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ABSTRACT

Stockholders are willing to invest whenever they 
expect the return will compensate them for the 
postponement of consumption and the risk they have to bear 
in relation to the invested wealth. Although investors 
can easily use interest rate to calculate the return that 
will compensate them for insolvency, they do not have 
enough easily available objective information to assess 
the return that will compensate them for the risk faced.

This thesis, based on the capital asset pricing 
model provided by finance, makes it possible to calculate 
the return that compensates stockholders for investments 
in ten business lines in the extractive idustries. The 
assessed business lines are : iron ore, copper, lead and
zinc, gold, silver, uranium, coal, oil and gas, cement, 
and contract drilling.

With respect to stockholders' risk assessment 
techniques, this thesis contributes a technique that makes 
it possible to measure the statistical validity of the 
segment risk when assessed from diversified corporations.

iii



T-3031

TABLE OF CONTENTS
Page

ABSTRACT..................................................... iii
LIST OF FIGURES............................................. vi
LIST OF TABLES ............................................ viii
DEDICATION .................................................  ix
ACKNOWLEDGEMENTS........................   X

CHAPTER 1. INTRODUCTION ................................  1
1.1 Objectives............................... 1
1.2 Methodology.............................. 2
1.3 Outline .................................  3

CHAPTER 2 THE CAPITAL ASSET PRICING MODEL ..........  5
2.1 Basic Assumptions ...................... 5
2.2 Investment Preferences of Individuals. 6
2.3 Investment Opportunities.......... . ... 15
2.4 Introducing Borrowing and Lending  20
2.5 The Asset Market Equilibrium .........  22
2.6 The Assessment of Risk and Its

Relation to Return...................  24
2.7 Diversification and Risk............... 32
2.8 The Contribution of Individual Assets

to Portfolio Risk......    42
2.9 How the Capital Assets Pricing Model

Fits the Facts........................  45
2.10 The Point of View of the Investor.... 54
2.11 The Application to Capital Budgeting. 57
2.12 Financial Leverage and Risk..........  61

CHAPTER 3 THE USE OF THE CAPM AS A DECISION-MAKING
TOOL........................................  70

3.1 The Necessary Assumptions.............. 70
3.2 The Pure-Play Method...................  71
3.3 The Mathematical Programming Approach. 72
3.4 The Contribution of Multiple

Regression.............................. 79
3.5 The Utilization of Segment Betas

Variability in Decision-making....... 86
CHAPTER 4 AN APPLICATION TO EXTRACTIVE INDUSTRIES... 90

4.1 Introduction ...........................  90
4.2 Sample Definition and Data Collection. 90

iv



T-3031

Table of Contents (continued) Page
4.3 THE CALCULATION OF SEGMENT BETAS...... 101

4.3.1 The Oil and Gas Pure-Play..... 101
4.3.2 The Application of Mathema

tical Programming............. 101
4.3.3 The Application of Multiple

Regression..................... 106
4.3.4 Analysis of Results............ 110
4.3.5 An Application Example ....... 116

CHAPTER 5 CONCLUSIONS AND SUGGESTIONS FOR FURTHER
RESEARCH.................................... 120

5.1 The Conclusions for Extractive
Industries .........................  120

5.2 The Conclusions for Segments
Systematic Risk Assessment............ 121

5.3 Suggestions for Further Research...... 122
REFERENCES CITED ........................................... 126

v



T-3031

LIST OF FIGURES
Page

2.1 Individual's Utility Derived from Consump
tion in Current and Next Periods................  8

2.2 The Relationship Between Utility and
Expected Value and Standard Deviation of 
Returns on Portfolio ............................. 11

2.3 Indifference Curves for Individuals with
Different Degrees of Risk Aversion.............. 14

2.4 Possible and Efficient Investment Opportunities 
Set for a Portfolio p Formed by Two Assets,
A and B ............................................. 17

2.5 Investment Opportunities for Individuals
Investing Part of Their Wealth in the N 
Available Assets of the Market..................  19

2.6 Investment Opportunities when Individuals 
Can Lend and Borrow at the Risk-Free Rate
of Interest, RF ...................................  23

2.7 Equilibrium Between Investor's Preferences
and Opportunities.....................    25

2.8 The [E(R), o(R)] Influence of an Individual
Asset in the Market Portfolio...................  28

2.9 The Market Line....................................  33
2.10 Matrix of the Components of the Risk of a

Portfolio..........................................  35
2.11 The Effect of Diversification on the

Dispersion of Portfolio Return..................  40
2.12 The Empirical Effect of Diversification on

the Dispersion of Portfolio Return.............. 41
2.13 The Determination of Beta in Realized

Returns............................................. 50
2.14 The Individual's Investment Environment......... 55
2.15 Capital Budgeting in the CAPM Context...........  60

vi



T-3031

List of Figures (continued) Page
2.16 Returns and Money Flows in Homemade

Levered Investments............................... 62
2.17 Returns and Money Flows in Corporate Levered 

Investments.................................  64
3.1 The Statement of the MR Problem.................  83
3.2 The Use of Asset Beta Variability as a

Project Evaluation Tool ..........................  87
4.1 Statement and Solution of MR Problem:

Market-Value Equity Case......................  Ill
4.2 Statement and Solution of MR Problem:

Tangible Equity Case.............................. 112

vii



T-3031

LIST OF TABLES
Page

4.1 Base Sample. List of Corporations and
Tickers...........................   96

4.2 Base Sample. Segment Data and Indirect
Tests for W^j Proxies............................  98

4.3 Sample of Oil and Gas Pure-Play. Mean 
Values and Standard Deviations of Oil
and Gas Asset Betas............................... 102

4.4 Final Sample for Non-Oil and Gas
Corporations....................................... 107

4.5 Statement of and Solution to MP Problems :
Mar ket-Value and Tangible Equity Cases..........108

4.6 MP Approach Solutions for Market-Value
and Tangible Equities.......... 109

4.7 Summary of Betas Assessed......................... 113

viii



T-3031

DEDICATION
To Isabel » Rosario, and Martin, with all my love.

ix



T-3031

ACKNOWLEDGMENTS
The opportunity to study Mineral Economics at the 

Colorado School of Mines was made possible by a fellowship 
from the International Telephone and Telegraph 
Corporation. I am indebted to ITT for its generosity in 
allowing me to pursue my studies and to become better 
acquainted with the United States.

My sincere thanks to Dr. John Cordes who, as my 
advisor, enthusiastically supported the development of my 
thesis. My thanks also to Dr. Charles Lienert for his 
generous advice on the econometrics included in this 
thesis.

A special acknowledgment is due Dr. Jaime Guzman 
who provided my initiation into the fascinating field of 
finance, motivated my thinking about a thesis topic, and 
took time from his busiest hours to work with me.

A note of thanks, too, to Craig Murphy for his 
opportune and helpful counsel.

I shall forever be indebted to Rebecca de Kirberg 
for the loving care and many hours she devoted to making 
the lives of her daughter, her grandchildren, and her 
son-in-law more pleasant.

And to my parents, my deep gratitude for their 
moral and material support.

x



T-3031 1

Chapter 1 
INTRODUCTION

1.1 Objectives
Stockholders increase their current wealth by 

investing in assets that are expected to be worth more 
than they cost. While investments on assets mature, 
individuals cannot use their invested wealth for consump
tion purposes and have to bear the uncertainty of future 
outcomes associated with the investment. Stockholders 
expect that the investment return will compensate them 
adequately for the insolvency and risk,assumed. Although 
investors can easily use interest rate to calculate the 
return that will compensate them adequately for 
insolvency, they cannot easily calculate the return that 
will compensate them for the risk borne. The lack of 
objective information about investment risk is an obstacle 
in determining whether an asset is worth more than it 
costs.

Based on a theoretical foundation that incor
porates the concepts described above, the objective of 
this thesis is to assess the risk of various business 
lines in the minerals and fuels extraction industries.
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1.2 Methodology
The principle underlying this thesis is that of 

finance which states that the objective of the firm is to 
maximize the wealth of stockholders, the owners of the 
corporation. Under this principle, the capital asset 
pricing model (CAPM) provides an adequate measure of the 
capital asset's risk and an equilibrium relationship 
between capital asset's risk and its expected return. In 
its original form, the CAPM is stated in terms of 
unmeasurable investors' expectations that make the model 
untestable and useless as a decision-making tool. Under 
the assumption that realized returns on capital assets 
provide relevant information about investors' expec
tations. the CAPM can be tested and used as a decision
making tool. Based on the assumption that each business 
line faces homogeneous markets of inputs and outputs and 
uses the same technology, it is possible to state that 
business lines are homogeneous with respect to risk. 
Within the CAPM theoretical framework, it is possible to 
assess the business line risk from a market measure of 
corporate risk, by means of pure-play, mathematical 
programming, and multiple regression techniques. Using 
these methods, this study will assess the mean values and 
standard deviations of risk for the following business
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lines: iron ore, copper, lead and zinc, gold, silver,
uranium, coal, oil and gas extraction, cement, and 
contract drilling. The sample used for this purpose is 
composed of 28 corporations.

1.3 Outline
The thesis is structured as follows: in Chapter 2,

the CAPM is presented in the context of the objective of 
this thesis. Chapter 3 introduces the necessary 
assumptions for using the CAPM for decision-making 
purposes. The pure-play and the mathematical programming 
approach are introduced as the available techniques to 
measure business line risk. The mathematical programming 
approach as originally introduced is criticized and an 
improved version is suggested. Also, Chapter 3 discusses 
the use of multiple regression as a means for measuring 
the statistical validity of business line risk measured 
from a sample of diversified corporations. Finally, a 
method is suggested for incorporating the use of the 
business line risk variability as a decision-making tool 
for project evaluation. Chapter 4 describes the process 
of both sample and relevant data collection. Then, the 
estimation of business risk for the above mentioned 
segments is described. Finally, the results are analyzed.
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and an example of the use of the assessed values and their 
variability in hypothetical but realistic mining project 
evaluation case is presented. The last chapter presents 
two groups of conclusions and suggestions for further 
research.
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Chapter 2 
THE CAPITAL ASSET PRICING MODEL

2.1 Basic Assumptions
The capital asset pricing model (CAPM) was 

developed with two objectives :
1) Define an adequate measure of a capital 

asset's risk.
2) Find an equilibrium relationship between 

capital asset's risk and its expected return.
The CAPM is based on the following assumptions as 

outlined by Fama (1968):
(a) The market for capital assets is 

composed of risk averting investors, all of 
whom are one-period expected-utility-of- 
terminal-wealth maximizers, and find it 
possible to make optimal portfolio decisions 
solely on the basis of the means and standard 
deviations of the probability distributions of 
terminal wealth associated with the various 
available portfolios. If the one-period 
return on an asset or portfolio is defined as 
the change in wealth during the horizon period 
divided by the initial wealth invested in the 
asset or portfolio, then the assumption 
implies that investors can make optimal 
portfolio decisions on the basis of means and 
standard deviations of distributions of 
one-period portfolio returns.

(b) All investors have the same decision 
horizon, and over this common horizon period 
the means and variances of the distributions 
of one-period returns on assets and portfolios 
exist.
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(c) Capital markets are perfect in the 
sense that all assets are infinitely 
divisible, there are no transactions costs or 
taxes, information is costless and available 
to everybody, and borrowing and lending rates 
are equal to each other and the same for all 
investors.

(d) Expectations and portfolio 
opportunities are "homogenous" throughout the 
market. That is, all investors have the same 
set of portfolio opportunities, and view the 
expected returns and standard deviations of 
return provided by the various portfolios in 
the same way.

2.2 Investment Preferences of Individuals
Underlying assumption (a) there is a model of 

individuals' tastes. Consider a simplified situation in 
which an individual must decide what to do with a given 
amount of wealth, w^, for the next two periods in terms 
of consumption and investment. He has to decide what 
amount, c^, to leave for consumption for the current 
period, and at the same time, what amount, h^ = w^ - 
C]_, to invest in a portfolio, p, that will provide him 
an uncertain level of terminal wealth, w g , to be 
completely consumed during period 2, that is, eg =
W 2 . The tildes over wealth and consumption for period 2 
indicate that these are random variables that the 
individual cannot determine.

In the decision of how much to consume and.
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consequently, how much to invest in the current period, 
the individual is asumed to behave as if he attempts to 
maximize his expected utility, dependent on how much he 
consumes in each of periods 1 and 2. Utility can be 
expressed as U(ci, eg), which is assumed to be a 
monotone-increasing function of both c% and eg, and 
strictly concave in (c%,C2 ), as shown in Figure 2.1. 
Economically, monotonicity implies that the marginal 
utility of consumption is always positive; concavity 
implies that the marginal utility decreases as consumption 
in either period increases. At this point it is important 
to remember that, as in all utility theory, the 
individual's decision-making behavior proceeds as if he 
were an expected utility maximizer. He really need not 
have a utility function consciously in mind. What is 
assumed is that his observable behavior is 
indistinguishable from that of an expected utility 
maximizer.

Mathematically, assuming that the first and the 
second partial derivatives of U(ci, eg), monotonicity 
and concavity imply

dU/dc1 >0, dU/dc2 >  0,
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Figure 2.1 Individual's Utility Derived from Consumption 
in Current and Next Periods
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and

32U/3c ^ <  0. 32U/3c 2 <0, (2.1)
respectively.

The period 2 wealth and consumption, wg = eg
are random variables that can be expressed in terms of 
another random variable, the one-period return on the 
portfolio, Rp, assumed to be normally distributed. 
Then, if h^ = - c^ is invested in portfolio p
in period 1, wealth and consumption in period 2 are 
expressed as

w 2 = c2 = (W 1 “ cl) * (1 + Rp)• (2 .2)

The mean, R(c^), and the standard deviation of 
C2 , 0 (0 2 ), are related to the mean, E(Rp ), and 
standard deviation, o(Rp), of Rp as follows :

E(C2) = (w^-ci) * [1+E(Rp)]
and

o(c2 ) = (wi-ci) * o(Rp ) (2.3)

Now it is possible to relate the expected one- 
period return on portfolio p. E(Rp ), and the indivi
dual's utility derived from consumption in the current and
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next periods, U(c%,C2 ). Figure 2.2 shows the effects 
that hypothetical changes in the probability distributions 
of terminal consumption, eg. would produce on the 
utility of a risk averse investor, UfCi.cg), for any 
given level of current consumption, c^. Let us assume 
that the investor of our example is concerned with the 
utility derived from the possible levels of terminal 
consumption included in a range that has a probability P* 
of occurrence. That probability P* corresponds to the 
area under the distribution function, included within some 
number of standard deviations around the mean value. The 
left-hand panel of Figure 2.2 shows the effect of a 
positive shift of the expected value of terminal 
consumption when the standard deviation is kept constant. 
After the shift due to monotonicity of the utility curve, 
the individual experiences higher utility at any possible 
level of consumption included in the range of his 
concern. Consequently, given a level of current 
consumption, higher levels of expected terminal 
consumption are desirable for the investor.

The right-hand panel of Figure 2.2 shows the 
effect of an increase in the standard deviation of the 
probability distribution of terminal consumption, eg, 
while the mean is kept constant. After change, the range



T-3031 11

Figure 2.2 The Relationship Between Utility and Expected 
Value and Standard Deviation of Returns on 
Portfolio
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of possible utilities of his interest has expanded towards 
both higher and lower levels of utility. But because of 
the concavity of the utility curve resulting from the 
investor risk-aversion, the expanded range is larger 
towards lower utility levels. For this reasons, for a 
given level of current consumption, higher levels of 
variability in the terminal consumption are undesirable 
for the investor. From (2.2). the same analysis developed 
for terminal consumption, eg, is valid for the return on
any portfolio p, Rp .

In summary, the expected utility of a risk averter
is an increasing function of expected return on portfolio 
p, E(Rp), and a decreasing function of standard 
deviation of return on portfolio p. o(Rp ). Given this 
relationship, it is possible to derive indifference curves 
in the plane [E(Rp), o(Rp)], defined by the set of 
combinations of E(Rp ) and o(Rp) that produce the 
same levels of expected utility, V^. Bedause utility 
increases with E(Rp ) and decreases with o(Rp ), 
indifference curves must be upward sloping to the right. 
For the individual to take on more standard deviation of 
returns without changing his utility level, he must be 
compensated with a larger expected return. In addition, 
it can be shown that the marginal compensation for taking
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on more standard deviation of returns required by the 
individual increases with the standard deviation of 
returns (Fama and Miller 1972). Figure 2.3 shows the 
general form of indifference curves [E (Rp , o(Rp)] 
for different levels of an individual's risk aversion.
The arrows indicate the direction in which expected 
utility increases, that is, upward to the left.

The shape of the indifference curves can be 
interpreted in terms of mean-variance optimal portfolios 
defined as one for which there is no other with the same 
or higher expected return, E(Rp), that has lower standard 
deviation, o(Rp). A set of portfolios with this 
characteristic is called the efficient set.

While assumption (a) (Section 2.1) is related to an 
individual's tastes and behavior, assumptions (b). (c), 
and (d) extend the portfolio opportunity set available to 
each investor to all possible investors in the market. 
Assumption (b) refers to the timeframe establishing the 
same decision-making time and horizon of the portfolio 
investments for all individuals. Assumptions (c) and (d) 
standardize both the set of available portfolios and 
investors' evaluations of the combinations of expected 
return and standard deviation provided by each member of 
the efficient set.
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-Figure

Less Risk Averse

More Risk Averse

2.3 Indifference Curves for Individuals with 
Different Degrees of Risk Aversion



T-3031 15

2.3 Investment Opportunities
So far, the preferences of investors have been 

described. The expected utility-maximizing, or optimal, 
portfolio must result from the balance between investors' 
preferences and investors' opportunities. If an investor 
decides to make simple use of his opportunities by 
investing in a portfolio formed by two assets, A and B, 
these two assets must be mean-variance efficient; that is, 
the asset with lowest standard deviation of one-period 
return must also have the lowest expected return. In 
addition to choosing the assets to be included in the 
portfolio, the investor has to allocate his investment 
between both assets. As established above, decisions are 
taken in terms of expected values and standard deviations 
of returns. If the expected values and standard 
deviations of one period returns for assets A and B are 
E(R&), o (Ra ), and E(R%), and o(RB ), respectively, 
the set of E(R), o(R) for possible portfolios are expressed

E(Rp ) = XA * E(Ra ) + (1-XA ) * E(RA ) (2.4)

and

o(Rp ) = [X2a  * o 2 (Ra ) + (1-XA )2 * o 2 (Rb )

+ 2 * XA * (1-XA ) * COV(Rr .Rb )] 1/2
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= [X* « <J2 (Ra ) + (1 - x^) * a2 (RB ) + 2 * Xa

• (1-XX) * rRA-6B*°(5R) * 0(6B)]1/2 (2-5)

where Rp is the one-period random return on the portfolio 
formed by assets A and B, X& is the proportion of the
total investment assigned to asset A and r~ ~ is the

A'RB
correlation coefficient between and R ^ .

Solving (2,4) for and replacing this value in
(2.5), it is possible to obtain an expression relating
E(R ) to o(R ), and r~ ~ that, when evaluated,

P P A B
gives solutions as those presented in Figure 2.4. For the
general case of imperfectly correlated returns (i.e.,
-l<r~ = <1), for any given E(iL), the value of

_ A' B P
o(Rp) must be to the left of the perfectly positive
correlation line AB and to the right of the perfectly
negative correlation line, ACB. The expected return on a
portfolio p formed by a combination of assets A and B is
exactly the weighted average of the expected returns on A
and B, where the weights are the proportions of investment
assigned to each asset. So long as the returns on A and B
are less than perfecty positively correlated, however, the
standard deviation of the return on the portfolio is less
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r = -1

r= r

Figure 2.4 Possible and Efficient Investment Opportunities 
Set for a Portfolio p Formed by Two Assets, A 
and B
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than the weighted average of the standard deviations of 
the returns on assets A and B . The lower the degree of 
positive correlation between returns on assets A and B, 
the higher the reduction of the standard deviation of 
portfolio return, a(Rp ), for any given level of 
expected portfolio return, E(Rp ), derived from the 
diversification effect.

Returning to Figure 2.4, the mean-variance 
efficient set of portfolios is that indicated with solid 
lines. For any of the portfolios indicated with dashed 
lines, it is possible to find another with the same 
standard deviations but with higher expected return among 
those indicated with with solid lines. The lines 
including efficient portfolios must be upward sloping to 
the right and it can be shown that these lines must be 
concave (Fama and Miller 1972).

For a market with N assets, the opportunities of 
investment given by any pair of assets can be represented 
by curves like those in Figure 2.4. The frontier of 
possible investment opportunities when all the N assets of 
the market are held is represented by the envelope of 
every pairwise frontier. The wide line of Figure 2.5 
shows the general form of this envelope.
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Figure 2.5 Investment Opportunities for Individuals 
Investing Part of Their Wealth in the N 
Available Assets of the Market
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2.4 Introducing Borrowing and Lending
By assumption (c) of the CAPM (Section 2.1)

individuals were assumed to be able to borrow and lend at
some risk-free rate. The ability to lend part of
investor's current wealth at some risk-free rate of
interest, R_, implies the addition to the market of a r
new asset whose distribution of returns has a null
standard deviation and a certain return equal to R_.r
The expected value and standard deviation of the returns 
on any portfolio, P, formed by that riskless asset and any 
risky portfolio Y of the efficient set already described, 
would be given by

E(Rp ) = X*Rp + (1 - X) * E(Rp ) (2.6)
and

0(Rp ) = (1 - X) * 0(Rp ). (2.7)

where X is the proportion of the current investable wealth
that the individual decides to lend at the risk-free rate
of interest, R_.r

Solving (2.6) and (2.7) for X, it is possible to 
obtain an expression that relates the expected value and 
the standard deviation of the return on the new 
portfolio. The resulting expression is
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E(Rp) = Rp +

Rp and the expression included within the brackets

are constants. Hence, E(Rp) is a linear function of
o (R p ). The possible portfolios that combine the
riskless asset, F, and the risky portfolio, Y. are
represented in Figure 2.6 by the dashed line connecting
Rp and Y. From the figure, it is easy to realize that the
risky portfolio, Y, could be chosen from the efficient set
in a way in which higher expected values could be obtained
for the same standard deviations. In fact, if the
straight dashed line is rotated counterclockwise around
Rp, it is possible to find the set of portfolios with
the highest expected returns for each value of standard
deviation. Such a condition is found when the straight
radial line rotating around Rp is tangent to the
efficient set of risky assets at M. At the point Rp,
the portion of the investment loaned at R_ is X = 1, whilec
at the point M, X = 0. Points below M along R_Mr
correspond to lending portfolios (X ̂  0). By relaxing the 
restrictions of positiveness for X given in (2.7) and 
allowing this proportion to take negative values, it is 
possible to extend the investment possibilities.

(V - rf
°(Ry)

o(Rp) (2.8)
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Interpreting negative lending, (X<[0), as borrowing,
the investors can now borrow money at the interest rate,
R_, and invest it in the portfolio M. Points above M r
along R^MZ correspond to borrowing portfolios (X <  0).
At given levels of o (Rp ), there are portfolios along
RpMZ which provide higher levels of E(Rp ) than the
corresponding points along YMA. Consequently, as
established in assumption (c) (Section 2.1). when
investors can borrow and lend at the same rate R„, ther
efficient set of investment opportunities is formed by 
portfolios lying along RpMZ.

2.5 The Asset Market Equilibrium
Provided all investors have the same horizon and

view their portfolio opportunities in the same way, the
CAPM implies that everybody perceives the same set of
efficient portfolios as the one represented in Figure 2.6,
where all efficient portfolios for all investors will lie
along R_MZ. Portfolios above M are riskier and involve r
the investment in the risky combination M of the whole 
portion of the current investable wealth, plus the 
borrowings (X <  0). Portfolios between Rp and M are 
less risky and involve investments that distribute the 
available funds between lending, (X > 0 ) .  at the risk-free
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Figure

O'(fy
2.6 Investment Opportunities when Individuals Can

Lend and Borrow at the Risk-Free Rate of Interest, 
R„
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rate. R_, and the risky combination, M. Individual r
attitudes toward risk and return, represented by different 
indifference curves, will define whether each investor 
chooses one particular portfolio involving risk-free 
borrowing or lending. Optimum portfolios for all 
investors will involve some combination of the riskless 
asset, F, and the portfolio of risky assets, M, as shown 
in Figure 2.7. There will be no incentive for anyone to
hold risky assets not included in M. Any asset not
included in M, in exactly the proportion in which it is 
outstanding, would imply that this asset is not held by 
any investor. This is inconsistent with equilibrium, 
since in equilibrium market clearance implies that all 
assets must be held. Consequently, as represented in 
Figure 2.6, M consists of all risky assets in the market, 
each weighted by the ratio of its total market value to 
the total market value of all assets. The riskless rate, 
R p , must be the equilibrium rate at which the total 
quantity of funds that people want to borrow is equal to
the quantity that others want to lend.

2.6 The Assessment of Risk and Its Relation to Return
Consider the case of a rather risk-averse investor 

who holds some efficient portfolio P. According to his
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Figure 2.7 Equilibrium Between Investor's Preferences and 
Opportunities
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preferences, he has distributed his investment, assigning
some proportion, X^, to the riskless asset, F, and the
rest, XM = 1 - Xp, to the market portfolio, M. Regarding
each dollar invested in F, this investor will require that
he is paid with a return equal to the riskless rate, Rp
Regarding each dollar invested in any risky asset i
of M, besides being subjected to its unavailability, the
investor will be exposed to the uncertainty about its
future return. The return the investor will expect on
each dollar invested in asset i, R^, will be
consequently higher than R_. The differences betweenc
expected returns on asset i and on asset F, R. - R„,1 r
will be the premium he requires for his risk exposure.
The defined risk premium on i is an exclusive function of 
the risk associated with such asset.

The return R_ on portfolios G formed by investing a
VI

proportion in any risky asset i and (1-X) in the market 
portfolio M can be expressed as

RQ = X * R i+ ( 1 - X )  * Rm , X <  1 (2.9)

The return R^ on portfolios H formed by investing 
a proportion X in the riskless asset, .F, and (1-X) in the 
market portfolio, M, can be expressed as
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RH = X * RF + (1 - X) * . (2.10)

The combinations of E(R) and o(R) that can be 
obtained by investing in portfolios G will lie along a 
curve like 3 in Figure 2.8, similar to one of those 
in Figure 2.4 except that now X is allowed to take 
negative values. The attainable combinations of E(R) and 
o(R) by investing in portfolio H will lie along a 
straight line like RpMZ in Figure 2.8.

YMA represents the efficient set of no lending, no 
borrowing portfolios, that is, portfolios whose particular 
combinations of risky assets provide maximum expected 
returns for each level of standard deviation. The 
alteration of the weight of any asset i in these port
folios will make them inefficient. For any given level of 
standard deviation, the expected return on portfolios G, 
represented by iMi1 , in Figure 2.8, will be below that of 
no-lending, no-borrowing efficient portfolios along YMA, 
except in point M, where the importance of asset i is not 
exaggerated (X = 0). It is easy to show that iMi' and YMA
are tangent at M. Since R M Z  represents the efficientF
set when lending and borrowing are allowed, this curve is
tangent to YMA at M, as shown in Figure 2.8. Thus, R M ZF
and iMi1 are tangent at M. Mathematically this is
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Figure 2.8 The (E(R), CT(R) ) Influence of an Individual 
Asset in the Market Portfolio
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dE(RG ) = dE(RH ), when X = 0 (2 .11)
da(RQ ) da(RH )

Using the chain rule, (2.11) can be written as

dE(RQ ) * dd(RG ) -1 dE(RH ) w dd(RH )
dX dX dX dX

-1
, X = 0 

(2 .12)

where the expected values and standard deviations on 
returns of portfolios G and H can be expressed similarly 
to (2.4), (2.5), (2.6), and (2.7), as

E(RQ ) = X * E(Ri) + (1 - X) * E(Rm ) , (2.13)

o (Rq ) = [X2 * c2 (Ri)

2 7 ~  ~  ~  1/2+ (1-X) * o z (Rm ) + 2 * X(1 - X) * cov(Ri,RM )]i/ ,(2.14)

and

E(Rh ) = X * Rp + (1 - X) * E(RM ) , (2.15)

o(RH ) = (1 - X) * d (RM ) (2.16)

respectively. Taking derivatives in (2.13), (2.14), 
(2.15), and (2.16), and evaluating them at X=0,
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dE(RG )
dX~

= E(Ri) - E(R%) 
X = 0

da(RG )
dX

= COV (Ri# Rm ) - a (Rm ) 
X = 0 d C ^ )

dE(RH )
dX

-  Rp E(R^)
X = 0

dd(RH )
dX

=
X = 0

By substituting (2.17), (2.18), (2.19), and
(2.12), it becomes

[E(Rj) - E(Rm )] * d(RM ) = E (Rm ) - Rp 
cov(R,Ri) - d=(R^) d(R^)

Solving for E(R^),

E(Rt) = Rp + [E(RM )-Rp]* cov (R^ ,RM ).i=l,2,

where N is the total number of assets in the 
Solving for the risk premium on asset

(2.17) 

(2.18)

(2.19) 

(2 .20)

(2.20) in

(2 .21)

..,N (2.22)

market. 
i, leads to
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E(Ri)-RF = [E(RM )-RF )*cov(Ri.RM ) = X*cov(Ri. R̂ )̂ . (2.23)
2 ~

1 = 1.2 N,
where X, the ratio of the risk premium for the expected 
return on the market portfolio to the variance of this 
return is the same for all assets. Consequently, the risk 
premium on any asset is a function entirely dependent on 
the covariance of the returns on the asset and on the 
market. This coefficient can be interpreted as the market 
price per unit of risk, so that the appropriate measure of 
the risk of any asset i is cov (ÊL ,R^). Risk can be 
expressed as a fraction of market return variability by 
means of a proportional risk measure that can be defined as

B. = COV (Rj.Rw) . (2.24)

where , the beta of the i-th asset is a measure of 
the risk portion that is independent of the particular 
variability of market return. Replacing (2.24) in (2.23)

yields

E(Ri - Rp = [E(Rm  - Rp] * 8^ . (2.25)
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Rearranging (2.25)
E(Ri = Rp + [E(R^) - Rf J * B i . (2.26)

Equation (2.26) is the most representative expression of 
the CAPM, whose graphical representation, as shown in 
Figure 2.9, is known as the market line, the line that 
shows the relationship between expected return on any 
asset i and its proportional risk, J3^.

2.7 Diversification and Risk
So far, the word "risk" has been reserved for the 

measure of this property in assets held in the fully 
diversified market portfolio. Since the objective was the 
introduction of the capital asset pricing model, it was 
reasonable to keep the term risk for the concept that was 
relevant to the model to be developed. It is now 
pertinent to broaden the concept of risk beyond the 
context in which it has been circumscribed in order to 
explain something more about its structure. Let us define 
as "total risk" of an investment the variance of the 
returns on the pertinent asset or portfolio held.

The return on portfolios P with n assets i held in 
the proportions X^, Rp, can be given by
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Figure 2.9 The Market Line



T-3031 34

n
Rp = E X .  * R. , 0 < X . < 1  (2.27)

r  i = 1  1 1  i

The total risk, d 2(Rp ), as defined above is

n n n
<J2 ( RD ) = Z X?* o 2(R?) + Z Z X.* X, * cov(R. .R. ). iflfcj (2.28)

P i=l 1 1 i=l j=l 1 3 1 3

The first term on the right-hand side is the sum of
the variances of the returns on each of the n assets,
weighted by the square of the proportions invested in each
of them, X ^ . In the matrix representations of (2.28),
in Figure 2.10, the weighted variances are in the n darked
cells along the diagonal of the portfolio P matrix. In 

2the n -n remainder cells are the covariance terms for
all possible pairs among the n assets of portfolio P. The
total risk of portfolio P can be simply obtained by adding 

2up all the n terms in the portfolio P matrix. The
relative importance of the variances with respect to
covariances of returns in the total risk of portfolio P
can roughly be appreciated by the relative number of
addends of each class. The number of weighted covariances 
will always be (n-1) times the number of weighted 
variances. The higher the number of assets, n, in the
portfolio P, the higher the ratio of the number of
covariance terms to the number of variance terms.
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Assume that all assets in portfolio P are held in 
the same proportion, i.e., = Xj = 1/n. Then (2.28)
becomes

? n n n
o (R ) = / A 2 * E d z(R. ) + (r\2* E E cov(R, .R.).ijfj(2.29)

P \aj i = l 1 Vr/ i = l j = l 3

Since there are n and n*(n-l) terms in the first
sum and in the second double sum, respectively, (2.29) can 
be expressed as

a (Rp ) = 1 
n

n2 ~1 Z a (R.)
n i = l

+ Î. n(n-l) 
n

n n
E E cov (R.,R .)

n(n-l) i=l j=l i J (2.30)

in which the first and the second terms within brackets
2 ~are the average variance, a (R^), and the average

covariance, cov (R^,Rj), respectively. Thus, equation 
(2.30) can be rewritten as

<J2 (Rp) = 1 « C2 (Ri ) + 
n

1 - 1  * cov (Ri,R .) (2.31)
n

As n increases, 1/n tends to zero and (1-1/n)
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approaches unity, so that the total risk of portfolio P 
approaches the average covariance between the returns on 
the particular risky assets composing the portfolio. The 
total risk of a portfolio of many risky assets depends 
mainly on the relationships between the returns on the 
individual assets. The contribution of any risky asset to 
the dispersion of the portfolio return depends mostly on 
the relationships between the return on the asset 
considered and the returns on other assets in the 
portfolio, rather than on the dispersion of the 
unconditional distribution of the return on each asset 
alone. Given this conclusion, it is interesting to 
analyze further the covariance of the returns on any pair 
of risky assets, which can be expressed as

cov(R.,R.) = r~ o(R.) * d(R.), (2.32)i j i j J

where r~ ~ is the correlation coefficient between the 
i j

returns on assets i and j. In (2.32), the relationship 
between the returns on assets is represented by the 
correlation coefficient while the standard
deviations o(Rj^) and o(Rj ) are measures of the 
dispersions of the unconditional distributions of the 
returns on individual assets, parameters that were found 
to be unimportant in the dispersion of the return on a
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portfolio of many assets. Let the distributions of the 
returns on all assets have the same dispersion. In terms 
of standard deviations, this condition can be expressed as

o(R^) = o(Rj) = o(R), i = J (2.33)

Introducing (2.33) and (2.32) in (2.30),

2 *** (Rp) 1 * O (R) + 
n

1 -
2 ~* d (R) * r .(2.34)

R^Rj,(n)

where r~. ~ . is the average correlation coefficient k i ,k j v n;
between returns on n risky assets. Arranging (2.34) in

the form

O (Rp) = o 2 (R) - r_ _ * o 2 (R)
R^,Rj(n)

n-1

+ r E-.Rjfn) * o (R) . (2.35)

it is easier to observe the diversification effect on 
2 ~total risk, o (Rp ). This effect is represented 

graphically in Figure 2.12.
In practice, returns on different assets are 

neither perfectly correlated nor totally independent; 
correlation coefficients between returns are usually
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somewhere between 0 and 1. Consequently, the average
correlation coefficient will also have some value between
0 and 1. The total risk, o2 (Rp), of our portfolio P
with n assets of equal return dispersions, held in equal
proportions, 1/n, will decrease exponentially from the.
risk of one individual assets, o2 (R), (n=l) to a
fraction a = r~ ~ of that value for n = N. «

i • j
depends on the correlations between returns on all the 
available assets. When n=10, the reduction of total risk 
of portfolio P will be about 90% of the total attainable 
reduction. Wagner and Lau (1971) developed an empirical 
study to show the effect of diversification on portfolio 
returns dispersion. They calculated the dispersions of 
many portfolios of different sizes from a random sample of 
assets. As shown in Figure 2.12, the general shape of the 
experimental function of variance versus number of assets 
held in the portfolio is similar to that in Figure 2.11.

As previously stated regarding the effects of 
diversification, most of the benefit from risk reduction 
is obtained with relatively few assets and beyond, say, 10 
securities, the improvement is slight.

As shown in Figure 2.12, the risk that can be 
potentially eliminated by diversification is called 
"unsystematic" or "unique" risk. Unique risk is derived
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n1

Figure 2.11 The Effect of Diversification on the Dispersion 
of Portfolio Return
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unique
risk

total
riskmarket

risk

1 n

Figure 2.12 The Empirical Effect of Diversification on 
the Dispersion of Portfolio Return
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from the fact that several uncertainties surrounding an 
individual company are peculiar to that company and 
perhaps its immediate competitors. The risk that cannot 
be avoided by diversification is commonly called 
"systematic" or "market" risk. Market risk is derived 
from the fact that there are some economy-wide factors of 
uncertainty which impact all businesses. This is what 
induces the coordinated movement of asset returns. For a 
reasonably well diversified portfolio, the predominant 
source of uncertainty is associated with market 
movements. With the CAPM, we found the relevant 
measurement of risk of individual assets and now we have 
found the relevant type of risk for a diversified 
portfolio. To relate these two findings, we need to know 
how individual asset risk affects diversified portfolio 
risk.

2.8 The Contribution of Individual Assets to Portofolio

Analogous to what was done with (2.27) and (2.28),

the total risk of the market portfolio M, o2 (RM ), 
can be expressed as

Risk

* o2 (Ri) + E
n n

1 =  1
E E X .  X.*cov(R.,R.) 

i=l j=l 1 3 1 3
W i
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N N
= E E X.*X.*cov(R.,R.) (2.36)
i=l j=l 1 3 1 3

The matrix representation of (2.36), analogous to 
that of (2.28), is shown in Figure 2.11. By adding up 
each row of the "market portfolio matrix" in turn, a 
measure of the total contribution that each stock makes to 
the market portfolio risk is obtained. From (2.36), the 
total contribution of any asset i is given by

N
Total Asset i Contribution = E X.*X.*cov(R. R .)

j=l 1 3  1' 3
N

= X^* E X.*cov(Ri,R.) = X i*cov(Ri,RM ) = X i*OiM (2.37)
J — 1

Thus, the total contribution of any asset i to 
market portfolio risk depends on its relative market value 
X^ and on its covariance with the market portfolio,

cov (R^.R^), which is the appropriate CAPM's measure 
of asset i's absolute risk obtained in (2.23). The values 
X^ * are in the cells of the column to the right
of the market portfolio matrix in Figure 2.10. The sum of 
the terms in the cells of this column is the total risk of

2 ~the market portfolio, a (R^).
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The proportional contribution of any asset i to
2 ~market portfolio risk, a (R^), can be defined as the

total contribution of asset, * o ^ ,  divided by the
2 ~total risk of the market portfolio, o (R#),

Proportional Asset i Contribution = X.*CQV ^R i,RM^
1 2 ~

» X.» q iM (2.38)

°2< v
But the ratio cov (ÊL ,R^)/o^(R^), as defined

in (2.24), is the beta of asset i, B ^, or market
sensitivity of the asset i. Obviously, the sum of the
proportional contributions to risk of all the assets of
the market must equal 1.0, so that it can be written 

N N
Z X. * iM = E X . *  B. = B«= 1.0 (2.39)

U 1  i=l 1 1 M

The beta of the market portfolio, B^, must equal 
unity. Assets with a beta greater than 1.0 are unusually 
sensitive to market movements. A diversified portfolio of 
such stocks is more risky than the market. On the other 
hand, assets with betas less than 1.0 are unusually 
insensitive to market movements. A diversified portfolio 
of such assets is less risky than the market.

However, the market portfolio, M, is not the only
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possible diversified portfolio. From the analysis of the 
effects of diversification, we know that a 
quasifully-diversified portfolio can be formed with about 
ten randomly selected assets (Wagner and Lau, 1971). 
Because unsystematic risk in those portfolios has been 
practically eliminated, the relevant measure of risk for 
individual assets held in them is also beta. The 
contribution of any asset i to the systematic risk of a 
diversified portfolio is the product of the portion of 
total invested funds that have been assigned to asset i,

, and the systematic risk of such asset, 13̂ . The 
most adequate measure of risk of any diversified portfolio 
is the weighted average of the betas of all its component 
assets in the proportions in which they are held. Thus, 
the risk, Bp . of any diversified portfolio of n assets,
P, can be expressed as

nBp = I- X.* fi.; (2.40)
* 1=1 1 X

that is, the systematic risk of a portfolio is the 
weighted average of the systematic risk of its assets.

2.9 How the Capital Asset Pricing Model Fits the Facts
Processes involving human behavior are controlled 

by a large number of variables from which only a few can
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be identified and measured. Reality and usefulness in 
economic models can only be attained at the expense of 
simplicity. Reality and usefulness of an economic model 
can be tested by analyzing whether pertinent economic 
agents behave as if they were following the specifications 
of the model. The ultimate test of any model is whether 
it fits the facts.

Starting with matters on which there is general 
assent, almost nobody disagrees with the idea that 
investors require to be compensated with some extra return 
for taking risk. It would not be easy to find anyone 
willing to invest in risky assets for the same expected 
return of Treasury bills.

It also appears to be the concensus among investors 
that the risk they are concerned with is the one that 
cannot be eliminated by diversification. If investors 
were not able to diversify away unique risk by themselves, 
they would be willing to pay for that service. Then, 
whenever two companies merge to spread their risks, the 
share price of the resulting company should be higher than 
the weighted average share price of the separate 
companies. Furthermore, investment companies that invest 
in the shares of other firms should be more highly valued 
than the shares they hold. But neither of both phenomena 
are observed.
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Both the required return compensation for risk and 
the relevant measure of risk when diversification is 
available to investors are concepts simply captured by the 
CAPM.

The first assumption of the CAPM, introduced at the 
beginning of this chapter, states that investors are risk- 
averse, expected utility maximizers, who act on the basis 
of the means and standard deviations of probability 
distributions of returns. This assumption is based on the 
implicit requirement that either the utility functions are 
quadratic or that the returns are normally distributed 
(Fama and Miller 1972). In fact, when measured over some 
fairly short intervals, the past rates on almost any stock 
closely fit a normal distribution (Brealey and Myers 1984).

The assumption of perfect markets requires the 
absence of taxes, no transaction costs, costless and 
freely available information, and equal borrowing and 
lending rates for all investors. It has been demonstrated 
that the CAPM is still valid when investors face 
differential taxes on dividends and capital gains (Brennan 
1970). The absence of transactions costs is clearly 
contradicted by the existence of financial 
intermediaries. Nevertheless, the friction introduced by 
this imperfection does not seem to be important to the
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validity of the CAPM, which remains unchanged in the less 
restricted efficient capital market. An efficient capital 
market is one where prices of securities fully reflect 
available information, a condition that was empirically 
found to hold (Fama 1965, Fama et al, 1969). The equal 
borrowing and lending rates are contradicted by the fact 
that borrowing rates are generally higher than lending 
rates.

More important than the analysis of the individual 
assumptions themselves is the test of whether economic 
agents behave as if they followed the model. Unfor
tunately, there are two problems in testing this 
behavior. First, the CAPM is stated in terms of expected 
returns, in circumstances that we can observe only actual 
returns. Second, the market portfolio should include all 
risky investments, whereas only fractions of such a 
portfolio are observable in reality.

Since there is no reason to think that all expected 
returns will in fact be realized, we can only hope that on 
the average the difference between expectations and 
realizations will be null. Individual differences would 
be accounted for by an error term in the CAPM tests. In 
relation to the second problem of testing, it was taken 
care by appropriate statistical treatment of the data.



T-3031 49

In practice, to test the CAPM means to check the 
validity of (2.26) by statistical procedures. By 
expressing covCRi.R#) in terms of (2.32), replacing 
expectations R by realized returns R 1, and rearranging,
(2.26) can be rewritten as

[E(R') - R ] = [E(RA) - R' ]* r * o (R'i)
1 ° (R*>

(2.41)
From statistics, the correlation coefficient 

between returns on any asset i and the market portfolio M, 
can be expressed as

tBl s.- fl * g(R . <2 -42)R,i-R M

which yields

a(R'i)

* o(R'.) (2.43)
i ■ % 0 (r 'm )

is the slope of the straight line that best fits a series 
of pairs of values (R'^,R'^). Thus, the risk measure 
of asset i, fi ^, equals the slope of the regression line 
of the pairs (R'M ,R'^) or, equivalently, the pairs 
(R'm  -R£ .R'i-R'F )=(R *m ,R *i). as shown in 
Figure 2.13.
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R j = R j - R

Figure 2.13 The Determination of Beta in Realized
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Among the most significant contributions to testing 
the CAPM are those of Jacob (1971), Miller and Scholes 
(1972), Blume and Friend (1973), Black, et al., (1972) and 
Fama and McBeth (1973). In general they use the following 
two-step methodology:

1) A time-series least squares regression 
analysis for

R it = + cit (2.44)
where

R it = [E(R'^)-R'p] is the realized risk
premium on asset or portfolio i at time t,

= [E(R'M )-R'F t ] is the realized risk 
premium on market portfolio at time t, 
ou and 13̂  are the parameters of the model.
The second one the measure of proportional
systematic risk of asset or portfolio i.

is a random error at time t term with
E (cit) = 0 and SE(e^t ) = 0 (e^ ).

The proxy normally used for R' is the Treasuryr l
Bill yield at time t.

2) A cross-sectional data regression analysis 
for a wide range of asset and portfolio's

as calculated in (2.44). The model used
is
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E ( R ‘i)=Y0+Yl* &1 + Y2* +Y3* .SEi+Tli (2.45)

where SE^ is the sample standard deviation of the error 
term of (2.44), and is a measure of the 
unsystematic or unique risk of the asset or portfolio i, 
and is the disturbance term with E(tî ) =0 and 
independent of the rest of the variables.

The fitness of the CAPM to the reality is expressed
in terms of the accomplishment of the following
conditions :

1) On the average, high (low) risky assets or 
portfolios should have high (low) returns,
i.e.. dE(R'i)/dGi = Yx > 0 .

2) On the average, the relationship between 
E (R'^) and should be linear, i.e.,

Y2=° •
3) The slope of E (R'^), G^, should be equal

to the mean market excess return, i.e.,

yi =  e ( r ,m ) " rf -

4) The constant term should equal the mean
risk-free rate. i.e.. y = R_.O r A5) The unsystemmatic risk term, SE^, should
not have any influence on E (R'^), i.e..

Modigliani and Pogue (1974) summarize in simple
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terms the conclusions that can be extracted from these 
tests :

1) There is a significant positive relationship
between realized returns and systematic risk 
(Y]>0). Nevertheless, the slope of the 
relationship (y 1) is usually less than 
predicted by the CAPM. That is, riskier 
investments are subcompensated, and less 
risky investments are overcompensated with 
respect to CAPM predictions.

2) Risk and return appear to be linearly related
(Y2=0)•

3) It was not possible to discriminate between
the effects of systematic and unsystematic 
risks on realized returns. Both kinds of 
risk appear to be positively related to 
security returns. Nevertheless, there is 
enough evidence to support that the positive 
relation between unsystematic risk and return 
is at least partly spurious because it partly 
reflects statistical problems rather than the 
true nature of capital markets.

From these conclusions, it is not possible to claim 
that the CAPM is an accurate representation of market
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realizations. The empirical tests do tell us that the 
CAPM provides a useful measure of risk, able to reflect 
the fact that investors are willing to take risk only if 
they are compensated for it.

2.10 The Point-of-View of the Investor
Until now, we were concerned with the owners of 

assets. After being so close to the investor, describing 
his tastes, objectives, and horizons, let us look beyond 
to his whole environment of opportunities, a simplified 
picture of which is sketched in Figure 2.14. In the 
center of Figure 2.14 is any investor. I, represented by a 
star, surrounded by companies, C, drawn as rounded solid 
line figures, representing his current investment 
opportunities, and projects, 0, drawn as free small 
squares, representing future investment opportunities. 
Projects can be undertaken by current or to-be-created 
firms, incorporating them as subunits, S. Firms can be 
considered as portfolios of these subunits. Individuals, 
such as the one represented in Figure 2.14, can form their 
portfolios by choosing to hold shares from available 
firms. Our individual's portfolio is represented by the 
hatched area in Figure 2.14. The shares of the firms that 
are not included in our individual's portfolio are held by
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2.14 The Individual's Investment Environment
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other Individuals not represented in the picture. In 
equilibrium, however, all shares of all firms are held. 
Whenever the manager of some of the firms included in I's 
portfolio decides to adopt one of the available projects, 
0, that project becomes part of that firm's portfolio of 
subunits, and consequently part of I's portfolio. In 
previous sections, we saw that diversification makes sense 
for individual investors. But, is a diversified firm more 
attractive to investors than an undiversified one? If 
investors can diversify by themselves, they will not pay 
an extra premium for firms that diversify. On the other 
hand, if investors have a wide enough choice of assets, 
they will not pay any less because they cannot invest 
separately in each of the previously defined subunits. 
Then, in countries with large and competitive capital 
markets, diversification neither adds nor subtracts value 
to firms (Brealey and Myers 1984). The total value is 
simply the sum of its parts. This conclusion comes from 
the concept of value additivity, which was originally 
stated by Myers (1968) as follows: if the market values
of two subunits A and B, physically independent, are PV(A)
and PV(B), respectively, then the market value of a firm 
that holds only these two subunits is

PV(AB) = PV(A) + PV(B). (2.46)
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For a firm composed of three subunits A, B, and C, its 
market value is

PV(ABC) = PV(A) + PV(B) + PV(C) , (2.47)

and so on, for any number of subunits.
This approach implies that management hoi 

whatever impact the project may have on the firm's total 
risk. Only the project's systematic risk is important, 
and that systematic risk is completely separated from the 
current risk characteristics of the firm.

When evaluating projects in a CAPM context, we 
shall be concerned with the risk-return impact of a 
project on investors' portfolios of firms rather than on 
the firm's portfolio of subunits.

2.11 The Application to Capital Budgeting
One of the basic problems the financial manager 

faces is how much should the firm invest, and what 
specific assets should the firm invest in. The answer to 
this question is the firm's investment or capital 
budgeting decision (Brealey and Myers, 1984). Let us 
concentrate on the problem of which of the available 
projects would be acceptable to the firm. What an
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investor expects when investing some amount, PV, in any 
project, i, is to receive a return, R^, that, at least, 
compensates his temporal insolvency and risk. After one 
period, he expects to receive at least the original amount 
he invested, increased by the fraction R^, up to an 
amount FV, given by

FV = PV * (1 + R^). (2.48)

Solving for PV obtains

PV = FV
1 + Ri (2.49)

The investor will be compensated adequately since the 
delayed risky payment FV, discounted at R ^ , should equal 
the current investment PV in project i. When any project 
i is judged in relation to its systematic risk, the 
appropriate discount rate is given by (2.26). In terms of 
realizations instead of expectations results in

R i = RF " [RM"RF 3 * fii ' (2.50)

To make things easier, it will be assumed initially
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that the firm has an all-equity capital structure. This 
assumption will be relaxed later. Furthermore, it must be 
borne in mind that (2.50) is the expression for the 
discount rate for a single period and that capital 
budgeting projects are generally multiperiod. Brealey and 
Myers (1984) give a complete explanation of the treatment 
of this problem and suggest some useful assumptions to 
overcome the one-period horizon constraint of the CAPM.

The criterion for accepting a project is an 
expected return that equals or exceeds the required 
return, . Under the assumption that risk compounds 
with time, the expected return on any project is 
equivalent to its internal rate of return (Brealey and 
Myers 1984). In Figure 2.15» the set of available 
projects is represented in the risk-return plane dividing 
acceptable and unacceptable projects. The dividing line 
in the figure is the market line. It describes the 
market-determined relationships between systematic risk 
and required rate of return. Any project on or above this 
line offers a return equal or higher than the required 
one, making it acceptable from the investor's 
point-of-view. Projects below the market line cannot 
compensate investor's insolvency and risk and are not 
acceptable to him.



T-3031

E(R)

ID

CL

system atic risk (/3)

Figure 2.15 Capital Budgeting in the CAPM Context



T-3031 61

2.12 Financial Leverage and Risk
In Section 2.5, it was shown that less risk-averse

investors could attain higher returns by means of
borrowing, at the expense of higher risk. Let us now
review that concept in more detail. Assume that an
investor A, as shown in Figure 2.16, invests a portion of
his wealth, e, plus an amount, d, he borrowed at an
interest, R_, from another investor, B, in an all-equity c
firm, i, whose expected return is R^ and whose beta is
13̂ . After one period, the total investment of e+d,
indicated by the wide arrow entering the firm repays (R^
+ 1) * (E+d) dollars. From this total payment, investor B 
receives (RF+1)*d dollars, the amount loaned plus the 
return that pays for his insolvency of d during one 
period. The rest of the return is received by investor 
A. In other words, this situation can be seen as a 
partnership formed by investors A and B who invest in the 
proportions e/(e+d) and d/(e+d), respectively, a total 
amount of e+d in a portfolio of two "securities," "equity" 
and "debt," which return R^ and R^. respectively. The 
return R^ on the firm i, is given by

R. = R * __d__ + R * _§_, (2.51)
e+d e e+d
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where R is the unknown return on equity, R . .  e ^ equity
According to (2.40), for such a portfolio is 

expressed as

^i~^debt+equity -^debt + ^equity ' (2.52)

where is the known beta of the all-equity firm, i.
Assuming that investor A must repay his debt to B, the
debt can be considered risk-free, and so B, .^=0.debt

With this assumption, (2.52) can be simplified to
obtain

B .„ = B. *equity i (2.53)

From (2.51), it can be derived

= d (2.54)
R i " RF e

Expressions (2.53) and (2.54) state that, by 
contracting debt, an investor can increase the risk and 

the risk premium on his equity, Equity' and Re-Ri' 
respectively, relative to the risk and the risk premium on 
firm i, respectively.

The analysis of corporate borrowing is not too 
different from that of "homemade" borrowing. Suppose that 
our individual A invests e dollars from his wealth in a 
levered firm, j, with a debt to equity ratio D./Ej.
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As shown in Figure 2.17, for each equity dollar the firm
receives, it borrows D./Ej dollars from the bank, B,
at an interest rate R^, so that the total investment isc
e*(l+D./Ej). Up to this point, the only difference
between homemade and corporate leverages is that investor
A has not borrowed on his own account; the corporation has
done so for him. He has a e*(1+D./E^) position in the
assets of the corporation, from which e*(D^/E^) is
debt-financed by the firm. After one period, the product
of the investment of e*(1+D./E^) dollars has to be
divided into the repayment of original investment
(1+Rg)*e, plus the return to investor A, and the
repayment to the bank ( 1+R^,) *e* (D. /E . ), shown by af 3 J
dashed line in Figure 2.17. Since the repayment to the
bank is accounted for as debt service, S, and interests
costs, J , we cannot perceive directly from the market the
return which depends on the nature of firm j 1s business
and is independent from firm j's capital structure, R j .
The measured return on a levered corporation is its equity
return, R .. .=R .. In Figure 2.17, money flowsequity j e j
between the firm and the bank are indicated by dashed 
lines, representing the fact that those flows do not 
intervene in the return accounting from the stock market 
point-of-view. Because firms' betas are calculated from
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returns, their measure in levered corporations is subject 
to the same problems found for returns on these firms. By 
the same analysis made to obtain (2.51), it is possible to 
derive a similar formula for the unknown business return 
Rj on firm j

R:= Rf* Ej  + R .* E j . (2.55)
J E.+D. J E.+D.J J 3 3

Similarly, the business beta of firm j, G j, can 
be obtained, as in (2.52), by the formula

‘J" i • 5^  * «.'■'‘itr ) *
Keeping the assumption that the debt is risk-free, 

(Gdebt5"0 ^1 (2 56) simplifies to

‘ j 1 *  • < 2 '5 ”

where . = G . is the measured beta of anyequity ) e j
levered corporation, and depends on the capital structure 
of the firm, unlike G  ̂ which depends on the type of 
business in which firm j is involved.

The investor, however, is more concerned with
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netucn and risk associated with the out-of-pocket money- 
invested in firm j. Similarly to (2.53) and (2.54), we 
obtain

and

i + 2i. 
E j

(2.58)

Re - R i =
R j r f E j

(2.59)

Both risk and risk premium of the investment will 
depend on the capital structure of the firm chosen to 
invest in. The higher the debt of the firm chosen, the 
higher the risk premium he can expect, and the higher the 
risk to which his investment is exposed. From (2.26) and 
(2.58), the required return for firm j is given by

Re = Hp + (R^-Rp) 13e 3} = Rp + (R^-rp) * Bj * 1+Dj
E J

(2.60)

But if, as (2.58) implies, the risk the investor 
faces when investing in a levered firm, 8 . .. is
higher than the risk proper of the business in which it is 
involved, what other kind of risk is present in levered
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firms? The difference between 6 •_ • and 8 . .equity j asset j
= 8 j is the financial risk

^equity j ” ^asset j + ^financial j' (2.61)

or correspondingly,

^equity j = ^asset j + Hi * ^asset j• (2.62)
E 3

The business risk is such that if firms i and j 
were identical except for their capital structures, the 
asset beta of both firms would be equal. For example, if 
firm j were not traded in the stock market and we would 
want to evaluate its riskiness, we could calculate firm 
j's equity risk just by substituting in the asset beta of 
firm i and the firm j's debt to equity ratio in (2.58).

This chapter presented the CAPM as a model 
providing a relevant definition for risk and its 
equilibrium relation with the required return.
Nevertheless, stated in terms of unmeasurable investors' 
expectations, the CAPM cannot be used as a decision-making 
tool without some additional assumptions. The next
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chapter presents the necessary assumptions for using the 
CAPM as a project evaluation tool.
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Chapter 3
THE USE OF THE CAPM AS A DECISION-MAKING TOOL

3.1 The Necessary Assumptions
In its original form, the CAPM is stated in terms 

of investors' expectations. Because expectations are not 
measurable, the model cannot be tested and is not useful 
as a decision-making tool. The model became testable only 
after assuming that obtained returns on assets are the 
realization of previous investors' expectations. Under 
the assumption that past information about realized 
returns is useful to estimate current individuals' 
expectations of returns, the CAPM becomes a useful 
investment decision-making tool. As such, the CAPM allows 
investors or financial managers to evaluate investment 
opportunities in operation. The uses of CAPM have also 
been extended to the evaluation of projects that can be 
considered homogeneous extensions of operating assets.

Based on the assumption that each business line 
faces the same markets of inputs and outputs and uses the 
same technology, the CAPM has been extended to state that 
each business line is homogeneous with respect to 
systematic risk and, consequently, to required return.

Firms are diversified so that they can engage in
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different sets of business lines, with different 
particular distributions of their participation in each 
segment. In practice, it is hard to find investment 
projects with the same business line composition as an 
existing firm. In the capital markets, shares represent 
the whole firm and, consequently, the information about 
firms' returns refers to particular combinations of 
business lines. The possibility of using the CAPM to 
measure the business systematic risk and required return 
associated to business lines makes it possible to evaluate 
any project whose business line betas are known.

Depending on the degree of diversification of 
corporations associated with business lines of interest, 
two methods can be found in the literature that allow one 
to calculate industry segment risk and required return: 
the pure-play method and the mathematical programming 
approach.

3.2 The Pure-Play Method
The pure-play (PP) method requires corporations 

that are purely engaged in only one business line. The 
risks of industry segments are calculated by taking the 
average risk of the PP corporations of the corresponding 
segment. The statistical validity of the calculated
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average can be formed from the standard deviation of the 
risks of the PP corporations.

The advantage of this technique is in its 
simplicity of calculation. The disadvantage is the 
difficulty of finding an adequate sample of PP companies 
for the average to be statistically meaningful.

3.3 The Mathematical Programming Approach
When the industry segment of interest cannot be 

found pure » and consequently, it is not possible to apply 
the pure-play method, the mathematical programming (MP) 
approach allows us to screen industry segments of 
corporations and calculate the risk associated with 
individual business lines. This technique is based on the 
CAPM1s inference that the risk of a diversified 
corporation is equal to the sum of the risks of its 
industry segments, weighted by the proportions of the 
market values of the assets of the corporation associated 
with each industry segment. For each company we can write

n
6. = E W . . * S.. (3.1)
1 j=i 3

where is the risk of the i-th company, is the
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fraction of the market value of the i-th company 
represented by the market value of the set of assets 
devoted to the j-th industry segment, and 13̂  is the 
systematic risk associated with the j-th business 
segment. Because the segments of corporations are not 
independently traded, the market values of industry 
segments of companies cannot be measured directly. 
Therefore, it is necessary to use an equivalent accounting 
operating variable as proxy for VL ..

In searching for the real determinants of beta, 
Beaver, Kettler, and Scholes (1970) suggest that net 
earnings are significantly correlated with stock prices. 
According to White (1972, as cited in Myers 1977), it is 
expected earnings rather than realized earnings which 
determine stock prices, and changes in sales may be a 
better proxy for changes in expected earnings. Finally, 
it is intuitively reasonable to consider book values of 
assets as a proxy for market values. Conrad and Plotkin 
(1968) use book values and market values in obtaining 
total risk-return relationships for different industries, 
finding a significant similarity in the results obtained 
with both variables. Fuller and Kerr (1981) extended the 
concept given by White (1972) about the correlation 
between sales and stock prices to a correlation between
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sales and market values. In this extension it is 
implicitly assumed that the debt portion of the market 
value is stationary. Boquist and Moore (1983) report a 
successful use of relative segment sales to the total 
sales as a proxy of relative segment market values to the 
total market value of the firm. Summarizing, the 
literature reports three different possible proxies for 
relative segment market values to the total market value 
of firms, W ^ :

1) Relative segment net earnings to the total
net earnings of the firm

2) Relative segment sales to the total sales of
the firm

3) Relative segment book values to the total
book value of the company

One of the problems associated with the use of 1) 
and 3) proxies are that earnings can be negative and asset 
values are subject to significant valuation differences 
depending on vintage (Boquist and Moore 1983).

The MP approach will now be introduced in the form 
in which Boquist and Moore (1983) originally proposed it. 
Let us assume that we need to assess the systematic risk 
of some industry segment, labeled 1, to establish the 
required rate of return for a project planned to be fully
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concerned with that particular segment. The segment of 
interest can be found in just three corporations, labeled 
i, k, and m. The business betas of these three firms can 
be expressed, as in (3.1), in the forms

Ri = w ii * #1 + w i2 * s2 + w i3* B3 + 0 * fi4 + °* fi5 <3 -2)

Bk = W kl * B1 + 0 * B2 + W k3* B 3 + W k4 * B4 + 0‘ B5 (3’3)
Bm " Wml * B1 + wm2 * B2 + 0 ' B3 + Wm4* B4 + Wm5* B5 (3'4)

But (3.2), (3.3), and (3.4) form a system with no
algebraic solution since the number of unknown segments 
does not equal the number of equations.

The MP approach provides a solution for segment 
beta values by minimizing the sum of deviations from the 
known information about the firm betas and the segment 
weights, w^j. In our example, the formulation is as 
follows :

Minimize the objective function 

Z = d^ + d^ + dfc + d% + dm + dm , 

subject to
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B i = W il * B1 + W i2 * B2 + W i3 * B 3 + d i+ " d i

Bk " w kl * B1 + w k3 * B3 + w k4 * B4 + dk dk

Bm ■ Wml * B1 + Wm2 * B2 + Wm4 * B4 + Wm5 * B5 + dm ‘ dm

where d and d+ are slack and surplus variables, 
respectively. All variables, including betas, slacks, and 
surpluses are required to be non-negative so that this 
formulation is not capable of handling the situation in 
which at least one of the industry segment betas is 
negative. Boquist and Moore (1983) state that this is a 
minor limitation of their MP formulation because negative 
betas are infrequent.

Before continuing with this formulation, it is 
convenient to stop at this point and analyze it.
Companies with negative betas are in fact not so frequent 
(about 2% of the companies included in July 1984, Merrill 
Lynch beta book). But companies tend to be diversified, 
and how much do we know about the frequency of negative 
segment betas? They could be more frequent than in 
companies. In one of their examples, Boquist and Moore 
(1983) obtain null results in 10 out of the 18 segment 
betas calculated. It is relevant to ask: Would it be
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possible to obtain some negative betas among those 10 that 
resulted null without the non-negativity restriction? 
Whatever the answer to this specific question, on 
theoretical grounds, any restriction like that of 
non-negativity will leave some doubts. One way to solve 
this problem is by redefining segment betas, 8 j, as the 
difference between the two auxiliary betas, 8'j and 8"j

8. = 8'. - 8"^ (3.5)

with this redefinition: if 8"j is greater than zero and
8 1. is null in the MP solution, then 8 j is negative.
This modification in the MP formulation is capable of
assessing negative betas in any segment.

According to the theory, the asset beta of the 
company should equal the weighted sum of the company's 
segment betas (3.1). When solving a real MP problem for 
betas, we should expect to verify rather than to force the 
weighted sum of the segment betas to equal the company's 
betas. In the model of company's beta as a function of 
segment betas, to force the intercept to zero can distort 
the values of the slopes, that is, the segment betas. It 
seems to be easier to justify a non-zero intercept than a 
result with forced segment betas. To solve this problem.
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an intercept term, a, can be introduced in terms of two 
auxiliary intercepts, a 1 and a",

a = a 1 - a" (3.6)

To introduce the corrections described above, the 
MP formulation of our example is restated in the following 
terms :

Minimize the objective function

z = di + d i + dk + dk + d™ +

subject to

Bi - a 1 - a H + w.. * B ' -w. .il 1 1 1 * B"
fl'2-W i2 * B "2+Wi3 * BV_w *13
B" 3+di " di

Bk = a 1 a" + wkl *

i2

fl'l-Wkl*fl',l+Wk3*fl,3-Wfc3*0 "3+Wk4,'fl,4
-W k4*B V dk-dk

Bra a ' - a " + wml * 13 ' l-wml * B "l+Wm2 *
B  ’ 2 - w m 2 , B " 2 + w m 4 ,fi' 4 + w ni5*B ' S - " m s " B " s  

+d;-dm
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From the solution of this formulation, we can 
calculate the intercept term by (3.6) and the segment 
betas by (3.5).

The advantages of the MP approach are
1) it can be applied to diversified 

corporations, and
2) the system of equations can be over or under

determined.
When formulated in the form suggested above, the 

most important disadvantage is the fact that the 
statistical validity of the calculated betas cannot be 
assessed.

3.4 The Contribution of Multiple Regression
If we could obtain a set of linear equations in

which
1) the number of explanatory variables, k, is

smaller than the number of independent 
equations, n ‘; and

2) the total number of equations, n 1, is greater
than k+1.

The multiple regression method provides a means to 
calculate the slopes associated with each variable. In 
addition to obtaining the mean values of the slopes,
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multiple regression provides measures of the statistical 
validity of the estimated slopes. If 1) the number of 
companies providing independent equations like (3.1), n 1, 
is greater than the number of segments associated to those 
companies, k, and 2) the total number of companies 
providing equations, like (3.1), independent or not, n, is 
greater than k+1, the calculation of segment betas could 
be stated in terms of a multiple regression problem. The 
segment betas to be calculated would be represented by the 
slopes in the multiple regression solution. In equations 
like (3.1). however, the sum of the fractions of industry 
segments market value, w^j, has to equal unity for every 
company, that is

w11 W in

"ij

wml wmn

(3.7)



T-3031 81

Equation (3.7) implies in pure terms that industry
segment betas cannot be calculated by multiple regression 
due to perfect muIticollinearity.

value of just one of the segment betas, the perfect 
muIticollinearity can be broken. In fact, we can 
eliminate the perfect multicollinearity by multiplying the 
corresponding values of the variable by the externally 
obtained beta, and then subtracting this product from the 
corresponding values of the dependent variable. With this 
procedure we eliminate one of the columns of the w . .

If by some other means, however, we can find the

matrix of (3.7) so that

w 11 . . . W.i n-1 1 1

1 (3.8)

Wml Wm n-1 1 1

The PP method or the MP approach can provide the 
necessary beta to break the definitionally perfect
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multicollinearity. Nevertheless, there is nothing in the 
procedure just explained that can prevent from significant 
multicollinearity and its computational problems.

If, after the elimination of perfect multi- 
collinearity, one found evidence of remaining high but not 
perfect muIticollinearity that available computational 
capacity cannot overcome, a second beta can be taken as 
known sometimes from a PP method application and always 
from MP solutions. Figure 3.1 illustrates in more detail 
how perfect and significant but not perfect multicolline- 
arity can be overcome. The dashed outlined box in the 
lower right side of this figure contains the basic data 
required to assess segment betas from diversified 
corporations ; that is, the matrix of proxy relative market 
values, w^j, and the vector of companies' asset betas,
6^. In the matrix, the i-th row represents the 
i-th corporation whose activities are engaged in some 
proportion, W^j, in each j-th business line. The 
segment betas, fi^, can be assessed from the basic data 
in this box either by the MP and/or the PP techniques.
The MP problem statement is shown in the dashed outline 
box to the left of the data box. The solution of MP 
(and/or PP) for segment asset betas, is
presented just below the matrix. Now, it is
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possible to state the muIticollinearity-free MR problem.
The left side of the upper panel of Figure 3.1 shows the
calculation of the dependent variable for the
multicollinearity-free MR statement, O f . The dependent
variable, Of, results from the subtraction of the
products between the proportions of the segments producing
multicollinear ity, and and the corresponding
segment betas obtained from MP, I3*?P 1 and ",J J
from the corporation betas, B^. After this, the multi
collinear ity-f ree matrix of proportions, W^j, can be 
formed simply by eliminating the columns producing 
multicollinear ity, W ^ 1 and VL j " , from the original 
matrix of proportions, W ^ .  In this particular example, 
two segments have been considered producing 
multicollinearity. In general, as previously explained, 
this number of segments can be any number greater than or 
equal to one. Finally, the MR problem is stated by 
equating the dependent variable, B^, and the product of 
the multicollinearity-free matrix of proportions, W ^ ,  
augmented by a column of one's to the left to allow a 
non-zero intercept, with the unknown segment betas,
B?*", and the intercept term, a. The MR problem 
statement is shown in the upper dashed outlined box of 
Figure 3.1. Solving by least squares, it is possible to
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obtain the mean values and standard deviations of betas 
for all segments other than j' and j" as shown in the 
bottom of Figure 3.1.

If it is possible to take some segment betas from 
some external source to solve the problems of perfect 
multicollinearity, however, why don't we use this same 
concept to overcome some other obstacles for the 
application of MR? Enough knowledge about segment betas 
from sources other than MR allows one to overcome the 
problems derived from

1) insufficiency of independent equations, and
2) insufficiency of degrees of freedom.
With this extension, the contribution of MR in the 

measurement of statistical validity of segment betas can 
be expanded to the same field of application as the MP 
approach. The use of both techniques, MP and MR together, 
produces a synergistic improvement in the assessment of 
segment systematic risk. While the MP makes possible the 
use of MR in a wide spectrum of possibilities, the latter 
makes it possible to estimate the standard deviation of 
those segment betas not taken from MP.
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3.5 The Utilization of Segment Beta Variability in 
Decision Making

The MR solution provides two parameters of the 
distributions of segment betas: the mean values and their
standard deviations. Behind these two dimensions, there 
is a complete probability distribution for the different 
possible values of any segment beta. For any segment beta 
a risk-averse decision maker decides to use in a project 
evaluation, the area under the probability distribution 
curve to the right of the chosen beta is the measure of 
the probability of using a misleading criterion. As shown 
in the left panel of Figure 3.2, the area under the 
probability curve to the right of the chosen beta is the 
probability for the project being riskier than expected, 
P(f). As shown in the right panel of Figure 3.2, this 
same idea can be set in terms of a cumulative distribution 
depicting the probability of the beta being greater than a 
given value, P(f), as function of the chosen beta. Using 
this cumulative distribution, the decisionmaker can obtain 
an appropriate measure of beta for any probability level 
he decides to bear. If the decision maker does not know a 
prior probability distribution function that could 
reasonably fit segment betas, he can use an upper bound 
distribution. This upper bound for any P(f) is formed
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using Chebyshev's theorem:

P (£) 1/2 * (K2 ). (3.9)

where K is given by the expression

K = fl -fl 
0(B)

(3.10)

in which B is the chosen segment beta, and B and d(B) 
are the mean value and standard deviation of the segment 
beta, respectively, obtained in the MR solution. By 
rearranging (3.10),

where B in this case is interpreted as the beta to be 
chosen for a given maximum acceptable probability to fail, 
P(f), and K has the same previous meaning, except that in 
this case it appears as a function of a chosen P(f). In 
the right panel of Figure 3.2, this upper bound is 
represented by the truncated concave slope, drawn in solid 
line.

We now have the necessary tools to use the CAPM as 
a project evaluation tool. The next chapter is devoted to

B* = K[P(f)] *o(B) +B (3.11)
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the application of these decision-making tools to assess 
the systematic risk associated with various business lines 
in the extractive industries.
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Chapter 4
AN APPLICATION TO EXTRACTIVE INDUSTRIES

4.1 Introduction
In this chapter the PP method and the MP approach 

are applied to the assessment of the systematic risk 
associated with some products in the minerals and fuels 
extraction industries. Furthermore, the MR is applied as 
a technique for the measurement of segment betas and their 
statistical validity.

4.2 Sample Definition and Data Collection
The first step in sample collection of companies is 

to adopt a definition for the industry segments of 
interest. The segments of interest in this thesis are the 
business lines of the minerals and fuels extractive 
industries. Within the business lines of interest are 
those devoted to the extraction of metals, coal, uranium, 
oil and gas, and industrial minerals. The population to 
be sampled is primarily U.S. industry. Because of the 
ramifications of U.S. and Canadian extractive companies 
that have operations in these two countries, and given
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some reasonable homogeneity of the economies of both 
countries, the population is extended secondarily to the 
Canadian industry. It is expected that the disturbance 
that this decision may introduce will be compensated for 
by the stability that larger samples will contribute. To 
be included in the sample, the Canadian companies and the 
U.S. companies with operations in Canada must be traded on 
U.S. stock market exchanges. Given the population to be 
sampled, the adopted definition for industry segments is 
the Standard Industrial Classification (SIC). The SIC 
classification is used in many important industrial data 
sources. According to this classificaion, the area of 
interest here defined is almost completely included in the 
five major groups of Division B:

1) Major Group 10: Metal mining
2) Major Group 11: Anthracite mining
3) Major Group 12: Bituminous coal and lignite

mining
4) Major Group 13: Oil and gas extraction
5) Major Group 14: Mining and quarrying of non

metallic minerals, except fuels
The cement industry is covered by some minor SIC 

Groups of the Major Group 32:
1) 3241: Cement, hydraulic
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2) 3271 to 3273: Concrete products and
ready-mixed concrete

The first broad collection of companies was made by 
selecting firms from the 1982 Standard & Poor's Register 
of Corporations. All the corporations chosen were 
required to be classified by Standard and Poor's as traded 
on some U.S. stock market exchanges and engaged in one or 
more of the SIC groups of interest mentioned above. A 
third requirement for this initial sample was that the 
firm be included in the Merrill Lynch beta book (Merrill 
Lynch 1983). This book publishes the most extensive 
homogeneous list of equity betas available, with 
approximately 3,900 companies included. As a result of 
this search, a list of 110 companies fulfilling the above 
three requirements was established. According to Standard 
and Poor's assignment of SIC groups, these 110 
corporations operate in 120 individual industry segments, 
25 of them within the area of interest previously 
defined. By merging all the segments outside our area of 
interest in one residual segment per company, the 110 
corporations were found to be associated with 70 segments, 
25 of them business lines in the area of interest.

The next step of the process was to obtain more 
precise information about segments, with the following 
objectives :
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1) Verify whether the selected companies are 
significantly engaged in the segments of 
interest to which they havè been assigned by 
Standard and Poor's.

2) Obtain the required segment sales, earnings 
or assets to calculate the proxy relative 
segments market values to the total market 
values, the VL ̂  ' s of (3.1).

The only primary source of sales, earnings, or 
identifiable assets by segment of corporations can be 
found in annual reports and 10K reports. In 1969, the 
Securities and Exchange Commission (SEC) introduced line 
of business reporting requirements for registrants. The 
SEC extended the requirements to lOK's in 1970 and to 
annual reports to shareholders in 1974. Finally, the 
statement of Financial Accounting Standards (SFAS) No. 14, 
of 1976, defines an industry segment as "a component of an 
enterprise engaged in providing a product or service or 
group of related products and services primarily to 
unaffiliated customers" (Janson et al. 1981). To quote 
Janson,

an industry segment is considered significant, 
and therefore identified as a reportable segment, 
if it satisfies one or more of these tests :

Revenue is 10% or more of the combined



T-3031 94

revenue of all the enterprise's industry 
segments.
Operating profit or loss is 10% or more of 
the greater of the:

Combined operating profit of all 
industry segments that did not incur an 
operating loss.
Combined operating loss of all industry 
segments that did incur an operating 
loss.

Identifiable assets are 10% or more of the 
combined identifiable assets of all industry 
segments.
The major disclosures required for reportable 

segments are:
sales to unaffiliated customers and sales or 
transfers to other industry segments of the 
enterprise, separately disclosed along with 
disclosure of the accounting basis for 
intersegment sales or transfers
operating profit or loss as defined by the 
Statement
identifiable assets as defined by the 
Statement.

Variables like sales, earnings, and even book 
values are not necessarily stable in time. Furthermore, 
the accuracy considered for the definitions of significant 
industry segments previously described add some extra 
source of ambiguity to the information extracted from 
annual reports and lOK's. For this reason, the data used 
in this thesis corresponds to 5-year averages. The 5-year 
period considered in this study is from 1979 to 1983. It
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is expected that this definition will reduce the 
disturbance arising from temporal non-stationarity in the 
final results. This definition is also concordant with 
the criteria used by Merrill Lynch to calculate the betas 
of companies.

As the only primary source available, it was 
necessary to review the annual reports and/or lOK's for 
all the 110 corporations of the initial sample, for each 
of the five years considered. As a result of this review, 
it was found that segment sales is the most prevalent 
information available in financial reports. Consequently, 
it became necessary to choose segment sales proportions as 
a proxy for segment market values proportions.

After the review, the original sample was reduced 
to a base sample, containing 38 corporations. Table 4.1 
shows the names and identification tickers used by 
Standard and Poor's for these 38 corporations.

The sample was reduced from 110 to 38 corporations 
for the following reasons :

1) Many companies report ambiguous segments from 
the point-of-view of SIC definitions. Among 
the ambiguous segments are mining, nonferrous 
metals, precious metals, primary metals, etc.

2) In many companies, the segments of interest
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Table 4.1
Base Sample : List of Corporations and Tickers

No. Ticker Corporation
1 AOI Adobe Oil and Gas Corporation
2 AMX *AMAX Incorporated
3 BFO #Baructi-Foster Corporaton
4 BGO Buttes Gas and Oil Company
5 CMN *Callatian Mining Corporation
6 CRK ^Campbell Red Lake Mines Limited
7 CLF *Cleveland-Cliffs Iron Company
8 DM *Dome Mines Limited
9 DMP Dome Petroleum Limited

10 ERGS ttEnergy Reserves Group, Inc.
11 GOX #Galaxy Oil Corporation
12 GPO *Giant Portland and Masonry Cement Co.
13 GRE *Gulf Resources and Chemical Corporation
14 HNM *Hanna Mining Company
15 HL *Hecla Mining Company
16 HM *Homestake Mining Company
17 IDL *Ideal Basic Industries, Inc.
18 INX Inexco Oil Company
19 LCE *Lone Star Industries
20 NC *North American Coal Corporation
21 NGX *Northgate Exploration Limited
22 OGLE *Oglebay Norton Company
23 PGE Page Petroleum Limited
24 PKD *Parker Drilling Company
25 PZL Pennzoil Company
26 PD *Phelps Dodge Corporation
27 PLC Placer Development Limited
28 RAN *Ranchers Explor. and Devel. Corp.
29 RGO #Ranger Oil Limited
30 RB Reading and Bates Corporation
31 ROIL "Reserve Oil and Minerals Corp.
32 ROM "Rio Algom Limited
33 SDW Southdown Incorporated
34 SOC ^Superior Oil Company
35 TOC Transcontinental Energy Corp.
36 UNC "U.N.C. Resources
37 WMOR "Westmoreland Coal Company
38 WOC #Wilshire Oil of Texas
* Corporation nonsignificantly engaged in oil and gas
# Oil and gas pure-play
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were not significant according to the 
definition given in SFAS No. 14 previously 
described.

Table 4.2 lists the segments in which the 38 
corporations of the base sample are engaged. The segments 
included in the area of interest are iron ore (Fe), copper 
(Cu), lead and zinc (PZ), gold (Au), silver (Ag), uranium 
(U). coal (C). oil and gas (OG). and cement (CE). One 
additional identifiable segment not originally considered 
as in the area of interest is obtained as a byproduct.
This segment is contract drilling (DR). Some of the 38 
corporations of the base sample were found engaged in 
segments that are out of the area of interest or that are 
not identifiable according to the SIC classification. All 
the segments fulfilling one or both of the conditions just 
described were merged in only one residual segment per 
company. Table 4.2 shows that 16 out of the 38 
corporations exhibit a significant proportion of their 
sales in some residual segment. This means that, besides 
the 10 identifiable segments listed above, the companies 
of the base sample as a whole are involved in 16 
additional unspecified segments.

Once the segment data was collected, the next step 
was to obtain the required information about each
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corporation as a whole, that is. the equity betas and the 
equity to capital ratios necessary to calculate the 
companies' asset betas, according to (2.57). As 
previously mentioned, the equity betas are provided by the 
Merrill Lynch beta book. These betas are calculated by 
regressing the risk premium on the market, - R ,̂, 
against the risk premium on the company to be measured,
R^ - Rp. The obtained equity beta is the slope in the 
regression solution. Sixty monthly data points comprising 
five-year data are used to perform those regressions. 
Because the betas obtained are the result of a five-year 
period of information, it was necessary to collect only 
one value per company.

As mentioned at the beginning of Chapter 3, the 
risk assumed to be associated with each business line is 
the business systematic risk or asset beta. Thus, we need 
the asset betas of companies, that is, the products of 
equity betas and the corresponding equity to capital 
ratios. Two alternative measures of equity can be 
considered :

1) the market-value equity
2) the tangible equity
The CAPM is stated in terms of market values so 

that, from a theoretical point-of-view, the market-value
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equity is the appropriate measure of equity to be included 
in the equity to capital ratios.

The market-value equity was calculated by multi
plying the number of common shares outstanding by the 
stock market prices, on a monthly basis, for the five-year 
sample so that the value used in the ratio is the sum of 
60 data points.

The tangible equity, defined as the sum of the book 
values of the physical installations owned by the 
corporations, was also included with the hope of finding a 
good proxy for the market-value equity. The advantage of 
using tangible equity instead of market-value equity is in 
the simplicity of data collection.

The denominator of the ratio, the total capital, is 
the sum of long-term debt and equity, whatever the 
definition used for this last parameter. Stock market 
prices were obtained from the Wall Street Journal. The 
number of common shares outstanding, the tangible equity, 
and the long-term debt data were obtained from Industrial 
Compustat. a computerized data source of Standard and 
Poor's. The specific values of the data collected will be 
presented as required by the text.
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4.3 The Calculation of Segment Betas
4.3.1 The Oil and Gas Pure-Play

Table 4.2 shows six corporations whose non-oil and 
gas segment proportions of sales are smaller than 10%.
This six-company sample makes it possible to use the PP 
technique to assess the oil and gas beta asset. Table 4.1 
indicates the companies of the sample considered as oil 
and gas pure-plays. Table 4.3 shows the asset betas of 
each individual company and the average and standard 
deviations assessed for the industry, when market-value 
and tangible equities are used in the calculation of
company asset betas. The assessed values for the oil and
gas industry are the following:

1) Asset betas for market-value equity:
mean value: 1.34

standard deviation: 0.44
2) Asset betas for tangible equity:

mean value: 0.94
standard deviaton: 0.26

4.3.2 The Application of Mathematical Programming
The MP approach basically assumes the good quality 

of the proxy for the relative segment market values to the 
total market values, W^j. Because a proxy for
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Table 4.3
Sample of Oil and Gas Pure-Play

Mean Values and Standard Deviations
of Oil and Gas Asset Betas

Beta Asset Beta Asset
No Corporation M-V Equity T Equity
1 BFO 1.37 1.09
2 ERGS 1.45 0.85
3 GOX 0.89 0.59
4 RGO 2.12 1.36
5 SOC 1.04 0.88
6. WOC 1.15 0.87

AVERAGE 1.34 0.94
STD. DEV. 0.44 0.26
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needs to be used, its quality cannot be tested directly. 
Nevertheless, there is an indirect way to do it. Consider 
the whole base sample as a corporation and each company as 
a segment of that hypothetical corporation. By 
calculating the correlation coefficients between sales, 
earnings or book values, and market values for all the 
companies, we can obtain an indirect measure of the 
quality of the corresponding proxies. As mentioned in
4.2, sales being the most prevalent segment information, 
it became compulsory to use relative sales as a proxy for 
relative market values. Consequently, in this case, any 
improvement of the proxy cannot consider the use of 
relative segment earnings or relative segment book values 
as a proxy.

Because earnings and book values were not collected 
for the base sample, the comparison among proxies was done 
for a smaller sample constituted by the 23 companies of 
the sample that are reported by Value Line. Table 4.2 
shows the 1979 to 1983 five-year average data used for 
that comparison.

The right panel of Table 4.2 shows the results of 
the indirect tests for the proxy of segment relative 
market values. By taking the sample of all the companies 
reported by Value Line, it can be concluded at an 87.5%
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level of confidence that the correlation coefficient
between market value (M) and sales (S), r ' _ = 0.87, isM — b
significantly smaller than the correlation coefficient 
between M and book values (B), r" _ = 0.95. SalesPI— D
would explain 76% of the variability of market values as 
compared with 90% explained by book values. This result 
apparently does not support the results obtained by White 
(1972), Fuller and Kerr (1981), and Boquist and Moore 
(1983) .

One difference between the oil and gas industry and 
other extractive industries is the relation between 
exploration and production costs. For oil and gas, the 
ratio of exploration cost to production cost is 
significantly higher. Consequently, it can be assumed 
that with oil and gas, investors are more concerned with 
reserves rather than with earnings or sales as a proxy for 
market values. This is offered as an explanation for the 
larger correlation coefficient obtained between book 
values and market values. To check this, new correlation 
coefficients were calculated, this time excluding every 
company with a significant proportion of sales of oil and 
gas. The definition for significance used in this new 
test is again that given by the SFAS NO. 14, described in
4.2. Corporations, other than oil and gas are indicated
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by a star, *, in the left panel of Table 4.2.
The right panel of Table 4.2 shows the effect of 

the exclusion of oil and gas from the sample. The new 
correlation coefficient between market values and 
sales,r"* _ = 0.94, is very close to the correlation1*1 — o
coefficient between market values and book values, 
r"*M-B = 0»95, that remained unchanged by the turnover. 
Now, sales explain 89% of the market value variability, 
very close to the 91% explained by book vaues. This same 
panel of Table 4.2 shows that the reduction of the sample 
from the 38 companies of the base sample to the 23 
companies reported by Value Line does not have a biased 
effect on the previously described results. In fact, the 
correlation coefficients between M and S over the whole 
38-company sample and over the reduced 23-company sample, 
before the turnover, r = 0.87 and r" = 0.87, respectively, 
are the same. Similar results are obtained after the 
turnover, when r* = 0.93 and r"* = 0.94, for the 
38-company and the 23-company samples, respectively, are 
very close too. Before, and especially after, the 
exclusion of oil and gas, earnings were shown to be a 
poorer proxy than sales, confirming the results found by 
White (1972) in the sense that sales rather than earnings 
are a better proxy for expected earnings.
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While these numbers do not prove the above 
described explanation about investor perception of the 
value of oil and gas companies, they offer good empirical 
support. Consequently, before calculating betas, the base 
sample was reduced from 38 to 28 corporations. These 28 
corporations are divided into two samples :

1) One six-company sample used to assess the asset 
betas of oil and gas

2) One 22-company sample that can be used to assess 
the betas asset for the 10 remainder segments of interest, 
previously described in Section 4.2. Table 4.4 shows the 
new 22-company sample with the pertinent data.

The MP problem can now be formulated in more 
precise terms, as explained below in 4.3.3. The statement 
of and the solution to the particular problem of segment 
asset betas for the extractive industries is presented in 
Table 4.5 and in Table 4.6.

4.3.3 The Application of Multiple Regression
In accordance with the procedure described in 

Section 3.4, many regressions were run omitting one 
variable at a time. In every case evidence of highly 
correlated independent variables was found. A high degree
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Table 4.6 MP Approach Solutions for Ma rket-Value
and Tang ible Equilties

For Ma rket-Va lue Equity For Tanqible Equi ty
J 8'MJ 0"MJ m s J 8'MJ B"MJ
Fe 0. 59 0.00 0.59 Fe 0.79 0.00 0. 79
Cu 0.00 0.03 -0.03 Cu 0.32 0.00 0. 32
PZ 0.00 0.30 -0.30 PZ 0.17 0.00 0. 17
Au 1.23 0.00 1.23 Au 1.26 0.00 1. 26
U 1.50 0.00 1.65 U 1.47 0.00 1. 47
C 0.00 0.00 1.50 C 0.00 0.00 1. 67
CE 0.24 0.00 0.00 CE 0.54 0.00 0. 54
DR 0.91 0.00 0.91 DR 0.88 0.00 0. 88
RA 0.93 0.00 0.93 RA 1.05 0.00 1. 05
RC 0.31 0.00 0.31 RC 0.91 0.00 0. 91
RG 0.58 0.00 0.58 RG 0.59 0.00 0. 59
RH 0.03 0.00 0.03 RH 0.32 0.00 0. 32
RI 0.06 0.00 0.06 RI 0.00 0.00 0. 00
RL 0.00 0.34 -0.34 RL 0.00 0.25 -0. 25
RD 0.00 0.03 -0.03 RD 0.24 0.00 0. 24
RD 0.00 0.00 0.00 RD 0.00 0.00 0. 00
RP 1.10 0.00 1.10 RP 1.49 0.00 -0. 11
RR 0.00 0.25 -0.25 RR 0.00 0.11 -0. 11
RU 0.00 0.00 0.00 RU 0.26 0.00 0. 26
a=a -<X"=0. 42-0.00 =0.42 a=a1-a"=0.2 5-0.00= 0.25
d- 3 = 0. 345 d- 3 = 0. 284
d+ 10 = 0 •390 d+ 10 = °. 416
d~ 13 = 0 •230 d" 13 = 0 ■091
d+ 22 = °* 345 d" 22 = 0 •537

Zm -V = 1-319 = 1.328
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of correlation was always found with regard to one of two 
specific segments. After leaving out of the regression 
both variables of that pair simultaneously, no further 
evidence of high correlation between independent variables 
was obtained. The interpretation of this finding is that, 
in addition to perfect multicollinearity, there exists a 
case of almost perfect multicollinearity associated with 
both variables of that pair of independent variables. For 
this particular matrix of explanatory variables, VL ̂ , it
is necessary to eliminate a second additional variable.

z
The explanatory variables found highly correlated with the 
rest are the residual segments of Parker Drilling, RD. and 
U.N.C. Resources. RU. respectively, as shown in Table 4.4.

According to the procedure illustrated in Figure
3.1 and explained in 3.4, Figure 4.1 and Figure 4.2 show 
the statements and the solutions of the MR for the cases 
in which asset betas have been calcuated using 
market-value and tangible equities, respectively.

4.3.4 Analysis of Results
Table 4.7 shows in summary the assessed segment 

betas for extractive industries. The intercepts, a, 
given by the MP and MR techniques solutions are both equal 
and insignificant even for levels of confidence far below
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Table 4.7 Summary of Betas Assessed

Oil and Gas Betas Asset from Pure-Play Companies

For Market-Value Equity For Tanqible Equity
Segment MP Solution MR Solution MP Solution MR Solution

Mean Mean S.D. Mean Mean S.D.
Fe 0.59 0.66 0.72 0.79 0.88 0.74
Cu -0.03 -0.46 1.25 0.32 -0.12 1.28
PZ -0.30 0.69 0.69 0.17 1.16 1.34
Au 1.23 1.18 0.66 1.26 1.26 0.67
Ag 1.65 1.60 0.79 1.47 1.43 0.81
U 1.50 1. 69 0.79 1.67 1.87 0.81
C 0.00 0.14 0.67 0.00 0.31 0.69
CM 0. 24 0.32 0.71 0.54 0.63 0.72
DR 0.91 1.01 0.89 0.88 0.99 0.91
RA 0.93 1.08 0.84 1.05 1.17 0.86
RC 0.31 0.55 1.20 0.91 1.17 1.23
RG 0.59 0.63 0.85 0.59 0.54 0.87
RH 0.03 0.12 2.02 0.32 0.43 2.07
RI 0.06 0.14 2.32 0.00 0.09 2.37
RL -0.34 -0.26 2.13 -0.25 -0.16 2.18
RD -0.03 0.03 0.87 0.24 0.27 0.89
RD 0.00 —  — —  — 0.00 —  — —  —

RP 1.10 1.70 1.58 1.49 2.12 1.62
RU 0.00 —  — —  — 0.26 —  — —  —

Other
Parameters
a 0.42 0.34 0.62 0.16 0.16 0.63
Z 1.32 1.33 —  *— —  —  —  —  —

R2 — 46 . 2% —  — 35.7%
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90% in both cases, when using market value and tangible 
equities. In general, the solution of MP and MR 
techniques are very close for most of the segments. The 
largest differences between betas obtained from both 
techniques are always accompanied by large standard 
deviations. The standard deviations obtained from the use 
of tangible equity in the calculation of companies' asset 
betas are slightly larger than those corresponding to the 
use of market-value equities. The largest standard 
deviations are obtained for residual segments, a fact that 
can be associated with the smaller amount of information 
available for these segments. The segment betas explain 
46% of the market-value and 36% of the tangible equities 
of company asset betas. This result is a verification of 
the theory in the sense that market-value equity rather 
than tangible equity is the adequate parameter to be used 
in calculating asset betas from equity betas. This result 
is concordant with the lower value obtained for the 
objective function of the MP solution for the case of 
market-value equity, as compared with the case of tangible 
equity. For beta assessment purposes, the interpretation 
of the coefficient of determination is not exactly the one 
usually given in the free search for correlation among 
variables. In this case, the explanatory variables cannot
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be freely chosen once the sample of companies is defined. 
The compulsory variables included in this regression are 
of two types :

1) Variables that can be associated to specific 
well-defined business lines. Within this 
type are the nine identifiable business lines 
of interest, shown in Table 4.4.

2) Variables that cannot be specifically 
associated to any identifiable business line 
and that are peculiar to specific 
corporations of the final sample. Within 
this type are the 11 residual segments, shown 
in Table 4.4

Among the segment betas assessed from diversified 
corporations by MP or MR, the only useful ones are those 
associated with the variables included in the first of the 
two types mentioned above. In this sense the coefficents 
of determination previously mentioned are a measure of the 
quality of an artificial model that predicts project or 
company betas as a function of identifiable and 
unidentifiable variables. The model of our interest is 
one that predicts the beta for projects or nontraded 
companies engaged only in identifiable business lines
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within those previously assessed, plus some other segments 
whose betas are known from other sources. The fact that 
the highest standard deviations are among the unspecified 
residual segments suggests that the identifiable segment 
betas could explain more than 46% and 36% of the 
variability of the betas of companies engaged only in 
identifiable business lines within those here assessed.
The 46% and 36% obtained are to be used only as a 
reference.

The presence of many negative values and few zero 
values in the MP solutions confirms the possibility that 
the non-negativity restriction imposed by Boquist and 
Moore (1983) can be a distorting factor in the solution.

4.3.5 An Application Example
Suppose that the financial manager of a company is 

facing the responsibility of evaluating two projects:
1) The development and exploitation of some 

silver properties
2) The development and exploitation of a coal 

property
The target equity to total assets ratios, (E/T.A.), 

considered for each of the projects are

1) (E/T*A *^silver = £or the silver project
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2) (E/T.A.)coal = 0.3, for the coal project
The expected risk premium on the market, -

Rp and the expected return on Treasury Bills that can be
used as a proxy for the risk-free rate, R , are 8 and 3
percent, respectively. The financial manager knows with
reasonable approximation that the segment betas follow a
probability distribution like the one drawn in dashed
lines in the right panel of Figure 3.3. Assume that
management considers that 30% is the maximum acceptable
probability of failure, P(f). associated with uncertainty
of estimation of segment betas.

From the right panel of Figure 3.3, the financial
manager determines that for a 30% probability of failure,
P(f) = 0.3, the segment betas to be chosen, fl*, must be
0.65 standard deviations over the mean beta, 13. From 
Table 4.7, the corresponding average segment asset betas 
given by multiple regression for market-value equity,

Bm -v  are

^M-V silver = 1.60, and 

^T coal - 0•i4.
From (3.11), the appropriate asset betas to be 

considered for each project, M-V, are
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fî*M V  silvec = 1-60 + 0.65 * 0.79 = 2.11, and (4.1) 
f î * T  c o a l  = 0 - 1 4  + 0.65 * 0.67 = 0.58. (4.2)

If projects were planned to be all-equity financed, from 
Equation (2.26), the corresponding costs of capital, R 1, to 
discount the estimated cash flows of the projects--assuming a 
constant adjusted rate (see Brealey and Myers [1984] for the 
interpretation of this assumption)--are given by

R 1 ., = 3 + 8 * 2.11 = 20%, andsilver
R' . = 3 + 8 * 0.58 = 8%.coal

Considering the planned equity to capital ratios 
previously indicated, from equations (2.53), (4.1), and (4.2), 
the appropriate equity betas, to be considered for
each project are

B*eM-Vsilvec ~ 2-11 1 1 " 2.11. and
B*eTcoal - 0 . 5 8 / 0 . 3 - 1 . 9 3 .

The corresponding recommended costs of capital to 
discount the estimated cash flows of the projects, R, from 
Equation (2.26), are
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Rsilver = 3 + 8 * 2.11 = 20%, and
R . = 3 + 8 *  1.93 - 18%.coal

These values include both business and the financial 
risks. The contribution of each of these types of risk to the 
discount rates to be used are as follows:

Business Risk Financial Risk Total
Silver 20% 0% 20%
Coal 8% 10% 18%

The above is information that a financial manager 
could obtain when the CAPM is applied to the assessment of 
segment systematic risk.
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Chapter 5 
CONCLUSIONS

5.1 Extractive Industries
The central objective of this thesis was 

accomplished in the following ways :
1) The mean value and the standard deviation of 

the business systematic risk of the oil and 
gas industry were measured by means of the 
pure-play technique. The specific values 
obtained are shown in Table 4.7.

2) The mean values and standard deviations of 
the asset betas of eight extractive 
industries and one associated service 
business line were assessed by means of a 
combination of the mathematical programming 
and multiple regression techniques. The 
eight extractive industries were iron ore, 
copper, lead and zinc, gold, silver, uranium, 
coal, and cement. The associated service 
business line was contract drilling. The 
results of these measurements are shown in 
Table 4.7.
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3) It was indirectly verified that the relative 
segment sales of diversified companies behave 
as a suitable proxy for the relative segment 
market values to the total market value of 
companies whenever the oil and gas segment is 
not present as a significant business line.

5.2 Segment Systematic Risk Assessment
In relation to the state of the art in the assess

ment of industry segment systematic risk, the following 
conclusions can be drawn:

1) The mathematical programming approach for the 
assessment of segment betas from diversified 
corporations can be considerably improved by 
allowing negative segment betas in the 
solution and by relaxing the forced null 
intercept constraint.

2) The multiple regression technique, used in 
combination with the mathematical programming 
and/or pure-play techniques can provide a 
means to measure the standard deviations of 
the segment asset betas obtained from data 
from diversified corporations. The 
measurement of the standard deviations of the
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segment betas by this combination of 
techniques can be extended to the same range 
of application of the mathematical 
programming approach.

3) After the standard deviations of segment 
betas are measured, decision makers, by 
specifying a probability distribution for 
betas, can obtain the segment beta to be used 
for project evaluation, as a function of the 
maximum acceptable downside probability.
When the probability distribution is not 
known, the application of Chebyshev's theorem 
can provide an upper bound of the downside 
probability in choosing a specific segment 
beta value.

5.3 Suggestions for Further Research
The CAPM states that the relevant measurement of an 

investment risk is the systematic risk, the covariance of 
the return on that investment with the return on the 
market. Such a covariance is the triple product of the 
variance of the return on the investment, the variance of 
the return on the market, and the correlation coefficient
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between the returns on the investment and the return on 
the market. In this sense, the systematic risk is 
composed of two elements related to the investment return:

1) The amplitude of the variability of the 
return on the investment, represented by the 
variance of the return on the investment

2) The coordination of the variation of the
return on the investment with the general 
variation of the economy, represented by the 
correlation coefficient mentioned above

As previously done by Guzman (1984), the use of 
these concepts can be a useful approach to solve the 
questions derived from the applications of the CAPM. 
According to the results obtained in Chapter 4, it is
relevant to pose some questions with respect to the values
obtained :

1) Why is an investment in silver riskier than
an investment in coal? Is it because the 
returns on investment in the first segment 
are more erratic than the returns on the 
second segment? Or is it because the 
movement of the returns on investments in 
silver are better coordinated with the 
movements of the general economy?



T-3031 124

2) How do product price movements influence the
movements of the returns in the corresponding 
business lines?

3) How can the slopes of the supply curves of a
product and the income elasticities of the 
demand for such a product influence the 
amplitude of the movements, that is, the 
variance of the returns on the corresponding 
business lines?

4) How can selling contracts of coal or stocks
of metals induce uncoordination in the 
reactions of the returns on investments in 
these commodities to the stimulus of economic 
cycles?

Questions like these are a relevant consequence of 
the matter of fact constituted by the assessed business 
lines systematic risk. All these questions point in the 
same direction. Which are the micro- and macroeconomic 
determinants of the systematic risk?

To make more accurate use of the assessed 
systematic risk variability as a project evaluation tool, 
it is necessary to know a function which fits reasonably 
well the probability distributions of segment asset 
betas. Since there is not enough knowledge about business
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line systematic risk, the available information is 
insufficient to obtain such a function. The second 
suggestion for further research is the search for the 
function or functions that best fit the probability 
distributions of segment systematic risk.
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