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ABSTRACT

Polozhii decomposition is a highly efficient solution 
approach to finite-difference modeling of piecewise one
dimensional (1-D) structures, i.e., structures whose 
constitutive parameters depend upon at most one coordinate. 
This class includes such important geologic models as 
horsts, grabens, vertical faults and confined bodies. It 
is based upon a numerical version of the separation of 
variables technique that allows a quasi-analytic expression 
of the solution within each 1-D piece. These expressions, 
upon substitution into the finite-difference system for 
nodes on the boundaries between the 1-D pieces, allow 
the direct solution for nodes within the 1-D pieces to be 
eliminated. By reducing the direct solution to those 
nodes occurring only on boundaries between the 1-D pieces, 
a great reduction in size of the finite-difference system, 
and therefore a great increase in efficiency, is realized.

A prototype algorithm has been developed for modeling 
of two-dimensional (2-D) structures consisting of 2 or 3
1-D pieces with a finite-difference grid limited to constant 
grid spacings. This algorithm was tested for a number of 
models for which analytic solutions exist. The numerical
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results were very good in all cases, with resistivity 
contrasts up to 1000:1, except for one subset of vertical 
dike models in which the constant grid spacings were in
sufficient. An important result is the dependence of the 
optimum boundary conditions of the extremities of the 
finite-difference grid, to obtain good results, on the 
model and grid.

The modeling technique facilitated a feasibility study 
of the detection of buried resistive zones laterally 
displaced from a borehole with direct current (DC) surface- 
to-borehole resistivity measurements. Study of a target 
in a uniform host medium indicated that the distance (R) 
from the borehole to resistive target, the primary 
exploration parameters, can be estimated from measurements 
made with multiple borehole receiver electrode pairs with 
different electrode spacings (MN). This approach defines 
the transition from dipole-like behavior for MN less than 
R to bipole-like behavior for MN greater than R and reduces 
the influence of other target parameters. R can be 
estimated through a simple curve matching procedure in 
which the peak anomaly magnitude is plotted versus MN.
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Interference provided by a plane-layered host medium 
can be removed or reduced by subtracting the surface-to- 
borehole response of that host medium from the measurements. 
In practice the host medium resistivity profile is pro
vided by conventional well-log tools. If the interactions 
between surface charges on the target and interfaces in 
the host medium are not large the simple curve matching 
estimate of R may still be used. If the interactions are 
large, however, a more general inversion approach, 
utilizing those very same interaction effects, will be 
needed. Finally, if other lateral resistivity variations 
are added to the host medium in the vicinity of the 
target, the parameters of the target become unresolvable.
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CHAPTER I 

INTRODUCTION

1.1 Objectives and Scope of the Work

The purpose of this work is to present the basis and 
establish the utility of a recent innovation in geophysical 
numerical modeling - the Polozhii decomposition method. 
Polozhii decomposition, it turns out, is a numerical 
version of the separation of variables method which allows 
solution of the piecewise one-dimensional (1-D) class of 
problems. The original text by Polozhii (1965) has only 
recently been successfully implemented for geophysical 
applications by Tarlowski, et al (1984) and James (1985). 
The latter paper, presenting all of the mathematical 
details of the procedure, is included as Appendix A.

The material in Appendix A is not reproduced, except 
for small parts, in the main body of the thesis. It is 
therefore strongly advised that Appendix A be read before 
or in conjunction with Chapters II, III and IV as they 
draw upon what has already been established in Appendix A. 
Chapter II briefly sets up the boundary value problem that



T-3041 2

is being modeled. Chapter III presents an expanded 
conceptual discussion of the basis of Polozhii decomposition 
as a numerical separation of variables procedure. The 
mathematical development that is the base for the conceptual 
discussion is found in Appendix A. Chapter IV then pro
ceeds to repeat the solution construction, in an improved 
form, for a structure consisting of two 1-D pieces and 
then extends the solution for three 1-D pieces.

Chapter V presents the results of extensive testing 
of a prototype algorithm with models for which analytic 
solutions exist. It then proceeds to present comparisons 
to two other numerical modeling algorithms and to discuss 
the capabilities of the Polozhii decomposition algorithm 
in detail.

The utility of the Polozhii decomposition algorithm 
to study of geophysical problems is demonstrated in 
Chapter VI. In this chapter the feasibility of detecting 
buried resistive zones with a direct current (DC) surface- 
to-borehole electrode configuration is examined. The bore
hole itself is not included in the model, however. A 
method for estimation of the distance from borehole to the 
laterally displaced resistive target is presented that is 
successful within the framework of the modeling study's 
simplifying assumptions.
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1.2 Numerical Modeling

Over the past 15 to 20 years a large amount of effort 
has been spent developing numerical modeling techniques 
for application to problems in electrical geophysics.
Integral equation, finite-difference, and finite-element 
approaches are all well represented and a great deal of 
progress has occurred. Pioneering contributions to 
integral equation methods were made by Hohmann (19 75), Raiche 
(1974), Weidelt (1975), Barnett (1972), Lajoie and West 
(1976), and Wannamaker, et al (1984); to finite-element 
methods by Coggon (1971), and Pridmore, et al (1981); 
and to finite-difference methods by Jepsen (1969),
Swift (1971), Stoyer and Greenfield (1976), Dey and 
Morrison (1979), and Oristaglio and Hohmann (1982).
An integral equation/finite-element hybrid technique was 
presented by Lee, et al (1981). Very complicated models 
are now studied with any one of several very robust modeling 
schemes. As a result numerical modeling has acquired an 
ever increasing role in the analysis of electrical geo
physical data. But such modeling algorithms are also 
extremely consumptive of computer resources. In any event 
the nonuniqueness inherent in electrical methods suggests
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that such attempts at interpretation based on numerical 
modeling will forever be frustrating and perhaps in
appropriate; there are often too many possible models 
and usually too little available computer resource to 
fully study all possibilities. In any event, real geologic 
situations are rarely as simple as the models we try to 
attach to them.

Numerical modeling is perhaps best suited to design 
problems: simple study of field behavior, design of
acquisition, processing, and interpretation techniques, 
and optimizing procedures for specific geoelectrical prob
lems. In this role the very sophisticated, highly 
consumptive numerical algorithms currently in use are 
often overkill and prohibitively expensive. Needed to fill 
this role are methods that are highly efficient while 
allowing study of models that, though simplified, are a 
reasonable approximation of real exploration targets.

1.3 Polozhii Decomposition

Polozhii (1965) introduced techniques that allow 
geometrically restricted finite-difference models to be 
computed in just such a highly efficient manner. Nearly
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equivalent techniques were later developed in the United 
States (see, for example, Buzbee, et al, 1970, and Hockney, 
1970). For the case of direct current (DC) resistivity 
modeling James (19 85) demonstrated that the Polozhii 
decomposition procedure was efficient enough to allow very 
large grids, approaching a total of one million nodes, 
to be executed on a microcomputer in a reasonable amount 
of time. For instance, a grid consisting of 726,000 nodes 
was solved in 345 minutes on a DEC PDF 11/23 microcomputer. 
Tarlowski, et al (19 84) applied much the same procedures 
in the framework of a hybrid scheme for magnetotelluric 
modeling.

The efficiency is obtained by restricting models to 
geometries that are isotropic and piecewise one-dimensional 
(1-D), such as depicted in Figure 1-1, with each region 
having properties that are uniform or varying in one 
direction only. Within the 1-D requirement the model in 
each region is entirely arbitrary. The problem can then 
be reduced to solving for only the potentials on the 
boundaries between the regions. The behavior of the 
potential field within each 1-D region can be represented 
in a quasi-analytic form that may be directly substituted 
into the solution for the boundary; thus the calculation
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'Z

Figure 1-1. Example of a piecewise 1-D structure. In 
this case a 2-D structure is the result.
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of the potential function itself within each region has been 
eliminated. In this sense Polozhii decomposition is very 
similar to the integral equation method where Green's func
tions are used to represent the field of the host medium.

The procedure obviously is not useful for totally 
general model geometries but does allow study of a number 
of geologically important cases such as horsts, grabens, 
single vertical faults, and confined bodies. Of particular 
note is that even the most sophisticated 3-D integral 
equation modeling programs currently available are 
restricted to bodies in a layered host medium (Best, et al, 
1985; Newman and Hohmann, 1985); Polozhii decomposition 
easily accommodates the extension to piecewise 1-D models 
such as were mentioned above. Also, as demonstrated by 
Tarlowski, et al (1984), Polozhii decomposition can be 
used in a hybrid modeling scheme where a region of entirely 
general properties is incorporated as a standard finite- 
dif ference (FD) problem. In this case the simultaneous 
system involves all of the nodes within the FD region in 
addition to the boundaries between the regions.
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1.4 Surface-to-Borehole Resistivity Measurements

The idea of placing either source or receiver, or 
both, in one or more boreholes is not new, having been 
pioneered by Alfano (1962), and examined further by Merkel 
(1971), Merkel and Alexander (1971), Snyder and Merkel 
(1973), Daniels (1977), Dobecki (1980), Lytle and Hanson 
(1983), and Yang and Ward (1985a, 1985b). All examine 
either layered or spheroid/ellipsoid target problems.
The approach enhances the anomaly created by buried zones 
over that of surface-only configurations because one or 
both of the source and receiver are in close proximity 
to the target. Of note, however, is that conductive 
targets were emphasized in these studies ; Snyder and Merkel 
(19 73) and Lytle and Hanson (1983) do present modeling 
results for spherical resistive targets but these studies 
were somewhat limited. Daniels (1983) has briefly 
discussed resistive anomalies in the context of field 
data interpretation. The buried resistor should be of 
greater exploration interest in that hydrocarbon-bearing 
zones within sedimentary sections often are more resistive 
than their host rock. This is based very simply on the 
displacement of low resistivity formation water with high
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resistivity hydrocarbons (Rzhevsky and Novik, 1971) 
and the resultant effect this has on the formation's 
resistivity (Archie, 1942).

Since the anomalies associated with resistive 
targets are primarily galvanic in nature, the DC approach 
is the logical choice over any electromagnetic technique. 
The feasibility study performed here addressed only one 
style of approach in detecting such resistors : a single
pole source on the earth's surface and a downhole bipole/ 
dipole receiver. A number of other source-receiver geom
etries are also possible so the study is only a start 
in the context of the general approach. Such exploration 
tools could be complementary to other geophysical methods 
which explore away from boreholes - the vertical seismic 
profiling, borehole gravity, and cross-borehole tomographic 
methods.

In addition, the borehole environment will be ignored 
as was done in all of the papers referred to at the start 
of the section. In general, however, the borehole environ
ment needs to be considered and future assessments of this 
method's feasibility need to account for this.
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CHAPTER II 

THE NUMERICAL MODELING PROBLEM

2.1 Objective

This chapter presents, very briefly, the setup of 
the basic finite-difference resistivity modeling problem. 
This problem formulation is extracted from Appendix A - 
which presents a fuller problem development. All references 
to equations in Appendix A will be prefaced by 'A-'.
The point at which Polozhii decomposition departs from 
conventional finite-difference solution approaches is 
also discussed. The chapter stops short of presenting 
the actual mathematical development of Polozhii decomposi
tion since this is fully detailed in Appendix A. The 
appendix should be scanned or read in detail before 
proceeding to Chapter III - which develops a conceptual 
picture of Polozhii decomposition as a numerical separation 
of variables technique.
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2.2 Setup of the Numerical Modeling Problem

Consider the structure displayed in Figure 2-1 for 
which we wish to calculate the electric potential field 
created by a direct current source. Historically, a 
complete analytic solution to geoelectric problems of this 
type has not been obtained due to the complexity of 
satisfying boundary conditions on both horizontal and 
vertical interfaces. Problems such as these have always 
required numerical solution. The available techniques are 
the integral equation, finite-element and finite-difference 
methods. We proceed to set up only the finite-difference 
approximation.

Analytic solutions to geoelectric problems begin with 
Laplace's equation,

V2U = 0, (2-1)

and obtain solutions by application of the boundary con
tinuity conditions for the potential, U, and the current 
density, J (= oE, E =- VU), for all boundaries. E is the 
electric field and a is the conductivity. On the other 
hand, numerical solutions begin with a more general
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%

Figure 2-1. A 2-D DC resistivity model

UU)

i=0

IN)

KUN)
1*0

Figure 2-2. A three-dimensional cartesian finite-
dif ference grid illustrated with the node 
numbering system.
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equation that internally incorporates the boundary 
continuity conditions :

(a$U) = 0. (2-2)

The righthand side of Equation (2-2) will be nonzero for 
points of current injection - the external field sources. 
This is a restatement of Equation (A-6).

The structure is now approximated by a finite- 
dif ference grid organized as shown in Figure 2-2. The 
partial derivatives in Equation (2-2) are replaced by 
finite-difference approximations presented in Equation (A-8) 
With reference to Figure 2-3, the finite-difference 
approximation for the node (i,j,k) has the form

C01ül+C02ü2+C03ü3+C04U4+C05ü5+C06U6-(if1C01)ü0=S0- (2"3)

Sq is the external source term (nonzero only if i,j,k) 
is a point of current injection) and the C's are coupling 
coefficients between node 0 (the (i,j,k) node under 
consideration) and the six surrounding nodes. The 
exact expressions for the coupling coefficients are given 
in Equation (A-9b) through (A-9g).
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(1+1.i.k)

(l.j.k f

(1-1.j.k)
(i.j.k+1)

Figure 2-3.
A finite-difference 
stencil illustrated with 
both absolute (i,j,k) and 
relative (0 to 6) node 
numbering systems.

x-direction z-direction Figure 2-4.
The general banded 
structure of the 3-D 
finite-difference 
coupling coefficient 
matrix.
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Writing an equation of this form for all LMN nodes 
in the finite-difference grid leads to an order LMN 
matrix system of the form

AU = S (2-4)

where the matrix A contains the coupling coefficients 
between all of the nodes in the grid, U is a vector con
taining the unknown potentials at all nodes, and S is a 
vector containing all source terms. Equation (2-4) 
is identical to Equation (A-12). The coefficient matrix,
A, is diagonally dominant, symmetric, and contains only 
six nonzero codiagonals. For (x,y,z) ordering it has the 
general structure displayed in Figure 2-4.

2.3 Solution Approaches to the Finite-Difference Problem

Equation (2-4) marks the point at which finite- 
dif ference methods diverge from one another. In general 
the problem is solved either through Gaussian elimination 
type direct methods or Gauss-Seidel type iterative methods. 
For large grids the iterative approach is usually favored 
since direct methods become prohibitively time consuming.
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For a truly arbitrary resistivity structure one of the 
two general solution approaches must be utilized. Both 
must solve for all LMN potentials defined in Equation (2-4) .

If, however, the complete resistivity structure may 
be broken down into 1-D pieces, the Polozhii decomposition 
procedure may be utilized to break the general matrix 
system into directional pieces (just as in separation of 
variables) and create a much smaller matrix system. 
Numerically, each directional piece within a 1-D region 
is a tridiagonal matrix system consisting only of the 
spatial coupling coefficients for that direction. With 
reference to Figure 2-4, the x-direction tridiagonal 
system consists of terms on the main diagonal and the 
two adjacent codiagonals. Reorganization of the matrix 
system allows identical constructs for the y- and z- 
directions. Eigensystem decomposition of any two of the 
directional tridiagonal systems yields numerical trans
forms that function the same as analytic Fourier 
transforms do for infinite uniform properties. What 
remains is a series of 1-D finite-difference problems 
whose solution may be obtained very quickly. We may 
then express the solution for the potential within 
any 1-D piece in terms of these numerical operators
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and, by substitution, eliminate the nodes within all 
1-D pieces from the direct solution.

Polozhii decomposition provides an efficient, quasi- 
analytic solution to piecewise 1-D problems not previously 
attained by purely analytic or purely numerical approaches. 
The key features allowing this are the numerical trans
forms for 1-D problems of finite extent and varying 
properties. The equivalent analytic transforms are 
easily expressed but not easily implemented.

A complete mathematical description of the Polozhii 
decomposition procedure is presented in Appendix A. The 
next chapter, Chapter III, develops a conceptual picture 
of Polozhii decomposition as a numerical separation of 
variables method.
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CHAPTER III 

POLOZHII DECOMPOSITION - A CONCEPTUAL BASIS

3.1 Scope

The mathematical development and demonstration of 
Polozhii decomposition, adapted from Polozhii (1965), 
for the direct current resistivity problem is presented 
in Appendix A. This chapter simple discusses that 
mathematical development's concepts as a numerical 
variation of the separation of variables method. The 
numerical references to equations and figures in Appendix A 
will be denoted by the prefix 'A-'.

We seek to establish that Polozhii decomposition is a 
numerical form of separation of variables. In particular, we 
further seek to demonstrate that Polozhii decomposition is a 
numerical generalization of analytic potential field contin
uation; i.e., that it is operationally identical. There
fore , potential field continuation will be reviewed first. 
Then Polozhii decomposition for a single uniform region will 
be discussed in a step-by-step comparison with potential 
field continuation. The concept of Polozhii decomposition
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as a continuation procedure will then be expanded for a 
one-dimensional (1-D) property variation. Finally, it 
will be described how this quasi-analytic operational 
representation of the potential field within a 1-D region 
allows the solution for a piecewise 1-D structure to be 
reduced to only the boundaries between the 1-D pieces.

3.2 Potential Field Continuation

Potential field continuation, which calculates the 
potential function on z = from the known function on 
z = Zq , consists of several steps. First, the potential 
function on z = Zq , U(x,y,z^), is double spatially Fourier
transformed, in the x- and y-directions, to yield the
transform function U(u,v,Zq) where u and v are the 
x- and y-direction spatial wavenumbers, respectively.
This can be written as (Baranov, 1975):

+00 +00 . .
U (u, v,zQ) = f f U (x,y ,zQ) elux 'Lvydxdy. (3-1)

—  00 — 00

Note that the Fourier transforms assume that the function 
U exists for infinite x and y .



T-3041 20

Each U potential value is now independent from all
other U potentials on the plane, though the 2-D Fourier
transform provides a spectral contribution from all U
potentials to each U potential. The x-y double Fourier

2 2 2transformation of the Laplacian (=3 +3 +3 ), whichx y z
2 2 2is -u -v +3Z , demonstrates that only z-directional 

spatial coupling remains. The U potentials are then 
individually continued from z = Zq to z = z^ by multiplica
tion with e ^^zi V  where = u^+v^. We now have

U(u,v,z1) = U(u,v,z0)e Y ẑl z0). (3-2)

Performing inverse spatial Fourier transforms on U(u,v,z^i 
yields the desired U(x,y,z^) potential function::

+oo +oô
U(x,y,z^) = — j f f U(u,v,z,)e lux lvydudv. (3-3)

4 77 —  oo — oo

Defining the operators

+oo
F = / eluxdx, (3-4a)
X  -00

+ 00
Fy = / e'Lvydy, (3-4b)
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(3-4c)

(3-4d)
and

(3-4e)

the whole procedure can be operationally expressed as

Figure 3-1 pictorially expresses this procedure.

3.3 Polozhii Decomposition

3.3.1 Uniform Properties

The operational form of Polozhii decomposition can 
be viewed as a variation and generalization of this 
potential field continuation procedure for a fully 
discretized three-dimensional (3-D) finite-difference 
grid. Instead of the potential function U being specified 
on only a single plane let it now be specified on the six 
faces of the rectangular volume displayed in Figure 3-2.

ü(x,y,z1) = Fx-1Fy lEFyFxO(x,y,z0) . (3-5)
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1) Double spatial F. T. of U(x,y,z0)

=> U(aAz0)
2) LKaftz,) = e'YlzU(aAz0)
3) Double inverse spatial F. T. of UdoAz,)

=» UCx.y.z,)
Figure 3-1. Schematic representation of the potential 

field continuation procedure.
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i+l

(U,D

k=l

(l,M +1,N)

N+1 M+11 Mi=o 2

Figure 3-2. The 3-D finite-difference grid.
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The properties of this volume are assumed to be uniform 
with respect to the x- and y-directions.

Obviously the infinite lateral extent required for
the Fourier transform is no longer matched. However, a
linear operator that performs the same function is easily
calculated. With reference to Figure A-4 and/or the
schematic representation in Figure 2-4 (both displaying
(x,y,z) ordering), the coupling coefficients related
to the x-direction form a tridiagonal system whose structure
is shown in Figure 3-3. Each block of this tridiagonal
system is independent from the others and is identical
to the other blocks except for, perhaps, some scalar
multiplier. These properties mean that each block of
the tridiagonal system will have the same eigenfunctions.
A numerical "forward transform" can therefore be defined as
multiplication by the transform of this eigenfunction
matrix. The eigenvalues, u, are the spatial wavenumbers
of the x-direction problem. We will define the operator 

TPx to be this "forward transform" and refer to it as a 
Polozhii transform. It performs the same function as the 
Fourier transform in that it yields a problem which is 
spatially decoupled in the x-direction; i.e., each y-z 
plane in the u-wavenumber domain problem is independent



T-3041 25

Figure 3-3. Structure of a tridiagonal coupling coefficient 
matrix containing coefficients relating only 
to spatial coupling in one direction.
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of the other y-z planes but has received a spectral 
contribution from all y-z planes. This is all mathemati
cally presented in Equation (A-13) through (A-24). An
identical procedure can be performed for the y-direction

Tto yield the Polozhii transform operator Py • Likewise,
multiplication by the eigenfunction matrix performs the
function of an "inverse transform". Hence the operators
P and P are defined as inverse Polozhii transforms, x y

The known potentials on the faces of the volume 
(Figure 3-2) are incorporated as source terms, S(x,y,z), 
for the nodes immediately interior to the faces through 
application of the coupling relations in Equation (A-9).
As the potentials at these surface nodes are known, 
equations for these nodes are not included in the simul
taneous system of equations. Therefore, with reference 
to Figure 3-2, the system contains LxMxN equations.

Performing x- and y-direction Polozhii transforms, 
on each x-y plane, yields a tridiagonal coupling matrix 
with the structure displayed in Figure 3-3. There are not 
LxM systems of independent z-direction 1-D finite-difference 
problems. Each 1-D problem is an order N tridiagonal 
matrix system where N is the number of nodes in the z- 
direction. Appendix A (Figure A-15) shows the result of
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x- and z-direction transforms yielding LxN systems of
order M. The 2-D transformation process provides a
spectral contribution from each source term on an x-y
plane to all nodes on that plane (just as with the 2-D
Fourier transformation in analytic continuation), as
illustrated in Figure 3-4, so that there is now a source
term S for all nodes in the 3-D wavenumber domain grid.

T TRecalling that P and P are the x- and y-direction~ x ~ y
Polozhii transforms, the transformation process may be 
expressed as

S(u,v,zk) = PyTPxTS(x,y,zk), k = 1,2,...,N. (3-6)

The transformations also introduce spectral depen
dence in the coupling coefficients of the 1-D finite- 
dif ference problems via the spatial wavenumbers (or 
eigenvalues), u and v, which are added to the main diagonal. 
Figures A-14 and A-15 illustrate this property. Again 
this coincides with potential field continuation where the 
exponential operator is also a function of u and v.

Each u-v dependent tridiagonal system may be solved 
for the potential U at a single node z = z^ using an easily 
derived set of recursion relations (Carnahan, et al, 1969,
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Figure 3-4. Result of x- and y-direction Polozhii
transforms on a single unit normal source 
term at location (1,1) on an 8x8 grid.
The resulting values are u,v-domain 
source terms.
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or Smith, 1978) displayed in Equation (A-36) through 
(A-41). This step correlates with the e  ̂ multiplica
tion in potential field continuation. In fact the solution 
of the recursion formulas, for the case of invariant 
z-direction properties and a single source term at the 
first node, can be seen in Figure 3-5 to follow the 
behavior of the exponential, which is a straight line 
on a log-linear plot. With constant coefficients on each 
diagonal in the 1-D finite-difference system the transform 
domain potential has an inverse power law behavior versus 
depth:a-m. Since a m = e [lnXa)]m^ ^his inverse power law 
behavior always coincides with an exponential. The value 
of 1 a' is the magnitude of the coefficient on the main 
diagonal which is a function of the numerical spatial 
wavenumbers u and v. The two curves displayed in Figure 3-5 
are the results for the minimum and maximum eigenvalues 
and therefore the extremes of the solution space for the 
numerical solution. However, the extremes of e (the 
analytic potential field continuation operator) are e  ̂
and e 00 which would be horizontal and vertical lines, 
respectively, on Figure 3-5. The numerical solution space 
is therefore band-limited with respect to the analytic 
solution. From digital signal processing theory, however.
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Figure 3-5. Solution of 1-D recursive equations for case 
of uniform properties. The two curves show 
the result for the minimum and maximum 
eigenvalues. Solutions for all other 
eigenvalues will fall in between.
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this result is quite expected for the finite and discretized
numerical problem.

In general, however, each z-direction 1-D system has
not just a single source term but source terms at all nodes -
one from each x-y plane. Regardless, through the recursion
relations, each may still be solved straightforwardly
for node z = z^. By superposition, this solution is
equivalent to one obtained by breaking each 1-D problem
into N systems, one for each source term, and summing the
individual contributions. Thus the behavior of the solution
is much like a sum of exponentials. Defining the operator
G, (u,v,z) as the recursion solution for U (u,v,z ) for a ~ k n
normalized unit source term at node z = z^, the solution 
of the tridiagonal systems may, by superposition, be 
written as

n
U (u, v, z ) = E G, (u,v, z) S (u, v, z, ) . (3-7)

n k= i  ~K K

When U(u,v,zn) is known for all u and v, the desired
function U(u,y,z ) can be easily calculated by application
of the two inverse Polozhii transforms, P and P . Again~ x ~ y
this is just like the analytic continuation procedure where 
inverse Fourier transforms are used. This operation takes 
the form
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U (x,y,z ) = P P U(u,v,z ). (3-8)ri  ̂ y n

The entire procedure can now be presented as

n T TU (x,y,z ) =.P P  ̂ [G, (u,v,z)P P S (x,y, z, ) ] . (3-9)ii -x-y  2 ~x — y — x x

By comparison with Equation (3-5) we see that Polozhii 
decomposition is operationally potential field continuation, 
and therefore separation of variables, in a numerical 
disguise.

3.3.2 1-D Property Variation

As mentioned earlier and displayed in Figure 3-5, 
for a volume of uniform properties the behavior of the 
operator versus depth (see Equation (3-7)) is expo
nential. If, however, the properties of the volume are 
allowed to vary in the z-direction the behavior of G, is 
more complicated. In this case it will follow the behavior 
of the kernel function encountered in analytic solutions of 
the 1-D class of problems (see, for example, Ward, 1967).
The kernel function is a solution to the z-direction 
differential equation, resulting from the separation of
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variables procedure as determined by the boundary condi
tions . Its behavior therefore reflects the 1-D property 
variation. Figure 3-6 displays as a function of depth 
for several two layer models. These numerical functions 
correspond to analytic kernel functions with y = 6.93 
(determined experimentally). The exponential behavior of 

for uniform properties, addressed previously, is a 
degenerate example of this same correspondence since the 
exponential is, in fact, the kernel function for a 
uniform halfspace. So just as the numerical solution 
for uniform properties correlates with potential field 
continuation (and the analytic solution for a uniform 
halfspace), the solution now is a numerical representation 
of the analytic solution of 1-D problems.

The 1-D property variation problem belongs to the 
Sturm-Liouville class of differential equations (Ross,
1964) and may be subjected to eigensystem analysis.
The kernel functions just mentioned, in fact, are solutions 
of this 1-D problem. In principle, a kernel function could 
define a transform operator that fills the role occupied 
by the Fourier transform for the case of uniform properties. 
However, practical calculation of this "nonuniform" 
transform has not been generally achieved. On the other
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Figure 3-6. Solution of 1-D recursive equations for the 
two-layer models shown. The results are 
calculated using the minimum eigenvalues.
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hand, expression of the 1-D problem in finite-difference 
form allows the eigensystem to be calculated numerically 
in a straightforward manner with, for instance, the EISPACK 
library (Smith, et al, 1976). As for the general Sturm- 
Liouville case, the numerical eigenfunctions are only 
orthogonal when a weighting function is introduced. This 
weighting function, defined as the operator p, can be 
calculated from the eigenfunctions themselves since, 
from Equation (A-29) , I>ZPZT = P

THence, we can now define the transform pair (P p,Pz)
as the forward and inverse z-direction Polozhii transforms,
respectively. p is needed for any case of variable
properties ; for a uniform halfspace p degenerates to the
identity matrix. To differentiate from the case of

T Tuniform properties that led to the (P ,P ) and (P ,P )~x ~x ~y ~y
transform pairs, these are henceforth referred to as uniform

TPolozhii transforms while the (pz>pz P) transforms are 
referred to as nonuniform Polozhii transforms.

Given that a transform pair can be defined for a 
direction of property variation, a layered finite- 
dif ference problem may now be solved, just as easily, 
for an x-z or y-z plane as for an x-y plane. By comparison 
with Equation (3-9), the solution for an x-z plane, y = y , 
would be
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m T TU (x,y ,z) = P P E [G.(u,y,w)P pP S(x,yj,z)],
111 £à j — ^  J ** c* ^  ~  X

(3-10)
where G. is now a recursion solution of a y-direction 

~ J
tridiagonal system with a source term at y = y^ and w 
is the z-direction spatial wavenumber (or eigenvalue).

It is the solution expressed in Equation (3-10) 
that allows problems with more than 1-D property variations 
to be modeled.

Figure 3-7 schematically summarizes the Polozhii 
decomposition procedure for a single region. The original 
3-D grid (Figure 3-7a) is Polozhii transformed, for 
example, in the x- and y-directions (Figure 3-7b). Each 
resulting 1-D z-direction finite-difference system 
(Figure 3-7c) is solved for a particular node. That single 
x-y plane is then inverse Polozhii transformed for the x- 
and y-directions (Figure 3-7d) to yield the potential on 
that plane. Also, the procedure can be varied to instead 
yield the potential on a y-z or x-z plane (Figure 3-7 e).

3.4 Piecewise 1-D Problems

The general procedure for constructing a solution for 
more general cases can be built from the specific procedure
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3 - 7 C 3 - 7 d

Figure 3-7.
Schematic summary of Polozhii de
composition for a single region:
(a) the original (x,y,z) grid,
(b) x- and y-direction Polozhii 
transforms yielding a (u,v,z) grid,
(c) solution of the LxM 1-D z-direc
tion problems for U*1(z=Nq),
(d) inverse x- and y-direction 
transforms yielding U(z=Nq),
(e) a similar progression would 
yield U(y=MQ) on a x-z plane.
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described here for the case of a 2-D structure consisting 
of a single vertical contact.

Consider the structure displayed in Figure 3-8 
consisting of two arbitrarily layered regions joined at a 
vertical boundary plane. The structure's strike is in the 
x-direction. The construction of the mathematical solution 
is presented in Appendix A and extended in the following 
section; only the concept is discussed here.

For both regions the potentials on five of the 
six faces are "known" and will be lumped as and F^.
On their common boundary the potential is unknown. In 
general form the system of coupling equations for UB (i,k) 
is

UB (i,k) = FB [UB (i,k),U1 (i,j=J1,k)U2 (i,j = l,k)] , (3-11)

where the operator FB represents the dependence of the 
boundary nodes on surrounding nodes expressed in 
Equation (A-9) and, in matrix form. Equation (A-44).
From the procedure described for obtaining Equation (3-10) 
we know that the potentials on (i,j=J^,k) and 

(i,j=l,k) have the form



T-3041 39

REGION 2REGION 1

M.—1J|

Figure 3-8. A 3-D grid composed of two regions and a
middle boundary plane. Regions 1 and 2 have 

and ^  nodes, respectively, in the y- 
direction. Both regions have L and N nodes 
in the x- and z-directions, respectively. 
Each region may contain an arbitrary 1-D 
model varying in the z-direction.
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U1 (i,j=Jlfk) = F1 [ri,S1 (i,jfk),UB (i,k)], (3-12a)
and

u2 (i,j=i,k) = F2 [r2 ,s2 (i,j,k),UB (i,k)]- (3-12b)

where the operators and F2 represent the dependence of 
the potential within each region, evaluated at nodes 
j = and j = 1 respectively, on its boundary potentials 
and its internal properties as represented in the matrix 
operators P , P , p, and G.(u,y,w). Substitution of^ X ^ Z ^ ^ j
Equation (3-12a) and (3-12b) into Equation (3-11) yields 
the system

uB (i,k) = FB(uB (i,k),SB (i,k),
F1 [uB (i,k) ,s1 (i,j,k) ,r1] , 
F2 [UB (i,k) ,S2 (i,j,k) ,r2] }. (3-13)

Note that the unknowns U^(i,j=J^,k) and U2 (i,j=l,k) 
have been eliminated by the substitution. The unknown 
boundary plane potentials can now be calculated indepen
dently from the unknown potentials within both regions.
The system involves only the coupling expressions on the 
boundary itself, the exterior boundary values and F2, 
and the properties of the regions as incorporated into
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T TP /P„ f P /P„ p, and G . for both regions. The unknownsX ~ X ^ Z ^ Z ^ j

(i,j=J^,k) and U2 (i,j=l,k) have been replaced by the 
known and and by the unknown UB (i,k) - which is now 
the only unknown remaining. This reduces the simultaneous 
system from order Lx (M^+l^+l) xN to LxN. In essence, the 
operation expressed in Equation (3-10) has "continued" 
the exterior boundary values, F^ and to the interior
boundary.

Furthermore, since the structure is 2-D (invariant 
in the x-direction), the system may be solved in the u- 
wavenumber domain and the problem reduced to solving 
systems of order N (one y-z plane at a time) for UB (i,k) 
and then inverse x-direction Polozhii transforming to 
obtain UB (i,k). Figure A-10 displays the fact that each 
y-z plane in the u-wavenumber domain is independent of 
the others. Once the potentials UB (i,k) are known the 
potentials on any plane within either region may be rapidly 
calculated according to the procedures outlined previously 
for a single region (for example, Equation 3-9) for an 
x-y plane). This is because the potentials on all bound
aries are now known and each region can be treated as a 
separate single region problem.
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More complicated problems may be constructed of 
multiple regions extending in both horizontal directions. 
In all cases the simultaneous system includes nothing 
more than the boundary planes between the regions. This 
will be presented formally in the next chapter for the 
two- and three-region cases.



T-3041 43

CHAPTER IV

IMPLEMENTATION OF POLOZHII DECOMPOSITION - 
MULTI-REGION PROBLEMS

4.1 Overview

This chapter presents, following this overview, 
the mathematical constructions for solution of 2-D 
problems composed of 2 and 3 1-D regions. It is meant 
as a follow-on to the material presented in Appendix A.

Solving for the field created by any structure is 
a boundary value problem. As such, the solution is 
governed by 1) the boundary conditions at the extremities 
of the model, 2) the external forcing function (i.e., 
the field sources), and 3) the boundary conditions of 
the internal structure of the model. When the model is 
sufficiently simple (for instance, containing only 1-D 
property variations), the solution may be constructed 
analytically. More general structures must be treated 
numerically. For the case of a piecewise 1-D structure, 
Polozhii decomposition allows the numerical problem to 
be significantly reduced by representing the field
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behavior within each 1-D piece in a quasi-analytic form 
that is constructed using the same tools (spatial 
transforms and kernel functions) as used for analytic 
solutions of infinite 1-D problems and for analytic 
potential field continuation.

For this piecewise 1-D class of problems the solution 
need only be expressed in terms of the internal boundaries 
between the 1-D regions. Its construction consists of 
two major parts : 1) "continuation" of all driving functions
to the internal boundaries and 2) representation of the 
interdependency of each internal boundary node to all 
internal boundary nodes. Both make use of the quasi- 
analytic operators representing the solution in each 1-D 
piece. The driving functions consist of both the applied 
sources and any non-zero external boundary potential 
specifications. How these are numerically continued to 
the internal boundaries was conceptually described in 
Chapter III.

The coupling of each node on each boundary to all 
nodes on all boundaries has three types of terms. First, 
application of the governing finite-difference formula. 
Equation (A-9a), to each node on a boundary couples each 
node to itself and the four immediately adjacent nodes
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on the boundary. The two remaining terms in Equation A-9a 
are coupling to the adjacent nodes on either side of the 
boundary. These lead to the other two types of coupling 
terms. The second type is the coupling of each internal 
boundary node to all nodes on that boundary and the third 
type is the coupling of each internal boundary node to all 
nodes on all other internal boundaries that lie adjacent 
to the same 1-D region.

Within a 1-D region the quasi-analytic representa
tion of the potential field (see Equation (3-10)) describes 
the interrelation of all nodes within that 1-D region to 
all other nodes within that region. Equation (3-10) 
expresses that any single source term contributes to 
the potential at all nodes in the region; conversely, 
all source terms in the region contribute to the potential 
at a single node. Technically, the nature of the contribu
tion is governed by the spatial transform operators and 
the recursive continuation operator.

Each internal boundary node, with a potential as yet 
unknown, provides a "source" term to the adjacent nodes 
in the 1-D regions (again through Equation (A-9a)). A 
synthetic unit normal testing function for each of these 
boundary nodes tests the contribution to each node in
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both adjacent 1-D regions via the continuation operators. 
The contributions to the nodes at the edges of the 1-D 
region, for one testing function at a time, are then 
coupled back to the internal boundaries (Equation (A-9a) 
again) as "source" terms for those boundary nodes. This 
test contribution to any single boundary node from any 
single testing function boundary node location is the 
coupling coefficient between those two nodes.

Figure 4-1 pictorially summarizes the different 
parts of the system construction.

The formulations for the two- and three-region 
problems developed in this chapter follow that presented 
for two regions in Appendix A. Again, because the model 
is invariant in the x-direction (strike direction), a 
uniform Polozhii transform for the x-direction is performed 
on the entire problem and the solution therefore obtained 
in the U-domain. Also, just as in Appendix A, each region 
contains a 1-D z-direction property variation. A terminal 
impedance (or resistance) boundary condition (see 
Appendix A and Chapter IV) is used so that the potentials 
on the grid edges are zero. An external source term is 
included for all regions and boundaries.

Unless stated otherwise all notation follows that used 
in Appendix A.
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/
/ A schematic diagram illustrating the 
' system construction. (1) is the direct 

coupling of boundary nodes to adjacent 
boundary nodes. (2) is the indirect 
self-coupling to all boundary nodes 
through the region on either side. (3) 
is the indirect cross-coupling to all 
boundary nodes on the opposing boundary, 
(A) is the 1 continuation1 contribution 
of the applied source, S. (B) is the 
1 continuation1 contribution of the ex
ternal non-zero boundary potentials.
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4.2 Formulation for Two Regions

Again consider the two-region problem displayed in 
Figure 3-8. The formulation in the U-domain allows a 
solution to be constructed for one y-z plane of nodes at 
at time. The matrix coupling equation for U_. is

S Â (1) + c2Gi(2) (j2=1) + 9i5Bi - sBi. (4-1)

for i = 1,2,...,L. is an NxN tridiagonal coupling
coefficient matrix for the boundary plane (the first 
type of coupling term described in the Overview), con
structed from Equation (A-9a), that contains off diagonal 
coupling terms relating only to the z-direction. The 
x-direction coupling terms have been removed by the 
x-direction uniform Polozhii transform as stated at the 
outset. The y-direction terms relate the coupling to
~ M ) ~Ui and (j2=1) and so are not included
in . Equation (4-1) is identical to Equation (A-44). 
The expressions for ^  (j^=M^) and ^  (j2=l) are
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and

U.(1)(jn=M.) = -P,(1)G.,(j =M,)(P,(1))Tp.5n .

N1
+ ? 2 (1) \  <Sli(3sn='"in )(?z (1))TP 1S r 1Slni)- (4-2 )n—-L

Ùi(2)<j2=1) - -?z(2)?2i(3s=1)(?zl2))Te25Bi

+ ?z'2) =2 1 <?2i ^ s n = ln2n )(? z (2 ))TE2? 2' li2n i ) ’ (4"3) n=l

The notation for the matrix G differs from that used in 
Appendix A. and G^ still signify use of the recursion
solutions for the rightmost and leftmost (j^-l)
nodes, respectively, in regions 1 and 2 (see Figure 3-8). 
However, the location of the test source term, j , is now 
indicated as an argument. The subscript n indicates

and multiple external source terms at node locations 
designated by m^ and m^, respectively. Though this is a 
valid mathematical representation, in practice all source 
terms in a region are simultaneously considered in the 
recursion equations, which are then solved only once.
By superposition this result is the same as the sum of 
solutions for individual source terms. Otherwise,
Equation (4-2) and (4-3) coincide with Equation (A-42) 
and (A-43).
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Let us define

and

h i  = -?z(2)52i(h =1)(h (2))T£2' <4-4b>

hni = (h (1))T£ih'1'(4-4c)

?2ni “ - h (2)92i(5sn=m2n) (?z <2) )T£292'1-(4-4d)

The operators and A ^  represent the second type of
coupling term described in the Overview. The third type 
is not present in two-region structures. Then, by sub
stitution of Equation (4-2) , (4-3), and (4-4) into
Equation (4-1), we get the general coupling system (in 
the transform domain)

[91h i +9 2 h i +Si]UBi =

§Bi + 9l h ,  <!lnihni) + 92 ^  (?2nii2ni) ‘n—jl n—_L
(4-5)

The matrix expression [...] is a full NxN matrix that 
must be reconstructed for i = 1,2,...,L (every y-z plane

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL of MINES 
GOLDEN, COLORADO 80401
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in the grid). Equation (4-5) is solved using Gaussian 
elimination. The final solution, U_., is obtained viatil
the inverse uniform Polozhii transform for the x-direction

UBi = ?xUBi- (4-6)

4.3 Formulation for Three Regions

Let us now add another 1-D region and internal 
boundary. This three-region problem is depicted in 
Figure 4-2. Again the properties in the x-direction
are uniform so that we may construct the solution in
the U-domain and solve for one y-z plane of nodes at a
time. The matrix coupling equations for the transform
potential U for the two boundary planes are

s A (1) ( j r V  + s Â (2)( j 2=1) + 9ii5Bii - W  (4“7)
and

c25i(2)(j2=M2) + c35i (3)(j3=i) + 92i5B21 = iB2i, (4-8)

where the subscripts Bl and B2 are used to refer to 
boundaries 1 and 2. These equations are equivalent to 
Equation (4-1) in the two-region formulation.
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/ UB,\ /  UB2
U(1>|j,»M|| 0(2)IJ2=1| U(2)IJ2=a

Figure 4-2. A 3-D grid composed of three regions and two 
boundary planes. The regions have and
Mg nodes in the y-direction. Each region has 
L and N nodes in the x- and z-directions^ 
respectively. Each region may contain an 
arbitrary 1-D model varying in the z-direction.
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The expressions for ^  ̂
~ (2) ~ f 3)
Ui ^2 =M2̂  r and Ui ( jg=l) are now (see the two 
region equivalents, Equation (4-2) and (4-3))
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Ùi(3)(j3=X) = -?z (3)G3i (js=l)(Pz (3))TP3ÜB2i

+ ? z <3) ” 31 {i~12)n=l

Where utilizes the recursion solution for the left
most node (j =1) in region 2, utilizes the recursion 
solution for the rightmost node in region 2.
In this case reciprocity can be invoked, implying that

H2 ( jg=1) ~ ?2 ̂ s=M2̂  and ?2^2=M2̂  == ^2 ̂ s ”1  ̂* Now define

?3i = -?Z (2)?2i(3S=M2)(?Z(2))TB2

-  -?z <2>S2i(̂ =1)(?z (2>)Te2' ( 4 - 1 3 a )

*21 " -?Z <2)92i(js=M2)(?Z (2))TB2'

“ ■?Z <2)52i(jS=1) (?Z<2))Te2' (4-13b)

and

*41 = -?Z (3)?3i(3s=1)(?Z(3))Te3'

?3ni = -?Z(2)?2i(3sn=n>2n) ' ^ ' ^ > ^ 2 ^ ^  (4"13d)

?4ni = -?Z(3)?3i(3Sn=ln3n) ‘?2<3) (4-13e)
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The two-region equivalents in Equation (4-4) are retained. 
The operator represents the third type of coupling
term described in the Overview. The operators A ^  (as 
before) and A ^  represent the second type of coupling 
term described in the Overview. By substitution of 
Equation (4-9), (4-10). (4-11), (4-12), (4-4), and
(4-13), into Equation (4-7) and (4-8) we get the general 
coupling equations (in the transform domain)

[?l?li + 52~2i + 9li]UBli + ?2~3iUB2i

= SBli + Si <!lniilni) + S2 "2. (?2nii2ni)' n=l n=l
and (4-14)

?2~3i^Bli + [?2~2i + ?3?4i + ?2i]^B2i

“ ®B2i + S2 + S3 ^  (?4ni§3ni) .n=l n=l
(4-15)

Equation (4-14) and (4-15) are now combined into a single 
2x2 block matrix system of the form
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Sl~li+?2~2i+9li 92~3i 5Bli h i

S2~3i 52~2i+93-4i+?2i %B2i '8 2i

where each block is NxN and and 2 ^  are the right
hand sides of Equation (4-14) and (4-15), respectively. 
This sytem is set up and solved, just as before for the 
two-region problem, L times - once for each y-z plane 
of nodes in the grid. The final solution for the two 
boundary planes is again obtained by inverse uniform 
Polozhii transforming for the x-direction:

UBj = ?xUBj' 3 = 1 - 2 -  («-I?)

4.4 Notes on Generalizations

The piecewise 1-D structure may be extended in the 
y-direction to include any number of regions. The 
coupling system is formed in a similar manner as for 
three regions. If J regions are incorporated the re
sulting block matric system will be of order (J-l)x(J-l).

A full 3-D model may be constructed by adding 
regions with different 1-D properties in the x-direction.
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This has two major effects on the solution construction. 
First, there will be new coupling operators relating nodes 
on an x-z planar boundary to nodes on a y-z planar boundary. 
Secondly, the problem can no longer be solved in the u- 
wavenumber domain since the uniformity of properties in 
the x-direction that allow this have been lost. The 
resulting matrix system will therefore be much larger 
(the order of the sum of all nodes lying on internal 
boundaries) but will only be set up and solved once.
This full 3-D extension has not yet been undertaken.
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CHAPTER V

TESTING OF A PROTOTYPE POLOZHII DECOMPOSITION 
MODELING ALGORITHM

5.1 Scope

This chapter primarily presents the results of testing 
the Polozhii decomposition algorithm for models that have 
analytic solutions. The purpose is to establish criteria 
for use of the algorithm to obtain good results and to 
pinpoint any limitations. The testing results are pre
ceded by a discussion of the testing approach and contrib
uting factors to the accuracy of the results. Following 
the analytic comparisons are comparisons to results of two 
other numerical algorithms. Finally, there is an extended 
discussion of the Polozhii decomposition algorithm's 
computational performance and its appropriate role in 
geophysics.

Specific numerical characteristics of the Polozhii 
decomposition algorithm, such as the growth of round
off error in the calculations, are not treated. One could 
presume, however, that the reduction in system size obtained 
with Polozhii decomposition also reduces the internal
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numerical error in the calculations, since fewer calcula
tions are performed. In any event, at some point in the 
future the numerical characteristics need to be directly 
addressed.

5.2 Testing Approach

With all numerical modeling procedures the important 
question always is: Does it work? After ensuring that
the basic behavior of the algorithm is sound, the task 
is to compare results extensively with analytic and other 
numerical calculations. When the numerical procedure is 
found to work, the next step is to test for the limits 
of its abilities in terms of resistivity contrasts and 
geometric dimensions.

How well a finite-difference algorithm works is a 
function of how well the grid and boundary conditions 
at the edges represent the model. Since the current 
version of the Polozhii decomposition modeling program 
utilizes only constant grid spacings, only the boundary 
conditions and the density of nodes may be adjusted to 
improve calculation accuracy.
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The boundary conditions at the edges can be Dirichlet 
(specified potentials), Neumann (specified normal 
potential derivatives) , or "mixed" (both potentials and 
normal potential derivatives specified). The type used in 
the current algorithm is a mixed boundary condition, taken 
from electromagnetic modeling by Swift (1971) and Stoyer 
and Greenfield (19 76), known as a terminal impedance.
For the DC case this could instead be called a terminal 
resistance.

The terminal resistance boundary condition is 
pictorially displayed in Figure 5-1. It is basically a 
statement of how much resistance lies between the edge 
of grid and "infinity" - where the potential is zero.

Terminal Resistance

o o

Figure 5-1. Schematic diagram of the terminal resistance 
concept. The edge of the grid is coupled to 
ground through a resistance that is some 
fraction, 3, of the inward directed resistance.
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This outward directed terminal resistance is defined as 
some fraction, £, of the inward directed resistance 
between the edge node and the immediately interior node.
The terminal resistance may vary between 0 and infinity, 
but the infinite case should be avoided as it creates 
a singular problem. If all terminal resistances are 
infinite the problem is ungrounded (no reference 
potential) and becomes unstable.

The transformation procedures utilized in the 
Polozhii decomposition method require this terminal 
resistance to be the same for all nodes on a particular 
grid boundary so that all of the tridiagonal coupling 
systems for the direction normal to the grid edge have 
identical forms and therefore identical eigenfunctions.

Once a sufficient node density is attained the only 
recourse to adjust the algorithm to produce better results 
for a given model is to vary the terminal resistance 
parameter £. With constant grid spacings the edge of the 
grid is not very close to infinity and so, as we shall see, 
the modeling results are dependent on £. Each model has 
its own shape for the potential field and the parameter £ 
is the only available tool for adjusting the shape of the 
numerical potential field. It should be no surprise.
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therefore, that the optimum value of $ is model dependent. 
In a sense then, testing the accuracy of the modeling 
algorithm is also an exercise to determine the optimum 
values of 3 for the different models. As we shall see, 3 
is an important parameter for the constant spacing grid.

5.3 Testing vs. Models with Analytic Solutions

The most useful statement on how well a numerical 
modeling procedure works is provided by calculations for 
models for which analytic solutions exist. The numerical 
modeling algorithm was tested exhaustively for models of 
this type. The models tested were a uniform halfspace, 
two layers, three layers, a vertical contact, a vertical 
dike, and a special 2-D case described by Alfano (1959). 
The analytic formulas for the first four models are 
presented in Appendix C. The analytic formulas for the 
last two models are not presented, as they are lengthy. 
However, the vertical dike formulas can be found in many 
places (for example. Van Nostrand and Cook, 1966) 
and Alfano presents all of the formulas for the 2-D 
special case. The programs for the analytic solutions, 
except for the 2-D case, were supplied by the U.S. 
Geological Survey.
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Dipole sources are mainly considered except for 
one case with a monopole source. The arrays used are 
presented in Figure 5-2 along with the appropriate 
apparent resistivity formula for each.

5.3.1 Uniform Halfspace

The uniform halfspace is considered not so much as 
a test of the modeling algorithm but rather to study the 
basic influences of the boundary conditions on the response. 
Both dipole and monopole sources are considered.

In general there is a single optimum set of terminal 
resistance values on the different external grid boundaries 
for a given grid design. These initial investigations 
utilized a two-region grid structure of L = 100, N = 80,

= 100 and = 80 nodes (see Figure 3-8). The grid 
spacings were made to be Ax = Ay = Az = 15m. The results, 
however, will be presented in dimensionless grid units.
The model in both regions is a uniform halfspace of 
10 ohm-m.

Initial tests demonstrated that, with both source 
and receiver on the earth's surface, the terminal re
sistance value on the bottom of the grid, £z, had very
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Figure 5-2. The arrays, with corresponding apparent
resistivity formulas, used in the testing 
process: (a) axial dipole-dipole array,
(b) Schlumberger array, (c) pole-dipole 
array.
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little influence on the results. Therefore £z is fixed 
as .0175 and only the influence of $x vs. 3^ is presented. 
3x and 3y refer to the terminal resistances on both x- 
direction and both y-direction faces, respecitvely. As 
long as the source is near the center of the grid the 
terminal resistance on opposing faces should be the same.
If the source is placed substantially off center it will 
usually be necessary to differ the terminal resistances 
on the opposing faces. This phase of testing, however, 
did use source locations only near the center of the grid. 
The dipole source will be considered first.

5.3.1.1 Dipole Source

For a dipole source four grid units long oriented 
in the y-direction, varying the value of 3y for a fixed 
3X = .03 produces the family of axial dipole-dipole curves 
shown in Figure 5-3a. The value of 3y has a strong influ
ence on the accuracy of the results. Likewise, for the 
same y-direction dipole-dipole configuration, varying 
the value of 3X for a fixed 3y = .02 produces the family 
of curves shown in Figure 5-3b. A weak influence of 
3x on the y-direction results is demonstrated. Calculating
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Figure 5-3. Variation of the y-direction axial dipole- 
dipole response for a uniform halfspace.
(a) Response as a function of 6 with = 
.03. (b) Response as a function of 6X with
9 = .02.
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Figure 5-4.
Contour plot of the RMS 
error between numerical 
and analytic results, for 
a y-direction axial 
dipole-dipole array, as a 
function of 6X and (3y•
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the RMS error (SQRT(Z(((U  -U . )/U _ )**2)/NPTS)num. 3.n3± • dnctJ. •
*100) for every curve produced, with 3X and 3 both variable, 
allows construction of a contour plot demonstrating combina
tions of 3X and 3y that produce good results (Figure 5-4).

The process is now repeated for an x-direction 
axial dipole-dipole system. The strong influence effect 
of 3X on the results is shown in Figure 5-5. Unlike 
before, however, 3 has essentially zero influence on 
x-direction results. This is simply because the y-direction 
faces are further away than the x-direction faces. The 
3X vs. 3y RMS error contour plot is shown in Figure 5-6.

Using Figure 5-4 and 5-6 in conjunction indicates that 
values of 3x = .03 and 3y = .02 produce the best combina
tion of results for both x- and y-direction dipoles.

One other feature of note in the apparent resistivity 
curves is the systematic error occurring near the source. 
This is a direct consequence of grid undersampling near 
the source. This will be discussed further in section 
5.5.2.

The influence of source dipole spacing, in grid 
units, is shown in Figure 5-7a for a y-direction axial 
dipole-dipole system and the optimum terminal resistances 
indicated above. In a sense this is a convergence test.
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Figure 5-5. Variation of the x-direction axial dipole- 
dipole response for a uniform halfspace as a 
function of $x with By = .02.
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gure 5-7.
N spacing

Influence of the node density on the response 
for a uniform halfspace. A indicates the 
number of grid spacings between source elec
trodes. (a) Apparent resistivity as a function 
of dipole-dipole N spacing.
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(b) Apparent resistivity as a function of 
absolute grid units.
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As one would expect, the results, in dipole-dipole N 
spacings, improves as more grid units are added to the 
electrode separation. Also as expected, however, in 
terms of actual grid units there is very little change
from one to the other, as shown in Figure 5-7b.

5.3.1.2 Monopole Source

With a monopole source we shall consider pole- 
dipole configurations in both the x- and y-directions.
The source is fixed. Figure 5-8 shows curve families 
for 3X = .025 and variable 3^ for y- and x-direction 
configurations. Likewise, Figure 5-9 shows curve families 
for 3^ = .03 and variable 3x- In comparison to the dipole 
source case, the monopole source case displays more 
influence from the faces parallel to the configuration.
The 3X vs. 3y RMS error plots are shown in Figure 5-10 and 
5-11. The difference between this and the previous 
dipole case is due to the shape of the potential field 
created by the two source types. A plan view of the 
fields would show a circular pattern for the monopole 
source while the dipole field would be preferentially 
oriented in the dipole direction (see, for example,
Telford, et al, 1976).
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Figure 5-8. Variation of the pole-dipole response for a 
uniform halfspace with 8 = .025 and variable
8 : (a) y-direction array, (b) x-direction
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15.00
14.00
13.00
12.00 „  - .0 1 5
11.00
10.00

7.00 -

.03
:81s
.015

5 - 9 b

§

R (grid  unite) R (g r id  uni te)

Figure 5-9. Variation of the pole-dipole response for a 
uniform halfspace with 8y — .03 and variable 
8 : (a) y-direction array, (b) x-direction
a£ray.
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Figure 5-10.
Contour plot of the RMS 
error between numerical 
and analytic results, for 
a y-direction pole-dipole 
array, as a function of 
Bx and By.
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array, as a function of 
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5.3.2 Two Layers

The determination of optimum terminal resistance 
values for non-uniform models proceeds basically by trial 
and error. Consider a suite of two-layer models with an 
axial dipole-dipole y-direction array. An example of the 
variability of results with the terminal resistances is 
shown in Figure 5-12. The relative influences of 3X and 
3y are little different from that seen for the halfspace 
model. For the two-layer model in Figure 5-12 the optimum 
terminal resistance pair is deemed to be ($x = .02,
G = .01).

This procedure is repeated for a suite of two-layer 
models. £x = .02 is essentially optimum for all of the 
models considered and y-direction arrays. Table 5-1 
displays the optimum By found for each model and the RMS 
error between the numerical and analytic results for that 
optimum value. It is clear that the optimum By is a 
function of the model.

Figure 9-13a shows the families of numerical and 
analytic curves for a fixed first layer thickness of 
6 grid units and variable resistivity contrast.
Figure 5-13b shows the families of numerical and analytic
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Figure 5-12. Variation of the axial dipole-dipole res
ponse for a two-layer model as a function 
Of By.

TWO LAYERS

Resistivity contrast Thickness Optimum py RMS Error
1:1000 6 .0075 2.11
1:300 6 .01 2.05
1:300 8 .0075 2.22
1:300 12 .0075 2.17
1:30 6 .01 1.86
1:10 6 .015 1.50

10:1 6 .015 1.49
30:1 6 .015 1.67

300:1 6 .015 2.32
300:1 8 .01 2.35
300:1 12 .01 1.64

1000:1 6 .015 2.81

Table 5-1. Optimum terminal resistance, $ , and the RMS 
error between the analytic and^numerical 
calculations (for a maximum R/D of 13), for 
a suite of two-layer models.
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Figure 5-13. Comparison of numerical and analytic 
calculations for a suite of two-layer 
models: (a) first layer thickness = 6
grid units and variable p2, (b) p2 = 300 
and .0033 and variable D^.
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curves for resistivity contrasts of 1:300 and 300:1 
and variable first layer thickness. Especially important 
is the fact that good results can be obtained for 
resistivity contrasts up to 1000:1. There is every 
indication that greater contrasts can be accommodated.

5.3.3 Three Layers

Of the possible three-layer models, the H type

p̂l>p2<p3̂  an(̂  K type (pi<p2>p3̂  would be expected to be 
the most difficult to model since they produce the 
sharpest changes in apparent resistivity curves. In 
particular we are interested in identifying any limiting 
resistivity-thickness relationship for the intermediate 
layer beyond which good numerical results cannot be 
obtained.

The three-layer model suites varied only the 
parameters of the second layer. The first and third 
layer resistivities were set equal and the first layer 
thickness was fixed as 6 grid units. The second layer 
thickness (T2) was tested for values of 1, 2, 4 and 
8 grid units. The resistivity contrast (pg/p^) between 
the second layer and the host medium was tested for
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.1,.03,.01,.003 and .001 for the H type models and 
10, 30, 100, 300 and 100 for the K type models.

Good comparisons between the numerical and analytic 
calculations for y-direction axial dipole-dipole arrays 
were obtained for all cases. Figure 5-14 shows families 
of curves for variable resistivity contrasts for the 
cases of T2 = 8 and 2 grid units. The only noticeable 
differences are systematic error for locations near the 
source as has been noted previously.

The optimum 3^ values that produced these numerical 
results are, again, a function of the model. Figure 5-15 
displays contour plots of the optimum value of 3̂  as a 
function of the resistivity contrast and second layer 
thickness for the H and K type models.

5.3.4 Vertical Contact

The vertical contact model was investigated for 
arrays both parallel and perpendicular to strike. Again, 
resistivity contrasts up to 1000:1 are considered.

Figure 5-16 and 5-17 display results for perpendicular 
and parallel axial dipole-dipole measurements, respectively, 
with the source fixed. Together the figures display
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Comparison of numerical 
and analytic calculations 
for families of K and H 
type three-layer curves 
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(a) Du = 8 grid units,
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mum 0 value 
as a ^function 
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axial dipole- 
dipole array 
on a three- 
layer struc
ture:
(a) H type,
(b) K type.
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Figure 5-16. Comparison of numerical and analytic cal
culations for a fixed source axial dipole- 
dipole array with receiver moving perpen
dicular to a vertical contact.
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Figure 5-17. Comparison of numerical and analytic cal
culations for an axial dipole-dipole array 
parallel to a vertical contact.
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that a resistivity contrast of 1000:1 across the contact 
is easily accommodated. The most significant error is 
evident in Figure 5-16 where the potential dipole crosses 
the contact. As the grid is much too sparse in the 
vicinity of the contact, this result is not surprising. 
However, the results away from the contact are unaffected 
by this.

Just as for previous test models, the optimum terminal 
resistances are a function of the model. Tables 5-2 and 
5-3 summarize the results for perpendicular and parallel 
suites, respectively. Less variation in the terminal 
resistances occurs for this model in comparison to the 
layered models considered previously.

5.3.5 Vertical Dike

The vertical dike model finally presented a case 
where a limitation to the algorithm becomes clearly 
evident. This occurs for the particular case of an array 
oriented perpendicular to strike with the source situated 
on top of a resistive dike. All other cases, however, 
produce very good results. The array considered this time 
is the Schlumberger array with the locations of the source
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VERTICAL CONTACT (perpendicular) 

Resistivity contrast Distance Optimum py
1:1000 5 .0175
1:1000 9 .0175
1:1000 23 .015
1:300 5 .0175
1:300 9 .0175
1:300 23 .015
1:30 5 .0175
1:30 9 .0175
1:30 23 .015
1:10 5 .0175
1:10 9 .0175
1:10 23 .015

10:1 5 .0125
10:1 23 .0125
30:1 5 .0125
30:1 23 .0125
300:1 5 .0125
300:1 23 .0125

1000:1 5 .0125
1000:1 23 .0125

Table 5-2. Optimum 8 values for a suite of vertical 
contact models and arrays oriented perpen
dicular to strike. 1 Distance1 is the distance 
from the nearest source electrode to the 
contact.

VERTICAL CONTACT (parallel)

Resistivity contrast Distance Optimum px RMS Error
1:1000 2 .0275 1.14
1:1000 12 .025 1.65
1:300 2 .0275 1.14
1:300 12 .025 1.65
1:10 2 .0275 1.21
1:10 12 .025 1.65

10:1 2 .025 2.66
10:1 12 .0275 2.14

300:1 2 .025 4.12
300:1 12 .0275 2.51

1000:1 2 .025 4.22
1000:1 12 .025 2.36

Table 5-3. Optimum 8 values, and the resulting RMS error 
between analytic and numerical calculations, 
for a suite of vertical contact models and 
arrays oriented parallel to strike. 1 Distance 
is the distance from the source to the contact
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and receiver reversed. The source is held fixed in the 
center of the array.

All soundings parallel to strike, regardless of 
position with respect to the dike and of the resistivity 
contrast, produced similarly good results. Representative 
of all of these are the soundings calculated for positions 
on the center of the dike. Figure 5-18 displays results 
for the case of a resistive dike with several resistivity 
contrasts. As always, the accuracy of the results are 
dependent on the terminal resistances at the edges of the 
grid. Table 5-4 summarizes the optimum terminal re
sistances determined for a suite of parallel soundings in 
the middle of the dike. For the case of a resistive dike 
considerably more variation in the optimum terminal re
sistances occurs than for any previous model.

Soundings calculated perpendicular to strike yielded 
a wide variation in results. Good results were always 
obtained, regardless of position with respect to the dike 
or the resistivity contrast, for a conductive dike. A 
representative sample of the results obtained are presented 
in Figure 5-19. Likewise, good results were always 
obtained for the case of a resistive dike if the source 
is outside the dike. Figure 5-20 displays the results for a 
particular model as a function of the terminal resistance.
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Figure 5-18.
Comparison of numerical 
and analytic calcula
tions for Schlumberger 
soundings in the middle 
of a resistive dike 
expanding parallel to 
strike.

VERTICAL DIKE (parallel) Table 5-4.
Resistivity contrast Width

IslKsl
1:300:1

16
16

Optimum pe
.3
.1

1:30 1 4 .031:30 1 8 .031:30 1 16 .0351:30 1 32 .07
1:10 1 16 .0310 1 10 16 .02
30 1 30 4 .02230 1 30 8 .01930 1 30 16 .018
30 1 30 32 .017

300 1 300 16 .016IK 1 IK 16 .016

Optimum $ values for a 
suite of ^vertical dike 
models and soundings 
oriented parallel to 
strike in the middle of 
the dike.
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Figure 5-19.
Comparison of numerical 
and analytic calcula
tions for Schlumberger 
soundings expanding 
across a conductive 
dike.
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Figure 5-20.
Comparison of numerical 
(variable B ) and an
alytic calculations for 
a Schlumberger sounding 
across a resistive dike.

AB/2 (grid units)
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Only the case of a perpendicular sounding with the 
source inside a resistive dike provided poor results. 
Figure 5-21 provides an example of the problem. The 
apparent resistivity consistently tracks low outside the 
dike for these models. An acceptable result was only 
obtained for a thin dike or a small (10:1) resistivity 
contrast. Table 5-5 summarizes the results, in terms of 
optimum terminal resistances, for all of the perpendicular 
soundings. A discussion of the algorithm's failure to 
adequately model the case for the source within a re
sistive dike is postponed to the Discussion (section 5.5).

VERTICAL DIKE ( perpendicular )

Resistivity Center of 1/4 5 Grid unit 23 Grid unit
contrast Width dike across dike outside dike outside dike

Optimum Py Optimum Py Optimum Py Optimum Py

1:1000:1 16 X X .025 .03
1:300:1 16 x X .015 .025
1:30:1 4 .003 na .003 .012
1:30:1 8 X X 0.0 .015
1:30:1 16 X X 0.0 .018
1:30:1 32 X X .003 .022
1:10:1 16 0. 0. 0.0 .015
10:1:10 16 0.016 0.014 .013 .014
30:1:30 4 0.017 na .013 .016
30:1:30 8 0.016 0.014 .013 .014
30:1:30 16 0.016 0.015 .011 .014
30:1:30 32 0.015 0.013 .012 .014
300:1:300 16 na na .012 .015
1000:1:1000 16 na na .012 .014

Table 5-5. Optimum 3 values for a suite of vertical dike
models anï soundings oriented perpendicular to 
strike. Values are shown for various positions
with respect to the dike. (1na1 : not attempted,
'x': only poor results obtained)
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Figure 5-21. Illustration of the consistent error seen for 
Schlumberger soundings within a resistive 
dike, expanding perpendicular to strike, 
created by an undersampled grid.
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5.3.6 A Special 2-D case

As useful as the previous models have been to the 
evaluation of the modeling algorithm, they don't establish 
that good results will be obtained for real 2-D models.
The case of a 2-D structure in which the properties may 
be resolved into two 1-D property variations has been 
solved analytically (Alfano, 1959). This situation 
is illustrated in Figure 5-22 . If the relation 
P1P4 = pgPg is true then the reflection coefficients 
across the horizontal and vertical boundaries remain 
constant and a solution can be constructed using images.

Figure 5-22. The geometry for Alfano*s condition.
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Based on a recent implementation of this approach 
(Patella and Tramacere, 1985), results were provided 
(Patella, 1985, personal communication) with which to 
compare numerical results. These results, displayed 
in Figure 5-23 through 5-25, were calculated for models 
with layered two- and three-region structures. The 
results, specifically, are for an axial dipole-dipole 
system with the source dipole fixed. Soundings both 
perpendicular and parallel to strike are presented.
The layered model for the region containing the source 
is listed, as are the reflection coefficients on the 
vertical boundaries (K̂ j = (p^-p j )/(p̂ +p j )). Together 
the layered model and the reflection coefficients deter
mine the entire structure. The solid lines in the figures 
are the analytic calculations while the numerical results 
are presented as dots.

The accuracy of the numerical calculations for these 
models is very good in all cases. As always, there is 
the discrepancy near the source (small R) that is 
systematically related to sparseness of the grid, but 
this is the only significant departure. The overall 
impression is strongly favorable. Even the case of the 
source residing in a more resistive central region
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Figure 5-23. Comparison of Patella (solid) and Polozhii 
decomposition (dots) calculations for axial 
dipole-dipole soundings and two-region struc
tures. The curve labeled N is the 1-D res
ponse for the parameters shown.
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Figure 5-24 Comparison of Patella (solid) and Polozhii 
decomposition (dots) calculations for axial 
dipole-dipole soundings and three-region 
structures. The curve labeled N is the 1-D 
response for the parameters shown.
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Figure 5-25 Comparison of Patella (solid) and Polozhii 
decomposition (dots) calculations for axial 
dipole-dipole soundings with the source on the 
middle region of three-region structures. The 
curve labeled N is the 1-D response for the 
parameters shown.
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(Figure 5-24) provided good results (see the previous 
section).

These results provide the strongest statement in 
support of the Polozhii decomposition algorithm.

5.4 Comparison with Other Numerical Algorithms

5.4.1 Mundry (1984)

The calculations performed by Mundry (1984) are 
reproduced as Figure 5-26 and 5-27. Plotted on top of 
his results (solid lines) are the Polozhii decomposition 
numerical results (dots). Figure 5-26 is Mundry's 
Figure 1 and Figure 5-27 is Mundry's Figure 2.

Figure 5-26 shows results for Schlumberger soundings 
perpendicular to strike. The two numerical calculations 
agree fairly well. The discrepancies are not large and 
are typical of comparisons between different numerical 
schemes.

Figure 5-27 shows results for Schlumberger soundings 
parallel to strike. In this case, however, correspondence 
is not observed when the array is displaced off 
the buried contact to the conductive side.
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This is an important discrepancy. Though sections 
5.3.4 (vertical contact) and 5.3.6 (special 2-D case) 
support the position of the Polozhii decomposition cal
culations, it is not possible to prove which calculations, 
if either, are correct. The nature of the discrepancy is 
distinct. It is hoped that other checks and comparisons 
in the future will resolve the question.

5.4.2 Dey and Morrison (1979)

Four dipole-dipole pseudosections for 2-D models 
are reproduced from the paper by Dey and Morrison (1979). 
Pseudosections calculated for the same model using 
the Polozhii decomposition algorithm are shown below 
the Dey and Morrison calculations. These comparisons 
are presented in Figure 5-28 through 5-31.

Qualitatively, there is fairly reasonable agreement 
for all four models. Either calculation produces the 
same basic picture. Quantitatively, however, there are 
some significant differences displayed in Figure 5-29 
and 5-31. Again the question arises of how to prove the 
accuracy of one calculation over the other. It becomes 
clear that we must be careful in our use of numerical 
modeling.
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Figure 5-2 8. Comparison of Dey and Morrison (top) and
Polozhii decomposition (bottom) calculations 
for Dey and Morrison's Figure 5f.
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Figure 5-29. Comparison of Dey and Morrison (top) and
Polozhii decomposition (bottom) calculations 
for Dey and Morrison's Figure 6c.
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Figure 5-30. Comparison of Dey and Morrison (top) and 
Polozhii decomposition (bottom) calculations 
for Dey and Morrison's Figure 13.
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5.5 Discussion

5.5.1 Efficiency

All of the numerical calculations were performed on 
a VAX 780 or VAX 750 minicomputer. The finite-difference 
grids typically consisted of L, M, N = 100, 80, and 180 
to 212 nodes in the x-, z-, and y-directions, respectively, 
where x is the 2-D strike direction. For M = 180, the 
minimum number, the total grid therefore consisted of 
1.44 million nodes. For a two-region structure the calcula
tions for the boundary plane of nodes between the two 
regions took approximately 24 minutes CPU time, plus 
about 30 seconds for each additional source, on the VAX 780 
and 36 minutes on the VAX 750. To then calculate the 
potentials on an x-y plane, using the potentials just 
calculated on the boundary, took approximately an 
additional 2 minutes on the VAX 780 and 3 minutes on the 
VAX 750. If the model consisted of three regions and 
two interior boundaries, the calculation for the two 
boundary planes took approximately 3 times the time for 
two regions and a single interior boundary.
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An example of the gain in efficiency for Polozhii 
decomposition has been obtained by comparison with the 
Dey and Morrison (1979) algorithm. For a 57x17x12 
grid totaling 11,628 nodes they obtained an execution 
time on the order of 230 seconds plus 7 seconds per source 
on a CDC 7600 computer. The same size grid, consisting 
of two 1-D regions, was run through the Polozhii decomposi
tion algorithm on a VAX 780. It took 5.03 seconds CPU 
time for the boundary calculation for a single source 
plus an additional 1.52 seconds for the z=l x-y plane 
calculation. A grid consisting of three 1-D regions took 
8.39 seconds for the boundary calculation. However, this 
is comparing a 2-D structure calculation to a 3-D 
structure calculation. The 2-D Polozhii decomposition 
algorithm solved 17 order 12 (or 24) matrix systems.
A full 3-D version of the Polozhii decomposition algorithm 
would solve a single order 1752 matrix system consisting 
of the nodes on two x-z planes and two y-z planes. The 
relative gain in efficiency of Polozhii decomposition 
over a conventional finite-difference approach increases 
with the size of the grid. The grid sizes that can be 
accommodated by Polozhii decomposition on even a micro
computer cannot even be contemplated for conventional
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algorithms except on the most powerful computers avail
able - such as a CRAY XMP.

Because the system is solved in the u-wavenumber 
(x-direction) domain and therefore solved in 2-D y-z 
plane slices, the dependency of the execution time on L 
(the number of nodes parallel to strike) is linear.
Because the order of each system solved is N, the 
dependency of the execution time on N is to the power
2.8 (doubling N increased execution time by factor of 

2 87 = 2  " ). Interestingly, the dependency of the execution
time on M (the number of nodes perpendicular to strike)
was found to be negligible. Therefore the execution time

2 8growth equation is L(N) * .
Appendix A presents the execution times for models 

run on a DEC PDF 11/23 microcomputer.

5.5.2 Testing Results

Two main features have been established by the 
testing results. The first is the error introduced by 
use of constant grid spacings and the second is the model 
dependency of the optimal terminal resistances.



T-3041 105

Constant grid spacings create a aliasing situation 
for the undersampled grid where the potential field is 
changing rapidly. Here the field cannot be accurately 
tracked by the numerical solution. This occurs near 
the source, hence the ubiquitous error seen in all 
calculations at small distances from the source, and where 
the resistivity is large. The difficulty with a source on 
a vertical dike results from the combination of these 
factors. The apparent resistivity is high near the source, 
which is to say the spatial rate of change of the potential 
field is too high, and this means the potential itself is 
tracking lower than the "true" case. Within a resistive 
dike the rate of change remains high, depressing the 
potential even further. By the time the dike's boundary 
is crossed the potential is too low (i.e., there is too 
little potential difference between the boundary and 
"infinity" where the potential is zero) to allow the rate 
of change of the field, and therefore the apparent re
sistivity, to be as high as it should. This behavior 
is quite evident in Figure 5-21. The only cure for this 
problem is greater node density where the potential field 
is changing rapidly.
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The dependency of the boundary conditions on the 
model is a nuisance from a user's perspective. It 
results from the finite extent of the grid, which in 
turn is directly related to the constant grid spacings 
that have been employed. Variable grid spacings would 
allow the physical extent of the grid to be pushed much 
further out. In turn this would hopefully decrease the 
influence of the boundary conditions on the results 
and the interdependency with the model.

Overall, however, the testing has demonstrated, 
despite the problems described, that the Polozhii de
composition procedure produces very good results if 
patience is exercised. The performance of the Polozhii 
decomposition algorithm for all of the tests is 
summarized in Table 5-6. Of note is that, other than 
the circumstance of a source sitting on a resistive dike, 
no bound on resistivity contrast has been established 
even though contrasts up to 1000:1 were used. The agreement 
with the special case 2-D calculations are particularly 
gratifying. However, the discrepancies found in the 
comparisons with other numerical results points out that 
numerical modeling must still be viewed with caution.
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Table 5-6. Summary 

MODEL
Analytic

Uniform Halfspace 
Dipole source

Monopole source

Two Layers

Three Layers
H type (P1 = P3)

K type (P1 = P3)

Vertical Contact 
Parallel

Perpendicular

of testing results.

GENERAL RESULT COMMENTS

Excellent Main control is
terminal resistance 
(B.C.) on grid edge 
faces in direction 
of dipole.

Excellent Both x- and y-direc-
tion grid face 
B.C.'s affect 
response.

Excellent Optimum B.C. is
lower than for half
space and is a func
tion of D1 and p2/p1•

Excellent

Excellent

Optimum B.C. for H 
type generally less 
than for K type. 
Optimum B.C. is 
function of D2 and
p2/pi.

Excellent Optimum B.C. func
tion only of dis
tance to contact.

Good Error localized to
crossing of contact. 
Opt imum B.C. invar
iant except for 
source on conductive 
side.
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Table 5-6 (continued).

MODEL 
Vertical Dike 

Parallel

Perpendicular 
resistive dike

conductive dike

Patella (Alfano) 2-D 
Numerical 

Mundry 2-D
Perpendicular

Parallel

GENERAL RESULT

Good

Poor to Fair

Excellent

Excellent

Good

Fair to Good

Dey and Morrison 2-D Poor to Fair

COMMENTS

Much variability in 
optimum B.C. for 
resistive dike.

Results consistently 
low. Good results 
only for thin dike 
or small (10:1) re
sistivity contrast.
Little variation in 
optimum B.C.
Most important test.

Only minor depar
tures.
Important discrepan
cy when array offset 
to conductive side 
of contact.
Reasonable qualita
tive agreement but 
quantitative differ
ences increase with 
model complexity.

General Comments
1) Undersampling near source - ubiquitous error.
2) Dependence of optimum B.C. on model result of grid

edges being too close (due to constant grid spacings).
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5.5.3 How to Use the Program for General Modeling

The modeling of real 2-D structures with this current 
Polozhii decomposition algorithm, or any other numerical 
procedure for that matter, should be done with care.
Good results can usually be obtained and bad results 
identified as such if the following procedure is obeyed.

Let us say we wish to calculate results for the 
model displayed in Figure 5-32. This model has two
limiting 1-D structures, noted as and . Both 1-D
models should be tested for its optimum terminal re
sistance boundary conditions. When these are known the 
complete 2-D model should be run twice, once with each 
of the optimum 1-D boundary conditions. Comparison of 
the results of the two modeling runs provides a clear 
indication of the reliability of the results. Where the 
two results basically coincide the solution can be trusted. 
Any part of the curve where the two results differ re
quires additional evaluation.

Sometimes, based on position, one result can be 
chosen over the other. For instance, at location 
in Figure 5-32 one would choose the result from the
optimum boundary conditions for 1-D model . Likewise,
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How to use

© © ®
JL_____Z_

Example:

© ©
1) For both limiting layered models 

determine the optimum B.C/s

2) Then run the model twice
once with optimum B.C. for(T) 
once with optimum B.C. for(2)

Figure 5-32. Illustration of the general procedure to use 
for 2-D modeling as necessitated by the 
results' dependency on the boundary conditions.
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at location one would choose the result from the
optimum boundary conditions for 1-D model . But
when the array is near the boundary between the two 1-D 
models, for instance at location , it is most difficult
to judge any differences. This is unfortunate because 
this is the most interesting part of the model.
Here one cannot justify use of one result over the 
other. There are several possibilities, however. One 
could use an average - either simple or weighted based 
on the two 1-D models. Also one could rerun the model 
using boundary conditions intermediate between the 
two 1-D optimum cases. In any event, for many models 
the differences between the two results are less than 
5% and so the discrepancies are not as major a problem.

5.5.4 Future Directions

The most immediate improvement in the algorithm 
that can be made is to incorporate variable grid spacings 
as shown in Figure 5-33. On the plus side are a reduction 
of the errors described previously and improvement in 
efficiency. Using small grid spacings where the potential 
field will be changing rapidly and larger ones where the
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r®~3

Figure 5-33. Schematic diagram of a variable grid design.

field is changing slowly minimizes grid undersampling 
as a source of error. At the same time, with the larger 
grid spacings, the physical extent of the grid can be 
extended. The model dependency of the terminal resistance 
boundary conditions should therefore decrease. With 
these reductions of error should come a net decrease in 
the total number of nodes that will improve efficiency.
For instance, if the number of nodes in the x- and 
z-directions were halved from what was listed in section
5.5.1, the execution time for the boundary plane between
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two regions would drop from about 24 minutes to about 
2 minutes based on the growth equation stated in section
5.5.1.

On the negative side of variable grid spacings is a 
new source of error. Where the grid spacings in all 
directions are about the same the grid will yield good 
results. However, in other places the grid spacings are 
much different (producing long, narrow elements) and 
therefore, considering the coupling equation at a node 
(Equation A-9a), the coupling coefficients for the small 
grid spacings will dominate the coupling coefficients for 
the large grid spacings. If the potential field is 
changing somewhat uniformly in all directions this circum
stance will create error in the calculations. So a grid 
with variable spacings must be carefully designed to 
avoid extreme occurrences of this circumstance. However, 
as long as the normal rules of thumb with regard to in
creasing grid spacings are followed the results should 
be improved by variable grid spacings.

Ideally the grid should be designed so that each 
coupling coefficient/potential product term in the 
coupling coefficient equation for a node be the same as 
the others. This should be true for every node in the
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grid. However, due to the constraint of orthogonal 
coordinate systems, finite-difference based algorithms 
can never hope to achieve this and will therefore always 
contain some amount of error. Generality of mesh design 
is the advantage that belongs to finite element methods. 
However, that generality does not guarantee good results. 
The accuracy of numerical results always reflect how well 
matched are the mesh (or grid) and the boundary conditions 
to the particular model. Much more so than the particular 
algorithm, the worth of a numerical modeling program, with 
respect to accuracy, lies in its mesh (or grid) design.
It is efficiency which is algorithm dependent.

After the extension to variable grid spacings, the 
improvements to the Polozhii decomposition procedure are 
less clear. However, I feel the next step would then be 
a revised formulation eliminating the calculation of the 
potentials on the boundaries between the regions. These 
are the most time consuming part of the calculations. I 
believe these calculations can be replaced by a procedure 
that would directly "continue" the potential field solu
tion across those boundaries so that the solution on any 
plane of nodes could be directly calculated. Following 
that it seems apparent that the procedure will move towards
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increasingly analytic calculation. It has already been 
demonstrated, for instance, that the recursive solution 
of tridiagonal systems behaves like analytic functions 
(see Chapter III). These developments will pave the way 
for rapid calculations for full 3-D models.

5.5.5 The Role of Numerical Modeling

Given previous discussions of testing results, 
errors, the model dependency of the boundary conditions, 
and the inherent geometric limitations of Polozhii 
decomposition, it seems rather obvious that it should not 
be used as a primary interpretation tool. In fact, 
outside of the mining class of problems in which a con
ductor resides in a much more resistive host rock, it 
seems inappropriate that any numerical modeling program 
should be used as a primary interpretation tool. There 
is simply too much room for error, too much inconsistency 
(section 5.4), too much cost, and too much inherent 
nonuniqueness and equivalence in real data to justify 
use of numerical modeling in this way.

The proper role of Polozhii decomposition and numerical 
modeling in general lies in the areas of field study.
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method design and interpretation support. These programs 
should be used to generate a data base for thorough studies 
of field behavior created by targets of interest. In 
particular these programs can allow us to directly 
determine the sources of the field and the area of investi
gation rather than simply guessing at those sources based 
on what is seen in the symptoms - the field data that would 
be measured in practice. Incredibly, this is not standard 
practice. Used in this way, numerical modeling can lead 
to new methods to solve problems of interest.

Further, numerical modeling can be used to optimize
procedures for solution of particular problems. In 
helping to determine what the optimum data acquisition 
methods and parameters should be for a particular target, 
such advance modeling can increase cost efficiency of 
geophysical surveys.

Finally, numerical modeling should certainly be used
to verify the soundness of interpretations. They have
a distinct support role in the interpretation process 
but should not have a primary role. The primary proces
sing/interpretation procedures need to be independent of
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modeling in the first place. Numerical modeling can 
assist, however, in the design of those modeling- 
independent procedures.

Given these roles of numerical modeling, the utility 
and importance of efficient approaches such as Polozhii 
decomposition is clear. Used in these ways cost 
efficiency becomes more important than complete model 
generality. The restriction of Polozhii decomposition, in 
cartesian coordinates, to piecewise 1-D structures is not 
a significant detraction when its role is viewed in this 
way.

The following chapter provides an example of an 
application of Polozhii decomposition to field behavior 
study and method design.
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CHAPTER VI

FEASIBILITY STUDY FOR 
DETECTION OF A BURIED RESISTOR WITH A 

SURFACE-TO-BOREHOLE ELECTRODE CONFIGURATION

6.1 Hypothesis, Objectives and Background

The detection of buried resistive zones with surface- 
only electrical methods is, in general, not promising (see, 
for example, Garg and Keller, 1984) . In most instances the 
anomaly generated is too small with respect to many 
varieties of natural field and geologic noise and there 
are too many possible models to explain the data.

Conversely, the utility of electrical methods in 
borehole geophysics (i.e., well-logs) in delineating the 
resistivity profile with depth is also well established 
(see, for example, Archie, 1942). Here, however, the 
zone of investigation is quite small due to the dimensions 
of the logging system. How many hydrocarbon-bearing zones 
(usually more resistive) laterally displaced from a 
borehole have missed detection? The unsuccessful borehole 
can be used as a tool to detect such laterally displaced 
targets, as borehole gravity results have sometimes shown
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(LaFehr, 1983). Inductive borehole EM methods have proven 
quite useful for detection of conductive mining targets 
(see, for example, Dyck and West, 1984) but no corresponding 
development of electrical methods for detection of resistive 
targets has occurred.

The problem can be attacked by adopting the scale 
of the surface-only type methods in the borehole environ
ment, yielding a much greater lateral investigation extent 
than standard well-logs. With a large source-receiver 
separation the lateral zone of investigation is increased 
in the same manner as established for surface-only methods' 
depth of investigation (Roy and Apparao, 1971). In 
addition. Coulomb's Law instructs us that, with this 
larger scale, the closer that either the source or receiver 
is to the anomalous zone, the greater the effect on the 
potential field. The ideal approach is, therefore, to 
have the distance from the anomalous zone to one of the 
source or receiver be large (for greater lateral investiga
tion) and the distance to the other be small (for larger 
anomaly).

The approach recommended and studied here utilizes 
a fixed single current source electrode located at the 
top of the borehole on the earth's surface and a
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two-electrode receiver, of variable electrode spacing, 
down the borehole. In practice two source current 
electrodes are always required but the single pole 
source can be achieved by placing the second electrode 
at some "large" distance away - "large" being defined 
as a distance at which the effect of the second electrode 
is negligible with respect to the first. A fixed source 
is recommended, as opposed to a moving source in the 
borehole, to restrict the source environment as a factor 
creating changes in the data. With a moving source system 
changes in the data could relate to either the source or 
receiver and the data analysis is therefore much more 
complicated. Fixing the source on the earth's surface 
is also advantageous so that the source current might 
be increased through direct preparation of the grounding 
location for lower grounding resistance. Finally, a 
single pole source is initially recommended so that 
directionality is not a parameter and concentration can 
be made on a determination of the existence of an anomalous 
zone and perhaps its distance from the borehole. A two- 
electrode surface source immediately requires multiple 
measurements to provide a complete data set. The 
directionality of the dipole source field preferentially
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enhances detection of targets oriented perpendicular to 
the source field over targets oriented parallel to the 
source field. Hence, for completeness sake, two orthogonal 
sources would be needed. Efficiency dictates first 
establishing the existence of an anomaly before expending 
effort determining direction. Therefore, the single pole 
source is preferred initially.

The general concept of surface-to-borehole or 
borehole-to-borehole resistivity measurements is not 
new (see the references cited in Chapter I on page 8)
In fact the general approach is well established in minerals 
exploration where it both assists in orebody exploration 
as well as delineation of orebody parameters. However, the 
application to detection of resistive zones, as in oil 
exploration, has not been made, at least not very 
emphatically. Certainly the data generated on this 
approach is very sparse (Snyder and Merkel, 1973 ; Lytle 
and Hanson, 1983).

Our modeling study attempts to establish the 
feasibility of this approach for detection of resistive 
hydrocarbon-bearing zones. We also present an approach 
for data acquisition and manipulation that allows estima
tion of the distance from the borehole of such a resistive
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zone. The initial part of the chapter studies the simple 
model of a resistor in a uniform host medium to establish 
basic behavior. The later part of the chapter investi
gates the influence of non-uniform host mediums.

As with all of the modeling investigations of large 
scale borehole systems cited in section 1.4, this study 
is ignoring the borehole environment. This study is a 
feasibility study only. The influence of the borehole 
environment will have to be investigated at a future 
stage to assess the practicality of this feasibility study.

6.2 Models and Parameters

Since the goal is quantification of the distance 
between a resistor and a borehole, we begin with the 
simple case of a single zone in an otherwise uniform half
space to establish the basic behavior. This model, 
depicted in Figure 6-1, is characterized by the parameters 
R, W, D, T, p2:Pj/ and MN. Since the source is fixed it 
is not a parameter.

A finite-difference grid was established with 100 nodes 
in the x-direction (strike direction), 80 nodes in the 
z-direction, and 181 nodes in the y-direction (except
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Figure 6-1. Schematic diagram of the base model for
study of surface-to-borehole detection of 
buried resistors.
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as noted). The grid spacings were constant throughout with 
Ax = Ay = Az. Any distance may be assigned to this grid 
spacing. As long as all spatial dimensions in the model 
are scaled precisely the same there will be no variation 
in the results. The host medium was assigned a resistivity 
of = 10 ohm-m (also scalable) that was maintained 
throughout the modeling study. Terminal resistances at 
the grid boundaries, also maintained throughout the 
modeling study, of .025, .035 and .0325 were used for the 
x-, y- and z-directions, respectively. These boundary 
conditions, felt to be the optimum based on testing like 
that performed in section 5.3.1, produced the apparent 
resistivity profiles vs. depth shown in Figure 6-2.
Several profiles for various values of MN are shown in a 
uniform 10 ohm-m halfspace.

There are three types of numerical error evident in 
these results. First, there is the ubiquitous error 
near the source on the earth's surface due to insufficient 
node density as discussed in Chapter V. As this very 
upper part of the depth profile is not of interest to us 
in the modeling study, this error does not interfere with 
our results. Next, there is a slow drift in the apparent
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Figure 6-2. Apparent resistivity profiles versus depth 
with variable MN for a uniform halfspace of 
10 ohm-m. The apparent resistivity scale is 
intentionally exaggerated to display the 
three varieties of numerical error discussed 
in the text.
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resistivity with depth. As the maximum error this produces 
is about 1% with respect to the host medium resistivity, 
it is felt to be within acceptable bounds. Finally, there 
is some oscillation evident in the apparent resistivity 
curve for MN = 1. Again, however, as this error is only 
on the order of a few tenths of a percent, it is felt to be 
within acceptable bounds and the MN = 1 results can be 
used.

The modeling study results are presented using 
geometric parameters expressed in terms of grid units.
For the base model of a single resistor in a uniform 
halfspace of = 10 ohm-m, the various parameters were
varied as follows:

R = 1, 2, 4, 8, 16 grid units,
W = 6, 11, 00 grid units,
D = 20, 30, 50 grid units,
T = 1, 2, 3, 4 grid units,
MN = 1, 2, 3, 4, 6, 8, 12, 16, 24, 32 grid units,

and

p2:pl = 2:1, 5:1, 25:1.
A grid unit can be any distance desired as long as all 
spatial dimensions are scaled accordingly.
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6.3 Investigation of the Basic Model

6.3.1 Parameter Influences on the Response

Before the influences of the various parameters 
(see Figure 6-1) on the response can be studied, a reference 
model must be established for purposes of comparison. 
Somewhat arbitrarily, the reference model is defined as 
that with R - 4 grid units, W = infinite, D = 30 grid units, 
T - 4 grid units and = 5:1. The results for this
model for variable MN are displayed in Figure 6-3. The 
approach of utilizing various receiver electrode spacings 
(MN) is chosen since it seems the only hope for a determina
tion of R, the distance from the borehole to the resistor. 
From the explorationist point of view this is the most 
important parameter. Certainly the interpretation of 
results from any single logging run with a constant MN 
would be hopelessly mired in the principles of nonunique
ness and equivalence involving the parameters R, T, 
p2:Pi and, to a lesser extent, W. I feel that information 
from multiple receiver electrode spacings will allow some 
discrimination between these parameters.
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Figure 6-3. Apparent resistivity profiles versus depth
with variable MN for the reference model.



T-3041 129

The MN spacing is seen from Figure 6-3 to have several 
influences on the response of the resistor. In general 
the magnitude of the anomaly decreases, the breadth of 
the anomaly increases, and the location of the maximum 
moves deeper, with increasing MN. Most significant is the 
alteration in character at approximately MN = R in the rate 
of change of the anomaly magnitude from one MN to another. 
For MN < R, a dipole array, there is very little change 
in magnitude while for MN > R, a bipole array, there are 
substantial magnitude changes. This feature, utilizing the 
peak anomaly, shows promise as an approach to a somewhat 
independent approximation of R. It will be more fully 
examined and developed in section 6.3.4.

The effect of increasing R, for a single MN is 
similar to the variation of MN for a given R. This is 
shown in Figure 6-4 to exhibit the properties of decreasing 
anomaly magnitude, increasing anomaly breadth and migration 
of the maximum downward. By the time R = 16 grid units 
is reached the anomaly is very weak and not practically 
detectable.

The effect on the anomaly magnitude variation with 
MN of increasing R is illustrated in Figure 6-5.
Figure 6-5d, with R = 8 grid units, displays the same
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Figure 6-4. Apparent resistivity profiles versus depth
with variable R and fixed MN.
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Figure 6-5. Apparent resistivity profile suites for
grid units and variable R: (a) R = 1,
(b) R = 2, (c) R = 4, (d) R = 8.

T = 4
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pattern as Figure 6-3 (also 6-5c); that is, for MN < R 
there is very little change in magnitude, while for 
MN > R there is substantial change in magnitude. However, 
Figure 6-5a and 6-5b, for R = 1 and 2 grid units, 
respectively, show a modified pattern. In these cases 
the transition from small to large change does not occur 
at MN == R but instead at MN = T. Seemingly, for R < T 
the influence of T on the anomaly magnitude variation 
pattern dominates the influence of R. Note, however, 
that the magnitude of the anomaly is strongly influenced 
by both R and T.

The dominance of T over R on the anomaly magnitude 
pattern vs. MN for R < T is substantiated in Figure 6-6 
and 6-7. These figures complete a suite, along with 
Figure 6-5, for T = 1, 2 and 4 grid units. In all cases 
where R < T we see the anomaly magnitude transition 
occurring at MN = T rather than MN = R. But T is strongly 
influential only when R < T. Of note is that the pattern 
for both cases, R dominant or T dominant, is quite similar. 
The question of whether they can be distinguished from one 
another will be treated in section 6.3.4.

The effect of D, the depth of burial, is displayed 
in Figure 6-8 for the case of T = R = 2 grid units and
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Figure 6-6. Apparent resistivity profile suites for T = 2
grid units and variable R: (a) R = 1,
(b) R = 2, (c) R = 4, (d) R = 8.
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Figure 6-7. Apparent resistivity profile suites for T = 1
grid unit and variable R: (a) R = 1,
(b) R = 2, (c) R = 4, (d) R = 8.
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Figure 6-8. Apparent resistivity profiles illustrating
the increase of anomaly magnitude with depth.



T-3041 136

infinite W. As expected the anomaly peak always coincides 
with the depth of the target. Also, the magnitude of this 
anomaly is seen to increase with depth. At first glance, 
therefore, it would seem this approach could be used to 
any depth; in fact, based on the 1/r variation of the 
potential field away from the source, as depth increases 
the potential difference between the two electrodes will 
decrease until ultimately this value will be lost in 
noise. So to see deeper and deeper in the real world, 
with real system noise, larger and larger source currents 
will be required. For whatever source magnitude there will 
always be a limit to the depth defined by the signal-to- 
noise ratio.

There are two essentially equivalent ways of explaining 
this anomaly increase with depth. First, as depth in
creases there is a greater source-receiver separation and 
therefore a greater lateral zone of investigation. For 
infinite W the array "sees" more and more of the resistor 
as depth increases. Second, as depth increases the charge 
distribution created on the resistor becomes more uniformly 
distributed over its lateral extent relative to the locali
zation that occurs at small source-resistor distances.
These extended sections of the interfaces therefore
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increase their contribution to the signal, relative to 
the primary field and the proximal sections of the inter
faces, with a net increase in anomaly.

Despite this increase in anomaly magnitude with 
depth, any change of the anomaly magnitude pattern versus 
MN is not readily observable, at least for infinite W.
This will be examined further in section 6.3.4.

The effect of the resistivity contrast between the 
resistor and the host medium, , is illustrated in
Figure 6-9 and 6-10 for T = 2 and 4, respectively. The 
magnitude of the anomaly is certainly strongly controlled 
by the resistivity contrast. However, the anomaly shape 
and the pattern of magnitude variation versus MN is not 
significantly disturbed. Variations from interaction of 
the surface charge distributions (dependent on resistivity 
contrasts) on the target and the air-earth boundary are 
certainly not major. This will be analyzed further in 
section 6.3.4.

Examples of the effect of finite breadth, W, on the 
anomaly are presented in Figure 6-11 through 6-13.
Figure 6-11 presents a suite for variable MN, Figure 6-12 
presents a suite for variable R, and Figure 6-13 presents 
a suite for variable T. The introduction of finite W
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Figure 6-9. Apparent resistivity profile suites for T = 2 
grid units and variable p_:
(a) Pg = 20 ohm-m,
(b) p = 50 ohm-m,
(c) pg = 250 ohm-m.
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Figure 6-10. Apparent resistivity profile suites for T = 4 
grid units and variable :
(a) p2 = 20 ohm-m,
(b) p2 = 50 ohm-m,
(c) p2 = 250 ohm-m.
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Figure 6-11. Apparent resistivity profile suites for T =
R = 1, and variable W and MN:
(a) MN = 1, (b) MN = 2, (c) MN = 4.



Z 
(grid 

unite)

T-3041 141

APPARENT RESISTIVITY (ohm-m) APPARENT RESISTIVITY (ohm-m)

0.
RHOI
RH02

10 ohm-m 
50 ohm-nr7.

30
14.

MN
21.

28.

35.

42.

49.

56.
Infinite

63.

70,

RHOI
RH02

10 ohm-m 
50 ohm-nr

30

MN

Inf Ini te

6 -1 2 3  6 -1 2 bo.
RHOI
RH02

10 ohm-m- 
50 ohm-nr-7.

3014.
MN

21.
28.

35.

42.

49,

56.
Infinite

63.

70,
6-1 2 C

Figure 6-12. Apparent resistivity profile suites for T =
MN = 1, and variable W and R:
(a) R = 1, (b) R = 2, (c) R = 4.
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Figure 6-13. Apparent resistivity profile suites for
MN = 1, R = 2, and variable W and T:
(a) T = 1, (b) T = 2, (c) T = 4.
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decreases the magnitude of the anomaly but, except for the 
negative side lobes when W is finite, it is difficult to 
discern any significant change in shape or in the magnitude 
versus MN pattern. Suites for variable R for the two finite 
W models are presented in Figure 6-14 and 6-15 for the 
case of T = 2 grid units. These suites may be compared 
to the suite in Figure 6-6 for the infinite W case. The 
question of whether the magnitude vs. MN pattern established 
for infinite W is modified by finite W, for different values 
of R, T, D and will be returned to in section 6.3.4.

As mentioned above, there is one noticeable change 
in shape introduced by finite W in comparison to the infi
nite W case. This feature is the pull down in apparent 
resistivity for finite W that begins before the anomaly 
for infinite W begins to manifest itself (see Figure 6-11 
through 6-13). The feature is increasingly noticeable 
as the R/W ratio decreases. It is created by the intro
duction of a closing boundary on the far side of the 
resistor. It is tempting to declare this as a direct 
contribution from the far boundary in that its anomaly 
is opposite in sense to that of the near boundary. The 
far boundary's anomaly is also smaller in magnitude and 
broader than that of the near boundary. However, as the
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Figure 6-14. Apparent resistivity profile suites for
W = 11 grid units and variable R:
(a) R = 1, (b) R = 2, (c) R = 4.



(grid 
units)

T-3041 145

APPARENT RESISTIVITY (ohm-m) APPARENT RESISTIVITY (ohm-m)

RHOI
RH02

10 ohm-m 
50 ohm-nr

30

28,

35,

42
MN

49,

66
63,

32

RHOI
RH02

10 ohm-m 
50 ohm-nr

MN

32
6-153 6-15b

10 ohm-m 
50 ohm-nr

RH01
RH02

30

28.

35

42,
MN

49.

56,

63,
32

70, 6-15C

Figure 6-15. Apparent resistivity profile suites for
W = 6 grid units and variable R:
(a) R = 1, (b) R = 2, (c) R = 4.
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following section will demonstrate, such a direct contri
bution from the far boundary is dwarfed by its indirect 
influence on contributions from the top and bottom 
horizontal boundaries.

6.3.2 Calculation of Surface Charge Contributions 
to the Response

The potential at any one point is due to the summed 
contributions from all charges in the model. If this 
charge distribution were known, the contribution from 
each part to the potential at any point could be calculated. 
Because the numerical procedure provides the potential, 
and therefore the electric field, throughout the entire 
model. Gauss' Law may be used in reverse to calculate the 
charge distribution from the known electric field. Ex
cluding the external applied source, charges will exist 
only where a change in property occurs. If only distinct 
boundaries occur separating materials of different 
resistivity, only surface charges will exist on those 
interfaces. We proceed to develop a map displaying the 
comparative influence of the charge distributions on 
different segments of the target's surface to the bore
hole measurements.
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The surface charge distribution may be calculated 
from Gauss' Law:

where D = eE, E is the electric field, e is the electric 
permittivity, and w is the surface charge density. For a 
smooth surface this reduces to (see, for example, Ward, 
1967)

where the subscripts denote the electric fields on either 
side of the surface and n denotes the unit normal vector 
pointing into the second medium. We then use the 
potential field form of Coulomb's Law for surface charge 
distributions,

9'D = go , (6.1)

e [Ê2-Ê1] * n 00 . (6.2)

(6.3)

where V is the potential, r is the distance between the 
potential measurement point and the charge, and da is 
the incremental surface area of the charge distribution.
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This determines the contribution of each piece of the 
charge distribution to the potential at a single point.
The contribution to a potential difference by a single 
piece of the charge distribution is then the difference 
between its contributions to the potential at both points. 
The relative contribution of this piece of surface charge 
to the particular potential difference, with respect to 
the contributions from all other pieces of surface 
charge, can be established by expressing it as a percentage 
of the sum of all surface charge contributions. This 
provides a direct quantitative picture of the "area of 
investigation" for that source-receiver-body geometry.
Our results are, of course, only as good as our numerical 
model.

These calculations were performed for the model 
displayed in Figure 6-16. Only the vertical plane 
perpendicular to strike containing the applied source is 
considered. Any other vertical plane would present a 
pattern little different except for magnitude. Hence, 
the 2-D form of Equation (6.1) and (6.2) are used. The 
surface charge density calculated for each node location 
marked in Figure 6-16 is assumed to be constant over a 
distance of one half grid unit in all directions. This
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Figure 6-16
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The test model for calculation 
of surface charge contributions 
to the response. A relative 
borehole node identification 
system is defined.
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Figure 6-17. Calculated charge at nodes 
located on the surface of 
the resistive body.
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charge distribution is then represented by a single point 
charge located at the node position. The charge thus 
calculated was obtained via Equation (6.2) for nodes on 
the planar boundaries and via Equation (6.1) for the corner 
nodes. Figure 6-17 displays the charge calculated for 
each of the boundary nodes for a positive unit source 
charge located at the top of the borehole. Note that the 
charges calculated for the corner nodes represent both 
vertical and horizontal surface charge distributions.
In each case the dominant contribution is from the horizon
tal face since we can see that, in general, the charge 
densities on the horizontal interfaces are much larger than 
the charge densities on the vertical interfaces. At node 
locations 11 and 16 the charge on both faces has the same 
sign while at node locations 13 and 14 the charges on the 
two faces have opposite signs.

The charges on the boundaries facing toward the source 
are positive (with respect to the source the change is from 
conductor to resistor and therefore the reflection 
coefficient k = ^ ) / ( p ^ + p is positive). Likewise
the charges on the boundaries facing away from the source
are negative (now going from resistor to conductor so
reflection coefficient is negative). Of note is that there
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is slightly more negative charge than positive charge.
This slight imbalance results from the creation of some 
positive charge on the air-earth interface by the charges 
on the resistive body. Therefore, the net charge created 
in the model is zero and the conservation of charge law 
is obeyed. Finally, the charges on the vertical faces of 
the resistor are much smaller than that on the horizontal 
faces because the source, located at the top of the bore
hole, is nearly directly overhead and the electric field 
is therefore nearly parallel to the vertical faces.

The next step is the calculation of the contribution 
of each charge to the potential at each borehole node 
location shown in Figure 6-16. This is accomplished using 
Coulomb 1s Law for point charges,

(q is the charge) rather than Equation (6.3) for surface 
charge distributions. Certainly the results are not 
perfectly correct due to the approximations, but it is 
felt that the essential patterns are well preserved.

The contribution to a particular receiver dipole 
location is then simply the difference in contribution
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to the potential at the two node locations. Since the 
potential in general decreases with depth, the convention 
is adopted of (in the calculation of AV = )
being the uppermost node. Any one such contribution is 
then expressed as a percentage of the total contribution 
from all charges. The results for variable MN at several 
borehole locations are presented in Figure 6-18 for the 
contributions from the horizontal surfaces. Since the 
vertical faces do not make major contributions they are 
not included. In addition, since the contributions from 
the opposing horizontal boundaries are in opposition when 
the measurement point lies above or below the target (see 
Figure 6-18c through 6-18e), Figure 6-19 displays the net 
contribution from opposing locations on the horizontal 
faces.

Only the borehole locations marked -6, +4, -2, +1, 
and 0 have results of the percent contribution calculation 
presented. The locations marked +6, -4, +2, and -1 
are not because the plots for those locations are little 
different from the corresponding plots for the opposing 
locations that are presented. As can be seen in 
Figure 6-17, the charge densities on the two horizontal 
boundaries are opposite in sign and nearly equal in

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL of MINES 
GOLDEN, COLORADO 80401
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Figure 6-18. Plots of the percent contribution of the 
charge at each node on the horizontal 
interfaces of the body to the response of 
dipoles centered at locations indicated in 
the key to each diagram. With reference to 
Figure 6-16: (a) z = 0, (b) z = +1,
(c) z = -2, (d) z = +4, (e) z = -6.
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Figure 6-19. Plots of the net percent contribution of the 
opposing charges on the horizontal interfaces 
to the response of dipoles centered at 
locations indicated in the key to each 
diagram: (a) z = -2, (b) z = +4, (c) z = -6.
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magnitude. Hence, the excluded plots are more or less 
simple reversals of the included plots.

A final note is that the contributions from the air- 
earth interface, primarily from the external source, are 
ignored in the following analysis, since it is the resistive 
body that is of interest and the field due to the air-earth 
interface charges is only gently changing at this depth.

6.3.2.1 Results

Figure 6-18 shows that, defining positive as a 
contribution to an increase in potential difference (and 
therefore apparent resistivity), a positive charge contrib
utes positively to dipole midpoint locations below the 
charge and negatively to locations above. Likewise a 
negative charge contributes negatively to locations 
below the charge and positively to locations above the 
charge. Therefore, when the dipole midpoint location lies 
at a level between the top and bottom of the body 
(Figure 6-18a), the charges on the top and bottom both 
contribute positively to the anomaly. On the other hand, 
when the dipole midpoint location lies at a level above 
or below the body, the charges on the horizontal faces
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contribute in opposition to each other with the final result 
governed by dipole-body geometry (Figure 6-18c through 
6-18e). If the dipole midpoint location lies at the same 
level as a charge, the net contribution is zero since both 
node locations lie on an equipotential line for that 
charge. Figure 6-18a shows this for locations 12 and 
15 on the vertical faces of the body. This seems to be 
the only significant misleading result of the simplified 
calculation approach. In reality the zero contribution 
would occur only for the point on the vertical face at 
the same level. The charges above and below that point 
would contribute, albeit in opposite sense, to the 
response. Since the charge above and below would not, in 
general, be equal in magnitude, there would be a net 
contribution from the vertical face. However, for this 
source-body geometry the charge density on the vertical 
face is not large and the net contribution would likewise 
not be large.

The response in all cases is dominated by the 
horizontal faces (see the comment above). Figure 6-18 
also demonstrates that smaller dipole spacings emphasize 
contributions from closer sources, while larger dipole 
spacings retain more contributions from sources farther



T-3041 158

away. This is best seen in Figure 6-18a through 6-18c. 
Interestingly, however, the calculations for net contribu
tion from opposing horizontal locations, for cases where 
the dipole midpoint level lies outside the body 
(Figure 6-19) and the horizontal faces therefore contribute 
in opposition, show a reversal of this pattern when the 
dipole midpoint level lies just outside the body (see 
Figure 6-19a for z = -2).

The same net contribution calculations also display 
other complicated patterns. When the dipole midpoint 
level is near one horizontal boundary, the response is 
dominated by the other horizontal boundary (Figure 6-19a). 
Since the near boundary contributes negatively and the 
far boundary contributes positively, the net contribution 
is positive. Then, as the dipole moves further away from 
that boundary there is a transition where the nearest nodes 
on the near boundary dominate those on the farther 
boundary, while for the farther nodes on the boundaries 
the converse is true (in Figure 6-19b note the reversals for 
MN = 2 and 4). Finally, a little further away and the 
near boundary becomes completely dominant (Figure 6-lBe 
and 6-9c). Also, the smaller the dipole spacing, the 
shorter the distance over which this pattern occurs.
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Since the contributions of the near boundary are in the 
negative sence (recall the statements on anomaly sense made 
at the beginning of this section), the total anomaly is 
now negative. This is precisely what is seen in Figure 6-11 
through 6-15 for models with finite W. Note, however, 
from Figure 6-11 through 6-13 that the same effect is not 
evident when the resistor has infinite breadth. It is 
reasonable to assert that the contribution of the farther 
extended boundary outweighs the contribution of the nearer 
extended boundary, with a net positive contribution to the 
anomaly, so that the total anomaly is again positive. In 
view of this it is possible to conclude that the source of 
the small negative lobes on the anomaly for resistors of 
finite breadth is not directly the effect of the far 
vertical boundary, but rather the absence of the horizontal 
boundaries beyond that extent.

6.3.3.2 Implications

For the case studied, of a resistor in a uniform 
host, thickness of the resistive zone is an important 
parameter with respect to anomaly magnitude. As the 
thickness decreases the charges on the two horizontal
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faces will more nearly cancel each others contributions 
at any given distance away. So there is some R:T ratio 
necessary for practical detection of an anomaly. This 
implies that pinchout-type zones will be very difficult to 
detect at appreciable distances. A more sharply truncated 
zone, probably structurally controlled, is indicated as 
a more suitable target.

The pessimistic situation for detection of pinchouts 
might improve some if the host medium above and below 
have different resistivities. The reflection coefficients 
would then differ and one boundary could dominate the other 
without too much influence from the thickness. Here, 
however, there would obviously be other interfaces inter
fering with the response. Since the final result is 
not clear and the current implementation of the modeling 
procedure cannot directly model this case, it is difficult 
to assess how much the detectability of a pinchout might 
be improved by such circumstances.

Some dependence on the depth of the resistor seems 
likely though there would be some depth beyond which the 
variation with D would not be significant with respect 
to the influence of other parameters. At shallower depths, 
however, the more rapidly changing (with distance) primary
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field would alter the charge densities on the boundaries 
relative to one another. Furthermore, the air-earth 
interface would make relatively more contribution both 
directly and through greater interaction with the 
resistor.

6.3.3 A Method to Estimate R

Examination of all the data generated on the base model, 
for variable R, T, D, W, and MN, some of which is
presented in section 6.3.1 to illustrate main influences on 
the response, suggest a fairly simple method for estimation 
of R. It is readily apparent that logging a borehole with 
any one single receiver dipole spacing provides an indica
tion of an anomaly and its approximate depth of burial, but 
does not provide any independent information on the param
eters R, T, W and p^:p^. Some information on whether the 
zone is laterally finite can be gained from the existence 
of the small negative lobes discussed in section 6.3.1. One 
practical recourse is to utilize information from multiple 
receiver dipole spacings. From the discussion presented 
in section 6.3.1 it is noted that the redundancy provided 
by variable MN seems to provide a means to partially
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separate those parameters. The anomaly magnitude varia
tion vs. MN is most strongly controlled by R, sometimes 
significantly influenced by T and W, and perhaps weakly 
influenced by and D. Parra (1984) has previously
demonstrated, in hole-to-hole tunnel detection modeling, 
that multiple dipole spacings allow estimation of the 
hole-tunnel separation.

The proposed method is to acquire data with multiple 
MN, starting with MN much less than R (or T, if R < T)
and increase MN to whatever value shows a large reduction
in anomaly magnitude. The first "very small" MN provides 
the maximum anomaly. The peak anomaly magnitude for each 
MN is then expressed as a percentage of the first MN 
peak magnitude. These results are then plotted bi- 
logarithmically (see, for example. Figure 6-20). The 
purpose is to identify the transition from dipole response, 
where the anomaly is essentially independent of MN spacing, 
to bipole response, where the anomaly is dependent on the 
MN spacing. This transition occurs around MN ~ R.

Very quickly it becomes apparent that this procedure
works fine for a uniform host rock, but will have pro
nounced difficulties with layered mediums because the 
apparent resistivity vs. depth curves will be significantly
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altered. Therefore, a more useful modified approach 
includes an extra step consisting of subtracting the 
response of the layered medium (without resistive zone) 
from the data before anything else is done. In practice 
this can be accomplished by using a standard logging tool 
to define the 1-D structure vs. depth immediately around 
the borehole. Then the response of this 1-D structure 
can be calculated for the source-receiver geometries used 
in the surface-to-borehole measurements. The resulting 
surface-to-borehole data are differences in apparent 
resistivity from that measured in the absence of the 
resistor.

This step will also be performed for the analysis of 
the data for the base model (Figure 6-1). Figure 6-2 
demonstrates that some numerical error exists in the 
calculations for even a uniform halfspace. I feel that 
this numerical error is systematic and does not change 
appreciably for the nonuniform models tested. Thus, this 
numerical uniform halfpsace response is subtracted from 
all of the base model data, hopefully lessening the risk 
of the analysis being biased by numerical error.

Applying the method to data generated for the base 
model allows some interpretation keys to be defined and
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allows the effects of the different parameters to be 
restudied. These data are presented in Figure 6-20 through 
6-32. In the generation of these figures it was decided 
that MN = .25 * max(R,T) was sufficient to satisfy the 
requirement for MN << max(R,T) to provide the value by 
which to normalize the other MN results. This restriction 
means the cases T = 1 and 2 and R = 1 and 2 grid units 
do not contain this maximum value. A quick examination 
of any one of the models with T = 4 grid units shows some 
reduction of magnitude for MN = .5 * max(R,T) and 
MN = R (or T). Scaling principles were invoked to allow 
a subjective estimation of the true maximum anomaly for 
the T = 1 and 2 and R = 1 and 2 grid unit cases. The 
MN = .25 * max(R,T) requirement is met for the models 
with T - 4 grid units. Scaling dictates that, outside 
of minor effects due to inappropriate scaling of D, the 
percentage value for [T=2,MN=1,R=1] be the same as that 
for [T-4,MN=2,R=2]. This holds the ratios MN:T and R:T 
constant. This same relationship also exists between the 
pairs [T=2,MN=1,R=2] and [T=4,MN=2,R=4], [T=l,MN=1,R=1] 
and [T=4,MN=4,R=4], and [T=l,MN=1,R=2] and [T=4,MN=4,R=8]. 
The accuracy of this scaling procedure is moot. Regardless 
of the error, such scaling provides only a constant shift on 
a log-log plot - the shape will remain unchanged.
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6.3.4 Parameter Influences on the Response Revisited

Plots of the peak anomaly magnitude vs. MN, expressed 
as a percentage of the peak magnitude for the smallest MN, 
are presented in Figure 6-20 through 6-32 to demonstrate 
the effects of the parameters of the basic model.
Figure 6-20 shows a family of curves for variable R which 
demonstrates that, for purposes of comparing curves to 
one another, plotting vs. MN is not the best approach. 
Normalizing MN by R is a more appropriate means for 
curve comparison. With the exception of Figure 6-25 
all plots from Figure 6-21 through 6-32 use the normalized 
quantity MN/R on the x-axis. In practice, of course, 
plotting would be made vs. MN and curve matching performed 
by sliding the field curve along the x-axis.

Figure 6-21 displays the same data shown in Figure 6-20 
plotted vs. MN/R. It demonstrates that the shape of 
the curve is essentially unchanged by variations in R for 
R/T > 1. This is what is intuitively expected. Figure 6-22, 
a suite for T = 1, 2 and 4 grid units, verified this be
havior. Only if R/T < 1 is the curve shape changed. The 
shoulder where the decay begins is more sharply defined 
and the slope of the decay is steeper than for R/T > 1.
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gure 6-20. Normalized peak magnitudes as a function of 
dipole spacing for T = 2 grid units and 
variable R.
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Figure 6-21. Normalized peak magnitudes as a function of
normalized dipole spacing for T = 2 grid
units and variable R.
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Figure 6-22. Suites of normalized peak magnitudes versus 
normalized dipole spacing for variable T:
(a) T = 1, (b) T = 2, (c) T = 4.
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The relative control on the response exerted by R and T, 
as displayed on these anomaly vs. MN/R plots, agrees with 
the preliminary assessment made in section 6.3.1. However, 
from inspection of the original apparent resistivity vs. 
depth curves one could not immediately distinguish the 
influence of one from the other. The anomaly vs. MN/R 
plot enables this distinction to be made.

Figure 6-23 displays the influence of P2: ,  D and 
T for a fixed R. D and P2:Pj are seen to influence the 
results much less than T. The effect of D becomes more 
significant only at shallow depths, where effects from 
the air-earth interface increase, and affects primarily 
only the larger MN values. The resistivity contrast has 
little effect until 25:1 is reached and even this is simply 
a mild shift in the curve. If p2/p^ and D are both varied, 
as displayed in Figure 6-24, a large influence is still 
not seen. The small influences of p2:p^ and D shown here 
bear out the preliminary assessment made in section 6.3.1.

Figure 6-25 displays an attempt to interpret curves 
in which T dominates for a false value of R. This is done 
by normalizing MN by T instead of R. The curves with 
R < T all demonstrate a more sharply defined shoulder at 
MN/T ~ 1, relative to the curves with R = T. This feature



AN
OM
AL
Y 

(%
) 

AN
OM
AL
Y 

(%
) 

AN
OM
AL
Y 

(X
)

T-3041 169

2

10 ohm-mRHOI 6 23330

RH02 
- 20 ohm-m 
50 ohm-m 

250 ohm-m1
10

10 10 ohm-m 
50 ohm-m

RHOI
RHO2 6 23b

 20
 30
 50

10
2

10 RHOI
RH02

10 ohm-m 
50 ohm-m 6 23C

30

10 -1 
10

20 1
10 10

MN/R

Figure 6-23. Suites of normalized peak magnitudes versus
normalized dipole spacing for R = 2 grid
units and variable (a) , (b) D, and (c) T.
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6-24. Normalized peak magnitudes versus normalized 
dipole spacing for T - 2 , R =1, and variable 
ç>2 and D.
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Figure 6-25. Normalized peak magnitudes versus normalized
dipole spacing (by T rather than R) for
variable R and T.
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allows the dominating influence of T to be identified 
when R < T. Therefore, misinterpreting these curves for 
an incorrect value of R is avoidable.

A quick interpretation approach based on curve matching 
would provide reasonable results. For R > T an estimate of 
R can be made, somewhat subjectively, to within about 30% 
without regard for the influences of and D.
Interestingly, it becomes very difficult to estimate R 
if R < T. The circumstance that T is greater than R can 
be recognized, however, both from the broadened peak on 
the apparent resistivity vs. depth curves (see, for example. 
Figure 6-5) and the altered anomaly vs. MN curve shape 
(Figure 6-25) .

The effects of finite W on the response, in comparison 
to the curves for infinite W, are presented in Figure 6-26 
through 6-29. These figures present suites for variable 
R, T, D and p^:p^. Decreasing W is seen to stèepen the 
decay in all cases. This greater steepness, relative to 
the curve for infinite W, appears to be affected very 
little by variation of the other parameters. This is 
further substantiated by the curve suites presented in 
Figure 6-30 and 6-31 in comparison to the suites presented 
for the infinite W case in Figure 6-22 and 6-23. The
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Figure 6-26. Suites of normalized peak magnitudes versus 
normalized dipole spacing, for T = 2 grid 
units and variable R, displaying the 
influence of W: (a) R = 1, (b) R =4.



AN
OM
AL
Y 

(X
) 

AN
OM
AL
Y 

(X
) 

AN
OM
AL
Y 

(X
)

T-3041 173

10 RHOI
RH02 = 50 ohm-m 
D = 30

10 ohm-m 6-27a

W
InF ini te\ x

10

2
RHOI
RH02

10 ohm-m 
50 ohm-m 6 27b

30

W Xx N
InF Ini te xX

1
10

2
10 RH01

RHO2
10 ohm-m 
50 ohm-m 6-27C

30

InFIni te

20 1
1010 10

MN/R

Figure 6-27. Suites of normalized peak magnitudes versus 
normalized dipole spacing, for R =1 grid 
unit and variable T, displaying the influence 
of W: (a) T = 1, (b) T = 2, '(c) T = 4.
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Figure 6-28. Suites of normalized peak magnitudes versus 
normalized dipole spacing, for T=2, R = 1 
and variable D, displaying the influence 
of W: (a) D = 20, (b) D = 30, (c) D = 50.
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Figure 6-29. Suites of normalized peak magnitudes versus 
normalized dipole spacing, for T = 2, R = 1 
and variable , displaying the influence 
of W: (a) p = 50 ohm-m, (b) p̂  = 250 ohm-m.
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Figure 6-30. Suites of normalized peak magnitudes versus
normalized dipole spacing for T = 2, W = 11,
and variable (a) R, (b) p^r and (c) D.
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Figure 6-31. Suites of normalized peak magnitudes versus
normalized dipole spacing for T = 2, W = 6,
and variable (a) R, (b) , and (c) D.
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effects of D and for finite W cases are little
different from those for the infinite W case. The effect 
of D is, however, seen to be accentuated at larger
MN's for the finite W cases.

Figure 6-32, displaying a suite with variable W 
and variable R, shows a significant difference between 
the finite and infinite W cases. With finite W the influence 
of T persists in the curves for R > T. The change in curve 
shape is not great for R > T but there is certainly a 
horizontal shift introduced. This creates greater 
indeterminacy in the estimation of R. A reasonable estimate 
of the indeterminacy is now on the order of 50%, given all 
of the possible interferences. The greater the restrictions 
that can be placed on the other factors, the smaller will 
be this indeterminacy.

Finally, the increased decay slope introduced by 
finite W could become confused with the increased slope
seen for R < T and infinite W. However, two other keys
allow discrimination between these two cases. First, 
the shoulder where the decay begins is still more sharply 
defined for the R < T case. Second, finiteness of W can 
be immediately identified in the original data from the 
existence of the negative lobes on the apparent resistivity 
curve.
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Figure 6-32. Suites of normalized peak magnitudes versus 
normalized dipole spacing for T = 2 grid 
units and variable W: (a) W = 6, (b) W = 11,
(c) W = infinite.
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6.4 Influence of Non-Uniform Host Medium

If the keys that have been outlined for interpreta
tion of surface-to-borehole measurements have any 
practical value, they must remain valid as complexity is 
added to the subsurface model. Two rather simple layered 
models, shown in Figure 6-33 and 6-41, are tested to 
establish basic influences of a non-uniform host medium.
A few other selected models will then be tested.

6.4.1 Influence of a Single Boundary

The model of a resistive zone in a two-layer earth 
is presented in Figure 6-33. The surface-to-borehole 
responses for variable MN for the two-layer host rock 
with the resistor absent are shown in Figure 6-34. The 
response pattern, vs. depth, is much like that of measure
ments on the earth's surface across a vertical contact. As 
a boundary is approached the apparent resistivity increases, 
there is then a sharp break in the curve at the boundary 
(for small MN's), and finally an essentially flat response 
is seen beyond the boundary. The apparent resistivity of
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D1

D2

Figure 6-33. Schematic diagram of a resistor in a two- 
layer host medium.
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Figure 6-34. Apparent resistivity profiles versus depth 
for the two-layer host medium with the 
resistor absent.
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the flat response is higher than the resistivity of that 
second region by an amount related to the resistivity 
contrast across the interface.

The responses in the presence of a resistor, for 
various R's, are shown in Figure 6-35. The presence and 
depth of the resistor are clearly evident for R = 1, 2 
and 4 but not easily identifiable for R = 8. Otherwise, 
however, these plots are not readily useful. As described 
previously (section 6.3.3) , the next step is to subtract 
the host medium responses (Figure 6-34) from the measured 
responses. The results obtained are shown in Figure 6-36. 
These are the plots from which we may obtain an estimate 
of R.

In comparison with Figure 6-6, which shows the 
responses for the same resistor in a uniform host medium, 
two main differences in the curves may be observed. First, 
the magnitude of the anomaly for the two two-layer host 
medium is greater than that of the uniform host medium. 
Second, there is a "dimple" which appears on the curves 
for the two-layer host medium at the depth of the interface. 
This dimple appears most strongly on the curves for small 
MN and is more strongly pronounced as R increases. Both 
features are related to the same cause - interaction
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Figure 6-35. Apparent resistivity profile suites, with
the resistor present in the two-layer host, 
for variable R: (a) R = 1, (b) R = 2,
(c) R = 4, (d) R = 8.
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Figure 6-36. Anomalous apparent resistivity profile suites, 
for the resistor in a two-layer host, for 
variable R: (a) R= 1, (b) R = 2, (c) R = 4,
(d) R = 8.
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between the charges on the surfaces of the interface and 
resistor. The surface charges on the resistor modify 
the charge distribution on the interface from that which 
existed on the interface in the absence of the resistor. 
Thus, the subtraction of the two-layer response from the 
data now leaves an indication of the interface to an 
extent defined by the difference in charge distribution 
on the interface for the two cases. Likewise, the 
surface charges on the interface modify the charge 
distribution on the resistor from that which existed 
in the absence of the interface. With the first layer 
more resistive the result is an enhanced anomaly magnitude ; 
if the first layer were more conductive the anomaly 
magnitude would be depressed.

Further, it is easy to surmise that the amount of 
interaction between the charge distributions is directly 
related to the resistivity contrasts. Increasing either 
resistivity contrast increases the interaction.
Figure 6-37 shows the responses for a model with the 
resistivity of the resistor 50 ohm-m and 250 ohm-m. The 
enhancement in both the anomaly magnitude and the relative 
magnitude of the dimple is significant. Likewise,
Figure 6-38 displays the responses for a model with a first
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Anomalous apparent 
resistivity profile 
suites for resistors 
of (a) 50 ohm-m, and 
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the two-layer host.
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resistivity profile 
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the interface, and 
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interface.
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layer resistivity of 20 ohm-m and 100 ohm-m. Even though 
the interface is now farther away there is still a notice
able enhancement to the anomalous features. Finally,
Figure 6-39 displays the responses for the 100 ohm-m 
first layer model for resistors of 50 ohm-m and 250 ohm-m. 
Again, the anomalous features are significantly enhanced. 
Note also that the location of the interface is indicated 
by the crossover point of the smaller MN curves at the 
inflection point on the MN = 1 curve. Of course, the 
interface location is already known to begin with.

Now, do the interaction effects due to the two-layer 
host medium interfere with interpretation via the anomaly 
vs. MN plots? Suites for variable R, , Dl (first layer 
thickness) and T are presented in Figure 6-40. Comparison 
with Figure 6-21 and 6-23, the uniform host medium cases, 
show that very little difference has been introduced. 
Therefore, the curves could be interpreted by curve matching 
just as for the case of a uniform host medium.

6.4.2 Influence of a Layer

The effect of a layer is an otherwise uniform host 
medium should be less than that of a single boundary at
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Figure 6-40. Suites of normalized peak magnitude versus 
normalized dipole spacing, for the resistor 
in a two-layer host model, for variable
(a) R, (b) p3, (c) Dl, and (d) T.
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the same approximate distance away, because the influences 
of the top and bottom interfaces are in opposition to one 
another. Since the case of a single interface produced 
results that were still manually interpretable, let us 
examine the most extreme possibility for the layer model 
as shown in Figure 6-41. In this case is more con
ductive than the host medium. Geologically, this model 
might simulate a porous layer that has both water and 
hydrocarbon saturation.

The surface-to-borehole responses for the three-layer 
model with the resistor absent are shown in Figure 6-42. 
Just as the response for the single interface model behaved 
like measurements on the earth's surface across a vertical 
contact, the response for the layer model behaves like 
measurements on the earth's surface across a vertical dike.

The responses in the presence of a resistor, for 
various R's, are shown in Figure 6-43. Just as for the 
previous model the presence of the resistor is clearly 
evident for R = 1, 2 and 4 but not easily identifiable 
for R = 8. Again subtraction of the host medium responses 
allows us to more readily estimate R. The resulting curves 
are displayed in Figure 6-44. These results should be 
compared to Figure 6-6 for the uniform host medium case.
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Figure 6-41. Schematic diagram of a three-layer structure 
in which the intermediate layer is divided 
into resistive (pg) and conductive (pg) 
parts.
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Figure 6-42. Apparent resistivity profiles versus depth 
for the three-layer host medium with the 
resistor absent.
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Figure 6-43. Apparent resistivity profile suites, with the 
resistor present in the three-layer host, for 
variable R: (a) R = 1, (b) R = 2, (c) R = 4,
(d) R = 8.
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Figure 6-44. Anomalous apparent resistivity profile suites, 
for the resistor in a three-layer host, for 
variable R: (a) R = 1, (b) R = 2, (c) R = 4, 
(d) R = 8.
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Several features are apparent. First, based on proximity 
of the layer to the target, the interaction effects 
between the charge distributions on the interfaces are 
stronger than for the previous single boundary model.
Second, the two interfaces are again identified by cross
over points on the smaller MN curves. Next, since the 
layer is more conductive than the rest of the surrounding 
host medium, it acts to depress the magnitude of the re
sistor's anomaly. Finally, this magnitude depression is 
relatively less for greater R's because, as noted in 
section 6.3.1, the resistor's anomaly peak migrates down
ward as R increases. The influence of the conductive layer 
interfaces will remain fixed in depth as R increases, 
so there is less direct conflict of the two influences.

The direct relationship of the interaction effects 
to the resistivity contrasts is verified by Figure 6-45 
and 6-46. Figure 6-45 varies with values of 50 ohm-m 
and 250 ohm-m. Both the anomaly magnitude and relative 
size of the dimple increase with p^. Figure 6-46 varies 
pg with values of 10 ohm-m and 5 ohm-m. Note here the 
magnitude depression in the anomaly created by the conductive 
layer.
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resistivity profile 
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Figure 6-46. Comparison of the apparent resistivity 
profile suite for a 250 ohm-m resistor 
in a uniform host and the anomalous 
apparent resistivity profile suite for 
a 250 ohm-m resistor in the three-layer 
host.



T-3041 200

The anomaly vs. MN/R plots for this model are presented 
in Figure 6-47. Just as before, these should be compared to 
the uniform host medium case presented in Figure 6-21 and 
6-23. Clear differences are readily apparent, in particular 
for R = 2. The manual curve matching interpretation 
approach would obviously break down in this case since 
the curve shape is significantly different from any produced 
in the study of the base model. But remember, however, that 
this model is the most extreme case; move the layer up or 
down in the section and the circumstances will improve 
quickly, as illustrated by the single interface model 
studied in the previous section.

6.4.3 Influence of More General Host Mediums

6.4.3.1 A Four-Layer Host Medium

Consider the combination of the two previous models, 
as presented in Figure 6-48. The responses for the host 
medium in the absence of the resistor, and in its 
presence at a distance of R = 1, are presented in 
Figure 6-49.
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Figure 6-47. Suites of normalized peak magnitude versus 
normalized dipole spacing, for the resistor 
in a three-layer host model, for variable
(a) R, (b) p2 f (c) D, and (d) T.
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D2

Figure 6-48. Schematic diagram of a four-layer model that 
is a composite of the earlier two- and 
three-layer models.
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The subtraction of the host medium responses leads 
to the results presented in Figure 6-50 for various R's.
Of note is that the interaction effect of the removed 
interface grows more rapidly with respect to the inter
action effect of the layer as R increases. In general, 
however, the responses are much like those presented in the 
previous section for the case of a single layer. The 
anomaly vs. MN plots (not shown) are nearly identical 
to those shown previously (Figure 6-47) for the conductive 
layer model.

Increasing the resistivity of the resistor is seen, 
in Figure 6-51, to significantly increase the interaction 
effects of the layer over those of the removed interface, 
as intuition suggests.

6.4.3.2 Sequence of Thin Layers

This model, which is called Model 1, is presented in 
Figure 6-52. Suites of curves for variable R are presented 
in Figure 6-53. The averaging effect of greater MN is very 
observable in this case. Subtracting the host medium re
sponse leads to the results for variable MN shown in 
Figure 6-54. The resistor's presence is certainly evident
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Figure 6-50. Anomalous apparent resistivity profile suites, 
for the resistor in a four-layer host, for 
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(d) R = 8.
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layers.
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Figure 6-53. Apparent resistivity profile suites (for
variable R), for the resistor in a thin bed 
sequence, for variable MN: (a) MN = 1,
(b) MN = 2, (c) MN = 4.
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Figure 6-54. Anomalous apparent resistivity profile 
suites, for the resistor in a thin bed 
sequence, for variable R: (a) R = 1,
(b) R = 2, (c) R = 4.
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in the curves but a manual curve matching interpreta
tion would not provide a good estimate of R. Of note is 
that only the nearest interfaces in the section appear to 
provide significant interaction effects to the responses.

6.4. 3. 3 A Pathological Case

The model depicted in Figure 6-55, called Model 2, 

presents a situation for which a grossly inaccurate in
terpretation would be very possible - multiple displaced 
structures. The responses for different positions through 
the thick portion of the conductive layer are shown in 
Figure 6-56. The curve labeled "infinite" in this case 
refers to the 1-D model resulting when both structures 
are removed and only a layer with T=2 and infinite lateral 
extent remains. This would be the host medium response 
modeled from the 1-D structure that would be seen by a 
standard logging tool. Subtracting the host responses 
from the measured curves provide, for instance, the results 
shown in Figure 6-57 for R = 4 m. The effects of both 
structures are clearly evident, being in opposition to 
each other, but they strongly interfere with each other. 
Probably the only hope for interpretation of this case 
lies with modeling.
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Figure 6-55. Model of a resistor in an intermediate 
layer of variable thickness.
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Figure 6-56.
Apparent resistivity 
profiles versus depth 
(for variable R), for 
the variable thickness 
host layer model, for 
MN = 1 grid unit.
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resistivity profiles 
versus depth, for the 
variable thickness host 
layer model, for R = 4 
grid units.
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6.5 Discussion

A summary of all modeling results, indicating parameter 
influences, is presented in Table 6-1.

The manual curve matching interpretation approach 
utilizing the anomaly vs. MN plots is only going to be 
useful in situations where there are not other resistivity 
boundaries in close enough proximity to interfere with 
the response pattern from the target zone. The model 
studied in section 6.4.1 showed, however, that the zone 
around the target that must be free of resistivity boundaries 
is not too large. Still, the general rule will be that 
there are other boundaries within this zone, since any 
geologic structure that is capable of trapping hydrocarbons 
rarely has such a simplified resistivity structure. Yet 
the approach is useful because there will be circumstances 
where it can be applied with success.

If the resistivity structure is too complicated to 
allow a simple curve matching interpretation, a more 
general modeling/inversion approach should still provide 
good results. The very interactions that interfere with 
the curve matching approach provide additional informa
tion to a modeling-based approach that can help to determine
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Table 6-1. Summary of modeling results.

MODEL PARAMETER INFLUENCE
Resistor MN For MN less than max(R,T) there is

in (receiver little change in anomaly (with res-
Uniform electrode pect to the target the electrode

Host spacing) pair is a dipole). For MN greater
than max(R,T) the anomaly broadens 
and decreases in magnitude as MN in 
creases (the electrode pair is now 
a bipole). If R is greater than T 
the use of multiple MN1s allows 
estimation of R.
The anomaly broadens and decreases 
in magnitude as R increases. Gener 
ally R is the most influential tar
get parameter on the anomaly magni
tude versus MN spacing plot.
Influential mainly only when T is 
greater than R. The anomaly broad
ens and increases slightly in mag
nitude as T increases. For T less 
than R it only acts to increase the 
anomaly magnitude without signifi
cantly affecting the anomaly magni
tude versus MN spacing curve shape.

W Introduces systematic changes in
(target responses. Finite W introduces
width) negative side lobes on the apparent

resistivity anomaly and systematic
ally increases the decay slope, 
relative to the infinite W case, on 
the anomaly magnitude versus MN 
spacing plot.

D Influence on the anomaly magnitude
(target versus MN spacing plot increases as
depth) D decreases. Generally not a sig

nificant influence in any case. 
Apparent resistivity anomaly magni
tude increases with D.

(borehole-
target

separation)

T
(target

thickness)
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Table 6-1 (continued).

MODEL PARAMETER INFLUENCE
Resistor

in
Uniform

Host
(cont'd)

Resistor
in

Layered
Host

p2/pl
(target/
host

resistivity
contrast)

(target-
interface

separation)

Host 
interface 

resistivity 
contrast(s)

Generally not a significant influ
ence on the anomaly magnitude versus 
MN spacing plot though its influence 
increases as the resistivity con
trast increases. When host is non- 
uniform increasing the resistivity 
contrast enhances the charge inter
actions between target and host in
terfaces. The effect of this on the 
anomaly magnitude versus MN spacing 
plot depends on the target-host 
geometry. Significantly controls 
the anomaly magnitude itself.
Charge interaction effects between 
target and host interfaces increase 
as Dg decreases. This appears on 
the apparent resistivity anomalies 
but for the case of a two-layer 
host, with Dg = 2 grid units, it 
does not affect the anomaly magni
tude versus MN spacing plot. The 
case of a conductive layer extension 
to the resistive target did affect 
the anomaly magnitude versus MN 
spacing plot substantially.
Charge interaction effects between 
target and host interfaces increase 
as these resistivity contrasts in
crease. Does not significantly in
fluence the anomaly magnitude versus 
MN spacing plot. Does influence the 
magnitude of the apparent resistivi
ty anomaly. Influence of host 
medium interface interactions with 
borehole are undetermined.
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Table 6-1

MODEL
Resistor 
in Host 
with 

Vertical 
Structure

(continued).

PARAMETER INFLUENCE
The influence of another vertical 
boundary depends on the host verti
cal boundary - target - borehole 
geometry. If the vertical separa
tion between the structures is small 
and the horizontal distances from 
the borehole to both structures is 
similar, the structures cannot 
likely be resolved.
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the parameters of the target structure. Such a modeling- 
based approach would probably utilize the original suite 
of apparent resistivity difference vs. depth curves for 
various MN's. These curves contain more information than 
is utilized in the simple curve matching procedure based 
solely on the peak magnitude of each of those curves. It 
is reasonable to surmise that a surface charge integration 
modeling approach would be the most efficient path for a 
general interpretation capability.

In either case the data reduncancy provided by 
multiple dipole separations provides an excellent chance 
to resolve the parameters of the target structure as 
long as the surrounding medium is not too complicated 
(see section 5.4. 3.3). The major parameter of interest, 
the distance from the borehole to the target, can certainly 
be estimated in many situations. Visual inspection of the 
apparent resistivity vs. depth profiles suggests a rule of 
thumb for a limiting detection range of R ~ .1*D*T*K.

Interpretability of a resistivity structure is one 
thing, detectability of the structure in the first place 
is quite another. The lateral distance, R, away from a 
borehole that a target may be detected is a function of 
the signal-to-noise ratio. The signal is the response 
from the target and is largely governed by the resistivity
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contrast, its geometric dimensions, and its distance 
away from the borehole. The noise includes such things as 
telluric fields, spontaneous potential (SP) phenomena and 
geologic noise - that is, responses from all structures 
for which the processing and interpretation techniques do 
not adequately account.

It is certain that the signal-to-noise ratio will 
decrease with depth simply due to the decay of the 
electric field with increasing distance from the source.
At depths on the order of a kilometer or two the electric 
field in a uniform halfspace is on the order of a few 
hundred micro-volts per meter per ampere of source current. 
Since in general we might wish the smallest MN spacing to 
be on the order of 1 to 5 meters, the practicalities of 
detecting the field of interest must receive strong 
consideration. So detectability not only involves the 
ability to discriminate a target response from the host 
medium response, but also discriminating the target response 
from the noise environment.

A potentially very large contribution to the noise can 
come from the borehole itself. This has been entirely 
ignored in this and most other modeling studies. With 
an arbitrary source location and a borehole environment
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that has a different resistivity than the host rock, there 
are surface charges created on the borehole-host rock 
interface just as for any other resistivity boundary in the 
subsurface. There will also be interactions between the 
charge distribution on the borehole and charge distribution 
on host rock interfaces. As the section becomes more finely 
bedded and the resistivity contrasts larger, the inter
actions will increase. How much influence all of this 
could have on the detection of a resistive target is un
known at this point.

This particular modeling study, however, utilized a 
single pole source on top of the borehole. The primary 
electric field, therefore, is parallel to the borehole 
and, as a result, there is no primary charge distribution 
on the borehole. The only charge distribution created on 
the borehole will result from the secondary electric 
fields created by charge distributions on interfaces 
in the subsurface. In many instances this secondary effect 
should not seriously hinder the detection of a resistive 
target. Again, however, the interference from a finely 
bedded section could become significant. On the other 
hand, the influence may remain limited for the large MN's 
used in this approach (large meaning MN >> the diameter 
of the borehole and invaded zone).
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The influence of the borehole environment is the 
most important practical aspect that needs to be studied. 
Influences as a function of host medium bedding and as a 
function of MN spacing need to be quantified. Both 
physical and numerical modeling could provide useful 
data on these influences. A particular numerical model 
that would be useful would be a cylindrical coordinate-based 
finite-difference problem centered on the borehole with a 
layered host rock and a doughnut-shaped resistive target. 
Though the doughnut shape is not realistic, it would allow 
cylindrical symmetry to be utilized to reduce the 
modeling problem to a single 2-D slice. The results 
would be indicative and would certainly define a minimum 
influence of the borehole environment relative to the 
target.

In the end there is some minimum target response 
with respect to the host medium response required for 
its practical detection. This required minimum response 
is a function of the noise and the properties of the host 
medium, both of which vary too much in general to say what 
level of target response is detectable. An anomaly of 
10% with respect to the host medium response might be 
detectable in some circumstances and not detectable in 
others.
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However, for any situation there will be a minimum 
combination of target resistivity contrast, distance from 
the borehole, and geometric dimensions to allow its 
detection. It is certain that this minimum combination will 
increase with depth due to signal-to-noise requirements.
This is opposite to the simple rule of thumb of R - 1*D*T*K 
as a limiting detectability criterion. The rule of 
thumb, however, is based solely on apparent resistivity 
anomaly and does not consider the noise environment.

As yet it is also difficult to clearly define the 
areas of applicability of this surface-to-borehole approach. 
Only the case of a rectangular target in a uniformly 
layered host medium has been studied. With this finite- 
dif ference style modeling algorithm such interesting 
scenarios as dipping strata and wedge-shaped targets 
(pinchouts) cannot be studied. Though applicability to 
these cases cannot be demonstrated at this point, there 
is some hope for the detection of pinchouts (see section 
6.3.3.2) and considerable promise for the dipping strata 
case. If the dip can be identified the host medium response 
for the surface-to-borehole configuration can be calculated 
and subtracted just as outlined for the horizontally 
layered hosts.
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CHAPTER VII 

CONCLUSIONS

This study has demonstrated the usefulness of the 
Polozhii decomposition solution approach to finite- 
dif ference modeling of piecewise 1-D structures. Testing 
of the, as yet, immature algorithm indicates that it is 
capable of providing efficient and accurate results, in 
many instances, for models with large resistivity contrasts 
(1000:1). The testing also indicated that the algorithm's 
performance can be improved in many respects.

The Polozhii decomposition algorithm facilitated 
study of the detection of a buried resistor laterally 
displaced from a borehole with a DC surface-to-borehole 
configuration. An approach utilizing multiple borehole 
measurements with different electrode spacings provides 
a means to estimate the distance from the borehole to the 
resistive target. The method, designed from results for a 
resistor in a uniform halfspace, continues to work in a 
modified manner if the host medium is layered, though 
ultimately a modeling-based inversion approach would be 
needed for interpretation.
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Polozhii decomposition is a solution approach to 
finite-difference modeling that breaks the problem down 
into directional pieces that are solved separately from 
one another. It is actually a numerical version of the 
analytic separation of variables method. Correspondence 
to the solution for potential field continuation, for 
uniform properties, and to the solution for 1-D electro
static boundary value problems, for 1-D varying properties, 
is highlighted. The directional numerical operators 
allow formulation of a quasi-analytic solution for the 
potential field within any 1-D region without regard to 
spatial finiteness. These quasi-analytic solutions for
1-D regions allow the finite-difference systems for 
piecewise 1-D structures to be reduced to solution for 
the potentials on only the boundaries between the 1-D 
regions.

The current implementation of Polozhii decomposition 
allows only constant grid spacings and 2-D structures 
composed of two or three 1-D regions. Extension to 
variable grid spacings, additional regions in the 2-D 
structure, and eventually to full 3-D structures are the 
next stages of implementation. It may also be possible 
to reformulate the method to bypass the solution for the
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potential field on the boundaries between the 1-D regions, 
instead solving directly for the potential wherever desired.

Testing of the algorithm emphasized modeling of 
structures for which analytic results exist. These 
models include a uniform halfspace, two layers, three 
layers, a vertical contact, a vertical dike, and a special
2-D case consisting of a multiplicative superposition of 
two 1-D variations. In general, good results are provided 
by the numerical algorithm except for some vertical dike 
models and for locations very near the field source.
Also, the optimum boundary conditions on the grid ex
tremities to achieve the best results are a function of the 
model and the grid, due to its finite size. The errors 
and boundary condition dependence are intimately related 
to the constant grid spacings used in this implementation. 
This limitation is probably the most important inadequacy 
that needs improvement.

Dependence of the optimum boundary conditions on the 
grid and model also means that, if optimal results are 
desired, a user must carefully monitor the performance of 
the program for a 2-D model. The recommended approach 
is to run limiting cases for models with analytic solutions 
and to then run the 2-D model with both sets of optimum



T-3041 225

1-D boundary conditions. This procedure may be relaxed 
if the error tolerance is increased. However, blind usage 
may lead to very poor results. Again, this inconvenience 
is tied, to some extent, to the use of constant grid 
spacings and may be improved by generalization of the 
grid to allow much larger physical dimensions.

In general, the accuracy of any numerical algorithm 
is a function of how well the grid design is matched to 
the shape of the potential field for any given model.
The historical pattern in numerical modeling of some
times good results, sometimes poor results, and general 
inconsistency is therefore easily understood. Flexibility 
of the numerical model is always limited. Therefore it 
is quite dangerous to utilize a numerical algorithm as 
a primary interpretation tool. The appropriate roles for 
numerical modeling are study of basic field behavior and 
design of methodology. This is especially true for the 
Polozhii decomposition method, in general due to its 
restriction to piecewise 1-D structures, and specifically 
for the current implementation due to the limitations 
created by constant grid spacings.

For 2-D models consisting of L = 100, M = 180, and 
N = 80 nodes in the x- (strike), y- and z-directions,
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respectively, the execution CPU time on a VAX 780 computer
is approximately 24 minutes for the initial solution on
the boundary plane between two 1-D regions and, thereafter,
an additional 2 minutes for the solution on any other
plane. The initial solution for a three-region structure
with two boundary planes increases the execution time by
a factor of 3. The dependence of the execution time on

1 0  2 8the grid dimensions is L M N * . Of particular note is the 
independence of the execution time from the number of 
nodes in the y-direction. Appendix A demonstrates that 
the efficiency is sufficient to allow effective implementa
tion on a microcomputer.

Though for the total number of nodes involved 
(1,440,000) these execution times are quite good, the 
efficiency is far less than is possible. Variable grid 
spacings will significantly improve the efficiency. If, 
for instance, L and N can both be halved, the execution 
time for the initial solution will drop from 24 minutes 
to about 2 minutes.

The Polozhii decomposition modeling algorithm was 
used to study the feasibility of detecting resistive zones 
(potential hydrocarbon reservoirs) laterally displaced 
from a borehole with a DC surface monopole source and
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borehole receiver dipole/bipole electrode configuration.
The important exploration parameter is the distance, R, 
from the borehole to the resistor. The increased scale 
provided by fixing the source on the surface provides 
a much greater lateral range of investigation than 
standard well-logging tools and therefore provides the 
opportunity to estimate this distance.

Study of a basic model consisting of a resistor in 
a uniform halfspace indicated that resistive targets 
can be detected for cases where R 5.1*D*T*K, where D is 
target depth, T is target thickness, K is the resistivity 
contrast between target and host medium, and the target 
extends infinitely away from the borehole. Furthermore, 
the distance from the borehole to the target can be 
estimated from multiple logging runs with receiver dipole 
electrode pairs of different spacings (MN's). For MN's 
less than the distance from borehole to target the electrode 
pair is essentially a dipole and there is little change in 
the apparent resistivity anomaly created by the target 
for those different MN's. A transition occurs at MN 
approximately equal to R where the apparent resistivity 
magnitude begins to decline and the anomaly width begins 
to broaden. A somewhat constant decay in magnitude and



T-3041 228

increase in anomaly width occurs as MN increases further 
beyond MN ~ R.

It is possible to estimate R from simple plots of 
anomaly magnitude vs. MN through curve matching. D and 
K have little influence on these curves and T is 
influential only when T > R. However, the fact that T is 
greater than R can be immediately recognized in the anomaly 
magnitude vs. MN plot based on significant changes in the 
curve shape. Finite breadth of the target, W, decreases 
the anomaly magnitudes and alters the anomaly magnitude 
vs. MN plot more subtly. However, finite W can be recog
nized in the original apparent resistivity vs. depth 
profiles by the existence of negative side lobes on the 
anomaly that are absent if the target has infinite 
breadth.

In the end an estimate of R based on this simple 
curve matching procedure is probably accurate to within 
about 30% to 50% if there is no limiting information 
available on the target parameters. Naturally the 
estimate's accuracy will improve as limitations can be 
placed on those parameters.

In the presence of a non-uniform host medium the 
very straightforward estimation of R cannot be directly
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performed. However, if the host medium is plane layered, 
success can still be obtained through a modified procedure 
Defining the 1-D resistivity profile with a standard 
resistivity logging tool, calculating the surface-to- 
borehole responses for this 1-D profile, and subtracting 
this 1-D host medium response from the measurements yields 
anomalous apparent resistivity vs. depth profiles very 
similar to the apparent resistivity vs. depth profiles 
modeled for the uniform host medium case. The differences 
are a measure of the surface charge interactions between 
the target and host medium interfaces.

If there is no horizontal host medium interface 
in close proximity to the target, the anomaly magnitude vs 
MN curve matching procedure continues to work. If, on the 
other hand, there is a host medium interface in close 
proximity to the target the simple anomaly magnitude vs.
MN approach fails. But in these instances the very same 
charge interaction effects provide additional information 
on the target parameters (since the host 1-D resistivity 
profile is known) that should enable a modeling-based 
inversion procedure to estimate the target parameters 
with some accuracy.



T-3041 230

Finally, if the host medium is not 1-D but contains 
one or more additional laterally displaced structures in 
close proximity to one another, it becomes highly improbable 
that any reasonable estimation of the structures1 param
eters can be obtained.

The modeling study has successfully established the 
feasibility of the surface-to-borehole approach for 
detection of buried resistors. However, many aspects of 
the problem relating to practical implementation have 
not been considered. Only rectangular geometries were 
considered in the modeling study. Such interesting 
scenarios as pinchouts and dipping layers have not been 
studied. Also, practical considerations with respect to 
the noise environment and the effects of the borehole 
environment have yet to be assessed. Therefore, it is 
not yet possible to clearly define the practical applica
bility of this approach. It has been established, however, 
that the approach has promise.

Both the Polozhii decomposition modeling procedure 
and the surface-to-borehole DC method have much potential 
as geophysical tools. The Polozhii decomposition method 
is, so far, still in an immature state. It promises, how
ever, to become a very powerful modeling tool. Considerable
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attention to its improvement is needed and certainly 
warranted. The surface-to-borehole method needs to have 
a number of practical aspects studied very closely to 
determine if the utility suggested by the modeling study 
can be realized.
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Efficient microcomputer-based finfte-difference resistivity 
modeling via Polozhii decomposition

Bryan A. Jam es*

ABSTRACT

Finite-difference modeling for direct current resistivi
ty problems can be cast in a form allowing rapid and 
efficient solution on a microcomputer. Almost a million 
nodes can be accommodated on a microcomputer with 
only 256 kilobytes of memory.
The Polozhii decomposition procedure (Polozhii, 

1965) allows a three-dimensional (3-D) problem with no 
more than a one-dimensional (1-D) property variation 
to be transformed into a series of decoupled and inde
pendent one-dimensional problems. The decomposition 
utilizes matrix transforms analogous to analytic spatial 
Fourier and Hankel transforms. These matrix trans
forms, along with recursive formulas for the solution of 
the 1-D problems, yield a process which can be thought 
of as a continuation operator when compared with cur
rent popular methods of potential field continuation 
using the Fourier transform. The result is that only a 
single plane of node potentials needs to be determined 
fully.

By setting up more complicated models as separate 
regions with differing 1-D models the above procedures 
can be used to create a problem where the unknown 
potentials along the boundary planes between the re
gions arc cast in terms of known outer boundary poten
tials and known applied source terms. Once all interior 
boundary potentials have been calculated, the solution 
on any arbitrary plane of nodes in any region can be 
quickly calculated using the standard Polozhii de
composition procedure.

Execution times for a variety of grid sizes composed 
of two such regions show much slower growth with 
increasing numbers of nodes than conventional finite- 
difference solution schemes. Test cases for comparison 
with analytic calculations yield errors of 5 percent or 
less for problems composed of 756 000 nodes. The 
choice of boundary condition, however, has a significant 
influence on the accuracy obtained.

INTRODUCTION

Methods of numerical modeling as applied to electrical geo
physical problems are many and varied. Integral equation 
methods include those by Hohmann (1975), Weidelt (1975), 
Daniels ( 1977), Ting and Hohmann (1981), and Wannamaker et 
al. (1984); finite-clement methods include those by Coggon 
(1971), Bibby (1978), and Pridmore el a). (1981); finite-difference 
methods include those by Jepsen (1969), Jones and Pascoe 
(1971), Jones ( 1974), Mufti (1976), Stoyer and Greenfield (1976), 
Dey and Morrison (1979), Oristaglio and Hohmann (1982), 
Hermance (1983), and Goldman and Stoyer (1983); and a 
hybrid method was described by Lee el al. (1981). This list is by 
no means comprehensive but it is certainly representative of the 
development that has occurred. In general, there has been 
consistent progress in the complexity of models that can be 
considered.

However, application of many modeling techniques to the 
study of geophysical problems falls short of what could be 
gained because of computation expense. Without fail, these 
methods are time-consuming and require the use of large com
puters. This paper describes a means of performing finite- 
difference modeling where problems consisting of up to nearly 
one million nodes can be solved efficiently on a microcomputer.
The expense and/or size of previous schemes is due to their 

generality and, hence, brute force nature. However, sacrificing a 
little generality brings to the fore some physical characteristics 
of finite-difference problems that allow them to be broken 
down into a form that can be solved rapidly and efficiently, 
therefore permitting much larger grids to be used.
The method is based on techniques developed by G. N. 

Polozhii (1965) which were recently discussed by Tarlowski cl 
al. (1984) in work more or less concurrent to this. Polozhii 
decomposition utilizes matrix transforms analogous to analytic

Manuscript received by the Editor February 24.1984; revised manuscript received September 4,1984. 
•Department of Geophysics, Colorado School of Mines. Golden, CO 80401 
£  198$ Society of Exploration Geophysicsts. All rights reserved.
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spatial Fourier and Hankel transforms to reduce certain three- 
dimensional (3-D) finite-difference problems into a series of 
decoupled and independent one-dimensional (1-D) finite- 
difference problems which can be easily solved for any one node 
using a set of recursion relations. Therefore, any one plane of 
node potentials in these 3-D grids can be expressed in terms of 
known boundary potentials and source terms. The whole pro
cess can be thought of as a “continuation" operator similar to 
the potential fields method of continuation using spatial Fou
rier transforms. The important result is that solution for all of 
the node potentials in the grid is not required— hence the gain 
in efficiency.
Application of Polozhii’s method to resistivity modeling is an 

appropriate first step for purposes of introduction and devel
opment. It can, of course, also be applied to electromagnetic 
modeling problems.
After setting up the standard finite-difference form for resis

tivity modeling, the basics of Polozhii decomposition will be 
developed with an illustrative numerical example provided to 
help focus on the important properties. This process is then 
extended to allow modeling of 2-D and 3-D geometries. Due to 
the length of the development, the applied results are limited to 
comparisons of modeling results with analytic solutions of a 
uniform half-space, a two-layer model, and a vertical contact 
for purposes of establishing the method’s accuracy.

THE RESISTIVITY MODELING PROBLEM

The derivation of the general partial differential equation for 
resistivity modeling, described in many places (for instance, see 
Dey and Morrison, 1979), utilizes O h m ’s law.

J = oE, (I)
the equation of continuity and the conservation of charge 
principle,

VJ dp 8(x)60')6(z), (2)
and the relationship of electric field to a scalar potential for 
stationary fields.

E - -VI/, (3)
where J is the current density, a is conductivity, E is the electric 
field, ôp/ôt is the time rate of change of charge density, 
6(x)6(y)6(z) are Dirac delta functions specifying a point of cur
rent injection, and D  is a scalar potential. Substituting equation 
(3) into equation (1) and then equation (1) into equation (2) 
yields

v • [o<x. y. z)Vl/(x, y, z)] = - ^ 5 ( x -  xJ5(y -  y,)6(z -  z,),

(4)
where (x,, z.) is the position of the current injection point.
However, for an elemental volume, A F ̂  Ax Ay Az, we have

dp J _  
dt “  A F ’ (5)

where / is the injected current. Therefore, equation (4) now 
becomes

V • [o<x, y, z)V U(x, y, z)]

-  *(* -  *J8(y -  y,)6(z -  zj. (6)

Equation (6) is the problem to be solved numerically subject to 
the conditions that U  and a{dU/dn) arc continuous across each 
change of a. Also, since the problem is to be solved for only a 
finite region, the region must be terminated with boundary 
conditions of the general form

t
F ig. 1. A 3-D Cartesian finite-difference grid illustrated with the node numbering system.
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o,(x, y, z)V(x, y, z)
+ «a (x. y, z) - f(*. >. z), (7)

where a, > 0, a2 > 0, and (a, +  a2) >  0 and d/dn denotes the 
normal derivative.

FINITE-DIFFERENCE APPROXIMATION

The model for the lower semiinfinite half-space consists of a 
grid, illustrated in Figure 1, with boundaries (except for z -  0) 
chosen to represent planes at “infinite" distance. The nodes in 
the x-direction are numbered from i =  0 , 1 , 2 , L, L + 1 ; the 
nodes in the y-direction from ; —  0,1,2,.... Af, M  + 1 ; and the 
nodes in the z-direction from k «  1,2,.... N, N  + 1. The planes 
with i *= 0, i =  L + I, j = 0, j = M  + i, and k = N  + I simu
late the boundary planes at infinity.
Replacing the partial derivatives in equation (6) with finite- 

difference approximations and applying the stencil illustrated 
in Figure 2 to a node (x, y, z), we have

z) -  V(x, y, z)

— Oo«

2 F I/(x + Ax,, y. z)
, + Ax. L0"' Ax,

x - Ax., y, z)~l

h d

Ax.
L/(x, y -f Ay2, z) -  V(x, y, z) 

' Ay2

— o05L/(x, y, r) -  U(x, y -L/(x, y -  Ay,. z)~l
Ay, J

— O06

2 I" t/(x, y. z +  Az,)
, +  Azfc [°oî Az,

t/(x, y, z -  Az6)1

Az. J
) -  t/(x, y, z)

l/(x, y, z) -

- 8/
(Ax, +  Ax.XAy, +  Ay$XAz, +  Az.) 
x 6(x - x,)6(y -  y,)8(z -  z,). (8)

Reorganizing equation (8) and utilizing the node numbering 
system shown in Figure 2 we have
C0lV , +  C021/2 +  Co, ( / ,  +  Co. V .

+ Co, tV, + Co. I/. —
-  -  ̂  6(x -  x„)S(y -  y,)6(z -  z.k (9a)

where

Co,- 

Co,- 

C0, =

2o0
(Ax, + Ax.)Ax, '

2gQ,
(Ay, + Ay,)Ay2 *

2*03
(Az, + Az.)Az,’

(9b)

(9c)

<9d)

1

Fig. 2. A first-order, finitedifference stencil with both absolute 
(i,y. It) and relative (0 to 6) node numbering systems illustrated 
along with identification of the grid spacing parameters.

Co* = 

Co, =
and

2*o.
(Ax, •+ Ax.)Ax«

2*o,
(Ay, + Ay,)Ay, '

2*o.
(Az, +  Az.)Az. ‘

(9e)

(9f)

(9g)

The o0j terms are averages of the conductivities of the four 
elemental volumes which connect along the common line be
tween the zeroth node and the ith node. The method being 
described here uses constant grid spacings; therefore it uses a 
simple average. Nonuniform grid spacings would require a 
weighted average.

BOUNDARY CONDITIONS

Since the finite-difference grid is restricted, boundary con
ditions must be specified at all edges of the grid.
The condition that no current pass through the ground 

surface z = 0 can be expressed as

•7T-*ôn
(10)

This condition is met simply by setting o = 0 for the air above 
the ground. Therefore C 0* — 0 and C ot — .5 • C», 0 —  1,2,4, 5) 
where C&i would be the coupling coefficient if the air was 
replaced by earth of conductivity equal to that immediately 
below the earth-air interface.
Boundary conditions for the other edges of the grid can be 

either specified potentials (Dirichlct-type condition), specified
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a(dVldn) values (Neumann-type condition), or mixed a, V  + 
a, (dU/dn) conditions (for example, Dey and Morrison, 1979). 
The usual method is to set either U  -  0 or a{dV/dn) = 0 along 
these edge planes.
The solution approach used here precludes use of the general 

boundary condition used by Dey and Morrison. The coupling 
coefficients resulting from their boundary condition vary as a 
function of the distance from the source; the decomposition 
procedure requires position-independent coefficients.
In this study a terminal-impedancc type [mixed atV  + 

a2(dU/dn); a„ a, # /(x, y, z)] boundary condition (Swift, 
1971; Stoyer and Greenfield, 1976) is used. Thus the planes 
i ■ 0, i ~  L +  l,j —  0,j =  M  -f 1, and & —  N  + 1 (see Figure 1) 
are grounded and the outward-directed impedances of planes 
i =l,i —  L,j = IJ =  M, and k =  N  to ground are taken to be 
some fraction 3 of the inward-directed impedances:

P2i» • (ID
As an example, assume that we are at a node on the i =  L plane, 
referring to Figure 1. Using the stencil of Figure 2, we then have 
[/, —  0 and Co, — PC**. 3 is determined by numerical experi
mentation and usually lies between 0.02 and 0.10. The actual 
value will depend upon such things as whether the grid is 2-D 
or 3-D and the extent of the grid. For a 2-D grid Stoyer and 
Greenfield (1976) used 3 = 0.10. In the current study, for a 3-D 
grid of large extent, 3 - 0.0275 was optimum. The larger the 
grid extent, the smaller 3 can be expected to be.

MATRIX FORMULATION

Application of equation (8), along with the boundary con
ditions when at the edges, to each node in the finite-difference 
grid yields L M N  simultaneous equations. This set of equations 
is most conveniently dealt with in terms of the matrix equation

AU-S. (12)
where A *s an L M N  x L M N  matrix containing the coupling 
coefficients between all of the nodes, U  is an L M N  length

<11II

o,=i=Sr

F ig. 3. The grid, with node notation illustrated, and model to 
be used as an example. The point source at node (2, 2, I) is 
indicated by the arrow.

vector containing the unknown potentials at all of the nodes, 
and S is an L M N  length vector containing all source terms, 
both sources of current injection and contributing known po
tentials (for 1/ #  0 Dirichlet boundary conditions). The latter 
source terms are nonexistent in this study since the terminal 
impedance boundary condition grounds the edges. Therefore § 
is empty except for those nodes at which a current electrode is 
located.
Also, A  « diagonally dominant, symmetric, and contains 

only six nonzero codiagonals.

POLOZHII DECOMPOSITION

The solution of equation (12) is typically obtained by one of a 
variety of iterative or direct solution approaches. However, all 
of the methods require amounts of data storage and execution 
times that grow rapidly with the total number of nodes in the 
grid (generally greater than N 3 and less than N i growth). The 
size and therefore the accuracy of normal finite-difference solu
tion schemes have always been limited by this rapid growth.

However, some 20 years ago G  N. Polozhii, a Russian 
mathematician, introduced finite-difference decomposition 
techniques (Polozhii, 1965) which allow large problems to be 
solved very efficiently in terms of both time and computer 
storage. The key ingredients to Polozhii's method are a class of 
matrix transformations which I henceforth refer to as " Polozhii 
transforms." It is appropriate to refer to these matrix oper
ations as transforms because they are indeed analogous to 
analytic orthogonal transforms such as the Fourier (Cartesian 
coordinates) or Hankel (cylindrical coordinates) transforms.
A method previously described by Madden (1967), Jepsen 

(1969). and Stoyer and Greenfield (1976) uses a spatial Fourier 
transform to reduce a 3-D problem with 2-D property vari
ations to a problem in which a series of decoupled and indepen
dent 2-D grids, one for each of a number of spatial wavcnum- 
bers, is solved at much less expense than a direct 3-D solution 
would require. The direction of property invariance is the direc
tion which is transformed out of the problem. Once all of the 
2-D problems are solved, the final solution is obtained by 
performing an inverse Fourier transform. If there were only a 
one-dimensional (1-D) property variation in the model, this 
procedure could be extended such that two successive Fourier 
transforms are performed to yield a series of decoupled and 
independent 1-D finite-difference problems.
A matrix operator which I call a "uniform Polozhii trans

form" exactly mimics the spatial Fourier transform described 
above. A  3-D grid with 2-D property variation is reduced to a 
scries of decoupled and independent 2-D grids. Likewise, two 
successive uniform Polozhii transforms reduce a 3-D grid with 
1-D property variation to a series of decoupled and indepen
dent 1-D finite-difference problems. An important extension 
introduced by Polozhii is operators I call “nonuniform Poloz
hii transforms." The nonuniform Polozhii transform allows the 
direction of property variation to be removed just as a direction 
of property invariance can be removed. At this time I know of 
no practical variation of the analytic Fourier transform which 
corresponds to this matrix transform.

Because 1-D finite-difference problems have only the main 
diagonal and two adjacent codiagonals of the coupling matrix 
not equal to zero, these problems may be solved very quickly. 
In fact, it is possible to define closed-form recursive relations, 
based on Gaussian elimination (Carnahan, et al.. 1969, p. 441-
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442), which solve for the potential at any one node in the 1-D 
grid. This recursion solution is quite analogous to Polozhii’s 
formulas of summary representation for solving 1-D finite- 
difference problems. However, my perception is that there is no 
visible advantage to using Polozhii’s summary representation 
formulas over the Gaussian elimination recursive relations.
A  description of Polozhii’s method for problems of property 

invariance was presented by Tarlowski el al. (1984). However, 
they retain Polozhii’s somewhat awkward notation which 1 feel 
hinders fully understanding the method’s important properties. 
It is hoped that the standard matrix representation adopted 
here and the illustrative numerical example will sufficiently 
highlight the important features. Tarlowski et al. also intro
duced a hybrid technique to allow consideration of central 
regions of arbitrary property variation. Their general line of 
attack should produce a very powerful modeling technique. 
The application of Polozhii’s methods as continuation 
operators— expressing the unknown potentials on a boundary 
between regions of different properties in terms of the known 
exterior boundary potentials— allows direct calculation of 
these unknown boundary potentials.

The hybrid method developed by Tarlowski et al. is pri
marily directed toward solution of problems of interest in min
eral exploration, whereas my interest is in solution of larger 
scale structural problems.
Accompanying the development of Polozhii’s decomposition 

procedure is a numerical example for a small grid of L —  3, 
M  - 3, and N  *  3 nodes. Such a numerical example better 
illustrates the important properties that allow application of 
the decomposition procedure than a strictly theoretical devel
opment. The theoretical development provided is valid for all 
problems having constant grid spacings within the region, 
position-independent boundary conditions, and a 1-D conduc
tivity profile, regardless of the number of nodes.

THE SINGLE REGION PROBLEM

The 3 x 3 x 3  node problem to accompany the following 
development consists of simplified parameters so that the basic 
properties can be highlighted. The grid is shown in Figure 3. 
For this case we use constant grid spacings, though the method 
can be adapted for nonuniform grid spacings, with
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Ax = A> = Ai - 1.0 m. The conductivity will vary only in the 
z-direction and will change only across the fc — 2 plane of nodes 
with o,*!. S/m and o2 - 0.2 S/m. Also, a point source of 
f/AK = 1. A/m3 is located at node (2,2,1). Finally, the bound
ary conditions at the sides and bottom of the grid are chosen so 
that p in equation (11) is equal to 0.10. Applying equation (9) to 
this model, we get the representation of equation (12) shown in 
Figure 4.
Equation (12) can be written as

A.U + T . U - S ,  (13)

where & = A , + T, and A i and T, are shown in Figure 5. A. 
Ai, and X, all may be broken into 3 x 3  block matrices as 
shown in Figures 4 and 5. Each block of Ai is diagonal and 
scalar (i.e., =&!,& =  constant, 1 = identity matrix), while each 
block of X, is tridiagonal and independent (decoupled) of the 
other blocks in X, (i e., X, = direct sum of all (X,)i, i *= 1.2,..., 
MN). Since each block of X, is independent of the other blocks 
in X*, the eigenvalues and eigenvectors for the matrix X, can be 
found by finding the eigenvalues and eigenvectors for each 
individual block. The resulting total eigenvalue and eigen
vector C, matrices are then the direct sums of the eigenvalue

and eigenvector block matrices and therefore have diagonal 
block matrix forms (Figure 6). Note that each block of J, is 
identical to the other blocks except for some scalar multiplier. 
W e  have

(IJi - *<T. (14)
for i = 1,2,3 where X  is shown in Figure 6d. This means that

(P.)i =  (t«)i ̂  (Fx)s-= F. (15a)
where Ç is the orthogonal eigenvector matrix derived from X 
(see Figure fie), and

(U, - *,&. (15b)
(Uz-tzt. (15c)

and

(&x)i "  (15d)

where & is the eigenvalue matrix derived from T  (Figure 6f). 
Therefore has the form shown in Figure 7. [Also, note that
equation (14), quite necessary for the decomposition procedure, 
does not hold for position-dependent boundary conditions of

F ig . 5a. T he m atrix  A i in equa tion  (13) for 3 x  3 x 3 exam ple w ith block m atrix  form  superim posed.
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the type used by Dey and Morrison (1979). Again, the problem 
is that the form of each (J,), would not differ by only a scalar 
multiplier since the boundary condition is a function of the 
distance from the edge node to the top center of the grid ]
The actual decomposition ofj is

T=efcer. (i6)
where f r is the transpose off. In addition,

eer = ere = i a?)
It is also true that

T, = P,&,PI (18)
and

r,ri = eie, = i (m
Substituting equation (18) into equation (13) leaves us with

+ = S (20)
N ow define a uniform Polozhii transform as

Flu = e (21)

In linear algebra terms this is simply a change of basis. Multi
plying equation (20) by P J yields

FJA.U +  ̂ C - S .  (22)
The important consideration is whether fj commutes with & , ; 
if it does not, then the decomposition procedure cannot pro
ceed beyond this point. The proof provided in the Appendix 
demonstrates that the matrices will commute if and only if 
every block of &, is scalar and all (£,), = p. Given the proper
ties for p, shown in equation (15) and the form of &, shown in 
Figure 5, the matrices do indeed commute. Therefore, equation
(22) becomes

+ = S. (23)

Combining with A i yields
= (24)

which is shown in Figure 8.
Reordering ̂ 2, t), and S as shown in Figure 9 from (x, y, z) 

ordering to (y, z, x) ordering produces a form representing a 
series of decoupled and independent 2-D problems (each 9 x 9  
block represents a y-z plane) which can be further decomposed

F ig . 5b. T he m atrix  J *  in eq ua tion  (13) for 3 x 3 x 3 exam ple with block m atrix  form  superim posed.
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Fig. 6a. Block matrix form of X , ■ T, = direct sum of all (T ,k  
i = 1,2....,9(i= 1,2,...,MN).

Fig. 6b. Block matrix form of P, ■ P, =  direct sum of all (P,),. 
i = 1,2... 9(i= 1.2,...,MN )

Fig. 6c Block matrix form of i, . V  = direct sum of all (&,),. 
i- 1,2,...,9(i =  1,1...,MAI).

into a series of decoupled and independent 1-D z-direction 
problems by duplicating the above procedure using a y- 
direction uniform Polozhii transform.

However, let us instead reorder 5 2, C, and S from (x, y. :) 
ordering to (z. y, x| ordering such that we have

B V  = S'. (25)
where the primes denote the reordering operation. W e  now 
have the form, displayed in Figure 10, that is required for next 
using a z-direction transform. But it is readily apparent that B 
due to the property variation in the z-direction, does not have 
the scalar block properties that allowed the decomposition of 
& Here the addition of an extra step will allow us to proceed.
Dividing each row of B and S' by the outermost coefficient in B
on that row (the C 01 and C oi z-direction coefficients) yields

b .c  - ft;. (26)
where the subscript n denotes normalization as described. 
Figure 11 displays the result of this operation.
No w  proceeding just as before, equation (26) can be written

as

B,Û'+T,Ü' = S.. (27)
where B. = Bi + T.- and Bi and J. are shown in Figure 12. 
Due to the normalization step B , now has the necessary scalar 
block matrix properties described previously. The properties of 
T,. g, and are generally the same as before with the
exception that we now have

T r-e,*,e,Tp (28)
and

B,e,7_p = e,rpe,-i (29)
where p is an orthogonal weighting matrix introduced by the 
nonsymmetry ofj.. Figure 13 displays (&,)/.(&),. and p, • Also, 
just as for and T=-pis (he direct sum of all Pi.

Substituting equation (28) into equation (27) yietds

B.tr+ B,fc,e,rpt’ -ft;. (30)
Now define a nonuniform Polozhii transform (another change 
of basis) as

e/ptr-LT. (31)
Multiplying equation (30) by ffp yields

r,TpB,t’ +*ztr = s;. (32)
As discussed before, for the step from equation (22) to equation
(23), the commutation of Bfp and Bi is valid. Bi has the same 
properties as 4, and is therefore invariant with respect to the 
change of basis, so equation (32) can be written as

B.vr + t.vr-s;. (33)

-- 1--1—
• : i. : o. -.41 7 4 : .70 71 i 9 70# -1.0 3 4 ? 0 : o
i % o. • i. • 0 7 2 : .1 •• t-7: ••0 2 0 : • • 0
o i r :  .* -.4 1 7 4 « 70 7 1 : 57 08 o : o : 1.634
<d) («) (0

Figs. 6d, 6c, 6f. (d) The matrix X  for 3 * 3 x 3 example, (e) The eigenvector matrix f derived from T  The values are calculated by 
the EISPACK library (Smith et al., 1976) and are rounded, (f) The eigenvalue matrix & derived from X  The values are calculated by 
the EISPACK library and are rounded.
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F ig. 12a. The matrix in equation (27).

Finally, combiningwith g , gives

B̂ v =s;. (34)
which is shown in Figure 14.
The last step is to reorder the problem again, this time from 

(:. >•. x) ordering to (y, 2. x) ordering, so that we have
çir (35)

where the second prime denotes the second reordering. This 
final form, displayed in Figure 15, shows that we now have a 
series (N x N  = 3 x 3 = 9, in this case) of decoupled and inde
pendent l-D problems to solve. Each 3 x 3  block represents a 
l-D y-direction problem.
The solution of a general symmetric N-order l-D problem, 

as displayed in Figure 16, can be concisely expressed by recur
sion relations derived using the Gaussian elimination method 
as described by Carnahan et al. (1969). One set of relations used 
to solve the system in Figure 16 is

u w- s ; .
(36)

where

and

4-,'

Sj —  Tj. ,s;.
4

(37)
2.3 N,

(38)
t ■ 2, 3,.... N.

Another set of relations equally valid, but marching in the 
opposite direction, is

U, - S,.

» S; — '-jjr U,_ „ < - 2,3,4
(39)

N,
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Fig. 12b. The matrix J, in equation (27).

where

and

4v - dM,
4 “ 4 — i * A/ — 1, N — 2, 1,4*i

d»'
Sj —

4 '

(40)

(41)

Once we have obtained Ü ” using either set of recursion

relations, the final solution is obtained by (1) reordering Ô" 
back to the (z, y, x) form shown in Figure 14.(2) performing an 
inverse nonuniform Polozhii transform on U' (multiply C ’ by 
P.; f, 6' =  P, P,7pÛ = O'), (3) reordering Û' back to the (x, y. 
z) form shown in* Figure 8, and (4) performing an inverse 
uniform Polozhii transform on C (multiply Cl by p,; P,Û = 
P, PJU = U). Since the inverse transforms operate only on 
individual x-z planes, it should be apparent that equations (36) 
through (41) need only be used to calculate a single potential, at 
a specified node, j = jr (Figure 1 defines j as the y-direction 
index), for each of the L x N  l-D problems and only a single 
x-z plane needs to be calculated. This result and the transfor
mation process into independent l-D problems are the impor-

-vaees:
80 08  :

• 1.8 8 5 7

•  87 85 ; . 9  6 0 0 4  I.e 3027  

-.6 4683: . 1  4 4 1 7 :  8 2576  
.2 3 2 84^1 4 5 38^5 7 8 37

(a ) (b ) (C)

Figs. 13a, 13b, 13c. (a) The eigenvalue matrix (&,), calculated from fT,), by the E1SPACK library. The values are rounded, (b) The 
eigenvector matrix (P,), calculated from (J,), by the EISPACK library. The values arc rounded, (c) The orthogonal weighting 
matrix p, introduced due to the nonsymmetry of (J,),.
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tant features that allow large 3-D finite-difference grids to be 
solved so rapidly and efficiently.
To review and summarize, it is useful to compare Polozhii 

decomposition with potential field continuation operators 
whose behavior is governed by Laplace’s equation (for exam
ple, Baranov, 1975). The continuation process derives potential 
field values on a specified datum from known potential field 
values on a different datum. The application of x- and y- 
direction spatial Fourier transforms (FFTs usually) to the 
known datum decouples each point from the others. However, 
the transformations provide a spectral contribution to each 
point from every other point on the datum. The continuation 
operator, exp (yz), though the y parameter is a function of the 
spatial wavenumbers. is really a l-D z-direction operator in the 
double spatial wavenumber domain. Once each point in the 
wavenumber domain on the new datum is calculated, the actual 
potential field values on the new datum are obtained by per
forming the x- and y-direction inverse transforms.
For the case of a 3-D finite-difference resistivity problem we 

no longer have Laplace’s equation or a single plane of nodes. 
However, the Polozhii decomposition procedure is analogous, 
at each step, to the potential field continuation operation. The 
x-direction uniform Polozhii transform and the z-dircction 
nonuniform Polozhii transform, just like the spatial Fourier 
transforms, decouple each point on an x-z plane from all other 
points on the plane while providing a spectral contribution to 
each point from all other points. The only difference is that the 
continuation procedure operates on a single plane while the 
Polozhii transforms are performed on multiple planes. Here 
again, since we are in the double spatial wavenumber domain.

each l-D problem is a function of the spatial wavenumbers 
(eigenvalues).
Where the continuation procedure has a direct step as the 

solution of its simple l-D problem [the exp (yz) operator], the 
Polozhii procedure has a recursion relation operator which 
accounts for the numerous points (one for each x-z plane) of the 
more complicated l-D problem. But here again only a single 
plane in the wavenumber domain needs to be calculated. The 
inverse Polozhii transforms then give the real potentials on that 
specified plane. In essence, then, the Polozhii decomposition

d1 r1 u, s,
r1 d2 '2 «2 S,

f2 d3 r3 M, S3

f3

dN-1 fN-1

1
!
1

Un-,

1
1
1

Sn-,

'*-,dN Un SN

Fig. 16. A general N-order l-D problem with symmetric coef
ficients solved by equations (36) through (38) or (39) through 
(41).

O'11)*-*,!

F ig. 17. A 3-D grid composed of two regions and a middle boundary plane. Regions I and 2 have M, and M 3 nodes, respectively, 
in the y-direction. The number of nodes in the x- and z-directions are constant for the two regions. Each region may contain an 
arbitrary l-D model varying in the z-direction.
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procedure is simply a more general form of the potential field 
continuation operator.
Finally, although the supplied example used constant grid 

«pacings, this is not a limitation of the procedure. Variable grid 
«pacings, with smaller distances near the source and larger 
distances near the edges of the grid, can be accommodated. 
Variable spacings do change the coupling coefficients, and 
therefore the coefficients of J,, J,, and Ç  [equation (35)], the 
result being that both transforms would be nonuniform Poloz
hii transforms. However, this does not interfere with any of the 
necessary properties that allow us to perform Polozhii’s de
composition.

MULTIPLE REGION PROBLEMS

Given that Polozhii decomposition is quite interesting, the 
finite-difference solution of simple l-D models is not. W e  must 
now make the step of applying Polozhii decomposition to 
problems with 2-D and 3-D property variations. This is accom
plished by constructing the model with a number of separate 
regions; each region, in turn, consists of an arbitrary l-D 
model. Thus a large number of interesting geologic structures 
(i.e., vertical faults, horsts, grabens, confined rectangular bodies, 
variable thickness overburden, etc.) can be modeled using this 
approach. The solution process is adapted from the procedure 
described by Tarlowski et al. (1984) for a 2-D multiple region 
problem.
For illustration purposes, consider a problem composed of 

two such regions with a single boundary plane in between 
oriented as an x-z plane, as shown in Figure 17. The problem is 
solved by considering the two regions and the boundary plane 
as three separate problems. Once the potentials on U e have 
been determined, the solution on any arbitrary plane in either 
region can be rapidly calculated. Solving for the unknown 
potentials on U a requires knowing the potentials along the 
adjacent planes U " ’(j, = M,) and U 121 (j2 = I). Utilizing Pol
ozhii decomposition as a “continuation” operator, the poten
tials on either plane may be expressed in terms of the known 
boundary potentials along the edges of that region’s grid, the 
unknown boundary potentials on U e, and any external sources 
applied in that region. Substitution then allows us to construct 
an equation in which U e can be calculated from the known 
potentials along the edges of the entire grid and any applied 
sources.
Each region in this development is considered to contain a 

l-D property variation in the z-direction. Here again the 
lerminal-impedance boundary condition is used, with the result 
that the known potentials on the grid edges arc all zero. Since 
they make no contribution, the terms relating to these poten
tials will be dropped from the following development. This 
simplification is purely for convenience; the introduction of 
nonzero boundary potentials will only contribute terms to the 
known right side of equation (45). W e  also assume that a single 
source electrode lies in each region, though this is an arbitrary 
choice and not required for the validity of the procedure.
Since the model in each region and the boundary plane is 

invariant in the x-direction, let us perform a uniform Polozhii 
transform for the x-direction on the entire problem. The prob
lem will therefore be solved in the 0 -domain and the final 
solution U, obtained by performing an inverse uniform Poloz
hii transform on t)e.
Now, because we seek solutions on x-z planes, the next step

is to perform nonuniform Polozhii transforms for the z- 
direction on each region. Note that these two transforms will be 
different since the models in the two regions ate different. Also 
recall that the nonuniform Polozhii transform involves a nor
malization operator. This leaves L x N  independent l-D y- 
direction problems in each region. The l-D equations in region 
1 are solved for node M, using equations (39) through (41), 
while the l-D equations in region 2 are solved for node 1 using 
equations (36) through (38). The potentials C IU (j, - M,) and 
t)12' O', = 1) are then obtained by oerforming the inverse 
nonuniform Polozhii transforms on U m  (j, = M,) and C 121 
{jj =  Irrespectively.

All of this can be summarized as

o r  o, = m ,)= - p r G „ ( R " f p , o „

+ e,,,,ç.,<ri”)rp.cr,s.i. m

and

cj2' u* « i) ~ - r,2'g3i(p,,2')rp2cSl
+ PrG,,(PiVp,C;'S:„ (43)

for i =  1,2,.... L (recall that each row of z-direction nodes can 
be solved independently of the others because of the x-direction 
uniform Polozhii transform). Pi" and Pi2' are the N  x N  in
verse nonuniform Polozhii transform matrices; G u  afid G: are 
diagonal N  x N  matrices containing coefficients derived from 
equations (39) through (41) and (36) through (38), respectively; 
(Pi")TPi and (Pi2')Tp2 are the N  X N  nonuniform Polozhii 
transforms (p, and j>2 are diagonal matrices); Ç 1 and Ç  J 1 are 
diagonal N~x N  matrices reflecting the normalization before 
transforming by inverses of the y-direction coupling coef
ficients; and and S 2i arc the N-lcngth known source vectors. 
The normalization matrices Ç f 1 and Ç 2 1 do not appear before 
the 0 e, vectors because they are canceled by Ç, and Ç 2, 
respectively, which couple the boundary plane to ClJ" (j, = 
A#,) and Û-2' (j2 = I): the result is Ç," ‘Ç, = (7'Ç2 =  1 The 
matrix and vector terms with i subscripts all change as i 
changes; the others arc all invariant with i.
The equation to be solved for C*, is

C.Ci" U, = M.) + C2ti2' 02 = 1) + Q,c* = s„. (44)
for i = 1,2,.... L  Se, is an N-length known source vector (if a 
source lies on the boundary) and Q, is an N  x N  tridiagonal 
coupling coefficient matrix representing l-D problems in the 
z-direction on t)ei. Substituting equation (42) and equation (43) 
into equation (44) yields

{-C,Pl"G„(Pl"rf,
- C z P ^ t p i V P z  +  çjc,,
-s.,-c,prG,,(pyyp,cr's,,

-Ç2Pi,’G 2.(P,.,,)rP2Ç2-,S2„ (45)

for f -  1,2,..., L, where { } is a full N  x S  matrix construct
ed as shown. The N-order problem in equation (45) is solved L 
times using a standard Gaussian elimination scheme.
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Once 0 e is obtained, all that remains is to perform an inverse 
uniform Polozhii transform for the x-direction to yield U e. 
Once U s is known, the solution for any arbitrary plane in either 
region may be solved in a straightforward manner by using the 
Polozhii decomposition procedure described for a single 
region.
An alternative to this direct solution approach is to solve 

equations (42) through (44) iteratively. A guess can be supplied 
for Û, from which Û111 0", ■ M,) and O'21 (j2 —  1) can be 
solved for using equations (42) and (43). These solutions, per
haps modified by an overrelaxation scheme, arc used in equa
tion (44) to solve for a new Û,. This process continues until the 
change in U s from iteration to iteration becomes sufficiently 
small. Although a valid solution approach, experience shows 
that the iterative process is more tcmpermental and less ef
ficient than the direct solution approach.
The procedure described for solving a two-region problem 

can be extended to problems containing three or more regions 
with any arbitrary configuration. Three-dimensional structures 
can be modeled by adding regions in both the x- and y~ 
directions. The unknown interior boundary potentials can 
always be expressed in terms of the known exterior boundary 
potentials and known source terms. Thus Polozhii decompo
sition, combined with the extension to multiple regions, pro
vides a powerful modeling scheme that allows solution for 
exceptionally large grids.

Table 1. Execution times for variable grid parameters for the two- 
region problem. TIM E 1 I* the execution time to calculate the middle 
boundary plane potentials. TIME 2 is the execution time to then calcu
late the potentials on the z -  0 x-> plane. All times are in minutes. The 
numbers of nodes listed for the y-direction reflect both regions plus the 
boundary plane. A" is the total number of nodes in the 3-D grid. All 
calculations were performed on a DEC PDF 11/23 microcomputer

N U M • 1 « Of 
N O D E S 11 M E 1

|m.n|
niwE 2
|m,« |Z

IS 31 20 as OS 15.500
«0 « 1 30 2 0. 1.4 40.200
so 61 30 26 S 2 75 01.500
too 61 30 SO. 7.4 163.000
so 121 30 256 SO 161.600
too 121 30 SI.2 S 14 75 363.00 0
so 61 60 17S.S 4.76 163.0 00
100 61 60 3 4 3.6 11.0 366.000
so 121 60 176. 0.5 363.0 00
100 121 60 345. 2 3 726.0 0 0

ERROR PLOTS FOR HALFSPACE MODEL 
VARIATION OF BOUNDARY CONDITIONS

tv"

ee aee 600 700 900 ii0 0DISTANCE FROM POSITIVE ELECTRODE ( M)
Fig. 18. The error jn potential {[[/(calculated) —  [/(analytic)] x 100/[/(analytic)) for the uniform half-space model shown for

variations of the boundary condition parameter p.
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CALCULATION TIMES, COMPUTER PARAMETERS, 
AND PROGRAMMING PARAMETERS

Several test runs for the two-region problem, with execution 
times and grid parameters shown in Table 1, display the ef
ficiency of this modeling approach. All of the modeling was 
performed on a D E C  P D F  11/23 microcomputer equipped 
with 256k B of memory and the D E C  FPF 11 floating point 
coprocessor. The program can accommodate up to about 
850 000 nodes using only 4 byte long REA L  variables totaling 
approximately 50 000 elements. Standard finite-difference solu
tion schemes typically have accuracy problems if only 
REAL *4 variables arc used because their greater number of 
arithmetic operations increases error propagation in the calcu
lations.
The large problems are accommodated, without any I/O, 

because all of the node potentials do not have to be calculated. 
The eigenvalues and eigenvectors for the x- and y-direction 
Polozhii transforms arc calculated outside the program, being 
dependent only on the number of nodes and the boundary 
conditions and not on the geologic model, and are read in off of 
disk. All eigenvalues and eigenvectors are calculated using the 
EISPACK eigensystem library (Smith et al., 1976).
Table 1 shows that very large problems can be efficiently 

solved using Polozhii's methods. Some interesting features are 
that the number of nodes in the y-direction (perpendicular to 
strike) has only a very tiny influence on the execution time, and 
the number of nodes in the x-direction (parallel to strike)

increases the execution time in only a linear fashion. Only the 
z-direction, with execution time increasing nearly as the cube of 
the number of nodes, approaches standard finite-difference per
formance.

COMPARISON w it h  a n a l y t ic  r e s u l t s

Test cases using two regions totaling 726 000 nodes (x * 100, 
y *  121, z =  60) with constant grid spacings were compared 
with analytic results calculated for a uniform half-space, a 
two-layer model, and a vertical contact. All grid spacings were 
chosen to be 25 m. The half-space model was repeated with 
choice of different boundary conditions. The choice of fl in 
equation (11) can be seen in Figure 18 to be very important. 
The choices of fl *  .03 and f) = .025 show behaviors character
istic of Dirichlet and Neumann boundary conditions, respec
tively (Coggon, 1971). Choosing p -  .0275 produces a happy 
medium with errors less than I percent over much of the grid 
With any choice the error in potential is less than 4 percent for 
the whole range displayed. Again, since P specifies the terminal 
impedance, it can be expected to decrease as the grid extent 
increases. Currently the optimum p is determined simply by 
experimentation.
Tests for the two-layer and vertical contact models were then 

performed using P = .0275. These comparisons, seen in Figures 
19 and 20, again show good agreement. The maximum errors

COMPARISON OF ANALYTIC AND NUMERIC 
CALCULATIONS FOR TWO LAYER MODEL

1310
N SPACING

Fig. 19. Comparison of analytic and numerical results for the two-layer model shown. The maximum error is 5 percent for a
726 000 node problem.
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arc 5 percent for both test models. As with other finite- 
difference techniques the accuracy can be expected to improve 
with decreased grid spacing and increased grid extent.

CONCLUSIONS

The application of Polozhii decomposition to finite- 
difference modeling of direct current resistivity problems allows 
very accurate and efficient results to be obtained. Many more 
nodes than usual can be accommodated, yet the entire scheme 
can be executed on a microcomputer.
The keys to the process arc the uniform and nonuniform 

Polozhii transforms which allow certain 3-D problems to be 
represented by a series of independent l-D problems. The 
transforms, combined with the recursive solution of the l-D 
problem for any one node, form an effective "continuation" 
operator. Setting up complicated models in terms of separate 
regions containing l-D models allows extension of Polozhii’s 
method such that the unknown.interior boundary potentials 
can be calculated directly from known edge boundary poten
tials and any applied sources. When all interior boundary 
potentials are known, Polozhii decomposition allows the rapid 
calculation of any arbitrary plane of nodes in any region.
Comparisons with analytic solutions show that the modeling 

scheme is accurate, though it has been shown that the choice of 
boundary condition is an important parameter.

The method is, of course, also applicable to induced- 
polarization and magnetometric resistivity modeling since both 
are simple extensions of the direct current resistivity modeling 
problem. Current efforts are centered on extending the appli
cations to transient electromagnetic modeling for large-scale 
structural problems.
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Fig. 20. Comparison of analytic and numerical results for the vertical contact model shown. The maximum error is 5 percent for a

726 000 node problem.
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APPENDIX 
A NOTE ON MATRIX COMMUTATION 

Given that

>4,1 A, 
A lt A 2 (A-l)

« u - M  J - ( A - 2 )
- arbitrary constant,! • M  x M  identity matrix,

P\
PI

p,
pi '

p
pt

and

eer=Frr«L

(A-3)

(A-4)

(A-5)

(A-6)

(A-7)

the question to be answered is: Do  the matrices p r and ^ 
commute? In other words, does

F A - Aer?
Postmultiplying equation (A-8) by f yields

F AP-AF F-A1 = A

(A-8)

(A-9)
Substituting equations (A-l), (A-3), and (A-4) into the left-hand 
side of equation (A-9), the reader may easily verify that

PfA, ,P, P,A,2 P ; PjAifiPfi
Pî ifP i Pt̂ iiPt PiAjwPjvF A P
PwAw,P, PnA/i2P 2 P i A///, P.v

(A-10)

Substituting equations (A-2), (A-5), and (A-6) into equation 
(A-10) then gives

> T*„/P P rt„/P P ’ ,W/P
P TkitlP P Tk2ilP P Tk2NlPPrAF
P r*w,/P P r*w,/P P TkNMlP

(A-l 1)

Since constants and the identity matrix always commute with 
any matrix, each block on the right-hand side of equation 
(All) is

P TkiJIP =  ky I PrP 
(i - I, 2.....N; 1,2,..., N). (A-12)

Substituting equation (A-7) into equation (A-l 2) yields 

kiJIPTP - kijll -  Ay 
(i —  1, 2,.... N; 1,2,....N). (A-13)

Therefore P rA F does equal A and the commutation is valid. 
In linear algebra terms the matrix A •$ invariant with respect to 
any change of basis if each block of A >$ scalar ( = k,yl).
It should be apparent that if each block of A were not scalar, 

then the commutation could not have been performed. Like
wise, if the original partial differential equation had contained 
mixed partials, the resulting coupling coefficient matrix would 
contain off-main-diagonal blocks with off-diagonal terms and 
the commutation again could not have been performed.
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I)
I D

III)

IV)

V)

APPENDIX B

SUMMARY OF THE 
2-D POLOZHII DECOMPOSITION ALGORITHM

Input model and grid parameters.
Calculate coupling coefficients for x, y , z direc
tions in all regions.
Calculate eigensystems for:
a) x-direction (strike) tridiagonal system,
b) y-direction tridiagonal systems (1 for each 

region),
c) z-direction tridiagonal systems (1 for each 

region).
x-direction Polozhii transform each source term,
TP^S(i)=S' (i) (multiple sources per model allowed, 

each source is 1 or 2 electrodes.
Create source vector (s) for boundary plane (s).
a) If source on boundary, copy S'(i) directly 

into source vector for boundary,
b) If source not on boundary, 1 continue1 to 

boundary.
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VI) Create coupling matrix for boundary plane(s) and 
solve system. For i = 1, L:
a) Create z-direction tridiagonal direct coupling 

system for boundary(ies),
b) Calculate indirect self coupling of each node

of boundary l-D z-direction problem to all nodes 
of that l-D problem through region on either 
side of boundary (if 3 or more regions then also 
calculate indirect cross-coupling to boundary 
nodes on other side of region). Indirect 
coupling terms calculated by 1 continuation' 
of unit normal 'test1 source terms from 
boundaries,

c) Solve order N matrix system for potentials, U ', 
on boundary(ies) by Gaussian elimination.

VII) Inverse x-direction Polozhii transform for potentials, 
U, on boundary(ies).

VIII) Solve for any arbitrary plane of nodes in any 
region (example: x-y plane Nq).
a) Load external source(s) into source vector 

for region,
b) Couple boundary potentials to region and load 

into source vector.
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c) x- and y-direction Polozhii transform source 
vector, PyP^S(i,i)=S"(i,j),

d) For i = 1,L and j = 1,M, create z-direction 
tridiagonal coupling matrix and solve system 
for U"(k=NQ),

e) Inverse x- and y-direction Polozhii transform 
to obtain U (i,j,Nq).
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APPENDIX C

FORMULAS FOR 
HALFSPACE, LAYERED, AND VERTICAL CONTACT MODELS

C.l General Layered Formula

Following, for example, Ward (1967), the general 
equation for the potential, V, on the surface of the 
earth (for a single pole source), may be written as

I p ,  °°
V = / K(A) Jn (Xr)dX, (C-l)

0

where I is the source current, is the first layer 
resistivity, X is the cylindrical spatial wavenumber, 
and K is the kernel function.

C.1.1 Uniform Halfspace

For a uniform halfspace

K (X,z) = e . (C-2 )
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Evaluated for z = 0 this is

K(X) = 1. (C-3)

Therefore the potential is

I p
V = f J (Xr)dX. (C-4)

0

But

f Jn (Xr)dX = i (C-5)
0 u r

so that

I p  1 ,

v = sir ?• ( c - 6 )

The general form for dipole sources and receivers then 
becomes, with reference to Figure C-l,

I p

iV = 2?
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Figure C-l. Schematic diagram of a general four-electrode 
array defining the geometric parameters for 
the apparent resistivity formula.

C -2  a

P2

C-2b

P2

Figure C-2. Schematic diagrams of (a) a two-layer model 
and (b) a three-layer model.
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C.l.2 Two and Three Layers

For a two-layer earth (Figure C-2a) the kernel 
function is

where

l-k-.-e 2Xdl
K(X) =

Pl p2 (C12 P1+P2

For a three-layer earth (Figure C-2b) the kernel 
function is

1-k123e"2Xdl
™ ‘ I S ^ T -

where

(CP1~P2K23 
123 p1+p2K23'

l-k?-e“2Xd2 
"22 ^ l+k^e-2Xd2' ^

- 8)

-9)

- 10)

- 11)

- 12)
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and

P2”P 3Z J (C-13)23 P2+P3'

For these layered cases the Hankel transform.
Equation (C-l), is recast as a convolution and calculated 
by linear filter methods (Ghosh, 19 71).

C.2 Vertical Contact

The formulas for a vertical contact are based on image 
theory (see, for example, Telford, et al, 1976) and so may 
be more straightforwardly calculated. With a four- 
electrode array there are five possible geometries with 
respect to the contact as displayed in Figure C-3.

Case (a):

AV = 2^  [ (?7 - - (I; - ^ )

+ k12 { (2s-r1 " 2s-2r1-r2 ) " (2^  “ 23-2^-^ ) }]
(C-14)
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(a)

Cx image

Medium (I) Medium (2)

(b) V 7~T7
I I I I I

77 v/; / ? 7~?2 c* A,1 >2 / 77/ // 777 / rr
v i  r \  "3 A  Ca C j

L s ---- *-----J
7-77"

Px

J ! I l  II
(c) /yy T/ / / / 7 / ; ; / /y ; vt / rr// T? ? j ;

cx C% Ça Ci
(•--- *-- v"-- *—

(d) ’77-7777 77 ? 77-7-7777-r

pi

(e)
1 1 
1 -*1»

*)*■ 1 J 1
z > / 7 /  / T V  7 >7 7 7  y

y
Pl

/ 7  / y s 7 y T 1 y * * 7J  * * y y
C x Pi * a Cj 

pt

Figure C-3. Schematic diagrams of a general resistivity 
spread over a vertical contact (from 
Telford et al., ]976):
(a) all electrodes on medium (1),
(b) C,, P1 and P9 on medium (1) and C9 on 
medium (2Î, ^
(c) Cn and P on medium (1) and P9 and C9 on
medium (2), z
(d) C, on medium (1) and P, , P9 and C9 onmedium (2), l a  a

(e) all electrodes on medium (2).
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Case (b):

AV = Ip
2 tF

+k12 V 2s

Case (c):

- 1-)- ( i
i“tl r2 ' V 2s-r3 r4

AV =

+k

- j-) - f 1+k!2 I _ 1_)
21T L V r l r2 ' V 1-k12 J V r 3 r4 )

(C-15)

2r3+r4"2s)]
(C-16)

Case (d):

IpAV = 2tt

-k12

( ^ )  [ (?i- y  "(f; - ?;)

) " ( f 7 '  2r3+r4-2s)}]1 2rl+r2-2s
. (C-17)
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AV =

-k

Case (e) :

r—1
Q.H ‘/1+k

2 tt

U

_\l-k

1
12 I ^ 2s+r^ 2s+2rrl+r2 ) ' ̂  2s+r3 2s+2r3+r4 ) }]

(C-18)


