

boundaries. Also, to satisfy the condition that all regions must be closed for Green’s 

theorem to hold, there must be a point beyond which, in open regions in the geometry,
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the field along the boundaries may be approximated by a known, asymptotic form 

function.

W ith those constraints in mind, we are now ready to choose a model geometry. In 

this thesis, we are concerned with problems in NSOM. Therefore, we want a geometry 

that is representative of an NSOM tip. For the majority of the results presented here, 

the geometry used is shown in Figure 3.1. This geometry is representative of the 

cross-section of a 3-d tip. For the incident wave, we assumed a normally incident 

plane wave with a vacuum wavelength of 488 nm present in Region 1. This geometry 

will be used for the remainder of the discussion in this section.

Incident plane wave A vacuum = 488 nm
Region 1: Glass e>
e = 2.25 H H

Region 3: Aluminum 
e = —34.5 T 8.5%

Region 2: Aluminum 
e = —34.5 + 8.5%

Region 4: Vacuum

Region 5: Sample

F ig . 3.1. Example of model geometry.

3.2 O btaining system  of integral equations

In Chapter 2, we summarized the problem as: we need to find the unknown field 

and its normal derivative along the boundaries using Eqs. 2.3 and 2.4. In order for 

Eq. 2.4 to be used for points on the surface, we must take the limit as the field point
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approaches the surface. This is somewhat difficult because the Green’s function and 

its normal derivative contain singularities when x = x ' . To describe this limiting 

process, it is useful to express the Green’s function and its normal derivative in a 

coordinate-free representation. These are given by

(3.1)

h - V ' G = ' ^ H l (kr)

where r  is the distance from the source point to the field point and do is the per

pendicular distance to the field point from the boundary in question. Here H0(kr) 

and Hi(kr)  are still Hankel functions of the first kind in a region with wave number 

k, but the notation has been shortened. Ho(kr) contains a log type singularity at 

the origin, and Hi(kr)  contains a 1 /r  type singularity. In the far-field, both hankel 

functions fall of as 1/y/r (in absolute value). See [22] for explicit definitions of these 

functions. The boundary unknowns are assumed to be bounded and continuous along 

a boundary and so do not contribute to the singularities. This should be a fair as

sumption because all contributions to the field are either from the incident field which 

is well-behaved or from secondary sources (the substances’ reactions to the incident 

field). There are no other primary sources of radiation.

Because of the singularities in the Green’s functions we must treat the integral 

carefully when the field point lies near or on one of the bounding surfaces. To do 

this, we take the limit as the field point approaches the boundary in a way similar to 

taking the principal value of a contour integral in the complex plane. We integrate 

along a small arc around the singular point, and take the limit as the radius of the arc 

goes to zero. Two examples of how this looks are shown in Figure 3.2. For geometries
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Field Point

Field Point

(a) (b)

F ig . 3.2. Two examples of how limit is taken as the field point approaches a boundary: 
(a) When the field point is somewhere in the middle of the boundary; (b) the field 
point is at the corner of two connected boundaries.

made of straight line segments, all points will either fall somewhere in the middle of 

the line segment (Figure 3.2a) or on a corner (Figure 3.2b). The term in Eq. 2.4 that 

contains the Green’s function integrates to zero as the radius of the arc goes to zero. 

Therefore, one can integrate through the singularity without a problem. To evaluate 

the term containing the normal derivative of the Green’s function, the integral is split 

into three parts: first, the integral from the first endpoint, say li, along the line up 

to the arc; second, the integral around the arc (from say to 62); and third, the

integral from the arc to the second endpoint, Z2. This yields

ikd0
(  [  r° u(l ')H ^ k r ')-d l '+ [ $2 u W ^ y ^ r o d f f  + f ‘2 u(l ')H l ^  dl') . (3.2)\Jh r Jdr To Jro T J

Because d0 =  0 along the straight line segments, the first and third integrals will not
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contribute for all r  > 0. In the second integral, do, the perpendicular distance of the 

field point to the semi-circle, is just r 0. In the limit as r 0 goes to zero, the Hankel 

function approaches —2%/(7r&ro). Therefore, in this limit, the second term integrates 

to

where AO = 2tt — (#2 — #i) is the angle subtended by the arc centered on the field 

point in the region containing the field point. For the configuration in Figure 3.2a, 

AO = 7T, and you obtain u ( x ) / 2 .

Therefore, the general set of equations to be solved are

along with Eq. 2.3 for each surface for each region.

3.3 Transform ation o f integrals into com plex contour integrals

At this time, we come to an important property of Eq. 3.4 and integrals like it. 

Integrals of the form of Eq. 3.4 can be transformed into a complex contour integral 

with an analytic integrand (excepting a finite number of points). This allows us to use 

a number of properties of such integrals that are extremely useful. The main property 

is that a contour integral of an analytic function between two points is independent of 

the integration path. We use this property throughout the formulation of the model. 

To exploit these properties, we must make some transformations to the integrand. 

We wish to transform the integration variable s' into the complex variable kr. A 

visual aid is useful for this process. Figure 3.3 shows the different parameters. As

(3.3)

— Mi(f) =  ds' {Ui (h ■ V'Gi) -  Gi(n-  V') u,} (3.4)
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seen, s' may be expressed in terms of kr as

s' =  -  (Mo)2
6 acute

(3.5)
+; 6 obtuse

Making the definitions z — kr  and Zq =  kd^

± z  dz
(3.6)

k^/z2 -  zl

with the same sign convention as in Eq. 3.5. Therefore, any integral of the form

Eq. 3.8 will be used at length in later sections.

3.4 “C losure” o f regions

As mentioned above, the use of Green’s theorem requires an integral over a closed 

surface bounding a region to find the field in that region. In general we do not want 

to limit ourselves to closed regions, but some consistent method must be used to 

artificially close those regions that are left open. Recall that since we have chosen 

to model the tip as a slit or groove, the resultant surfaces in the 2-d geometry are 

curves, chosen to be comprised of straight lines for simplicity. Figure 3.4 displays the 

geometry with dotted lines indicating the path along which we close the regions.

(3.7)

transforms to a complex contour integral as follows.

(3.8)
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x

Origin

Boundary'

F ig . 3.3. Schematic of integration along a boundary. The arrows on the boundary 
designate the direction of the integration.

In Figure 3.4, the closed integral in region 1 has been broken into four pieces: 

The first piece, / i ,  is the integral over all boundaries with —R  < x < + R  which 

bound region 1; I f  is the integral from x — +R x = oo; / f  is the integral from 

x = —R ^ x  = —oo; and is the integral along the upper semi-circle at infinity. 1^  

evaluates to the incident field[17]. if1" and / f  are, in a rigorous treatment, unknown 

because they contain boundary unknowns. As an example, Ii is given by

/+ (£) =  / ”  dx’ {«:(:?) (n • V 'G i) -  Gi (n ■ (3.9)

However, as x -> oo, the total field on the surface in question approaches the value 

for a normally incident plane wave on an infinite, flat surface. The solution for this 

configuration is given by the Fresnel equations [18] which give the boundary conditions 

for incident plane waves on an infinite surface. The customary notation is to give the 

conditions in terms of the electric and magnetic fields, but we want conditions on our
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Incident Field

Glass
/ f

AluminumAluminum
Vacuum ^

Sample

F ig . 3.4. Integral paths taken to close each region in Figure 3.1. Paths that are dotted 
are approximated; those that are solid make up the integral equations containing 
boundary unknowns.
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modified scalar field u. Making the necessary change of variables, the total field and 

its normal derivative for a normally incident plane wave on an infinite surface are 

given by

UTa =  a hlT + ^akhUinc N t  =  a bkf+ a a khUinc ^

where the subscripts a and b designate the calculation region (o for the region above 

and b for the region below the surface) ; UTa is the total field as the field point ap

proaches the surface from above; NT is its normal derivative (continuous across the 

surface and therefore the same above or below); and the a ’s are constants given by

a  = <
a: s polarization

(3.11)
e; p polarization

Here, k still represents the (possibly complex) wave number in the given region. To 

obtain the total field as the field point approaches the surface from below, Eq. 2.3 is 

used. Now, using these approximations, Eq. 3.9 becomes

/'O O  f O O

I+(x) = uT, n ■ V G i d x ’ -  Nt  /  G ^ x ' .  (3.12)
J R  J R

In general, this integral may not be analytically solvable. We therefore calculate it 

numerically.

This is simple enough in principle, but the Green’s function and its derivative 

are troublesome in that they decay very slowly as their argument goes to infinity. The 

Green’s function decays as 1 /V r for real k. This decay is slow enough that direct 

numerical integration (i.e., numerically integrating to some large x  to approximate 

the integral to infinity) is not computationally attractive. However, the result from 

the previous section gives an alternative, and J f  may be transformed into complex
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Chosen path of 
integration

Original integration path

Re(z)

F ig . 3.5. Example of how integration path is changed for a complex contour 
integral. Solid line is the original path, and dashed line is the alternative path of

choice.
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contour integrals through the transformation given by Eq. 3.8. W ith this done, we 

may change the integration path as long as we do not cross any singularities or 

branch points. Figure 3.5 shows an example of how the original path of integration 

is modified. This method works for any physically meaningful value of k and is most 

useful for real k due to the fact that the Green’s function decays slowest when k is 

real (which is the case for region 1). As described in the previous section, as long as 

we constrain ourselves to regions of analyticity, we may change the integration path 

as we please. The integrand is the same as in Eq. 3.8 with /  replaced by the Green’s 

function or its normal derivative depending on which integral from Eq. 3.12 is being 

evaluated. There are two points of trouble in the complex plane. Both the Green’s 

function and its normal derivative are singular at the origin and there is a square root 

branch point/ singularity in the integrand at z =  z0. We must therefore not move the 

integration path through these points. Luckily, it is true in general that |z| > |zo |, so 

as long as we constrain ourselves to integrating directly to infinity, the integrand will 

be analytic. As shown in Figure 3.5, we choose to integrate in the positive imaginary 

direction to infinity and connect back with the original path at infinity with a circular 

arc. As |z| —»• oo, the Green’s function approaches K  exp(zz)/>/^ where A  is a 

constant. Jordan’s Lemma [19] states that the integration over any arc at infinity 

in the upper half of the complex plane evaluates to zero if the integrand is of the 

form /(z )  exp(zz) and |/(z ) | decays to zero as |z| —»• oo. This is indeed the case with 

both the Green’s function and its normal derivative (the normal derivative decays as 

the analytic derivative of the Green’s function) so we may neglect the integral on the 

arc. Therefore, we can evaluate or I f  by numerically integrating the transformed 

integrand given by Eq. 3.8 in the positive imaginary direction. This is favorable 

because the integrand exponentially decays in the imaginary direction. Figure 3.6
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shows a comparison between the decay of the absolute value of the Green’s function 

in the Re(z) direction and Im(z)  direction. It is obvious that the latter decays much 

faster. To emphasize how much faster, the absolute value of the integrand in the Re(z) 

direction takes 1000 units in the complex plane to decay to 3% of its value at z =  1. 

The integrand in the Im(z)  direction decreases by roughly 10 orders of magnitude in 

20 units in the complex plane. This makes a notable difference in computation time 

and accuracy.

1

0.8

0.6
in real direction

T3 0.4

0.2 in im aginary direction

Distance in complex plane

F ig . 3.6. An example of the relative absolute values of the second integrand of 
Eq. 3.12. The higher curve is with the integration path along the real z axis. The 
lower curve is along the imaginary axis.

W ith the computational aspects of I*  and / f  out of the way, we can discuss the 

closure of the other regions. In fact, this issue is trivial if we can demonstrate that 

none of the other dotted integrals (see Figure 3.4) contribute. The justification for 

this is as follows. The region just below the incident field region is metallic (we used
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aluminum with a dielectric constant of —34.5 +  8.5i). We make the aluminum thick 

enough (500 nm) so the horizontal integrals below ^  and I f  are assumed to be zero, 

as their only other source is the tip which is a small, distant source. The integral on 

the lower semi-circle at infinity is zero [17] because the fields from the tip satisfy the 

radiation condition in 2-d (you get a constant flux out through a surface as you take 

the surface to to infinity). So with some extra constraints to remove the remaining 

integrals, we can consider all regions as “closed” and may proceed. Eq. 3.4 takes the 

form

=  d l U tnc( x )  +  e , ; in  ( x )  +  0 1 ,2 -1 7  (•'?)

+  J' ds1 {tii(æ') (n • V'Gi) -  G* (n • V ') . (3.13)

where 0* and 9 ^  are characteristic functions that are 1 in regions denoted by their 

subscripts and zero elsewhere. For example, 9i^ is 1 when the field point is in either 

region 1 or 3 and is zero if the field point is in any other region. The remaining 

integral in this equation involves only the boundaries that are actually in the model 

geometry (—R < x < R )  and the closure procedure is complete.

This seems a rather lengthy process, but to summarize the procedure: The ge

ometry for any model must be truncated at some distance to the right and left, say 

± R  (although they need not be symmetric). For the boundaries that touch the region 

containing the incident wave at ±R ,  we assume the total field has settled to that of 

a plane wave normally incident and one reflected. The integrals to infinity are then 

included, but not as unknowns because we use the Fresnel equations to make an esti

mate of the integral. This estimate is good as long as the field near ± R  is relatively 

unaffected by scattering from the geometry within the truncation. The validity of 

this assumption depends on the choice of geometry and the polarization of the field.
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For all boundaries that do not touch the incident region, we assume that we can 

neglect these contributions (by making some more constraints on the geometry such 

as making the region below the incident region absorbing and thick near the edges). 

For qualitative results one can relax these limitations somewhat, but for quantitative 

results, these assumptions may play a large role and should be carefully considered. 

Numerically, one can assess the validity of the assumptions by merely checking the 

unknowns near the edges of the geometry, and analyzing how accurate the assumption 

was. In Section 4.1, we will discuss this at length.

3.5 D iscretization  o f boundaries and form ation of linear system

It is impossible for Eq. 3.13 to be solved analytically (at least as far as we 

know). It is then necessary to solve the system of equations numerically. We do 

this by splitting each boundary into segments. On these segments, we make some 

approximation to the boundary unknowns and the “kernel” (the Green’s function 

or its normal derivative that multiply their respective boundary unknown). Then, 

the integral is evaluated on each segment with its respective approximate integrand. 

W ith this done, the integral equation takes the form of a linear system, which can 

then be inverted to obtain the boundary unknowns.

In our implementation, the endpoints of these segments are the points at which 

the boundary unknowns will be calculated. Figure 3.7 shows how this “discretization” 

is performed. The solid dots represent the points at which the boundary unknowns 

will be calculated. For the rest of this section, the subscript q will be used to denote 

a discretized source point, and the subscript p denotes a discretized field point (rpq 

is the distance between them). Therefore, given a field point, p, the integral on the 

boundary is performed by making an approximation to the integrand by interpo-
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Point p

Point q

Point g +  1

Integration direction

Segment q

F ig . 3.7. Displays an example of how the discretization of the boundaries is carried 
out. The solid dots represent the discretized points at which the boundary unknowns 
are calculated. The integrals are split apart into approximate integrations along the 
segments between the discretized points.

lating the boundary unknowns and their respective kernels from their values at the 

discretized points g, g +  1, and additional surrounding points if desired.

To describe this interpolation, we look at the form of the integrals. From Eq. 3.13 

(we will take it along just one boundary for now), the two terms in the integrand are 

of the form

where li and l2 are the endpoints of the boundary, b(l) is a boundary unknown (field 

or normal derivative on the boundary), and kp(l) is the kernel with field point p (the 

normal derivative of the Green’s function or the Green’s function). The boundary 

unknowns are assumed to be well behaved (no singularities or discontinuities along a 

boundary) ; the Green’s functions are singular and will therefore have to be treated 

accordingly. Because the boundary unknowns are well behaved (or at least we assume

h
(3.14)



26

they will be), we may approximate them by fitting a polynomial to the values at the 

discretized points along the boundary. This may be done to any order as long as there 

are enough points to fit. All results presented in this thesis were generated using a 

second order approximation, but the equations are so complicated that the spirit of 

the method is hard to grasp. Therefore, I will describe a first order approximation.

To integrate along the qth boundary segment, b(l) is approximated by

from the center of the gth segment. This is exact if the boundary unknown is linear. 

Therefore, the condition for this approximation to be adequate is that A lq is small 

enough that the boundary unknowns may be approximated as linear functions on 

those segments. W ith this approximation, the integral from Eq. 3.14 along segment 

q becomes

The two remaining integrals no longer depend on the boundary unknowns and are 

therefore just numbers. We denote these two integrals by

(3.15)

where bq and bq+i are the boundary unknown at the gth and (q +  l) th  points, respec

tively; A lq is the distance between the Qth and (q +  l) th  points; and I is the distance

KX  = J  *„(0 dl

and (3.17)

(.Kl)p'q =  J  kp(l) I dl

The superscripts denote whether it is a Green’s function kernel or its normal dériva-
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tive: 0 if it is a Green’s function and 1 if it is the normal derivative. See Appendix A

for an explanation of how these coefficients are calculated.

W ith these coefficients calculated, we may now form our linear system. For each 

boundary, Eq. 3.13 becomes

where uq is the field unknown at the gth point and N q is the normal derivative

yield a well defined linear system. There are four unknowns at each boundary point:

derivative approached from below. There are also four equations: the two in Eq. 2.3 

and two from Eq. 3.18 evaluated in the region above and below the boundary. This 

yields a system that is 4m x 4m, where m is the total number of boundary points in 

the geometry. To reduce this size, we use Eqs. 2.3 to eliminate the unknowns as you 

approach each boundary from below. Therefore, from now on, when uq and N q are 

used, it is to be assumed that we are speaking of the field and normal derivative as 

approached from above the boundary. When Eq. 3.18 is evaluated in a region below 

a boundary it takes the form

2^  u p  —  @ l u i n c ( x p )  T  ^ l , 3-^1,3( ^ t )  0 1 ,2 ^ 1 ,2 ( ^ p )

+ (3.18)

unknown at the qth point. Eq. 3.18 along with the boundary conditions (Eq. 2.3)

the field and normal derivative approached from above and the field and normal

(3.19)
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+  è  AZg 0 ( i V ,  +  Nq+1)K lq +  ^ - ( J V g+1 -  Nq)(Klfp^  ,

where a a and have the same definition as in Eq. 3.11. The signs of the summations 

switched because the unit normal h was defined as being into the calculation region. 

We now make the change of convention that it points into the region above the 

boundary. This brings out an extra minus sign everywhere there was an n in Eq. 3.19. 

Now we have a linear system that is 2m x 2m. It is important to remember that these 

equations still depend on the region in which the calculation is being performed. We 

have removed this dependence to simplify notation, but the region may be inferred 

from the field point and whether the calculation is being performed as the field point 

boundary is approached from above or below. So now our problem is reduced to 

forming a linear system which will ultimately be of the form

26 =  / ,  (3.20)

where Z is a generalized impedance m atrix that relates the boundary unknowns, 6, 

to the known parts of Eqs. 3.18 and 3.19, / .  For the explicit layout that we chose for 

the matrix Z, see Appendix B.

3.6 A pplications of m odel

W ith our linear system formed, we can now invert the impedance matrix to find 

the boundary unknowns. We already know that with these, we may find the field in 

any region, but sometimes the field is not the most useful quantity. The energy flow 

in the problem is of paramount importance. To find the energy flow, we must find
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the time averaged Poynting vector, 5, defined by

S =  i  ( £  x # * ) . (3.21)

In the s and p polarized cases, in terms of Ui, we find that

S  = <
(uiVu*^ ; s polarization, 

ë  (uï ^ ui) ! P polarization.
(3.22)

The (integrated) flux through a line (/) is then given by

f R e ( S ) - n , d l ,  (3.23)

where n is the unit vector normal to the line I in the direction that is designated 

as positive. Eq. 3.23 is extremely useful. One necessary condition on our model is 

that energy be conserved. We may use Eq. 3.23, which tells us how much energy is 

flowing through a line (a “surface” in 2-d) in our geometry, to form a closed rectangle 

and determine to what extent energy is conserved inside that rectangle. Note that by 

forming our solution as an integral of Hankel functions (which satisfy the radiation 

condition in 2-d) energy is automatically conserved in open space. In other words, 

a rectangle that does not cross any boundaries tells us nothing because the very 

nature of the expansion functions we used ensures that the flux in equals the flux out 

(energy is conserved). W hat is useful is to test energy conservation in a rectangle that 

crosses boundaries. This does test how close we have the solution to the true solution 

because the expansion functions in different regions use different wave numbers and 

thus do not mutually satisfy any such automatic energy conservation condition. This 

is basically a test on how well the boundary conditions are satisfied. When there
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are absorbing regions included we must account for the energy that is lost in those 

regions. To do this we calculate the net flux into the absorbing regions in the rectangle

net flux into the rectangle. We found this very useful to characterize when the model 

was working appropriately.

One other useful quantity is the vector electric field for the p polarized case (as 

this is more readily measurable than the magnetic field intensity). Recall that we 

solved for the scalar magnetic field (or Ui which is proportional to it). In terms of Ui, 

the electric field is determined by Maxwell’s equations yielding

where uj is the angular frequency of the incident wave. This completes my theoretical 

discussion of the formulation and output of the model.

(using the boundary unknowns to calculate Eq. 3.23) and match that with the total

(3.24)
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C hapter 4

RESULTS

The geometry predominantly used in this chapter is shown in Figure 4.1. The 

dotted lines concern energy flow calculations which will be discussed. Our results are 

of two sorts. The first type is confidence tests: tests that we contrived to test the 

accuracy of the model numerically and physically. The second type are results that 

may provide useful insight into properties of NSOM tips.

Incident plane wave I Ayacuum = 488 nm
Region 1: Glass 
e = 2.25

Region 3: Aluminum 
c — —34.5 4-8.5%

Region 2: Aluminum 
e = -34.5 + 8.5% I

.ClRegion 4: Vacuum

Region 5: Glass 
e = 2.25 C2

F ig. 4.1. Geometry used for most of chapter 4. The lower aperture between regions 
1 and 4 is 50 nm. The vertical distance between the upper aperture and the lower 
aperture is 1000 nm. The thinner aluminum strips along the taper of the tip have a 
thickness of 70 nm. The thicker aluminum strips have a thickness of 500 nm. The 
flux and integrated intensity are computed along C l and C2 as discussed in Section 
4.1.
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4.1 Confidence tests

Using the geometry in Figure 4.1 we will show examples of what kind of confi

dence tests may be performed to test the accuracy of the model. We analyzed the 

viability of the use of the asymptotic (infinite flat boundary) value for the integrals 

from R  to infinity. We also examined the convergence behavior of the boundary 

unknowns with respect to increasing boundary point density. A check on the conser

vation of energy in the model was also performed.

The s and p polarized fields behave very differently along the upper aluminum 

boundary. For s polarization, we tested the accuracy of assuming we can use the 

asymptotic values of the boundary unknowns at the edges of the geometry in region 

1 using R  = 2000 nm. The boundary unknowns near R  converged to within one 

quarter of a percent of the asymptotic value. Figure 4.2(a) shows the deviation of the 

boundary unknowns from their asymptotic values as you approach R. The consistency 

between the boundary unknowns at R and the asymptotic value is important for the 

accuracy of the field local to R. More important, however, is the field near the lower 

aperture of the tip of the NSOM. This warrants a check of the convergence of the 

boundary unknowns in the region near the lower aperture as a function of R. The 

field and normal derivative both changed by less than .02% in the center of the lower 

aperture when R  was increased from 2000 to 8000 nm.

For the p polarized field, the convergence as a function of R  was somewhat 

more problematic. We found that even with R  =  8000 nm, the deviation of the 

boundary unknowns from the asymptotic values were still around 10%. Figure 4.2(b) 

shows the deviation as you approach R. The physical reason for the problem is 

that as one moves away from the tip, there will be a component of the electric field 

perpendicular to the surface. This component does not excite surface currents, and
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F ig . 4.2. Deviations between boundary unknowns and their asymptotic values for
(a) s polarization and (b) p polarization. The dotted lines are the deviations of 
the normal derivative unknowns and the solid lines are the deviations of the field 
unknowns. R  (see Figure 4.1) is 2000 nm for the s polarization and 8000 nm for the 
p polarization.

therefore propagates asymptotically as 1 / y / r .  However, we tested the convergence 

of the boundary unknowns on the end of the tip as a function of R. The relative 

deviations of the boundary unknowns on the tip with R  = 3500 nm from those using 

R  = 8000 nm were less than .4%. We therefore chose R  to be 3500 nm for all p 

polarization calculations that only involved the field near and below the tip.

Convergence of the boundary unknowns on the tip as a function of boundary 

point density was also examined. We first attempted to optimize the rate of conver

gence by balancing the error in the integrals. Since there are no allowed propagating 

modes when the size of the core of tip decreases well below the wavelength, the fields 

near the lower aperture will decay. Because of the over-damped nature of the fields 

near the lower aperture, it makes sense that the fields are more ill-behaved there. For 

this reason and the fact that the field near the tip is of paramount importance, we 

used higher point densities near the tip. The initial point densities for s polarization
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were roughly: every 5-15 nm for segments close to the lower aperture of the tip (less 

than 250 nm) and every 25-30 nm for segments far from the the lower aperture 

(greater than 250 nm); for the p polarization: every 5-10 nm for segments close to 

the lower aperture and every 25 nm for segments far from the tip. Once the initial 

densities for the boundaries were chosen, convergence was tested by increasing each 

of the boundary point densities by the same multiplicative factor. Table 4.1 shows 

the convergence of the field and the normal derivative of the field at the center of the 

tip aperture as a function of the total number of boundary points.

Table 4.1. Convergence of boundary values at center of lower tip aperture. B .P .# is 
the total number of boundary points, u is the field unknown at the center of the tip, 
N  is the normal derivative unknown at the center of the tip, and A% is the percent 
change in the unknown._______________ ________ ____________________ _______

Type B .P.# u A% TV x 103 A%
s 585 -0.10994 +  0.37802% - -0.089383 +  9.9279% -
s 1169 -0.11017 +  0.37851% 0.137 -0.086882 +  9.9388% 0.113
s 1755 -0.11018 +  0.37852% 0.00444 -0.086576 +  9.9399% 0.0114
p 994 0.42525 +  1.28227% - 50.165 +  16.485% -
p 1497 0.42459 +  1.28233% 0.0488 50.395 +  16.875% 0.851
p 1987 0.42508b 1.28280% 0.0493 50.500 +  17.008% 0.318

It is im portant to note that because the p polarized field requires more initial 

boundary points, we were not able to increase the number of boundary points as 

much as with the s polarization. In the three steps, the total number of boundary 

points is tripled for the s polarization and is only doubled for the p polarization. 

Both polarizations show good convergence. The s polarization is better, but both 

show stable solutions. This leads us to assume that the p polarized fields change 

more rapidly along the boundaries than the s polarized fields, in agreement with the
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results of Novotny[16], and therefore the polynomial interpolations we use are not as 

efficient. In the next section, we will see that this is the case for our geometry.

One artifact that might be of concern is the fact that the percent change in the 

field unknown for the p polarized light actually goes up slightly the second time. 

Unfortunately, we are at our limit for the number of boundary points so further 

inspection is impossible. In any case, the relative deviation between the respective 

fields is below .1% of their magnitude, so I don’t think there is a need for concern.

We also tested the program’s compliance with energy conservation. It is neces

sary to show that energy is conserved at least to the point that your error is below 

the size of the energies below the tip (where the power in the fields is of paramount 

importance). Using the tip in Figure 4.1 we found for p polarized light, 20% of the 

power incident on the upper aperture of the tip is transmitted. For s polarization, only 

0.3% of the power incident on the upper aperture of the tip escapes. We calculated 

the net flux into the box shown in Figure 4.1 for both polarizations. The box is 1400 

nm wide, 1400 nm tall, extends 200 nm below the end of the tip and is symmetrically 

placed in the horizontal direction. For s polarization, the excess energy entering the 

box (not absorbed) is 0.0062% of the incident flux through the top of the box. This 

is 3.1% of the power emitted from the tip. For p polarization, the excess energy was 

0.044% of the incident energy through the top of the box, which is 0.38% of the en

ergy emitted from the tip. These numbers are calculated using numerical derivatives 

and integrals so there is some contribution to the error from the fact that the way 

in which the Poynting vector is calculated and integrated is not exact. We found 

the field every 2 nm along the box (in the direction of the line integral) and we took 

points 1 nm apart to calculate the normal derivative of the field along the box line. 

We used secant-type derivatives and Simpson’s rule for the integrations. Once again,
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the s polarized field satisfies the conservation of energy constraint better than the p 

polarized field with respect to the incident power, but since the s polarized field is so 

much smaller underneath the tip, the error in the s polarized field is actually larger 

with respect to the power in the fields below the tip. Both polarizations performed 

well with respect to all of the tests that we used. These tests lend confidence to the 

effectiveness of the model applied to problems using geometries similar to Figure 4.1. 

However, when using new sorts of geometries, it is important to clearly evaluate if 

the geometry satisfies all of the constraints discussed in the previous chapters.

Glass

Aluminum Aluminum

Vacuum

F ig . 4.3. Geometry used by Novotny et al. [16]. The lower tip aperture is 30 nm 
wide. The upper aperture is 1400 nm wide. The sample (glass, n = 1.5) is 30 nm 
below the lower aperture. The vertical distance from the lower to upper aperture is 
1686 nm. The slope of the lower aluminum surfaces are ~  1/4.

One other form of confidence test that is useful is comparison with other research. 

Novotny et al. used a Multiple Multipole Program (MMP) to do two dimensional 

calculations as well[16]. The geometry used by Novotny (shown in Figure 4.3) is 

somewhat different than tha t used by us. To compare results, we used his geometry 

and calculated the fields in and below the tip. These results are shown in Figure

4.4 and are, in form, identical to those found in his paper. Here it is also useful to 

reemphasize how much more power exits the tip for p polarized light than s polar-
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ized. From the figure, the intensity at the lower aperture is roughly three orders of 

magnitude larger for p polarization than for s polarization.
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F ig. 4.4. Contour plots of (a) s polarized and (b) p polarized electric field intensities 
(log(|FJ|2)) with Poynting vectors using the same geometry as Novotny et al. [16]. 
The vectors describe the direction and magnitude of the time-averaged power flow. 
The difference between contours is 100,6 with the lowest contour having a value of 
10~3‘2 of the incident intensity for s polarization and 10-3-9 for p polarization.

4.2 Intensity  and power behavior in and below tip

4.2.1 s polarization

W ith all of the confidence tests complete, we would like to examine the intensity 

and power behavior in and below the tip for our geometry (Figure 4.1). For the s 

polarization, a contour plot of log (|F |2) along with the Poynting vector is illustrated
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in Figure 4.5. Note that there is little difference between the form of the radiation in 

the tip compared to the results using Novotny’s geometry. It seems that the form of 

the s polarized radiation is relatively robust to changes in geometry. Also note that 

we have included contours down to 10-8 6 of the incident intensity value to illustrate 

the spreading of the radiation into the far field.

Also of interest is the decay of the electric field intensity as you move from the 

tip. This is shown in Figure 4.6. Note the rapid decay of the field very near the 

tip (presence of evanescent fields). The strong presence of these evanescent fields 

in s polarized light may have very strong effects on tip-sample coupling (how much 

radiation enters the sample).

To further explore the way in which these evanescent fields behave, we removed 

the sample (region 5) and we calculated the s polarized power and intensity radiated 

by the tip. We constructed three sides of a box that enclosed the tip, shown as 

C2 in Figure 4.1. The bottom of the box was then moved away from the tip. The 

integrated intensity and the net flux for the two sides and the bottom were calculated. 

The results of this analysis are presented in Figure 4.7. The net flux through the sides 

and the bottom  of the box remains constant as the bottom of the box is moved from 

the tip. In contrast, the integrated intensity decays as the bottom is moved away. 

This is a clear signature of the presence of both evanescent and propagating fields 

in the region below the tip: evanescent fields contribute to the intensity but do not 

propagate into the far field and hence do not contribute to the flux. The slight 

increase in integrated intensity observed at approximately 2000 nm is an artifact of 

the integration geometry: The integration is along a semi-box and not a semi-circle. 

The intensity asymptotically approaches 1 /r  behavior for large distances from the 

tip, and the path-length along a semi-circle integration behaves like r. The net result
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F ig . 4.5. Contour plot of logdE1]2) (logarithm of the electric field intensity) for s 
polarized light with glass (n—f.5) as the sample is shown. The real part of the time 
averaged Poynting vectors (arrows) was included in the figure. Each contour line 
differs by the factor of lO0 6 with the lowest contour at 10~8"6 of the incident intensity.
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F ig . 4.6. Intensity of electric field for s polarization as you move away vertically
from the tip.

would be tha t the integrated intensity along a semi-circle would approach a constant. 

For a box, however, the integration path is now along a line. The 1 /r  behavior will 

lead to a divergent integral as the length of the line approaches oo(i.e. as the length 

of the side integrals go to oo).

We altered the index of refraction in the sample and investigated the results to 

learn more about how achievable resolution depends on the index of the sample being 

studied. For this analysis, three different indices of refraction were used, correspond

ing to vacuum (essentially no medium present below the material), glass (n—1.5), 

and a typical semiconductor, G a As (n—3.4). Figure 4.8 displays a contour plot of the 

log(|F |2) for both the near-held and far-held radiation patterns on the same scale for 

the different cases we examined. In each panel, the contour lines differ by a factor of 

lO0-6. The lowest contour in each of the plots is 1CT8-6. The lower aperture was 50 nm 

wide, while the upper aperture was 850 nm wide. Case (a) corresponds to vacuum
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F ig . 4.7. The integrated intensity along the curve C2 in Fig. 1 and the integrated 
flux (power) through C2 are shown for a geometry where the sample (Region 5) has 
been removed. The lower line of curve C2 was shifted progressively farther from the 
tip. The distance from the tip is a measure of how far this lower line was from the 
lower tip aperture. The integrated intensity is normalized to the incident integrated 
intensity along the upper aperture. The power is normalized to the incident power 
through the upper aperture.
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below the tip. In this case, the radiation spreads significantly in all directions. In

(b), glass was placed 50 nm below the lower tip aperture. While 50 nm is somewhat 

larger than typical tip-sample separation in NSOM, this value was chosen to allow 

the effects on the fields between the tip and sample to be more easily observed. The 

dashed line in (b) indicates the critical angle in the glass. As can be observed from 

the figure, the index change at the lower interface causes both the near and far fields 

to become much more confined to just below the tip. The effect is more evident in

(c), which contains GaAs. Again the dashed line represents the critical angle. In 

this plot, the fields are greatly confined, even relative to the glass plot. In situations 

where weak absorption is being detected, spreading of the field places a limit on spa

tial resolution. It is clear from Figure 4.8, that the higher index materials will have 

better spatial resolution.

Knowledge of the behavior of the transmission of power into the sample in the 

NSOM is of interest. Specifically, the amount of power transm itted as a function of 

the dielectric constant of the sample can yield important information regarding the 

efficiency of a given tip configuration for viewing a sample and also allow calibration 

of optical results from two samples with different indices measured with the same 

tip. Figure 4.9a displays the s polarized power transm itted into different media as 

a function of index. Here the strong presence of evanescent fields plays a large role. 

A maximum through-put of energy into the sample occurs when the indices of the 

sample and tip core are nearly matched. This matching is characteristic of coupling 

between two objects when a large portion of the incident beam is internally reflected 

(creating evanescent fields on the opposite side of the barrier). When the impedances 

of the two substances are matched and they are in close proximity to each other, 

the evanescent fields can couple into the second substance and the through-put is
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F ig . 4.8. The near-field (insets) and far-field radiation intensity patterns for s polar
ized light on the same scale for three different cases are shown: (a) vacuum sample 
(n = l), (b) glass sample (n=1.5), (c) GaAs sample (n—3.4). The contours (for insets 
as well) differ by a factor of lO0-6 where the lowest contour is 10-8,6 of the incident 
intensity. In (b) and (c) the dashed lines indicate the critical angles in the sample.
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maximized. Actually, the maximum is when the sample index is slightly higher than 

the value of the core of the tip (n =  1.5). This slight offset is most likely due to the 

presence of the aluminum, changing the effective impedance of the tip.
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F ig . 4.9. A plot of the integrated flux (power) into the sample as a function of the 
index of refraction of the sample material. The incident light is (a) s polarized and 
(b) p polarized. The power is normalized to the incident power through the upper 
aperture.

4.2.2 p polarization

A contour plot of the log(|E |2) along with the Poynting vector (using the geom

etry in Figure 4.1) is shown in Figure 4.10 for p polarization. The important thing 

to note is that the fields are much larger below the tip than for s polarization (as 

noted in Section 4.1) but the field is not nearly so localized to just below the tip. 

That is the trade-off between the two polarizations: s polarized light gives low output 

power but high resolution, and the p polarization gives much more power but with 

lower resolution. Also, because the fields penetrate the aluminum barrier much more 

efficiently for p polarization, we do not expect evanescent fields to play as large a role 

in coupling to the sample. One other point of interest is that the form of the radiation 

inside the tip is very different from the result using Novotny’s geometry. This tells
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F ig . 4.10. A contour plot of log(|E |2) (logarithm of the electric field intensity) for p 
polarized light with glass (n=1.5) as the sample is shown. The real part of the time 
averaged Poynting vectors was included in the figure. Each contour line differs by the 
factor of lO0,6 with the lowest contour at 10~8,6 of the incident intensity. The contour 
of value lO-3 3 is designated.
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us that p polarized radiation is much more sensitive to changes in the geometry of 

the tip than s polarization. Because tip preparation, as a rule is not a very exact 

science, light that is more s polarized than p (in 3-d it is impossible to decouple them 

unfortunately) may make results more consistent.

For p polarization, we also tested the effects of changing the dielectric constant 

of the sample on the effective resolution of the NSOM. We used the same indices as 

in the previous section: vacuum (essentially no medium present below the material), 

glass, and GaAs. Figure 4.11 displays a contour plot of log(|E |2) for the far-held 

radiation patterns on the same scale for the different cases we examined. In each 

panel, the contour lines differ by a factor of lO0 6. The lowest contour in each of the 

plots is 10-3 -9 (note the much higher intensity than in the s polarized case). The 

resolution here is also enhanced by the increase in the dielectric constant. In fact, it 

seems tha t for the lower indices of refraction, the resolution for p polarized light is 

much worse than for the s polarized, but as the index is increased, the p polarized 

resolution improves dramatically so that by Figure 4.11c the resolution is not much 

worse than that using s polarized light.

The power transm itted into the sample behaves much differently than for s po

larized light. As the dielectric constant is increased, the maximum through-put is 

not when the impedances of the core and sample are matched but rather increases 

monotonically as the index of the sample is increased. This may have something to 

do with the matching of impedances with the aluminum (|n| =  5.96) instead of the 

core. This can be explained by the fact that the maximum intensity near the tip 

actually peaks where the aluminum and the core meet[16]. Because of this, the cou

pling between the aluminum and sample may be more influential than the coupling 

between the core and the sample.
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F ig. 4 .11. The far-field radiation intensity patterns for p polarized light on the same 
scale for three different cases are shown: (a) vacuum sample (n = l), (b) glass sample 
(n=1.5), (c) GaAs sample (n=3.4). The contours differ by a factor of lO0-6 where the 
lowest contour is 10~3 9 of the incident intensity.
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4.3 Topographical effects on coupling and in tensity  patterns

One topic that is of great interest in near-field microscopy is optical contrast 

(differences between optical properties of different grains in the sample). Unfortu

nately, there is a concern that some observed optical contrast may actually be caused 

by topographical effects. To examine this, we looked at what happens when the tip 

passes over a bump in the surface of a GaAs sample. For A =  488 nm, the dielectric 

constant for GaAs has been found to be about 19.1 +  4.23i Figure 4.12 shows the 

geometry that we used. We took a bump that is 1 /mi tall and 2 fim wide and passed 

the tip over it to see what the effect that had on the power absorbed by the tip. 

Unfortunately, it is uncertain exactly how far the tip is from the sample on a sloped 

surface. The tip-sample distance is maintained by a shear-force feedback system. 

This system keeps the tip a consistent distance from the sample when the sample is 

horizontal, but to my knowledge it is not known quite how far the tip will be from 

the sample on a sloped surface. For the modeling in this section, I maintain a vertical 

distance of 20 nm (a typical tip-sample distance) between the closest part of the tip 

and the sample as shown in Figure 4.12. The perpendicular distance (distance along 

a line perpendicular to the sample) from the sample to the tip will be somewhat less 

than 20 nm consequently.

Figure 4.13 shows the power entering the sample as the tip passes over the 

bump. W ith this steep a bump in the sample, the s polarized power entering the 

sample is reduced by a factor of about six. Also, the coupling seems to depend most 

prominently on how far the center of the tip is from the sample. The power drops 

almost immediately once the center of the tip is moved away from the sample (either 

at the crest of the bump or at the end of it). The p polarized radiation doesn’t 

react so dramatically and is roughly decreased by a factor of two along the sides of
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F i g .  4.12. Schematic of NSOM tip-sample configuration when there is a bump in 
the sample. The tip is scanned over the bump keeping the closest point of the tip 
a vertical distance of 20 nm from the sample, w is the horizontal distance from the 
center of the tip to the crest of the bump.
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the bump. This can be explained by the fact that the p polarized radiation emitted 

from the tip is not nearly so evanescent as the s polarized light. Also, it is not as 

localized to the center of the lower aperture so the proximity of the center of the tip 

for coupling purposes is not so important. Also, whereas the s polarized power on 

the crest of the bump returns almost to its value for a flat surface, the p polarized 

power does not increase dramatically at the crest of the bump. As a m atter of fact, 

for p polarization, the power actually decreases slightly as the tip is passed directly 

over the crest. This can also be explained by the fact that the maximum intensity 

for the p polarized light is not local to the center of the lower aperture.

Therefore, for good coupling between the tip and the sample for s polarized 

radiation, the im portant parameter is the distance from the center of the tip to the 

sample. For p polarization, because the intensity distribution is more broad just 

below the lower tip aperture, The tip-sample coupling is less affected by the bump, 

and maximal coupling requires that the entire lower surface of the tip be in close 

proximity to the sample.

It seems from this that there certainly can be a change in the optical signal 

if there is a bump in the sample. However, the size of the bumps may not be as 

pronounced as in Figure 4.12. Bumps in a typical sample have been measured to 

have a slope of roughly l/4[25]. So the question is how dramatic will the power 

decrease in Figure 4.13 be for different sizes of bumps. To test this, we looked at 

the power entering the sample when you are 500 nm along the side of bumps with 

different slopes. Figure 4.14 shows the geometries used. Figure 4.15 shows the power 

entering the tip for those geometries. For more realistic bumps (of slope 1/4) the 

power is only decreased by a factor of two for the s polarized light and by about 20% 

for the p polarization.
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F ig . 4.13. The power entering the sample as the tip is passed over the bump in 
the sample (see Figure 4.12) for both polarizations. Horizontal distance means the 
horizontal distance from the center of the tip to the crest of the bump.

Even for smaller bumps, the topography of a two-dimensional sample can have 

im portant effects on the s polarized radiation. The p polarized light is not as affected 

and is therefore favorable in that respect. However, the reason for this is the p 

polarized field is not as localized as the s polarized field (which is favorable from 

the aspect of resolution). Both these effects may be reduced by trying to taper the 

aluminum strips on the side of the tip so they do not pose such a wide obstruction 

(forcing the center of the tip away from the sample). However, by doing this, more 

radiation will leak through the aluminum and the effective resolution will suffer.

The intensity profiles for when the tip is on the side of a bump are of interest. 

Figures 4.16 and 4.17 show the s and p polarized (respectively) radiation intensities 

for the different geometries in Figure 4.14.

For the s polarized radiation, the intensity that enters the sample stays well
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F i g .  4.14. Geometry used to calculate power entering sample when the tip is located 
on the side of bumps of different slopes. The center of the tip is 500 nm (horizontally) 
from the crest of the bump.
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F ig . 4.15. Power entering sample for both polarizations when the tip is on the side 
of bumps of different slopes (see Figure 4.14).

confined to the part of the sample just below the lower tip aperture even for dra

matically sloped bumps. Therefore, the resolution should not be greatly harmed. As 

the slope increase, the light that enters the sample is skewed toward the bump. It is 

expected (as in far-held optics) that a sample with high index bends the light so that 

it enters at a steeper angle than the incident angle. Also, as the size of the bump 

is increased, some of the light escapes out the side of the tip and propagates away 

above the sample.

For p polarization, the bump has similar effects. But first, it is important to note 

tha t with no bump, this more realistic dielectric constant for GaAs (e =  19.1 +  4.23%) 

decreases the spreading of radiation entering the sample, although still not equaling 

that of the s polarization. Along the side of the bump, the radiation also gets skewed 

into the bump but there is a significant amount that enters the sample that runs 

down the slope (decreasing the resolution). The radiation above the sample behaves 

in the same manner as with s polarization; it is skewed away from the bump. These
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F i g .  4 . 1 6 .  s polarized log(|F |2) when the tip is on the side of bumps of different 
slopes:(a) slope=0, (b) slope= l/4 , (c) slope= l/2 , (d) slope=l. The different geome
tries are shown in Figure 4 . 1 4 .  The difference between contours is lO0,6 with the 
lowest contour having a value of 10-8-6 of the incident intensity.
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results may be used to diagnose when such a phenomenon is occurring. If detectors 

are placed on either side of the tip above the sample and there is a difference in the 

intensity measured on one side over the other, then that may be a sign of passing 

over such an obstruction. However, for realistic bumps, the difference between the 

intensity on the two sides (especially for the s polarized light) will be small.

It is also im portant to remember that in applying these results to reality, in three 

dimensions any radiation from the tip will have both an s and p polarized portion to it 

and the form of the radiation exiting the tip will be different. Hopefully, because the 

effects of a bump are formally identical on both polarizations, I expect the effects to 

be the same in 3-d. However, to reliably predict the effects of topographical anomalies 

in a quantitative way, it is necessary to use a three-dimensional model.
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F ig . 4.17. p polarized log(|F|^) when the tip is on the side of bumps of different 
slopes:(a) slope=0, (b) slope= l/4 , (c) slope= l/2 , (d) slope=l. The different geome
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C hapter 5 

C O NCLUSIO NS

This thesis presents a novel approach for numerically modeling with minimal 

constraints two dimensional wave propagation problems that involve several different 

length scales. The method was applied to a 2-d model of the tip of a Near Field Scan

ning Optical Microscope. Several convergence and energy tests were used to increase 

confidence that the results presented were accurate. Intensity and energy behavior 

near the tip were investigated along with the effects of changing the dielectric con

stant of the sample material. The effects of topography on resolution and tip-sample 

coupling was also examined. Some of the s polarized results have been published in 

[27].

We found that the behavior for the s and p polarized fields were quite different. 

The resolution for s polarization was superior, but power through-put was superior 

for p polarization. However, when the sample was somewhat absorbing (as in Sec

tion 4.3), the difference between the spreading of the differently polarized fields that 

entered the sample was reduced. When testing for maximal power through-put with 

a non-absorbing sample (real dielectric constant) we found the following: for s po

larization, the maximal power through-put was when the dielectric constant of the 

sample nearly matched the dielectric constant of the core of the tip (glass in our case, 

n =  1.5), whereas with p polarization, the higher the dielectric constant, the higher 

the through-put (we tested up to M =  3.4). Also, for both polarizations, if the sample 

has a higher index of refraction, the spreading of the fields is reduced (enhancing
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resolution). This effect is more dramatic for p polarized light.

We also found that some effects from topographical anomalies may be confused 

for true optical contrast (at least in two dimensions). We scanned the tip over a 

bump in a GaAs surface and the bump had the effect that power into the sample was 

reduced. For realistic bump sizes, the power into the sample was reduced by a factor 

of two for s polarization and by 20% for p polarization. When on the side of such a 

bump, the spreading of the s polarized radiation remained relatively unaffected. This 

can be explained because the s polarized fields emanating from the tip are greatly 

comprised of evanescent fields that do not couple well when the sample and tip are 

not in close proximity. For p polarized light, the spreading was more dramatic; the 

p polarized fields from the tip are not as evanescent and can therefore propagate 

farther down the side of the bump (reducing resolution). Another effect of scanning 

over such a bump is that more power is radiated away from the bump over the 

surface of the sample. If this result survives in three dimensions, this may serve as 

a tool to identify when such effects are caused by topographical anomalies and thus 

differentiate between them and true optical contrast.

The results of this paper indicate that our Green’s function approach can be 

efficient in modeling the behavior of the electric field in two-dimensional near-field 

problems. However, since the two-dimensional and three-dimensional worlds are so 

different, this method has little quantitative bearing on true near-field problems of 

interest (as in near-field microscopy). The results do give support for the continued 

development of the method and the extension to the more complex three-dimensional 

problems. The theoretical extension to scattering from 3-D bodies is well known [26]. 

W ith the increase of the dimensionality of the problem (there will be six unknowns 

for each boundary point, not two), memory constraints and computational times will
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increase. Memory constraints can be relaxed with a different inversion approach, such 

as an iterative scheme. Concerning computational time, the increase in dimensionality 

is compensated somewhat by the fact that the Green’s function in three dimensions 

(exp(i/cr)/47rr) is much more easily computed than Hankel functions (see Appendix 

C).
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A P P E N D IX  A

EV ALUATIO N OF K ER N EL IN TEG R A LS

The integrals and (K l)^1 are straightforward to evaluate in most cases. 

They are somewhat difficult to evaluate when the source and field point are close to 

each other because the integrands are singular when they coincide. Referring to Figure 

3.7, when rpq is large compared to the wavelength, we handle these integrals in exactly 

the same manner that we did with the boundary unknowns, fitting a polynomial to 

the kernel function evaluated at the boundary unknown points. When rpq is small 

compared to the wavelength of the radiation, the functions are ill-behaved enough 

that polynomial interpolations are not well suited to approximating the integrands. 

Here we appeal to the series definitions of the zeroth and first order Hankel functions. 

First of all, we write the functions in terms of Bessel functions of the first kind. Using 

this, the Green’s function is given by

G(kr) = j  {Jo(kr) +  iYo(kr)) ;

*<*> = (A-1} 

Y0(x) = ^ { ln (z /2 )  +  7 } J0(æ)

+  + 5 ) +  +  5 +  ™ " '}
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where 7  is the Euler Gamma constant (~  .577). The normal derivative can be easily 

obtained by the relation

n - V ' G  =  ^ H i ( f c r )  =  ^ k^ (Jo(kr) + iY0{kr)). (A.2)

Our strategy is to use the polynomial interpolations as long as rpq is large enough 

(what large enough means is something we have to decide), and when we go below 

tha t threshold use the series definition (the number of terms we have to keep depends 

on the threshold) and analytically integrate the kernel integrals (using an analytic 

math routine like Mathematica). We chose the cutoff to be rpq = 0.7|27r/%|. With 

the resulting argument we have to keep five terms at least in the series (up to tenth 

order) in order to maintain accuracy of one part in 105 in the integrands (what we 

chose as our desired accuracy).



A P P E N D IX  B

EX PLIC IT LAYO UT OF IM P E D A N C E  M A TR IX

At this point, we must make some decisions on how the vectors and thus the 

matrix will be laid out. We chose the following layout

/
Z 11  z 12

221 Z21

z l,2m

22,2,71

\

 ̂ 22m, 1 z 2m,2 • • • z 2m,2m j  y  J

(

'Ujm

M

Oi
0i2

(  02/ f ( ï l )  ^ 

02/ r ( x 2)

%T7l)

Oi
a 3

(B.l)

(fi)

^ ;r% T 7i)

We chose to lay out the boundary unknown array (each element signifies a source point 

q) and therefore the order of the columns of Z  by putting all of the field unknowns in 

the first half of the array and all of the normal derivative unknowns (in the same order
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as the field unknowns) in the second half. An element of one of the arrays on the right 

side of Eq. B .l represents a field point p and determines the order of the rows of Z. 

The first half is ordered in the same way as the first half of the boundary unknown 

array, and the field value in the array is as approached from above the boundary. The 

second half is ordered identically but the field values are as approached from below 

the boundary. Using Einstein summation notation, this can be expressed in a much 

more compact manner as

Z p q b q  —  #1 ((^inc)p ~~ ( I l ) p )  ~  02— -  03”  UsOp x y «2 0̂ 3

or (B.2)

Z p q b q  —  f p -

Note th a t the / p’s are known. Now that the ordering is set, we have to find the 

elements of the impedance matrix, zpq. This is done by referring to Eqs. 3.18 and 

3.19. If you take a field point p, then the element zpq is the coefficient of the gth 

boundary unknown in either Eq. 3.18 or 3.19 depending on whether the calculation is 

performed in the region above the boundary (the upper half of the matrix or p < m) or 

the region below the boundary (the lower half of the matrix or p > m), respectively. 

The coefficient will also depend on whether you are in the left half of the matrix 

(q < m; this means the unknown is a field) or in the right half (q > m  and the 

unknown is a normal derivative). Therefore, we have four cases for which to solve.

B .l  Case 1: First quadrant, p < m  and g < m

To make the solution to this problem more simple we take the example of a 

boundary with three discretized points (two segments). For our linear approximation,



we will see this is sufficient to shed light on the general form for the matrix element 

with more points on a boundary. We assume that the Al9’s along the boundary are all 

the same length, denoted by A/. We then tabulate the results for the summation from 

the correct equation. The sum of all the rows in a given column is the coefficient for 

the boundary unknown for that column. Summing across a row (actually, summing 

each element times its respective boundary unknown) yields the integral with the 

field point corresponding to that row.

Table B .l. First quadrant coefficients for linear approximation to boundary un
knowns. Rows contain the segment number over which Kp and (Kl)pq are being 
integrated. The columns contain all coefficients of the unknown at that boundary 
point.

boundary point
1 2 3

1 A/ - i ^ A /  + 0
2 0 -  ( K % IR^A Z +  ( # %

Table B .l makes it apparent what the coefficient of the gth boundary unknown 

will be by adding the elements in the gth column. Only the gth and the (g — l)st 

integrals contain the gth boundary unknown. Also, the matrix element when the 

boundary point is on the end of a boundary is different than when it is in the middle. 

So there are three sub-cases: (i) when point g begins a boundary; (ii) when point q 

is in the middle of a boundary; and (iii) when point q ends a boundary. Therefore, 

these sums taken with the term on the left side of Eq. 3.18 form the general matrix 

element for the first quadrant of the matrix,
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(XOpgi case l(ii) (B.3)

case l(i)

case l(iii)

where 8pq is the Kronecker delta function, and 0+ is again a characteristic function.

Now that we are constrained to the region above the point p, the interpretation of 

9p is it is one when the calculation is performed in the region above the point p and 

zero for all other regions.

B .2 Case 2: Second quadrant, p < m  and g > m

The only difference between this case and case 1 is that since the unknowns are 

normal derivatives, the term with the Kronecker delta function is nonexistent and the 

superscripts on the kernel integrals are now zero. Also, the sign of the summation is 

opposite. Therefore, for the second quadrant,

B.3 Case 3: Third quadrant, p > m  and g < m

This case is also similar to the first quadrant. The differences originate from the 

fact that the integrals are performed using Eq. 3.19.

ry„ AO

p,<7—i -  (Kl)°pq; case 2 (ii) (B.4)

case 2 (iii)

case 2 (i)
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Oia0.
case 3(i)

+  \ ( K lq +  K l ^ A l  +  ( K l f ^  -  {Klfm - case 3(ii) (B.5)

case 3 (iii)

where Op is the characteristic function for the region below the field point p.

B .4 Case 4: Fourth quadrant, p > m  and g > m

This case also uses Eq. 3.19. The only difference between the normal derivative 

terms in Eq. 3.18 and 3.19 is the sign and the matrix element is of the form

-pq

iJ& A Z -  (Kiypq, case 4(1)

i(K°vq +  K l ^ A l  + -  m ° „ i case 4(11)

case 4(111)

(B.6)

There is one point on which we must be very careful. From looking at Eqs. B.3- 

B.6 , it appears that the calculations for cases 1 and 2 are the same as for 3 and 4, 

respectively (with some extra multiplying factors). This is not the case. Although 

the notation doesn’t show it, K p£ and ( K l ) ^  depend on the region of the calculation. 

The kernel integrals are not the same when calculated in the region above and below 

the boundary because the integrands use different wave numbers,
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A P P E N D IX  C

C O M PU TA TIO N AL A SPE C T S OF M ODEL

The program was run on an IBM RS/6000 43P Model 260 computer with a 200 

MHz POWERS Processor and 500Mb of RAM. With the current inversion routine (LU 

decomposition routine; this is the controlling parameter for memory constraints) up 

to about 2000 boundary points are allowed. The runtime for obtaining the boundary 

unknowns for a model with 1700 boundary points is about 10 minutes. Calculating 

fields such as shown in Figure 4.5 can take several hours depending on the density of 

points. Integrated flux and intensity calculations along lines take on the order of a few 

minutes. As an aside, the major portion of calculation time in the program is spent 

calculating the Hankel functions and their integrals (we use power series expressions 

for these functions), which are used for field calculations and filling the impedance 

matrix. An improved algorithm for these functions would increase the speed of the 

program accordingly.
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