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ABSTRACT

Electromagnetic (EM) geotomography is the process of creating an image of the 

electrical properties of a buried rock mass by projecting electromagnetic radiation 

through the buried geological media. EM geotomography differs from seismic 

geotomography both in the type of projection data collected and the rock properties that 

can be imaged. Although this work characterizes the noise sources of electromagnetic 

geotomography, some of this noise characterization is also applicable to seismic 

geotomography.

EM geotomography is a science which is still maturing, and consequently much 

research is being conducted in order to improve the fidelity of the reconstructed images. 

In these maturing stages of the process, it has been beneficial to characterize the noise 

sources which degrade the results obtained through the process. Such a noise 

characterization can enhance the maturity of the process, assuring that it proceeds in an 

orderly and logical manner. This thesis discusses a characterization of the noise sources 

which affect the fidelity of the images obtained through EM geotomography.

Six sources of noise and degradation have been addressed (measurement, 

discretization, ray path scattering, incomplete projection data, iteration convergence, and 

approximations in backwards modelling). Due to the complexity of the two most 

prominent noise sources, specifically ray path scattering and incomplete projection data, 

the noise signals in this characterization are presented most meaningfully in the two- 

dimensional Fourier domain. Although the geometry through which geotomographic 

projection data is collected restricts the use of transform methods to reconstruct 

geotomographic images, the Fourier slice reconstruction technique has proven useful for
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the characterization of the noise sources.

The wavenumber response of a parallel projection, computed from the noise due 

to ray path scattering, demonstrates that features are low pass filtered during projection. 

Through further research, it is anticipated that accurate wavenumber response curves 

could be constructed to equalize for distortions introduced in ray path scattering. The 

noise introduced through incomplete projection data can also be reduced given a priori 

knowledge of the image to be reconstructed. A priori knowledge can be obtained from 

geological surveys of the rock mass to be imaged, and the knowledge can be used to 

determine the optimal angle at which the boreholes should be drilled. Finally, this thesis 

provides a derivation of improved backwards modelling equations, used to computed the 

electrical rock properties (conductivity and permittivity) from the recorded propagation 

constants (attenuation and phase), which eliminate the approximations introduced 

through the previous backwards modelling equation.
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NOMENCLATURE

1. Constants

j  = V - l  (imaginary)

x  = unit vector in the direction x  o f cartesian space 

y  = unit vector in the direction y o f cartesian space 

Z = unit vector in the direction z o f cartesian space

2. Scalars

a = average rate o f attenuation fo r  a projection line o f distance y

Ay = distance o f intersection between the f h  boxel and the ^p ro jec tio n  line

d = diameter o f the minor axis o f the Fresnel ellipse

E q  =  t r a n s m i t t e d  s ig n a l  s t r e n g th

Ey = signal strength at distance y

Ey = electric field  strength

f  = Euclidian distance o f the error y  - A x ’

Hl  = magnetic fie ld  strength 

i = index fo r  the projection vector y 

j  = index fo r  the image vector x  

k = index fo r  s

k(A) = condition number o f the projection matrix 

I = length o f the major axis o f the Fresnel ellipse 

m = number o f lines o f energy projected through an image 

n = number o f boxels in an image
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pldB  = path loss in dB for the straight ray (d = 0) 

pin = path loss in nepers fo r  the straight ray (d = 0) 

q -  index fo r  9

r = length o f propagation o f a ray = ^(l2 + d2) 

s = x  cos 6 + y sin 6 = distance from  the center o f the image 

v = variable o f integration

w = number o f points in the parallel horizontal projection

xj = f h  boxel in the conductivity image

y- = fth nne o f energy propagated through the image

y = distance o f signal propagation

z- = ith line in the ideal projection vector z

a  = attenuation constant (nepers/meter)

p = phase constant (rad/meter)

e  = = electrical permittivity where Er is the relative permittivity

constant and Eq is the absolute permittivity o f free space ( 1/36 k x  

10 farad/meter ) 

pi = pifP-Q = magnetic permeability where p r is the relative permeability 

constant and |Iq is the absolute permeability o f free space ( 4k  x  1(X2 

Henry/meter )

T| = scaling factor fo r  the ART algorithm 

a  = conductivity (Siemens/meter)

0 = angle o f the projection 

to = frequency (rad/sec)
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3. Vectors

x = image vector

x’ = approximation to the image vector 

Ax = error vector o f the image vector x 

y = projection vector

y’ = approximation to the projection vector 

Ay = error vector o f the projection vector y 

z = vector o f ideal (straight line) projection data

4. Matrix

A = projection matrix

5. Functions

ed(d) = energy density o f received signals as a function o f the diameter 

o f the Fresnel ellipse 

f(x,y) = continuous image in the spatial domain 

Ffc0pû>2^ = continuous image in the Fourier domain 

g(s, 0) = projection data o f an image in the Radon domain 

g*(kAs,qAQ) = discrete projection data o f an image in the Radon domain 

h(s) = impulse response o f a differentiator

Hif(kAs) = wavenumber response o f an inverse filter used to equalize ray path 

scattering noise

id(d) = information distribution o f received signals as a function o f the 

diameter o f  the Fresnel ellipse 

n(x, y) = continuous noise image in the spatial domain

xv
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iVfCDpGĈ j = continuous noise image in the Fourier domain

AffkAs, = noise energy due to the combined effects o f all noise sources 

Nart = noise energy due to iteration approximation

Nc(qJS$) = noise energy due to the combined effects o f  measurement noise and 

incomplete projection data 

Ncffk & s, q&Q) = noise energy due to the combined effects o f measurement noise, 

incomplete projection data and ray path scattering 

N f/kA s) = 1 - Sj-r(kAs) = noise energy after ray path scattering in the Fourier 

domain

Nie -  noise energy due to the inaccurate backwards modelling equation 

Nm(phase) = phase noise energy due to imprecise measurements 

Nm(attenuation) = attenuation noise energy due to imprecise measurements 

Np(qAd) = one-dimensional representation o f the noise energy due to incomplete 

projection data in the Fourier domain 

Np(kAs, qA9) = noise energy due to incomplete projection data in the two- 

dimensional Fourier domain 

SffOtiAs) = meaningful signal energy after ray path scattering in the Fourier 

domain

Sp(qAQ) = meaningful signal energy fo r  an impulse image 

II lip = p-norm o f a vector or matrix

Il II = (p = 2) norm or Euclidian distance o f a vector or matrix

8(x) = impulse function (1 i fx  = 0, 0 otherwise)

o(x,y) = continuous conductivity image in the spatial domain

Ç( CDj, û^) = continuous conductivity image in the Fourier domain

xvi
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Chapter 1 

INTRODUCTION

1.1 General Introduction

Electromagnetic geotomography is the process of constructing images of the 

electrical properties of buried geological structures. Radio frequency electromagnetic 

waves1 are propagated through buried geological structures and the attenuation and 

phase change of the exiting subsurface waves are used in a computed tomography process 

to reconstruct an image of the unknown electrical rock properties. Although it has not 

been until recently that electromagnetic geotomography has been used for industrial 

applications, the concept of electromagnetic geotomography was conceived over eighty 

years ago [Lowy & Leimbach, 1910].

Tomographic images have proven valuable to many mining and petroleum 

companies and are used to locate potential mineral deposits, to determine the most cost 

effective way of extracting known deposits, to aid in secondary recovery of petroleum 

deposits, to monitor the shapes and rates of motion of waste plumes, to detect tunnels, 

and many other applications [Stolarczyk, 1992]. With such a large and constantly 

growing list of applications for EM geotomography, extensive research is being 

conducted in an effort to improve the reconstructed images and provide new application 

for the science [Han, 1989; Howard, 1986; Middleton, 1988; Middleton, 1990; 

Proceedings of the IEEE, 1986].

Before the fidelity of geotomographic images can be enhanced, the sources of 

noise which degrade this fidelity must first be identified. This thesis discusses the

1 Typical frequencies range between 10 kHz and 10 MHz
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location, characterization and comparison of the sources of noise in electromagnetic 

geotomography. Although this work is directed at practitioners and researchers in 

electromagnetic geotomography, the general findings are applicable to most fields of 

tomography. The results from this noise characterization will help practitioners and 

researchers in tomography to determine what tomographic techniques need the most 

improvement and serve as a metric to demonstrate the value of improved techniques.

This chapter explains the concept of geotomography and the motivations for this 

research. Also provided is a definition of noise as it will be used in this thesis and a 

listing of the noise sources which affect electromagnetic geotomography. Finally, the 

work presented in the following chapters is summarized and this chapter concludes with a 

discussion of the contributions that this work provides.

1.2 Electromagnetic Geotomography

The variation in amplitude and phase between the electromagnetic waves 

entering and exiting the buried rock mass is called projection data. The projection data 

used for electromagnetic geotomography can be collected in several ways, however, this 

work will only consider the two-borehole model shown (Fig. 1.1). A borehole is drilled 

on either side of the geology to be imaged. A radio transmitter is lowered into one 

borehole and a radio receiver is lowered into the other borehole. The transmitter emits a 

continuous sinusoidal waveform which propagates through the buried rock structure and 

is received in the adjacent borehole. A control unit compares the transmitted and 

received signals and records the attenuation, phase lag and the positions of the transmitter 

and receiver. Through repetition of this process for multiple transmitter and receiver 

locations, a large set of projection data is obtained (Fig. 1.2).
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Control
Unit

TX - Transmitter 

RX - Receiver

TX

RX

Boreholes

Figure 1.1 Two Borehole Data Collection Diagram

Control
Unit

Figure 1 .2 Ray Path Diagram
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The projection data contains meaningful signal energy about the electrical properties of 

the buried rock structure, which, through tomographic inversion, can produce an image of 

the electrical properties of the buried structure [Dines & Lytle, 1979]. The buried 

geological structures are delineated by comparison of these electrical properties with 

expected values of the electrical properties of minerals known to prevail in the region. 

These images are noisy and practice suggest that the reconstructed images should be 

confirmed with geological knowledge about the region [Stolarczyk, 1992]. 

Electromagnetic geotomography is similar to seismic tomography in many ways, 

however, the images obtained from the two techniques provide different rock 

characteristics. Consequently, electromagnetic geotomography is a process which 

complements seismic geotomography.

1.3 Motivations for this Research

Electromagnetic geotomography is a process of great interest to the academic 

community as well as the practicing community, due to its rapid growth towards 

maturity. Many aspects of the field are being investigated and numerous improvements 

have been offered in attempts to reconstruct images with higher fidelity and confidence.

The first step towards image fidelity enhancement is the evaluation of the fidelity 

of images presently being produced. Commercial enterprises rely upon images obtained 

through electromagnetic geotomography to aid them in their decisions. It would be of 

great value to these enterprises as well as those which produce the tomograms if a fidelity 

metric could be derived for the reconstructed images. Determination of the present state 

of the fidelity of geotomographic images would also tell to what degree improvements 

are possible.
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Even more important than determining the fidelity of the reconstructed images is 

the characterization of all of the sources of noise in the geotomographic process and the 

estimation of their contributions to the overall noise energy in the reconstructed images. 

The images obtained through geotomography are usually quite noisy, consequently, 

much work is in progress to find ways of rejecting noise in the reconstructed images. 

However, with knowledge of the noise sources and their relative contributions, those 

elements of the geotomographic process which are most in need of improvement can be 

firmly identified. Consequently, less effort would be expended attempting to equalize or 

attenuate sources of image distortion that are less significant. Additionally, when 

improved geotomographic methods are proposed, they can be compared to the previous 

methods to determine how much they will enhance the fidelity of reconstructed images 

relative to their cost of implementation.

One of the main attractions of the presently practiced methods of electromagnetic 

geotomography is that the data processing techniques are easy to implement and 

relatively quick [Censor, 1983]. Much of the new research in geotomography is 

concerned with techniques that will improve the fidelity of the reconstructed images, but 

the cost for improved fidelity is often data processing algorithms that are more 

complicated and time consuming. Industry is rarely open to improvements until they can 

be thoroughly convinced that the improvements will raise profitability. The cost of 

increased time and complexity for data processing will be weighed carefully with the 

benefits of improved image fidelity before any improvements are implemented. With an 

accurate noise characterization model, such a comparison can more easily be performed 

and the transfer of new technology from academia to industry will progress more 

smoothly. Therefore, the noise characterization provided in this thesis is a tool that will
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support the maturing development of electromagnetic geotomography.

1.4 Noise

This thesis deals with the concept of noise and the signal to noise ratio in the 

context of geotomographic imaging. The term "noise" used in this thesis extends from 

what is normally conceived as noise, therefore, it is important to explain how the term is 

used. The overall process of geotomography is compared to a communications system.

In geotomography, the original information-bearing message is the continuous two- 

dimensional image of the electrical characteristics of the buried geological structure. 

Signal modulation occurs due to the projection of electromagnetic waves through the 

buried geological structures. Any projection data which cannot be obtained is considered 

to have been lost during transmission. The reconstruction of the image is analogous to 

demodulating the signal. In the characterization discussed in this thesis, noise is 

described as the residual effect arising from any loss of the meaningful signal energy. If 

any part of the signal is lost, then the energy of the absent signal is exchanged for noise 

energy. Most of the noise sources appear randomly in the spatial domain, however, in the 

Fourier domain, some of the noise sources have wavenumber characteristics which are 

very insightful. Consequently, this noise characterization will be rationalized in the 

Fourier domain.

There are two methods of computing the signal to noise ratio. In both, the 

definition of noise energy is the same. However, the two methods vary in their 

definitions of the signal energy. The signal energy can either be considered as energy of 

the original signal before modulation or the energy of the received signal after 

demodulation. In this thesis, the energy in the original image to be reconstructed is 

considered the signal energy. The basic equation to express the signal to noise ratio (snr)
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will then be

snr = 10 logw (  1 ° nglnal Signal energy 1 /  I noise energy \ )  dB ( 1 . 1 )

With this definition of signal energy, the energy of the noise can never exceed the energy 

of the signal, consequently, the signal to noise ratios must always be greater than or 

equal to zero. Computation of the signal to noise ratio for several geotomographic 

images using the definition of signal energy of the signal after demodulation has resulted 

in signal to noise ratios that were usually negative in dB units.

1.5 Sources of Noise

Investigations have identified six sources of noise which degrade the images that 

are reconstructed through electromagnetic geotomography.

Measurement 

Discretization 

Ray Path Scattering 

Incomplete Projection Data 

Iteration Approximation 

Backwards Modelling

Measurement noise is due to data collection instrumentation which records values 

of attenuation and phase lag that are not perfectly accurate. This noise is dependent upon 

the accuracy of the projection data collection instrumentation; usually, measurement 

noise is very small. Improvements to the accuracy of the data collection instrumentation
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are very expensive and tend to only improve the image fidelity slightly.

Discretization noise energy is the magnitude of the meaningful signal energy that 

is lost because the reconstructed image is not a continuous function but a discrete set of 

values representing the electrical rock characteristics for finite areas. This noise is often 

disregarded since the features extracted from tomograms are usually large [Stolarczyk, 

1992]. The desired discretization intervals, or the boxel2 sampling size, is a controlling 

factor of the amount of projection data that must be collected. If a smaller sampling size 

is desired, then more projection data must be collected for consistency in the 

reconstruction process.

Ray path scattering is one of the more significant noise sources in electromagnetic 

geotomography. To simplify the data processing, it is usually assumed that the 

electromagnetic energy propagates in straight lines [Censor, 1983]. Actually, the energy 

is scattered by the inhomogeneities in the medium, therefore, elliptical beams provide a 

more accurate model of electromagnetic propagation than straight lines [Hill, 1986]. 

These elliptical beams of energy often overlap causing interference. The noise energy 

due to ray path scattering is determined by the degree of beam interference. The noise 

due to ray path scattering has drawn the most scepticism about the validity of most 

presently used EM geotomography processes and has been the target for much of the new 

research in the field [Newman, 1992].

The noise introduced from incomplete projection data can be demonstrated 

through the notions of medical tomography. Medical tomography requires a complete set 

of projection data, implying that projections are obtained from all angles around the body 

in order to faithfully reconstruct an image [Lewitt, 1983]. Because of the limited

2 A boxel is a rectangular region of the buried geological structure which is assumed to have similar 
electrical properites throughout.
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accessibility of multiple projection angles from a two-borehole scan, geotomographic 

projection data does not satisfy this criterion. The missing projection data is a source of 

noise which significantly degrades the fidelity of the reconstructed images. It will be 

shown that this source of noise provides the largest contribution to the noise in 

geotomographic images.

The data processing incorporated in electromagnetic geotomography to create 

images from projection data models the problem as a simplified linear system. These 

linear systems are usually too large and ill-conditioned to solve through closed form 

inversion, and therefore the solution is achieved through an iterative inversion technique. 

Because the solution is not achieved through closed form computations, an exact solution 

is seldom achieved. The approximation to the solution is improved with every iteration, 

but since an exact solution does not exist, a small iteration approximation noise is 

introduced [Herman, 1980]. Although additional iterations decrease the energy of this 

noise, they require additional computing time. At some point, a trade-off must be made 

between computing time and image fidelity.

The reconstructed image data, representing local attenuation and phase constants 

in the rock, must be transformed into electrical rock properties (a, £) through a backwards 

modelling equation. The backwards modelling equation used in practice requires a priori 

knowledge to compute these electrical properties of the reconstructed image. This a 

priori knowledge is rarely available and an estimate is often made. If the estimate differs 

from the actual values, then additional noise is introduced into the reconstructed image. 

The energy of this noise is proportional to the integral of the difference between the 

estimated value and the actual values.
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1.6 Summary of this Thesis

Two-dimensional Fourier analysis is used to create the noise characterization 

models presented in this thesis. Fourier analysis offers a simple transformation of the 

various abstract noise sources in the spatial domain into a unified representation in the 

Fourier domain which can visually demonstrate the relative contributions of the various 

noise sources.

Chapter Two introduces electromagnetic geotomography and describes the theory 

and methods in practice. It is beneficial to explain the concepts of medical imaging first. 

Much of the noise characterization provided in this thesis is based on the transform 

methods mostly used in medical tomography . A detailed description of electromagnetic 

geotomography follows. In addition, the present methods of noise characterization as 

well as other work in the field of EM geotomography is discussed.

Chapter Three provides a detailed characterization of the identified noise sources 

in electromagnetic geotomography. Each of the six noise sources are characterized 

separately and presented in the two-dimensional Fourier domain. Then, the separate 

noise sources are combined into one noise characterization model. The noise 

characterization model for the process of geotomography is based on communication 

theory and multidimensional digital signal processing. Finally, a simulated 

geotomographic scan and reconstruction is analyzed to demonstrate the approximate 

contributions of each of the noise sources to the fidelity of the reconstructed image.

Chapter Four presents the results obtained through the studies reported in this 

thesis. The objective of creating a noise characterization model is to use the model to 

enhance the fidelity of the reconstructed images. This chapter shows how this noise 

characterization model can be used to compare the noise contributions of various data 

collection and data processing procedures, and predict which methods will provide



T-4384 11

reconstructed images with the highest fidelity. Suggestions are provided on how to 

maximize the instrumentation range, pick the best scanning geometry and improve the 

fidelity of reconstructed images through the use of projection data based on values of 

attenuation and phase lag. The geotomographic model used to simulate a 

geotomographic scan and reconstruction is also tested on real and simulated projection 

data to confirm its validity.

Chapter Five discusses future research possibilities emanating from this work. 

During the investigation of the noise sources in geotomography, several topics for 

continuing research were identified. The most pertinent topics are discussed.

Chapter Six is the concluding chapter of this work and is a discussion of the value 

of the contributions of this work as well as the limitations of the results. In addition, the 

results of this work are rationalized against the objectives of this thesis. Finally, the 

impact that these contributions may have on industry practices is mentioned.

1.7 Tools Used in this Study

This work incorporates the theories of multidimensional digital signal processing 

and communications to characterize the sources of noise in electromagnetic 

geotomographic imaging. This includes both the one and two-dimensional Fourier and 

Inverse Fourier transforms [Dudgeon, 1984; Oppenheim, 1989; Haddad, 1991]. Also, the 

concepts of modulation, transmission and demodulation are included [Taub & Shilling, 

1986; Carlson, 1986]. Because the system of equations used in geotomography is linear, 

many concepts from linear algebra are used including: matrix inverse, condition number, 

p-norms, Gauss elimination, underdetermined systems, square systems, overdetermined 

system, among others [Gerald, 1970; Golub & Van Loan, 1989]. The symbolic

SfBEr-
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mathematics software package, Mathematica, is used to create and test models of 

electromagnetic geotomography [Wolfram, 1991]. Many of the presented graphics in this 

thesis have been produced using Mathematica.

1.8 Contributions

This work provides several contributions to the field of electromagnetic 

geotomography. However, the contributions which are most significant are the noise 

characterization model, the backwards modelling equations, and the wavenumber 

responses which characterize the noise due to ray path scattering.

This noise characterization model will prove to be a valuable tool for future 

research in electromagnetic geotomography. In the literature on electromagnetic 

geotomography, improved reconstruction techniques are regularly being proposed. 

Presently, it is difficult to estimate the sensitivity of image fidelity to improved 

tomographic reconstruction techniques. With this noise characterization model, proposed 

improvement can be scrutinized more carefully to estimate their effects on the fidelity of 

the reconstructed images.

The new backwards modelling equations allow the computation of values of 

conductivity and permittivity from the propagation constants. As well as allowing the 

computation of conductivity values without a priori knowledge of the permittivity of a 

rock mass, the proposed equation used to compute conductivity demonstrates the value of 

collecting phase projection data. Presently, the computation of permittivity values is 

usually not feasible because the equation is very sensitive to noise. However, as the 

sources of noise in the process of EM geotomography are eliminated, permittivity data 

will become very useful.

Although the wavenumber responses of the projection data, presented in the
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thesis, are not exhaustively accurate, they will prove to be very valuable in future 

research. Characterizing the noise due to ray path scattering as an image filtering 

phenomenon is a new concept which will greatly simplify the process of suppressing the 

noise source. Alternate techniques for suppressing the noise due to ray path scattering 

require very complicated forward models with extensive computations. By 

characterizing the noise due to ray path scattering as an image filter, the noise can be 

equalized using an inverse image filter. Before the image is reconstructed, each set of 

parallel projections is inverse filtered to suppress the noise energy due to ray path 

scattering. This technique is not as computationally intensive as other proposed 

technique for suppressing the noise energy due to ray path scattering, and holds much 

promise for future research.

In order to achieve its goal, the study presented in this thesis combined: 

electromagnetic wave propagation in non-homogeneous media, communications theory, 

multidimensional digital signal processing and filtering, linear algebra, and the 

computational flexibility of a symbolic mathematics software package (Mathematica). 

Past studies of electromagnetic geotomography have focused on only a few of the 

aspects. This marriage of several disciplines will pave the way for interdisciplinary 

research in electromagnetic geotomography.
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Chapter 2

ELECTROMAGNETIC GEOTOMOGRAPHY

2.1 Introduction

Tomography is the process of constructing a tomogram, a cross sectional image of 

an object that is obtained non-intrusively. Tomograms are achieved by radiating 

electromagnetic energy through an object and comparing the entering and exiting 

energies. Variations between the energy entering the object and the energy exiting are 

called projection data. If sufficient projection data is collected from multiple angles, then 

the projection data can be manipulated through tomographic inversion to reconstruct an 

image of features contained in an internal plane of the object [Herman, 1980].

Tomography was perfected by the medical community for use in imaging the 

internal structures of the human body. In 1979, Hounsfield and Cormack were awarded 

the Nobel Prize in medicine for their pioneering contribution to the field of medical 

imaging. Computer Aided Tomography (CAT) scans provide a means of non-surgically 

locating anomalies in the human body. This technique proves particularly useful for 

structures such as the brain where exploratory surgery is generally prohibited. As the 

technology for medical tomography advanced, its potential to other fields was realized. 

Eventually, tomographic methods aided in nondestructive testing, radio astronomy, and 

mineral extraction, among others. [Herman, 1980]

Geotomography, the imaging of buried geological structures, differs significantly 

in practice from medical tomography. Besides differing in the form of energy used to 

collect projection data, the projection data required to faithfully reconstruct a



T-4384 15

geotomogram is usually incomplete. To faithfully reconstruct a tomogram, complete sets 

of parallel projection data must be obtained from a discrete set of angles between (0 - 

180)% In medical tomography, the data collection instrumentation can obtain complete 

sets of parallel projection data from any direction. In geotomography, the rock structure 

to be imaged is buried which usually inhibits the collection of projection data from some 

angles.

Even with incomplete projection data, the images that are obtained through 

geotomography have proven valuable. Although noisy, geotomograms provide 

important information used to detect tunnels, locate mineral deposits, aid in secondary 

petroleum recovery, as well as many other applications [Stolarczyk, 1992]. The noise 

energy present in geotomograms lowers the confidence level with which geological 

information can be extracted. In most cases, it is common practice to confirm the 

electrical rock properties provided by a geotomogram with a priori geological knowledge 

[Stolarczyk, 1992].

This chapter is an introduction to the tomographic process. It begins with a 

description of projection data and how it is used in medical imaging. Next, the algebraic 

and transform methods of tomographic inversion are described in the context of medical 

imaging. The transition from medical to geological tomography begins with an 

explanation of the propagation of electromagnetic waves through slightly conducting 

media. This is followed by a description of the practice of electromagnetic 

geotomography and an overview of the noise characterization techniques in practice. The 

chapter concludes with a survey of other areas of research being conducted in the field of 

electromagnetic geotomography.
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2.2 Medical Imaging

The most basic form of medical imaging exploits the X-ray. An X-ray image is 

produced by projecting radiation through the human body onto a photographic film that is 

sensitive to the radiation. Certain tissues in the human body, such as bone, resist or 

attenuate the propagation of X-ray radiation. The film behind these tissues will not be 

highly exposed. On the other hand, softer tissues like flesh allow radiation to pass 

through with less attenuation, therefore, the film located behind these tissues will be more 

exposed by the radiation. The image on the photographic film is thus a two-dimensional 

projection of a three-dimensional object (Fig. 2.1).

X-Ray Image
Object

X-Ray 
Transmitter

Figure 2.1 Conventional X-Ray

Such an image can be used to locate features such as fractures or discontinuities in 

bones. Although this technique has great value, it also has some constraints. If multiple 

features are located at the same planar coordinates of the projected image, but at varying
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depths in the object, the features will interfere when projected onto the photographic film, 

causing them to be difficult to distinguish.

Creating a two-dimensional image of a cross sectional plane of a three- 

dimensional object would eliminate the effects of interference. Such a cross sectional 

image can be achieved by obtaining multiple one-dimensional X-ray projections at 

different angles and processing the sets of one-dimensional projection data into a two- 

dimensional image (Fig. 2.2).

X-Ray
Transmitter Object

X-Ray
Projection Reconstruction Cross-sectional

Image

l
V

Computed
Tomograph

Figure 2.2 Tomographic Imaging

This could be repeated for several cross sections to create a two-dimensional 

representation of a three-dimensional object. The result would be a set of images that 

represent the internal structure of the object on planes that are normal to the image 

described above.
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2.2.1 Algebraic Tomography

The quantity of data points in a continuous image is infinite. In order to simplify 

the reconstruction process into a linear problem with a limited amount of data, spatial 

sampling is employed to separate the image to be reconstructed into discrete boxels.

Each boxel is a rectangular area which is assumed to have the same attenuation properties 

throughout (Fig 2.3). The boxels are numbered (1 < j < n)1 and the unknown value of 

attenuation for each boxel is labelled xj. The projection data is also discretized by 

sampling the intensity of the exiting X-rays at equally spaced points.

s o u r c e
b o x e l

A , :

s e n s o rn - 2 n - 1

Figure 2.3 Linear Algebraic Model for Projection Line y,-

Each sampled point of a projection is considered as the received intensity from a straight 

line2 of energy which travels from the transmitter to the receiving sensor. Each

1 Nomenclature for all symbols is also covered preceeding Chapter 1.
2 The path o f energy propagation is considered to be a line so that the system can be modelled as linear.
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transmitter to receiver line is numbered (1 < i < m) and a path attenuation value yj is 

computed for each line by comparing the intensity of the transmitted energy, Eq, to the 

intensity received at the appropriate X-ray sensor, Ey (2.1). The energy along the line 

decreases exponentially according to (2.2), where Ey is the energy propagating at 

distance y, Eq is the original transmitted energy, and a is the average rate of attenuation 

along the line. For a discretized system (Fig 2.3) the attenuation of the transmitted 

energy can be approximated by equation 2.3, where Ay is the length of intersection 

between the i^1 line and the j^ 1 boxel. Combining equations 2.1 and 2.3 forms equation 

2.4 which relates the unknown attenuation rates to the collected projection data in a linear 

algebraic system of equations.

y/ = - In ( f y /  E0)

Ey = E0 e ~ay (for any path)

(Ey )i  =  (E t f i  e 1 - / A i j Xj }

I.j<A ijX j)  = J,-

The matrix A, called the projection matrix, can be computed from the geometry of the 

image discretization and the intersections of the projection lines. However, the solution 

of the image vector x from the projection vector y and the projection matrix A is usually a 

complicated task [Herman, 1980; Censor, 1983].

A typical tomographic image is approximately 100 boxels wide and 100 boxels 

high producing a total of 10,000 boxels. The projection matrix is order (m x n). If (m < 

n) then the matrix is underdetermined, therefore, the system Ax = y does not have a 

unique solution. If the matrix is square (m = n) the system is exactly determined and 

there may be one unique solution. If (m > n) the system has more equations than

(2 . 1 )

(22)

(2.3)

(2.4)
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unknowns and usually requires a least squares fit. In order to reconstruct a unique 

tomographic image it is mandatory to collect at least as many projection data values as 

there are boxels to reconstruct, so that (m > n). This requires a system of at least 10,000 

independent equations for 10,000 unknowns which must be solved to reconstruct a 

unique image [Gerald, 1970; Golub & Van Loan, 1989].

Typically, if the projection matrix is square, exactly determined, then the linear 

system Ax = y could be solved by inverting the projection matrix and multiplying the 

inverted projection matrix by the projection vector y (2.6).

This would feasible if the inverse of A could be evaluated. For an image that has been 

discretized into 100 by 100 boxels, the average projection line will intersect between 100
'i

and 200 boxels. Each column in the projection matrix contains 10,000 elements but only 

one or two hundred of the values are nonzero, so that A is a very sparse matrix. Unless a 

sparse matrix is diagonally dominant, meaning that the value of each diagonal element in 

the matrix is greater than the sum of the remaining values in the corresponding row or 

column, it is usually ill-conditioned. The conditioning of a matrix A is reflected by its 

condition number kp(A). The condition number of a matrix A describes how errors in the 

projection vector y will be amplified in the solution of the image vector x for the linear 

system Ax = y . Very large condition numbers suggest that small errors in the input will 

become greatly magnified in the solution. Given erroneous projection data (y + Ay) the 

reconstructed image (x + Ax) will also contain some level of error. The p-norms of the

-i -iA  A x  = A  y
A -i x  = A  y

(2.J)
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errors Ax and Ay are related by the condition number (2.7).

(2.7)

The degree to which a matrix is ill-conditioned is directly proportional to its condition

number. In geotomography, the condition number of the projection matrix is usually 

infinite, therefore, the projection matrix is not invertible [Gerald, 1970; Golub & Van 

Loan, 1989].

Since A is rarely invertible, it is impossible to obtain a closed form solution for 

the image vector x. However, an approximate solution to x can be approached by solving 

the linear system iteratively. A popular way of approaching such a solution is by using 

ART (Algebraic Reconstruction Technique) which is achieved as follows: [Herman,

1980; Censor, 1983].

1. An initial estimate x’ of the image is made

2. For i = 1 to m (each projection line) the image is adjusted to more closely

match the data collected for that projection line, using the algorithm 

x’ := x’ + T|AT(y - Ax’)

3. Calculate an error f as the Euclidean distance (p = 2 norm) f = I I y - Ax’ 11

4. If the error f  has not satisfactorily converged, then repeat steps 2 and 3

There are several alternate methods to iteratively solve the system Ax = y such as the 

Simultaneous Iterative Reconstruction Technique (SIRT) [Herman, 1980], the Column 

Operation Algorithm (COA) [Han, 1989] , and many others. However, in this work only
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ART is considered.

Iterative techniques provide a means through which tomographic images can be 

reconstructed, but they do have some constraints which must be considered. ART 

converges on a solution which minimizes I I y - Ax’ I I. The set of all possible image 

vectors x ’ creates an error space where the error at each point is described by 11 y - Ax’ 11. 

The ART algorithm chooses successive image vectors x’ such that the image vector 

traverses the error space in search of the global minimum of the corresponding error 

space. The image vector traverses in a means similar to gradient descent and 

consequently it is susceptible to being caught in local minima [Hertz, et. a/., 1991]. To 

overcome this problem, there are some techniques and variations of the ART procedure 

which can be used. One very effective way to enhance the ART process is by generating 

an initial guess x’ which is close to the expected image [Herman, 1980]. Although this is 

not always possible to achieve, in many cases some knowledge of the expected image 

does exist. The value of this a priori knowledge can be demonstrated by the following 

abstraction:

An image vector x’ with n boxels is considered a point in the n^1 dimensional 

error space with magnitude I I y - Ax’ 11. Every error space has a global minimum, 

corresponding to an image vector which minimizes the error. Because the actual 

tomographic process is nonlinear, the error space may have any number of local minima, 

describing image vectors that have the smallest error in a finite region of the full error 

space. When traversing an error plane by a method similar to gradient descent, if the 

algorithm starts near a minimum the algorithm will converge upon the image vector at 

that minimum. In this way, minima act as attractors (Fig 2.4).

The ART algorithm starts with a given point in the error space (initial estimate) 

and traverses through the error space in the direction which decreases the error I I y -
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Ax’ | | .  It is intended that the trajectory of I I y - Ax’ I I will be pulled in by the attractor of 

the global minimum.

2-D Error Space

Initial Estimate

Attractor

Figure 2.4 Example of Attractors in a Two-Dimensional Error Space

However, it is sometimes the case that as the trajectory of 11 y - Ax’ 11 is moving towards 

the attractor of the global minimum, it is pulled in by another attractor and converges 

upon an image which differs markedly from the expected result. Through the use of a 

priori knowledge, a starting point can be chosen which is near the attractor of the global 

minimum. An accurate initial estimate of the image vector raises the likelihood that ART 

will converge to an appropriate solution. Sometimes, a good initial estimate of the image 

to be reconstructed cannot be provided. However, if rules about the image are known 

such as no negative values, or the values of neighboring boxels can only vary by a certain 

percentage, this knowledge can help raise the probability that the error norm in ART will
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converge to the global minimum. This is achieved by putting constraints on the ART 

algorithm and is consequently called constrained ART or CART [Herman, 1980]. At the 

end of each iteration of the CART algorithm, the image vector is compared with the 

constraints and adjusted as necessary. The effect of the constraints is that as I |y  - Ax’ I I 

is traversing through the error space CART will prevent it from by pulled in by attractors 

whose image vector does not abide by the constraints. These constraints will not 

necessarily keep CART from converging to the attractors of any of the local minima, but 

it can eliminate some of the local minima raising the likelihood that the error of the 

eventual solution lies in the global minimum. Once the iterative reconstruction technique 

has converged on a discrete image vector, a discrete image can be recovered by 

reorganizing the image vector into a matrix. Finally, the discrete image is transformed 

into a bandlimited continuous image through a zero order hold (ZOH) [Oppenheim & 

Shafer, 1989; Haddad & Parsons, 1991]. This expands the points in the matrix into a 

stepwise image in a checkerboard pattern.

2.2.2 Transform Method Tomography

Although the algebraic technique of tomography produces images that were 

initially useful to the medical diagnostics community and which demonstrated the 

potentials of tomography, iterative techniques are time consuming and do not deliver a 

closed form solution. It was desired to use a closed form solution such that a 

reconstructed image could be directly computed from the projection data.

Green’s Theorem states that any n-dimensional data set can be represented by 

multiple sets of (n-l)-dimensional data [Kraus & Carver, 1973]. A specific case of 

Green’s Theorem is the Radon transform which describes how a two-dimensional object 

can be represented by sets of one-dimensional projection data (2.8) [Radon, 1917;
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Herman, 1980; Jain, 1989]. The Inverse Radon Transform provides a means by which an 

image can be reconstructed from its projection data (2.9) [Radon, 1917; Herman, 1980; 

Jain, 1989].

g(s,Q) = U  f(x,y) d(x cos 9 +y sin Q - s) dx dy (2.8)

f(x,y) = (l/2n2) J  J (d/9s /  (X cos Q + y sin 9 ) ds d e  (2-9>

Each projection data value can be mapped into the Radon domain using polar coordinates 

where s is the distance of the projection line from the center of the object being imaged 

and 9 is the angle of the projection (Fig 2.5).

9Î

X

Figure 2.5 Mapping a Parallel Projection into the Radon Domain
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A set of parallel projection data corresponds to a line through the origin of the Radon 

domain. The projection data collected in tomography is typically discrete, therefore, the 

Radon Transform equation is written in a discrete form (2.10).

= \ \  fix,g*(kAs,qAQ) = J  J  f(x,y) 8(x cos qAQ + y sin qAQ - kAs) dx dy (2.10)

Due to the complexity of the Inverse Radon Transform, it is not a feasible means 

of directly reconstructing an image from its projection data. However, since the 

projection data is discrete, the inverse Radon transform can be accomplished using a 

combination of two transformations which are more easily implemented. First, the 

projection data g*(kAs,qA9) is differentiated with respect to s. This is achieved by 

convolving each set of parallel projections with the impulse response of a digital 

differentiator (2.11). Then, each of the parallel projections is back projected from the 

Radon domain into the spatial domain producing a reconstructed image (2.12). The 

combination of these two transformations is called convolution back projection (Fig 2.4).

g*(kAs,qA$) = g*(kAs,qAQ) * h(s) (2.11)

f(A x,A y) = J  d/fo g*(x cos(qAQ) + y  sin (qAQ), qAQ) dQ (2.12)

Convolution back projection is efficient computationally and offers high fidelity closed 

form reconstructions. This is why it is now the most commonly used method of image 

reconstruction in medical tomography. A detailed proof of the convolution back 

projection method is given in Jain, 1989.
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g*(kAs,qA6) f(Ax,Ay)
Differentiator Back Projection

Figure 2.6 Block Diagram of an Implementation of the Inverse Radon Transform

An alternate closed form technique used to reconstruct an image from projection 

data is the Fourier Slice technique [Mersereau & Oppenheim, 1974; Herman, 1980; Jain, 

1989]. This can be accomplished by taking each set of parallel projection data 

g*(kAs,qAQ), performing a one-dimensional Fourier transform with respect to s, and 

mapping the transformed data into the two-dimensional Fourier domain at the same 

location that it would be located in the Radon domain (Fig. 2.7). Once all of the 

projection data has been transformed and mapped into the Fourier domain, an inverse 

two-dimensional Fourier transform will reconstruct the desired image in the spatial 

domain. The Fourier Slice technique would be superior to convolution back projection 

except that the projection data in the Fourier domain is in polar coordinates. An efficient 

two-dimensional inverse Fourier transform algorithm requires the data in the Fourier 

domain to be in cartesian coordinates so that the inverse transform can be separated into 

two one-dimensional inverse Fourier transforms. Therefore, cartesian data in the Fourier 

domain must be interpolated from the polar data. Interpolation is both time consuming 

and it introduces an estimation noise. Consequently, the Fourier Slice technique is more 

problematic than convolution back projection [Mersereau & Oppenheim, 1974].
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l-D  Fourier Transform

Figure 2.7 Similarity Between Projection Data in the Fourier and Radon Domains

The technology and computational methods of medical tomography today has 

increased to a level where real time three-dimensional images can be created [Fitzgerald, 

1991]. This allows physicians, for example, to observe a patient’s heart beating without 

internal probing. In other fields, tomographic techniques are less spectacular, but the 

superb accomplishments obtained in medical tomography have been a motivating factor 

for continuing research.

2.3 Electromagnetic Tomography of Buried Geological Structures

A fascinating use of tomography is the imaging of buried geological structures. 

While different body tissues absorb varying amounts of X-rays, different minerals and 

rock types have contrasting electrical properties which attenuate and change the phase of
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transmitted sinusoidal continuous EM waves. For nonferrous rocks the relative 

permeability is generally unity. Since EM geotomography is not typically used to image 

ferrous bodies, the only two electrical properties that are considered to affect the 

electromagnetic propagation are the conductivity and the permittivity of the medium 

[Stolarczyk, 1992]. Measurements have shown that the conductivity of rocks varies 

between 10'^ and 10 Siemens/meter and that the relative permittivity varies between 1 

and 100 [Stolarczyk, 1992]. The larger range of conductivity is one of the reason why 

most geological tomograms only present values of conductivity.

2.3.1 Propagation of Electromagnetic Waves in Slightly Conducting Media

Electromagnetic waves are rapidly attenuated in a conducting medium. The rates 

of attenuation are less rapid for media which are "slightly conductive". The equations 

which portray the propagation of EM waves in slightly conducting media are derived 

from Maxwell’s equations [Kraus, 1973]. Maxwell’s curl equations for a wave traveling 

in the x  direction gives

Differentiating (2.13) with respect to t and (2.14) with respect to x  and eliminating Hz 

gives

(2J3)

(2.14)

(2.15)
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Assuming harmonic variation in K, consistent with a sinusoidal continuous wave source

E = E  (2.16)
y  o

Substituting (2.16) into (2.15) gives

^ Ey/ \ id x 2 +  ~  > a ^ =  0 (217>

With rearranging this becomes

d Eyfox 2  -  (ycoojLi-  co2£jLi) E ^ = 0  (2.18)

Solving (2.18) for gives

£■ = E0e^~  y 2 = ycoa|Li -  co2£JLL (2.19)

In terms of the phase and attenuation constants p, a  equation (2.19) can be written as

E  = E e (a + ®)2L (2.20)
y o

The following relationships can be derived from (2.19) and (2.20)

y = a + j $  (2.21)
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a  + $  = V (j(ûO[l -  (02£jLi) (2,22)

From these equations the following two expressions (2.23, 2.24) can be derived. These

were first derived in 1882 by Heaviside to compute the propagation constants a  and (3 of

a slightly conducting medium. [Stolarczyk, 1992]

a = co[e g / 2 ( [ l  +  0 7 e c û )2] ,/2-  o r  f2.23,

p = c o [ ^ / 2 ( [ l  +  O V e o O T  + O F  (2.24)

An important relationship in EM propagation is the fraction (a  /cue) which is 

known as the loss tangent [Dines & Lytle, 1979; Stolarczyk, 1992]. If the loss tangent is 

much greater than unity, conduction currents3 predominate in the rock mass and 

Heaviside’s equations can be approximated by equation (2.25).

a = p = [a^to / 2 ]l/2 ( 2 ' 2 5 >

If the loss tangent is much less than one, displacement currents4 predominate in the 

rock mass and the propagation constants are approximated by equations (2.26) and (2.27) 

[Stolarczyk, 1992].

a  = (188.3 a )  / e i/2 (2,26)

P = a>[|ie]1/2 (2.27)

3 Current flow similar to that in a conductor (external field effect)
4 Current flow similar to that in a resistor (dissipative)
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Another important relationship is the ratio (cc/p) which is closely related to the 

loss tangent. From Heaviside’s equations it is easy to see that values of (a/p) can only 

vary between zero and unity. Further, values of (cc/p) close to unity occur when 

conduction currents predominate and values close to zero occur when displacement 

currents predominate. This is a valuable result because the average (cc/p) of the 

projection data that is collected describes the general properties of the rock mass to be 

imaged. This a priori knowledge is useful in the reconstruction of the image.

Current practices in geotomography usually assume that conduction currents 

predominate in the rock mass to be determined. This establishes the assumption that the 

attenuation and phase constants are equal. Consequently, image reconstruction can be 

performed from the collection of projection data based only on the attenuation properties 

of the medium [Dines & Lytle, 1979; Stolarczyk, 1992].

2.3.2 Data Collection

Because they are buried, most geological structures do not offer an accessible 

means for collecting projection data from multiple directions. In many cases, it is 

required to drill boreholes on either side of the plane to be imaged (Fig. 1.1). Such a data 

collection setup will yield useful reconstructed images, but the images are usually not 

entirely accurate since the collection of projection data is restricted at certain angles. In 

some cases it is possible to collect data from three or four sides. For instance, if it is 

desired to reconstruct an image of a region of a mine that has tunnels encircling the rock 

mass in question, a complete set of projection data can be obtained. In these cases it is 

possible to reconstruct images with higher fidelities [Stolarczyk, 1992]. This work is 

only concerned with the cross-hole data collection geometry.

Because electromagnetic waves are rapidly attenuated (typically 4dB/m) when
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propagated through a rock mass, it is necessary to use a receiver that has sufficient 

sensitivity to detect very weak signals. This is accomplished by transmitting a sinusoidal 

EM signal and receiving the signal with synchronous detection within a bandwidth of 

approximately 1 Hz. Such a narrow band is very effective in reducing the noise energy to 

the extent that very weak signal can be discerned above background noise. Thermal 

activity, shot noise and the presence of small amounts of radioactive materials produce 

small levels of background noise. The energy of background noise is typically very 

small, however, it is necessary that the signal received be considerably stronger than the 

background noise. This criterion can be achieved by either reducing the distance between 

the boreholes or by reducing the frequency of the transmitted waveform. It can be seen 

from Heaviside’s equations that decreasing the signal frequency will lower the rate of 

attenuation of the medium (Fig. 2.8) [Stolarczyk, 1992].

a (  Nepers/m)
4

3

2

1

0
4 5 6 7 8 Log10(frequency)

Figure 2.8 Log Plot of Attenuation Rate Versus Frequency for Sandstone
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The antennas used in electromagnetic geotomography are ferrite loaded magnetic 

dipoles. Typical antenna specifications are provided in Appendix A. The vertical 

separation distance between the transmitter and receiver positions determines the boxel 

sampling size of the image to be reconstructed. It is typical in practice to have two 

transmitter and receiver positions for each row of boxels (Fig 2.9). Such a scanning 

geometry increases the number of lines which intersect each boxel, consequently, the 

number of independent equations increases relative to the number of unknowns thus 

improving the fidelity of reconstructed images.

T X

C o n t r o l  
U n i t

Figure 2.9 Boxel Grid Determination 

Once a set of transmitter and receiver locations have been determined to satisfy
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the desired boxel sampling size of the image, the transmitter and receiver are moved to 

their top positions. While keeping the transmitter in its original position, the receiver is 

moved through each of its positions. The process is repeated for each of the transmitter 

positions in order to collect all of the accessible projection data for a reconstruction. At 

each set of transmitter and receiver positions, a sinusoidal signal is transmitted and 

acquired by the receiver. The control unit compares the transmitted and received signals 

and records the total path attenuation in dB, the phase change in electrical degrees and the 

positions of the transmitter and receiver. To eliminate EM coupling by cable, the 

transmitter and receiver are connected to the control unit using fiber optic cables 

[Stolarczyk, 1992].

2.3.3 Data Processing

Because the transform methods require a complete set of projection data, the 

reconstruction of images in electromagnetic geotomography cannot be performed with 

transform methods unless a complete set of projection data can be obtained [Mersereau & 

Oppenheim, 1984]. However, the algebraic methods only require enough projection data 

from different projection lines so that the projection matrix is not underdetermined. The 

projection data collected from a geotomographic scan can satisfy the criterion for the 

algebraic methods, and consequently geotomographic image reconstruction is achieved 

through the algebraic methods. The first task in the reconstruction of a geotomogram 

from projection data is the evaluation of the projection matrix A. Each row i in the 

projection matrix corresponds to a projection line from which data was collected. Each 

column j  in the projection matrix corresponds to one of the boxels in the image to be 

reconstructed. For each of the projection lines, the distance of intersection between that 

line i and each of the boxels j  is calculated and stored in the appropriate cell Ay of the
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projection matrix [Censor, 1983]. Since each of the projection lines only intersects a 

small fraction of the total number of boxels, the projection matrix will contain mainly 

zero entries. As a result, the projection matrix is quite sparse.

The projection vector y is computed from the recorded projection data using 

equation (2.1). An initial estimate of the image vector x can be computed by finding the 

average rate of attenuation from all of the projection data and setting each value in the 

image vector x to that average attenuation rate. The projection matrix, initial estimate of 

the image vector, and the projection vector establish the data needed to begin the ART 

iterations. Each iteration, as described in section 2.2.1, consists of taking the inner 

product of each row in the projection matrix with the current estimate of the image vector 

x. This process is crudely analogous to forward modelling an electromagnetic ray 

propagating through the present estimate of the image. The value from the inner product 

of each row of the projection matrix with the current estimate of the image vector is 

compared with the appropriate recorded projection data value in the projection vector.

The difference is weighted, multiplied by the appropriate row of the projection matrix and 

added to the image vector. This process is repeated for each of the projection lines. At 

the end of the iteration, the difference between the vector y’ of projection lines artificially 

propagated through the new image estimate is compared with the projection vector y. If 

the error is larger than a user set limit, the process is repeated. Iterations continue until, 

the error is satisfactorily small. After ART converges it is sometimes useful to filter the 

image using a nearest neighbor interpolation to reduce any high frequency noise that may 

have been introduce through the iterations [Herman, 1980; Han, 1989].

The image vector converged upon by ART is a set of values describing the 

average attenuation constant in each of the boxels. These values can be used to compute
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an average value of conductivity for each of the boxels in the reconstructed image using a 

backwards modelling equation (2.28).

This equation requires a priori knowledge of the permittivity 8 in order to compute 

conductivity a. Although values of permittivity are not known, it is common practice to 

use a value of 10 for the relative permittivity of each boxel. Variations between the 

actual relative permittivity of the boxels and the estimated value produce errors in the 

computed values of conductivity, and consequently an additional noise is introduced into 

the reconstructed image. After the geotomogram has been reconstructed, it is common 

practice to consult a geologist to interpret the results and offer an expert assessment on 

the extent and characterization of the buried geological structures [Stolarczyk, 1992].

2.4 Present Methods of Noise Estimation

Presently, three sources of noise in the geotomographic imaging process are 

considered. These noise sources are due to imprecise projection data measurements, 

iteration approximation, and the assumption that the electromagnetic energy propagated 

in straight lines.

Measurement noise varies based on the accuracy and precision of the 

instrumentation used to collect the projection data. Although the instrumentation does 

introduce some noise, it is typically quite accurate and any errors in recorded magnitude 

or phase change are small [Appendix A]. Consequently, the energy of the measurement 

noise is very slight and proves to be rather insignificant iri comparison with the other 

noise sources [Stolarczyk, 1992].
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Since the image vector is approached iteratively rather than in a closed form, 

iteration noise is introduced into the image. It was explained earlier that ART uses the 

magnitude of the error 11 y - Ax’ 11 as a criterion to determine if additional iterations are 

required. This error represents the deviation between the image vector estimation and the 

measured projection data. The ART iteration error decreases exponentially (Fig 2.10) 

therefore, it is practice to run ART until most of the error is eliminated, but terminate 

once the rate of decrease in error is negligible.

I I Ax’ - y | |

1 . 4

1 . 3

1.2

1.1

1
0 2 4 6 8 10 # iterations

Figure 2.10 Exponential Decay of the ART Iteration Error Converging on a Minima

Once the ART iterations have been terminated, some residual error I I Ax’ - y| I 

still exists as noise energy in the reconstructed image. If the solution that is converged 

upon is the global minimum, then the ART iteration noise energy is quite small. 

However, if the solution is a local minimum, then the noise energy could be quite 

significant [Herman, 1980; Censor, 1983].
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In order to model geotomographic inversion as the linear algebraic system Ax = y, 

as discussed in Section 2.2.1, it is necessary to assume that the electromagnetic energy 

travels in straight lines between the transmitter and the receiver. Actually, the 

propagation of the electromagnetic field is somewhat erratic and differs for each 

projection line. The straight line assumption has been a major source of criticism about 

EM geotomography. To justify this assumption, a Fresnel scattering ellipse has been 

used (Fig 2.11) [Hill, 1991]. The Fresnel ellipse is used to justify the straight ray 

assumption because it simplifies the calculations.

d  - diameter of the minor axis of the ellipse 
/ - length of the major axis of the ellipse 
r - path length of a received signal

Figure 2.11 The Fresnel Scattering Ellipse

The Fresnel scattering ellipse compares the amplitude of a primary signal which follows a 

straight line path with the amplitude of a secondary signal which is reflected and 

consequently follows a longer path resulting in more attenuation than the primary signal. 

The positions of the transmitter and receiver are considered to be at the focal points of the
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ellipse, consequently, every secondary signal that is reflected off the boundary of the 

ellipse travels through the same distance. The objective of the model is to find the 

diameter of an ellipse such that the secondary signal is attenuated by 20dB. Any 

secondary signals that are attenuated by more than 20dB are considered negligible, 

therefore, the electromagnetic energy is considered to be contained within an elliptical 

"ray" or "beam". If the diameter of the ellipse is very small, then the straight ray 

assumption is reasonable. The diameter of the ellipse is derived as follows:

Electromagnetic waves are attenuated in two ways. First, scattering reduces the 

signal amplitude in proportion to the distance of propagation. Also, the signal amplitude 

is reduce exponentially as a function of distance of propagation and the attenuation rate a

(2.29) [Stolarczyk, 1992].

Taking 20 times the logarithm of (2.29) expresses the amplitude attenuation in dB

For the primary signal, the diameter is equal to zero, therefore, the distance of 

propagation is equal to the length of the major axis of the ellipse. The attenuation of the 

primary signal in dB is

(2.29)

2<>logI0[ 1/ r e'a r ]  dB (2.30)

dB (2.31)



T-4384 41

The attenuation of the secondary signal in dB is

20logw[e ]  dB (2.32)

It is desired that the secondary signal be attenuated by 20dB more than the primary signal 

which gives

20logjo[e 'ar/ r ]  dB ~ 20logw[e / J  dB =  - 20dB (2.33)

logw[ e 'ar/ r ]  dB -  l o g j e ^ / j  dB = - IdB (2.34)

log ,0[e °r / r ]  dB + IdB  = loglg[ e 'al/ l ]  dB (2.35)

1 0 [ e ^ / r ]  -  [ e ^ / J  (2.36)

10 = [ r/ ,  ]  [ e /e  "“ ' 7  (2.37)

- a /  c / -arSince r/1 is insignificant compared with / e the first term can be dropped before 

taking the natural log of both sides

2.3 > cc(r - 1) 

r  <  2 .3 / a  + I

(2.38)

(2.39)
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From Pythagoras

d2 = t2 . f i  (2.40)

d  < ^1(4.61/ a +  5 .2 9 / a 2) (2.41)

If the distance between the transmitter and receiver is 100 meters and the average 

attenuation rate of the rock mass is 1 Neper/meter, then the diameter of the ellipse would 

be slightly less than 21.6 meters. These results do not confirm that the electromagnetic 

waves propagates in narrow beams, however, the effects of scattering due to reflection at 

the ellipse boundary have been neglected in the above analysis. To compensate for this, 

it is assumed that the loss of a secondary signal due to scattering is typically 20dB. 

Therefore, any secondary signal is attenuated by nearly 20 dB, forcing the elliptical beam 

to be very narrow. For example, if the loss due to scattering were 19dB, the distance 

between transmitter and receiver is 100 m, and the average attenuation rate is 1 

Neper/meter, then the diameter of the ellipse would only be 4.8 meters, consequently, the 

elliptical beams would be relatively narrow [Hill, 1991; Stolarczyk, 1992]. If the ellipse 

diameter is 4.8 meters then an appropriate boxel sampling size is (5m x 5m).

2.5 Other Areas of EM Geotomographv Research in Progress

Because the field of EM geotomography is still maturing, many different research 

directions are being pursued in an attempt to improve the process. To demonstrate the 

types of research being conducted several examples of research in progress are provided 

here.

Gregory Newman at Sandia National Laboratories in New Mexico, is working on 

inverting EM geotomographic data using the wave equation and Green’s functions to 

produce near true three-dimensional reconstructions. This method eliminates the
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assumption that the electromagnetic waves follow straight rays, and consequently the 

noise due to ray path scattering is essentially eliminated. The adverse effect of this 

technique is the loss of a simple linear algebraic forward model. Rather than performing 

simple inner products of two vectors, each iteration of the forward model propagates 3-D 

electromagnetic waves through the model’s present estimate of the image. This more 

elaborate forward model requires far more computations, and therefore the time to 

reconstruct images is often orders of magnitude greater than with the linear algebraic 

model. However, with advancements in computer processing speeds, time consumption 

is becoming less of a constraint. The results from this more complicated forward model 

appear to be promising. It will be interesting to see a comparison of two images 

constructed with the same projection data, where one image is reconstructed with the 

linear algebraic forward model while the other image is reconstructed using Newman’s 

more sophisticated forward model. Such a comparison will shed more light on the 

validity of the straight ray assumption [Newman, 1992]. Newman’s work is an 

elaboration of the extensive research performed by Devaney in diffraction tomography. 

Devaney’s techniques seek to invert the wave equations portraying propagation in a 

heterogeneous medium [Devaney, 1984].

Researchers at the Commonwealth Scientific Institute and Research Organization 

(CSIRO), under the direction of Peter Hatherly, in Australia have been working on a 

hypothesis testing system for EM geotomography. In this system the user creates an 

image which is expected to represent the buried geological structures in question. The 

model then propagates waves through the hypothesized medium and compares the 

computer generated data with real data collected from the site. Such a system is a 

valuable application of geotomography because it allows site geologists to confirm their 

predictions of the buried geological structure and present results with a higher level of 

confidence [Stolarczyk, 1992].
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Tony Nekut, at Amoco Production Company, is investigating the use of 

electromagnetic geotomography to monitor secondary oil recovery. In the process of 

secondary oil recovery, a fluid is injected into the site to float the petroleum out of the 

well. Tony Nekut has been investigating using two fluids with different electrical 

properties and alternating which fluid is pumped into the well. This enables high 

resolution in geotomographic scans which can be used to visually monitor the secondary 

recovery process [Nekut, 1992].

Chien-Kuo Han has investigated the use of both electromagnetic and seismic 

tomography to obtain temperature information about a buried geological structure. This 

information can be used to monitor the process of in-situ coal mine gasification. His 

results show how the process of electromagnetic geotomography can be integrated with 

other imaging techniques to provide new forms of information [Han, 1989].

Larry Stolarczyk has investigated the use of electromagnetic geotomography to 

monitor the blast front of a subsurface nuclear detonation. In the early stages of research, 

the tomographic method appeared to provide higher accuracy results than the previously 

used methods of subsurface blastfront monitoring [Stolarczyk, 1992].

In addition to the specific cases given above, many researchers are investigating 

subjects such as non-rectangular scanning geometries, waste plume monitoring, and 

nuclear waste storage heat pump effects, among others. Being a science which has not 

yet fully matured, electromagnetic geotomography has many applications and techniques 

which have not yet been discovered [Devaney, 1984; Howard & Kretschmar, 1986; 

Mikhael, et. a l ,  1987; Middleton & Jiang, 1988; Middleton & Jiang, 1990; Tweeton, 

1990].
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Chapter 3

CHARACTERIZATION OF NOISE PHENOMENA IN GEOTOMOGRAPHY

3.1 Introduction

Investigations have identified six sources of noise which degrade the fidelity of 

images produced by electromagnetic geotomography. The characterization of these noise 

phenomena is presented in the following order:

Noise due to:

Measurement 

Discretization 

Ray Path Scattering 

Incomplete Projection Data 

Iteration Approximation 

Backward Modelling

To conclude this chapter, all of the noise sources are combined into one noise 

characterization model which demonstrates how each of these noise sources degrades the 

fidelity of the reconstructed image. The relative noise contributions are described in the 

two-dimensional Fourier domain.

The Fourier domain is used for three reasons. First, all of the noise sources can be 

represented in the Fourier domain. Certain noise sources, such as the noise due to 

incomplete projection data, are very difficult to characterize in the spatial domain.
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Missing projection data affects the spatial domain in a complicated manner. Each 

complete parallel projection contains some information about every boxel in an image. 

Displaying and characterizing this noise in the spatial domain is not very insightful. 

However, each parallel projection corresponds to a particular line through the origin of 

the Fourier domain. Displaying this noise in the Fourier domain produces a graphic that 

quickly explains in what manner and the degree to which the image fidelity is degraded.

Secondly, a similar equation is used to calculate the signal to noise ratio in the 

spatial domain (3.1) that is used to calculate the signal to noise ratio in the Fourier 

domain (3.2). Both of the equations represent ParsevaFs Power Theorem [Dudgeon, 

1984]:

JJ* I ï(x,y) I ^ dx dy f signal energy of the image/

s n r  =  lOlogjQ  ------------------------------------------------------------------------ dB (3.1)

J/ I n(x,y) | ̂  dx dy (noise energy of the image}

4̂K2j j  | F(CÛj,CÙ2 )  I ^  dCù^ d(£>2 (signal energy of the image}

s n r  =  10 log 7 0  ----------------------------------------   dB (3.2)

^ f î  | A/YcOj, ÜÙ2) I ^  d(Û j d0&2 (noise energy o f the image}

Since ParsevaTs Power Theorem expresses energy equality in the spatial and Fourier 

domains, the signal to noise ratio can be computed as easily in the Fourier domain.

Finally, computation of the signal to noise ratio for an unknown image is not a 

feasible task. To overcome this, the characterization is based on the energy spectral 

density of noise. The energy spectral density of noise expresses the "average" noise that 

will be introduced into the "average" image. Computing the noise energy for every
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possible image would be impractical, therefore, a phantom conductivity image is used 

which is assumed to represents the energy density spectrum of all the possible images. 

This phantom conductivity image is an impulse in the spatial domain o(x, y) which 

"stresses" the process such that the meaningful signal energy of the image is distributed 

equally across all wavenumbers in the Fourier domain Ç( C0j, c^) (Fig 3.1).

The representation of noise in the two domains is quite different. In the spatial 

domain, the noise is represented as deviations between the reconstructed values for each 

boxel and the true values. In the Fourier domain the noise is seen as varying attenuation 

or corruption of meaningful signal energy at certain wavenumbers. Although the Fourier 

representation is not consistent with the common perception of noise, most of the noise 

effects in geotomography are due to a loss of meaningful signal energy, which is more 

descriptively presented in the Fourier domain.

Spatial (Image) Domain Fourier (Wavenumber) Domain

1 . 2 5 '0 . 7 5 ] 10
0 . 7 50 . 2 5 1

1010

Figure 3.1 Phantom Image in the Spatial and Fourier Domains
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3.2 Noise due to Measurement

The instrumentation used to record the attenuation and phase lag of the received 

signal can only record data with a certain level of precision. The level of precision 

depends on the instrumentation used and will vary for different instrumentation systems. 

In order to assess the measurement noise for a given geotomographic instrumentation 

system it is necessary to know the instrument precision. Consistent with state-of-the-art 

tomographic instrumentation [Appendix A], a system can record a signal’s attenuation to 

within 1 dB and phase lag within 1 electrical degree. Typical measured values of phase 

lag are between 360 and 1080 electrical degrees and the measured values for attenuation 

range between 50 and 150 dB. Instrument precision contributes a noise energy in the 

order of about ±0.2% of the measured signal energy for phase lag, and about ±0.5% of 

the measured signal energy for attenuation [Stolarczyk, 1992].

To see how noisy measured projection data affects the representation in the 

Fourier domain, it is useful to look at a complete set of parallel projections. Each of the 

values in a parallel projection has an effective error bar that surrounds the data point by 

±1.0° or ±1.0 dB (Fig 3.2). Since the error is random and the data is discrete, the 

contribution to the noise density spectrum can be considered to be additive white noise 

which is represented by a horizontal function through the origin of the Fourier domain at 

the appropriate angle corresponding to the angle of the projection. This expands to a 

plateau in the two-dimensional Fourier domain when all projection angles are included.

For a parallel set of phase data, the noise energy of the plateau in the Fourier 

domain would be the precision of the phase data divided by the average recorded phase 

lag values of the projection data (3.3). A similar computation would be used for the noise
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energy due to attenuation measurements (3.4). Because measurement noise offers such a 

small contribution to the overall noise energy, it is adequate to compute the average 

measurement noise energy for an entire image and use that value for every point where 

projection data was obtained in the Fourier domain.

Nm(phase) = phase precision /  average phase value (3.3)

Nm(attenuation) = attenuation precision / average attenuation value (3.4)

Nm = noise due to inaccurate measurments

Data Value 
Error Bar

Figure 3.2 Measurement Noise for a Parallel Projection

The average recorded values for attenuation and phase lag can either be computed for the 

projection data from a particular scan, providing a noise energy contribution specific to a 

particular image, or the average values can be determined from the range of the 

projection data collection instrumentation, providing a general noise energy contribution 

specific to the instrumentation system used.
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3.3 Noise due to Discretization

Discretization has the effect of bandlimiting the information-bearing signal, with 

the consequence that information at high wavenumbers is lost and images are degraded. 

In a broad sense, this degradation can be assimilated to a noise phenomenon which has 

the same effect. If the images that are reconstructed through geotomography were 

continuous, then discretization noise would not degrade the images. However, using 

computed tomography, it is impossible to create a continuous image because it would 

require an infinite amount of projection data and an infinite amount of time to reconstruct 

the image. Instead, an acceptable boxel sampling size is determined and sufficient 

projection data is collected to reconstruct an image with the desired boxel sampling size. 

The noise introduced through discretization is not additive. Rather, when data is sampled 

the resulting signal energy is bandlimited . During zero order hold of the reconstructed 

image, the image must be low pass filtered to prevent aliasing. High wavenumber signal 

energy will be lost during low pass filtering. Any lost signal energy is considered to be 

an added noise energy, because the Fourier domain is vacated over this range of 

wavenumbers.

The representation of discretization noise is very straightforward in the Fourier 

domain. Smaller sized boxel sampling retains higher wavenumber signal energy 

[Dudgeon & Mersereau, 1984]. The signal energy that is lost due to discretization is at 

higher wavenumbers, consequently, if an image is discretized into square boxels the 

result is a loss of all meaningful signal energy outside of a circle in the Fourier domain 

(Fig 3.3). The bandlimiting radius is dependant upon the boxel sampling size of the 

discretized image. As the sampling size is decreased, the bandlimiting radius increases.

The choice of boxel sampling size is very important in geotomography. A boxel
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sampling size should be chosen that is small enough to locate the desired features, 

however, if a sampling size is chosen which is much smaller than necessary, then the cost 

and time to reconstruct the image will increase dramatically.

Ç(<ùi,(ù2)

Figure 3.3 Bandwidth in the Fourier Domain Within Which Signal Energy is
Meaningful

Although the noise introduced through discretization might appear to be a 

significant issue, the actual implications of this noise are not very significant. In practice, 

the boxel sampling size is chosen such that the features of interest will still be 

distinguishable. Therefore, any signal energy that is lost due to discretization is not 

considered to be meaningful. Consequently, it is practice to consider only the 

bandlimited wavenumbers as the original signal to be recovered.
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3.4 Noise due to Rav Path Scattering

The degree of validity of the straight ray approximation to the actual propagation 

of an electromagnetic wavefront in a heterogeneous medium is uncertain. The straight 

ray simplification does induce noise, but the noise energy has not been determined 

quantitatively. Experience has demonstrated that image reconstruction based on the 

straight ray approximation can still produce useful results. The difficulty of 

characterizing the noise energy due to ray path scattering has led others to investigate 

reconstruction techniques which do not make any simplifications about the propagation 

of the electromagnetic waves [Newman, 1992]. This work incorporates a signal 

processing approach to identify how the straight ray model differs from the actual 

propagation of the electromagnetic waves.

Rather than attempting to prove the validity of the straight ray assumption, this 

section investigates the wavenumber response of the received signal. If the straight ray 

assumption were truly valid then the received signal would be altered only by the geology 

prevailing along the line between the transmitter and the receiver. Since the straight ray 

assumption is not truly valid, the received signal is a combination of numerous rays that 

have been altered by an elliptical volume of geology. When a ray is altered by the 

geology that it propagates through, it is considered to contain information about that 

geology. Therefore, the received signal for a projection point contains information about 

a significant volume of geology. The spatial variation of geological information 

contribution of the received signal is the impulse response of the effects due to ray path 

scattering. A Fourier transform of the impulse response generates the wavenumber 

response due to ray path scattering. The wavenumber response demonstrates that the 

effects of ray path scattering is to low pass filter sets of parallel projection data.
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This work expands from Hill’s Fresnel scattering ellipse model, discussed in 

Chapter Two, looking at a complete set of ellipses with similar major axis lengths /, but 

minor axis length d  varying from zero to the length of the major axis (Fig. 3.4).

d
A

Figure 3.4 Ray Path Scattering Model Based on a Set of Fresnel Ellipses

From this new scattering ellipse model, a function is derived (from 2.29) that describes 

the electromagnetic energy density as a function of the minor axis d, or diameter, of the 

Fresnel ellipse (3.5).

ed(d) = l /r e - (r 'P ln> (3.5)

ed(d) = energy distribution as a function o f diameter d

r = length o f the secondary path

pin = path loss in Nepers o f the straight ray

pldB  = path loss in dB o f the straight ray

r T.,„0 iMESUBMWwE§.
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Two curves have been produced from equation (3.5), one with a straight ray path loss in 

dB (pldB) of 40 dB (Fig. 3.5) and another with a pldB of 140 dB (Fig. 3.6). The values 

of pldB used in this characterization were chosen because the represent the upper and 

lower limits for typical data collection instrumentation. In these two curves, the d-axis 

corresponds to the d-axis as shown in Fig. 3.4.

It can be seen that a higher pldB causes the energy density function to decline 

more abruptly as a function of diameter. A higher pldB corresponds to a higher 

attenuation rate, therefore, secondary rays which travel through a medium with a higher 

attenuation rate will be more attenuated than secondary rays propagating the same 

distance through a medium with a lower attenuation rate.

From these curves, the advantage of maximizing the pldB can be seen. The more 

secondary rays are attenuated, the less information they contribute to the received signal. 

Consequently, the majority of the received signal contains information about the geology 

prevailing along the straight ray. However, the magnitude of the pldB is constrained by 

the range of the projection data collection instrumentation. The instrumentation used 

today has a commendable range of about 170 dB [Stolarczyk, 1992]. This suggests that 

the noise due to ray path scattering cannot be eliminated by maximizing the range of the 

instrumentation, however, it is valuable to know the benefits of using the full range of the 

data collection instrumentation.
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Figure 3.5 Energy Density as a Function of Ellipse Diameter - pldB = 40 dB
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Figure 3.6 Energy Density as a Function of Ellipse Diameter pldB = 140 dB
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Once the energy density functions have been computed, it is informative to 

observe where the information for each of the rays was obtained. As an electromagnetic 

wave propagates through rock, the attenuation and phase of the electromagnetic wave is 

changed. Since the rate of change varies for different rock types, the propagating 

electromagnetic wave is considered to receive information from each geological point 

that it propagates through. The energy density functions are based on the furthest point 

along the d-axis that each ray deviates. However, each ray is transmitted and received 

from points where d = 0, therefore, the rays are affected by geologies prevailing at every 

diameter the rays propagate through.

In order to create a function that demonstrates the distribution of information that 

a ray receives from geology located at various distances from the straight ray, the 

following equation is derived (3.6).

id(d) =  ^  ( ed(v)/ v ) d v /  J  ‘ ( e d (v ) /v) dv (3 .6)

id(d)  =  inform ation d istribu tion  as a function  o f  d iam eter

v  =  variab le  o f  in tegration

For a secondary ray that was reflected off of a Fresnel ellipse with minor axis d, 

approximately equal information was obtained from geologies prevailing at all diameters 

(0 - d). For instance, when computing the information obtained from the geology directly 

surrounding the center ray, d « 0, it is necessary to take into account that every ray started 

and ended on the major axis of the ellipse and consequently reflects the character of the 

geology directly surrounding the major axis of the scattering ellipse.

The information distribution equation (3.6) produces a function of diameter where
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every value of d is computed from the contributions of all rays that pass through or touch 

geologies prevailing at that diameter. Each value of id(d) is divided by id(0) to provide a 

function that demonstrates the information received from geologies prevailing at each 

diameter as a fraction of the information received from the geology directly surrounding 

the major axis of the scattering ellipse. The point id(0) requires the calculation of an 

integral of a value divided by zero. This is because the straight ray is entirely contained 

within the center geology and therefore the information from the straight ray does not 

need to be distributed amongst any other diameters. However, this is difficult to 

compute, therefore, an adjustment in the computations must be made. This was 

accounted for by computing the function id(d) over a range from 0.000001 to 1. This 

only tainted the results slightly, but it allowed for numerical integration of the 

information distribution equation. The results of creating id(d) from ed(d) for the energy 

density functions shown previously (Fig. 3.5, 3.6) are shown (Fig. 3.7, 3.8).

These curves show that a majority of the information contained within a 

projection point is influenced by a very narrow ellipse of geology surrounding the straight 

ray. However, some of the information is obtained from geologies located measurable 

distances from the straight ray. This information can be accounted for by making the 

following analogy between ray path scattering and signal processing:

Assume that an ideal set of parallel projections is obtained where the 

electromagnetic energy from each projection point was projected in a straight line. The 

ideal projection data is a vector labelled z. Then, the ideal projection data is filtered, 

using a digital filter with coefficients extracted from the information distribution 

function, to create the real projection data y that has been corrupted with noise due to ray 

path scattering (3.7).
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y  I =  .015 Zj + 2 +  >025 Z} + j  +  .3 Zj +  .025 Zi. ] + .015 _ 2 ... (3.7)
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Figure 3.7 Information Distribution - pldB = 40 dB
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Figure 3.8 Information Distribution - pldB = 140 dB
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This filtering has a similar effect to ray path scattering. Therefore, ray path scattering can 

be conceived as discrete filtering of the projection data (Fig. 3.9). The wavenumber 

characteristics of the filter can be shown by discretizing id(d) and performing a Fast 

Fourier Transform (FFT) of the discretized data. The following two figures (Fig 3.10,

3.11) demonstrate the wavenumber responses due to ray path scattering for two ray paths 

with pldB of 40dB and 140dB consecutively.

Ideal
Projection

Data FILTER
Projection Data 

with Ray Path 
Scattering Noise

 >
impulse response as shown (Fig. 3.7, 3.8)

Figure 3.9 Block Diagram of the Signal Processing Analogy for Ray Path Scattering

The wavenumber responses of these information distributions demonstrate that 

the effect of ray path scattering is analogous to low pass filtering. A similar phenomenon 

can be demonstrated from optics. When an object is imaged using a lens, the image is 

imperfect due to aberrations. The wavenumber response due to the aberrations can be 

determined by imaging a target resolution chart. Features with low spatial frequency can 

still be distinguished in the image, however, as the spatial frequency of features increases, 

the features in the image become more difficult to distinguish.
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Figure 3.10 Wavenumber Response of Ray Path Scattering - pldB = 40dB
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Figure 3.11 Wavenumber Response of Rav Path Scattering - pldB 140dB

The wavenumber response due to the aberrations of a lens is called the
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Modulation Transfer Function (MTF). It is common practice in optics to use the MTF of 

a lens to equalize images for distortion. An inverse two dimensional filter can be 

constructed in the following manner:

The MTF is rotated around the z-axis of the two-dimensional Fourier domain to 

create a two-dimensional wavenumber response for the lens. The wavenumber response 

of an inverse filter can then be constructed by taking the difference between unity and the 

two-dimensional wavenumber response of the lens. A two-dimensional inverse Fourier 

transform provides the impulse response of the inverse filter. This impulse response is 

then convolved with the images, imaged through the lens, to equalize for the distortions 

due to aberrations [Dereniak & Crowe, 1984; Saleh & Teich, 1991].

It can be seen (Fig. 3.10, 3.11) that lower values of pldB cause a greater loss of 

wavenumber signal energy and consequently introduce a greater noise energy due to ray 

path scattering. As the pldB increases, less signal energy is distributed. This provides 

additional support for maximizing the range of the data collection instrumentation. One 

advantage shared by the ray path wavenumber response of most path losses is that the 

high wavenumbers are only partially attenuated. Through further research, a set of 

accurate wavenumber responses could be constructed for several values of pldB. These 

wavenumber responses could then be used to equalize geotomographic images for the 

noise energy introduced through ray path scattering.

The effects of ray path scattering can easily be demonstrated in the two- 

dimensional Fourier domain. By taking the appropriate wavenumber response as shown 

(Fig. 3.10, 3.11), a two-dimensional wavenumber response can be constructed by rotating 

the one-dimensional wavenumber response around the z-axis of the Fourier domain. This 

method is an approximation of the actual noise energy due to ray path scattering because 

the pldB varies for every data point collected in a scan. However, the range of pldB for
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most scans is quite small. Since the wavenumber responses for rays with different pldB 

do not vary greatly, the method of rotation is a fairly good approximation to the 

wavenumber effects of ray path scattering in the two-dimensional Fourier domain. The 

noise energy in the two-dimensional Fourier domain introduced through ray path 

scattering is equal to unity minus the two-dimensional wavenumber response. It should 

be noted that this technique is quite similar to the characterization of aberration noise 

used in optical imaging.

3.5 Noise due to Incomplete Projection Data

The most significant source of noise in electromagnetic geotomography is due to 

incomplete projection data. When compared with the multiple-angle projection data 

required in medical tomography, the projection data that can be obtained from a 2- 

borehole geotomographic scan contains half of the projection angles necessary to 

faithfully reconstruct an image.

For the cross-hole scanning geometry as shown in Figure 1.1, the only obtainable 

parallel projection that is complete is the projection perpendicular to the boreholes. As 

the angle of the parallel projection deviates from perpendicular, the parallel projections 

become less complete due to missing projection points. Because of the scanning 

geometry, there are several angles, such as parallel to the boreholes, at which no 

projection data can be obtained. The missing projection data degrades the fidelity of the 

reconstructed images, therefore, in this characterization the missing projection data will 

be considered a noise source.

The characterization of the noise energy due to incomplete projection data is most 

effectively demonstrated in the two-dimensional Fourier domain. Although it is not 

appropriate to reconstruct geotomographic images with transform methods, the transform
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domains provide a valuable means of visualizing noise energy due to incomplete 

projection data. It was explained in Chapter Two that the data from a set of parallel 

projection at a given angle can be mapped into the Radon domain as a line through the 

origin, normal to the angle of a parallel projection set. Additionally, the parallel 

projection data can be Fourier transformed and the transformed data can be mapped to the 

same line in the two-dimensional Fourier domain as it was in the Radon domain. When 

considering the reconstruction of a square image with projection data taken from a 2- 

borehole scan, it is apparent that the angles of projections cannot exceed ±45°. This limit 

of projection data is demonstrated in the Fourier domain (Fig. 3.12).

N o i s e

N o i s e N o i s e

N o i s e

Figure 3.12 Signal and Noise Locations in the Fourier Domain due to Incomplete

Projection Data
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This limit has been checked with an impulse image reconstructed using ART. A 

geotomographic model was created {Appendix B) and simulated projection data from a 

phantom impulse image was computed and used to reconstruct an image (Fig. 3.13). A 

two-dimensional Fourier transform of the reconstructed impulse image was computed 

(Fig. 3.14).

Original Image Reconstructed image

Figure 3.13 Reconstruction of an Impulse Image using ART

An impulse was used as the phantom image because the two-dimensional Fourier 

transform of an impulse image has equal signal energy throughout the Fourier domain.

It can be seen that the signal energy in the Fourier domain of the reconstructed impulse 

image correlates quite accurately with the limits shown in Figure 3.12. The Fourier 

transform of the image reconstructed using ART does contain small amounts of signal 

energy in the two quadrants that should be vacant. This is because the reconstructed
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image provided by ART is approached iteratively. The ART iteration noise which will be 

described in the next section is random and affects all of the Fourier domain, including 

the quadrants that should be vacant. Figure 3.13 demonstrates that the use of the 

transform methods of image reconstruction is a valid technique to characterize the noise, 

even though the image is not being reconstructed with transform methods.

Figure 3.14 Fourier Transform of an Impulse Image Reconstructed Using ART

As well as limiting the data in the Fourier plane to ±45°, incomplete data also has 

the effect of corrupting most of the other parallel projections that are collected. Except 

for the parallel projection perpendicular to the boreholes, all other parallel projections are 

incomplete (Fig 3.15). For a square image, a complete parallel projection is obtainable 

for the projection that is perpendicular to the boreholes. As the angle of the projection 

deviates from perpendicular, the number of required projection points per parallel
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projection increases, while the number of obtainable projection points decreases. At ±45" 

only one projection point can be obtained.

If the depth of the boreholes exceeds the distance separating them, then more 

projection points can be obtained for each projection angle, and consequently the fidelity 

of the recovered image increases. It would appear that if the depth of the scan was 

greater than the width, then the ±45° limit would not exist. However, typical 

instrumentation is limited by the antenna patterns to recording projection data at angles 

less than or equal to ±45° [Stolarczyk, 1992]. Therefore, the limit shown in Figure 3.12 is 

still imposed.

Control
Unit

TX

RX

Collected Data Missing Data

Figure 3.15 An Incomplete Parallel Projection

If the borehole depths exceed their separation distance, then the number of 

obtainable projection data points versus the number of projection points required for 

complete parallel projections increases significantly for projection angles approaching
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±45° from perpendicular. For instance, if the depth to width ratio were 2:1 then at ±45° 

the number of obtainable projection data point would constitute one third of the number 

of points required for a complete projection, which is a signifanct increase over a single 

projection point.

An example of how the data collected from a rectangular scan would look on the 

Radon plane is shown (Fig. 3.16). Because each set of parallel projection data is Fourier 

transformed before it is mapped onto the Fourier domain, the representation of the noise 

due to incomplete projections is not confined spatially as it is in the Radon domain.
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Figure 3.16 Obtainable Projection Points in the Radon Domain for a Rectangular

Tomogram
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The effects of missing projection points in a parallel projection is similar to 

rectangular windowing of the signal. As the number of missing data points in a parallel 

projection increases, the size of the rectangular window decreases. Because the 

projection data is windowed in the Radon domain, the effect in the Fourier domain is 

convolution of the projection data with the Fourier transform of the rectangular window. 

The Fourier transform of a rectangular window is a sine function (Fig. 3.17).

The characteristics of the sine function varies with the width of the rectangular 

window. If the window spans the entire set of projection data for a particular projection 

angle, then the sine function converges towards an impulse, and consequently the 

projection data at that projection angle is not corrupted. However, if the window is the 

width of only one projection point, then the sine function is a unity plateau in the Fourier 

domain. Convolution with the wavenumber response of this window would result in 

averaging the wavenumbèrs of a parallel projection. The affects of convolution with a 

sine function in the Fourier domain is seen equally by all wavenumbers. As the number 

of missing projection points increases, the distortion of the meaningful signal energy 

increases proportionally. Therefore, the missing projection points from a parallel 

projection can be characterized as noise equally spread along the line that represents the 

parallel projection when transformed to the Fourier domain.

The noise in the Fourier domain due to incomplete projection data is equal for 

every point on the same line through the origin. Consequently, the noise energy due to 

incomplete projection data in the Fourier domain, described by the polar coordinated s 

and 0, can be described as a function of 0 only. As well, since the noise energy in the 

Fourier domain, Np(kAs, qA0), is equal to the value of Np(kAs, qA0 + 7t), the noise in the 

Fourier domain can be described using Np(qA0) over the range -7t/2 < 0 < tl/2.
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Figure 3.17 Wavenumber Responses for Decreasing Rectangular Window Widths
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The noise energy due to incomplete projection data can be described by a one

dimensional curve as a function of 0 by extracting and unravelling the intersection 

between the surface of a cylinder and noise energy due to incomplete projection data in 

the two-dimensional Fourier domain Np(kAs, qA0). The one-dimensional curve would be 

identical for the surface of any cylinder with radius less than or equal to the limit in the 

Fourier domain due to discretization Assuming the Fourier transform of the phantom 

impulse image (Fig. 3.13), the one-dimensional representation of the impulse signal 

energy in the Fourier domain is a horizontal line with a magnitude of unity (Fig. 3.18).

Sp(qA6)

A
1

qA0

Figure 3.18 Signal Energy of an Impulse Phantom Image

The one-dimensional representation of the noise energy of an image reconstructed 

with incomplete projection data is zero at 0 = 0, because the projection perpendicular to 

the boreholes is complete, and unity in the ranges -7uZ4 > 0 > -%/2 and at 7t/4 < 0 < tt/2, 

because projection data cannot be obtained from projections at these angles. The rest of 

the curve is dependent upon the scanning geometry (Fig. 3.19). In Figure 3.19 the
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transition from the noise energy of a complete parallel projection to the noise energy at 

projection angles where projection data was not accessible is presented as linear, although 

this is not actually the case.

Np(qAe)

tc/2- 71/2 — tc/4

qA6

Figure 3.19 Noise Energy due to Incomplete Projection Data

As the angle of the projection moves away from zero by AG, the number of obtainable 

projection points for the parallel projection decrements by one. As well, the number of 

total possible projection points increments by one. If the total amount of meaningful 

signal energy at each wavenumber of any parallel projection is unity, and each point in a 

parallel projection contributes equally to the signal energy, then the noise energy due to 

incomplete projection points for each parallel projection can be computed using the 

following algorithm (3.8). This algorithm combines the noise characterization described 

in this paragraph.
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Np (qAQ) = Np(qAQ + k) = 1 - <w ' + \q\) ( -nJ4 < qA6 < tc/4 ) (3.8)

= 1 ( -k/2 < qA9 < -ti/4 )

= 1 ( n/4 < qA0 < 7̂ 2 )

Figure 3.20 shows the noise energy due to incomplete projection data for a partial set of 

parallel projections (0 < qA9 < ti/4) when w = 100 and (0 < q < 50).
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Figure 3.20 Noise Energy due to Missing Projection Points

Computation of the noise energy contribution due to incomplete projection data is 

a relatively straightforward process. The integral under the curve Np(qA9) must be 

computed. Then, since each line of projection data through the origin of the Fourier 

domain has a constant value, a second integral must be taken over s from -r to r. The 

value r is the radius of the circle of meaningful signal energy in the Fourier plane 

determined by the level of discretization of the image.
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r r r 7V2
noise energy = 1Azr^ J j  J ND(qA0) ^9 dr (3.9)

- r  -tc /2  f

signal energy = Irtzr2 f  s J SD(qA0) <79 dr (3.10)
- r  -tcZ2 f

= 7 (for an impulse phantom image)

With these equations, signal to noise ratios can be computed to estimate the loss of image 

fidelity due to incomplete projection data.

Another important aspect of the noise energy due to incomplete projection data is 

the fact that not all boxels of the image are affected equally. Intuitively, it can be seen 

that boxels near the center of the image will be reconstructed with more accuracy than 

those near the edges of the image. In prior investigations, no comparison has 

quantitatively been made that can produce a confidence grid that compares the signal to 

noise ratio of each boxel in an image.

An explanation of the linearity of projection data between the spatial and Fourier 

domains must be provided before explaining how such a confidence grid can be produced 

using Fourier analysis. Any discrete image can be represented as the sum of 

appropriately weighted and displaced impulses. Also, in view of the linearity of the 

Fourier transform, the two-dimensional Fourier transform of any discrete image can be 

presented as the sum of the Fourier transforms of each of the weighted and displaced 

impulses that make up the image [Dudgeon & Mersereau, 1984]. As a consequence, a 

boxel fidelity grid can be computed using noise characterization in the Fourier domain 

that is similar to the characterization that was used to computed the noise energy due to 

incomplete projection data for an entire image. The difference between the noise
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characterization for each boxel versus the noise characterization for the entire image is 

that with each boxel, the parallel projections at varying angles either intersect the boxel or 

they do not. Rather than computing the fraction of missing points for each parallel 

projection, intersection of the parallel projections with the boxel must be determined. If 

any ray path within a parallel projection intersects a given boxel then it is considered that 

the parallel projection contains all of the possible signal energy of that boxel. However, 

if  none of the ray paths from the parallel projection intersect the boxel then the parallel 

projection contains no signal energy from the boxel (Fig. 3.21).

Np(qA6)

®min 'max

- tt/ 2 - tc/4 n/4 n/2

qAG

Figure 3.21 Noise Energy for an Individual Boxel

The creation of Np(qA9) for an individual boxel is less complicated than for an entire 

image. 6max is the angle of the parallel projection with the greatest angle which 

intersects the boxel. 0min is the angle of the parallel projection with the smallest angle 

which intersects the boxel. The computation of the noise energy of a given boxel can be

,,mpnM“ 3" sssssr-
GOLDEN, CO 80401
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noise energy = (T - (Qmax - 6mz„)Ai: J

The signal energy for every boxel is unity. The combinations of these two simplified 

computations results in a method to create a fidelity grid for the boxels of an image. For 

a two borehole scan, - 0 cannot exceed 90°. For boxels at the center of the
nlCLK m i n

image, the range of angles of parallel projections that intersect the boxels approaches 90°. 

At the edges of the image, some boxels only have a few projections at similar angle 

which intersect them. Consequently, the noise energy of these boxels is much higher 

than the noise energy of the boxels at the center of the image (Fig. 3.22).

Black - Low Noise Energy White - High Noise Energy

L ---- -

«

Figure 3.22 Noise Energy Distribution of the Boxels in an Image Reconstructed from a 

Two-Borehole Geotomographic Scan with Vertically Drilled Boreholes
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3.6 Noise due to Iteration Approximation

The ART algorithm is an iterative technique of solving the system of linear 

equations Ax = y for x when A and y are known, but A is not invertible thus preventing a 

closed form solution of the system of linear equations. The iterative process attempts to 

find an x’ which minimizes the p = 2 norm 11 y - Ax’l I [Herman, 1980; Censor, 1983].

As more iterations are completed, the noise energy due to iteration approximation 

becomes less significant. However, since a closed form solution can not be achieved, the 

noise energy due to iteration approximation can never completely be eliminated.

Although the noise contribution due to iteration approximation is not significant when 

compared with the other noise sources, the noise energy due to iteration approximation 

can be controlled through additional iterations of the ART algorithm.

It is valuable to compare the increased image fidelity provided through additional 

iterations with the cost of the additional computations required for each iteration. The 

solution x ’ that ART converges upon minimizes y - y ’ through the equation Ax’ = y ’.

The error y - y ’ can be computed, however, the error x - x’ determines the noise energy 

due to iteration approximation. Computation of x - x ’ would only be feasible if the 

projection matrix A were invertible. The iteration approximation noise energy can be 

estimated by assuming that the error y - y ’ is random. Because the image is* discrete and 

the error in y - y ’ is assumed to be random, the error x - x’ can also be assumed to be 

random. Therefore the representation of the iteration approximation noise energy in the 

Fourier domain is equal energy throughout the Fourier domain with a magnitude that can 

be computed using equation 3.12.

Nart = H J-J'H /il y II (3.12)
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Equation 2.7 cannot be used for the computation of the noise energy due to iteration 

approximations because the system of linear equations is not solved in a closed form.

The relationship between x - x ’ and y - y’ is known for a system of linear equations that 

has been solved iteratively. However, since constraints have been added to the ART 

algorithm the relationship becomes too complicated to compute exactly. Since the noise 

energy due to iteration approximations is a small contribution to the overall noise energy 

in electromagnetic geotomography, equation (3.12) provides an adequate characterization 

of the noise energy due to iteration approximations.

3.7 Noise due to the Simplified Backwards Modelling Equation

The assumption that conduction currents predominate in most rock masses which 

tomographic data is collected from can easily be verified using collected projection data. 

If conduction currents predominate then the attenuation constant should be nearly equal 

to the phase constant. Looking at some projection data from a geotomographic scan, 

however, shows that the measured values of a  and p do vary slightly (Table 3.1). From 

the sample of projection data in Table 3.1 it can be seen that the assumption that a  is 

equal to P is not exact. This difference between a  and p becomes a noise source when 

the data is backward modelled using equation (2.27). The noise that is introduced 

through the inaccurate backwards modelling equation occurs in the spatial domain. In 

general, the noise due to the inaccurate backwards modelling equation can be considered 

as a random error at each boxel of the reconstructed image.

This noise can easily be corrected by altering the backward modelling equation in 

the following nature. From equation 2.21 square both sides of the equation yielding
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equation 3.13. Separating the real and imaginary values creates equations 3.14 and 3.15. 

Reorganizing these equations to solve for a  and £ gives equations 3.16 and 3.17.

(oc + yp;2 = yco0|Ll -  co2ejLi (3.13)

a 2 - p 2 = —co2£Jll (3.14)

2 /a p  =  ytoGjd (3.15)

a  = 2 a P /m g  (3.16)

E = P2 - a 2 /co2g  (3.17)

Table 3.1 Alpha Versus Beta for a Set of Real Tomographic Data

a P a/(3

0.362775 0.38297 0.947268
0.369055 0.377021 0.97887
0.367082 0.380295 0.965255
0.365443 0.384823 0.94964
0.366325 0.383983 0.954013
0.366333 0.383811 0.954462
0.367401 0.383659 0.957623
0.368572 0.391073 0.942462
0.368464 0.383469 0.960872
0.368975 0.383651 0.961746
0.369196 0.383616 0.962411
0.36428 0.382805 0.951606
0.375011 0.384978 0.974108
0.377456 0.394381 0.957086
0.37837 0.381777 0.991077
0.378058 0.390864 0.967237
0.369927 0.382742 0.966518
0.368553 0.373385 0.987059

These equations were checked both with Heaviside’s equations and equation (2.27) and
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all checks verified the validity of equations 3.16 and 3.17. An important result from this 

derivation is that equation 3.16 shows that the computation of conductivity for each 

boxel is dependant upon both the attenuation and phase constants. Because alpha and 

beta are not always the same as has been shown, the previously used backwards 

modelling equation does indeed contribute some noise energy to the reconstructed image.

Another significant fact about these improved backwards modelling equations is 

that all of the information required to compute the conductivity and permittivity can be 

obtained from the projection data. With equation 2.27 a value for permittivity is required 

to compute conductivity. For a particular scanning frequency, the estimated value of 

permittivity used in equation 2.27 corresponds to a particular value of cc/p. The 

difference between the estimated value of permittivity and the actual permittivity values 

corresponds to the range of a /p  for a set of projection data. However, the relationship 

between the noise introduced through the inaccurate backwards modelling equation and 

the range of a /p  depends upon the frequency at which the projection data was collected.

In order to faithfully compute the noise energy due to the inaccurate backwards modelling 

equation, the range of relative permittivities of the image must be known. If phase data 

were collected during a scan, the noise energy can be estimated by computing the range 

of permittivities from the projection data using equation 3.17. The actual range of 

permittivity values will typically be larger than the range computed from the projection 

data since the propagation constants computed from projection data are average values 

over the projection lines. To compensate for this, the energy of the noise due to the 

inaccurate backwards modelling equation is computed by finding the largest difference 

between the estimated relative permittivities and the relative permittivities calculated 

from the projection data. Since the noise energy is due to incorrect values of 

conductivity, the noise energy must be computed by finding the relative error in
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computed values of conductivity using equation 2.18, based on an average value of alpha 

and the maximum range between the estimated and computed values of permittivity 

(3.18).

Nie = M ax[ \ G(£r (estimated)) - <3(£r (computed)) | /C (£ r (computed)) ]  (3.18)

The noise due to inaccurate backwards modelling can generally be considered as random 

noise in the spatial domain. Consequently, the representation of the noise energy due to 

the inaccurate backwards modelling equation in the Fourier domain is similar to the 

representation of noise due to iteration approximation except that the magnitude is 

described by equation (3.18). For a value of noise energy due to the inaccurate 

backwards modelling equation equal to 0.05, the representation of the noise energy in the 

Fourier domain can be seen in Figure 3.23.

Figure 3.23 Representation of the Noise Energy in the Fourier Domain due to the 

Simplified Backwards Modelling Equation



T-4384 81

This noise is highly dependent upon the projection data collected for an image. 

For example, in one scan the range of computed values of relative permittivity may be 

very similar to the estimated value. Consequently, little noise energy will be contributed 

from the backwards modelling equation. However, in another scan the range could be 

very different from the estimated value. In such a case, much of the remaining signal 

energy would be lost due to the noise energy contribution from the backwards modelling 

equation.

3.8 Combination of the Noise Contributions into a Single Noise Characterization Model

The combination of all of the noise sources in electromagnetic geotomography is a 

complicated task because many of the noise sources are interdependent and cannot be 

linearly summed. For instance, although the effect of measurement noise is theoretically 

seen throughout the Fourier domain, it would not make sense to assume that measurement 

noise would affect the regions of the Fourier domain where projection data could not be 

obtained. It is important to consider the relationships between the noise sources, 

otherwise, this noise characterization of electromagnetic geotomography will produce 

results which do not correspond with the observed performance of practical systems.

The first noise source to be considered is due to discretization. It has been 

mentioned that the effect of discretization is to bandlimit the meaningful signal energy in 

the Fourier domain within a circle whose radius is dependent upon the boxel sampling 

size. Fortunately, the affects of discretization can be ignored. The limit of meaningful 

signal energy due to discretization is controlled by the boxel sampling size. Typically, 

the boxel sampling size is chosen to be small enough to distinguish any features that the 

user wants to locate. As a result the limit of meaningful signal energy is not considered
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as a loss of signal energy, but rather expresses the bounds within which meaningful signal 

energy is contained. For practical reconstructions, the image to be reconstructed is 

bandlimited, and consequently all meaningful signal energy is contained within the 

bounds set by the boxel sampling size. In this characterization, the radius of the circle is 

not important, therefore, the meaningful signal energy is considered to be within a unit 

circle. The energy of the original signal is unity as described by equation (3.10).

The next noise source to be considered is the noise due to incomplete projection 

data. Because no projection data can be obtained from projections with angle greater than 

45° or less than -45" the two quadrants of the Fourier domain (as shown in Figure 3.11) 

contain no signal energy. Consequently, the noise energy in the Fourier domain is unity 

throughout the two quadrants. Since projection data was not obtainable from these two 

quadrants of the Fourier domain, the signal energy is zero and the noise energy is unity. 

Although other noise sources have been described to contain noise energy throughout the 

Fourier domain, it is assumed that the maximum combined received signal energy and 

noise energy at any point in the Fourier domain for an impulse image is unity. In the 

worst case, a reconstructed image contains no information about buried geology. In this 

case the noise energy would equal unity and the received signal energy would equal zero. 

This definition is extended to each point in the Fourier domain. It is assumed that the 

noise at each point in the Fourier domain cannot exceed one. If the noise energy at a 

point in the Fourier domain is unity, then that point contains no information. If the noise 

energy at any points in the Fourier domain exceeds unity, then point in the Fourier 

domain would contain "negative information".

Measurement noise and the noise due to missing projection data must be 

considered simultaneously. It would be inappropriate to linearly sum these noises since
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the effects of measurement noise are not introduced from projection data that could not be 

obtained. The noise due to imprecise measurements must only be accounted for at 

projection data points where projection data could be obtained. The noise energy due to 

missing projection data is proportional to the number of obtainable projection data points 

at each projection angle. A function which describes the combined noise energy due to 

missing projection data and imprecise measurements can be computed by summing the 

average noise energy due to missing projection data with the product of the measurement 

noise energy and the signal energy remaining after the loss due to missing projection data 

(3.19,3.20)

Nc(qà.Q) = Np(qAQ) + (Nm(phase) +Nm(attenuation))/2 ( l - N p(qAQ)) (3.19) 

NJqAQ) = NJqAQ  + n) (3.20)

The noise energies due to phase measurements and attenuation measurements are very 

small and typically similar, therefore, in this noise characterization the noise energies 

shall be averaged.

Next, the noise energy due to ray path scattering must be accounted for. The noise 

energy due to ray path scattering can only affect the remaining meaningful signal energy, 

therefore, the function which incorporates the noise energy due to ray path scattering, 

Nfr(kAs), must be added to the values of (1 - Nc(gA0)). The combination of the noise 

energies due to imprecise measurements and incomplete projection data with the noise 

energy due to ray path scattering produces a two-dimensional noise energy function in the 

Fourier domain (3.21, 3.22).

NcfJqAQ, kAs) = NJqAQ) + (1 - Nc(qAQ)) (1 - Ay/kAs)) (3.27)
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N ^ / q A Q  + 7C, kAsj = N çf/qA Q , kAsJ (3 .22 )

The second equation (3.22) maps the same information from the top half of the Fourier 

domain down into the bottom half of the Fourier domain.

The final two noise energies which must be considered to complete this noise 

characterization are iteration approximation noise and the noise due to the inaccurate 

backwards modelling equation, NART and N^e. Both of these noises, as described in the 

previous sections, are assumed to affect the entire Fourier domain equally. However, if 

the addition of these noises to N ^/qA Q , kAs) causes any points of the noise energy 

function to exceed unity then the noise energy at that point is unity as described earlier. 

The addition of these two noise energies to the present noise energy function is 

accomplished through the following algorithm.

For qAQ = 0° to 360°

For kAs — 0 to 1

i f  ( Ncfr(yAQ> kAs) + Nart + Nie ) > 1 

Then N(qAQ, kAs) = I

Else N(qAQ, kAs) = ( Ncf r(qAQ, kAs) + NART + Nie )

Next k

Next q

The signal to noise ratio for a reconstructed impulse image is computed using equation 

3.23.
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snr = 10 log jo (  K *7 N(qAQ, kAs) dr cB )  (3.23)

Integration of a discrete function is achieved by assuming that the function is flat top 

sampled. As a result, the volume under the curve can be obtained as the sum of the 

volumes under the flat top sampled discrete points.

The analogy that has been used for the signal to noise ratio of electromagnetic 

geotomography has been that of a communications system. It is assumed that the image 

to be reconstructed is the signal. The signal is modulated through the collection of 

projection data. The modulation of the signal is effectively the Radon transform. The 

only noise that is entered into the system at this point is due to ray path scattering. Since 

all projection data could theoretically be obtained, the missing projection data is assumed 

to be lost during the transmission of the signal. The receiver then demodulates the signal 

(image reconstruction) and the output of the receiver is the reconstructed image. During 

demodulation, the noises due to measurement, discretization, iteration approximation, and 

the backwards modelling equation are introduced into the communications system. A 

demonstration of how the various noise sources enter into this communications system 

analogy is given in Figure 3.24. The original image before modulation is f(x, y) and the 

reconstructed image that is reconstructed by the communications system is f  (x, y). This 

communications system can be compared to a radio communications scenario. Assume 

that a signal is transmitted from a transmitter located behind a mountain. Nothing can be 

done about the noise due to signal modulation in the transmitter, and the cost of elevating 

the receiver to a height such that the transmission path does not disrupt the signal would 

be very costly. In such a system, the demodulator would be the only sub-system that 

could be engineered to enhance the fidelity of the received signal. This is similar to
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geotomographic reconstruction. Ray path scattering is a noise source that is very difficult 

to control. The cost of digging tunnels completely around a buried structure is too great. 

Therefore, part of the modulated signal will be lost due to incomplete projection data.

The signal processing in the demodulator must be enhanced in order to attempt to recover 

the most intelligible signal.

Demodulation

TransmissionModulation
Iteration

Approxim ate
Discretization

Ray P ath  
Scattering

Missing 
Projection Data

|  B ackw ards 
:=j Modelling EquationM easurem ent

Figure 3.24 Communications System Model of EM Geotomography

In conclusion, a noise characterization of a phantom impulse image has been 

conducted to derive an estimate of a signal to noise ratio which describes the fidelity of 

reconstructed geotomographic images. The characteristics of the simulated 

geotomographic process have been chosen to closely simulate a real geotomographic 

process.

Table 3.2 lists typical characteristics of the various noise sources. When possible, 

characteristics have been used which were previously described in this chapter. Using the 

noise characteristics given in Table 3.2 and the noise characterization techniques given in 

this chapter, estimates of the noise energy contributions from each of the noise sources
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have been computed and are presented in Table 3.3.

Table 3.2 Characteristics of the Noise Sources for a Simulated Geotomographic 

Reconstruction

Measurement noise (average between phase and attenuation) : 0.01 

Noise due to the simplified backwards modelling equation : 0.0225

Ray path scattering - Frequency response discussed in Section 3.4 and

shown in Fig 3.11 

Incomplete projections error - function discussed in Section 3.5 and

shown in Fig 3.19 and Fig. 3.20 

Discretization - Information contained within a unit circle

ART iteration error : 0.02

Table 3.3 Noise Energy Distribution of the Noise Sources

signal energy o f the original signal 

noise energy due to incomplete projection data 

noise energy due to measurement error 

noise energy due to ray path scattering 

noise energy due to iteration approximations

= .097

= .003

=  .010

= .694

1

noise energy due to inaccurate backwards modelling = .012

total noise energy =  .816

snr = 10 log10(l /0 .816) = 0.88 dB
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The signal to noise ratio for this characterization was designed to be used to 

compare the relative noise contributions of each of the noise sources. The low signal to 

noise ratio in this characterization is due to the phantom impulse image which has 

meaningful signal energy spread equally throughout the Fourier domain. Most images 

reconstructed through electromagnetic geotomography do not have meaningful signal 

energy throughout the Fourier domain. It shall be discussed in Chapter Four how the 

obtainable signal energy can be matched with the signal energy of the image to be 

reconstructed. In such cases the signal to noise ratio of the reconstructed image is much 

higher.

It can be seen from Table 3.3 that approximately 85.5% of the noise energy is due 

to incomplete projection data. However, for typical images the angle that the boreholes 

are drilled can be chosen to maximize the fidelity of the reconstructed image. Such a 

technique can reduce the noise energy due to incomplete projection data significantly, and 

consequently the fidelity of the reconstructed image will also be significantly increased. 

For instance, if the noise energy due to incomplete projection data could be removed from 

the above noise characterization then the signal to noise ratio of the reconstructed image 

would be approximately 9 dB.

The next most significant noise source is due to ray path scattering. It is hoped 

that future research will provide a means of equalizing much of the noise due to ray path 

scattering, but ray path scattering noise equalization is not in the scope of this work. The 

contribution of noise energy from the remaining noise sources is less significant than the 

noise energy due to incomplete projection data and ray path scattering. Noise energy 

from the remaining sources is more easily controlled through varying reconstruction
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techniques. Consequently, their relative contributions should be considered to determine 

the value of alternate reconstruction techniques which can reduce the noise energy 

contributions from these noise sources.
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Chapter 4 

RESULTS

4.1 Introduction

This chapter describes the use of the information obtained from these studies to 

provide suggestions about methods to improve the fidelity of images reconstructed by 

electromagnetic geo tomography. With most improved techniques, there is associated 

with them a compromise in the form of increased expenses or additional time. In this 

chapter, both issues are discussed. It would be impractical to state whether the improved 

image fidelity of these techniques warrants the compromises they will make. This 

comparison varies depending on the value of the image to be recovered, and the degree to 

which fidelity of the image is required. Therefore, this chapter provides 

recommendations to increase the fidelity of images, the degree to which the altered 

techniques will improve the fidelity of geotomographic images, and the additional cost1 

associated with the improvements.

4.2 Scanning Geometry

It has been mentioned throughout this thesis that the images produced from 

geotomography should be verified by a geologist. It is also valuable to consult a 

geologist before conducting a geotomographic scan. In the case of a two-borehole scan, 

the ratio of the depth of the boreholes to the distance between them is very crucial to the 

fidelity of the reconstructed image. A geologist can often provide a priori knowledge 

about the structures of interest. This a priori knowledge can be used to determine a

1 Increased expenses or additional time computationally
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scanning geometry which will provide the best reconstructed image. Ideally, if the 

structure to be imaged is located some distance underground, then the boreholes can be 

drilled deeper than the bottom of the structure. As a result, the reconstructed boxels of 

interest will be nearer to the center of the image, and consequently they will contain less 

noise and the portion of the image which is of interest will have higher fidelity. 

Sometimes, the geological structure of interest is much larger in its horizontal dimension 

than in its vertical dimension. In such cases, it may be beneficial to drill more than two 

boreholes and reconstruct multiple images. However, the cost of drilling additional 

boreholes may be prohibitive.

Another important use of a priori knowledge is in the determination of the angle 

that the boreholes should be drilled. This noise characterization considered that the 

image to be reconstructed contained equal signal energy throughout the Fourier domain, 

but this is rarely the case. Most geological structures consist of layers of stratified media. 

If these layers were perfectly horizontal (Fig. 4.1), then all of the information from the 

image would be located on the vertical axis in the Fourier domain. In this case, the 

projection data would contain all of the signal energy necessary to reconstruct the image, 

consequently, none of the meaningful signal energy would be lost due to incomplete 

projection data. On the other hand, if the geology was vertically layered and the 

projection data was collected from two vertically drilled boreholes (Fig. 4.2) the 

meaningful signal energy about the image would be located only on the horizontal axis of 

the Fourier domain. Most of the meaningful signal energy about the image would be lost 

due to incomplete projection data, and the only information that would be obtained about 

the image would be the average conductivity of the scanned area.
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Figure 4.1 Horizontally Stratified Geological Media
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Figure 4.2 Vertically Stratified Geological Media
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It is rarely the case that any geological media will be perfectly stratified, but most 

geology does contain some level of stratification. If a consulting geologist could estimate 

the strike angle of the stratification, then the boreholes could be drilled perpendicular to 

the strike angle (Fig. 4.3), and the best possible image would be reconstructed. The effect 

of incomplete projection data can be represented as an image filter in the Fourier domain 

described by Fig. 3.12, Fig. 3.19, and Fig. 3.20. The a priori knowledge obtained by a 

geological survey provides an estimation of where the meaningful signal energy for a 

particular image would be located in the Fourier domain. Changing the drilling angle of 

the boreholes, effectively rotates the image filter around the z-axis of the Fourier domain 

in an attempt to match the meaningful signal energy of the image with the regions of the 

Fourier domain that are least distorted by the image filter.

Control
Unit

Figure 4.3 Stratified Geological Media

The improvement in image fidelity arising from a priori geological knowledge 

varies depending on the image to be reconstructed. However, it should be mentioned that 

the noise energy due to incomplete projection data is the most significant of all. If this
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noise can be substantially reduced, then the fidelity of the image will be increased greatly. 

As well, the a priori knowledge can be used to create an initial estimate of the image to 

be reconstructed. Consequently, the ART algorithm will be more likely to converge on 

the desired image vector. It is suggested that a geologist be consulted before the scan to 

aid in determining the desired geometry of the scan. After the image has been 

reconstructed, the same geologist should be consulted again if the image differs markedly 

from what was expected.

The increased cost due to consulting fees would be reasonable. However, if the a 

priori knowledge suggests that non vertical boreholes be drilled or that more than two 

boreholes are required, then the additional expenses may become prohibitive.

4.3 Maximizing the Range of the Instrumentation

In Chapter Three, it was shown that maximizing the range of the instrumentation 

would lower both the measurement noise and the noise due to ray path scattering. The 

usable range of the instrumentation is governed by the magnitude of the transmitted 

magnetic moment and the receiver sensitivity. The reachable range of the 

instrumentation is affected by the electrical properties of the medium and the distance of 

propagation. The rate of attenuation can be varied by changing the frequency of the 

transmitted electromagnetic signal. It would appear that the most logical way of 

maximizing the range would be to adjust the frequency for each ray path. However, the 

conductivity of most geological structures is a function of frequency (4.1) [Kraus & 

Carver, 1973].

c  = c 0 +f(a>) (4.1)
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Conductivity as a function of frequency varies for different rock types and is not known 

precisely. Consequently, all of the data for a particular scan should be taken at the same 

frequency. Otherwise, an additional source of noise will be introduced.

Even though all of the projection data for a particular scan must be taken at the 

same frequency, it is still beneficial to determine the frequency which maximizes the 

range of the instrumentation. It would be ill-advised to collect all of the projection data 

twice in order to properly maximize the frequency. Instead, it is suggested that a small 

amount of data initially be collected from the longest ray paths. From this projection 

data, a maximum frequency can be approximated. It is suggested that a factor of safety 

be incorporated into this approximation in order to reduce the probability that the range 

of the instrumentation is exceeded.

In many cases, the data collection instrumentation is not designed for multiple 

frequencies, so that the previous technique is not applicable. However, when the 

projection data collection instrumentation is updated, instrumentation with variable 

frequency capability should be considered. As well, instrumentation with the largest 

possible range should be obtained, cost permitting.

4.4 Inverse Filtering

The wavenumber responses given in this thesis for the effects of ray path 

scattering are estimates created from a simplistic model. Better wavenumber responses 

can be computed by creating a more accurate forward model of the propagation of 

electromagnetic waves through slightly conducting media. A comparison of projection 

data computed using the more accurate forward model to projection data computed using
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the straight ray forward model would provide much better wavenumber response 

characterization.

Once accurate wavenumber responses for the effects of ray path scattering have 

been computed, they can be used to increase the fidelity of the reconstructed images. It 

has been shown that the noise due to ray path scattering is effectively spatial low pass 

filtering of ideal straight ray projection data. Sets of parallel projections could be inverse 

filtered to equalize for some of the ray path scattering effects. As an example, assume 

that the wavenumber response curves (Fig. 3.10, Fig 3.11) are the actual wavenumber 

responses due to ray path scattering for pldB attenuations of 40dB and 140dB 

respectively. The inverse filter characteristics for the two straight ray attenuations would 

be unity minus the wavenumber responses due to ray path scattering (Fig. 4.4, Fig 4.5).

Hif(kAs)
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0 . 4

0 . 2

0
0 20 40 60 80 10 0  kAs (m-1)

Figure 4.4 Inverse Filter Wavenumber Response pldB = 40dB
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Figure 4.5 Inverse Filter Wavenumber Response - pldB = 140dB

Given a set of parallel projections with an average pldB of 140dB, the noise 

energy due to ray path scattering could be mostly eliminated through inverse filtering of 

parallel sets of projection data with the filter shown (Fig. 4.5). This method would not 

remove all of the noise energy due to ray path scattering in the projection data because 

many of the projection lines in a parallel set of projections do not have the same pldB. 

This would result in some remaining noise energy due to ray path scattering in the 

projection data. Because the wavenumber responses of filters differs only slightly for 

projection lines with varying pldB, the amount of noise energy after equalization would 

not be very significant. For example, observe the effects of inverse filtering a projection 

line with pldB = 40dB using an inverse filter designed to equalize a set of parallel 

projections with average pldB = 140dB (Fig 4.6).
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Figure 4.6 Wavenumber Response of a (pldB = 40dB) Signal Corrected with a

(pldB = 140dB) Filter

An ideal wavenumber response after inverse filtering would be unity at all 

wavenumbers less than or equal to one half of the sampling wavenumber. The above 

graphic (Fig. 4.6) demonstrates that some noise energy would still be present in the 

reconstructed image due to ray path scattering after the projection data had been 

equalized. However, the magnitude of the noise would be significantly reduced through 

inverse filtering. As well, it is unlikely that the average pldB of a parallel projection 

would vary over a range of lOOdB. Usually, the variation in pldB is much less, and as a 

result the noise energy remaining after equalization would be less significant than the 

noise energy shown (Fig. 4.6).

It has been mentioned that much of the research in the field of electromagnetic 

geotomography is focusing on the elimination of the ray path scattering noise. Most
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other techniques require a much more complicated forward model during reconstruction 

[Newman, 1992]. Consequently, these methods required orders of magnitude more time 

for the reconstruction of an image. Inverse filtering allows the image to be reconstructed 

using the simple algebraic model that is incorporated by ART. Therefore, the method of 

inverse filtering saves substantial amounts of time in comparison to other possible 

techniques for reducing or eliminating the noise due to ray path scattering, but it has yet 

to be fully evaluated.

4.5 Attenuation and Phase Data

The improved backwards modelling equations presented in Chapter Three 

demonstrate the value of collecting both attenuation and phase data. The amount of noise 

energy that can be eliminated by reconstructing the conductivity of an unknown rock 

mass with the improved backwards modelling equation depends on the range of 

permittivity values in the rock mass. To demonstrate the noise energy due to inaccurate 

backwards modelling, a model which simulates the geotomographic process has been 

created on Mathmatica. [Appendix B] The geometry of the scan used to collect simulated 

projection data had 18 transmitter and 18 receiver positions. The boreholes were 

assumed to have been drilled vertically and the transmitting and receiving positions were 

separated by depths of 2m. The distance between the boreholes was chosen to be 47m.

A ray path diagram of the model is shown (Fig. 4.7).

The phantom image was broken up into 9 x 9  boxels and values of conductivity 

(Fig. 4.8) and permittivity (Fig. 4.9) were chosen so that the image would imitate a bed of 

sandstone with two pockets of coal. Initially, the projection data was computed using a 

signal frequency of 100kHz. This data was processed by ART for 100 iterations, and the 

reconstructed image was backwards modelled using the original equation (Fig. 4.10). A
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value of relative permittivity of 10 was chosen for the backwards modelling equation.

Vertical Distance (m)

1 0  2 0  30  40

Horizontal Distance (m)

Figure 4.7 Ray Path Diagram of a Simulated Geotomographic Scan

The same projection data was backwards modelled using the new equation and a 

conductivity image was produced (Fig. 4.11). Because of the low frequency of the scan, 

a  and |3 are very similar (Fig. 4.12).
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Figure 4.9 Permittivity of the Phantom Image
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Figure 4.10 Reconstructed Conductivity Image - Old Equation - 100kHz
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Figure 4.11 Reconstructed Conductivity - New Equation - 100kHz
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Figure 4.12 a / (3 for Box el Conductivity Data - 100kHz

However, it is more important to notice that the range of a /p  is quite small, consequently, 

little random noise is introduced from the old equations and the two reconstructions are 

similar.

The same model is repeated except that the projection data was computed using a 

signal frequency of 100GHz, although this is artificial for through rock propagation. A 

conductivity image was reconstructed using the simplified backwards modeling equation 

(Fig. 4.13), while a second image was backwards modelled using the improved 

backwards modelling equation (Fig. 4.14). Due to the increased frequency, the phase 

constants are much greater than the attenuation constants, consequently, the ratio a /p  for 

the boxels of the reconstructed image is much smaller (Fig. 4.15).
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Figure 4.13 Reconstructed Conductivity - Old Equation - 100GHz
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Figure 4.14 Reconstructed Conductivity - New Equation - 100GHz
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Figure 4.15 oc/p for Boxel Conductivity Data - 100GHz

The increased frequency has lowered oc/p significantly, but the two conductivity 

images still appear very similar. This is because the range of a /p  is still small, therefore, 

the energy of the noise due to the inaccurate backwards modelling equation is not 

dependent upon the frequency of the signal used to collect the projection data. Instead, 

the noise due to inaccurate backwards modelling is dependent upon the difference 

between the the actual values of relative permittivity and the estimated value of relative 

permittivity used in the old backwards modelling equation to compute values of 

conductivity.

To properly see the noise energy introduced by the old equation, it is valuable to 

look at error plots of the difference between the reconstructed conductivity images and 

the original phantom conductivity image. Such plots show that the noise energy from the
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old equation (Fig. 4.16) is quite similar to the noise energy from the new equation (Fig. 

4.17).

Figure 4.16 Error Image - Old Equation

Figure 4.17 Error Image - New Equation
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However, the noise in the image created from the old equation does not appear entirely 

random. This is because the values of relative permittivity used in the phantom image 

were 10 for coal and 7 for sandstone while the estimated value of relative permittivity 

was 10. Since most of the image consisted of sandstone, most of the reconstructed image 

was backwards modelled using a a value of relative permittivity that was not precise.

This consistent error in estimated value of permittivity resulted in a directional shift in the 

reconstructed conductivity image which was backwards modelled using the old 

backwards modelling equation.

A comparison of the two error images shows that the noise due to the inaccurate 

backwards modeling equation resulted in larger computed values of conductivity for the 

regions of sandstone. These results correspond quite accurately with the expected results. 

For the values of conductivity in the sandstone regions the old backwards modelling 

equation used values of 10 for the relative permittivity when values of 7 would have been 

more appropriate. This resulted in estimated values of conductivity for the sandstone 

regions that were too large.

The noise introduced by the old backwards modelling equation was not extremely 

significant because the phantom image only had two values of relative permittivity. 

Although noise was introduced, the noise was not random, therefore, relative changes in 

conductivity were still visible. More realistic phantom images would have several values 

of relative permittivity, therefore, the noise introduced would be more random and the 

distortion of the reconstructed image would be more noticeable.

The topic of reconstructing permittivity data has not yet been discussed 

extensively because the fidelity of the present tomography systems prevents the 

extraction of valuable permittivity data. At typical scanning frequencies (10kHz - 10
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MHz) the attenuation constants and the phase constants are usually quite similar 

[Stolarczyk, 1992]. Since the backwards modelling equation to reconstruct permittivity 

data is based on the difference of the squares of the phase constant and the attenuation 

constant, it is very sensitive to small errors in the projection data. In order to reconstruct 

useful permittivity data, the ratio a /p  must be small so that the errors in the system are 

not amplified as greatly. Typically, the scanning frequency required to obtain useful 

permittivity data is very large ( > 1GHz ). Unfortunately, signals at such high frequencies 

can only be propagated a few meters before they are attenuated to levels that are below 

the receiver sensitivity. To demonstrate, the previous model will be used to show how 

reconstructed permittivity data is affected by different scanning frequencies.

At 100kHz the reconstructed permittivity image is very noisy (Fig. 4.18). In this 

image, the main features can be seen, however, this model does not account for ray path 

scattering or measurement noise. Because a  and p were very similar at 100kHz noises 

due to imprecise measurements and ray path scattering would have been significantly 

amplified and the reconstructed permittivity image would have been of little value.

When the signal frequency used to computed the projection data is raised to 100GHz the 

reconstructed permittivity image is less noisy (Fig. 4.19).
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Figure 4.18 Reconstructed Permittivity - 100kHz
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Figure 4.19 Reconstructed Permittivity - 100GHz
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Presently the use of reconstructed permittivity images is rarely feasible, however, 

as the range of the projection data collection instrumentation increases and the fidelity of 

geotomography improves, permittivity images may become a significant part of 

electromagnetic geotomography.

The cost of using both attenuation and phase data depends on the capability of the 

particular data collection instrumentation. If the instrumentation can measure phase data 

as is typical in practice, then the cost of collecting phase data is relatively inexpensive 

[Stolarczyk, 1992]. However, the attenuation and phase data must be either reconstructed 

separately or together as imaginary numbers. Either way, the computational time will be 

increased by a factor of approximately two.

4.6 Testing the Electromagnetic Geotomographv Model on Real Data

It is important when working with models to test the models using real data. In 

electromagnetic geotomography this is very difficult because most projection data is 

often proprietary. As well, real projection data can be used to reconstruct an image, 

however, in most cases the reconstructed image cannot be compared with an actual image 

to determine the fidelity of the reconstruction since the actual image is buried and is 

rarely accessible.

It was possible to obtain some real projection data to check the model, but there 

was no actual image to compare the reconstructed image with. The real projection data 

was collected from a 2-borehole, vertically drilled, scan with 18 transmitter and 18 

receiver positions. The depth of the boreholes was 36 meters and the horizontal distance 

separating the boreholes was 47 meters. The projection data was collected using a signal 

frequency of 102.5kHz. Using the old backwards modelling equation the reconstructed
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conductivity image (Fig. 4.20) shows a noisy vein of higher conductivity geological 

medium through the bottom third of the image. The same data was backwards modelling 

using the new backwards modelling equations producing images of conductivity (Fig. 

4.21) and permittivity (Fig. 4.22).

8

6

4

2

62 4 8

Figure 4.20 Reconstructed Conductivity - Old Equation - 102.5 kHz

The combinations of the two images reconstructed with the new backwards 

modelling equations show a similar vein, but the location of the vein appears to be 

slightly more distinct. The regions of high conductivity and high permittivity near the 

boreholes should be disregarded. Being near the edge of the image, these boxels have a 

lower signal to noise ratio. Consequently, the level of confidence in these regions is 

lower than the boxels in the center of the image.
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Figure 4.21 Reconstructed Conductivity - New Equation - 102.5 kHz
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Figure 4.22 Reconstructed Permittivity - 102.5 kHz
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Although these images cannot be compared with an actual image, these results 

were confirmed with geological knowledge of the region. The vein of high conductivity 

geology is a sandstone intrusion that has been uplifted. The results of testing the 

electromagnetic geotomography model on real projection data provides additional 

support to the validity of the results presented in this chapter.
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Chapter 5

SUGGESTIONS FOR FUTURE RESEARCH ARISING FROM THIS STUDY

5.1 Introduction

This work has provided a characterization of the sources of noise which degrade 

the fidelity of geotomographi'c images. Through this work, several suggestions on 

improving the fidelity of geotomographic images have been provided. The results from 

this work are intended to be a tool for on-going research. The following sections describe 

topics of research which are felt could provide substantial improvements in the fidelity of 

images reconstructed through electromagnetic geotomography.

5.2 Improved Characterization of the Wavenumber Response due to Rav Path Scattering

The wavenumber responses provided in the work which describe the effects of ray 

path scattering were based on a very simplified model. Although equalization is not 

practical with the wavenumber responses provided, further research could provide a 

means of equalizing much of the degradation due to ray path scattering.

One possible method of obtaining more precise wavenumber responses would be 

to create a very accurate forward model of the propagation of electromagnetic waves.

This model could then be used to collect projection data from specific phantom images to 

determine the wavenumber responses due to ray path scattering. For example, a 

sophisticated forward model could be used to collect sets of parallel projection through an 

impulse image. Discrete Fourier transforms of the computed projection data from the 

model would provide the wavenumber response due to ray path scattering. By repeating
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this process for a large set of signal frequencies, a complete set of wavenumber responses 

could be determined and used to equalize the noise due to ray path scattering.

The sophisticated forward model could also be used to demonstrate the effects of 

ray path scattering on reconstructed images. By creating several phantom images and 

computing projection data for the phantom images using both a straight line forward 

model and a more sophisticated forward model, pairs of reconstructed images could be 

provided which demonstrate the effects of noise due to ray path scattering. Such sets of 

images would be a valuable tool for isolating the effects of ray path scattering.

5.3 More Sophisticated Algebraic Model

More precise knowledge about the propagation of electromagnetic waves through 

geological media could be useful in creating a more sophisticated algebraic model. Such 

a model would create a projection matrix based on the area of intersection of 

electromagnetic rays and the boxels in the image. Computation of the projection matrix 

would be much more complicated because the signal intensity would not be constant 

throughout the beam. However, the projection matrix would become less sparse. With a 

projection matrix that is not as sparse, it may be possible to solve the system in closed 

form. As well, the projection matrix would take into effect ray path scattering and 

simultaneously equalize for the effects while the system was being solved.

5.4 Gauss Elimination of the Projection Matrix

If a square matrix is singular, not invertible, it is because the matrix has more 

unknowns than independent equations. Although it is typically required in 

electromagnetic geotomography to collect enough projection data that the projection 

matrix is either exactly determined or overdetermined, all of the equations are usually not
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independent. Gauss elimination of the projection matrix demonstrates the number of 

independent equations that have been collected [Gerald, 1970; Golub & Van Loan, 1989]. 

This process could be used to adjust the geometry of both the boxel sampling size and the 

locations of transmitter and receiver positions so that the best possible images can be 

reconstructed. As well. Gauss elimination of the projection matrix for a scan would 

determine which projection lines do not constitute independent equations. Since these 

projection lines do not contribute to the solution of the algebraic system, there is no need 

to collect projection data from certain transmitter position and receiver position 

combinations. This could reduce the cost of projection data collection.

5.5 Use of Borehole Log Information to Simplify the Inversion Process

When boreholes are drilled, the cores extracted can provide valuable information 

about the buried geology. If conductivity values were extracted from the cores of the 

boreholes, then some of the boxel values of the image to be reconstructed would be 

known a priori. This a priori knowledge reduces the number of unknowns in the linear 

system of equations, and consequently there is a higher chance that the number of 

independent equations would meet or exceed the number of unknown. Even if the system 

of linear equations is still underdetermined, the conductivity values extracted from the 

borehole cores would lower the number of possible images that would satisfy the linear 

system of equations. Consequently, images with higher fidelities would be reconstructed.

5.6 Collecting Projection Data at Multiple Frequencies

Many of the data collection instrumentation systems in practice are capable of 

transmitting and receiving electromagnetic fields at multiple frequencies. Collecting 

projection data at multiple frequencies is analogous to expanding the problem into three-
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dimensions in the Fourier domain. The additional projection data obtained from several 

frequencies could be very valuable in improving the fidelity of reconstructed images.

The reconstructed images from such a reconstruction process would be complex 

frequency responses of finite areas of geology described by each boxel [Middleton,

1992]. In order for multiple frequency projection data to be of value, much effort must be 

invested into the characterization of the electrical properties of rock. This task is very 

complicated because there are several additional factors which affect the electrical 

characteristics of rocks, such as porosity, moisture content, temperature and pressure, 

among others [Austin, 1983]. However, in order for significant future progress in the 

field of electromagnetic tomography to proceed, it is imperative that such detailed 

characterizations of the electrical properties of geological media be conducted.

5.7 Combination of Electromagnetic and Seismic Tomography

In many cases, electromagnetic and seismic geotomography have been considered 

as competing technologies. The value of combining seismic and electromagnetic 

geotomography has been demonstrated [Han, 1989]. However, the fusion of these two 

sciences could provide impressive results for many other applications. If the reflection 

data obtainable through reflection seismology could be acquired from boreholes, it would 

provide information about the vertical stratification of geology [Dudgeon, 1984]. In the 

Fourier domain, this reflection data would be located in the quadrants where 

electromagnetic projection data cannot be obtained. Therefore, the combination of these 

two sources of projection data could provide reconstructed images that are far superior to 

images that are reconstructed from either one of the sources of projection data.

ÏÏSÎ&ÏÏT-*
GOLDEN. CO 80401
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Chapter 6 

CONCLUSIONS

The objective of this thesis was to create a noise characterization model for the 

process of electromagnetic geotomography. This chapter discusses the contributions and 

limitations of the results which have been presented.

6.1 Contributions of this Work

The main contribution of this thesis is the noise characterization model itself. The 

model combines the effects of noise due to: measurement, discretization, ray path 

scattering, incomplete projections, iteration approximation, and inaccurate backwards 

modelling. Of particular interest is the representation of the image distortion due to ray 

path scattering and the image distortion due to incomplete projection data in the two- 

dimensional Fourier domain. Because of the impact of these two significant noise 

sources, their contributions to the degradation of image fidelity can be significantly 

reduced, by equalizing for their effects.

By demonstrating the noise due to ray path scattering in the Fourier domain, it can 

be shown that ray path scattering does not actually introduce noise into the image.

Instead, the projections are low pass filtered through ray path scattering. Consequently, it 

is conjectured that much of the lost signal energy due to ray path scattering could be 

recovered through inverse filtering of the projection data.

The distortion due to incomplete projection data also has spatial properties in the 

Fourier domain. The distortion due to incomplete projection data can be minimized by
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drilling the boreholes at an optimum angle. Changing the angle of the boreholes is 

similar to rotating an image filter which is responsive to the distortion due to incomplete 

projection data, about the z-axis of the Fourier domain. By choosing the optimum angle, 

the meaningful signal energy of the image to be reconstructed is matched with the image 

filter so that a maximum amount of signal energy remain after filtering.

The final contribution of this work is the derivation of backwards modelling 

equations, used to compute the rock properties a  and e from the recorded propagation 

constants cxand (3, which are an improvement of the backwards modelling equation 

previously used. The backwards modelling equation typically used in geotomography 

requires an estimate of permittivity in order to compute the values of conductivity in an 

image. The backwards modelling equations derived in this thesis allow the computation 

of both conductivity and permittivity from the attenuation and phase propagation 

constants a  and p. Although the improved backwards modelling equations require the 

collection of phase projection data, they are not susceptible to noise due to an incorrect 

estimation of the value of permittivity for an image to be reconstructed.

6.2 Limitations of this Work

This thesis has not provided a rigorous mathematical treatise which addresses the 

combined effect of the sources of noise and degradation. Instead the approach has been 

partly empirical, supported by simulations conducted in Mathematica and confirmed 

against real data.

The model used in the thesis to create equalization filters to suppress the effects of 

ray path scattering is very simplified. Before inverse filtering is incorporated into the 

process of electromagnetic geotomography, more research must be invested into carefully 

analyzing the wavenumber response due to ray path scattering. This can be accomplished
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through a comparison of artificial projection data collected using a straight ray model 

with artificial projection data collected using a finite element model of the propagation of 

electromagnetic waves through a slightly conducting medium.

The backwards modelling equation derived in this thesis which can be used to 

compute values of permittivity is based on the difference of the squares of the phase 

constant and the attenuation constant. This equation is very susceptible to errors in the 

propagation constants due to the other five noise sources, consequently, small variations 

in the values of the propagation constants often results in large variations in computed 

permittivity. Since the images presently reconstructed in electromagnetic geotomography 

have low signal to noise ratios, the computation of permittivity value is not 

recommended. However, as the process of electromagnetic geotomography matures, 

computation of permittivity values will become a useful source of knowledge about the 

buried rock structures being imaged.

6.3 General Conclusion

This thesis has provided a qualitative analysis of the sources of noise which 

degrade the fidelity of images reconstructed using electromagnetic geotomography. 

Comparison of the relative contributions of each of the noise sources determined that the 

effects from two of the noise source were most significant. Further characterization of 

the most significant noise sources demonstrated that their effect could be partially 

equalized using signal processing.
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APPENDIX A

Electromagnetic Geotomography Instrumentation Specifications and Features

Specifications :

Transmitted Magnetic Moment 

Receiver Sensitivity 

Bandwidth

Phase Measurement Precision 

Attenuation Measurement Precision 

Calibration Precision 

Repeatability (attenuation)

(phase)

Probe dimensions (length)

(diameter)

Fiber optic cable (length)

Dynamic range (minimum 100kHz) 

(maximum 15 MHz)

= 6 Atm^

= 0.6 nV/VHz

= 1 Hz

= ±1 ° electrical degree

= ±1 dB

= ±0.1 dB

= ±1.5 dB

= ±3 ° electrical degrees

= 3.35 m

— 4.76 cm

= 365.76 m

= 170 dB

> 200 dB

Features :

Process : Phase coherent frequency transposition 

Detector : Synchronous detection (autocorrelation)

Antennas : Both antennas are auto calibrated before each measurement
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APPENDIX B

Mathematica Routines Used for Modelling Electromagnetic Geotomographv

The following code was written in Mathematica [Wolfram, 1991] and used to 

model the process of electromagnetic geotomography. The model consist of four routines 

which shall be listed in the following order.

1. Scan geometry determination

2. Projection matrix computation

3. Forward model

4. Reconstruction and backwards model

The first routine, scan geometry determination, allows the user to input the 

locations of the transmitter and receiver stations and the boxel sampling size of the image 

to be reconstructed. The routine then produces a graphic which demonstrates the boxel 

sampling size and the locations of transmitter and receiver positions.

The projection matrix computation routine uses the inputs from the first routine to 

compute a list of projection lines and a projection matrix. The output of this routine is a 

graphic which demonstrates the ray path diagram, and a density plot of the projection 

matrix.

The forward model requires input from the user to determine the phantom image 

to be reconstructed and the signal frequency for the simulated projection data. The
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phantom image is discrete and each boxel can have integer values between 0 and 3. The 

integer values for the boxel represent a geological material.

0 = sandstone

1 = copper

2 = gold

3 = coal

This routine uses the phantom image with appropriate values for the electrical parameters 

of each of the geological materials to compute simulated projection data, including both 

attenuation and phase values. As well, the routine produces two graphics, a contour map 

of the conductivity of the phantom image and a contour map of the relative permittivity 

of the phantom image.

The final routine uses the projection data computed from the forward model to 

reconstruct images of conductivity and permittivity. An image estimate is created using a 

weighted back projection subroutine, then a more accurate image is converged upon 

through several iterations of ART. After each iteration the image vector is compared 

with two constraints. If the value of alpha is greater than beta then alpha is set equal to 

beta. Also, if either alpha are beta are negative, then the negative value is set to zero.

This routine backwards models the reconstructed data using both the old backwards 

modelling equation and the new backwards modelling equations presented in this paper. 

The output of this routines is a contour map of the conductivity image backwards 

modelled using the old backwards modelling equations and two contour maps, one of 

conductivity and one of permittivity, reconstructed from the new backwards modelling 

equations presented in this paper.
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1. Scan Geometry Determination

■  Scan Geometry and Space Sampling Specification

Specify maximimum Cartesian extent (xmax, y max) of image 
plane in distance units:

xmax = 47; 
ymax = 36;

Specify list of Cartesian {x, y } coordinates for transmitter 
stations (txlist) and receiver stations (rxlist):

txlist = {{0,1}, {0, 3}, {0,5},{0, 7}, {0, 9},
{0, 11}, {0, 13}, {0,15},{0, 17}, {0, 19},
{0,21}, {0, 23}, {0,25},{0, 27}, {0, 29},
{0,31}, {0, 33}, {0,35}};
rxlist = {{47, 1}, {47,3}, {47,5},{47, 7}, {47,9},
{47, 11}, {47, 13}, {47,15},{47, 17}, {47, 19},
{47,21}, {47, 23}, {47,25},{47, 27}, {47, 29},
{47,31}, {47, 33}, {47,35}} ;

Specify number of space samples in x-dimension (xsamples) and 
number of space samples in y-dimension (ysamples):

xsamples = 9; 
y samples = 9;
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□  Generate a graphic of the sampling grid and transmitter and 
receiver placements in the Cartesian plane.

deltax = xmax/xsamples; deltay = ymax/ysamples;
samplegrid = {Table[i deltax, {i, 0, xsamples}],

Table[j deltay, {j, 0, ysamples}]};

xlines = Table[{ {samplegrid[[l,i]], 0},
{samplegrid[[l,i]], ymax}},
{i, 1, xsamples + 1}];

ylines = Table[{{0, samplegrid[[2,j]]},
{xmax, samplegrid[[2,j]]}},
{j, 1, ysamples + 1}];

Show[
Graphics} {Thickness [0.001], Gray Level [0.2], 

Table[Line[xlines[[i]]],
{i, 1, xsamples + 1}]}],

Graphics} {Thickness [0.001], Gray Level [0.2], 
Table[Line[ylines[|j]]],
{j, 1, ysamples + 1}]}],

Graphics [ {PointS ize [0.035], Gray Level [0.5], 
Table[Point[txlist[[i]] ],
{i, 1, Dimensions[txlist][[!]]}] }], 

Graphics} {PointSize[0.02], GrayLevel[0.0], 
Table[Point[rxlist[[j]] ],
{j, 1, Dimensions[rxlist][[!]]}] }],

Axes -> Automatic, PlotRange -> All]
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2. Projection Matrix Computation

■  Raypath generation

Organize lists of transmitter - receiver pairs, and determine 
valid transmission paths:

p = Dimensions [txlist] [[ 1 ]] ; (* number of transmitter stations *) 
q = Dimensions [rxlist] [[ 1 ] ] ; (* number of receiver stations *) 
n = xsamples; m = ysamples; (* n space samples on x-axis;

m space samples on y-axis *)

Clear[t, r];
tx -  Array [t, {p}];
rx = Array[r, {q}];

(* Creates a 3-D array nx2x2 of all possible ray paths *)

pathcombos = Flatten[OuterfList, tx, rx], 1];

Do[ t[i] = txlist[[i]], [i, 1, p] ];
Do[ r[i] = rxlist[[i]], {i, 1, q} ];

pathlist = pathcombos;

(* Removes any ray paths that are running through the outter 
edges of the cartesian grid *)

Do[
If[(pathcombos[[i, 1,1]] == pathcombos[[i,2,l]] == 0. II 

pathcombos[[i, 1,1]] == pathcombos[[i,2,1 ]] —  xmax II 
pathcombos[[i,l,2]] == pathcombos[[i,2,2]] == 0. II 
pathcombos [[i, 1,2]] =  pathcombos[[i,2,2]] == ymax).
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pathlist = Intersection[pathlist, Drop[pathcombos, {i,i}]]. 
Continue],

{i, 1, Dimensions [pathcombos] [[ 1 ]]} ] ;

Clear[pathcombos] ;

(* Plots a graphs showing all of the ray paths that will be 
used to create that projection matrix *)

pathplot = Show[Graphics[{Thickness[0.0008], GrayLevel[0.3], 
Line [Flatten [pathlist, 1]]} ], Axes -> Automatic]

10 20 30 40
- G r a p h i c s -

■  Present graphic of raypath pattern:
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■  Combine specified sample grid with raypath pattern to develop 
projection matrix:

projmatrix = Table[0, {Dimensions[pathlist][[1]]}, {nm}];
(* initialize projection matrix *)

Do[

pathnumber = k; 
path = pathlist [[k]];
pathangle = ArcTan[path[[2,l]] - path[[l,l]], path[[2,2]] - path[[l,2]]]//N; 

If[ Abs[pathangle] == N[Pi / 2],

(yinters = Table[{path[[l,l]], samplegrid[[2j]]}, {j, 1, m + 1}]; 
xinters = Table[Null, {i, 1, n + 1}]),

(* If the line is vertical give the y-intercept 
values and the x-intercept values are all 0 *)

(pathslope = (path[[2,2]] - path[[l,2]])/(path[[2,l]] - path[[l,l]]); 
pathint = path[[l,2]] - pathslope path[[l,l]];

(* Calculate the slope and the y-intercept of a given ray path *)

xinters = Table[{samplegrid[[ 1 ,i]], pathslope samplegrid[[l,i]] + pathint], 
{i, 1, n + 1}];

(* Calculate the y intercepts of each of the vertical pixel lines *)

If[pathslope != 0, (* != not equal to *)

(yinters = Table[{(samplegrid[[2,j]] - pathintj/pathslope, samplegrid[[2,j]]}, 
{j, l , m +  1}];
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(* Calculates the x intercepts of each of the horixontal pilex lines *)

xinters = Table[lf[(0 <= xinters[[i,l]] <= xmax) &&
(0 <= xinters[[i,2]] <= y max), xinters[[i]] ],
{ i ,  1 ,  n  4- 1 } ] ;

yinters = Table[lf[(0 <= yinters[[j,l]] <= xmax) &&
(0 <= yinters [[j ,2]] <= ymax), yinters [[j]] ],
{ j , l , m+l} ] ) ,

(* Removes all intersection points not contained within are cartesian plane *) 

(yinters = Table[Null, {j, 1, m + 1}])

(* if the line is horizontal then there will be not intersection of the 
horizontal lines *)

])
];

xinters = xinters[[Complement^able[i, {i, 1, n + 1}], 
Flatten[Position[xinters, Null]]]]]; 

yinters = yinters[[Complement[Table[j, {j, 1, m + 1}],
Flatten [Position [yinters. Null]]]]];

(* Removes points ’NULL points’ where no intersection occurs *)

If[Abs[pathangle] < N[Pi / 2],
(dx = deltax / 100; 
dy = dx Tan[pathangle];
interpairs = Partition[Union[xinters//N, yinters//N], 2, 1]; 
inters = Union[xinters//N, yinters//N]),

If[Abs[pathangle] > N[Pi / 2],
(dx = - deltax / 100; 
dy = dx Tan[pathangle];
interpairs = Partition[Reverse[Union[xinters//N, yinters//N]],
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2, 1];
inters = Reverse[Union[xinters//N, yinters//N]]),

If[pathangle == N[Pi / 2],
(dx = 0;
dy = deltay/100;
interpairs = Partition [Union [xinters//N, yinters//N], 2, 1]; 
inters = Union[xinters//N, yinters//N]),

(* else pathangle is -Pi/2 *)
(dx = 0;
dy = - deltay/100;
interpairs = Partition[Reverse[Union[xinters//N, yinters//N]], 

2, 1];
inters = Reverse[Union[xinters//N, yinters//N]])

(* Set of conditions to set up the proper dx and dy and to compine the lists 
of intersections so that the intersections proceed from y = 0 to y = ymax *)

pixelid = Drop [Floor[Transpose [{Transpose [inters] [[ 1 ]]/deltax + dx,
Transpose[inters][[2]]/deltay + dy}]], -1];

(* result is in pixel space coordinates *)

pixellower = n Transpose[pixelid][[2]] + Transpose[pixeIid] [[ 1 ]] + 1; 
pixelupper = pixellower + n(m - 2 Ceiling[pixellower/n] + 1);

Do[
projmatrix[[pathnumber, pixelupper[[i]] ]] = Sqrt[(interpairs[[i, 2, 1]]

- interpairs[[i, 1, 1]])A2 
+ (interpairs[[i, 2, 2]]
- interpairs[[i, 1, 2]])A2],

{i, 1, Dimensions[pixelupper][[l]]}];,
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{k, 1, Dimensions[pathlist] [[ 1 ]]}] ;

ListDensity Plot [Reverse [proj matrix ] ]
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■  Present density graphic of projection matrix:
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3. Forward Model

rocktype = {
0 .0 , 0 .0 , 0 .0 , 0 .0 , 0 .0, 0 .0 , 0 .0 , 0 .0, 0 .0,
0.0, 0.0, 0.0, 3.0, 3.0, 3.0, 3.0, 0.0, 0.0,
0.0, 0.0, 3.0, 3.0, 0.0, 0.0, 0.0, 0.0, 0.0,
0 .0 , 0 .0, 0 .0, 0 .0, 0.0, 0.0, 0 .0 , 0 .0, 0 .0,
0 .0 , 0 .0 , 0 .0 , 0 .0 , 0 .0, 0 .0, 0 .0 , 0 .0, 0 .0,
0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 3.0, 0.0, 0.0,
0.0, 0.0, 0.0, 0.0, 3.0, 3.0, 3.0, 3.0, 0.0,
0 .0 , 0 .0, 0 .0, 0 .0, 0.0, 0.0, 0 .0, 0 .0, 0 .0,
0 .0 , 0 .0 , 0 .0 , 0 .0 , 0 .0, 0 .0 , 0 .0 , 0 .0, 0.0 };

frequency = 100000000000 2 Pi; 
conductivity = rocktype; 
permitivity = rocktype; 
permeability = 4 Pi/10000000; 
abconsts = rocktype;
Do[

(* Coal *)
If[rocktype[[n]] == 3, 
conductivity [[n]] = .0001; 
permitivity[[n]] = 10/(36 Pi 10*9);];

(* Gold *)
If[rocktype[[n]] == 2, 
conductivity [[n]] = 1; 
permitivity[[n]] = 2/(36 Pi 10*9);];

(* Copper *)
If[rocktype[[n]] == 1, 
conductivity [[n]] = 5; 
permitivity[[n]] = 2/(36 Pi 10*9);];
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(* Sandstone *)
If[rocktype[[n]] == 0, 
conductivity [[n]] = .07; 
permitivity[[n]] = 7/(36 Pi 10A9);];

a = frequency (permeability permitivity[[n]]/2 ((1 + 
(conductivity[[n]]/(permitivity[[n]] frequency))A2)A0.5 
- D)A0.5;

b = frequency (permeability permitivity[[n]]/2 ((1 +
(conductivity[[n]]/(permitivity[[n]] frequency))A2)A0.5 
+ 1))A0.5;

abconsts[[n]] = a + I b;
, {n, 1 ,(xsamples ysamples)} ] ;

proj list = proj matrix . abconsts;

ListContourPlot[Partition[conductivity, xsamples]] ; 
ListContourPlot[Partition[permitivity (36 Pi 10A9)
, xsamples]];
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4. Reconstruction and Backwards Model
image = Table[0, {Dimensions[projmatrix][[2]]} ]; 
adjprojmatrix = proj matrix;
timage = Tablet 1, {Dimensions[projmatrix][[2]]} ]; 
tproj = Table[l, {Dimensions[projmatrix][[l]]} ]; 
adjprojmatrix = adjprojmatrix/

(Outer[Times, projmatrix . timage, 
tproj . projmatrix]);

image = Transpose [adjprojmatrix] . projlist; 
norms = Table [projmatrix [ [k]] .proj matrix [ [k]],

{k, 1, Dimensions [projmatrix] [[!]]} ];

(* Creates a Table of the Euclidiean norms from the projection 
matrix *)

Do[
relaxfactor =1/3;

Do[

image = image +
(relaxfactor ((projlist[[k]] - proj matrix [[k]]. image)
/norms[[k]])) projmatrix[[k]],
{k, 1, Dimensions[projmatrix][[l]]} ];

Do[
lf[Re[image[[n]]] < 0, 
image [[n]] = 0];

If[Im[image[[n]]] < 0, 
image[[n]] = 0];

If[Re[image[[n]]] > Im[image[[n]]], 
image[[n]] = Re [image [[n]]] + I Re[image[[n]]]];

, {n, 1 ,Dimensions[projmatrix] [[2]]} ] ;
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, {m,l,100}]; 
sigma = image; 
epsilon = image; 
losstangent = image;

Do[
sigma[[n]] = 2 Re [image [[n]]] (5/(7200 PiA2)
+ (Re[image[[n]]]/(frequency permeability))A2)A0.5;

epsilon[[n]] = (Im[image[[n]]]A2 - Re[image[[n]]]A2) 
*(36 Pi 10A9)/(frequencyA2 permeability);
, {n, 1 /xsamples ysamples)} ] ;

ListContourPlot[Partition [sigma, xsamples],
PlotRange -> All];
ListContourPlot[Partition[epsilon, xsamples],
PlotRange -> All];
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2 4 6 8

Do[
sigma[[n]] = 2 Re[image[[n]]] lm[image[[n]]]/ 
(frequency permeability);

, {n, 1 ,(xsamples ysamples)} ] ;

ListContourPlot[Partition[sigma, xsamples], 
PlotRange -> All];
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