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ABSTRACT
A general model which describes the process of 

simultaneous heat and mass transfer during a change of 
phase was developed. The model was applied specifically 
to the study of the dissociation of pure methane hydrate 
under thermal stimulation assuming a constant incident 
heat flux at the hydrate surface. The Dufort—Frankel 
explicit finite—difference solution technique was used to 
solve the problem numerically. One dimensional, planar, 
semi — infini te geometry and ideal gas assumptions were 
employed to simplify the model.

The FORTRAN program written to solve the problem was 
run with the heat flux function which results from the 
analogous isothermal dissociation problem for which an 
analytical solution is available. The numerical results 
of this run were compared to the analytical solution to 
show convergence of the numerical scheme. The program 
was then run for a heat flux of 1.0 W/cm and initial 
temperatures of the hydrate and vapor phases of 195 K and 
298 K respectively for a dissociation time of 1000 sec
onds to determine the rate of dissociation of the methane 
hydrate. The results of this case showed that mass 
transfer is not important (relative to heat transfer) 
after about 5 minutes.
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Chapter 1 
INTRODUCTION

Problems which involve a change of phase governed by 
heat and mass transfer are of interest in a number of 
scientific and engineering applications. Some appli
cations from which these problems arise include the 
melting and solidification of metals, dissolution, 
sublimation, and dissociation of solids, and bubble
growth. The study of these problems may yield important 
information for the design of industrial processing 
equipment, as well as, models to be used with experi
mental data yielding important physical properties such 
as mass and thermal diffusion coefficients or latent
heats.

The mathematical descriptions of these phase change 
problems are classified as moving (or free) boundary
problems because of the presence of the interface which 
divides the two existing phases. The conditions at and 
location of this interface are not known apriori and 
generally change with time. This transient nature of the 
interface produces a nonlinearity in the mathematics 
(Carslaw and Jaeger, 1959) making solutions to these
problems rare and difficult to find. Consequently,
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approximate or numerical methods must be employed to find 
solutions to these type of problems. Moving boundary 
problems have been the subject of intensive investigation 
for a number of years and comprehensive reviews of this 
subject have been published by Bankoff (1964), Okendon 
and Hodgkins (1975), and Roberts (1981).

Moving boundary problems which arise from the study 
of the melting or solidification of a pure material have 
been studied by a number of investigators. Such problems 
occur in many different fields including energy storage, 
frost and ice formation, metal casting, and space craft 
reentry. These problems must almost always be solved by 
approximate or numerical solution techniques. A notable 
exception is the analytical solution to the problem of 
melting or solidification of a one dimensional semi- 
infinite slab of a pure material at its freezing temp
erature found by Neumann (Carslaw and Jaeger, 1959). This 
problem was generalized to different geometries and 
solved, while considering various boundary conditions, 
numerically using the Dufort— Frankel finite—difference 
technique by Roberts (1981).

The aforementioned class of problems have generally 
been solved by assuming constant physical properties of 
the phase change material. This assumption is, in many
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cases, a good one since the temperature range over which 
the solution is desired is small. However, these 
solutions may lose some accuracy if the temperature 
changes significantly in the domain of the problem or 
with time. Some work has been done in the area where 
variable physical properties are considered. An exact 
solution to the Neumann problem with a temperature 
dependent thermal conductivity was developed by Cho and 
Sunderland (1974). Here, the thermal conductivity was 
assumed to vary linearly with temperature while all other 
physical properties were assumed constant.

Another phenomenon which may occur in melting or 
solidification problems is the presence of a two phase 
zone which is only now receiving attention in the 
literature. The presence of this two phase zone may be 
caused by at least two different mechanisms. One way a 
two phase zone may develop is if the phase change 
material does not possess a unique fusion temperature, 
but rather melts over some temperature range. The second 
way this zone may develop is if the melting material is 
semi-transparent and is exposed to some radiative energy. 
The latter case was considered by Chan and Cho (1983) who 
developed a more general melting and solidification model 
which includes the two phase zone.
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One reason the Neumann solution was found is because 
of the semi— infinite geometry. Analytical solutions are 
even harder to come by when one considers the melting or 
solidification in a finite domain. A finite-difference 
solution was developed for this case by Rao and Sastri
(1983). Here, a problem where opposite ends of a slab 
are heated simultaneously at different heating rates 
giving rise to two moving interfaces which move toward 
each other at different velocities was solved.

The melting problem has also been generalized to 
include multiple dimensions and natural convection. A 
finite—element solution was developed by Nishimura et al. 
(1985) w h i c h  solved the heat c o n d u c t i o n  problem 
accompanied with a change of phase in a two dimensional 
slab. An alternating direction implicit (ADI) finite- 
difference solution was developed by Rao and Sastri
(1984) which included an optimization in the algorithm 
which avoided the need to iterate on a solution of a set 
of nonlinear algebraic equations which are gernerally 
inherent when using the ADI technique. Two dimensional 
studies which included the presence of natural convection 
have been done as well. The ADI technique was used by 
Ramachandran et al. (1981) to solve the problem of 
solidification of a metal in a mold. A unique numerical



T-3035 5

solution method was employed by Cadgi1 and Gobin (1984) 
to solve the problem of two dimensional melting in a 
rectangular enclosure with natural convection. Here, the 
steady—state momentum equation was solved using fini te- 
di f ference to provide velocity information at a number of 
"quasi —static" steps which was then used in the heat 
equation at the next quasi—static step.

The class of problems which include the effects of 
natural convection on the change of phase are more 
difficult to solve than the heat transfer controlled 
problems previously discussed even if approximate or 
numerical solution techniques are used. This complexity 
occurs because the heat equation must be solved 
simultaneously with the momentum equation. The problem 
of the melting of a vertical wall in the presence of 
natural convection was solved numerically by Okada
(1984). Likewise, Prusa and Yao (1984) developed both 
perturbation and numerical solutions to the problem of 
melting around a heated cylinder. The problem of melting 
inside a cylinder was solved numerically by Rieger et al. 
(1983) and the melting inside a sphere was solved 
numerically by Moore and Bayazitoglu (1982). Although 
these problems all include the momentum equation in the 
mathematical model, none included the effect that viscous
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heating may have upon the melting process. An analytical 
solution using Green's functions was developed by Huang 
( 1984) for the case of the melting of a material in the 
presence of viscous heating.

The previous discussion was concerned with the 
solution to problems which arise from pure heat transfer 
or coupled heat and momentum transfer systems. Another 
class of moving boundary problems exists which describe 
the physics of the change of phase of materials caused by 
material transport. These type of problems are generally 
considered to be diffusion controlled problems and 
describe such phenomenon as crystal growth or dissolu
tion, absorption, and droplet formation under isothermal 
conditions.

An analytical solution technique was developed by 
Griffin and Coughanowr (1965) for such diffusion 
controlled problems and was applied to the evaporation 
from a flat surface. A perturbation series solution was
developed for the problem of isothermal dissolution of a 

bubble by Duda and Vrentas (1969). These investigators 
went on to develop an implicit finite-difference solution 
to the problem of isothermal dissolution of a spherical 
particle (Duda and Vrentas, 1971). Vrentas et al. (1980)
developed both numerical and perturbation solutions to
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9 effects of mass transfer during drop formation, 
r perturbation solutions were obtained by Vrentas

(1980) which solved the problems of slow and 
^solution rates of a sphere under i sothermal 
ns. The study of the growth or dissolution of a 
1 particle has been undertaken for some years and 
of this subject have been published by Bankoff 
id Shankar et al. (1984).
study of diffusion controlled moving boundary 

s is not, however, a complete analysis of 
ion problems. In almost all cases, the phase 
process will not occur isothermally. For thie 
solutions to coupled heat and mass transfer 

3 are desired. Again, the coupled nature of 
eous heat and mass transfer problems with a 
:>f phase make analytical solutions quite scarce.

study of this subject was done by Frank (1950) 
loped an approximate solution for the problem of 
f a sphere. The problem of melting glacial ice 
water including natural convection effects was 
jy Griffin (1973) using the Von-Karman integral 
u e . A Von— Karman integral type approximate 

technique was also used by Chawla (1984) to 
a the problem of mixing molten lead into sodium
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by molecular diffusion. An exact solution was obtained 
by Lin (1981) to the problem of sublimation in a porous 
media. The Von-Karman integral technique was again 
employed by Chung and Chang (1984) to solve the problem 
of mass and heat transfer to a moving droplet. The 
problem of liquid droplet vaporization was studied by 
Prakish and Sirignamo (1980) and was solved using the 
Von-Karman integral technique.

This work is primarily concerned with the develop
ment of a model describing the simultaneous heat and mass 
transfer with a change of phase where a numerical solu
tion is developed to solve the problem. The model is 
applied specifically to the dissociation of pure methane 
gas hydrate. Hydrates are clathrate inclusion compounds 
where water molecules surround a "guestH gas molecule, 
such as methane, forming a solid solution. They have 
recently been discovered to exist naturally in in situ 
reservoirs in permafrost regions and on the ocean floor. 
The quantities of hydrate in these formations are thought 
to be large enough that they may eventually be exploited 
as a major energy resource (Makogan, 1981). Several gas 
recovery techniques have been studied in the literature. 
Some of the recovery methods suggested include reservoir 
depressurizat ion, thermal stimulation, and in situ com
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bustion. It has been shown that thermal recovery is 
the most attractive technique for gas recovery from 
hydrate. Holder et al. (1982) has shown that this 
technique is efficient thermodynamically while McGuire
(1981) and Bayles (1984) have provided positive argument 
s u p p o r t i n g  the t h e r m a l  s t i m u l a t i o n  d i s s o c i a t i o n  
technique. Selim and Sloan (1985) have developed a 
hydrate dissociation model assuming a thermal stimulation 
dissociation mechanism using the Von-Karman integral 
technique.

The model developed in the present work describes 
the behavior of pure methane gas hydrate dissociation 
exposed to a constant heat flux at the hydrate surface. 
The dissociation is assumed to occur in a semi— infinite 
planar geometry under isobaric conditions. Generalization 
to cylindrical, spherical, or finite geometries and 
alternate boundary conditions at the hydrate surface 
poses no difficulty. The present model assumes a uniform 
gas phase, but does not consider that the dissociation 
process may occur in porous media which is probably the 
conditions under which the in situ hydrate formation 
found in nature exist. The model was formulated 
primarily as an example of simul tantous heat and mass 
transfer for which the numerical solution which was
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developed could be applied.
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Chapter 2
HONISOTHERMAL DISSOCIATION OF PURE METHANE HYDRATE :

Model Development

Development of Working Equations
The study of noni sothermal dissociation is, in

general, a study of simultaneous heat and mass transfer
which involves a change of phase. This simultaneous
transport involves coupled heat and mass fluxes which
will be a function of all the driving forces present in
the system under consideration. The coupled nature of
these fluxes can be realized physically when one
considers that the motion of particles which transfer
mass also transfer energy and vice versa. The driving
forces which control these fluxes include temperature,
concentration, and pressure gradients as well as external
forces resulting from gravity, magnetic, or electric
fields. The heat and mass fluxes have traditionally been
expressed as linear combinations of these driving forces
yielding accurate results so long as the temperature and
concentration gradients do not become extremely large
(Bermister, 1983). The diffusive heat and mass fluxes for

*a binary fluid relative to the molar average velocity v 
are given by (Bermister, 1983) i
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J * = - CD Vx + KaHbDabxa?P a a d a (2.1)

+ MaMbxaxbDab(fb - fa) + (- CDabxaxb0tdVT>
RgT

(2.2)

+ (- RgTM2atdJa*)
M aMb

The first term of e q . (2.1) represents Fickien
diffusion where is the mass diffusivity, C is the
total concentration, and i g the mole fraction of comp
onent (a). The second term is the pressure diffusion
term where is the molecular weight of component (a)
and M = x M + x, M, is the average molecular weight of a a d  d

the fluid. The third term represents body force diffu

sion where f is the external force on molecule (a), and
the final term describes the contribution to the mass 
flux by thermal diffusion (or the Soret effect). 
Likewise, the first term in eq. (2.2) is the Fourier 
conduction contribution to the heat flux, the second is 
the contribution due to intermolecular diffusion where Ha
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is the molar enthalpy of component (a), and the last term 
represents the Duf our effect. The is t h e  t h e r m a l
diffusion coefficient which arises from the Onsager 
reciprocal relations of the thermodynamics of irrever
sible processes.

The Soret and Dufour effects are generally quite 
small and may be neglected (Bird, Stewart, Lightfoot, 
1960). In the present analysis, pressure is considered 
uniform and constant so that the pressure diffusion term 
of eq. (2.1) may be neglected as well. Furthermore, the 
body force term of eq. (2.1) is identically zero when 
gravity is the only external force present. The 
resulting flux equations are therefore reduced to the 
following:

—  *J a
q

(2.3)
(2.4)

M

Equations (2.3) and (2.4) are substituted into the 
component molar and energy conservation equations 
yielding the following starting expressions :
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Component Continuity
3Ca + V*(- CDabVxa + Ca v*) = (2.5)
at

Thermal Energy Continuity
(C C > 3T + W T  4- <MbJa*eVHa + MaJb*eVHa )/M (2.6)

at

= —V* q +
3(In T) / P ,Ca dt

dP 4- v*7P 4- Q 4- yv

where and Q are the reaction rate and heat of reaction 
per unit volume respectively, Cp ig the local fluid phase 
molar heat capacity, V is the local fluid phase molar 
volume, v is the mass average velocity, and yv = i : Vv is 
the irreversible viscous energy dissipation. Details of 
the development of the thermal energy equation eq. (2.6) 
are given in Merk(1959).

The pressure term of eq. (2.6) will vanish since the 
pressure was previously assumed to be constant and 
uniform for all time. The dissociation process will also 
be assumed to occur without chemical reaction so that R
and Q of e q s . (2.5) and (2.6) will also be zero.
Finally, the viscosity of the fluid phase is assumed to

a



T— 3035 15

be small enough to allow the yv term in eq. (2.6) to be 
neglected.

With these s i m p l i f i c a t i o n s , the c o n s e r v a t i o n  
equations reduce to:

Component Continuity 

aca + V<- CDabVxa + Ca v* ) = 0 (2.7)
at

Thermal Energy Continuity
v *7t \ + (Mb3;".7Ha + Maj;*»7Hb ) (2.8)

/
= — 7»q

In addition to the above conservation equations, the 
total continuity equation is added to complete the 
problem formulation:

Total Continuity

(C C )/ 3TP i  +
at

3C + 7.(CV*> = 0 
at

(2.9)
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The pressure is assumed to be low enough so that 
ideal gas approximations may be m a d e . With this 
assumption, eq. (2.9) may be expressed in terms of 
temperature and molar average velocity once the ideal gas 
equation of state C=P/R^/T is substituted yielding:

^  - T2 [V*(v*/T)] = 0 (2.10)
dt

The ideal gas assumption also simplifies the enthalpy 
terms of eq. (2.8) so that they may be written such that 
H = Cp(T — Tc ) where TQ is some reference temperature 
for which H = 0.

One last expression is necessary to relate the molar 
average velocity v* in eqs. (2.7) and (2.10) to the mass 
average velocity v in eq. (2.8). Using the definitions 
of these velocities, the following expression relating 
the mass average velocity in terms of the molar average 
velocity and molecular weights results:

v = (Mb - Ha )(CDabVxa + v* Ca) (2.11)
CM
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Then, upon substitution for v", H, and q in eq. (2.8) and 
J* in eq. (2.7), and making one last assumption of one- 
dimensional transport in the x-direction, the following 
expressions for simultaneous heat and mass transport 
result :

Total Continuity 
3T _ T2 3(v*/T) = 0 (2.12)
3fc 3x

Component Continuity 
3Ca + 3(Ca v*) , CDab 32xa (2.13)
3t 3x 3x2

Thermal Energy Continuity
(C C ) / 3T + (Ma - Mb )(CDab 3xa/3x + v* Ca) 3T 

dt CM 3x

+ CDab <MbCP ,a " ".cp,b> 3x- 3T - 3 /v 3 T X (2.14)
M 3x 3x 3x \ 3x

Problem Statement
Consider the dissociation of a semi— infinite region, 

x<0, initially methane hydrate at a uniform temperature 
T^ . (which is below the temperature in equilibrium with
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the prevailing pressure, T^p ) in contact with a semi- 
infinite region, x>0, initially at a uniform temperature 

Tv  ̂, composed of pure air which is treated as one 
component, and at a total pressure P which will remain 
uniform and constant for all time (see fig. (2.1)). At 
time t=0, a constant heat flux F is applied to the 
hydrate/vapor interface. As a result, dissociation 
commences as the hydrate exerts its vapor pressure and 
the interface moves in the negative x—direction. Thus, 
at any time t>0, the respective regions for the solid 
hydrate and vapor phases are defined by the location of 
this moving front which is denoted as Xp(t). To simplify 
the analysis, it is assumed that the water resulting from 
the dissociation process is completely removed from 
surface of the hydrate immediately on formation. 
Effectively, this is to say that the gas evolving at the 
moving front blows the water away from the surface. Such 
an assumption is usually encountered when considering 
ablation problems (Goodman, 1964) so that the dissocia
tion process may be regarded as a moving— boundary 
ablation problem.

As the hydrate continues to dissociate, a tempera
ture gradient will develop in both the hydrate and vapor 
phases and a concentration profile for the methane
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released from the hydrate will develop in the vapor 
phase. The surface temperature of the moving front will 
change as time passes as a result of any energy imbalance 
at this interface. It is then appropriate to make mass 
and energy balances here since this interface is the 
point of contact between both regions . The following 
expressions result from simultaneous total and methane 
component material balances at Xp:

v * = ^  - V h  <2 -15>

x = CDab 3xa (2.16)

fMCh (1 " V  3x

where f„ is the fraction of the methane in solid methane M
hydrate on a molar basis, is the hydrate phase molar 
density, and X = dXp/dt is the rate of motion of the 
sol id/vapor interface.

Likewise, an energy balance applied to this surface 
yields :

t, 21» - "v _ F » JXCh <2 -17)
dx 3x
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where X denotes the heat of dissociation. The methane 
molar concentration, Ca*, and the surface temperature, T , 
at Xp can also be related since thermodynamic equilibrium 
and ideal gas assumptions have been employed yielding:

Ca = e= -(a + b/T )

V s

(2.18)

where a and b are empirical vapor pressure parameters 
assumed to be known.

The total system of equations describing the 
dissociation of methane hydrate under these conditions 
and assumptions take the following form:

Total Vapor Phase Continuity

3Tv - Tv2 i>(v*/Tv ) „ 0 XF (t) < x < -, (2.19)
at a x  t > o

V a p o r  P h a s e  M e t h a n e  C o m p o n e n t  C o n t i n u i t y
3Ca 3(Ca v*) = CDab a^x^ 
at 3 x  d x 2

XF (t) < x < (2.20)
t > 0
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V a p o r  P h a s e  T h e r m a l  E n e r g y  C o n t i n u i t y  

(C Cp Y  3 T v  + ("a - Mb)<CDab 3*a/3* + v* Ca) 3TV \
at C M  a x

+ <MbCP,a - MaCP ,b> ^ a
M dx dx

* 3 /kv d T \  XF (t) < x < -, (2.21)
dx \ dx / t > 0

Solid Phase Thermal Energy Continuity

3Th = «h 3^ h  —  < x < XF (t), (2.22)
3x 3x2 t > 0

Initial and Boundary Conditions
Th = Tv = Ts (t) x = XF (t), t > 0 (2.23)
Ca = Ca*(t) x = XF (t), t > 0 (2.24)

kh dTh _ kv dTv - F = >XCh x = Xp (t), t > 0 (2.25)
3x dx

X = CDab dxa x = XF (t), t > 0 (2.26)

ChfM (1 - xa J 3x
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V Z1 - f MCh \ * X - XF (t), t > 0 (2.27)
I C J

Th Th,i x = —  , t > 0 (2.28)
T

V Tv,i x = -, t > 0 (2.29)
Ca 0 x = -, t > 0 (2.30)

XF 0 t 0 (2.31)

Th Th, i < X  < 0, t 0 (2.32)

Tv Tv , i 0 < X  < -, t 0 (2.33)
Ca 0 0 < X  < -, t = 0 (2.34)

The solution of the above system of equations (2.19- 
2.34) gives:

(i) the temperature profile in the hydrate phase, 
Th (t,x)

(ii) the temperature profile in the vapor phase,
T v ( t , X )

(iii) the concentration profile of the methane gas
in the vapor phase which was released from the
hydrate, Ca(t,x)

(iv) the temperature of the hydrate surface, Tg(t)
(v) the position of the dissociation front, Xp(t)
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Once the moving front position, Xp(t), is known, the rate 
of dissociation of the methane hydrate may be estimated.

This complicated system is a set of four coupled
partial differential equations which must be solved
simultaneously along with three ordinary differential 
equations which serve as boundary conditions. These
partial differential equations are nonlinear and the 
surface temperature, T , and moving front position, Xp, 
are transient in nature and not known apriori. These
unknowns along with the nonlinearities make analytical 
solutions to the problem a practical impossibility. A 
numerical solution was therefore developed to solve this 
hydrate dissociation problem.
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Chapter 3
NONISOTHERMAL DISSOCIATION OF PURE METHANE HYDRATE:

Problem Solution

A numerical solution was developed to solve the 
problem of nonisothermal dissociation presented in 
chapter 2. The solution was obtained using the 
Dufort-Frankel (hereafter refered to as DF) explicit 
finite—difference scheme together with the analytical 
isothermal solution (which will be presented in chapter 
4) as a starting scheme. The unconditionally stable DF 
finite— difference scheme was selected because the 
programming effort is relatively low while an acceptable 
level of accuracy is maintained (Roberts and Selim, 
1984).

Finite Difference Grid
A finite difference grid was constructed with equal

spacial increments in the x—direction of size Ax=.l cm
and equal time steps of size At in the J-direction. The

*terms C a . T, ,, and v . . denote the values of the
1 » J *  ; J

methane concentration, hydrate or vapor phase tempera
ture, and vapor phase molar average velocity respectively 
at the point x=iAx and t=jAt.
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The grid may be set at some arbitrary size depending 
on what interval of time a solution is desired since the 
problem is defined over two semi-infinite regions and the 
grid must obviously be finite in size. The hydrate phase 
is represented by the grid points extending from i =0 to 
i=M at any time step where:

M = INT(Xf /Ax - Mq ) (3.1)

denotes the adjacent grid point position to the left of 
the hydrate/vapor interface, is the initial inter
face location in the grid (corresponding to x=0), and INT 
denotes the function which truncates the value of the 
argument within the parentheses returning an integer 
value. Likewise, the vapor phase is represented by the 
grid points extending from i=M to i=IMAX at any time 
level where I MAX is the arbitrary maximum grid position 
(see fig. 3.1). The initial interface location is a r 
bitrary as well and is defined on a grid line. Then, at 
any time level, the position in the domain of the problem 
is related to the position in the finite—difference grid 
by :

X e (i - M )Ax o (3.2)
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Therefore, since dissociation will cause M to decrease 
with time (ie., the interface will move towards i=0 in 
the grid), values for i(M represent hydrate phase grid 
points and values for i >M represent those of the vapor 
phase. One last parameter, denoted as 6, relates the 
distance between the interface position Xp in the domain 
of the problem and M in the finite—difference grid and is 
defined as

6 = Xp - Ax(M - Mo ) (3.3)

Concentration. Temperature, and Velocity Distributions
The DF scheme uses central finite—differences to 

approximate both time and position differentials of 
parabolic partial differential equations (Carnahan, 
Luther, and Wilkes, 1969). This finite difference scheme 
requires data from two previous time levels to calculate 
the data for the next time level. A starting solution 
must therefore be used to provide the data for the first 
time step of the solution. Traditionally, these data are 
provided by the Standard Explicit fini te—di fference 
scheme, but, due to the nature of the problem under 
consideration, this proceedure for calculating data for 
the first time step failed. An analytical solution to
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the analogous isothermal problem, which will be presented 
in chapter 4, was used instead of the Standard Explicit 
scheme to produce these starting data. A discussion of 
this starting procedure follows later in this chapter.

The partial differential equations describing the 
concentration and temperature behaviour of the respective 
vapor and hydrate regions, e q s . (2.19), (2.20), and
(2.21), written in finite—difference form are:

Component Continuity

<Cal,J+l ~ - Cai,j VG + v i,j CAG
2At

= Dab I (Cal+l.j + Cai-l,J ~ Cai,J+l ~ Cai,J-l)
(Ax)2

1 CAG TG

T l, j

Cai, j (Ti-H, J + T i-l,J “ T i,j-H “ T i tj~l}
T i, J (Ax)2

1 (TG>2
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Vapor Phase Thermal Energy Continuity 

<CCP) ~
24t

(Ma - Mb )(CCP) Da b /CAG + Cai , TG\TG

(("a - Mb )Cai,j + PMb / V T i,j) V Ti,J

+ v i,j Cai,j TG

+ Dab(MbCP.a - HaCP ,b) <CAG + Cai.j TG>TG

C<Ma - «b )Ga1 , j ( V i . j )/P +Mb5 T 1,J

= [<ka - kb )Cai>J (RgT ltJ/P) + kb ] (T1+1)J + T I_ 1> j

T i,J+l ~ T i ,J-l)/(Ax)

+ <ka - kb ) /CAG + Ca* j TG \ TG

(p/«s /Ti . A  T i.j

Hydrate Phase Thermal Energy Continuity

<Tl,j+l " T i,J-l) = ah CT1+1,J + T i-1,J (3.6)
26t

“ Ti,J+l - T i,J-l)/Ux)
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where CCP denotes the the local thermal mass and VG, CAG, 
and TG d e n o t e s  the local vapor pha s e  velocity, 
concentration, and temperature gradient finite—difference 
approximations respectively. These terms take the 
following forms:

CCP = (Cp,a ' CP.b)Cal,j

VG = <V 1+1,j " v 1-1,j 1
2Ax

CAG = <Cal+l,j - Cal-l,J)
2Ax

TG = <t i+ i ,j ■ t i- i ,j )

(3.8)

(3.9)

(3.10)
2 Ax

These expressions are then solved for the unknown 
quantities Ca^ and Tj yielding:

Component (a) Concentration

Cai,j+1 = Ç 2At(Dab cdif - Cvel) + Cai,j-13 (3.11)
(1 + 2R*n )
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Vapor Phase Temperature

T i,J+ l = t2At(Tcon H- Tdlf - Tvel) + T ltJ_ x3
(1 + 2R*v )

Hydrate Phase Temperature

T i,j+1 = [Tl+l,j * T i— 1,J 2R h + ~ 2R
(1 + 2R*h )

where :

dif = (Cai+l,j + Cai-1,j - Cai,j-1)
(Ax) 2

+ C a i ’J + ~ Tj.j+l ~ T i

T i,j (Ax)2

- (TG)2

T i,j

Cvel = Cai,j VG + v*i,j CAG

R *D = Dab 4t
(Ax)2

(3.12)

h>2

(3.13)

(3.14)

(3.15)

(3.16)
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T - -  = °v (Ti+l, j + T i-1, j - T i,J-l) (3.17)con
(Ax)2

•f <ka - kb> RgT i,j/CAG + Cai,j T G \ TG
CCP P \ T ii, j

Tdif Da.b ("bCp.a " MaCP>b> /CAG <3 ‘18>
[<Ma - Mb >CalfJfTlfJ Rg )/P + Mb CCP]

+ Ca, . TG \ TG 
* » JXT

Tvel =  -pab (Ma - Mb>__________ /CAG <3 -I9>
<<Ma - Mb )Ca1(J<T1(JRg )/P + Mb )

+ Cal,j\TG + v i.j TG
T i. j

QV = <ka “ kb^Cai ,j^T l ,jRg^P  ̂ + kb (3.20)
CCP

= ûi At
(Ax)

(3.21)
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* H = °h At 
(Ax)2

(3.22)

The values for Ca^ and Tj at grid points ad
jacent to the interface (ie. at i=M and i=M+l) cannot be 
calculated from eqs . (3.11)-(3.22) and are instead calc— 
culated by linearly interpolating between the values at 
i=M— 1 or i=M+2 and the values at the interface itself 
(see fig. 3.2). The following expressions are the inter- 
interpolation relations used to calculate CaM+  ̂ j+ i »
TM+l,j+l and TM,j+1

CaM+l,j+l _ Ca j+1 " (Ca J+l
CaM+2,J+l) (Ax — 5)

(3.23)

( 2Ax — 6 )

TM+1,J+1 = Tej+1 - (Tsj+l
TM+2,J+1> (Ax — 6)

(3.24)

(2Ax - 6)

TM, J + l t (3.25)
(Ax + 6)
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*where the inter facial concentration Ca and t e m p e r a 
ture were utilized in the formulation of these
equations and are unknown. The discussion on how these 
interfacial values are calculated will follow later in 
this chapter.

When the interface has crossed a grid line in the 
previous time step, the concentration and temperature 
values at the grid points i=M— 1 and i =M+2 also cannot be 
determined from eqs . <3.11)-(3.22) and , therefore,
interpolation must again be employed to calculate these 
values (see fig. 3.3). The following expressions are the 
interpolation relations used to determine the values at 
the grid points i=M— 1 and i=M+2 when the interface has 
crossed a grid line:

C*M+2,j+l - Ca j+l ~ (Ca j+l (3.26)

CaM+3,j+l) (2Ax -
(3Ax - 6)

M+2,j+l = Tsj+1 (Tsj+l (3.27)

TM+3,j+l) (2Ax
(3Ax - 6)
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T M , j + l  =  T s J + l  -  ( T s j + l  -  T M , J + 1> ( A x  +  ^  ( 3 . 2 8 )
(2Ax + 6 )

The calculation for the velocity ie a little more 
involved since the continuity equation, e q .(2.19), is 
only first order in position. The DF scheme cannot, 
therefore be applied to this differential equation. The 
continuity equation can still be written in finite—dif
ference fo r m , but care must be taken to place the 
velocity calculation properly within the algorithm so 
that the correct velocity values are used in eqs. 
(3.11)— (3.19).

A backward difference must be used to approximate 
the time differential and a foward difference must be 
used to approximate the position differentials to 
maintain the explicit nature of the temperature and 
concentration expressions already developed. The 
resulting finite—difference equation is:

(Ti,j - = (Ti,j)2 (v*i+ i,j/Ti+ i,j) (3-29)
At

- <v*i,j/Ti,j) /Ax 

*Solving for the unknown velocity v  ̂+  ̂ j yields :
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v 1+1,j = T i+1,J (Tl,j T1,J-1) Ax + v 1,3 (3.30)
(T1,J)2 At Tl.j

Again, interpolation at the interface is employed to 
calculate velocity values for the grid points next to the 
interface yielding:

Interface has not Crossed a Grid

V M+l,j = VF,j ~ <VF,j " v M+2,j) ~ Ax) (3.31)
(6 - 2Ax)

Interface has Crossed a Grid

v M+2,j * VF,J “ (vF,j “ v M+3,j) (6 ~ 2Ax) (3.32)
(6 - 3Ax)

where Vp j is the vapor phase velocity at the interface.
For the case where the interface has not crossed a

grid line, eq. (3.30) is used for i=M+3 to i=IMAX. The
*velocity term, v j, is calculated by evaluating eq.

(3.30) for i=M+l and substituting eq. (3.31) in for 
*

V M+l,j* The resulting equation is then solved for
v*M+2,j Yielding:
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M+2
At

+ VF,j TM+2,j
M+l,j

_ (6 - Ax)
(6 - 2Ax)J

1 - TM+2,J - A*)

Likewise, for the case where the interface has
crossed a grid line in the previous time step, eq . (3.30)

*is used for i=M+4 to i=IMAX. The velocity term, v j ,
is calculated by evaluating eq. (3.30) for i=M+2 and eq.

£ ^(3.32) is substituted in for v , so that vM+2, j M+3, j can
be solved for yielding:

v*M+3 ,j - TM+3,j ^  (TW+2,j " TM+2,j— 1 
At <TM+2,j)

(3.34)

+ VF,j TM+3,j
M+2, j

1 - (A - 2Ax)l / fl _ TM+3, j (A - 2Ax)1 
(A — 3Ax)- - T^+2 j (A — 3Ax)

Temperature and Motion of the Interface
The boundary conditions at the moving front, eqs.

(2.23)-(2.27), are utilized in the calculation of the
*unknown interfacial quantities Ca j+ j > Tsj+ j , and Vp j as 

well as in determining the position of the moving front
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Xp j+i• The temperature and concentration gradients of 
eqs. (2.25) and (2.26) are to be evaluated at the 
interface itself. This is done numerically by writing
these gradients in finite—difference form except that the 
finite position interval for which they are written is 
not regular and is instead taken as the distance between 
the front position in the grid (i=M+6/Ax) and the second 
nearest grid point to the interface in either the hydrate 
or vapor regions (i=M— 1 or i=M+2). These points are used 
instead of the nearest grid points because the nearest 
grid points can only be calculated by the interpolation 
expressions previously developed and, thus, are unknown. 
If the moving front has crossed a grid line in the 
previous time step, the third nearest grid points (i=M-2 
or i=M+3) are used since the second nearest grid points 
are now also unknown.

Equation (2.25) takes the following finite—difference 
forms after eq .(2.26) is substituted in for X :
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Interface has not Crossed a Grid

kh (T8j+l ~ TM-l,j+l> - ky (TSj+i - TM+2,j+l> (3.35)
(Ax + «) (6 - 2Ax)

- F = \Dab
(1 V P)fM

(Ca j+1 " C*M+2,j+l> 
(A — 2Ax)

Interface has Crossed a Grid

kh (Tsj+l ~ TM-2,j+l) - kV (Tgj-tl " TM-t-3,j+l) (3.36)
(2Ax + A) (A - 3Ax)

-F = ADab
(1 - Pv/P >fM

(Ca j+1 ~ C*M+3,j+l> 
(A - 3Ax)

where is the local vapor phase thermal conductivity at 
Xp which is assumed to be the molar average of the 
respective (a) and (b) component thermal conductivities 
so that it may be written as:

kV = (ka ~ kb ) (PV /P) + kb (3.37)

and Py is the vapor pressure of the hydrate at the 
surface temperature which is approximated by:
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Py = e“ (a + b/TSj+i) (3.38)

where the parameters a and b are again the empirical 
vapor pressure parameters as used in eq. (2.18).

The following transcendental equations result once 
eq. (3.38) is substituted in for Ca*j+ j in eq. (3.35) and 
eq. (3.36):

Interface has not Crossed a Grid

f(T8j+ l> = kh <TgJ+l - Tm_ 1>j+1) (3.39)
(Ax + A)

- <ka - kb >e-(a + b/T8JH-l) + kb <TeJ+I - TM+2|J+1)
P ( <5 — 2 Ax)

-   p  + b/TS-i+l) - C*M+2,j+l(RgT:j+l)]
RgTsj+1 [P - e~(a + b/Tsj+l)]fM (4 - 2Ax)

- F = 0
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Interface has Crossed a Grid

f (Tsj+l ) = kh (T8j+l “ TM-2>j-tl) (3.40)
(2Ax + 6)

- <k a " fcb )e (a + b/TsJ->-l) + kb (Te 1+1 - T H+3 1+1)
P (6 - 3Ax)

-  ____*Dabte~ (a + b/TeJ+i) - c»M+3 , j + i < y * j + i > ]
RgTsJ+1 [P - e-(a + b/Tsj+l)]fM (4 - 3Ax)

- F = 0

Equation (3.39) and (3.40) were solved for Ts 
using the Newton—Raphson technique. In general, the 
expression :

Tsj+ 1 ,n+1 Tsj+ 1 ,n f ̂ Tsj+1 ,n* (3.41)

f'(T8j+ l,n)

may be used to approximate the root of f ( T s ) = 0 . The
derivative f'( T s n ) was approximated by finite—dif—

— iserence with a step size of 10 yielding:
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f ' ( T 8 j+ l . n >  = +  I x l O - 15 )
 ___15

(3.42)

- f(TSj+i,n * 1x10 )]/(2x10 )

An initial estimate of Tsj+ j must be provided for 
which the previous time step result for the surface 
temperature, Ts ̂ , was used as this initial g u e s s . 
Equation (3.41) was used successively until the following 
convergence criteria was obtained :

Tsj+1,n+1 ” Tsj+l,n < 1x10 -8 (3.43)

Once Ts^+ j is determined, Ca 
eq. (3.38).

can be calculated from

The moving front position can also be calculated by 
first writing eq. (2.25) in finite—difference form and 
solving it for X yielding:

Interface has not Crossed a Grid

X = kh (T8j+1 + TM-1,j+1> (3.44)
( à + Ax)

ty(TSj+i ~ TM+2,j+l> “ F /(Ch>) 
(.6 — 2Ax)
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Interface has Crossed a Grid

* = kh (T8J+l + TM - 2 , J + 1 }

(6 + 2Ax)

- ky(TSj+i - TM+3 j+1) - F /<Ch>)
(4 - 3Ax)

Xp can be determined from eq. (3.44) or 
first writing X in finite-difference form:

X = ^  = (XF,j+l ~ *F,j> 
dt At

from which Xp may be solved for yielding:

XF,j+l = XF,j + XAt

The current time step vapor phase velocity 
be evaluated since the previous time level's 
is already known. The boundary condition, eq. 
used in the calculation yielding:

Vp j . <1 _ fMC,R*TBj)X
P

(3.45)

(3.45) by 

(3.46)

(3.47)

*» v j , can 
value of X 
(2.27), is

(3.48)
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Note that this calculation results in current (j) time 
level values whereas most of the previously developed 
expressions calculate future (j+1) time level values. 
This difference means that the velocity calculations must 
be the first calculations performed at any time level 
using the previous time level results for X. The position 
of these velocity calculations within the algorithm will 
be discussed in more detail in the next section.

Solution Algorithim
A FORTRAN 77 computer program was developed which 

employs the finite — di fference equations previously 
presented. The program contains subroutines which 
determine the temperature and rate of motion of the 
interface (INTFCE), perform the interpolation for 
concentration and temperature at the grid points adjacent 
to the interface (BOUND), and which controls output 
(OUTPUT) and all c a l c u l a t i o n s  were p e r f o r m e d  in 
double—precision arithmetic. A complete discussion of 
the solution algorithm follows.

Maximum Valid Time Determination
The maximum time for which the numerical solution 

will be valid depends upon the values of I MAX (ie; the
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overall grid size), of (which ultimately defines the 
initial size of the hydrate and vapor phase regions in 
the grid), and the value of At. The values for the 
temperature and concentration for the grid points at the 
grid's boundary ( 1=0 and i=IMAX) cannot be set to some 
fixed value since to do so would change the problem's 
geometry from semi— infinite to finite. The numerical 
solution may continue so long as the values for the 
temperature and concentration at these boundary grid 
points do not deviate from those which were initially 
defined from initial conditions. The grid, however, must 
be modified to maintain the appearance of a semi— infinite 
geometry once the temperature or concentration at these 
grid points take on values different from the initial 
condition.

Once the temperature or concentration profiles reach
these grid p o i n t s  (ie; once the v a l u e  for the
concentration or temperature at these grid points deviate 
from the initial conditions), the size of the grid must 
decrease. The necessity of this change may be recognized 
upon inspection of e q s . (3.11), (3.12), and (3.13).
These equations reveal that i+1 present time level's data 
(I — 1 for the case of the hydrate phase temperature) are
necessary for the calculation of the i^*1 grid value for
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the next time level. Therefore, the calculation for the 
temperature or concentration at these boundary grid 
points cannot be p e r f o r m e d  if the value for the 
temperature or concentration at these grid points has 
deviated from the initial condition in the previous time 
level since to do so would require values for the grid 
points at i=— 1 or i=IMAX+l. As a result, the grid must 
shrink from the vapor phase side (for the case where the 
vapor phase temperature or concentration profiles reaches 
the grid boundary at i=IMAX) or from the hydrate phase 
side (for the case where the hydrate phase temperature 
profile reaches the grid boundary at i=0) towards the 
center of the grid at a rate of one grid point per time 
step. In this way, the value of the grid's boundary grid 
points never affect any other grid point's values.

The following expressions define the maximum time 
for which a solution may be obtained:

Vapor Phase Case
TMAX = tQ + [IMAX - (M + 3)]At (3.49)

Hydrate Phase Case
TMAX = to + (M - 2)At (3.50)
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where TMAX is the maximum time and t is the t i m e  for 
which a boundary point has deviated from its initial 
condition. The maximum time, t h e r e f o r e , cannot be 
determined until a boundary grid point deviates from the 
initial condition. A check must be performed to ensure 
that the desired solution time interval is shorter than 
this maximum time once a profile has reached one of these 
boundary points.

Starting Solution
Since the DF scheme requires data from two previous 

time levels to calculate data for the next time level, a 
starting solution must be provided to generate data at 
the first time step. As previously stated, the Standard 
Explicit finite—difference method did not work very well 
as a starting scheme. Singularities exist at time t=0 
which may have affected the stability of this starting 
procedure. The most pronounced singularity exists in 
the concentration gradient of eq. (2.26). At time t=0+, 
this gradient is infinite since the local concentration 
at the interface will be the equilibrium concentration at 
the surface temperature of the hydrate, but-, at some e 
distance away from the interface, the concentration takes 
on the initial condition. This is to say mathematically
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that the concentration profile is initially discont
inuous. This discontinuity posed a problem numerically in 
that the numerical values approximated by the finite—dif
ferences for the gradient were often quite large and, on 
occasion, actually resulted in floating overflow which, 
as a result, produced oscillations in both the inter— 
facial position and temperature. These oscillations 
often resulted in that the interface started to move in 
the positive x—direction espeCiâlly for large values of 
the incident heat flux F . Thiè effect would physically 
mean that the hydrate phase -was forming instead of 
dissociating which is completely inconsistant with the 
physics of the problem. 5 o

The analytical solution to the analogous isothermal 
problem was used instead of the* Standard Explicit scheme 
to generate the data at the first time step. There 
certainly may be some error dissociated with this starting 
p r o c e d u r e , but the time at which this solution is 
applied is very near time t=0 ànd it was assumed that, 
within this short interval, the&temperature of the system 
would not change significantly?.5 The analytical solution 
was used primarily to provide smooth concentration 
profiles to limit the osci1st ions at the beginning of the 
numerical solution and will provides
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1. concentration data for the first time level,

C a i,i
2. X for the first time level
3. the moving front position after the first time 

step, Xp 1

Short time solutions and numerical studies at initial 
times of the problem would most probably improve the 
accuracy of the numerical solution developed in this 
work.

Time Step Size Determination
A characteristic parameter of the DF scheme is the 

mesh ratio R*. The m e s h  ratio is a d i mens i onl es s 
quantity particular to any given parabolic partial 
differential equation. In this problem, the mesh ratio 
is a function of the grid spacing Ax, the time step size 
At, and either the thermal or mass diffusivities and 
takes the following form:

R* = <diffusivity> At 
(Ax)2

(3.51)
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There is an optimal value for this ratio which
balances between truncation and discretization errors.
For a fixed value of Ax, large values for R c o r r e s p o n d

*to large values of At and, likewise, small R means small 
At. If At is too large, the accuracy of the solution 
falls sharply due to discretization error, but, if At is 
too small, the accuracy will fall as well due to trunca
tion error.

Since three parabolic partial differential equations
are being simultaneously solved in the given problem, the
question of how At is to be calculated arises because the
thermal diffusivities of the hydrate and vapor phases, as
well as the mass diffusivity in the vapor phase, are all
different. The discretization error was found to be more
pronounced than truncation error. The time step size

*was, therefore, calculated for given values of R a n d  Ax 
by taking the minimum of the following three expressions :

At = R (Ax)2

ab

At = R (Ax)2

(3.52)

(3.53)
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At = R (Ax)2 (3.54)

«h

which are simply eqs.(3.16), (3.21), and (3.22) solved
for At.

Temperature and Concentration Profiles
The temperature and concentration profiles may be 

calculated once the first time step data have been 
produced. The starting solution yields Xp and X values 
for the first time step from which Vp and M may be calc
ulated for this initial time step using eq. (3.48) and 
eq. (3.1) respectively. The value of M at any time level 
is always checked against the previous time level's value 
of M to determine if the moving front has crossed a grid 
line. If this check shows that the moving front has 
indeed crossed a grid line, a flag named IFLAG is set to 
1 ; otherwise the value for IFLAG is set to 2. This flag 
is utilized throughout the DF scheme to ensure that the 
correct interpolation equations are used to calculate the 
velocity, temperature, and concentration quantities at 
the grid points adjacent to the interface.

The respective hydrate and vapor phase regions are 
defined once M is known. The hydrate phase temperature
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may be calculated at all grid points except those 
adjacent to the interface from eq. (3.6) since this 
calculation requires only the previous two time levels' 
hydrate phase temperature data. The calculation of the 
temperature values at the remaining grid points adjacent 
to the interface requires that the surface temperature Ts 
be known. However, knowledge of the vapor phase 
temperature is required to determine Ts as is seen from 
eq. (3.39). Therefore, the calculation of the remaining 
hydrate phase temperature values at the grid points 
adjacent to the interface cannot be performed until after 
the vapor phase temperature has been determined.

The local vapor phase molar average velocity must be 
known before the concentration or temperature of the 
vapor phase can be calculated. Inspection of eq. (3.15) 
and eq. (3.19) shows that the velocity values which are 
needed are those of the present time level. However, 
since the fini t e—d i f f erence form of the continuity 
equation, from which these velocity values are calcul
ated, only yield the velocity values at the present time 
step, the velocity calculation must be the first vapor 
phase calculation performed at any time level. By 
placing the velocity calculation first within the algor
ithm, the j^*1 time level velocity values can be used to
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calculate the j+1 time level temperature and concentra
tion values.

The calculation of the vapor phase velocity is 
performed by first calculating the local velocity at the 
moving front, Vp, from eq. (3.48) since the present time 
level's value for X was a result of the previous time
step calculation. Equations (3.31)-(3.34) are then 
utilized depending upon the value of IFLAG to determine 
the value of the velocity at the grid points adjacent to 
the interface. The velocity values for the remaining
grid points may be calculated from the finite—difference 
equation, eq. (3.30). These calculations only involve 
the temperature from the previous two time levels which
are all known quantities and result in the present time 
level velocity values for all the vapor phase grid 
points.

The temperature and concentration of the vapor phase 
may be determined using e q s . (3.11), (3.12), and
(3.14)-(3.21). Inspection of eqs. (3.11) and (3.14) 
shows that T^ must be known before Ca^ j+ j may be de
termined. This fact presents no real difficulty since
the temperature equations, eq. (3.12) and eqs. (3.17) - 

(3.21) are independent of Ca. . Therefore, the temp
erature calculation must be performed before the concen—
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tration may be determined. Equations (3.12) and eqs.
(3.17)-(3.21) are first evaluated at each grid point, for 
a certain time level except those adjacent to the inter
face. The values for the concentration at these grid 
points is then calculated from eq. (3.11) and eqs. (3.14) 
— (3.16). The results of these computations are the
temperature and concentration for the next time level,
T, ... and Ca. .. . , for all grid points between i =M+2 or1 » J"r 1 1 9 J • 1
i=M+3 (depending upon the value of IFLAG) and IMAX.

The surface temperature, Ts^+ ^ , may be determined 
now that the vapor phase temperature and concentration 
are known. Equations (3.35) or (3.36) are utilized in 
this effort again depending upon the value of IFLAG. The 
Newton-Raphson technique previously discussed is used to 

solve for TSj+ ^. The value for X may also be determined 
at this time by evaluating eqs. (3.44) or (3.45). Since 
T s i s  now known, the values for the temperature and 
concentration at the grid points adjacent to the inter
face may be calculated using eqs. (3.23)— (3.25) or
(3.26)- (3.28). The moving front position Xp m a y  be
calculated at this point as well, since X is known, 
from eq. (3.47). These calculations are repeated at each 
time level until the final desired or maximum time is 
reached.
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Chapter 4
ISOTHERMAL DISSOCIATION OF PURE METHANE HYDRATE:

Analytical Solution

The problem of isothermal dissociation is essen
tially the same problem as noni sothermal dissociation, 
which was developed in chapter 2, except that the 
temperature of both the hydrate and vapor regions is 
considered to be the same, uniform, and constant for all 
time. All of the assumptions presented in chapter 2 are 
applied here as well. As a review, these assumptions 
are :

1. Constant and uniform pressure
2. No chemical reaction
3. Negligible viscosity
4. One-dimensional planar geometry

With these assumptions, along with the additional 
i s o t h e r m a l  c o n s t r a i n t , eq. (2.7) d e s c r i b e s  the 
concentration behavior in the vapor phase and is 
restated below:
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Component Continuity 
3Ca + + V • (- C Dab Vxa + Ca v* ) = 0 (4.1)
at

A number of simplifications may be made to the
problem developed in chapter 2 as a result of the
isothermal assumption. By substituting the ideal gas
equation of state for the total concentration (C=P/R T),

S
it is obvious that the total concentration will remain 
constant since both the pressure and temperature are 
constant. Therefore, the following form of the total 
continuity equation results:

V • v = 0 (4.2)

The constant nature of the total concentration also 
serves in simplifying the methane continuity equation 
resulting in the following form :

dCa + V • (-DabVCa + Ca v*> = 0 (4.3)
at

Equations (4.1) and (4.2) reduce to the following when 
written in one—dimension :



T-3035 60

Total Continuity

3v* = 0 (4'4>
3x

Methane Component Continuity
dCa + d(Ca v*) = Dab 3^Ca (4.5)
3t 3x 3x2

Inspection of eq. (4.4) reveals that the molar 
average velocity of the vapor phase is not a function of 
position and can, therefore, be at most a function of 
time. The following final form of the component 
continuity equation results when eq. (4.4) is substituted 
into eq. (4.5):

3Ca + v 3Ca _ Dab d2Ca (4.6)
3t 3x 3x2

Problem Statement
Consider the dissociation of a semi— infinite region, 

x< 0, initially solid methane hydrate at a uniform 
temperature, Tq (which is below the tempe r a t u r e  in 
equilibrium with the prevailing pressure), in contact 
with a semi-infinite region, x>0, at a constant total
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pressure P , composed initially of pure air, and also at 
the uniform temperature Tq . At time t=0, dissociation 
commences as the hydrate exerts its vapor pressure
resulting in the movement of the interface in the 
negative x— direction. Thus, at any time t >0, the
respective hydrate and vapor phases are defined by the 
location of this moving front. The assumption of
ablation of the water formed upon dissociation is again 
imposed here for simplicity as in chapter 2.

A methane concentration profile will develop in the 
vapor phase as a result of the methane released from the 
hydrate upon dissociation. It is then appropriate to
write material balances at the interface since this 
surface is the point of contact between the hydrate and 
vapor phases. The following expressions are the results 
of the total and methane component material balances at 
this interface!

= /I - fm (4.7)

X = C Dab dCa (4.8)
fm Ch (C - Ca) ax
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These previous two expressions are practically the same 
as their counterparts presented in chapter 2 as eqs.
(2.15) and (2.16), but differ only in that the constant 
nature of the total concentration was employed in eq. 
(4.8) yielding an expression independent of the mole 
fraction, x^.

One important result to note at this point is that 
eq. (4.7) actually defines the molar average velocity 
everywhere within the vapor phase region since eq. (4.4) 
shows that the velocity is not a function of position. 
The velocity, therefore, must be uniform throughout the 
vapor phase and, since eq. (4.7) defines the velocity at 
the interface, it must also define the v e l o c i t y  
everywhere.

The methane concentration at the surface, Ca , w i l l  
also be constant as a result of the isothermal assumption 
since it depends only upon the surface temperature (which 
is now constant) if thermodynamic equilibrium is assumed 
at the interface. Then an analogous expression to eq.
(2.18) may be used to define the surface concentration of 
methane

Ca* = (a + b/T0 )

V o

(4.9)



T-3035 63

where again a and b are empirical vapor pressure 
parameters.

The following set of equations summarize the 
isothermal model developed here:

Vapor Phase Component Continuity
Xp(t) < x < • (4.10)

t > 0dt 3x 3x2

Initial and Boundary Conditions
Ca = Ca x = XF(t), t > 0 (4.11)

x > XF (t), t > 0 (4.12)

X 3Ca x = XF , t > 0 (4.13)

Ch fm <C - Ca> 3x

Ca = 0 x = •, t > 0 (4.14)

t = 0 (4.15)

Ca = 0 0 < x < -, t = 0 (4.16)
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Problem Solution
The problem of isothermal dissociation previously 

developed is a second order parabolic differential 
equation coupled with a first order ordinary differential

system of equations, e q s . (4.10) - (4.16), may be
simplified further through substitution. The following 
expressions result once eq. (4.13) is substituted into 
eq. (4.12) which is in turn substituted into eq. (4.10), 
and completely describe the problem at hand:

equation which serves as a boundary condition. The

dCa + Dab (C - fm Ch ) 3Ca 3Ca
at Ch fm <C - Ca*> 3x XF dx

Xp(t) < x < • (4.17)
t > 0

Ca = 0 x > 0, t = 0 (4.18)

Ca = 0 x = •,t > 0  (4.19)

*Ca = Ca x = XF (t), t > 0 (4.20)
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X C Dab 3Ca x = XF (t), t > 0 (4.21)
Ca ) dx

XF (0) = 0 t = 0 (4.22)

An analytical solution is available for this 
problem. The system of equations presented above are 
analogous to the classic heat transfer problem known as 
the Neumann Problem of melting or solidification of a 
pure material in a one—dimensional planar geometry. The 
technique used to solve such problems is generally known 
as the similarity transform which transforms applicable 
partial differential equations into ordinary differential 
equations through a change of variable. The following 
expression defines the transformation variable used to 
solve the system defined by eqs. (4.17) - (4.22):

n x (4.23)
Dab t )

The following ordinary differential equation results 
once the appropriate differentiations are performed and 
substituted into e q . (4.17):
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d Ca + (2n - ♦ y ) dCa _ 0

dn dn
(4.24)

Ca( Ç) = Ca (4.25)

Ca(-) = 0 (4.26)

where

♦ - <C " fm Ch>
fm Ch <C - Ca )

(4.27)

Y = dCa (4.28)

dn

Ç = X F (t) (4.29)
V(4 Dab t)

The solution to eq. (4.23) is readily found using 
the ordinary differential equation solution technique 
known as reduction of order. The following equation is 
an expression for the concentration of methane as a 
function of the transformation variable, n•
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Methane Concentration Profile
Ca(n) . Ca* erfc [n - (* y)/2] (4.30)

erfc [y/(2(C - Ca ))]

One should note that eq. (4.30) does, at this point, 
contain one unknown, y . This parameter is defined by eq. 
(4.28) and, by substituting the differentiation of eq. 
(4.30) into eq (4.28), a transcendental equation implicit 
in y results:

Transcendental Equation Defining y  

Y V» erfc [y/(2(C — Ca ))] (4.31)
+ 2 Ca exp [- (y/(2(C - Ca*))2] = 0

The transformation given by eq. (4.23) may also be 
applied to the ordinary diffential equation, eq. (4.21), 
yielding:

Rate of Motion of Interface

X = C P.h Y <4 -32>
fm Ch (C - Ca ) V U  Dab t)

This equation may be readily integrated yielding an 
expression for the position of the moving front at any
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time i

Interface Position

XF (t) _ C Y -y/(Dab t) (4.33)

Ch fm (C - Ca*)

This expression may then be substituted into eq* (4.29) 
to yield a final expression for (:

; = ________Cjr________  (4.34)

2 ch f™, <c - Ca*>

It is important to note here that Ç is indeed a constant 
as was implied by its use in eqs. (4.25) and (4.28).

One last consideration must be made to complete the 
solution of the problem of isothermal dissociation. A 
heat source at the interface must be provided in order 
that the hydrate/vapor system maintain i sothermali ty. 
This requirement may be recognized when one considers 
that energy is required to change the phase of the 
h y d r a t e . This latent heat effect would cause the 
temperature of the hydrate and vapor phase to decrease if 
no external heat source is available. Therefore, the 
isothermal problem cannot be considered to be adiabatic.



T—3035 69

A heat flux incident on the hydrate surface was, there
fore, assumed to exist. This assumption was used in the 
development of the nonisothermal problem except that the 
heat flux in the isothermal problem must vary with time 
as will be shown below.

The transient nature of the heat flux may be seen 
once an energy balance at the interface is performed. 
The incident heat flux required to maintain isothermal!ty 
need only be as large as the heat required to change the 
phase of the hydrate (the latent heat) because there will 
be no energy escaping the interface since the hydrate and 
vapor phase temperatures are both the same as that of the 
surface. The following expression relates the required 
external heat flux to the latent heat:

Surface Energy Balance
F h X (4.35)

Equation (4.32) may be substituted for X in eq. (4.35)
yielding:

Required Incident Heat Flux

t
(4.36)
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Numerical Solution Convergence
The analytical solution previously presented was

initially developed to provide the starting data for the
DF finite—difference numerical solution for the noniso—
thermal dissociation problem developed in chapter 3. The
initial temperature was used to calculate the total con—
concentration, C , as well as, to calculate the surface

*concentration of methane, Ca • The Newton—Raphson tech— 
niuque was employed to determine y from eq. (4.31). The 
derivative of this equation is required in the computa
tion and is presented as the following expression :

f'(Y) = V» erfc [y/(2(C - Ca*))] (4.37)
- y[1 + Ca*/<C - Ca*)]exp[-(y/(2(C - Ca*)))2

(C - Ca*)

The following criteria was used to terminate the
Newton—Raphson routine:

-8 (4.38)

Once y is determined, the concentration at each grid 
point in the vapor phase may be calculated from 
eq. (4.30), the rate of motion of the interface may be
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calculated from eq. (4.32) , and the position of the 
moving front may be determined from eq. (4.33) for the
first time step.

The program, however, was written in such a manner 
to allow the incident heat flux to be any general 
function of time. This generality made it possible to 
test if the numerical solution actually converged to the 
desired solution. If the surface heat flux function of 
eq. (4.41) is substituted for F in eqs. (3.39) and (3.40) 
of the noni sothermal problem, the numerical solution
should converge to the isothermal solution and may be 
tested against the analytical solution developed in this 
chapter.

One problem encountered when employing this substi
tution arose because of the discrete nature of the fin
ite—di f ference scheme. Equation (4.41) is continuous 
and, therefore, cannot be used in the form presented as 
eq. (4.40), but must be some average heat flux over the 
time interval, At. An integral average over this inter
val was used to calculate this average required isotherm
al heat flux between the present time, t^, and the time
of the next time level, tg.
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Integral Time Average of F

r -
(—C Y I (t-,/2)dt

Fave = fmC2(C " Ca* ^  " h  <4 -39>

(

2
dt

The integration of eq. (4.39) yields :

Fave = <-C ^  ^  - /ÏT> <4 -4°)
fm (c - Ca*) At

The program containing the algorithm presented in
chapter 3 was run using eq. (4.40) as the incident heat
flux function. Table (4.1) contains the necessary
physical property data used in all of the foregoing
numerical analyses. The program was run with the system
temperature of Tq =240K, the system pressure of 1 atm, and
with values for R of .05, .10, .50, 1.0, and 4.0. By

*running the program at these values of R , an o p t i m a l
*value of R could be determined.
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Table 4.1
Physical Property Data for Numerical Studies

Physical Methane Methane Air
Property_________Hydrate_________ Gas____________________

Vapor a=33.26 — — ——
Pressure b——8.21x10 --- ---
Parameters 
(of eq. (2.18))

Diffusivity   .125 ^
(cm2/s)

Molecular 119.5 16.0 29.0
Weight
(g/g-mole)

Molar 255.3* 31.6** 29.2**
Heat
Capacity 
(J/g-mole K)
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Table 4.1 
(cont.)

Physical Methane Methane Air
Property_________ Hydrate_________ Gas ________________

Thermal 5.0* .265** .222**
Conduct ivity 
(W/cm K x 10*)

Latent 6.276 ---  ---
Heat
(J/mole x 10“W)

* — Parameters are the result of regression of vapor
pressure data of Deaton and Frost (1946)

* — Calculated from semi—emperical equation (22 — 23) of
McCabe and Smith (1976)

* - Cherski (1983)
** - Chapman (1974)
< — Lewin and Associates, Inc.(1983)
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Figures (4.1) — (4.5) show the results of the
computations at the conditions prescibed above. The 
surface temperature is plotted against time in fig. (4.1) 
to show how close the numerical calculation predicted the 
isothermal behavior expected. The time interval of the
computation was set at 10 sec. which was found to be long
enough to show convergence. Likewise, the temperature
profiles of the hydrate and vapor phase are shown fig. 
(4.2) to again show how constant the temperature was as 
computed numerically. The numerical methane concentra
tion profile in the vapor phase is compared to the
profile given by eq. (4.30) in fig. (4.3). Figure (4.4)
shows the position of the moving front as a function of 
time and is compared to the isothermal function, eq. 
(4.33). Finally, fig.(4.5) shows the relation of the
absolute error between the numerical and analytical
moving front position as a function of time.

The surface temperature behavior, as predicted by 
the numerical solution, shows the two different types of 
error discussed in chapter 3. Referring to fig. (4.1), 
for values of R* less than .5, the numerical solution 
under predicts the surface temperature, and for R* g r e a t 
er than .5, the opposite effect is seen to exist. These
effects are most probably caused by the truncation
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and discretization errors respectively. The low values 
*of R actually represent low values for the time step

size, At. The lower At is, the smaller the numbers are
which result from the finite—difference computations.
Some accuracy is lost when these small numbers are
involved due to truncation error resulting in the under
prediction effect seen. However, it is obvious that

*large values of At (large values of R ) cause just the
opposite behaviour. The large value of At can be seen to
cause over prediction of the surface temperature, and, as

*can be seen for R values larger than 1.0, this effect 
can be dramatic. This over—prediction is most probably 
due to discretization error. If At is too large, the 
numerical scheme cannot keep up with what is actually 
occuring within the discrete time interval resulting in 
the lower accuracy.

Some of the error in the numerically calculated 
surface temperature is definitely due to the starting 
procedure. There is some initial instability in the 
numerical scheme which causes a small jump in the surface 
temperature. The size and direction of this anomoly can 
again be seen to depend upon the value of R • It is be
lieved that this initial jump is due to the starting 
scheme of the solution and definitely shows that some
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further study on the initial behavior of the numerical 
scheme is warranted.

The results of these computations for the surface 
temperature do, however, show that the algorithm of 
chapter 3 does seem to converge to the desired solution. 
Even in the worst case, the surface temperature seems to 
damp out to a constant temperature after about 10 
seconds. The largest deviation of the surface temperature 
from the initial temperature is only about 3 degrees and, 
for the best case (R* = .5), this deviation is less than
one degree.

The temperature profiles of the system are presented
in fig. (4.2). Again, the discretization error appears
to effect greatly the temperature computation for values
of R* larger than 1.0. The surface temperature also
greatly affects these profiles since it serves as a
boundary condition for the energy equation from which
these profiles result. The general trend of these
profiles is what would be expected and the worst case
deviation in the temperature from the initial temperature
is less than 2 degrees after 5 seconds. For the best
case (R = .5), the profile is very nearly constant again
showing that the numerical scheme converges to the

*desired solution when the proper value of R is used.
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The concentration profiles, as calculated from the 
finite-difference scheme, almost exactly converge to the 
analytical solution as can be seen in fig. (4.3). The 
surface t e m p e r a t u r e  has almost no effect on the 
concentration and, as can be seen by the R = 4.0 curve,
the only inaccuracy in the concentration calculation 
seems to be caused by discretization error.

The desired result of this analysis is the rate of 
dissociation. In fig. (4.4), this rate is shown rather 
as the position of the moving front as a function of 
time. It can be seen here that the error in the surface 
temperature again has almost no effect on the interface 
motion. The numerical solution converges almost exactly 
to the analytical result. The error in this front motion 
is shown in fig. (4.5). The magnitude of this absolute 
error is less than 1.2 x 10 5 a n d  t e n d s  to r e a c h  a 
maximum error asymptotically with time. This result is 
of course encouraging because a maximum error in the rate 
of dissociation, as calculated by the numerical scheme, 
can be quantified.

*All of these results show that a value of R - .5 is
the optimum. The error of the front position for this 

*value of R is almost non-existant. The computation time 
of this numerical solution, however, is quite prohibi-
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tive. For this reason, the value of R = 1 . 0  was used in
*the remaining noni sothermal studies. This value of R 

allows doubling the time interval of the solution without 
increasing the computation time while sacrificing little 
in accuracy.
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Chapter 5
NONISOTHERMAL DISSOCIATION OF METHANE HYDRATE : 

Discussion of Results

The program containing the algorithm developed in 
chapter 3 was run for various values of the constant 
incident heat flux, F , using the physical property data 
presented in table (4.1). The initial temperatures were 
taken to be T^  ̂= 195.0 K and Tv  ̂̂  = 298.0 K for the hydrate 
and vapor regions respectively and a mesh ratio of 1.0 
was used as was discussed in chapter 4. The program was 
run to produce data for the first 100 seconds of 
dissociation with values for F of 0.0, 0.1, 0.5, 1.0, and 
5.0 W/cm2. The figures presented as fig. (5.1) and figs. 
(5.3) — (5.5) show the surface temperature and front
position histories and the temperature and concentration 
p r o f i l e s  r e s p e c t i v e l y  w h i c h  r e s u l t  from these 
computations.

The plot presented as fig. (5.1) shows the surface 
temperature histories for various heat flux values. It 
can be seen that, for small values of F , the temperature 
increases initially and then decreases within the first 
10 seconds of dissociation. There are 2 reasons which 
may explain this behavior. One cause may be that the
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starting procedure over predicts the surface temperature 
as was seen to occur in fig. (4.1) of chapter 4. However, 
another reason this initial temperature rise occurs may
be that the hydrate contact with the vapor phase, which 
is at a substantially higher initial temperature than the 
hydrate, serves as an energy source for the hydrate and 
actually warms the surface in the initial seconds of 
dissociation. This effect is short lived since the 
thermal mass of the vapor is not large enough to sustain 
this energy transfer indefinitely.

To determine which of these effects actually produce 
the initial temperature increase, another run for which 
both phases were at the same initial temperature of 240 K 
was performed with the value of F=0.0. The surface 
temperature results of this effort is shown in fig.
(5.2). This curve shows that the temperature drops 
dramatically and then rises asymptotically to some value 
below the initial temperature. This result is what one 
w o u l d  ex p e c t  since e n e r g y  must be p r o v i d e d  for 
dissociation to occur and, therefore, the surface 
temperature must drop since the system is initially 
i sothermal. The behavior of the surface temperature 
after the initial drop is that it tends to rise. This 
temperature increase may occur because, as the
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temperature drops, the driving force for dissociation 
(the vapor pressure of the hydrate) decreases which slows 
dissociation. As dissociation slows, energy may transfer 
from the solid and vapor to the interface producing the 
warming effect seen. A balance between the energy 
transfer to the surface and the rate of dissociation of 
the hydrate is finally achieved causing the surface 
temperature to reach some constant value. Therefore, the 
initial peak observed in figs. (5.1) and (5.2) may not 
actually be a result of any numerical inaccuracy caused 
by the starting procedure, but may actually be physical 
in nature. It is still not, however, completely clear 
whether the starting proceedure of the numerical solution 
affects the surface t e m p erature. I r regardless, the 
instabilities present in the isothermal runs of chapter 4 
do not appear to affect the non isothermal runs to the 
same degree.

One important observation should be made concerning 
the temperature histories of the heat flux values greater 
than .1. These curves can be seen to asymptotically 
approach the t e m p erature in equilibrium with the 
prevailing pressure, T^p. This behavior is of course 
expected from a thermodynamic standpoint and is analo
gous to the boiling of a liquid.
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The position of the moving front is shown in fig.
(5.3) for various values of F . It can be seen that, for 
low values of the heat flux ( F < . 1 ) virtually no 
dissociation occurs. This lack of dissociation is 
expected because the hydrate initial temperature is very 
low and the vapor pressure of the hydrate at this 
temperature is correspondingly low limiting the amount of 
methane escaping from the hydrate surface.

An important effect, however, should be noted for 
the high heat flux cases ( F > . 1 ) . At these heat flux 
values, the curves appear to be almost linear. They do, 
however, possess some curvature and are concave upward. 
The direction of the curvature suggests that the rate of 
dissociation is increasing with time. This accelerated 
dissociation is most likely due directly to the increase 
in the surface temperature as was seen to occur in fig. 
(5.1). As the temperature of the surface increases, so 
does the vapor pressure resulting in a larger driving 
force for dissociation.

If the surface temperature were to not increase with 
time, as in the isothermal case for example, the rate of 
dissociation should decrease which was seen to occur in 
fig. (4.4). This decrease is a result of the magnitude 
of the concentration gradient at the surface since the



T-3035 91

- oo

u . u . u.

5 H

CN
<N

Z0~ VO

(UJO) dX ‘UOJJJSOd 1UOJJ
00 90- 80-

m
•H
o*>a

iH«eue£*>O«

*>
C <8O ®u xu. ®
*0 £
C Jj•H > **-o o
E

m

60

e®9
r-t
«>
e3O

c u0 <8
Z  >
1
m



T-3035 92

rate of d i s s o c i a t i o n  v a r i o u s  d i r e c t l y  w i t h  the
concentration gradient which can be seen in eq. (2.26). 
The magnitude of the concentration gradient will decrease 
because the concentration of methane in the vapor close 
to the surface will increase as dissociation proceeds. 
Hence, the concentration gradient at the surface can only 
decrease r e sulting in a decrease in the rate of
dissociation if the surface concentration of methane does 
not increase along with the methane concentration in the 
vapor close to the interface.

The temperature and concentration profiles which 
result from the computations for the various heat flux 
values appear as figs. (5.4) and (5.5) respectively. The 
shape and trends of these curves appear to be what one
would expect to result from any classic energy or mass 
transport problem. It can be seen in fig. (5.5) that for 
low values of F, dissociation occurs at a very slow rate 
which is consistent with the moving front position
results shown in fig. (5.3).

These curves also show that the temperature or 
concentration profiles near the interface are very nearly 
linear. This linearity shows that the numerical inter
polation routines used to calculate the grid points 
adjacent to the interface are actually a fairly good
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approximation method for the values of the temperature 
and concentration at these grid points.

The results of the previous runs are essentially the 
solution to the noni sothermal problem for a relatively 
short time interval. Their main purpose was to show the 
behavior of the numerical solution for different heat 
fluxes. The program was run one final time to show the 
behavior of the numerical solution for a much larger time 
interval. The same initial conditions and mesh ratio was 
used as those of the heat flux comparison runs along with 
a value for the heat flux taken as F = 1.0 W/cm2. The 
total solution time was defined to be 1000 seconds. This 
time interval may not seem to be all that much longer 
than the previous runs, but was used because the 
computation time for runs yielding longer solution times 
would be prohibitive. The results of this run are 
presented as figs. (5.6) - (5.10).

The surface temperature history for this run is 
shown in fig. (5.6). This curve shows the asymptotic 
a p p r o a c h  of the s u r f a c e  t e m p e r a t u r e  towards the 
temperature in equilibrium with the prevailing pressure 
quite well. The problem may be regarded as heat transfer 
limited once this equilbrium temperature is reached since 
the surface temperature cannot increase above this



T-3035 96

ooo
es

-O

O

es

00C 081
>1 ‘ejniejadiuaj. ©oej-ing

Ti
m

e,
 

se
c

Su
rf
ac
e 

Te
mp

er
at

ur
e 

Hi
st
or
y 

wi
th



T-3035 97

temperature. Therefore, any energy which does not 
conduct away from the interface must contribute to the 
dissociation of the hydrate irregardless of mass transfer 
since energy conservation at the interface must hold. 
This means that, for this case, mass transfer effects 
could be neglected after about 300 seconds of dissocia
tion time.

It can also be seen that most of the interesting 
behavior of the surface temperature does occur within the 
first 100 seconds of dissociation. The surface 
temperature for the first 100 seconds of dissociation is 
presented as fig. (5.7) to show its behavior within this 
time i n t e r v a l . This curve shows that the surface 
temperature rises very quickly within the first second of 
dissociation and then smoothly approaches the equilibrium 
temperature . This initial discontinuity does not, 
however, appear in fig (5.6) suggesting that, if it is 
indeed caused by the starting proceedure, it does not 
seem to affect the solution in the long run.

The position of the moving front is shown in fig 
(5.8). The slight curvature in the curve can be seen to 
be most pronounced within the time interval of 0 — 200
seconds. The curve becomes more linear as dissociation 
continues until finally becoming linear after about 780
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seconds of dissociation. These results are consistent 
with that of the surface temperature. The surface 
temperature changes most dramatically within the initial 
200 seconds of dissociation just as is seen to occur with 
the front position and the temperature finally reaches 
the equilibrium temperature at around 780 seconds again 
corresponding to the time when the front position curve 
becomes linear.

The temperature profiles resulting after 1, 500, and 
1000 seconds of dissociation are presented in fig (5.9). 
These curves show absolutely no instabilities which is a 
direct result of the inherently stable nature of the DF 
fini te—di f ference scheme used to generate them. The 
profiles also show that the magnitude of the vapor phase 
temperature gradients at the interface decrease with 
time. This decrease gives credence to the hypothesis that 
the initial increase in the surface temperature discussed 
previously may be caused by an energy transfer to the 
interface from the vapor phase. Indeed, the slope of the 
vapor phase temperature profile after 1 second of 
dissociation is quite steep suggesting that a moderate 
amount of heat is conducting from the vapor to the 
surface.
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Likewise, the concentration profiles of methane at 
these same times is presented as fig, (5.10). Again, the 
magnitude of the concentration gradients at the interface 
can be seen to decrease with time which is consistent 
with the results of the position of the moving front 
since the rate of dissociation was seen to decrease with 
time as infered by the linearity of the moving front 
curve.
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Chapter 6 
CONCLUSIONS

A numerical solution for the nonisothermal dissoci
ation of pure methane gas hydrate was obtained for the 
case of a constant incident heat flux at the hydrate/ 
vapor interface utilizing the Dufor t-Frankel finite 
difference scheme. The computer program developed was
used to obtain the solution and was written in such a 
manner as to allow the use of any time dependent function 
for the heat flux. This generality allowed the program
to be run with the isothermal heat flux function to show 
convergence since an analytical solution is available for 
the isothermal problem.

A slight disturbance in the behavior of the surface 
temperature of the methane hydrate as predicted by the 
program was seen to exist when run under isothermal 
conditions. It was suggested that this effect could be a 
numerical instability which may result from the starting 
procedure which was used. H o w e v e r , this initial 
instability does not seem to be apparent in the 
nonisothermal results.

The results of the dissociation for F = 1.0 W/cm2 
suggest that dissociation is mass transfer limited at the
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onset of dissociation and becomes less important after 
about 5 minutes of dissociation time. Therefore, the 
dissociation may be considered to be heat transfer 
controlled so that the mass transfer effects may be 
neglected after this initial period of dissociation.

The program developed, however, has one major 
drawback in that it r e q u i r e s  a large amount of 
computation time to generate a solution. For this 
reason, another method of solution is recommended if the 
solution interval desired exceeds 1000 seconds. Two such 
solution methods which should be developed are :

1. a Von—Karman type integral approximate solution
2. a quasi—steady state approximate solution

Further study of the initial physics of dissociation 
would improve the accuracy of this work. There is some 
question about the initial behavior of the numerical 
solution. The result of a study such as this can, at 
least, provide a better starting procedure than that 
which was used.
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APPENDIX 
Program Listing

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

M0Ü-IS0THERHÂL DISSOCIATION OF HYDRATE IN A SLAB

A Numerical Solution using the Dufort-Frankel 
Finite Difference scheme 

By Gary HcFaddin

* The problem is treated as one-dimensional in the I- *
* direction . Temperature Profiles are calculated for in the *
* Solid Phase and Temperature, Concentration, and *
* Velocity Profiles are calculated for in the Vapor Phase. *
* *
*****************************************************************

PARAMETER (N=3000) !** ULTIMATELY DETERMINES GRID SIZE ** 
IMPLICIT DOUBLE PRECISI0N(A-H,0-Z)
DOUBLE PRECISION KS.KA.RB
DIMENSION CAN(0:N),CA1(0:N),CA2(0:N),T1(0:N),T2(0:N),TN(0:N) 

1,VS(0:N)
COMMON NO,DELX,DEL,DELH,DIF,A,B,RS,KB,DK,RG,P,Q,TEP,XM,CS

EQUIB(T)=D£XP(A+B/T)/RG/T 
C ** (EQUIliBrium concentration FUNCTION SUBTROUTINE) **

XFA(TIME}=XFO+CVO*GAH*DSQRT(DIF*TIHE)/CS/XM/(CVO-CEO)
C ** (Analytical Front position FUNCTION SUBROUTINE) **

C- - - - - - - - - - - - - - - - - - - - - - - - - - - -

RU=N;IMAX=N-I;ISUMW=21;SUM=1;TIME=.01 

C- - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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C INITIALIZATIONS

A=33.26D0 "  VAPOR PRESSURE PARAMETER "
B=-8.20525D3 "  VAPOR PRESSURE PARAMETER "
DIF=.I25D0 "  DIFFUSIVITÏ (CH"2/SEC) "
P=1D0 "  TOTAL PRESS. (ATM) "
TVO=298DO "  INITIAL VAPOR TEMPERATURE (K) "
TS0=I95D0 "  INITIAL SOLID TEMPERATURE (K) "
RG=82.05D0 "  GAS CONSTANT (ATM-CC/GMOLE-K) "
m = 1 6 . 0 D 0 "  VOLITILE COMPONENT MOLE. HEIGHT (G/GHOLE) "
ÏBB=29.0DO "  AMBIENT COMPONENT HOLE. HEIGHT (G/GHOLE) "
BHS=119.5 "  SOLID PHASE MOLECULAR HEIGHT (G/GMOLE) "
DB=BHA-BKB "  DIFFERENCE OF MOLECULAR HEIGHTS "
CPA=31.6D0 "  VOLITILE COMP. MOLAR HEAT CAP. (J/GMOLE-K) "
CPB=29.2D0 "  AMBIENT COMP. MOLAR HEAT CAP. (J/MOLE-K) "
DC=CPA-CPB "  MOLAR HEAT CAPACITY DIFFERENCE "
CPS=255.3D0 "  SOLID MOLAR HEAT CAP. (J/MOLE-K) "
KA=2.65D-4 "  VOLITILE COMP. THERMAL CONDUCTIVITY (H/CM-K)"
KB=2.22D-4 "  AMBIENT COMP. THERMAL CONDUCTIVITY (H/CM-K) "
RS=5D-3 "  SOLID THERMAL CONDUCTIVITY (H/CM-K) "
DR=KA-KB "  THERMAL CONDUCTIVITY DIFFERENCE "
DENS=.9979D0 "  SOLID DENSITY (G/CC) "
DELB=6.276D4 "  LATENT HEAT (J/HOLE) "
IH=.148D0 "  HOLE FRACTION OF HYDRATE HOST GAS IN SOLID "

CS=DENS/et!S ! "  DIKENSIONLESS SOLID CONC. "
CV=P/RG/TVO ! "  TOTAL VAPOR CONCENTRATION "
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CiO=CV
CE=EQÜIB(TSO) !** EQUILIBRIUM (INTERFACIAL) CONC. ** 
CEO=CE

TEP=B/(LOG(P)-A) !** EQUIL. TEMP. AT PRESS. P **
TE=TSO
IFO=50.0DO !** INITIAL FRONT POSITION **

C ** NOTE: INITIAL FRONT POSITION MUST BE ON A GRID ** 
ALFS=KS/CS/CPS !** SOLID THERMAL DIFFUSIVITÏ ** 
PVI=CE*RG*TSO
CALL GAMMA(CE,CV,GAH) !** CALC. ANALYTICAL FCN ROOT “

C- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

C INPUT
C - - -

TYPE IlhTYPE IOO;ACCEPT *,Q 
C ** (INPUT FOR CONSTANT HEAT FLUX-J/Sq. ci./s.) **

TYPE 222UCCEPT *,DELX !** POS. GRID SPACING 
TYPE 333;ACCEPT 444,FNAHE 
OPEN(UNIT=20,FILE=FNAME)
M=IFO/DELX

C- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

C ARRAY INITIALIZATIONS

CA1: PAST TIME CONCENTRATION ARRAY
CA2: PRESENT TIME CONCENTRATION ARRAY
CAN: FUTURE TIME CONCENTRATION ARRAY
Tl: PAST TIME TEMPERATURE ARRAY
T2: PRESENT TIME TEMPERATURE ARRAY
TN: FUTURE TIME TEMPERATURE ARRAY
VS: PRESENT TIME MOLAR AVERAGE VELOCITY ARRAY



T— 3035 120

DO 1 1=0,M 
T1(I)=TS0 
T2(I)=TS0 
TN(I)=TS0 

I ?S(I)=0

I=H+1
DO ÏHILE(I.LE.IHÂX)

T1(I)=TV0
T2(I)=TV0
TN(I)=TVO

C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C ** (Calc, first time step conc. profile fro* the Analytical 
C Isothermal Dissolution Soin.) **
C - - - - - - - - - - - - - - - - - - - - -

IF(CA2(I-1).GT.1D-20.OR.I.EQ.H+1)THEN
PSIGAH=(CV-XHtCS)/CS/Xfi/(CV-CE)*GAH

VS(I)=PSIGAH*DIF/DSQRT(4D0*DIF*TIHE)
ETA=(DFLOAT(I)*DELX-XFO)/DSQRT(4DOtDIF*TIME)
CA2(I)=CE*ERFC(ETA-PSIGAH/2)/ERFC(GAH/2/(CV-CE))

ELSE
CA2(I)=0;VS(I)=VS(I-1)

ENDIF
C - - - - - - - - - - - - - - - - - - - - - -

CA1(I)=0;CAN(I)=0
1= 1+1

ENDDO
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- C-

Câl(8)=CE

XF*IFA(TIHE)
8=XF/DELI
IDOT=CVtDIF,6AH/X8/CS/(CV-CE)/DSQRT(4DOtDIF*TIHE)

SÏITCH TO DIIFORT-FRANKEL FINITE DIFFERENCE SCHEME FOR REST OF 
TIMES. SINCE THIS SCHEME IS INHERENTLY STABLE, THE PROGRAM 

ALLONS THE USER TO INPUT THE DESIRED R* VALUE FROM THE TERMINAL. 
ONE NEEDS TO REALIZE THAT THE DISCRETIZATION ERROR WILL 

INCREASE BITH R*.

Initialize Dufort-Frankel routine

TYPE 1999
ACCEPT ‘.RS.THAX.TSTEP.FSTEP
TYPE 11I;TYPE 555;TYPE 666;TYPE 777,FNAME;TYPE 666
TYPE 888;TYPE 999;TYPE 1111
TYPE 1888,TIME,XF,CE/CV,TE
HRITE(20,I888)TIHE,XF,CE/CV,TE
RSX=RS*DELX**2
DELT=MIN(RSX/DIF,RSX/(KA/CV/CPA),RSX/(KB/C?/CPB))
RS2=2.0D0*DELT*DIF/DELX“ 2
IPFLG=0
JMAX=MIN(IHAX/DELX,TMAX/DELT);TSTEP=INT(TSTEP/DELT)
FSTEP=INT(FSTEP/DELT)
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C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C Time Loop —  the Index is the Integer Variable 'J'. The Loop is 
C Ended When J=Jiax (Jiax is Calculated from the Initial Iiax Value) 
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

J=1
DO WHILE(J.LE.JHAX)
VF=(lDO-CStXK/CV)*XDOT
TIME=TIME+DELT

IF(HAXFLG.EQ.1)THEN
IMAX=IMAX-1

ELSE
IF(CA2(IKAX).HE.O.OR.T2(IHAX).HE.TVO)THEN

JMAX=IMAX
MAXFLG=1

EKDIF
ENDIF

IEND=IMAX
MO=M
CV=P/RG/TE
XFO=XF
B=XF/DELX

IF(IQTFLG.EQ.O)THEN 
ISTART=B+2;IPOINT=ISTART;ITPOIN=ISTART 

ENDIF
IF(B.LE.O)THEN 

TYPE 2000,TINE
TYPE * /  ';TYPE 1333 ,DELX,DELT,RS;TYPE IlhTYPE 555;STOP



T— 3035 123

ENDIF

DEUDELX*(XF/DELX-H)
F1=DEL-DELX
F2=F1-BEII
F3=F2-DELX

C ** (Calc. Velocity at grid pts. adjacent to Roving Front) **
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

IF(R.NE.HO)THEN
IFU6=1
VS(B+3)=(VF*(lD0-F2/F3)1T2(H+3)/T2(H+2)+(lD0-Tl(B+2)

l/T2(fi+2))*DELX/DELT)/(lD0-F2/F3*T2(B+3)/T2(B+2))
VS(N+2)=VF-F2/F3*(VF-VS(H+3))

ELSE
IFLÂG=2
VS(R+2)=(VF*(lDO-Fi/F2)*T2(B+2)/T2(B+l)+(iDO-Tl(B+l)/

lT2(B+l))*DELX/DELT)/(lD0-Fl/F2*T2(B+2)/T2(B+l))
ENDIF
VS(B+l)=VF-Fl/F2*(VF-VS(B+2))

C ACTUAL FINITE DIFFERENCE CALC.

K=R+4
PT=2.0D0*ALFS*DELT/DELX**2

C - Solid Phase Loop
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1=8-1
DO IHILE(I.CE.l)

TK(I) = (<T2(I+1)+T2(M))‘PT+T1(I)
1*(1.0D0-PT))/(1.ODO+PT)

C ** (Solid Phase Temp. Calculation D.F. Scheme) ,t

IF(I+1.LT.B)THEK
1 = 1 + 1
T1(L)=T2(L);T2(L)=TM(L)

ENDIF
IF(I.LT.8-2.AND.DABS(TN(I)-TN(L)).LE.1.00-11)1=1 
1= 1-1 

ENDDO
C - - - - - - - - - -

T1(1)=T2(1);T1(0)=T2(0) ! "  ARRAY DOWNLOAD "  
T2(1)=TN(1);T1(E)=T2(H) ! "  " " "
T2(0)=T2(1) ! "  HEAT FLOX=0 AT 1=0 "

IF(DABS(TN(1)-TS0)/TS0.GT.ID-3)THEN 
TYPE 2111
TYPE 1333,DELI,DELT.RS,'TYPE 111,-TYPE 555;STOP 

ENDIF

C Vapor Phase Loop
IF(IQTFLG.EQ.O)THEN
I=ISTART
DO WHILE(I.LE.IEND)

L=I-1;LL=I+1
CAG=(CA2(LL)-CA2(L))/2.0D0/DELI ! "  CONC. GRAD. AT I "  
CAG2=(CA2(LL)+CA2(L)-CA1(I))/DELI"2 ! "  2nd DER. AT I 
T6=(T2(LL)-T2(L))/2.0D0/DELI ! "  TEHP. GRAD. AT I "
TG2=(T2(LL)+T2(L)-T1(I))/DELI"2 ! "  2nd DER. AT I "
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PRT=P/R6/T2(I)
CCPH=DC*CA2(I)+CPB*PRT !** (CONC.‘HEAT CAP.) OF HIX. *
SB=DH*CA2(I)/PRT+HHB
IG=(CAG+CA2(I)/T2(I)*T6)/PRT

VS(LL)=VS(I)*T2(LL)/T2(I)+(1D0-T1(I)/T2(I))*DELX/DELT 
VG=(VS(LL)-?S(L))/2D0/DELX !“  VEL. GRAD. AT I “

IF(I.GT.K.AND.DABS(TN(I-1)-TV0).LE.1D-3)TBEN
TN(I)=TV0
T1(I)=T2(I);T2(I)=TN(I)

ELSE
TVEL=(VS(I)-DIF*DH/BH*XG)*TG
TDIF=DIF/BH/CCPH*(BHB*CPA-IHA‘CPB)‘PRT*XG*TG
TPI=(DK*CA2(I)/PRMB)/CCPH
TC0N=TP1*TG2+DR*XG/CCPW‘TG

TN(I)=(2DO*DELT*(TCON+TDIF-TVEL)+T1(I))/(1DO+2DO*DELT
I*TP1/DELI“ 2)

ENDIF

IF(I.6T.LAND.CAN(I-I).LE.1D-11)TBEN
CAN(I)=0
CA1(I)=CA2(I);CA2(I)=CAN(I)

ELSE
IF(I.GE.IPOINT.OR.I.EQ.H+2)THEN

IF(TG2-TN(I)/DELX“ 2-TG“ 2/T2(I).GE.1D-25)TBEN
CDIF=DIF‘(CAG2+CA2(I)/T2(I)*(TG2-TN(I)/DELX“ 2

I-TG“ 2/T2(I)))
ELSE

CDIF=DIF*CAG2
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EKDIF
C7EL=CI2(I>VG+?S(I)*CAG
CAK(I)=(2D0*DELT‘(CDIF-CVEL)+CA1(I))/(1D0+RS2)
CK=PRTt(lD0+DELT*(VS(I)*TS/T2(I)-VG))

EKDIF

IF(CAH(I).GE.CK.0R.I.LE.IP0IKT.AKD.I.GT.H+2)THEK
ALFV=KA/CPA/PRT
TK(I)=(2D0*DELT*(ALFV*TG2-?S(I)tTG)+Tl(I))/(ID0

l+ALFV*DELTt2D0/DELI**2)
IF(DABS(TK(I)-TE).LE.1D-4.AID.I.GT.ITP0IK)THEK

TK(I)=TE
ITPOIK=I

EKDIF
IPFLG=1
IF(LGT.IPOIMT)IPOIKT=I

EKDIF
EKDIF

1=1
IF(CAK(I).LE.lD-II.AKD.DABS(TK(I)-TV0).LE.ID-3.

1AKD.DABS(VS(I)-VS(I-I)).LE.ID-11)I=IEKD
1=1+1

EKDDO

C EKD POSITIOK LOOP

HP1=H+1
CA1(KPI)=CA2(HPI);T1(HPI)=T2(EP1)
I M S T A R T
ISTART=8IK(IP0IKT,ITP0IK)

DO PHILE(II.LE.L)
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IF(ILLE.IPûINT.â*DJI.6Î.H+2)TBEN
CAfi(II)=P/RG/Tff(II)

EKDIF
CA1(II)=CA2(II);CA2(II)=CAH(II) 
T1(II)=T2(II);T2(II)=TK(II)
1 1 =1 1 + 1

EKDDO
EKDIF

IFdFLAG.EQ.DTHEK
CALL IKTFCE(IFLAG,T2(M-2),T2(H+3),CA2(8+3),TE«XDOTJTIlfE) 

ELSE
CALL IKTFCE(IFLAG,T2(H-l),T2(H+2),CA2(H+2),TE,XDOT,TIHE) 

EKDIF
CV=P/RG/TE
CE=EQOIB(TE)
CALL BODKD(IFLAG,CE,TE,CA2(8+I),CA2(H+2),CA2(H+3),T2(M-2), 

lT2(H-l),T2(H)fT2(H+l),T2(H+2),T2(B+3))

IF=IF+XDOTtDELT
C- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C If SUlf=TSTEP then CALL Subroutine OOTPOT to Store Current Time 
C Concentration, Temperature, and Velocity Profiles in Data File 
C FOR<SUHB>.DAT
C - - - - - - - -

IF(SUti.GE.TSTEP)THEK
IF(FSDH.GE.FSTEP)THEK

CALL ODTPDT(H,L,IQTFLG,TISE,XF,CE,TE,CA2,T2,VS,ISDHK,VF) 
TYPE 1222,TIRE,XF,CE/CV,TE,ISUSM-l 
8RITE(20,1222)TIRE,XF,CE/CV,TE,ISORi-l 
FSDH=0 

ELSE
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TYPE 1888,TIME,XF.CE/CV,TE 
HRITE(20,1888)TIHE,IF,CE/CV,TE 

ENDIF
TIKEtf=TIHE
SUH=0

ENDIF

SDM=SUM+1
FS0B=FS0H+1
J=J+1

ENDDO
C -------------
C END TIKE LOOP

IF(TIKEB.NE.TIHE.AND.FSTEP.NE.O)THEN
CALL OÜTPVT(H,L,IQTFLG,TIHE,ÏF,CE,TE,CA2,T2,VS,ISÜHÏ,VF) 
TYPE 1222,TIKE,XF,CE/CV,TE,ISDSÏ-1 

ENDIF
TYPE 1333,DELX,DELT,RS;TYPE IlhTYPE 555

C - - - -
C Formats

111 FORMAT!'O',69('-'))
100 FORMAT!' INPUT HEAT FLÜX (B/SQ. CH.): ',$)
222 FORMAT!' '/INPUT DELX IN CH.: ',$)
333 FORMAT!' '/INPUT MAIN DATA FILE NAME: ',$)
444 F0RHAT(A6)
555 FORMAT!' ',///)
666 FORMAT!' ',281,15!'-'))
777 FORMAT!' ',28X,'FILE:',A6,'.DAT')
900 FORMAT!' 'I4,3D13.4,F10.4,2D13.4,F8.4)
888 FORMAT!'O',4X,'TIME',5X,'FRONT POSITION',51,
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1'SURFACE',6X,'SURFACE',61,'CONC./TEMP.')
999 FORMAT(' ',5!,'(S)',9X,'(CM)',8!,'HOLE FRACTION',

I3X,'TEMP.(K)',5X,'DATA FILE #')
III1 FORMAT!' ',2X,8('-'),3X,H('-'),2X,13('-'),2X,

111!'-'),3X,11!'-'),/)
1222 FORMAT!' ',F10.5,IX,DI6.8,5X,F6.4,3I,F12.4,

18X,I3)
1333 FORMAT!'O',/,7X,'DELTA X='.D10.4,5X,'DELTA T=' 

1,D10.4,5X,'R*=',F5.2)
1555 FORMAT(Al)
1666 FORMAT!'O','SURFACE TEMPERATURE = THE EQUILIBRIUM 

1TEMPERATURE AT THE PREVAILING PRESSURE.')
1777 FORMAT!' INPUT NEW MAXIMUM TIME AND OUTPUT STEP SIZE 

1 (BOTH IN SECONDS): ',$)
1888 FORMAT!' ',F10.5,IX,D16.8,5X,F6.4,3X,F12.4)
1999 FORMAT!'O','INPUT R*. MAXIMUM TIME , AND DESIRED

1 SURFACE DATA AND PROFILE 21,'OUTPUT STEP SIZES (RS,THAX,
2 TSTEP.FSTEP)',/
3,2X,'(NOTE THAT OUTPUT STEP SIZES SHOULD BE INPUT IN 
4 TIME UNITS)',$)

2000 FORMAT!'O',7X,'DISSOCIATION COMPLETE— TIME= ',F10.5)
2111 FORMAT!'O','THERMAL WAVE HAS PENETRATED TO END OF SOLID;

1 PROBLEM IS NO LONGER SEMI-INFINITE',/)
END

SUBROUTINE INTFCEdFLAG,TMMi,TMP2,CAMP2,T ,XDOT,TIME)
C ----------------------------------
C This Subroutine Solves for the Interfacial Temperature by using 
C the Newton-Raphson Method where the derivitives are approximated
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C by Finite-Differences (Delta X is IE-9). The Functions 
C used are the Jump Energy Balance and the Jump Component Hass 
C Balance. The Initial Guess used is the Previous Time Step's 
C Interfacial Temperature.
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

IMPLICIT DOUBLE PRECISI0*(A-H,0-Z)
DOUBLE PRECISION KS,KA,KB
COMMON NU,DELX,DEL,DELH,DIF,A,B,RS,XB,DK,RG,P,Q,TEP,XH,CS

C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
F(T)=KS/Flt(T-TMMl)-PAR2t(T-TMP2)/F2-PAR3*(PV-CAHP2*TMP2*RG)-Q 

C The Value of T for which F(T) is 0 is the Interfacial Temperature TE

PVAP(T)=DEXP(AWT)
C PVAP is the Function Subroutine for the Vapor Pressure at TE 
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - — -

SUM=0
FLAG=0
TO=T !** Initial Guesses for TE **

F1=DELX+DEL
F2=DEL-DELX*2.0D0
IFdFLAG.EQ.DTHEN

F1=F1+DELX
F2=F2-DELX

ENDIF

IF((TEP-T)/TEP.LE.ID-5)THEN
T=TEP
XDOTr(KS/Flt(TEP-TMMl)-Q)/CS/DELH
RETURN

ENDIF



T-3035 131

DO 8HILE(DABS(T-T0).GT.1D-8.0R.FLA6.EQ.0)
TO=T
FLAG=1
TL=T0-1D-15;TR=T0+1D-15

PV=P¥AP(T)
PAR1=PV/P
PAR2=DK*PAR1+RB
PAR3=DELH*DIF/F2/(lDO-PARl)/XH/RG/r
FT=F(T)

PV=PVAP(TL)
PAR1=PV/P
PAR2=DK*PAR1+KB
PAR3=DELH*DIF/F2/(1D0-PAR1)/XH/RG/TL
FTL=F(TL)

P¥=PVAP(TR)
PAR1=PV/P
PAR2=DK*PAR1+KB
PAR3=DELH*DIF/F2/(1D0-PAR1)/XH/RG/TR 
FTR=F(TR)

T=TO-FT/((FTR-FTL)/2D-15) 
IF(DABS(TEP-T)/TEP.LE.1D-9)THEN 

T=TEP 
TO=T 

ENDIF

C- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C Ensure that T converges to a teipreature less than the 
C equilibrium temperature (make sure T calculated is the right 
C root of the INTERFACE FONCTION)
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IF(T.GT.TEP)THEH
T=T0+1
SOM=SUM+I

ELSE
SDH=0

EKDIF
IF(SUH.GT.50)THEK

TO=TO+1;SUK=0
ENDIF

EKDDO

IF(DABS(TEP-T)/TEP.LE.ID-5.0B.T.GT.TEP)T=TEP
XDOT=(KS/Flt(T-T8fll)-PAR2t(T-THP2)/F2-Q)/CS/DELH

RETURN
EKD

SUBROUTINE BOUND(IFLAG,CE,TE,CAHP1,CAMP2,CAHP3, 
1TM2,THH1,TH,THPI,THP2,THP3)

C THIS SUBROUTINE INTERPOLATES LINEARLY FOR THE CONCENTRATIONS 
C AT THE INTERFACE

IMPLICIT DOUBLE PRECISION(A-H.O-Z)
DOUBLE PRECISION KS.KB

COMMON NU,DELX,DEL,DELH,DIF,A,B,KS,RB,DE,RG,P,Q,TEP,XM,CS
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F U D E U - D E L  ;Si=DELX*DEL 
F2=DELX+F1 ;S2=DELX+S1 
F3=DELX+F2 
60T0(1,2)IFLAG

1 CAHP2=CE-F2/F3t(CE-CAHP3) 
T«P2=TE-F2/F3‘(TE-THP3) 
THH1=TE-S1/S2*(TE-TH«2)

2 CAHPI=CE-Fl/F2t(CE-CAMP2) 
THP1=TE-F1/F2*(TE-THP2) 
TH=TE-DEL/Slt(TE-THBl)

RETURN
END

SUBROUTINE OUTPUT(B,I,IQTFL6,TlXF,CE,TE,CA,T2,?2fISUBB,¥F)

C THIS PROGRAM IS FOR OUTPUT ONLY

IMPLICIT DOUBLE PRECISI0N(A-H,0-Z)
DOUBLE PRECISION KS.KB
DIMENSION T2(0:NU),CA(0:NU),V2(0-*NU)
COMMON NU,DELX,DEL,DELH,DIF,A,B,RS,KB,DK,RG,P,Q,TEP,XM,CS

ÏRITE(ISUHB,100)(DFLOAT(K)*DELX,1DO,T2(R),ODO,K=0,H) 
HRITEdSUMB, 100}XF,CE/(P/RG/TE),TE,VF
NRITE{ISUMB,IOO)(DFLOAT(K)*DELXICA(K)/(P/RG/T2(X)),T2(K),V2(K),

1K=M+1,I)
ISUHll=ISUMÏ+l
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100 FORMATC ',2%,D16.8,2%,F8.4,F12.4,2X,E12.4)
101 FORMAT!' ',2!,F13.5,2X,D16.8,2X,F6.4,2X,F12.4,2X,I3)

RETURN
END

C- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

C ANALYTICAL SOLUTION INITIALIZATION
C NEUMANN SOLN. ROOT DETERMINIZATION
C THE NEETON-RAPHSON TECHNIQUE IS USED

SUBROUTINE GAMMA(CE,CV,6AMN)
IMPLICIT DOUBLE PRECISI0N(A-H,0-Z)

SPI=1.7725D0
GAM0=-.6366D0‘CE/(1.0D0+.1574D0*CE*CRAT)
PARAM=.5D0/(CV-CE)
FLAG=0
GAMN=0

DO ÏHILE(DABS(GAM0-GAHN).GT.lD-8)
IF(FLAG.EQ.I)GAMO=GAMN
FLAG=1
PARAM2=GAM0*PARAM
GAMN=GAMO-(GAMOtERFC(PARAM2)tSPI+2.0D0*CE4DEXP(-PARAM2**2)) 

l/(SPI*ERFC(PARAH2)-2.ODO1GAMO*PARAH*DEXP(-PARAM2*t2)*(l.OD0 
2+2.0D0*PARAH*CE))

ENDDO

RETURN


