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ABSTRACT

The process of phase separation with a characteristic wavelength is a phenomenon
known as spinodal decomposition. In this thesis, spinodal decomposition is studied for
a discretized fourth-order parabolic partial differential equation know as the spatially
discrete Cahn-Hilliard equation. Here, an extensive and mathematically rigorous
analysis of when and how spinodal decomposition occurs in this equation is performed.

First, a linearization of the nonlinear problem is considered for the spatially
discrete equation. It is shown that the eigenvalues for the discrete linear equation
are almost equal to the eigenvalues of the continuous linear equation for a sufficiently
fine discretization of the domain. Then, using results obtained for the continuous
problem to make conclusions about the discrete problem, a probability estimate is
derived. This estimate says that, with a probability close to one, an initiél cor.ldition
chosen at random inside a particular neighborhood of an equilibrium in the spinodal
interval will lead to spinodal decomposition, provided the number of grid points for
the spatially discrete domain is large enough. An estimate of the wavelength of
spinodally decomposed states is also derived. These results are then used to prove a
similar probability estimate for the nonlinear problem.

Following this theoretical analysis, two time discretizations, as well as a spatial
discretization, will be considered for the Cahn-Hilliard equation. At this point, two
different time stepping techniques will be used to give examples of the dependence
of the theoretical results on the equilibrium point used to linearize the problem, the
distance the initial condition is from that point, and the size of the spatial mesh.
These numerical simulations offer confidence in both the numerics used to solve the

problem and the theory developed in this thesis. Finally, a comparison of the Crank-

11



Nicolson method and a gradient stable splitting method presented by David Eyre,
which are used for the numerics of this thesis, are compared. It is found that these
methods give nearly the same results for each experiment, even though each solves

the problem very differently.
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Chapter 1

INTRODUCTION

When a high-temperature homogeneous mixture of two metals is quenched to
a lower temperature, the mixture may exhibit a phase separation which will occur
in two stages. In the first stage, the mixture quickly becomes inhomogeneous as it
decomposes into a fine-grained structure, which exhibits a characteristic length scale.
This phenomenon is known as spinodal decomposition. Following this stage, the
mixture will go through a coarsening process in which the characteristic length scale
grows. Cahn and Hilliard [8, 10] proposed a fourth-order parabolic partial differential

equation, which describes this process of phase separation and is given by

us = —A(EAu+ f(u)),Vzr € Q, (1.1)
Ou OAu
8—1/— Y —O,V.TEBQ,

where v is the unit outward normal, € is a small parameter, and — f is the derivative of
a double-\yell potential W, the standard example being the nonlinear cubic function
f(u) = u — w3, Here and throughout the paper, A denotes the standard Laplacian,
uy = Ou/dt, and 2 C IR? is a bounded domain with sufficiently smooth boundary
given by 99, where d € {1,2,3}. Cahn and Hilliard [8, 10] first derived this equation

through Fick’s law of diffusion using the van der Waals free energy functional

Elu} := /S; (; |Vul]® + W(u)) dz, (1.2)



which was introduced in [42], where Vu denotes the gradient of u, and (1.1) is a
gradient system with respect to this functional. The derivation of this equation can
also be found in Elliott [13].

In the so-called Cahn-Hilliard equation (1.1), the variable u represents the con-
centration of one of the two metallic components, which implies that [, udz represents
the total mass of that component. Now, using Green’s Theorem and the given bound-

ary conditions, we can write

d ou

= /Q—A(ezAu-%-f(u))dx

- /m -%(emu + f(u))ds = 0.

Thus, mass is conserved, and the concentration of the other component ¢ can be
determined by the equation ¢ = (1 — u)/2. This means that a concentration of 0
or 1 in one of the components corresponds to u being -1 or 1, depending on which
component is being considered.

Spinodal decomi)osition is the process in which the values of u approach the
minima of the potential function W (u). The phase separation that occurs in this
process can be seen when a vat of two well-mixed molten metals are cooled to a lower
temperature. When separation takes place initially, a characteristic length scale is
observed for spinodally decomposed states. For more on spinodal decomposition refer
to [8], and [23]

Every constant function is a stationary solution or equilibrium of (1.1), and if
an equilibrium is contained in the spinodal interval, which is the set of all m € IR

such that f'(m) > 0, then it is unstable. (Notice that the spinodal interval for



f(u) = u— u® is the open interval (—1/v/3,1/v/3).) Thus, if uy = m is contained in
the spinodal intefval, any orbit starting close to it will soon leave a neighborhood of
that equilibrium. This is when phase separation for (1.1), and in particular spinodal
decomposition, takes place. In fact, understanding how this happens is central to
understanding spinodal decomposition, because most orbits exiting the neighborhood
mentioned above will exit close to an invariant manifold. Thus, the behavior of these
orbits is very similar to that of the orbits on the manifold, and we will show that
these orbits exhibit spinodal decomposition.

The Cahn-Hilliard equation (1.1) has been the subject of much study since its
derivation, over 40 years ago. Existence and uniqueness of solutions of (1.1) have
been proven by Elliott and Zheng [15], Nicolaenko and Scheurer [30], Rankin [33],
and Temam [41]. Results on steady state solutions of (1.1) can be found in Novick-
Cohen and Segel [31], Modica [27], and Zheng [44]. There are many results concerning
the coarsening process mentioned above, which are due to Alikakos et al. [1], Alikakos
et al. [2], Bates and Xun [5, 6], Bronsard and Hilhorst [7], Pego [32], and Stoth [38],
among others. Numerical results that exhibit spinodal decomposition and coarsening
for one, two, and three dimensions can be found in Cahn et al. [9], Elliott and
French [14], Elliott [13], and Sander and Wanner [36]. Analytic results on spinodal
decomposition have been presented by Grant [19], and Maier-Paape and Wanner [25],
(26].

Desbite this extensive amount of study, to the best of my knowledge there are
no analytic results concerning spinodal decomposition of the spatially discrete Cahn-
Hilliard equation. An analysis of this sort would be beneficial, because numerical
results are essential for visualizing the behavior of the equation. Knowing when and

how the equation portrays a given property for the discrete case will help the analysis



when it comes to solving the equation numerically. Our aim in this paper is to
present a complete and mathematically rigorous analysis of when and how spinodal
decomposition occurs for the spatially discrete Cahn-Hiliard equation.

Our approach in this paper is as follows. In chapter 2, we will consider a lin-
earization of (1.1) at the homogeneous equilibrium ug = m. For this linearization, we
derive a probability estimate for when an initial condition starting inside a certain
ball will lead to spinodal decomposition, and we derive a wavelength estimate for
spinodally decomposed states depending on the parameter €. The results for the lin-
earized equation give an idea of what is to be expected for the nonlinear equation. In
the third chapter, a similar probability estimate is proven for the nonlinear equation,
using three basic assumptions about the domain 2 and the nonlinearity f(u). Next,
we follow up the analysis of the spatially discretized equation with a discussion on
time discretization of the equation. In this discussion we describe the Crank-Nicolson
method as well as a splitting method due to Eyre [17] for solving the problem. Then
we follow up these theoretical results with a numerical analysis of (1.1), in which we
juxtapose these two methods, and get a better idea of how well our theoretical results
hold in practice. To conclude this thesis we discuss our results, compare the theory
derived in the second and third chapters with the numerics done in the fourth, and
discuss the two discretizations explored throughout.

In order to accomplish this, we consider both the continuous Cahn-Hilliard equa-
tion as well as the spatially discrete equation. Much of our analysis depends on the
eigenvalues for the Laplacian operator, and our approach is to show that the eigen-
values of the discrete Laplacian are almost equal to the eigenvalues of the continuous
Laplacian. In doing this, we can use many of the results derived for the continuous

problem to make conclusions about the discrete problem.



Chapter 2

THE LINEARIZED EQUATION

The ideas in this chapter are based upon the work done on spinodal decomposi-
tion for the continuous Cahn-Hilliard equation, found in [25]. We begin our analysis
by first considering a linearization of the Cahn-Hilliard equation at a homogeneous
equilibrium uy = m, where m is contained in the spinodal interval, i.e. f'(m) > 0.

This linearization is given by
v, = =A(Av + f'(m)v), VT € Q, (2.1)

with the Neumann boundary conditions

ov OAv
a—V—E——O,VxE(?Q

Though results similar to those obtained in this paper may hold for different boundary
conditions, these will be the only boundary conditions considered, hence, they are to

be assumed whenever they are not stated.

2.1 Spectral Analysis

First, notice that because of the previously discussed mass constraint on the

Cahn-Hilliard equation, the linear operator associated with the problem given in



(2.1) is acting on the space

X = {u € L*(Q) : /Qudz = 0}. (2.2)

Before we consider the spatially discrete version of this equation itself, we must first
understand the Laplacian operator for both the linearized discrete and continuous

problems.

2.1.1 The Continuous Laplacian Operator

We start with the continuous Laplacian as we take into account our first lemma,

which is built upon the ideas of Courant and Hilbert [11].

Lemma 2.1 Let Q C IR%, for d € {1,2,3}, denote a bounded domain with piecewise
C'-boundary, such that if d = 2, then Q is a two-dimensional rectangle, and if d =
3, the €2 is a three-dimensional rectangle. Then the spectrum of the operator —A
consists of an infinite sequence of real eigenvalues, 0 < K, < k3 < ... = oo with
corresponding normalized eigenfunctions 11, s, ... that form a complete orthonormal
set in X. Furthermore, if Ny(\) denotes the number of eigenvalues less than A € IR,

then we have

. Na(A) )
/\15{.10 BY2 ca T (82), (2.3)

where Y@ (Q) denotes a standard Euclidian volume, and the constants cg are given

by c; = 1/m, co = 1/4x, and c3 = 1/672.

Proof: For d = 1, we can assume that 2 is the interval [0, a]. Then for the eigenvalue

problem

AY + kY =0,



with the boundary conditions
oY, . oY .
ox 0) = oz (a) =0,

it is well known that the eigenvalues are given by

o K
Ky — T E,
where k =1, 2,3, ..., and the corresponding normalized eigenfunctions are

/2 k
Yr = 4/ — - CcOS ——m;.
a a

So, Ni() is precisely equal to the number of lattice points with integral coordinates

on the line, 72(z?/a?) = A. Thus,

and we can write

Nl(/\) _ a

lim =2~ — =

Ao A\l/2 T

For the case d = 2, we consider the rectangle [0, a] x [0,5]. Here, the eigenvalues are

k* 22
Ko =T" (;1-2'+Z—)5),

with corresponding normalized eigenfunctions

given by

4 k‘ﬂ'.’l?l 871'332

Yre =4[ — - COS - COS
ab a b’

L e RTETS
ERTHUR £ g
AL PN L.i&mi"?g?
N - uw LR “n (7] Y
[ BTN A4 R 2P ! n’:é‘:[‘lﬂ';aq
Ay I
-,'7r" o~ R



for k,£ € IN. Thus, Ny()\) is equal to the number of lattice points with integral

coordinates in the sector of the ellipse

in the quadrant z > 0, y > 0. For large A, the area of this sector is arbitrarily close
to the number of lattice points in it. Now,let there be a unit square above and to the
right of each lattice point. Then this sector of the ellipse is contained in the region
formed by these squares, and if we omit the squares that the ellipse passes through,
and let the number of these squares be R()\), then the remaining region lies entirely

inside this sector of the ellipse. The area of the sector is given by

a /82 %
1% =/0 (ﬂ2 - 55$2> dz,

where

o = (\a?)/n? (2.4)

and

B = W)/, (25)

Evaluation of this integral gives

1 «
2 2
V — E /82 — ﬁ_x2 + %a‘rcsin E = 9_?_77_"
2 a? 2 .

and since aB = (Aab)/m? we have



Thus, we can write the inequality
ab
No(3) = RO S A < No(),

which gives us the asymptotic expression

No(A)  ab

1 —

pures Sl U 4—7F

Now, we approach the case when d = 3 in a similar manner. First, notice that the

eigenvalues for this case are given by

) K2 2 m?
Kkjgm =T 1—1_2_+5§+c—2 ,

and corresponding normalized eigenfunctions are given by

8 kmxy {nzy MTI3
Ykom = 4/ —— * COS © COS - COS ,
abc a b c

for k,£4,m € IN. The volume of the ellipsoid

where o? and (3% are defined in (2.4) and (2.5) respectively, and y* = (c?)\)/n2, is

given by the double integral



10

If we let €2 = 42(82 — y?)/B2% and (yz)/a = Esinf, then we can rewrite this integral

as

o L LA USC RPN
V::y—/o/o (§ — &% sin 6’)250059d0dy.

Since 1 — sin? @ = cos? §, we have

a [B /2 arm (8 aym 8 y?
V:—/ 2/ 2 9dod :—/ 24 :—/ A P
,YOEOCOS Yy 470511 40162@

Thus,
afym a2 abe

V =
6 672’

and following the same procedure we used for the case d = 2, we get

ey Na() _ abe
A T2 Gr2

completing the proof of our first lemma. ©
This brings us to the eigenvalues of the linear operator associated with the linearized

Cahn-Hilliard equation.

Lemma 2.2 Let A be the linear operator such that

Av = —A(EAv + f/(m)v), (2.6)
and A, is acting on the set
Ou 0Au
= 4 D e— = — =
D(A,) = {u € XNH*Q): ay(a:) 5 (z) =0,Vz € OQ} :

where X is given in (2.2). Then —A. is a selfadjoint sectorial (cf. [21]) operator.

Furthermore, the spectrum of A, consists of real eigenvalues Ay > Ay > ... = —00



11

given by
Ai = wi(f'(m) — €54)

for1 € IN, and the corresponding eigenfunctions ¢y, ¢s, ... are formed from the eigen-

functions i; given in Lemma 2.1.

Proof: First notice that using the L? inner product

(u,v) = /Oa u(z)v(z)dz,

we get

(—Au,v) = € '/Oa u""vdz + f'(m) /a u'vdz.
0

Now, it is well known that

a 13 a 144
/ u vdx =/ v udzx
0 0

and

a a
/ ’U,"”’Ud.’l,‘ — / U”"ud:c,
0 0

whenever u'(z) = v (z) = 0 for x € 09Q0. Notice that 2 in this case is the interval
[0, a]. This implies that
(—Acu,v) = (u, —Av).

Following this same procedure for higher space dimensions yields the same result;
thus, the linear operator — A, is selfadjoint.
Since A is given by (2.6), we can use the eigenvalues for the operator —A that

were found in the proof of Lemma 2.1 to obtain

Av = —A(EAv + f/(m)v) = ki(f'(m) — €Kk)v = \



for : € IN. Thus, the eigenvalues of the linear operator A, are given by
Xi = ki(f'(m) — €2k;),

and will have the ordering \; > Xy > ... =& —oo. This ordering implies that the
spectrum of —A, is bounded below, and according to Henry [21], since —A, is also
a self adjoint densely defined operator in a Hilbert space, —A, is sectorial. This
completes the proof of the lemma. ¢

We can now make three important conclusions based 6n these two lemmas. First,
using the definition of A; given above, and the assumption that f’(m) > 0, we can
conclude that the eigenvalues of the operator A, are zero when x; = f'(m)/€?, negative
when k; > f'(m)/€e?, and positive when 0 < k; < f'(m)/e%. Thus, the homogeneous
equilibrium uy = m is unstable whenever

7(m)

K1

O<ex

Using these results, and the result from Lemma 2.1 we arrive at our next conclusion.

As € — 0, the dimension of the unstable manifold is of the order

f1(m)¥?cqvol@(Q)
€ed '

Finally, we can conclude that the largest eigenvalue of the operator A, is half way
between the points where the eigenvalues are zero. Hence, if we choose x; = f'(m)/2¢€?

then the largest eigenvalue of A, is bounded by

ymaz . J ’4(1:;)2' (2.7)



13

2.1.2 The Discrete Laplacian Operator

Without loss of generality, let = [0,1]¢. Now we compare the results for the
continuous problem to the discrete Laplacian operator in one space dimension which
is given by

1 n
n?Apu(z,t) = e > u(zji1, t) — 2u(zj, t) + ulzj_1,t) (2.8)
3=0
with
u(z_1) = u(To), u(Tn) = u($n+1)>
where n is the number of partitions on the interval [0,1], and A = 1/n. Here, z;

represents a specific grid point on the interval. In order to find eigenvalues and

eigenvectors for this operator, we consider the eigenvalue problem
2 _
—n"Anpp = pp,

u(z-1) = u(Zo), u(zn) = wW(ZTnt1),

which is equivalent to

( -1 1 \ ( Yo ( Yo
1 -2 1 1 1
1 -2 1 V3 )
1 .. '
— =0 (2.9)
]. —2 1 Pn—1 (pn—l




14

where A, is the symmetric tridiagonal matrix given in (2.9), and ¢ € R"*. It is

well known that the eigenvalues for this matrix are given by

2 Jm
m B o-en (). o0

and the corresponding normalized eigenfunctions are given by

<P(<k) = —-2—cos Jkm
J n+1 n+1

forj=0,1,..,n,and 0 < k < n.

In order to understand the asymptotics of u; and ®j, notice that

jm 1(j7r )2 1(j7r )4 6
=1-= —
COS(n+1> s\nx1) T \ni1 +0(n7%),

which leads us to

. 2 . 4 N 2
Jm 2 2 ( JjmT ) 2 <( Jm ) 2 < (52 9
_z < (LT . 11
(n—i—l) "Ta\nry) V=000 < (4m) ( )

Since we have k; = (jm)?, we use the Squeeze Theorem to get p; — Kj asn — oo. In
addition, the normalized eigenfunctions for the continuous case given in Lemma 2.1

can be written as

Yi(z) = écos (jrz)

for some constant ¢, which implies that we can write <p(-k) in the form

J
(k) _ .
(pj —wj (7L+1) ‘

Notice that similar results hold for the higher space dimensions d = 2,3, where the




15

eigenvalues and eigenfunctions are obtained from the eigenvalues and eigenfunctions
for one dimension as in the proof of Lemma 2.1. Now we consider the following result

which relates the eigenvalues of the discrete Laplacian to those of the continuous

Laplacian.

Lemma 2.3 Let 0 < p <€ 1, and suppose 0 < (j7r)2 < 6pn? and n > 6/p. Then the

etgenvalues of the continuous and discrete Laplacian operators, given in Lemma 2.1

and (2.10) respectively, satisfy

which implies

. 2 2
ﬁ—1+1—( n ) Igzl-'(jn)"‘—"—
. n

K n+1 (n+1)*
From this it follows that, |u;/k; — 1| < p if
1 ( n )2 <P (2.12)
n+1/ |~ 2’ ’
and
2, ., n? p
— —_— < = 2.13
V) mE i S g (2.13)
First, notice that (2.12) is true if
2n+1 < _p_,
(n+1)2 ~ 2



16

or equivalently,

2
(n+1) < g
m+1 = p
Clearly, this is satisfied if
n? 2 6
— = C<=n> -
n= p p
Now, consider (2.13). Clearly, it is satisfied if
: 4! (n + 1)* (n+1)*
2 o 5% — /A
U < by 65—,

and since we have (jm)? < 6pn?, this statement is true. o

The next step in our analysis is to consider the eigenvalues of the spatially discrete
Cahn-Hilliard equation, linearized at u = m. We can write (1.1) in spatially discrete
form as .

= —n?A, (62n2Anu + f(u)) . (2.14)

Here and throughout, we define @ = du/dt. Now, if we define the linear operator'fl6
by

~

Ao = —n2A, (62n2Ancp + f'(m)go) ,
then the eigenvalues for the discrete linear operator A, are given by
& =€) = w; (=€ + f'(m))

for one space dimension, and since x; ~ p;, we have A; ~ &;.
In order to better understand the linearized equation, we briefly discuss the

solutions to the abstract equations for both the discrete and continuous cases, which



17

will be useful in our analysis. The continuous abstract equation is given by
Vg = AG'U, (215)v

v(0) = 7,

and we know from Lemma 2.2 that this equation generates an analytic semigroup
Se(t), cf. Henry [20]. Hence, the solution of problem (2.15) is given by v(t) = S(t)7,

and we can write U as a Fourier series given by

7= (U, dx) Pk,
k=1

where the set {@x} is orthonormal and (-,-) denotes the scalar product in L?*(Q).

Therefofe, the solution of (2.15) is given by
v(t) = > e, ¢r) dx,
k=1

for all ¢ > 0, cf. [25]..Similarly, for the discrete equation

U= A,
we have
5= (T, Pr) Pk, (2.16)
k=1
and
olE) = 3 4o pnn (2.17)

for all t > 0.
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2.1.3 The Dominating Subspace

Let Y be the space for the discrete problem corresponding to X. Then we define
the dominating subspace of Y in the following way. First, notice that ¥ = R™ and
&(2f'(m)/€?) < A™e=. Fix constants v~~~ —1 < 0 < v~ < 7% < 1, and consider
those values of € > 0 such that the spectrum of /15, defined by O’(/‘ie), is disjoint from
the set {y~~,7~,y+} - A"*%%. This allows us to divide the spectrum of A, into four
parts such that

o(A) =0 "Uo  UoF U0,

where 07~ = 0(A) N (=00,777), o7 = 0(A) N (y™7,77), ot = o(A) N (v, 7),
and ot = o(A,) N (y+,00). Hence, if we let Y,"~, Y=, Y,*, and Y,** be subspaces
of Y that are generated by the eigenfunctions of A, corresponding to the eigenvalues
of, and o}, respectively, then we can write

ino; 7, o,

Y=Y ""oY oY eV (2.18)

Furthermore, if v : IR — Y is a full orbit of (2.14), then we can decompose v(¢) in

the following way:
v(t) =v 7 (t) + v (t) + vt (t) +vTT(e), (2.19)

where the superscript on v corresponds to the appropriate subspace of Y. In addition,
since X is the space on which the continuous problem is acting, we can define a similar

decomposition of X. Specifically, we can write

X=X"eoX_ XXt (2.20)
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where X7 is infinite dimensional. Notice that as n — oo, the discrete problem
approaches the continuous problem, and the subspace Y.~ is of considerably higher
dimension than that of the other subspaces.

It is important to be careful here because it could happen that 4, contributes
to Y7+, but x; contributes to X. Nevertheless, the difference between eigenvalues
for the discrete and continuous operators can be controlled, and this is shown in our

next lemma.

Lemma 2.4 Suppose

n > max [ Qfé(ﬁm) %, g] (2.21)
and
k; < (2f'(m)) /€ (2.22)

for all j. Then |p;j/k; —1]| < p for 0 < p K 1.

Proof: Inequality (2.21) implies -

< 6pn?,

and by (2.22) k; < 6pn. An application of Lemma 2.3 completes the proof of the
lemma. ¢

Note that this result does not rely on the specific finite difference discretization
being considered. However, the analysis here does rely on having good approximations
to the eigenvalues of the discrete Laplacian operator. In fact, a similar analysis should
follow, using the same procedure used here, for other spatial discretizations, including

non-uniform finite differences, collocation, and finite elements.
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2.2 Dynamics of the Linear Problem

Our purpose here is to study the stability of the equilibrium point m. Recall
that positive eigenvalues imply instability, and negative eigenvalues imply stability.
We will show that, even though the stable subspace, given by Y.~ @ Y.”, may be
of considerably higher dimension than that of the unstable subspace Y.* @ Y_*+,
especially as n — oo, Y.© @ Y. is still the dominating subspace. In other words,
an orbit starting close to the equilibrium will exit a certain neighborhood of that
-~ equilibrium close to the subspace Y, @Y, 7*. When this happens, we observe spinodal

decomposition.

2.2.1 Choosing a Spatial Mesh

From Lemma 2.4, we conclude that all eigenvalues contributing to X, X7,
and X" are p-accurate, meaning that they are almost equal to the eigenvalues
contributing to Y7, Y;*, and Y;**. This, along with Lemma 2.1, gives the following

estimates for the dimensions of the subspaces of ¥
dim Yt ~ dim Xt ~ ¢™¢

dim YY" ~ dim X} ~ ¢
dimY,” ~ dim X[ ~ ¢

It is clear that, due to the infinite dimension of the subspace X7 ~, we begin to
loose the p-accuracy of the eigenvalues corresponding to the Y~ or Y7~ subspaces
depending on our choice for n. In other words, if we let p;, and k;, be the jth

eigenvalues corresponding to Y and X, respectively, then we obviously do not have
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Hj, = Kj, as Jy — n and j; — oco. This leads us to some important results concerning
our choice for n.
We must consider the following two cases. First, if we take n ~ 1/¢, then we

have Y =Y Y+ @Y, and
dimY** ~dimYf ~ dimY," ~ e ~ nd.

Thus, we need only define Y,** and Y.* because only these two subspaces are p-
accurate. In the second case, if n > (c/€), where ¢ > 1 is some constant, then the
discrete problem is a better approximation of the continuous problem and we have Y
given by (2.18). In particular, w‘e need the subspace Y.~ and the dimensions of the

subspaces are

dim Yt ~dim Y ~dimY,” ~ e @

and

dimY,"™ ~ n% > 9.

However, all eigenvalues in Y,**, Y.*, and Y_~ are p-accurate.

As we consider these two cases, we will need the following propositions, which are
based on C1 and C2 in [25]. Before we present these claims, we must introduce the
following ﬁotation. Letting v be a full orbit of (2.15), we denote the initial condition
corresponding to this orbit by & = v(0). In addition, let Bg(0) be a ball centered at
zero with radius R, and suppose that this orbit leaves the ball Bg(0) at time t* > 0.
Then we let v* = v(¢*) denote the point where v(t) exits the ball Bg(0). Furthermore,

we can decompose T and v* analogously to (2.19).

Proposition 2.1 Ifr < (R~ )Y(=7"7) then ||v*~~|| < 0. In other words, every

orbit starting in B,(0) has a small Y.~ -component upon leaving Bg(0).



Proof: Since 7 € B,(0), we have

oo

I 24T or)enll < 7

k=1

22

by (2.16). Using this and the fact that the largest eigenvalue of A, is bounded above

by AT** of (2.7), and that

m *
S exp T (T, o) ]| = R

k=1

(T =

by (2.17), we have

R < T T < peTe T

(e o]
D (T, or) Pk
k=1

Because v~ < 0, this gives us

N —

T

Now, due to our choice for r, we have

R'Y
<o(®)

which implies that
o
lor =" = IS~ (T*)o~ || S re?” AT <y (_) <o,

and verifies Proposition 2.1. ¢
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Proposition 2.2 Let r be as in Proposition 2.1, and suppose that © € B,(0) such
that

19771l > Reljo™ |7,

where v = g—f—, then the orbit through v exits Bg(0) near the dominating subspace

Y@ Y, . Thus, we have |[vF~|| < o.

Proof: Using the spectral representation for v given in (2.17), we derive the estimate

o™+ @) < 7o)
for all t < 0, which implies

[P @)1 < [t - e7TAEEETT < Ry AR (T,

Using (2.17), we can also derive

o™ @) = e X lo7]),
for all t < 0, which gives

o= (@I = [jo™]| - &A=,

for all t < T*. Thus, if we let ¢ = 0, we obtain the estimates

[ &7 T > o

and

[0t *||le” T < R,
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which is equivalent to

ot I7¥ = 1TATET o BT .

and, by our assumption on 7, we have

— ot
. ”,U*,++” Y/

< —_ .
o< o (157

This implies the estimate

s [Cana| A LA
ol < o) e < g (L) e
R

and completes the proof of the proposition. ¢

For the first case n ~ 1/¢, use Proposition 2.2 to get ||7*~|| < o. The second case
with n > c/e is similar to that of the continuous case, hence, we can use Proposition
2.1 and Proposition 2.2 to get ||*"7|] < ¢ and ||5*~|| < o. Thus, the ¥,"~ and the
Y

-~ components of an orbit are small at exiting, and we can ignore the effects of these

spaces.

2.2.2 Probability Estimates

The Propositions 2.1 and 2.2 imply that most orbits starting inside a neighbor-
hood B, (0) will leave a larger neighborhood Bg(0) close to the dominating subspace
Y. ¥+ & Y*, because the effects of Y.~ and Y, are small. Since most orbits will be
within a distance g from this subspace, they will behave similarly to those functions
in Yt @ Y;*. Thus, an understanding of the functions in the dominating subspace

will give a better understanding of functions whose initial conditions start close to the
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equilibrium. It was shown that the subspace Y,** @ Y.* is spanned by the functions
cos(k7z) or a superposition of these functions depending on the dimension of the do-
main 2. According to [25], we can show that for some constants c¢; and c; depending
on v~ and f'(m),

1 1

ci- <k<cy-.
€ €

So, the average size of nodal domains is of order ¢. These ideas fuel our discussion
on the wavelength of spinodally decomposed states, but first we must determine how
often an orbit will be close to the dominating subspace.

The question now is with what probability does an initial condition, originating
inside B,(0), lead to an orbit that will exit Br(0) within a Q—neighborhood of the
dominating subspace Y.** @ Y.t for a sufficiently small constant ¢? Before we can
address this question, we must first define the measure to be used on the space
Y=Y"9Y" @Y " If we take an orthonormal bases {¥;,J2,...,9x} in Y, where
N is the dimension of Y, then the image of the N-dimensional Lebesgue measure on

R" under the mapping
N
BN = (/BI)ﬂQ, ceey ﬂn) — Zﬁiﬂi ey
i=1

‘which is an isometry, will be denoted by Y (.), where IR" is equipped with the
Euclidian scalar product. Furthermore, let G, C B, be the set of all initial conditions
starting in B, that correspond to orbits which exit Bg close to the dominating sub-
space. Then we can define M, := B, \ G, to be the set of all bad initial conditions

which exit Bgr away from the dominating subspace. Using this convention, we want

AR
COLoRES Uy
GOLDER, ¢y 80%3 OF hiieeg
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to show that, for some 0 < p < 1,

TWNG,)

In order to accomplish this and answer the posed probability question, we turn to the

following theorem, which is equivalent to Theorem 3.1 in [25].
Theorem 2.1 Let 3,n € (0,1) be fized, define h(s) = hg,(s) := (s/8)Y/", fix C* > 0,
and let k, ¢, and m be arbitrary natural numbers with £ < C*k. Define the set

M, = {(z,4,2) € By C R* x B x B™: |al] < h(lyl)},

where

B, :={z € R': ||z|| < g}, (2.24)
fori=k+£€+m, 0>0, and || - || denotes the standard Fuclidean norm. Then

YO (M) _ [hle) _ 87 02 (571)

840 (Bg,) 0

for all 0 < p < go with

2

2 -n
.= 877 | min - 1 : 1 — s2)%/2(ds 1 > 0.

Proof: Suppose that m > 1, and let 8 := (||z||? + ||y||?)}/2. Then, if we let B be the
boundary of B and define the set

Mo = {(z,y) € 8B§** : ||zll < h(llylD},
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we can use the definition of B: in (2.24) to get

M,= | (z\?faxB’\n/ﬁ).

#€{0,0]

Using Fubini’s theorem,

. @ ~
TO (M) = [T+ (0y) - ™ (B@m) dé, (2.25)

where T% denotes the surface area on the sphere 9Bj. Notice that we have 0 < ||z]| <

6, and ||y|| = \/mr? Then, for arbitrary (z,y) € My, we have
0 < llall < Ayl < A (V&2 = TIsl) < h(0),
and if we define the set
Mo := {(z,y) € dBF*™ : ||z|| < h(9)},
then it is clear that Mg C Mg, and
TEO (W) < T (3p) . (2.26)

Now, in order to perform the integration Y{*+4 on (Ma) is explicitly, define the vector
t by
t:= [tl, tg, veey tq]

such that g=k + ¢ — 1 and

[tl’ ""tk7tk+1a "')tqayf] = [ml, ey Tk Y, "')yf]y
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and let D be the region given by

1/2
D —-{teR’ 0<”t3|<00<(2t2) <h(0)}.

=1

Then, using standard techniques for surface integrals, we get

'r(k+¢) /
6% — Ilt |2

For this we hz;ve assumed that 0 < 8 < gg. Thus, if we let

Q= min{l—.—:?a, (/01(1 — sz)c‘/2d3)2} ,

then

h(g) 1 9 1/7] _1/.,, (1_77)/7] _1/(1_,7) (1"'7)/77
— J— — < N
o — 2 (—) =f ) = (6 9) Q, (2.27)

and since 1/(1 + 2C,) < 1 for any C, > 0, we have Q < 1, which implies that
h(#) < 6. Now, an application of Fubini’s theorem and the standard integration

formula for surface area of rotationally symmetric functions, gives

1 . h(6) _ 92—s fot=2do _
ST (M) = krf | ((e— pr [ - )sk ds,

2 2 _ o2 _ 52

for £ > 2, and
h(9) 98k 1

[ s (2.28)

for £ = 1, where 7i := T® (BI).
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Consider the case when ¢ > 2, where we have

h(8) 62—5s2 4‘3 2.k—-1
T (My) = 2krf (€ — 1)7f 19/ / \/—_%—_Fdads, (2.29)

- and a similar derivation gives

VBTZST gl-2 k-1

TEHO (8BS = 2krf (£~ )i 6 / / dods. (2.30)

92 _ 52 _ 52

In order to estimate (2.29) in terms of (2.30), we define the function @ : IN; — IR*
by

d() = /01 \/—18.:—-_—8—2033

Then a simple variable substitution yields

1 (sr

r®(L) = ; / ,—_—-—1 mypymE

Hence, if we let 7 = /62 — 52, we get

ds—/ \/__?

£2k1

he) vVBZ—s? s B MO s o N ka1
/ / mdads = @(8—2)/0 (0 —s) s°7ds

=2

h(8)/6 =2
— gEre-2g(p _ 9 / 1—s2) 2 s+14s,
( ) A ( .s) "7 ds
which implies

T+ (M) = 2krf (£ — 1) {10510 (L - 2) / 2)%‘25'“%13,
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where © = h(6)/6, and similarly we can rewrite (2.30) to read

-2

1 =2
Y (k+) (3Bg+z) = 2k7k (0 — 1)rf ORGP0 — 2)/ (1 ~ 32) s lds. (2.31)
0

Now we need to estimate fo‘ (1-s ) s*1ds in terms of fj (1 — s?) F $+1ds. An-

other variable substitution gives

/0@ (1- 32)%5_2 s*-1ds = (3)/01 (8s) (1= (85)") = s (2.32)

For fixed s in the interval [0, 1], define a function g; : [@,(:)1/ 2] — IR}, such that

gs(©) is the integrand on the right hand side of equation (2.32), i.e.,

6,00 = (¢ (1= (1) ™. (2.33)

Notice here that 0 < © < ©Y2 < 1, because h(f) < 6, which follows from (2.27).
Now, we want to show that gs; is monotonically increasing with respect to x. Taking

the derivative of g, with respect to x gives

=4
2

G0 = stk—1)(xs)t? (1—(xs)2)"72—s(E—2><xs)'° (1- (xs)?)
= stk (1- (x9?) T (1= (6?) 7 ()% = (x9)¥)
— s(e—2)(xs) (1- (xs)2)%‘4
= sl =10 (1= (x )T —s(k—1+£—2)(xs)* (1= (x9)?)

= Ol (1= (x9)?) T (k= 1) = (h+£=3)(x5)?).

A A

Consider the case with ¢ > 2 and k > 2. Then, for all s € [0,1] and x € [ ,@1/2],
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we have

(k—1)— (k+£-3)(xs)* > (k—-1) <1— (1+£—E—§> e).

Since C, > 0 and 2 — k£ < 0, we have 2/C, > 2 — k, which implies that
C.k —2 < 2C,k - 2C,,

and using the assumption that ¢ < C.k gives

£—2
76——-—i_<20*

Thus,
(k—1)— (k+£-3)(xs)?> (k—1) (1 - 1+2C.)6) >0,
which implies gi(x) > 0; thus, g; is increasing with respect to x. Hence,
=2

o2 [(o1 (1) T as = () [ (05) (1 (09)") T as

=2

> 6 [ (65) 7 (1-(69)°) 7 as,

and, with (2.31), (2.32), and (2.33), we obtain

'rglc+€) Me ) h(e)
TE+O (3(3523) <o 6’

for all 0 < @ < gg. Therefore, (2.25) and (2.26) give

. : e N
TO (M) < [ 1 (41p) - 1 (3%272> do
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e [h(8) ~k+o k+e (m) [ pm
/0\/ X0 (9B5+) -1 (BT ) db

Q
for all 0 < g < gg, and the theorem is proved for ¢ > 2 and k > 2.
Now we can prove the remaining cases in a similar way. Consider the case
£ > 2 and £k = 1. Then we need to estimate foé (1 —52)(8_2)/2 ds in terms of

Jo (1= 32)(8"2)/ ? ds. Notice that

o~
N

L (-

Since ¢ < C,k, we have £ — 2 < C,, and a calculation similar to that of (2.27) implies

/01(1—52)%:d32\/5,

gz_gdsgléldpé Jo (1= s?)
0 Jo(1=s%)7

Nl

ds
ds

N
I\)

for all 0 < 8 < gg. Thus,

=

/1d <O fO( Z <\/_/ 1-—s? ;ds,

Jo (1—s?)

and the result follows as in the previous case.

Now consider the case £ =1 and k£ > 1. By equation (2.28), we have

k-1

TE+0 (M) = 2krf0* [ °

ds,
0 V1 -—s?

and
-1

T+ (9B = 2k7f6" / ——yd
v91I—3S8
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In order to estimate the quotient of these integrals, we apply a change of variables to

get
[P (=) T as=6 [ (05) (1= (85)°) 7 as
0 0 ’
and notice that the integrand of the second integral here is g, (G:)) defined in (2.33)

with £ = 1. Also notice that our previous calculation of ¢.(£) follows regardless

of our choice for ¢. Hence, gs(£) is monbtonically increasing for all s € [0,1] and

£ € [(:3, V (:)‘, which gives the estimate

=1
2

. 1 =1
ds < @1/2f sk—1 (1—32) > ds
0

6 $(6) (1- (65))

for all 0 < @ < oo, and the result follows as before. This completes the proof of the
theorem. ¢

Notice that our definition of M., along with the result of this theorem, implies (2.23).

2.3 Wavelength Estimates

Now we are left to consider the wavelength of spinodally decomposed states. In

general, when considering a cosine wave of the from
y = Acos(kzx),

we can use a standard definition of a wavelength # given in general physics by

~ 2T
b= —,
k
where k is called the wave number. Recall that the eigenvalues for the continuous

case are given in the proof of Lemma 2.1, and have the form (jm)2. Thus, we can
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write the wavelength for these eigenfunctions as

27 2m

= i = N
Now we need to derive a result similar to this for sums of eigenfunctions. Furthermore,
remember that the dominating subspace X @& X+ is generated by all eigenfunctions
of A, corresponding to the eigenvalues in ot U o+, and by Lemma 2.2 these eigen-
functions are also eigenfunctions of —A corresponding to the eigenvalues &;, which
are sufficiently close to k***. Since the eigenfunctions for the discrete case are given
by (2.10), we can make our arguments for the continuous eigenfunctions. In fact, all

we need to guarantee is that
umaa:
Nn<—=— <17, (2.34)

Kj

for all k; with v; € Y.* @ Y.**, where we define

1
01 <1 and 0K 3 <1, (2.35)

and we derive

pe = 4/e

from equation (2.10). Notice that it is essential to use &; in this inequality because
we want to use the wavelength estimate for the continuous case. The following lemma

gives us this result.

Lemma 2.5 For vy, and v, given by (2.35), there exists v~ and p with 0 < v~ <1
and 0 < p <K 1 such that (2.34) holds.
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Proof: Consider all j with £(u;) > v~ A™%*. These are the eigenvalues that contribute
to Y.* @& Y.**, which implies that
1-6<-Lt <145
W

max
€

for & > 0 such that § = §(y~) - 0asy~ — 1. Thus

Kj Kj — Ky Ky Hj Kj -
u:naa:—l < i u:’m_l's _u:’“” . zj—ll+5<(1+5)p+6,
and if 0 < p < 1, then
’i.
um’az - Il < 20.
€

Therefore, k;/u* € (1 — 26,1+ 25) and (2.34) is a direct result of this. o
We want to establish a notion of wavelength of order ¢ for functions in the dominating
subspace X @ X+, and our first step to doing this is in the following proposition,

which follows from Proposition 4.3 in [25].

Proposition 2.3 Let ¢ > 0 be an arbitrary element of the subspace X} @& X} such
that ¥ = Y ;c1 Biti, where B; € IR and T is the inte;"val with X & X+ = span{v; :
i € T}. Suppose B;(xg) is contained in a nodal domain of 1, so that for somen € IN,
(z0) € Q, and r > 0, we have ¥ € B.(zo) C Q- C R*. If hy = Bihi(z0) and v = v; 1s
the unique solution of

"

d-—1
v+ —t——v' +krv=0 (2.36)

for t € (0, 00), with initial conditions v(0) = 1, and v'(0) = 0, then

P(t) = > hiv; (VEit) > 0 (2.37)

i€l
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for allt € [0,7).

Proof: Using the Haar integral, define the function

z
56 = o o ¥ (5 +) 2
for all z € B,(0). Since the structure of the function ¢ implies that it is symmetric
about zg, clearly 7,5(:17) is radially symmetric. Thus, v depends only on |z|, which
allows us to define a function ¢ : [0,7) — IR by ¥(|z|) := ¥(z) for all z € B,(0).
Notice here that ¥(z) > 0, since ¥ > 0 on B,(z,) implies (z + z¢) > 0 on B,(0). In
a similar way, we have symmetric eigenfunctions v;, which lead to radially symmetric
functions ; : B,(0) — IR and in turn give us the functions ; : [0,7) — IR given by
oi(|z)) = z,ZAJz(x) Notice here that the functions v; are eigenfunctions of the linear
operator —A on B,(0). This implies 1; is a solution of the differential equation
given in (2.36) with initial conditions v(0) = ;(xp) and v'(0) = 0, and consequently
U = Ui (»xo)vi where v; solves (2.36), which furnishes (2.37) and completes the proof
of the proposition. ¢

It is well known that the solutions v(t) of the differential equation given in (2.36),

are given by

v(t) = (VR)F - Tuza (Vi) = Balt)

for ¢ > 0, cf. Lauterbach and Maier [24]. Here J,(t) is the v-th Bessel function of

the first kind such that t7%7,(¢) — 1 as t — 0. In particular we have

Bi(t) = cost, By(t) = Jo(t), and Bs(t) = H2t. (2.38)
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We want to show that if B,(z¢) is in a nodal domain of some function in the domi-
nating subspace, then the validity of (2.37) implies r < Ke¢ for some K € IR*. This
can only be done with some additional assumptions on the coefficients A;.

Before we present the theorems that give this result, we must first reformulate

the problem. A rescaling of the variables such that ¢ = t\/f and 7 = /%, for

B=u /v, (2.39)

implies that (2.37) is equivalent to

3 By (1 /@f) >0
i€z H

for all ¢ € [0, 7). Notice here that

(= e [1,,/2‘
U 4!

as a result of (2.34). Thus we can write

\/—E__i_—‘ 1+(8C¥i)
7

forall: € Z, where s € [0, (v2/7)Y? — 1] and a = (@;);er with o; > 0 and |||l = 1.
If we let
vs(t) =D hiBa((1 + sa)t) (2.40)

i€
for £ € [0,7), then we want to determine if there is a constant K > 0 such that, if any
choice of the parameters A, o, and s as given above, implies v,(t) > 0 for all t € (0,7),

then r < K. We now look to two theorems that lead to this result, the first of which
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is based on Theorem 4.6 in [25] and the second is based on Theorem 4.8 in [25].

Theorem 2.2 Let h; = b} — k]

I3

such that
h = max{0,h} >0

and

h; = max{0,—h;} > 0,

and let I C IN be an arbitrary indez set. In addition, choose so > 0, let s € [0, so),

and let 6 > 0 be a constant such that 6 — 0 as s; — 0 and

co>Y hf>(1+48)> K7 >0 (2.41)

iel iel

for any choice of the coefficients h;. Then, for o € IR' satisfying a; > 0 and
lellingty = 1, the functions given in (2.40) have a sign change at some point t*

in the interval [0, 27].

Proof: First define-
vi(t) = Z R By((1 + sa;)t)
il
and
vy (t) =D k7 Ba((1 + sau)t),
iel

so that v,(t) = v (t) — vy (¢), and define

BI*(t) = max Ba((1 4+ n)t) > Ba((1 + sau)t)

TIG[O:SO

ARTHUR LA
COLGe LAKES LiBRapy

RADO SCHo
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and

BI(t) = min By((1+n)t) < Ba((1 + sas)t).
n€[0,s0}

Without any loss of generality, we can assume that ¥ ,c; A7 = 1. This implies

B () < v (t) < BP™(1), (2.42)
as well as
SATBER(E) < vy (f) < 30 A BE (), (2.43)
il iel

for all t > 0 and s € [0, so]. Notice here that, by using (2.38) we get By(0) = 1 for
d € {1,2,3}, which gives

v5(0) = v} (0) —v;(0) =1-> A >0.
iel

If we can show that v,(t,) < 0 for some t, € (0,27), then we are done. Let t, be the
first positive local minimum of B;. Again, using (2.38), we have 0 < t, < 27 and

B,(t,) < 0 for all d € {1,2,3}. Using (2.42) and (2.43), we get

vs(te) = v (t) — v5 (to) < BF™(to) — > hi B (%),

il

and then using (2.41) we have

i . 1 Bmax(t,)
< ppmax J) — — pRmin )< = min . _ —d_
'Us(tO) = Bd (t ) lezlhz Bd (t ) — Bd (t ) (1 +4 Bémn(to))
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for all s € [0, so}. If we choose sy > 0 small enough, then it is clear that we have the

estimates BP"*(¢,) < 0 and BP**(¢,) < 0. Thus,

By (t.)

0< —7+——=
B (to)

<1,

and if we choose § such that
BF™(to)
2= 1<
Bp=(t.)
then we always have v,(t,) < 0. In addition, we also know that ||BJ** — By|| — 0 and
|BRin — B,|| = 0 as so — 0. Therefore, § can be chosen such that § — 0 as so — 0,

and this completes the proof of the theorem. ¢

Theorem 2.3 Define ¢ = Y ;c7 Bi%: where §; € IR, and let ¢ be any element of the
dominating subspace X} & XI*, and suppose that the eigenvalues ; satisfy (2.34).
Also, let 6 > 0 be a constant depending on v, and vy such that § — 0 as v1,7, — 1,
and let B and ., be the vectors (03;)icz and (¥i(zo))icz, respectively. If either

B Tall =2~ % (2.44)
Zﬂi¢i($0) 2 6 - min {_ Z Bivbi(xo), Z ﬁi¢i($o)}, (2.45)
€L 1€l €T+

where I~ and It are the subsets of T with B;1;(zo) < 0 and Gyi(xo) > 0, respectively,

then the radius r of any ball B.(zy) in a nodal domain of v satisfies

T < e/
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Proof: Recall that by (2.39) we have g = p™® /~,, which gives

2
€ ’72'

VE =

Thus, if we can show that Theorem 2.2 is applicable under the assumptions of .this

theorem with = Z, and sg = \/7v2/71 — 1, then we can let 7 < 27 to get

™
TS —= = eV,
Vi

and the proof will be complete.

First, suppose that (2.45) holds. This condition is equivalent to

Zh;f—Zh;l > 5-min{—2h{,2hf},

€T 1€T €l 1€l

with B;%i(zo) = h; = hj —h;, which immediately implies condition (2.41) of Theorem
2.2 for both ¥ and —1, and gives the desired upper bound on r.
Next, suppose that (2.44) holds. Again, we only need to show that (2.41) is

satisfied and the proof is finished. Define
=S = ) Bi(ze) — D —Bibi(mo) = X AT — DB = (0, V),
ieT+ i€z~ €T €T

where X, > 0and £_ > 0, and assume that ¥, > X_; otherwise we can consider —
rather than ¢ to get the same result. Now, we want to show that £, > (1 +¢)X_.
This is obviously true if £_ = 0. Suppose £_ > 0, and without loss of generality

assume ||3|| = 1. Then we have

Yy —Xo = (6,Ys) 29,
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which gives

Ly 2 0lhi(zo)ll + - =2 ( 5“1@3(?0)\')

According to the definition of §, we only need to show that $_ < ||¢;(zo)]|, in order to
complete the proof. Let P be the orthogonal projection such that P : IRT — IRT (o)
with JRZ” (o) ¢ [RZ. Then we have

D_ = —(P(8), P(¥(0))) < PO - | P(wi(zo))ll < l1ws o)l

because ||3]| = 1, and the proof is complete. o

This theorem gives a bound ‘of order e for the wavelength of functions in the
dominating subspace X} & X T, but only with the extra assumptions (2.44) and
(2.45). However, we can show that the theorem can be applied to typical points in 2
(cf. subsection 4.3 in [25]). In order to reach this end, let ¥ = 3,7 Bty =: ¥z, and

suppose D is a subdomain of 2 and I C Z. Then we have the approximation

Ili?—'/D\IJ?(a:)dx ~ ﬁ/ﬂwi(x)dx =@ =8 (2.46)

el

If we assume that (2.45) does not hold for any point in B := B,/3(y0), then we have

/B V2 (z)dr < 6% - max {/B o2 (:c)d:c,/B \Il%+(:v)dz} . (2.47)

Now let B = Uj=1 B;, where the subsets BJ- are disjoint and for all z € B; we have
I; :=I (x),forj=1,2,...,J. Then an application of the estimates (2.46) and (2.47)

yields
/ Vi_(z)dz = Z/ \112_ (z)dr ~ z 3 IBJ|ﬂ2 |B| 3 B2

Jj=1 €l €l
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Notice that the same can be done for 1 € Z%(z), which implies
| B 3 B2 2|B] 2
o 2P S0 ) B

where 0 < § <« 1. This implies that the theorem is applicable at typical points in the
domain Q. Thus we have a bound of order € for the thickness of nodal domains of

functions in X} & XFT.
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Chapter 3

NONLINEAR DYNAMICS

In this chapter, we use our results for the linearized Cahn-Hilliard equation to
aid in our analysis of the nonlinear equation (2.14), and derive a similar probability
estimate as that given in Theorem 2.1. It has, in fact, been shown in [36] and [37],
that the behavior of the nonlinear equation is governed mostly by its linearization,
though we will not use these ideas here. The concepts of this chapter are based on
the results proven for the continuous problem in [26]. We start with the following

assumptions on the nonlinear term f and the domain Q.

Assumption 1 : Let Q C R? be a bounded domain with d € {1,2,3} such that
Q=1[0,1]%

v

Assumption 2 : Let —f : JR — IR be a C*-function that is the derivative of a

double-well potential, the standard example being f(u) = u — u?.

Assumption 3 : Assume that we have f'(m) > 0. In other words, fix a mass m € IR

in the spinodal interval.

3.1 The Abstract Equation

Rather than looking at the original equation given by (2.1) with mass constraint
Jqudz = m, we will rewrite the equation as was done in [19]. Consider a change of

variables such that w = u — m. Then, after we replace w by u again, we can write



the Cahn-Hilliard equation (1.1) as

uy = —A(EAu + f(m +u)),Vz € Q,

@_OAU
v ov

= 0,Vz € 09,

with mass constraint [ udz = 0. Again, let the linear operator A, be such that
A= —n?A, (€202 Anu + f'(m)u),
and let the nonlinear function F : R™ — IR™ be given by
F(u) = —n?A, f(u),
where we have let

F@) = f(m+u) = f'(m)u— f(m)

and f(0) = f'(0) = 0. This allows us to write (2.14) in the form
@ = A+ F(u). (3.1)

3.1.1 Properties of the Linear Operator

Since p; ~ k; for Y© and Y;**, which was shown in Lemma 2.4, our desired
results for when the spatially discrete Cahn-Hilliard equation exhibits spinodal de-
composition will follow as they did for the continuous problem. Notice that we can
write the continuous equation in the same form as (3.1) using the operator A, and
recall that A, is a selfadjoint sectorial operator that generates an analytic semigroup

Se(t) on X. Furthermore, we have fractional power spaces equipped with the graph
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norm,

lull = llull® + {|Aulf? (3.2)

where || - || is the L? norm here, cf. {20, 26, 33].
Using the fact that p; ~ k; and (2.3) as was shown in Chapter 2, we now look to
the following result concerning spectral gaps for the linear operator A., which follows

from Lemma 3.3 in [26].

Lemma 3.1 Suppose that Assumptions 1 and 3 are satisfied, and fiz constants ¢, <
c¢* < 1. Furthermore, assume there are constants €y, sy > 0 that depend only on c,,

c*, Q, and f'(m), and where 0 < € < €. Then A, has eigenvalues A\, and \* with
C*)\ve'nax S /\* S )\* S C*Alnaa:

and

A* — A, > et

Proof: Let c,. and ¢** be constants such that ¢, < c,. < ¢** < ¢*. Then using the
results of Lemma 2.1, and the fact that the'eigenvalues of A, are arbitrarily close to
the eigenvalues of A., we know that the intervals [c., ¢..] - AT**® and [¢**, ¢*] - A\T**® each
contain at least one eigenvalue of A,.. If we let \** be the smallest eigenvalue in the
interval [c**, ¢*]-A7**" and let \.. be the largest eigenvalue in the interval [c., ¢, ]  AT*%%,
then we have

! 2 *k
A** _ A** 2 (C** — c")/\;naa: — (f (m)) 4(602 ¢ ) (33)

" Also due to Lemma 2.1, we can choose a bound on € such that, for all 0 < € < ¢, the
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b

number of eigenvalues of A, in the interval (c,.,c™) - ™ is bounded by Ce™¢ — 1

where C' is a constant depending on c,, ¢*, f'(m), and Q. Now let

(f'(m))* (e = cu)
4C ’

g:

and for the sake of contradiction assume that the distance between any two consec-

utive eigenvalues, say \* and A, in the interval [A**, A,.] is strictly less than ¢e?=2,

This implies
! 2 * % -
o - d-2 | C —d — (f (m)) (C - c**)
A Ao < GE € ac )

but this contradicts (3.3). Hence, the proof of the lemma is complete. ©

Thus it is possible to control the size of the gaps in the spectrum of A, if we

choose € small enough. Let
0Kc < <ct<eh<l, (3.4)
then we can define intervals

I7 :=la ,b7} Clc7,E7] - AT,

€ € 7e

I5 = [, 07] C [e*, 2] - A

such that I and I} are each contained in the resolvent set of A,, and there is

?

a constant C' > 0 with b7 —a_ > Ce? % and b} — af > Ce?2, where C depends
on Q, f'(m), and the constants in (3.4), but not on e. Now define I := (b7, a;),
It == (b7,a}), and I}* := (b}, M%), and let Y = Y” @ Y* @ Y**, where each of

these subspaces corresponds to the eigenvalues in I, I, and I+, and each of these
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subspaces is of order €4 ~ né.

Note that depending on our choice of n, there are two cases to be considered
here. We must consider the case in which there is no Y7~ space, and the case in
which we include the Y~ space. We will start by considering the first case with
Y =Y @Y oY, and finish by showing that when we include the Y.~ space,
our results are the same. With this in mind consider the following lemma which is

based on Lemma 3.6(b) in [26] and will be essential for proving our main result in

the chapter.

Lemma 3.2 Suppose that Assumptions 1 and 2 hold, and let A, be a self-adjoint
sectorial operator acting on Y, where S.(t) is the corresponding analytic semigroup
fort > 0. Then, for some €y depending on f'(m), 2, and the constants in (3.4), such

that 0 < € < €y, we have the following For everyutt € Y+ vt € Y.*, andu™ € Y7,
ISH (Bt < 0 lutt|, Ve <o,

1SF(t)ut]| < et Yyt ,Vt >0,
€
|SHBut|| < et |ut|, vt <0,
187 (t)u”|| < et - |lu|],Vt > 0,
18- (t)u~|| < €7t lul,Vt <0,
where || - | denotes the Euclidean norm.

Proof: First let £ be the largest eigenvalue of A,, and let £, ..., &, be the eigenvalues in
the interval 7+, Similarly, let £,,1, ..., be the eigenvalues in I}, and let &1, ..., {nta

be the eigenvalues in I, where 1 < 2 < 7 < n and 2,7 € IN. Using the Fourier series
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representations given in (2.16) and (2.17), we have

n+1
u= Z XkPk>
k=1
and
R n+1
Se(t)u =Y e xppp
k=1

for t > 0, where xx = (7, ). This implies

K3

> et xkpx
k=1

(]
+
Z Xkpr| = € Hlut ],

k=1

+
Zebct

ST @Bu™™ | =

for all t > 0, because b < &, and &, is the smallest eigenvalue of the interval I+*. This
automatically implies the first of our desired results, and the other four inequalities
of this lemma can be proven in precisely the same manner. ¢

We know that the linear part of (3.1) satisfies the statements that A; is sectorial
on Y, and that Y has a spectral decomposition as we have stated with fractional
power spaces of ¥ from Lemma 2.2 and (2.18). Now define

. _ minb; — a7, b} — a}]
Cr = et
o

(3.5)

Then we can verify that CF > Ce%?, where C depends on , f'(m), o, and the
constants in (3.4). This implies that if L; < Ce? 2, then L; < CZF, and since
€4=2 > ¢? for ¢ — 0, we have a larger neighborhood where the result holds than we

did for the continuous case with Lg < €4,
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3.1.2 Estimates for the Nonlinearity

Now, as we consider properties of the nonlinearity that will be essential for
proving our main result, we need the following lemma, which is based on Lemma 1

in [18].

Lemma 3.3 Suppose that Assumption 1 is true. Let g : IR — IR be a C*-function
with g(0) = ¢’(0) = 0, and define a mapping G such that G(u)(z) := (—Ag(u))(z).
If @ > 0 s a constant depending only on Q and g, then, for every L > 0, there is a

continuously differentiable mapping G that satisfies the mequality
|G (u) = G)|l < Lllu— vl],

and G(u) = G(u) for all u such that ||u|| < oL.

Proof: First, notice that the definition of G implies G is continuously difféerentiable
and the derivative of G is given by DG(u)h = —A(g¢'(u)h) with G(0) = DG(0) = 0.
Now define the function ¢ : IR — [0, 1] to be a C*°-function such that, {(u) =1 for
all u € [~1,1], {(u) = 0 for all u € (—00, —4] N [4,00), and |("(u)| < 1 for all u € IR.

In addition, let p > 0 be some constant such that for every L > 0 we have

IDG(u)]| <

©|

whenever ||u|| < p. From the mean value theorem,

G(b) — G(a) = DG(c)(b — a),
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for some a < ¢ < b. This implies that G has a Lipschitz constant Lg < L/9 on the

ball centered at zero with radius p. Suppose the function G is given by
R 4)|ul|?
6w = ¢ (L) 6.

Then G(u) = G(u) whenever ||u|| < p/2, and G(u) = 0 whenever ||u|| > p. Using

this definition for G(u), we can calculate its derivative explicitly to be

D6t = 5¢ (UE) wmew + ¢ (L) por,

which implies that

8
p?

IDG(u)]| < 1DG(w)]-

¢ (LB hnaan + fo (4L2lE)

By the definition of ¢, and using the assumption that |ju|| < p, we get

A 8 8 L
IIDQ(U)II < ;IIG(U)II + DG (u)]| < -p-IIG(U)ll +3

Since G has a Lipschitz constant Lg < L/9, we have ||G(u)|| < (L/9)|lu]] < (L/9)p,
which gives the estimate
8L L

IDG@Il < 5 +5 =L

Then, using the mean value theorem as before, we conclude that G has a global
Lipschitz constant that is no greater than L. Now, if we let o = p/2L, then the proof
of the theorem is complete. o

Notice that F' satisfies the conditions imposed on G in this lemma. Therefore, F’

satisfies the global Lipschitz condition on a certain neighborhood of the origin, which
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is proportional to €42,

Notice also that using this property of the nonlinearity F,
and the fact that the linear operator A, is sectorial, we can write the unique solution

of (3.1) to be the solution of the integral equation
t
u(t) = S(t)uo + /0 S(t — s)F(u(s))ds, (3.6)

cf. [33]. This brings us to our main results on spinodal decomposition.

3.2 Spinodal Decomposition

Keeping in mind that we are considering the simplest case in which there is no

d

Y,"~ space, the dimensions of Y**, Y*, and Y~ are all approximately e ¢ ~ n.

€

Now, we can describe the flow on the space Y = Y,” @ Yt & Y,** by the following
system of ODEs
| 2 =A"u" + fT(u” +ut +utt),

at = ATut + fru +ut +uth), (3.7)
uwtt = A++u++ +f++(u— +u+ +u++)’

where 4 = du/dt. This derivation can be found in [26]. Assuming the decomposition

of the space X given in (2.20), we can define f by

f=feoffeff" ' XreXfoXx — X" oX o X,
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and we have that f is Lipschitz continuous, which was shown in Lemma 3.3, with

Lipschitz constant Ly, such that
0<Lf<C,
where C is given by (3.5), 0 > 0 and
0cf=— -1 (3.8)

3.2.1 The Flow on the Invariant Manifold

Notice that this general setting is simpler than for that of the continuous case
because the equations define a flow not just a semiflow. This is true because the
subspaces of Y are finite dimensional. In addition, the norm acting on the space
Y in this case is the standard Euclidian norm. If we let superscripts .denot_e the
orthogonal projection of a vector onto the corresponding subspace, such that ut*++
is the orthogonal projection of u onto X @ X+, then we can state the following

results, which follow from the results of Lemmas 2.3 and 2.4 in [4].

Lemma 3.4 Consider the system of equations given in (3.7), and let o be any positive

constant such that
b —a”
0< Ly < —m —,
= =9240+1/0

Suppose ug = ug +ug +uit € Y @ Y.r @ Y, such that ||jug || < ollug|l, and

let u(t) be a solution of (3.7) corresponding to this initial condition. Then

™) < ollu”l,
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and

™Il = lluglle”*
for allt <0.

Proof: First, we rewrite the system of equations in (3:7) as
W =A"TuT+ fT(u +ut +utt) (3.9)

gttt = ATyt 4 pht (g gt gt (3-10)

Using the invariance of the subspaces X & X+ and X, the unique solution given
in (3.6) can be decomposed into solutions of the system (3.9), (3.10). These solutions

are given by

t
u(t) = S~ (t)ug + /0 S™(t — 8)f~(u(s) + w(s))ds
for ¢t > 0, and write w(t) = vt 11 (¢) to get
wt+71) =S (Nw(t) + /OT ST (r —g)ftTH(u (t+ s) + w(t + 5))ds
for 7 > —t, which implies the estimate
=@l < IS~ @ugll+ [ 1S~ = )~ (w™(s) +w(s)]l-
From Lemma 3.2, we know that ||S7 (t)u~|| < ||u~]||e% ¢, which implies that

1S~ ()ug Il < llug lle* "

égg% SAMES Ligpapy
BOLDEN, gg 80225 OF Miiveg:
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and

1S7(t = 8)f~(u™(s) + w(SNI < 1F~(w(5) + w(s)) e .

By the Lipschitz continuity of the function F' given in Lemma 3.3, we have the
estimates

IIf~ () = W < Lyllv™ = wll + Llv™ ™ — w7

and

1fFF () = P W) < Lgllo™ —w™ || + Lyllo™™F —w™ ™),

where v = v~ + v and w = w™ + w™**. Thus, we can write
1~ (™ (s) +w(s)I < Ly (=)l + lw ()] ,
which implies that
. _ t _
e (@ < g - €4+ Ly [ (lu () + o(s)]]) €57 s,
Using the assumption that |Jug "] < ol|uy ||, we get
- —ac t - ' ¢ - —ac 8
lu=®lle™* < llug | + L1 +0) [ [[u=(s)lle*ds,
and Gronwall’s inequality ixﬁplies that

lu™ ()] < lug |felee +Er0+k,
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for t > 0. A short calculation shows that

b= — a-
0;:+Lf(1+0')§(1€_+€—a—6(1+0')

Caf(1+ Y+ (14 0) - -
240+ 2 B

2+0+ = -7

where v~ = (a7 + b, )/2. Thus,
lu™ @ < lluglle” ",

and, if we take the case when ¢t < 0, we have the desired result. In order to obtain
the next result, assume that

|
lug Il < =llug™™ "I

By the proof of Lemma 3.2, it is clear that we have the estimate
ST ()wll < llwlie®?,
for all ¢ < 0. Then, following the same procedure used for v~ (t), we get
lw( + )l < '”w(t)”eb;, + Ly /T (= (¢ + )1 + it + 9)If) €79,
which can also be written as
oot + e D < flo@lle™7 4+ Ly [ ([l 2+ 8)l + ot + 5)[) 7442,
for —t < 7 < 0. Gronwall’s inequality implies that

- i
lw(@)l] 2 llwollet ~ErG+2),
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and we arrive at the estimate

lu” (@)l < llug | [a5 ~bS +Ls(24+0+ 1))t
lw@®@I = flug™™|

Notice that the inequalities [lug || < L||ud"™ ™| and ||ud"**|| < o||ug || imply
lug ™| = ollug I,

and we have

m

— 7€

1
L <2+a+;) < b —ar.

Thus,

FE—
Ug ’ B

b

Q=

which gives

ollu” @ < llw @)l

for t > 0, and this implies the desired result if we again let t < 0. o

The dominating subspace described in Chapter 2 for the linearized equation
must be replaced by a dominating invariant manifold for the nonlinear equation. The
following lemma establishes the existence of this manifold, and some estimates that

are needed to prove results similar to Propositions 2.1 and 2.2.

Lemma 3.5 Consider the system given in (3.7), and suppose that

bt —at

0<Ls <
S Ly s 3

Then the following four results hold.
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1. There exzists an invariant manifold R C Y” & Y.t @ Y.**, which contains all
solutions of (3.7) that are bounded for t > 0 and is the graph of the mapping hr :
Y. @Y.  — Y. Furthermore, the function hg is globally Lipschitz continuous

with a global Lipschitz constant that is bounded above by 3Ls/(b* — a™).

2. There ezists an operator € : Y @Y @ Yt — R such that each preimage
EY(v), for v € R, is the graph of the mapping hg-1 : Y7+ — Y~ @ Y.*, which
is globally Lipschitz continuous with a Lipschitz constant that is bounded above

by 3L/ (bt — a™).
3. If u is a solution of (3.7), then

3v2 +
Ju(t) — E@O) < 22 u(0) - £l
for allt <0, and E(u) is also a solution of (3.7).

4. IfueY Y e Y, then we have

— hr@w ) < flu - E@| < 2full.

Lo+
—=||u
vl
f |
Proof: The proof of part 1 is based on Theorem 4.1 in [3]. We begin by writing the

system in (3.7) as

att = ATrutt 4 frr (et 4 uth), (3.12)

and noting that we have the estimates

- _ _ +
1S™*(@)u™ | < Jlu™ e
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for all t > 0, and

IS (@) ut | < [lut (e

for all ¢ < 0. Again, by the Lipschitz continuity of the function F' given in Lemma

3.3, we obtain the estimates
| f=F () = fo ()| < Lyl[v™" = w™ || + Ly|lo*t* — w*™||

If*F ) = S W)l < Lyllw™" = w™ % + Lyllo™ = w*|.

Consider (3.11), and define
gu™t +utt) = for (Ut putt) — ot (et

and

Jo (U++) — f—,+ (u++) .

Then we can rewrite this equation as

with the initial condition u=*(0) = ¢ where ¢ is an element of ¥~ & Y,*, and we

know the solution of this equation can be written in the from

v(t) = STHOC+ [ 57H(E = 5) [guls) + u(s)) + go((s))] ds
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for ¢ > 0, where p(t) is the solution of the equation (3.12) in the system. Following

the procedure used in the proof of Lemma 3.4, we obtain

@l < e + [ A+ lgolito)) ) et ¢

t t :
= ™ L™ [ sl s+ e [ gn(u(s)) e 7T e

a* t - Il 9ol .
< e t[ll(|l+Lf/0 lv(s)|le “+‘ds+ﬁe(’r+ e

where v+ = (b +a%)/2, and ||g||3, := sup {Hg(t)”e“f” > 0}\. In order to simplify

the notation, let

A@D) == |lv()lle™",

and

llgoll3 e
L) =<l + ﬁe(7+ R

which gives

A(t) < T(t) + L; /OtA(s)ds.

An application of Gronwall’s inequality yields
t
A(t) < T(t) + L; / [(s)elr =9 ds
0
for all £ > 0, and after integrating by parts we get

A® <10 + Lyt | (Tt o2 Dsjetr7ds]
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which is equivalent to

4 HQOH::+3(’Y+~a+)t

vt —at — Ly

t
A@) S T(0)eH" + st [ |lgoll e = ~E0ds = ¢t

Now, multiply both sides of this inequality by e(®™ 7" to get

llgoll7+ IR Canp]|h

<
I+

—~tE ._(;7+_.a+_L )t
I(®)le™ < licle e T

(3.13)

for all t > 0. Now, if we assume v, and v, are both solutions of (3.11), and y; and

uo are both solutions of (3.12), then v = v; — v, solves the differential equation

Following the same steps used to find the bound on ||v(t)|le™""*, we obtain

() = Ol <116 = Gll+ = @ = (Ol @19
Next, consider the differential equation
utt = ATt 4 G (3.15)
for t > 0, where

Go(t) = fT7 (0 () + m(8) = F(va(t) + p2(2))-

Since

190ll3+ < Lyllva(t) = w215+ + Lyl (®) — m2(B)113+,
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using the estimate in (3.14), gives

Li(v* —a*)
= |+ AN
goll7+ < LfllG — Gll + P ——

1 (t) = w2 ()5 (3.16)

Now assume

u(t) = — /t ¥ S (t — 5)Go(s)ds.

In order to show that this representation of u(t) is a solution of (3.15), let t5 < ¢

giving the identity
/t: AT u(s) + Go(s)ds = — /t: /Soo ATTS* (s — 0)Go(0)dods + /t: Jo(s)ds. (3.17)
Following the procedure used in the proof of Lemma 3.4, we have
1A+ (s = 0)Go ()] < [|A¥+|| Meb el =0,

where M < oo and depends on Ly, ||v4]], and ||u;f| for i = 1,2. Thus, we can apply

Fubini’s theorem to the double integral in (3.17) along with
H(s,0) = ATFST(s — 0)do(0)

to get
t oo t t t [eeN
[ [ #(s,0)dods = / H(s,0)dods + / / H(s, o)dods.
to /s to /s to Jt

Changing the order of integration on the right hand side gives

/;: /:O’H(s,a)dads = ft: /t: ’H(s,a)dsda+]too /t: H(s,o)dsdo

/t: [S++(a — 0)jolo) =S —FF (to — a)go(g)] do
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+ /too [S**(t —0)go(o) — S++(to - a)go(g)] do.

This implies

/t: /SOO’H(S,J)dads = u(t) — p(to) — /t: Go(s)ds

which gives

u(t) = ulto) = = [ ATu(s) + Go(s)ds

and p(t) is a solution of (3.15). Hence,

l(@)lle™"

IA

oo
e[St - 9)go(s) ds
oo
e [ lo(s) s
t
o0
e T ol [ el e,

IN

AN

and since vt < b* we get

I e(b+_.y+)t (r+ b+t 1 -
lu@lle™ " < —b;HgoH v (e )= b+_,7+llgo||.,+-

Now using (3.16) yields

WO < gl = Gl + i el

where we have set u(t) = p1(t) — p2(t). If we define § = (b* — a™*)/2, then we have

vt —at =6 and bT — y* = 4§, because y* = (b* + a1)/2. This allows us to write

Ne@I5e < 5 )¢ - Gl +3 Hu( JJ pas
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which is equivalent to

|mm+_%@i%m Gl (3.18)

We want to show that there exists a globally Lipschitz continuous mapping hAr :
Y @Yt — Yt* such that the graph of Az, denoted by R, is an invariant manifold

containing all solutions of the system given by (3.11)-(3.12). To this end let

={(Cn) : 19t ¢, M) lf < M, vt >0} (3.19)

where 0 < M € IR. By definition, R is an invariant manifold if ({,n) € R for
CeY @Y and n € Yt implies 9(¢,(,n) € R, where

ﬁ(t’ C’ 77) = (791 (tv Ca 77), "-92(t7 Ca 77))

is the general solution or cocycle of the system (3.11)- (3.12) for all ¢t € IR. Now

suppose (¢,n) € R, and notice that (3.18) implies

Lf(6 — Ly)

19a2(t, ¢, I3+ < m“ﬁ — Gl (3.20)
~and using (3.13)
Ly (1925, ¢, m)lI%) L2
Rl (s oe § 1S B

Applying the cocycle property gives

"92(t7 C) ﬁ(ta C) 7})) = 1-92 (t’.<7 77)
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for all ¢ € IR, which implies 9¥(¢,(,7) € R. Since the solution x(t) depends on ¢,
we can define hz(t,() = u(t), and the cocycle property gives 9 (¢, ¢, hr(t, () = u(t).
Thus,

Ls(6 — Ly)

Ihr(t, 1) = hr(t, Q) < §(6 —2Ly)

161 — G2l

and this completes the proof of part 1 because

Li(6—Ly) _ 2L (b+ —at - 2Lf) < 3Ly
0(6 —2Ly) bt —at \bt —at —4Ls) ~— b+t —a*

The proof of part 2 follows from-arguments similar to those used in Lemma, 2.3
and Theorem 2.2 in [42]. To begin this proof, notice that, due to the construction of
the system given by (3.11)-(3.12), we can follow the same procedure used to prove
the existence of R, to show that there exists an invariant manifold & that contains all
solutions of the system, and is the graph of a globally Lipschitz continuous mapping
hs : Xt — X7 @ X whose global Lipshitz constant is again bounded above by
3Ls/(b* —a'), cf. [3]. Now, let n € X' and define a new mapping

T, : XI* 2w hr(hs(n) € X1,
where x € X7 @& X} @ X+*. Then by Lemma 3.5 part 1

3L 3L; \?
1T (m) = Te(m)ll < & _fa+||hs(771) — hs(n2)|l < (BT:{‘IT) lm — mell,

and, since 3L;/(b* —at) < 3/8 < 1, T} is a contraction on X*. Using Banach’s

fixed point theorem, this implies 7} has a unique fixed point P(x) € X", and we
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know that P(x) is a fixed point of T}, if and only if

P(x) = hr (hs(P(x)))

which is equivalent to

(P(x),hs(P(x))) € R.

Thus, if we let P(x) = (P(x), hs(P(x))) and define an operator
E: X oXFeX T su— P(u)eR,

then clearly each £(u) is the graph of a globally Lipschitz continuous mapping Ag(y) :
X7 ® X — Xt whose Lipschitz constant is bounded above by 3L/(b* —a™). This
implies the desired result for part 2.

For the proof of part 3, we use Corollary 4.3 of Aulbach and Wanner [3]. First,
notice from the arguments above that £(u) is a solution of (3.11)-(3.12), which is
contained in the invariant manifold R, if u € R. Along with the definition of R in

(3.19), this implies u — £(u) is contained in R, since
[lu = E@)[IZ < Nullfx + IE@)IIT < 2M.

Now, assume w(t) is a solution of (3.11), (3.12), where w;(¢) solves (3.11) and ws(t)
solves (3.12) with w(t) = wq(¢) + w2(t). Then we can use (3.21) and (3.20) to get the

estimates
2

s @11 < (1+ 5525 ) @)™
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and
Ly(6—Ly) +
< L Zf) Tht
ezl < 55— lenOle
for all ¢ > 0, which implies
d — Lf ytt
lo @l < lor @l + @)l € 5L llwr(0) €7
- f

Notice here that we can write w as a two-dimensional vector with components w; and

wq. Thus, by equivalence of norms,

lwr (@] + llwz ()] < V2]lw @], (3.22)
and consequently _

w 0= Ly w(0)||e”™t

el < VEg =5 lw @)™

Setting w(t) = u(t) — £(u(t)) gives the desired result, because

(5—Lf _b*—a+—2Lf
6—2Lf_—b+—a+—4Lf

<3
-2

The proof of part 4, follows from the arguments in the proof of Lemma 2.5(d)
of Maier-Paape and Wanner [26]. Lemma 3.5 part 1 says that £(u) is and element of

the set C, where we define

. . SLy . _.
C:= {w++ +w™t  Jwtt = hg(um )| < n _fa+||w F—u +”}
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For ease of discussion, let £(u) = w. First, we want to minimize the distance ||u —w||.
Since w € C, we have

ot — he(u )| < —2

< ELTC‘L:;H’W"“L —u™, (3.23)

and by adding |[[u™ — w*T|| to both sides we get

_ 3L _ ’
[u™t = he(u™ )| € —L—flw™F —u™*|| + lutt — wtT,

~ bt —at

then, using the fact that 3L;/(b* — at) < 1, gives
o™ = hr(u™ ) < flw™™ =™ | + [l — w .
Finally, (3.22) implies
lut* — he(u™")| < V2|lu - w|,

which gives the desired lower bound. Then, according to [26], a similar procedure can
be followed to obtain the desired upper bound, and this completes the proof of the
lemma. ©

Using Lemmas 3.4 and 3.5, we derive a result similar to Propositions 2.1 and 2.2,
but our result this time is relative to the invariant manifold R. This result is given

by the following proposition, and is based on Proposition 2.6 in [26].

Proposition 3.1 Consider (3.7) and let Ly < C*t where C* is given by (8.5) for
any positive constant o. Suppose that ||ug' || < ollug|| for uo = uy +uf +ud* €

Y oY Y and uy # 0, and let u(t) be the solution of (3.7) corresponding to
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this initial condition. Then we have

6lluoll - lu= @I
llug {17

™ () — hr(u™ ()] <

for allt < 0.

Proof: Recall from Lemma 3.5 part 3 that
3
lu(t) = £(u@) < 511u(0) - £ (u(0))]le"™,

and by Lemma 3.4 we have

lw™ @O = flug lle”",

which can also be written as

@7 e
Tl =

where v = 4% /y~. This implies

3 [[u(0) — £(u(0))]]
2 llug |17

llu(®) = E®)l < lu™ @I,

for all t < 0. Now, from Lemma 3.5 part 4, we have
[wt* — hr(u™H)| < V2[lu - E(u)|| < 2v2|[ul],
which implies the final result and completes the proof of the proposition. ¢

3.2.2 Probability Estimates for the Nonlinear Equation

This leads us to the main result of this section, the probability estimate. We use

the same idea of Lebesgue measure that we used in subsection 2.2.2. In addition, we
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will also use the same definitions of the sets M., G, and B,, and show the validity
of the estimate (2.23). The following theorem implies this result, and is based on

Theorem 2.8 of [26].

Theorem 3.1 Consider equation (8.7), let C,., and R, be positive constants with
0 < ¢ < R, define o by (3.8), and let

o 1 Lo 2.2 )2
M*'—mm{1+20,,’</o (1 —s%)""%ds < 1.

In addition, suppose that
dimY,” < C, - dimY ™,

let Ly be given as in (3.5), and let v be any number such that
T — — o 7/(v-1) _ 0
— < g V-1, <_) MY o £
0< R~ 6 R * R <

Define M, to be the set of all initial conditions up € Y~ @ YX @ Y.** satisfying
[[uol] < r such ihat, for the corresponding solution of (3.7) given by u(t), we have one

of the following statements satisfied.
1. If Bp(0) ={ve Y Y oY t: lull < R}, then the solution u(t) € Bg(0)

forallt > 0.

2. There ezists a time t* > 0 such that ||u(t*)|| = R and ||u™(¢*)|| > o. In other
words, the norm of‘ the Y -component of u is at least ¢ when the orbit leaves

Bpg.

Then we have the estimate

e <3 (R
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forr < ro(p, R,7v,p), where Y(-) is the standard Lebesgue measure on Y, @Y, @Y, .

Proof: First define the set
Y . ++ -+ 6R,
M, ={u € B.(0): |[u™" — hr(u™")|| < Ellu O ¢,

and let wy be an arbitrary element of M,. Assume that w is the forward orbit
associated with wg, and that w € Bg(0). Then, according to Lemma 3.5, w is an
element of the invariant manifold R, and we have wy € M,.

Now assume the second case in which the norm of the Y, -component of u is at
least o when the orbit leaves Bg. Then ||w(t*)|| = R and ||lw™(¢*)]| > o. If we let

ug = w(t*) and ¢t = —t* in Proposition 3.1, then we get

6llw(e)] - gl _ 6B,
< —||wg |7
RGN

Jwg ™ = hr(we )l <
Therefore, M, C M., and if we apply Fubini’s theorem, then we get
- , 6R, _
1 (1) < 1{ue B.0): a1 < By}

Now, apply Theorem 2.1 with v = 1/n and 6Rp™" = 577 to get the estimate

(o) =or =0 (R (R

and this proves the theorem. ¢
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Now consider the case when we include the Y7~ space with v~ ~ —1. Then

we must consider a system of equations similar to that in (3.7), which is given by
VT =ATTuT T+ T (v e +ut ),

W =ATum + (v +u +ut +utth),
ot =AYt + (v +um +ut +utt),
att = ATttt 4 P U u ot utt),

where f = f"~ & f~ & f* & f+T is given by the mapping
fY T eY eYreYt sV ey evi eyt

Since Y,”~ is a finite dimensional subspace of Y, the results of Lemma 3.5 follow for
the equation given in (2.14) just as they did before. Therefore, we can also apply
Theorem 3.1 to this system of equations acting on the space Y, " @Y @Y Y, *+,

and we have the same probability estimate as before.
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Chapter 4

TIME STEPPING SCHEMES

The purpose of this chapter is to discuss a complete discretization of the Cahn-
Hilliard equation. In other words, we will look at time discretizations along with
the spatial discretization discussed in the previous chapters. In particular, we will
examine two numerical methods used to solve the problem. The first method discussed
uses the well known Crank-Nicolson scheme for the time discretization, and solves the
resulting nonlinear system using Newton’s method. The second method discussed,
which we will refer to as Eyre’s method, was first presented by Eyre in [16] and [17].
In both methods, the spatial discretization will be the standard central difference
approximation to the Laplacian operator.

Before proceeding to the presentation of these two methods, we must first in-
troduce the notation that will be used throughout this chapter. Using the notation
established in (2.8), let U™ =~ u(x;, t;) where h makes reference to a specific time.
Similarly, we can define U = u(x;, y;,tm), and U, ~ u(zi, y;, 2k, tm), for the two
and three-dimensional cases, respectively. Hence, if we ignore the superscript on U for
now, then the spatially discrete Laplacian operator for one dimension can be written

as

AU, = Uiy + Us_y — 2U.. (4.1)

Likewise, we have

AnlUij = Uity + Uinrj + Uijir + Ui — AU,
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and
AUk = U1k + Ui—1jk + Uijerx + Usjor6 + U jrsr + Ui jo—1 — 6Us ik

for the two and three-dimensional cases, respectively.

For the sake of simplicity, we will only consider the one-dimensional case in this
chapter, but, using the above discretizations, equivalent results will hold for the two
and three-dimensional cases. This is an important note because in our implementation

of these methods, in Chapter 5, we will consider only the two-dimensional case.

4.1 The Cahn-Hilliard Equation as a Gradient System

A gradient system is a system of real ordinary differential equations, given by

du

1©(0) = ug,
where VF denotes the gradient of ', and F satisfies the restrictions
1. F(u) > 0, for all v € IR", and
2. F(u) — oo as ||lu|| = oo.
Furthermore, for all gradient systems, we have the property

%F(u) = (VF(u),u) = —|Juell?,

cf. [39]. Hence, we have F(u(t)) < F(u(0)) for t > 0, and we can argue that u will

be driven to the critical points of (4.2). Here, we define (:,-) to be the inner product



on IR™, and || - || is the corresponding norm.

As we stated in the introduction, the Cahn-Hilliard equation was derived using
the van der Waals free energy functional (1.2). Here we will show this derivation,
which was taken from [20], for the spatially discrete Cahn-Hilliard equation, and
consequently show that the Cahn-Hilliard equation is a gradient system. We will

start by writing the van der Waals free energy functional (1.2) in spatially discrete

form as
1 & ne =l .
E(u) ==Y W(u)+ = D> (u1 — ug)?,
e 2o 2 3

where u € IR*"!. In addition, we will rewrite the spatially discrete Cahn-Hilliard
equation as

4 = —n?Anw(u)
w(u) = (ne)*Anu — f(u),

which is equivalent to the system
U; = —n?(wis1 — 2w; + wiy1),

W; = (ne)z(ui_l - 2u,5+ ’U,i+1) - f(ui), (43)

for 1 = 0, .'.., n, with the boundary conditions

U—_1 = Ug, Un = Un+1,W-1 = Wy, Wn = Wny1-
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Now let @ be an (n + 1)-dimensional vector with o = (1,1, ..., 1]7, and let Al be the

Moore-Penrose pseudo-inverse of A,; i.e.,

1

Al = (aTA,) AT (4.4)

Then we can define (-,-)_; and (-,-)> to be inner products on JR™*!, such that, for

u,v € IR™""!, we have
1 n
U, V)g = —— E U;U;
(a)? n+1i=011’
and

(u,v)_1 = (Bu,v)s

where we define the matrix f§ by

B= n+1l (n -+—n1)2. (45)

The proof that these are indeed inner products on IR™*! can be found in [20].

If we let u(t) be any curve in JR™*!, then a short calculation gives

D)~ oft) [ (o)) — meo(®) ~ pa(4)]

b 5 ) [ 1000 — melpics(®) ~ 20 + in ()]

+in®) [ (an0) = ne(pn(8) = ()]

ne

Using the definition of w given in (4.3), we can rewrite (4.6) as

dE(p) = 1 & . n+l "
dt O ne = ne



=~
~I

If we define H~! to be the Hilbert space with the inner product (-,-)_;, consisting of

those elements of JR"*! that have a mass of myg, then, for all u(t) € H~!, we have

! iﬂi(t) = my

n+1:5

for all ¢. Differentiating this equation gives

Z pi(t) = 0.

(w’ fu(t)>2 = n+1 —~

Furthermore, given the definition of Al in (4.4), we have
ALA, = (ATA,) 7 (AIA,) =1,
where [ is the n x n identity matrix. Thus,
(W(u(®), 4))2 = (= (n + Dwo” + Al)Anw(p(t), 4(t))2,
which gives
dE(u(t) _ (n+1)° (n+1)°

G = e BA (), i)z = = (Aaw (u(®)), (D) 1.

According to Grant and Van Vleck [20], VG is the gradient of the function G if

d .
7 () = (VG,i(t)
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for some inner product (-,-). This immediately implies that VE is the gradient of F

with respect to the inner product (-, -)_; if we set

(n+1)3
ne

VE = Apw(u).

This enables us to write the spatially discrete Cahn-Hilliard equation as a gradient
system in the form
nde

where we let F' = (n®¢E)/(n + 1)2.

4.2 One-Step Gradient Stable Methods

Consider the Cahn-Hilliard equation given by

= F(u) = —nA, (n262Anu + f(u)) . (4.6)

Using Definition 4.3 in [39], we define gradient stability for one-step methods. To
begin, one-step methods for (4.6) are time stepping schemes that do not use values
of U™ from previous time steps, but evaluate F at intermediate stages between U™
and U™, Thus, we can define the time step by 7 = t;5,.1 — ts. It will become clear
in the following sections that the schemes considered are both one-step methods.
With this in mind, a one-step numerical scheme is unconditionally gradient stable
for all 7 > 0 and for all initial conditions, if there exists a function F'(-) : R® — IR

such that the following four properties hold.
1. F(U) >0 forallU € IR"

2. F(U) —» 0 as ||U|| = o0



3. F(U™Y) < F(U™) for all U™ € IR™

4. F(U™) = F(Uy) for all n > 0 implies Uy € O, where O is the set of zeros for
VF.

Notice that the functional F in (4.2), satisfies the first two properties of this definition.
It turns out that, properties 3 and 4 are also satisfied for both of the numerical

methods considered in this chapter.

4.2.1 Crank—Nicolson Method

Following the analysis in [9], we use the Crank-Nicolson method, which is a
second order method in 7 (cf. [28]), to discretize the Cahn-Hilliard equation, (4.6),
in time. This discretization is given by

T

Ur‘h+1 — Urh_*_ 5

[FU™ + FU™)],

where 7 is the given time step, and A,U™ is given by (4.1). Recall that A, is
the n x n tridiagonal matrix given in (2.9). Since this system is nonlinear, we use
Newton’s method to solve for U™+, For proof that this scheme is unconditionally
gradient stable see Theorem 5.6.1 of [40].

In order to implement Newton’s method, let
G(U'ﬁH—l) — Urh+l _ Uﬁ?. _ % [I(Uﬁ@) + f(UﬁH—l)] )
Then we solve the system given by

DG(U™)§7 = —G(U™1), (4.7)

ARTHUR LAKES LIBRARY
COLORADO SCHOOL OF RINES
GOLDEN, CO 80401 -
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where the extra index j refers to the number of Newton iterations for each time step.

After each linear solve for the vector 67, U™*! is updated by setting

Um+l,j+1 — Um+l,] + (SJ,

and this process is repeated until the norm of the vector G is small, relative to a
tolerance that is set in Chapter 5. Then the same procedure is followed for the next

time step. The matrix DG(u) is the Jacobian of G(u), and is given by
DGU™ )5 =6 — %f’(Uﬁ‘“)(S,
where
FUNS = —n?Ay (n?EAn6 + f/(U™1)6) .

To get Newton’s method started, we use Heun’s method to derive an initial guess for

each time step, cf. [18].

4.2.2 Eyre’s Method

In this subsection, an unconditionally gradient stable one-step scheme for general
gradient systems, given by Eyre in [17], will be presented. Consider the Cahn-Hilliard
equation written as (4.2). There are two cases to be considered regarding the flow of

a gradient system according to [39]. First, if
(VF(u) = VF(v),u—v) >0 (4.8)

for all u,v € IR™ with u # v, then F is convex and the flow is contractive. Otherwise,

. F' is not convex, (4.2) may have multiple equilibria, and the flow can expand in u(t).
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For our purposes, we will only consider the second case, where the nature of the flow
1s expansive and contractive, because that is the nature of the Cahn-Hilliard equation.
We begin by writing F'(u) as the difference of two strictly convex functions such

that
F(u) = Fe(u) — Fe(u) (4.9)

with F, F, € C?, and where the flow related to —F, is contractive, but the flow
related to F, is expansive. Then the numerical scheme we intend to investigate is
given by

Untt — U™ = 7 [VF.(U™) - VE(U™)], (4.10)

where 7 and U™ are defined as before. This numerical method for solving gradient
systems is unconditionally gradient stable and has a unique solution at every time
step for all 7 > 0 and for any initial condition. For proof of this claim, and for results
on consistency and local truncation error, see Eyre [17].

Now we will apply Eyre’s method for gradient systems, to the Cahn-Hilliard
equation. The trick in applying this method is to find an appropriate decomposition
of the function F, bécause the splitting given in (4.9) is not unique, but it always
exists.

We choose a splitting of F' such that
e, 2
Fc=/0 Eux—&-u +1|dz

and

in order to obtain a linear system. This splitting was used by Eyre in [17]. In order to
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confirm that this decomposition satisfies the necessary requirements, we must show

that the flow of the equation w = —V F,.(u) is contractive, and the flow of the equation

@ = VF,(u) is expansive. To this end, we use (4.8) and the inner product (-, )_, to

determine both the contractive and expansive flow, where

VF,(u) = —€*A2u + 2A,u

and

VF,(u) = Anu® — 3Anu.

First, notice

(V(F.(u) — F.(v),u—v)_1 = €BA2(u—v),u —v) — 2(BA, (v —v),u—v)a, (4.11)

where 8 is given in (4.5). By (4.8), the flow related to F. is contractive if (4.11) is

greater than or equal to zero. For the first term on the right hand side, we have

.(BAi(u —v),u — vy = —(Ap(u —v),u — v),,

because A, = 0 and Al A, = I. Recall that, by definition

An(ui - Uz‘) = (Ui+1 - Ui-l»l) - Q(Uz’ - Uz') + (ui-—l - Ui—1)>

and

V(ui — vi) = (Uig1 — vig1) — (ui — v;).
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Thus,
(St =), = ) = g 3 (e = i) = 20 = ) + (wims = )] (= ),
and

9= )1 = 7y 3 [(eer = v)? = 28 = ) 001 = ) + (15 = 0.

Expanding these two sums and using the given boundary conditions, shows that
~(An(u—v),u —v)2 = [|[V(u—-v)||3 >0,

where | - ||2 is the norm induced by (-, -)2. For the second term on the right hand side

of (4.11), we have
—(BAR(w = v),u— )y = ((u—1), (u—10)) = [|(u—2)|2 >0,

Therefore, the flow of & = —V F,(u) is contractive.

For F,, we have
(V(F,(u) = Fp(v)),u—v)_1 = BAL(u® —v®), u —v)y — 3(BA, (u — v),u — v)s, (4.12)

and, because of the sign change, this quantity is expansive if it is greater than or equal
to zero. Notice that the second term on the right hand side of (4.12) is a multiple of

the second term of (4.11). Hence, we only need to consider the first term on the right
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hand side of (4.12). Since A, = 0 and AlA, =1,
(BAn(ug - 'l)3), U=~ V)= _((US - Ua)u u— ).
Now, notice that

(u? =) (u—v) = (¥ +uv+2?) (v = 2uv +2?) = [(u+ v)? +u? + UQ] (u—v)% >0,

Do =

but since the solutions are generally known to lie in the region (—1,1), we have
((u—v), (u—1))2 > (U =%, u—v,.

Hence, the flow of & = VF,(u) is expansive.
Now, we can use this splitting to decompose the Cahn-Hilliard equation such that
Eyre’s method can be applied. This particular decomposition leads to the linearly

stabilized splitting scheme
UM+l — Ut = 7 [=€DE + 2D, | UpH! + 7 [D,(UF)? — 3D, U, (4.13)

‘where we define D, = n?A,,.
Since Newton’s method will converge in a single step for a linear problem, we will
employ Newton’s method to solve the system in (4.13). Hence, we solve the system

given in (4.7) at each time step, with

GU™) = U™+l _ U™ — 7(=2D? + 2D, ) U™ — (D, (U™)? - 3D, U™),



and

DG(U™) = [I + (D2 — 2D,)| U™,

Again, we use Heun’s method to derive U™*10.
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Chapter 5

NUMERICAL EXPERIMENTS AND RESULTS

Here we apply the numerical methods discussed in Chapter 4, in order to see
how accurately the theoretical results derived in this paper, describe what happens
in practice. Using both of these methods will give a good basis for comparison,
as we make our conclusions. Overall, these numerical results give a more complete
understanding of how and when spinodal decomposition takes place for the spatially
discrete Cahn-Hilliard equation.

In addition, we will compare these two methods using the numerical results ob-
tained from the implementation of each method. We expect that the Crank-Nicolson
method will offer better results, because it is solving a full nonlinear problem. How-
ever, we also expect that this method may take longer to execute as it may need
to solve several linear systems at each time step using Newton’s method. On the
other hand, Eyre’s method approximates the nonlinearity which may in turn lead
to slightly less accurate results, but the time needed to execute this method is less
because only one linear system is solved at each time step. In addition, the Crank-
Nicolson method is second order in 7, while Eyre’s method is first order. Hence, we
expect Eyre’s method to take more time steps than the Crank-Nicolson method in
order to reach the the same final time. The performance of these methods for fixed

accuracy is discussed in section 5.4.
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5.1 Outline of Experimental Setup

The following numerical experiments will be done for two space dimensions only,
but the same analysis can be done for one and three dimensions using the appropriate
approximation for the Laplacian operator. Furthermore, the only nonlinearity con-

3 and all experiments are done

sidered is the standard cubic function f(u) = u — u
with n = 60.

Notice there is a parameter on each Laplacian term of (4.6), and each of these
parameters could be varied in order to explore how different values on n and e effect

the solution. Notice that if we multiply this equation through by h?, then we get
L 2 2
ur = —4A, (n e“Apu + f(u)) ,

where t = h%t. Thus, we can consider this new equation with a different scaling of
time, and vary only one parameter.

As we know, we can write a solution to the Cahn-Hilliard equation in terms of the
Fourier series given by (2.16), using the normalized eigenfunctions of the Laplacian
operator, that are ;given by ¢k, corresponding to the eigenvalues &, for two space

dimensions. For the discrete problem we have

n
u = Z Xkt Pk,ls
k=1

where Xr; = (u, @k ), for the inner product

n
(w,v) = D uizviy

1,7=1



88

Since the ¢y, form an orthonormal basis, this immediately implies

<u7u> = Z X%,l'

k=1

Now, recall that the results of Propositions 2.1 and 2.2, show that the effects of

the eigeﬁfunctions corresponding to the subspaces Y, and Y,”~, on the solution,

€

are minimal. Hence, we should be able to describe these solutions using only the
eigenfunctions corresponding to the unstable subspace ¥Y,** @ Y_*. In other words, if

P is the set of indices for which the eigenvalues are positive, we have

u = Z Xk 1Pkl
klep

when spinodal decomposition takes place. Thus, using a numerical approximation of

u, we get

, , |
X kep(Us Pr) <1

n f— b
ij=1 Ui jUij

0 < (5.1)

whenever spinodal decomposition takes place. Computation of this ratio will provide
insight into several different things as we study the results.

In the following, we consider the results of three sets of numerical experiments
that were performed for each method. In the first set, we take into account various
values for the concentration given in the preceding discussion by the value m. In
doing this, we can check the importance of having a concentration inside the spinodal
interval. The second set gives attention to the size of perturbation p from a given
concentration for the initial condition. Recall from Propositions 1 and 2 that we set

a bound on the radius of the ball that initial conditions start in, by

(5.2)

)

< (QR‘”'")I/(I—’Y“)
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where ¢ depends on how far the orbit can be from the dominating subspace upon
exiting Br(0), and R will depend on the time. These experiments will provide a
better understanding of how well this derived estimate models the way solutions
behave. Finally, the last set is intended to explore the relatioriship between n and
€. Recall that the previous discussion required n ~ 1/€ or n > c/e in order to get
results that model the actual behavior of the PDE. Since we have set n to a value
of 60 in our analysis, we will consider different values of ¢ by varying the parameter
(en)?. Clearly, computation of the ratio given in (5.1) will be helpful for analyzing
each of the different aspects of the problem.

The initial conditions used for each experiment will depend on the values chosen
for m and p. The values of the initial vector ug are set to random numbers between
m + 5 and m — p. In addition, the only boundary conditions considered are the
Nuemann boundary conditions used throughout the paper.

In the implementation of each scheme, we do one full step and two half steps for
each time step in order to estimate the local error. For the Crank-Nicolson method,
we can write

U = Uz + O(T?) = Ugg + T2 (5.3)

because this is a second order method (cf. {28]). Here, u is the approximate solution
and u., is the exact solution. Thus, if u; takes two steps of size 7/2, and us takes

one step of size T, the we have u; = ue; + ¢(7/2)? and uy = ue, + c7?, which implies

4(uz3— ui) _ (c —-;lc)r2 2
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Eyre’s method, on the ofher hand, is a first order method with

U= Uep + O(T) = Uez + T (5.4)
(cf. [17]), and we have u, = ue; + ¢(7/2) and uy = u.; + c7 which gives

2(uy — uy) = 2¢7 — T =cT.

Finding a value for ¢, determines the local error. Then if the local error is greater
than the tolerance 1072, we reduce the step size and start again. If the local error is
less than the tolerance, we extrapolate and obtain a solution.

Conjugate gradient iterative methods (cf. [29]) for solving nonsymmetric linear
systems are used at each time step for both schemes. In particular, we use the CGS
method described in [35], and the CGNR method which is described in [22]. The
CGS method was used as the primary solver, where CGNR was used only if CGS
did not converge within the tolerance 107%. This would only occur if the norm of
the right hand side was greater than 108, If CGNR did not converge within this
tolerance, then the step size was halved and the step was attempted again. We also
required that Newton’s method converge wi.thin a certain tolerance. If the norm of
G was greater than 107 or if the number of Newton iterates was greater than 50,

then the size of the time step was reduced, and the step was attempted again.

5.2 Crank-Nicolson Method

The following contains results of the three previously described experiments per-
formed using the Crank-Nicolson method. Each of the graphs given here is a plot of

- time verses the ratio given in (5.1).
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5.2.1 Results for the Parameter m

Since we are only considering the nonlinearity f(u) = u — u® for the results, the
spinodal interval is given by (—1/v/3,1/v/3). Due to the symmetry of this function,
we only need to perform these experiments for positive values of m. As we vary the
values of m, the perturbation parameter p is set to 10~ while (en)? is set to a value
of one.

Notice from Fig. 5.1 that the best results for spinodal decomposition occur for
m = .1 and m = 0. As the values of m increase, we see the ratio get smaller. This is
because the farther m is from zero, the farther the orbit is away from the invariant
manifold upon exiting the larger neighborhood Bg(0), and the less able we are to
describe the orbit by the behavior on the invariant manifold where we see spinodal
decomposition. Based on our analysis, this is exactly what we would expect to see.
Also, since 1/4/3 ~ .577, the ratio becomes zero for all values of m greater than
this value. This is due to the fact that there are no positive eigenvalues, hence, the

solution is completely described by eigenfunctiovns in the Y~ & Y_~ subspace.

5.2.2 Results for the Perturbation from m

We notice similar results as we vary the perturbation 5 in Fig. 5.2, and set m = 0
and (ne)2 = 1. As the value of p increases, the ratio decreases, leading to the same
conclusions that were made for m. Notice, however, that the smaller p is the longer
the ratio stays close to one. This is what we would expect because the closer the
initial condition is to the equilibrium point, the closer the corresponding orbit will be
to the invariant manifold when exiting the larger ball of radius R. In addition, our
analysis assumes f'(u) ~ f'(m), cf. (1.1) and (2.1). However, when the perturbation

is large relative to the upper bound on the spinodal interval, we can no longer make
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Fi1G. 5.1. Varying values of concentration with “-”: m =0, “--": m = .1, “”: m =
3, “":m=.4, “+": m = .5, where 5 = 107! and (en)? =1
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this assumption, and cannot expect our theoretical results to hold. Thus, p must be
small, and likewise r given by (5.2) must be small in order to get results that resemble
spinodal decomposition. This can be seen as g reaches a value of one, because the

ratio is small and the graph is relatively flat.

5.2.3 Results for the Product (en)?

We showed in subsection 2.2.1 that we can expect to see spinodal decomposition

for values of n close to 1/¢, and for n > 1/e. In this experiment we would like to
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get an idea for how much less than 1/e, n can be and still give good results. The
parameter considered in this experiment is (en)?, hence, parameter values less than
one correspond to n < 1/¢, and parameter values greater than one correspond to
n > 1/e. The other parameters are set with p = 10~! and m = 0.

From the plot given in Fig. 5.3 we find that for (en)? = .5, the ratio is imme-
diately very close to one and stays close to one for a large time. Thus, we are lead
to believe that the stated bound on n could be made smaller. For the higher value
(ven)2 = 10, we notice that the ratio comes close to one, but takes longer to reach that

point. Nevertheless, these experiments do portray what we would expect to see.

5.3 Eyre’s Method

Here we present the results of the same experiments, which were done using
Eyre’s method. Upon observation of Fig. 5.4, Fig. 5.5, and Fig. 5.6, it becomes clear
that the only notable difference between the results for each scheme is the number of
time steps needed to reach a particular time, but this issue will be addressed in the
discussion of our results. However, qualitatively, we note no outstanding difference,
and make the same conclusions for the results obtained by way of Eyre’s method as

we did for the Crank-Nicolson method.

5.4 Discussion of the Numerical Results

These numerical results portray precisely what was expected given the previously
established theory. As the three different parameter values were varied, we saw when
spinodal decomposition takes place for the spatially discrete Cahn-Hilliard equation.

It can be seen that, on average, the ratio in each experiment reached its highest

point for a relatively small time. Then the value of the ratio decreased and eventually
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stayed near a constant value for a large time. We refer especially to Fig. 5.1, which
was taken out to a larger time than the other experiments. The ratio stays close
one briefly because the coarsening process begins to take place. The nodal domains
are no longer of order ¢, and the solutions can no longer be described solely by the
eigenfunctions corresponding to the positive eigenvalues.

It should be noted that the same initial condition was used for each test on the
parameter (ne)?, and the initial conditions for the other experiments only changed
as the parameter value was changed. Something that should be considered in future
analysis would be Monte Carlo simulations that give many results for many different
initial conditions (cf. [36]). Another interesting experiment would be to vary the size
of n directly. It is possible that a larger value of n would have led to better results.

Notice also that the norm used to calculate the ratio was the L2 norm, but the
norm used to derive our results was the graph norm given by (3.2). Clearly, these
norms are very different, and would give different results. Similar experiments done
using the graph norm were performed in [36]. In these experiments, solutions of
the linearized Cahn-Hilliard equation are compared to the solutions of the nonlinear
problem, using the Fourier series representation used in our ratio estimate. Our ex-
periments differ because we are comparing the estimated solutions with the solutions
-corresponding to the positive eigenvalues, but our experiments could be done using
the same norm. In fact, it would be interesting to redo our numerical analysis using
the norm given by || - ||, because it is possible that the results would change.

Let the Crank-Nicolson method have an average time step of size 7, and Eyre’s
method have an average time step of size 7.. It was noted earlier that the only
significant difference between the two numerical schemes used was in the number of

time steps needed to reach the same final time. This can be observed in Table 5.1,
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where the average step size of each method is given for different tolerances varying
only p. Notice that 72 =~ 7, for each tolerance, due to the fact that Eyré’s method is
a lower order method. In addition, the step size decreases as the tolerance is made

smaller, just as we would expect. Furthermore, Fig 5.7 plots the ratio for each different

Tolerance | 7, Te
102 453 | 145
1073 .43 | .061
1074 3 1.024

Table 5.1. Average time step size for each method as j was varied given an error
tolerance

error tolerance, using the Crank-Nicolson method and two values for 5. Notice that
a higher tolerance has little or no effect on the ratio.

Upon conclusion of this discussion, we compare the solutions of the two time
stepping schemes. From Fig. 5.8, it is clear that the solutions for each method were
the same. In this figure, both the Crank-Nicolson method and Eyre’s method were
plotted for the parameter values m = 0, p = 107}, and (ne)? = 1, where each method
was taken out to a final time of approximately 90, and the result for each was almost
the same line. We expected to see Eyre’s method give less accurate results because it
was solving the problem using an approximation of the nonlinearity, but the Crank-
Nicolson method solved the full nonlinear problem, and gave nearly the same results.
In the future, it would be interesting to see how the comparison of these two methods
would change if the same experiments were performed using the extrapolated Crank-
Nicolson method (cf. [12]), which uses the previous time step to approximate the

nonlinearity.
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Chapter 6

CONCLUSIONS AND FUTURE WORK

We have studied spinodal decomposition for the spatially discrete Cahn-Hilliard
equation. In this analysis, the given equation was divided into a linear part and a
nonlinear part, as was done in a similar study of the continuous Cahn-Hilliard equa-
tion. The analysis for the nonlinear part followed exactly as it did for the continuous
equation. For the linear part, it was shown that the positive eigenvalues of the dis-
crete linear operator were almost equal to the positive eigenvalues of the continuous
linear operator for sufficiently large n. We were concerned only with the positive
eigenvalues because the negative eigenvalues have little or no effect on the solution
when spinodal decomposition takes place. This enabled us to use in our Analysis the
results derived for the continuous linear operator.

It was shown that with a probability close to one, an initial condition chosen at
random inside a neighborhood of some equilibrium in the spinodal interval would lead
to an orbit that exited a larger neighborhood close to the subspace corresponding to
the positive eigenvalues of the linear operator for the Cahn-Hilliard equation. For the
nonlinear problem this subspace was replaced by an invariant manifold with the same
probability estimate holding true. When this occurs, we get spinodal decomposition.

In our analysis, we showed what values of n would guarantee these results. From
Lemma 2.4, we find a lower bound on n that enables us to use the analysis of the
continuous problem. We also found that if n is close to 1/e or if n > 1/e, the effects
of the negative eigenvalues are very small, giving spinodal decomposition, and our

probability estimate holds. This is our main result and contribution.
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We followed this theoretical analysis with numerical simulations that back these
results well. In particular, the theoretical results depend on three things: the size of
n relative to ¢, the distance an initial cdndition started from the equilibrium point,
and whether the equilibrium point was contained in the spinodal interval or not.
Using two different time stepping techniques, each of these aspects was examined
numerically by considering the ratio of the Fourier coefficients for the solution using
only the positive eigenvalues, with that of the estimated solution. Overall, the results
showed that spinodal decomposition takes place when n is close to, or greater than
1/¢, when m is in the spinodal interval, and when the initial condition starts close
enough to m.

A comparison of the time stepping techniques known as Eyre’s method and the
Crank-Nicolson method was also performed. We found that Eyre’s method offered
accurate approximations, considering that it solved the equation using an approxi-
mation of the nonlinearity. We also noticed that Eyre’s method required many more
time steps, which was expected since it is a lower order method. This leaves us
with a question of which method required the most linear system solves, because the
Crank-Nicolson method solved more than one linear system per time step.

Theoretical results on when and how spinodal decomposition occur for the Cahn-
‘Hilliard equation with both spatial and time discretizations have yet to be derived.
These results would be beneficial since numerical simulations require a time discretiza-
tion. We believe an analysis similar to what we have done with the spatially discrete
problem, could be done for the fully discrete problem, but that has yet to be de-
termined. Furthermore, the numerical results in this paper suggest that the lower
bound we have imposed on n may be too high, meaning that we could consistently

get spinodal decomposition for smaller n. The question now is how much smaller



could we let n be and still guarantee that the results will accurately model spinodal
decomposition? In addition, the bound on the radius of the ball B,.(0) is accurate,
but what this means in terms of real values for r is still unclear. Numerically, one
thing that should be considered is how different the results would be if the graph
norm was used to compute the ratio rather than the L? norm. Another thing to be
considered would be a mixed error estimate for the Newton tolerance, in which the

norm of &7 is checked as well as he norm of G.
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