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ABSTRACT

Discrete Element Methods (DEMs) are a family of related 
techniques designed to solve problem in applied mechanics, 
especially to solve the problems which exhibit gross motion or 
deformation that may be of a discontinuous nature. Analysis of 
Hydraulic Problems Using the Discrete Element Method is an 
attempt to develop a new numerical method to solve flow
problems in engineering. The simulation is based on the 
concept of the Lagrangian description of motion of water. The 
"water particles" were taken as discrete elements. An analogy 
of the concept might be illustrated by visualizing that a 
typical hydraulic jump could be created by shooting a shallow 
stream of high velocity ping-pong balls in an open channel. It 
is not hard to visualize that the ping-pong balls will
eventually reach an equilibrium condition that may be in 
effect a model of the classical hydraulic jump.

In order to simplify the analysis, two dimensional
discrete elements (disks) that interact each other through 
collision mechanics were considered. Dynamic equilibrium 
equations were written for each particle and a computer 
program was developed (in C language) to calculate the
accelerations, velocities, positions and forces acting on the
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particles. The disks were shot into the upstream section of an 
open channel continuously and checked out at downstream 
section. An explicit time integration scheme was used to 
update the disks "in play". A special data structure was 
created to make the contact search efficient. The viscous 
damping matrix [C] and stiffness matrix [K] of the dynamic 
equations were evaluated based on the comparison of 
traditional hydraulic jump calculations. A special "energy 
box" was developed to test the numerical stability of the 
program.

The program JUMP is currently running on IBM RS/6000 930 
AIX 3.2 (UNIX Server). The results can be interpreted and 
displayed by spreadsheet GRAPHER.

The simulation indicates that DEMs may be a powerful and 
effective way to solve fluid dynamics problems. The method can 
be further extended to simulate broken dam problems, collapse 
of rocks (soils), water wave propagation, the interaction of 
fluid and structure problems, etc.
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CHAPTER 1 
INTRODUCTION

The theory of turbulent flow has been fairly well 
developed. Traditionally, an Eulerian or spatial description 
of the fluid motion is used in hydrodynamics. This approach is 
concerned with describing the instantaneous velocity field 
within a fixed spatial region, and its evolution with time. 
The spatial location (x,y, z) and the time t are taken as 
independent variables.

On the other hand, a Lagrangian or material description 
of fluid motion describes the motion of a fixed material 
volume of fluid. If initial or reference location of a water 
particle is x=x0, y=y0, z=z0 at time t=t0, then at a subsequent 
time t when the particle has moved, its current location is 
defined by

x=x(x0,y0,z0,t) , 
y=y(x0,y0,z0,t), and 
z=z(x0,y0,z0,t)

These equations are written using cartesian tensor notation 
are

Xi=Xi(x0,y0# z0,t) (i = 1,2,3)
where (x,y,z) = (x1,x2,x3).
If the functions xi are known for all particles in the water



T-4359 2

body, then the history of motion for the entire water body is 
known.

In the Lagrangian description, the velocity and 
acceleration of particle (x0,y0, z0) are, respectively:

t)=-^l(Wo>Zo) 1.1

/ . x _ d v J  _ & X i \  ! 9a i (-Xq'IV Z0' k) ££ '(x0,y0,z0) (̂ o»yo'zo)

With the development of modern desktop microcomputer 
capabilities, it is now possible to approximate the "Fluid 
Particles" with numerical methods as discrete material 
particles (granular materials, etc.)- The concept of a "fluid 
particle" is widely used in fluid dynamics and engineering. In 
some special applications, engineers are more interested in 
individual " fluid particles" rather than the "velocity 
field". For example, in hydrotransportation (slurry 
transportation) and liquid-solid separation problems, the 
interactions between fluid particles and solid particles are 
most important. In general, if we can calculate the dynamic 
properties of each "fluid particle", it will lead to a better 
understanding of basic theories of complex fluid flow, such as 
boundary layer effects, shear stresses, drag force velocity 
fluctuation, energy transfer, etc. The thesis will concentrate

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL OF MINES 
GOLDEN, CO 80401
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on simulating a "hydraulic jump" in an open channel.
The discrete particle model used herein is based on 

hydrodynamics, the theory of flowing liquids. The model 
described consists of a representation of various fluid 
properties as characteristics of discrete individual 
particles, such as velocity, viscosity, forces, particle 
mass, channel slope etc. In this manner, the continuum of 
fluid properties and behavior can be represented by a 
computer-based model addressing the dynamics of a discrete, 
finite number of individual particle collisions averaged 
through time. An analogy of the concept might be illustrated 
by visualizing that a typical hydraulic jump could be created 
by shooting a shallow stream of high velocity ping-pong balls 
in an open channel. It is easy to visualize that the ping-pong 
balls will eventually reach an equilibrium condition that may 
be in effect a model of the classical hydraulic jump in the 
open channel. The results will be compared with the classical 
theory of hydraulic jump.

In order to simplify the computations, as a first step, 
a computer program will be written to simulate a 2-D open 
channel flow. The initial velocity profile is shown in Figure 
1. The average velocity is between 15.66Vy1 and 28.19Vy1 (m/s) 
so that the Froude number will be between > 5 and 9 in order 
to create a full developed hydraulic jump. The particles are



T-4359 4

considered to have no spin. Meanwhile, the fairly developed 
hydraulic jump theory is used to calculate the hydraulic jump 
parameters (sequent depth, dissipation of energy, hydraulic 
jump length etc.) which are used to adjust or modify the 
stiffness matrix [k] and viscous damping matrix [c] . The final 
results should provide a qualitative representation of the 
hydraulic jump phenomena (Figure 2). If this initial study is 
successful, further development will ultimately result in a 
new approach for solving hydraulic engineering problems.

VELOCITY PROFILE hydraulic jump

Figure 1 Velocity Profile Figure 2 Hydraulic Jump
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CHAPTER 2.
LITERATURE SURVEY AND REVIEW OF EXISTING METHODS

2.1 Introduction
Hydraulic jumps occur when there is a conflict between 

upstream and downstream controls which influence the same 
reach of channel. For example, if the upstream control causes 
supercritical flow while the downstream control dictates 
subcritical flow, then there is a conflict which can be 
resolved only if there is some means for the flow to pass from 
one flow regime to the other. Experimental evidence suggests 
that flow changes from a supercritical to a subcritical state 
can occur very abruptly through a phenomenon known as 
hydraulic jump. The hydraulic jump can take place either on 
the free surface of a homogeneous flow or at a density 
interface in a stratified flow. In either case, the hydraulic 
jump is accompanied by significant turbulence and energy 
dissipation. Because of the many applications of the hydraulic 
jump in civil engineering, a lot of scientists and engineers 
have dedicated themselves to the study of this phenomenon. The 
approaches can be grouped into three types 1) classical 
Analysis, 2) hydraulic experimentation, and 3) numerical 
simulation (finite element methods). The excellent research 
work has been done during recent years. It may be said that
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the hydraulic jump theorem is fairly well developed.
2.2 Classical Analysis

The classical analysis of a hydraulic jump is based on 
the momentum principle with several simplifying assumptions. 
The formula for the hydraulic jump is obtained by equating the 
unbalanced forces acting to retard the mass of flow the rate 
of change of the momentum of the flow. The general formula for 
this relationship is

O2 — O2 —
i k + A ^  = i k +A2y2

where Q is flow rate; A1 and A2 are areas before and after the 
jump, respectively ; y1 and y2 are the corresponding depths from

the water surface to the center of gravity of the cross 
section.

Equation 2.1 contains three independent variables, and 
two must be known before a value of the third can be 
determined. Since there are computational difficulties to 
solve equation 2.1 in general, some techniques were developed 
for different channel shapes[3].

After investigating the potential effects of reverse 
underflow, the momentum distribution coefficients and channel 
bottom roughness on the hydraulic jump characteristics of 
sequent depth ratio and jump length, Karl R. Nelson concluded
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that "for actual field applications of the hydraulic jump it 
is probably of little necessity for the designer to concern 
himself with these effects either individually or in 
combination " [10]. The conclusion is helpful for choosing the 
numerical coefficients of the discrete element simulation of 
hydraulic jump.

2.3 Hydraulic Experimentation
Hydraulic experimentation provides a good way to study 

the characteristics of the hydraulic jump. It is widely used 
to confirm engineering designs. A comprehensive series of 
tests have been performed by the Bureau of Reclamation of the 
US Department of the Interior for determining the properties 
of the hydraulic jump [ 14 ] . The jump form and the flow 
characteristics can be related to the kinetic flow factor 
v2/2g, to the critical depth of flow dc, or to the Froude 
Number parameter, v/V(gd). It is generally thought that when 
the Froude number of the incoming flow is equal to 1.0, the 
flow is at critical depth and a hydraulic jump cannot form. As 
the Froude number approaches 1.7, a series of small rollers 
begins to develop on the surface, and these become more 
intense with increasingly higher values of the Froude number. 
Other than the surface roller phenomena, relatively smooth 
flows prevail throughout the Froude number range up to about
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2.5.
For Froude number between 2.5 and 4. 5 an oscillating form 

of the jump occurs, the entering jet intermittently flows near 
the bottom and then along the surface of the downstream 
channel.

For the range of the Froude numbers for the incoming flow 
between 4.5 and 9, a stable and well-balanced jump occurs. 
Turbulence is confined to the main body of the jump, and the 
water surface downstream is comparatively smooth. As the 
Froude number increase above 9, the turbulence within the jump 
and surface roller becomes increasingly active, resulting in 
a rough water surface with strong surface waves downstream 
from the jump.

2.4 Numerical Simulations
The development of modern computational capability 

provides a powerful numerical approach to the fluid dynamics 
problems. Most of the solutions are based on the finite 
element method. One of the successful study was done by B. D . 
Nichols, C . W. Hirt, and R. S. Hotchkiss [11]. In their report 
"SOLA-VOF: A Solution Algorithm for Transient Fluid Flow with 
Multiple Free Boundaries", they successfully simulated a 
single fluid flow or two fluids separated by a sharp interface 
problem. Their SOLA-VOF program can also treat incompressible
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fluids or fluids with limited compressibility. The SOLA-VOF 
solution algorithm was based on the fractional volume of fluid 
(VOF) and a simplified version of the basic solution algorithm 
(SOLA) used in the Mark-and-Cell (MAC) methods. Sample 
calculations gave very good results.

To date it seems that no one has attempted to solve 
complex fluid problems using DEMs. However, similar concept 
are encountered in the mechanics of granular materials [15]. 
There are many models and algorithms developed to solve the 
discrete solid particle models[15]. These solutions provide 
good inspirations for this investigation.
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CHAPTER 3 
BASIC DEM THEORY

3.1 Introduction
In order to simulate water particles in motion, a system 

of two dimensional disks was used. Dynamic analysis of each 
particle and the solution of the dynamics equilibrium 
equations for each assemblage of discrete particles during 
collisions provides a description of the force, deformation, 
stresses, velocity and energy loss of each particle so that 
the character of water particles in the hydraulic jump can be 
determined. The problem is, finally, to solve for the dynamics 
motion and deformation of multiple interacting particles.

Theoretically, the dynamic equilibrium equations can be 
written for a particle characterized by displacement vector 
{u> as:

[M] {ü} + [c] {Ü} + [K] {u} = {F} 3.1

where [M] is a n x n mass matrix, [K] is the n x n stiffness 
matrix, [C] is the structure damping matrix, {F} is the vector 
of applied forces, {Ü} is the nodal acceleration vector and
{Û} is the nodal velocity vector.

By using an explicit time stepping technique [7], the 
acceleration can be written as:
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»  _  U n+l/2 U n-l/2  3.2
At

where the subscript n refers to time station tn and the 
subscript n+1/2 refers to time station tn+At, etc. note that 
At is a small time increment.

Substituting equation (3.2) into equation (3.1) gives an 
update equation for {û>,

<Ù,,,1/2} - Cùn_1/2} + [Afn] {Fn} - [K] {un}) 3.3

Knowing ûn_1/2, [M] , At, Fn, Kn and un, and then {ûn+1/2} can be
calculated. Note, that if the mass matrix [M] is diagonal, the 
inverse of the mass matrix is trivial and equation (3.3) 
becomes an explicit update. Equation (3.3) is the velocity 
update equation from tn-At/2 to tn+At/2.

In a similar manner, by assuming that the velocity is 
constant during time tn to tn+1 (tn+At) , the position update 
equation can be derived:

AtU-i/a - 3'4
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u73+1 U, + ùnil/2 / A t 3 . 5

where ûn+1/2 was calculated from Equation (3.3) .
In order to get the velocities at every half time step 

(ùn# ûn+1/2, ûn+1 a linear extrapolation is written as:

 ̂n~Û-n -i/2  V-n-'L/2~V'n-3/2____  3 . 6

tn-(tn-3/2At) ( t^-At/2) - ( ti2-3/2At)

knowing ûn_3/2, un„1/2 and At, the velocity at tn can be
calculated:

“ (-^ùn_i/2 ~ -|-ûn_3/2) 3.7

For two dimensional planar disks, the explicit time velocity 
update equations are:

*n»l/2 “ *n-l/2 + A  t E F x / m
' ÿn>l/2 - ÿn-1/2 + A tEFy / m 3.8

^n+1/2 “ ^n-1/2 + A tEMc / J c
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The position update equations are defined by

x n*l ~ x n + ^n.l/2A C
yn.i - Xn + ^..1/26 t 3.9
en*l/2 0 n̂+i/2̂  ̂

Note that the algorithm developed in this work ignores the 
effect of particle spin. The third of equations 3.8 and 3.9, 
therefore, are not employed.

Figure 3.1 shows the basic algorithm of DEM. At any

n + 1 /2  n+1 n + 3 /2 n +2n-1/2NODE STEP

t -  A t/2TIME STEP t+ A t/2  t+ A t t+ 3 A t/2  t+A t

COMPUTING STEP back3 back2 b a c k l i+ 2i+1

FORCE Fb Fnew

VELOCITY Vnew

POSITION Pb2 Pnew

Figure 3.1 DEM Algorithm
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arbitrary time step n, the velocities, Vb2, positions, Pb2, 
and the forces (Fb) acting on each particle are known from 
previous calculations or the initial conditions. Velocities at 
step n+1/2 can be obtained from velocity update equation 
(3.8). Knowing the new velocities, the position of each 
particle is updated one step to n+1 using position update 
equation (3.9). The distances between each particle at the new 
position is checked. If there are contacts collisions, the 
contact forces are calculated. Time is updated and the 
procedure continues recursively until the simulation is 
completed for a defined period of time.

3.2 Contact Forces
In the discrete element model, the major force is the 

contact force resulting from particle collisions during a time 
step. There are two cases when considering the contact forces 
acting on each particle in the DEM simulation of the hydraulic 
jump.

Case A: Before the particles impact each other or
boundaries, the governing forces acting on the particles are 
gravity forces, drag forces, buoyancy forces, etc. 
Equation(3.1) can be reduced to

F  = [AfJ ü
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These forces can be calculated from the initial conditions and 
velocities.

Case B : When particles impact each other or boundaries, 
the resulting contact forces play an important role.

In general, the contact stiffness coefficient matrix [k] 
and viscous damping matrix [c] are functions that depend upon 
the material behavior. The contact stiffness also depends upon 
the average relative velocity of impacting particles. 
Therefore, the contact forces primarily depend upon the 
material's properties (such as Young's Modulus, restitution 
coefficients and Poisson's ratio), velocities and particle 
geometry (shape; circular; flat or super quadric) .

The normal contact formulation employed here is linear 
elastic with a viscous damper, as depicted in figure 3.2.

V i

Kn

vj

Figure 3.2 Normal Contact Model
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Some investigators have preferred to use Hertz theory for 
granular material analysis, in which the assumption of 
elasticity is used to derive the normal stiffness of the 
contact between two deformable spheres [6]. A further 
assumption is that the radius of the contact area is small 
compared to the radius of the sphere. Hertz theory ( nonlinear 
normal stiffness ) would be more representative of the actual 
contact behavior between solid particles. However, due to lack 
of available quantitative data of the "stiffness" k and 
"damping coefficient" c between water particles, the linear 
spring k and damping model may well display the dramatic 
turbulence and energy losses displayed in the hydraulic jump 
and make the calculations more straightforward.

Behavior of the contact shear force is defined by 
relative velocity, normal force and friction factor (ks) as 
shown in figure 3.3.

Vrs
K s

Fn

Vrs

Vrs

Vrs

Figure 3.3 Shear force Model
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The normal instantaneous contact force is defined by:

3 .11
0 6„ < 0

where ' k is the normal contact stiffness, c is the normal 
contact viscous damping coefficient, and <Sn is the normal 
penetration distance at the point of contact.

The viscous damping and friction factor contribute to the 
energy losses of hydraulic jump. The damping force, which is 
the second term of equation (3.11), can be expressed as:

where Ô/, is the normal component of the relative velocity of 

the impacting bodies (or boundaries) and is defined by:

where n is the unit vector outward contact normal direction 

at the point of impact p. vpj. and vpi are the velocities of

body j and i at impact point p, respectively.

Note that the velocities vpj and vpi are updated by using the

extrapolation equation (3.7).
The shear instantaneous contact force is defined by

3 . 12

n 3 . 13



T-4359 18

3 . 14

I Ë» Iwhere D is the magnitude of normal force, ks is the dynamic

friction factor which depends on the contact relative 
velocities in the tangential direction vrs.

3.3 Models of Coefficients
The contact stiffness matrix [K], viscous damping matrix 

[C] play an important role in the simulation. As mentioned 
above, these matrices depend heavily upon the mechanical 
behavior of the material particles. For a dynamic impact 
between two solid particles, the coefficients can be evaluated 
from experiments or existing data. However, for liquid 
particles the relationship between these matrices and the 
viscosity of the liquids is somewhat more complicated. The 
most direct way seems to be to establish a relation between 
the dynamic equilibrium equation (3.1) and Navier-Stokes 
equation:

Du 3 . 15
Dt
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However, this problem is beyond the scope of this 
investigation. It will therefore, be left for the future 
research.

Usually, the value of the normal contact stiffness kn is 
specified by limiting the maximum penetration between the 
surface of two impacting bodies to a predefined value which 
depends on the problem simulated. Typically, the maximum 
penetration is defined as a small fraction of the average 
dimension of the contacting bodies. The value of kn is simply 
estimated by energy calculations for the impacting bodies.The 
system kinetic energy :

where v0 is the normal component relative velocity, and m is 
the average mass of ball i and ball j.
The work done by the particles:

2 (-|-w02) 3 . 16

2(/oÔmaxFd(ô)) = knb2m

HIVq =
3 . 17
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and

J ü i i  3.18e 2°max

If 5mgx = d/n where d is average diameter of two balls and n is 
the penetration fraction factor, then

mVn „ mVn
d 2

Constant diameter disks were used in the hydraulic jump 
simulation. The mass of each disk = d2 * y0w. Then equation 
(3.19) can be reduced to

kn - p w'n2• Vq 3 • 20

where pw is the density of water.
The viscous damping coefficient (c) can be obtained from 

relationship between viscous damping (c) and the restitution 
coefficient (e) [8]:

c = 2ln(1/e)a {mi + m-) 3.21
7c2 + [In (1/e) ] 2
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where kn is the normal contact stiffness, e is the coefficient 
of restitution, and m. and m.} are the masses of ball i and j 
respectively.

Two kinds of damping coefficient were considered in the 
hydraulic jump simulation:
I. Viscous damping coefficient between balls (cp)

Since all the particles are same size in the hydraulic 
jump simulation, m. = m̂  - m. Therefore, equation (3.21) 
becomes :

cp = 2ln (l/e). kI/n/2
tz2 + [In (1/e) ] 2

3 . 22

II. Viscous damping coefficient between ball - boundary cb. 
m- = m; and irij = «>. Equation (3.21) reduced to

2ln (1/e) ̂ kjn
7t2 + [In (1/e) ] 2

3 .23

Since there is no "restitution coefficient" between the 
water particles ( or boundaries ), e was chosen by comparing 
simulation results with typical hydraulic jump calculations.

The friction factor ks is simply chosen between 0 and 1 
based on the comparison with the classical hydraulic jump 
calculations.
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3.4 Numerical Stability
Careful selection of At ensures numerical stability. The 

stable condition of explicit integration schemes is

A t  < 2/g>;

where At is critical time increment and tu is the natural 
frequency of the two particle interacting system, m is the 
mass of particle, k is the contact spring stiffness.

The critical time increment given by equation (3.24) does 
not include the effect of damping. As damping is increased the 
critical time increment must be decreased as damping is 
destabilizing effect. In the hydraulic jump simulation, 5% of 
critical time increment was used in order to ensure numerical 
stability. (Note that 10% and 20% of critical time increment 
were also investigated, the results are reasonable).
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CHAPTER 4 
TECHNICAL APPROACH

4.1 Introduction
Two dimensional circular disks were chosen to model 

water particles in the DEM simulation of a hydraulic jump. The 
calculations include solving the velocity update and position 
update equations and evaluating contact forces and specific 
energy. Thousands of disks were shot along a channel as shown 
in figure 4.1.

■>-IY1 7
. /

----------- _=— /

Vo.

Figure 4.1 Velocity Profile 

The velocity profile is determined by l/7th Power Law:

V.,
V 4.1

where is maximum velocity, Vy is velocity at the depth (Y, 
- y) and Y, is upstream jump depth.

Integration of equation (4.1) gives the relationship 
between maximum velocity and average velocity:
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= "f Va 4.2

where Va is average velocity and its value is between 15.66/Y, 
—  28.19/Y, so that Fr is between 5 and 9 in order to create 
a fully developed hydraulic jump.

There is only the gravity force acting on each disk when 
one is shot. When the first column of disks was generated, 
their positions were recorded. If the disks move downstream 
far enough from the generating position, the ball generator 
function is invoked again and a second column of disks is 
generated so that a continuous "disk stream" is generated 
along the channel. After a disk passes a certain downstream 
section it is checked out and its ID put back in the generator 
for future use if required. Finally, a stable hydraulic jump 
is formed.

As thousands of disks were used in the system, contact 
searching becomes one of the most time consuming procedures in 
the calculations. In order to make the searching more 
efficient, a special contact search algorithm was developed. 
Section 4.4 gives a detailed explanation of the algorithm.

4.2 Normal Contact Forces
For each contact pair, which consists two disks, a
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contact force is calculated by equation (3.11). The normal 
contact forces can be expressed as the sum of normal spring 
force Fk-kcàn and the normal damping force Fc-c6n. From the 

velocity update and position update equations, the current 
velocity and position were determined. The normal contact 
calculation determines the magnitude and direction of the 
normal force.

4.2.1 Normal Spring Force
Figure 4.2 shows two disks, i and j, in contact.

,Vl

Figure 4.2 Two Disks in Contact
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The normal unit vector along contact direction is defined by

n ij _ (Xj-xJ i+ (y-j-y-j) j 4 .3

where x, y are central coordinates of disk, subscripts 
represent a specific disk.

Then the normal spring force acting on disk i is:

•fV  -
Jccô

^{xj-x1)2+{yr y1)
[ (Xj-Xi) 1 + (Vj-Yi) j] 4.4

or

(**) y

kc6
yj (xj-Xj) 2+ (yj-yJ

yj{x:j-x1)2+ (yj-Vj)

(Xj-X±)

(Yi-Yi)

4.5

The normal force acting on disk j is

FJk “ -FÏ - ■  —  - [ 2+ j] 4 . 6
/ (xJ-xi)2+ 2
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4.2.2 Normal Damping Force
Normal viscous damping forces can be obtained from 

equation (3.12). The magnitude and direction of the force 
depends on the relative velocity of the disks in the direction 
acting along the line between the two centroids. The relative 
velocity is defined by equation (3.13). The velocity of disk 
i at contact point P (refer to Figure 4.3) is

Vpi - v i + (ùi x i p i 4.7

where w ̂ is angular velocity and ip is the radius vector of 

disk i. Equation (4.7) can also be written as

(Vpi), 1 [ (^,1 -co irisin0ij-
■ (vpj)z - .(^) y • co iricos0ij.

Vj = (Vj) X1 + (Vj) yJ 

W j - CO jJc

iPi = rfiij
__________r________
J (yj~y±)

= rAi + rBj

4 . 9
[ (x,-xi) £ + (yj-yj) j]
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/X
n

X

Pi

p

Figure 4.3 Relative Velocity at Contact Point P 

where r is the radius of disks.
By definition A and B are

» _ Uj-Xj)

4 . 10
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The second term of equation (4.7) is

T J £
0 0 coi
rA rB 0

(i> jXjp

= -G) jSj + G) ±Aj 

then, the velocity of disk i at contact point p is

vpi - (Vj) X1 + (Vj) y/  + [-tojBr + w iAj] 
~[(Vi) - <ù 1 + i (Vi) y + <ù iA] f

4.11

4 . 12

In the same way, the velocity of disk j at contact point P is

Vpj = (Vj) xi + (Vj) yf + [(Ù jBi - A(Ù jf] 
= [(v^ x + G> jB] f  + [ ( Vj-) y - <*) j-A] j 4 .13

The relative velocity between disk i and disk j at contact 
point P can be expressed as

Vpj - Vn - [ (Vj) x - ( vi) x + B ((0  ̂+ Ü) i) ] /  +
[ (Vj) y - (Vj) y - A(0)^ + CO i) ] / 4 . 14

The normal damping force acts on disk i is

fi - -cp6 - -Cp (vpj - Vpj) • 7Î 4 . 15
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or

l(Vj) x - (v̂ ) x + £((*> j + o> j) ] (Xj - xi)
y/{Xj - 2 + [y-j - yi) 2

[ ( Vj) y - (Vj) y - A(co j- + co i) ] (ŷ  - ŷ ) 4.16
v/(xJ- - x j 2 + (ŷ  - y ^ 2

The normal damping force acting on disk j is opposite to that 
of disk i:

4.3 Shear Force
If the coefficient of friction, ks, is not zero, friction 

forces will be developed between disks in contact if they have 
any relative tangential velocity at the point of contact. DEM 
simulation of hydraulic jump uses a Coulomb friction law where 
the friction force is proportional to the normal force

Where fa is given by equation (3.11).
Equation (4.18) alone is not sufficient to define the 

friction forces. There is a critical value of friction, Fsc,

the stick friction which is the amount of friction force which 
will cause two rotating disks to cease all rotation within a

4 . 17

~ ks \FA § 4 . 18
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time step. The friction forces cannot exceed this value 
without adding energy to the system. The determination of this 
force is based on the following assumption: when the relative 
velocity in tangential direction at contact point is less then 
e, a small value which depends on the effectiveness of the 
friction algorithm, the friction force is proportional to the 
result of e times the friction factor. Otherwise, the friction 
force is only a function of ks. In the DEM simulation of 
hydraulic jump, the relation between tangential relative 
velocity and e is determined by a sign_f unction which is 
defined by

where e = alvmaxl, a is a coefficient and is the magnitude

of maximum velocity in the system. In this simulation, a =

0.01 ( one percent of maximum velocity ). vzs is the relative

velocity of disk i and j at contact point in tangential 
direction, which is defined by

1
sigrn (vZ3) - W zs/e

-1
4.19

4 .20
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Figure 4.4 shows the sign function (4.19).

y

- 1.0

Figure 4.4 Sign Function

According to the definition above, the friction force 
acting on the disk i is

F* =  -sign(vIS) [kjFj]-â 4 .21
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where s is unit tangential vector which defined by

0 0 1 
A B O

-Bl + Aj 4 .22

A and B are as defined in the previous section, s can also 
express in global coordinates as

-{yj-yi)£+ (Xj-Xj) j

\J iXj—Xj) + (yj-yi)2
4 .23

and Fg, in the same way, can be written as

(F/)

(Fa )

-sign{vrs) kjFn\[- (y:/.-yi) ] 
y (xJ-x i)2+ (y-j-yi)2

-signj vzs) kjFn\ [ (x^-x^ ] 
yJ (xi-xi)2+ (y-j-y^2

4.24

The friction force acting on the disk j is 

FJS ~ ~Fi ~ sign ( vrs) [JcJfJ] • S 4 . 25
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4.4 Contact Search Algorithm
The basic assumption in the DEM simulation is that all 

the " water particles " are represented by two dimensional 
disks of the same radius. This provide the simplest geometry 
and allows an efficient determination of contacting pairs. In 
order to search for contacts, the easiest way to program would 
be check the position of every disk against every other. 

Unfortunately, this requires order V212 (n-1) checks, where n is 

the disk number in the system. Note that after one disk has 
been checked against every other, the disk will be deleted 
from the checking list so that the total checking calculations 
are V212 (n-1) . However, since there are thousands of disks in 
the simulation system and the time increment has to be kept 
less than the critical value to satisfy the numerical 
stability condition, it is almost impossible to use such a 
checking algorithm. The DEM simulation of a hydraulic jump 
uses a special cell structure function which divides the disks 
in the system into a system of small cell ranges so that the 
checking calculations are limited to the closest neighbor 
disks instead of every disk in the simulation system.

Theoretically, the cell size depends on the total 
particle numbers, distribution of particles in the system and 
geometry shape of particles. The optimum cell size can be 
obtained by running the program a number of times while
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fr*

changing the cell size and plotting CPU time as a function of 
cell size. The minimum CPU time corresponds to the optimum 
cell size. However, in the DEM simulation of hydraulic jump 
the total particle number changes with time, and in order to 
get a fully developed hydraulic jump the code has to be run at 
least 12 0 hours on SLATE, the cell size is determined by 
logical analysis which leads to a cell size 2 times as large 

he particles (disks). Figure 4.5 shows the cell grid used 
he cell structure.
The cell structure covers the whole hydraulic jump area 
ras determined by traditional hydraulic jump calculations 
l horizontal, rectangular channel[3]:

Z i  . i

y 2 2

h  = 1

Vi 2

4 .26

and

Lj = 9 .75 (F^-l) 1-01 4.27

where y,, y2 are upstream and downstream sequent depths 
respectively, Fr,, and Fr2 represent upstream and downstream 
section Froud number respectively, is hydraulic jump
length.

At all times there is a logical grid of cell oriented
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>
Figure 4.5 Cell Grid
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along the x and y axes. The minimum coordinates of the cell 
are (0,0) and the maximum coordinates of the cells are the 
hydraulic jump length and downstream sequent depth multiplied 
by a constant which is determined by the average velocity in 
the system.

At every time step a computing function "cell structure" 
sorts the disks into different cells by checking the 
coordinates of four nodes of a square in which the disk is 
inscribed. Figure 4.6 shows the order in which each of these 
cases is performed.

1  2

disk i

0 3
Figure 4.6 Checking Node Order
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In general, a given disk would be in at most four cells 
at any one time. The special case is that it is in only one 
cell. A pass is made through the disk positions and the cell 
number that a disk resides within can be calculated 
arithmetically from the logical grid spacing and the simple 
geometry of the disk. Figure 4.7 shows a simple example of 
such sorting.

636/ 62

82

Figure 4.7 Sorting Example
The code checks the cell in which the disk falls based on 

adding or subtracting the radius of disk from the x and y 
coordinates of the centroid of the disk. Disk number 9 
in figure 4.7 represents a disk which will fall in four cell, 
in this example the cell number 62, 63, 82 and 83. Disk number 
1 represents a disk which will fall in only one cell, in this
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case, the cell number 82. In order to avoid putting a disk 
four times in one cell when its four nodes fall in one cell ( 
such as disk number 1 and 4 in figure (4.7)), a temporary
pointer was used to record the address of the disk in the
cell_structure. Before each disk is finally sorted into a 
special cell, its address is checked so that the same address 
will be put into the same cell only once. The table 1 shows 
results of the sorting example.

Once the list of disk with in each cell are complete, the 
contact search function will perform an exhaustive search for
contact matches of disk within each cell list.

Table l. Cell Sorting Example

CELL NUMBER DISK NUMBER

61 3, 7
62 5, 8, 9, 2
63 9, 2, 6

81 3 / 7
82 I# 4, 9
83 6, 9

This is a V211 (n-1) search but now n is reduced to a 
number much smaller than the total number of disks in the 
whole hydraulic jump range. For each contact pair found, the
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contact forces are calculated as described in Chapter 3.
There are two notes to emphasize :

I. The cell size has to be greater than particle (disk) 
diameter.

The search algorithm mentioned above checks the four 
nodes of each disk. If the cell size is less than the diameter 
of the disks, two contacting disks may be put into different 
cells and will be missed by contact checking as shown in 
figure 4.8. The results may be seen on the computer screen 
showing two particles passing each other without bouncing 
back.
II. Determination of Contact Point

The contact search and the contact calculation is based 
on each cell list. If there is a pair of particles that were 
sorted into two different cells as disk 2, 9 and 9, 6 in
figure 4.7, the contact forces will be calculated twice (for 
example, both in the cell 62 and 63 for disc 2 and 9) . In 
order avoid the duplicated calculation, it is necessary to
check the contact point which is defined as the middle point
of the line connecting the centroids of the contact particles. 
Only when the contact point is located in the same cell in
which the two disk are listed will the contact function be
invoked. For example, the contact force will be calculated 
only in the cell 63 for disk 2 and 9 although they are also



T-4359 41

Figure 4.8 Wrong Cell Size

listed in the cell 62, and in the cell 83 for disk 9 and 6. 
There is one special case in figure 4.7. The contact point of 
disk 3 and disk 7 is exactly located on the cell boundary. The 
contact search will miss this contact point. However, it is 
realized that the possibility that the coordinates concede 
perfectly with each other and the pairs of disks moving along 
the boundary are very low. This shouldn't cause a serious

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL OF MINES 
GOLDEN, CO 80401
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problem.

4.5 Energy Checking
The numerical stability of a DEM simulation of the 

hydraulic jump is verified by energy checking. A particle in 
the system at any time has energy:

ei = Ic<à2i + rriĵgyĵ + 4.28

where m is mass of the particle, v is translational velocity, 
U is angular velocity, Ic is mass moment of inertia of the
particle respect to its mass center, y is the particle
altitude relative to the calculation datum, k is spring
coefficient and S is penetration. The subscript i represents 
the ith particle in the system. The first two terms of
equation (4.28) are the kinetic energy while the last two term 
represents potential energy of the particle. The total energy 
of a system with constant particle number n is

E = Eei jl = 1, 2 ... 22 4.29
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If there are no elements which cause mechanical energy losses 
(such as dampers, friction, etc) and no energy is added to the 
system, the total energy of the system should be conserved. 
However, in the DEM simulation particles are shot into the 
system at the upstream section and checked out at the 
downstream section, and some energy is lost due to damping and 
friction forces. In order to verify the correctness of the 
simulation code, a special case was investigated for energy 
checking. Figure 4.9 shows the test condition.

Sixteen disks were put into a 2m x 2m closed square box 
(energy check box) . The diameter of each disk is 0. 4m to raise 
the collision possibilities between disks and boundaries. Disk 
number 1 was initialized with a velocity (vlx = 6 m/s, vly = -6 
m/s) while the others remain static at the beginning so that 
the total energy of the system is 5760 N-M (assume gravity 
equals to zero) . The test program recorded 12 0 seconds of 
total energy as a function of running time. The results are 
shown in figure 4.10. As expected, the total energy is almost 
constant.

Figure 4.11 is an enlargement of figure 4.10 and shows 
the fluctuations of the total energy line. The fluctuations 
can be explained as numerical simulation error. Since the 
contact force is assumed to start from zero at the point when 
the particles first touch and contact forces are related to
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10

1513 1412

Figure 4.9 Energy Text Box
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contact displacements, one particle must penetrate into the 
other to produce any finite value of contact force. DEM 
numerical algorithm simulates the penetration between 
particles step by step in every time increment (’t) instead of 
continuously approaching one another after their initial 
contact. During the time increment the contact forces of 
particles and their associated energy are "blind". The values 
remain as same as that of previous step until they "jump" to 
new values at the end of the time step with a new penetration. 
The error cause by the "blind" time increment can be limited 
to the minimum by reducing the time increment. However, the 
total computing time increases as the time increment 
decreases. The time increment was chosen as 5 percent of the 
critical time in the DEM simulation (various other time 
increments were also used in the various simulations) . The 
maximum fluctuation of the amplitude is 1.4% to total energy. 
Figure 4.12, 4.13 show the results of seven disks in the same 
energy check box. The fluctuation is less than one percent.
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ENERGY CHECKING (16 DISKS)

6000.00

4000.00

2000.00

0.00
120.000.00 40.00 80.00

RUNNING TIME (SEC )

Figure 4.10 Energy Checking (16 Balls)



TO
TA

L 
EN

ER
G

Y 
(N

-M
)

T-4359

ENERGY CHECKING (16  DISKS)
5900.00

5850.00
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5750.00
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5650.000.00 40.00 80.00 120.00
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Figure 4.11 Energy Checking (16 Balls)
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ENERGY CHECKING (7 DISKS)
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RUNNING TIME (S E C )

Figure 4.12 Energy Checking (7 Balls)
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ENERGY CHECKING (7  DISKS)
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5700.00

5650.000.00 20.00 40.00 60.00
RUNNING TIME (S E C )

Figure 4.13 Energy Checking (7 Balls)
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CHAPTER 5 
CODE DESCRIPTION

5.1 General Description
The discrete element computer program JUMP has been 

developed for modeling the hydraulic jump in an open channel. 
JUMP treats the "water particles" as two dimensional disks of 
constant radius that interact with each other through 
collision mechanics. An explicit time integration scheme and 
efficient contact search algorithm were used to improve the 
efficiency of the computation. This implementation is 
programmed in C language to operate in a UNIX operating system 
environment (IBM RS/6000 930 AIX 3.2) . The simulation boundary 
conditions are shown in figure (5.1) . The channel length is 60 
meters and the hydraulic jump basin depth is 1 meter. It is 
supposed that there is a free outfall at the end of the 
channel. "Water particles" are shot in at the upstream section 
and checked out at the downstream section after they pass the 
outfall. The total channel length is assumed to be 9 0 meters. 
The diameter of disks is 0.2 meter and relationship between 
the maximum shooting velocity and average velocity is given by 
equation (4.1) and (4.2). (Note the above variables are 
changeable depending on the precision requested). If we use 
average velocity of 16 meter/second to simulate 10 seconds of
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Figure 5.1 Hydraulic Jump
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real hydraulic jump, the total number of particles in play is 
about 2600 and it costs about 30 to 48 hours to run the 
program depending on the number of users on the net.

Figure 5.2 shows the calculation procedures of JUMP.
The Initial Data is read from "global.h" file. In order 

to develop a hydraulic jump and make the computation 
efficient, the initial data includes upstream sequent depth 
y,, average velocity v, channel length, disk radius, 
simulation duration and cell numbers. From the initial data, 
the downstream sequent depth y2, maximum velocity v^, disk 
mass and cell size will be calculated and used throughout the 
calculations.

Parameter Calculations provide stiffness coefficient kc 
(stiffness coefficient between particles - particles from 
equation (3.20)), ks (stiffness coefficient between particles 
- boundaries), viscous damping coefficient cp (damping between 
particles - particles from equation (3.22)), cb (damping 
between particles - boundary from equation (3.23)), and time 
increment which is usually 5 percent of the critical time 
(equation 3.24). The stiffness calculation is based on the 
energy principle described in chapter 3, and viscous damping 
coefficient is computed form specific restitution coefficient 
which is assumed to be in the range from 0 (perfect plastic) 
to 1 (perfect elastic).
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Figure 5.2 Calculation Flow Chart
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Initial Particle shoots the first column of disks in the 
channel according to the velocity profile calculations as 
shown in figure 5.3.

0
1
2
3
4
5
6

Figure 5.3 Shooting Disk

There is only gravity acting on the initial disks when they 
are shot, and the x-position of each disk is assumed at zero, 
y-positions of each disk are arrayed at different altitude 
such that the disks neither overlap each other nor the 
boundary of the channel and the sum of the diameters of disks 
is not greater than y^. An unique ID number is initialized for 
each disk to identify its history. The disks in play are put 
into a linked list so that the program allocates the computing 
space for each disk dynamically.
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Ball Generator performs several functions to generate 
disks after the first column of the disks is initialized. The 
principal function of Ball Generator is to shoot disks into 
the channel continuously to form a stable hydraulic jump. Once 
the first column of disks are shot, the disk shooting position 
is fixed. Figure 5.3 shows seven positions for disk shooting. 
There is a space check function in the Ball Generator which 
performs a space check at every position. Only if the disk at 
a certain position moves downstream far enough will the second 
disk be shot at the same position so that disks wouldn't 
overlap at generating time. "Initial velocity" function 
provides generating velocity for each disk according to its y 
coordinate. The "IB set" function initialize a unique 
identification for every disk. Again, there is only gravity 
acting on each disk when it is generated.

Update Ball updates every disk in play downstream in the 
channel. Equation (3.8) to (3.9) are used to update velocities 
and positions for each disk. In order to simplify the 
calculations, this investigation didn't include angular 
velocity and momentum calculations. It is assumed that the 
disks in play are relatively close to each other and the 
interactions among them are frequently. The angular velocities 
will be neutralized by the frequent collisions.

Check Out Ball evaluates the position of each disk. If
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their position is beyond the channel length considered, they 
will be checked out from the linked list and their ID put back 
to Ball Generator for the next shooting so that there is 
constant number of disks in play when a stable hydraulic jump 
is developed.

Contact Boundary performs contact calculations between 
disks and boundaries when there are collisions between them. 
The contact forces include normal spring force, normal damping 
force and friction forces. Since it is assumed that the 
hydraulic jump occurred in the jump basin, a disk may impact 
with horizontal boundaries, a vertical boundary or in the 
corner of the basin as show in figure 5.4. Each case is 
calculated separately.

Date Structure sorts the disks into different cells as 
described in section 4.4 to improve the contact search 
efficiency among the disks. The cell grid covers all hydraulic 
jump areas which are determined by typical hydraulic jump 
calculation (equation 4.26 to 4.27). The cell size is 2d x 2d 
(where d is diameter of disks). In the simulation, 250 x 150 
cells are used. Once all the disks are sorted into cell grids, 
the contact search is limited to each cell instead of the 
whole hydraulic jump range.

Contact Balls plays an important role in the 
calculations. As described in section 4.4, the disks in each
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Boundary

Boundary

Figure 5.4 Boundary Contact

cell are checked one against another. If a contact pair is 
found, the contact point check function is invoked. When the 
function returns a value TRUE to identify the contact point is 
in the same cell, the contact force function performs contact 
forces calculations between the pair of disks.

Write Position records the history of the positions of 
every disk in ten different files (picture0.dat to 
picture9.dat). The primary plan for the simulation was to 
create a visual output on the computer terminal with X 
Windows. However, because of the limitation of time, the 
problem will be left for future research. The ten data files 
record the positions (x,y coordinates) and ID of every disk in
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play at equal time intervals. The data files can be 
interpreted and displayed by GRAPHER (version 1.76, 
copyright(c), Golden Software, 1985 - 1989, Education Copy 
Licensed to Colorado School of Mines for Academic Use ONLY).

Since it is necessary to record data for three steps for 
update calculations and extrapolations (refer to Figure 3.1), 
the data of every time increment has to be updated. Update 
Data performs the function.

Finally, time is checked. If the time is less than time 
stop. Ball Generator is invoked and the program runs 
recursively. Otherwise, the program ends execution.

5.2 Code Structure and Variables
The JUMP program is a modular program written in C 

language by using vi editor under UNIX system to simulate a 
hydraulic jump by DEM. The results are written into ten 
different files which can be interpreted by the spreadsheet 
GRAPHER. Each module refers to a single function or a number 
of related functions which are grouped logically. A number of 
global structures, variables and constants are defined in the 
"global.h" file or the main driver program "jump.c".

The properties of each disk, such as velocities, 
positions, forces, energy and ID, are grouped in a single 
structure BALLS which is defined as:

ARTHUR TAKES LIBRARY 
COLORADO SCHOOL OF MINES 
GOLDEN, CO 80401
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struct ball {
VELOCITY v;
POSITION p;
FORCE f ;
int ID;
doub1e energy; 
struct ball *next;
} BALLS;

In order to carry out the vector update calculations, the 
velocities, positions and forces acting on each disk are 
grouped in a different structure in the same way: 
struct velocity{

double x, xbl, xb2, y , ybl, yb2;
> VELOCITY; 

struct position^
double x, xb2, y , yb2;
} POSITION;

struct force{
double x, y ;

} FORCE ;
where x,y represent the current value of a parameter in x, y 
direction; xbl,ybl represent the one step back value of the 
parameter from the current step i in the x, y direction. For 
example, v.x and v.xbl are the current velocity and one step
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back velocity of a disk in the x-direction respectively.
An integer ID is a unique identification number for each 

disk. Energy is the total energy of a disk in play.
All the disks in play are put into a linked list when

they are shot. Pointers are used to represent the complex data 
structure defined above effectively.

A pointer *grids[n][j][k] is used to handle cell 
structure. The *grids[n][j][k] is a three dimensional array 
pointer which points to the structure BALLS. In the 
implementation, the first index number (n) refers the number 
of the disks which are sorted into the cell[j][k], the second 
number (j) refers to the row number of the cell (y direction) 
and the third index number (k) references the column of the 
cell (x direction).

Many other global variables are used in JUMP to speed up
the data transfer process. Most of them are represented by
their physical meaning. For example, "penetration" (6) , "mass" 
(M) , "distance" (d), "delta_t" (’t),etc. Some variables and 
constant are commented by the comment structure which follows 
that of the C programming language (/*...comment string...*/)

5.3 Users Guide for JUMP
The JUMP program performs the discrete element simulation 

of a hydraulic jump. The program is written in C language and
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is currently running on "IBM RS/6000 930 AIX 3.2" (slate) and 
DEC 3100 workstation or equivalent UNIX operating system 
environment. The results are written into ten data files named 
picture0.dat to picture9.dat which can be directly interpreted 
and displayed by Spreadsheet GRAPHER (Version 1.76, Golden 
Software,1983 - 1989). The "water particles" are represented 
by two dimensional disks. It usually takes about 30 hours on 
"slate" to simulate 10 seconds of real hydraulic jump time 
with average velocity of 16 m/s.

Invoking the program. The JUMP program call is to perform 
a simulation under given conditions. The format of the call is 
simply typing "jump" on the terminal. After every 0.1 second 
of real hydraulic jump simulation, the timer and ID will 
display on the screen to indicate current simulated time and 
the number of disks in play respectively. Meanwhile, the data 
will be written into ten data files at equal time interval. 
For example, to simulate 6 seconds of hydraulic jump, the 
results (position of every particle) will be recorded at 0.6, 
1.2, 1.8, ... 6.0 second.

Input Data. There are two kinds of data that need to be 
initialized before running JUMP. The first are the parameters 
of the hydraulic jump which is going to be simulated and the 
second is calculation information.

I. The parameters of hydraulic jump include sequent depth
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y,, y2/ jump length L., basin depth D and upstream average
velocity Vaverage. The channel length should be 1.5 times the 
jump length.

II. Calculation Information includes restitution 
coefficient ee, friction factor KS, radius of disk r , mass of 
disk M(= (2d) 2*AW) , cell number in x direction GNX, cell number 
in y direction GNY, simulation time time stop (assume time 
start zero), and position record time interval WRITE_TIME.

All the above parameters and information are listed in 
the file "global .h". Once any of the above parameters or 
information are changed, the program has to be re-compiled by 
calling "make -f Makejump".

When the program terminates, the data files can be 
transferred to GRAPHER for display.
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CHAPTER 6 
DEM ANALYSIS

6.1 Introduction
Program JUMP has a variety of user options that can be 

used to provide analysis capabilities for a wide range of 
applications. JUMP is a modular program which is easy to 
modify for different applications. The present version of JUMP 
is tailored for the basic analysis of hydraulic problems —  
the dam break problem, the water/structure interaction problem 
and the hydraulic jump problem. However, JUMP could be readily 
modified for the simulation of geotechnical problems, material 
processing problems and many other civil engineering problems. 
A successful simulation requires a physically based contact 
model analysis and realistic boundary conditions. For most 
engineering problems, the contact models between the particles 
can be determined from an analysis of material properties and 
contact phenomena.

6.2 Dam Break Problem
Figures 6.1 to 6.12 show the dam break problem 

simulation. 1201 disks were setup overlapping each other to 
generate the hydraulic static pressure. The initial force 
acting on the disks is only the gravity force. The restitution
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coefficient was chosen as 0.2 and it is assumed that ks = 0.0 
(no friction). A small structure was placed at the downstream 
section to create a hydraulic jump. The water column is 12.0 
meters high and 4.0 meters wide. After the dam was removed, 
the water particles collapse downstream through the channel 
and "jumped" when they impacted the structure. Five seconds of 
real water collapse was simulated. This analysis required 
about 4 hours of computer time.

Figures 6.13 to 6.21 illustrate the water wave 
propagation and water/structure interaction problem. This 
example is an extension of the dam break problem. The 
structure at the downstream section was increased to a height 
of 6 meters to generate a reflected wave which moves back 
upstream in the channel. The resultant forces acting on the 
structure were recorded in the time history shown in Figure 
6 .2 1.

6.3 Hydraulic Jump Problem
Figures 6.22 to 6.34 show a hydraulic jump simulation. 

The disks were shot into the channel at the upstream section. 
The average upstream velocity used was 16 m/s (Fr1 is 5.11), 
restitution coefficient is 0.2, friction factor is 0.1, and 
the basin sill height is two meters. Twenty seconds of real 
hydraulic jump development time was simulated, and required



T-4359 65

about 100 hours of computer time. The results show a
reasonable representation of the profile of a hydraulic jump. 
(Note: some of data of each picture of the hydraulic jump at
the upstream section did not print out because of the
unexpected termination of the computer run).

6.4 Numerical Efficiency of Simulations
The contact search algorithm used in the simulation 

depends on a logical analysis and a few numerical tests.
Normally, it takes about 30 to 4 8 hours on the computer to 
simulate 10 seconds of real "hydraulic jump time" when the 
upstream velocity is 16 m/s and the cell size is two times 
greater than the diameter of the disks. If the cell size is 
changed to four times greater than diameter of disks, about 
85% of the same simulation took 60 hours. These runs indicated 
that a cell size of approximately twice the diameter of water 
particle seems to be the most efficient.

The simulation also showed that the normal contact 
stiffness coefficient is proportional to the square of 
upstream average velocity which is determined from the Froude 
number. Any small change in the velocity made a significant 
change in the stiffness coefficient. It is also important to 
note that the critical time step is reduced as the square of 
the stiffness. Traditional fluid experiments indicate that the
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Froude number has to be greater than 5 to create a stable 
hydraulic jump. However, the DEM simulation showed that the 
stability of the jump depends on the value of upstream 
velocity and coefficients (damping and friction). Since there 
is no obvious analytical relationship between the velocity and 
the contact stiffness and damping coefficients, appropriate 
values of these model variables require further numerical 
experimentation --- trial and error.

T IM E  -  0 . 0  ( I N I T I A L  C O N D IT ION )
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I I I I I I I I
0 0  2 5 . 0 0

Figure 6.1 Dam Broken Simulation Problem —  initial condition
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2dit

Figure 6.2 Disk setup algorithm

The initial vertical overlap between disk i and j is 
given by:

ô = (n-l)m9
j kc

where (n-1) is the number of disks above disk i. The initial 
horizontal overlap between disks i and k is given by:

b

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL OF MINES 
GOLDEN, CO 80401
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A , Vhd = Y [ (-n-D d+r] d

where d and r are the diameter and a radius of disks 
respectively, kb, kc are the contact spring stiffness, m is 
the mass of disks and y is the specific weight of water.
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Figure 6.3
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PICTURE 1 AT TIME = 1 . 0  SECOND1201 DISKS IN PLAY e=0.2 ks=0.0
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Figure 6.4
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PICTURE 2 AT TIME = 1 . 5  SECOND1201 DISKS IN PLAY e=0.2 k8=0.0
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PICTURE 3 AT TIME - 2.0 SECOND1201 DISKS IN PLAY e=0.2 k8=0.0
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Figure 6.6
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PICTURE 4 AT TIME = 2 . 5  SECOND1201 DISKS IN PLAY e=0.2 ks=0.0
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Figure 6.7
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PICTURE 5 AT TIME = 3.0 SECOND1201 DISKS IN PLAY g=0.2 ks=0.0
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Figure 6.8
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PICTURE 6 AT TIME = 3.5 SECOND1201 DISKS IN PLAY ©=0.2 k ©=0.0
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Figure 6.9
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Figure 6.10
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PICTURE 9 AT TIME = 5.0 SECOND 1201 DISKS IN PLAY ©=0.2 k 8=0.0
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Figure 6.12
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Figure 6.14
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Figure 6.18
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Figure 6.19
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PICTURE 0 TIME = 1 . 0  SECe = 0.2, ks = 0.1, Va = 16 m/s
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Figure 6.22
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Figure 6.23
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PICTURE 2 TIME = 3.0 SECe = 0.2. k s = 0. 1 , Va — 16 mZs
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Figure 6.2 5
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PICTURE 4 TIME = 5.0 SECe = 0.2, ks = 0.1, Va = 16 m/s
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PICTURE 6 TIME = 7.0 SEC© = 0.2, ks = 0.1, Va = 16 m/s
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Figure 6.29



T—4359 89

20.00

0 . 00 
0.

Figure 6

20.00

0 . 00 
0 .

PICTURE 8 TIME = 9 . 0  SECe = 0.2, ks =0.1, Va = 16 m/s

4 0 .  0 020.00 6 0 .  0 0

PICTURE 9 T IME = 1 0 . 0  SEC 
e = 0 . 2 ,  ks  = 0 . 1 ,  Va = 16 m/ s

i i i i'iiipf<*|iid ^
0 0  2 0 . 0 0  4 0 . 0 0  6 0 . 0 0

Figure 6.31
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PICTURE 10 TIME =11.0 SECe = 0.2, ks =0.1, Va = 16 m/s
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CHAPTER 7 
CONCLUSIONS AND RECOMMENDATIONS

7.1 Conclusions
This investigation was a pioneering attempt to solve flow 

problems by using the discrete element method (DEM). The work 
performed attempts to simulate two hydraulic flow problems : 
(i) the dam break problem, and (ii) a hydraulic jump in an 
open channel. The "water particles" were taken as two 
dimensional discrete disks of constant radius. A computer 
program was developed to calculate velocities, positions, 
forces and energy for each discrete disk. These simulations 
indicate that the DEM may be an alternative powerful and 
effective way to solve fluid dynamics problems. The 
flexibility of the JUMP computer code makes it easy to extend 
and modify it in order to simulate many other engineering 
problems, such as water wave propagation, fluid-structure 
interactions and geotechnical problems etc.

The contact model between particles employed in this 
investigation is linear elastic with viscous damping and 
coulomb friction factor. The present investigation shows that 
this model can be used to qualitatively simulate hydraulic 
problems successfully.

Since this work deals with exhaustive numerical
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calculations, a special contact search algorithm was developed 
to improve the calculation efficiency, and an "energy 
conservation box" was designed to test the numerical stability 
of the program.

The "energy check" results show that the program is 
numerically stable and accurate. Two energy test case problems 
were studied, 7 disks (with radius 0.2) in a 2m x 2m square 
"box" and 16 disks (with radius 0.2m) in the same box. Both 
problems predicted that the total energy are nearly constant 
when the contact forces are perfectly elastic. The maximum 
fluctuation of the total energy for the 7 disk case in 60 
seconds of simulation time is 0.93% and 1.4% for the 16 disk 
case in 120 seconds of simulation time.

7.2 Recommendations
This investigation is the first attempt to use DEM to 

solve hydraulic flow problems. Many questions are still not 
answered by the results of simulations. The next logical step 
is to establish the relationship between fluid properties 
(viscosity, density, etc.) and the coefficients of the dynamic 
equilibrium equations, such as contact stiffness and damping 
coefficients in the DEM model. The determination of these 
relationships between the fluid properties and DEM contact 
parameters is likely to require further research in the
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following areas :
(i) Further numerical experimentation of the DEM JUMP model 
with various values of contact parameters, and (ii) A detailed 
study of the physical parameters in the Navier-Stokes equation 
and the dynamic mechanical particle equation of motion.

If a high speed computer is available, the program can be 
improved in the following three aspects 1) determine the 
sensitivity of the numerical results upon water particle disk 
size ; 2) make further refinements to the contact detection
scheme in JUMP and plot a CPU time vs cell size curve to 
determine the optimum contact detection parameter within the 
model; and 3) modify the implementation with X-WINDOWS to 
create animated color graphical output directly so that the 
results of the simulation can be more easily interpreted.

r n ! ^ L m S  U S R m
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