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ABSTRACT

The deep ocean is an acoustic medium which is characterized by 

extremely low attenuation and the frequent presence of a very effective 

waveguide for horizontal propagation. The sound speed generally varies 

continuously with position and two numerical models of sound propagation 

in this medium are presented.

The Parabolic equation method approximates the Helmholtz equation 

for propagation in the near horizontal direction. The numerical 

implementation of this approximation is an efficient algorithm which 

marches the depth dependent field in discrete range steps, providing a 

full-wave solution over a two-dimensional vertical slice through the 

ocean.

Ray theory provides the trajectories, travel times and amplitudes 

of acoustic raypaths in the "high-frequency" approximation. Though this 

model inadequately represents the acoustic field near caustics, and for 

sound speed variations whose length is of the order of a few 

wavelengths, ray tracing is a versatile and illustrative tool for 

understanding ocean acoustic propagation.

The inverse problem arises when acoustic measurements are used to 

probe the structure of the ocean. The Damped Least Squares (DLS) 

algorithm is first presented as a general inverse approach based on the 

iteration of forward models. DLS is then applied to the determination 

of the depth dependent sound speed using the Parabolic equation model
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to invert two different monochromatic one-dimensional samples of the 

acoustic field: range dependent Transmission Loss, and depth dependent

Transmission Loss. This inverse technique requires a simple 

parameterization of the oceanic waveguide, and the Bi-Linear and Munk 

parameterizations are used in this study.

Inversions for single free parameters were performed successfully 

after a study of the behavior of the forward model provided optimal 

values for algorithm parameters. Multi-parameter inversions were 

generally not as robust, due primarily to interdependence among the 

parameters. Singular Value Decomposition of the transformation matrix 

at the heart of the inverse algorithm proved very helpful in quantifying 

parameter resolution and interdependence, and data covariance for both 

acquisition geometries.
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1. INTRODUCTION

1.1 Historical Perspective

The study of acoustic propagation in the ocean is a relatively 

recent endeavour. Although man has travelled the surface of the oceans 

for thousands of years, exploration of the depths beyond a few tens of 

meters had been impossible. The ocean is essentially opaque to 

electromagnetic energy throughout its spectrum, whereas the attenuation 

of low frequency sound in sea water is so minute that under certain 

conditions, an acoustic signal is detectable thousands of miles away 

from its source. However, until the development of electronics in this 

century, the acoustic properties of the ocean had not been used. The 

tragedy of the sinking of the Titanic spurred the invention of an 

acoustic tool for the detection of icebergs in 1912. Many commercial 

and military applications followed, including depth sounders, submarine 

locators and a variety of instruments used for studying oceanic 

structure and mapping the sea floor. This last application was 

instrumental in the development of the theory of plate tectonics which 

shapes our understanding of global physics today.
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1.2 The Underwater Sound Channel

The discovery of a deep water oceanic waveguide, which caused 

significant bending and trapping of sound energy, occurred during World 

War II. The existence of the waveguide, called the Underwater Sound 

Channel (USC), is a result of the variations of temperature, pressure 

and salinity with respect to depth. Medwin and Clay [1], and 

Brekhovskikh and Lysanov [2] present thorough discussions on the ocean 

as an acoustic medium, and provide a simplified empirical expression for 

the sound speed c in water

c(T,P,S,z) = 1449.2 + 4.6T - 0.055T2 + 0.00029T3 (1)
+ (1.34 - 0.010T)(S-35) + 0.016z ,

where

Sound Speed (meters/sec)
Temperature (°C)
Salinity (°/oo)
Depth (meters).

In most of the temperate regions of the earth's oceans, the 

salinity is about constant (~ 35°/oo)e However, the warming of the 

surface waters leads to a typical temperature profile as illustrated in 

Figure la. The hydrostatic pressure in the ocean varies linearily with 

depth (Figure lb). These two effects combine to form a velocity 

minimum, as illustrated in Figure 1c, at a depth of approximately one 

kilometer. The sound speed above this depth is primarily controlled by 

the temperature, and below, by the pressure. If the surface is
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Temperature Pressure

D

la. Temperature profile in 
temperate waters.

lb. Hydrostatic pressure profile.

Sound Speed1500(m/s) Sound Speed

lc. Temperate Underwater Sound 
Channel sound speed profile.

Id. Arctic sound speed profile.

Figure 1. Typical sound speed profiles for Temperate and Arctic regions.
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agitated, a mixing layer of constant temperature creates another local 

sound speed minimum at the surface as indicated by the dashed lines in 

Figures lb and lc. It is interesting to note that in Arctic regions 

the temperature is often nearly constant with depth, creating a sound 

speed profile that is linear with depth with its minimum at the surface, 

as illustrated in Figure Id.

The variations of sound speed over the temperate profile are 

relatively small, ranging at most 100 m/s about a mean of 1500 m/s. 

Nevertheless, the region of minimum sound speed forms an acoustic 

waveguide, analogous to a slow layer of constant velocity sandwiched 

between two faster layers. In the latter case, there exists a critical 

angle determined by Snell's law for which energy in the slower layer is 

totally internally reflected (Figure 2a). Similarly, in the case of the 

continuous profile, the channel traps all rays whose horizontal angle is 

less than the critical angle

-i =b 2 <eb-ca)ac = cos —  =   , for cy > ca and Cy w ca (2)
°a 1 °a

where ca is the (minimum) velocity at the channel axis and cy the 

velocity at the waveguide boundary. The waveguide is bounded at the top 

and bottom by air and solid earth respectively; these surfaces are in 

general rough and variable (Figure 2b).
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2a. Total internal reflection in a layered medium.

Range Air

Sea W ater

Source

Acoustic
Raypaths

S o lid  B o tto m

2b. Ray trapping in a deep oceanic waveguide.

Figure 2. Raypaths in layered and continuously varying media.
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1.3 Review of Previous Work and Thesis Objectives

The sound field in the ocean due to a point source can therefore be 

very complicated, and sophisticated theoretical methods and numerical 

models were developed to describe the propagation of acoustic energy in 

this medium, a compilation of which can be found in works by DeSanto 

[3], and Jensen and Schmidt [4],

Two of these models, classical ray theory [2], and a Parabolic 

equation approximation to the Helmholtz equation introduced by Tappert 

[5], are used in this work to illustrate the behavior of the acoustic 

field in an oceanic waveguide. The Parabolic equation method (PE) will 

also be used in an iterative scheme to solve the inverse problem, namely 

to provide an estimate of the sound speed in the ocean, given a 

measurement of the sound field in the ocean. Since any measured data is 

necessarily an incomplete and perhaps noisy representation of the total 

field, it is of interest to characterize the inversion by how well it is 

able to determine the model parameters.

To this end, the Damped Least Squares (DLS) inversion algorithm is 

used. The general technique was introduced by Levenberg [6] and further 

refined by Marquardt [7], and others (Inman [8]; Lines and Treitel [9]).

The application of the Singular Value Decomposition (SVD) described 

by Lanczos [10] to the least squares problem is helpful in 

characterizing the general condition of the inversion. SVD programs
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used in this work were developed by Hanson and Lawson [11].

Munk and Wunsch [12], and Spiesberger [13], have applied similar 

inverse techniques to tomographic travel time inversion for long range 

ducted propagation. Asymptotic analytical inverse schemes have been 

developed for the deep ocean waveguide by Boden and DeSanto [14], and 

for the ocean bottom parameters by Frisk et al. [15].

This study compares parameter resolution and inversion robustness 

for two different parameterizations of the waveguide profile, and for 

two different single frequency data aquisition geometries: range

sampling and depth sampling.
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2. OCEAN ACOUSTIC MODELS

2.1 The Parabolic Equation Method

2.1.1 Derivation of the Fourier Transform Split-Step Algorithm

We now consider the problem of modeling acoustic propagation over 

moderate range (tens to hundreds of kilometers) in the deep ocean. Sea 

water is a fluid of extremely low attenuation, and therefore the 

acoustic wave equation for pressure P as a function of space x and time 

t, in a medium of velocity c

is very nearly the exact governing equation for the problem. It is 

conventional in ocean acoustics to take the following time dependence 

for harmonic waves

Taking this Fourier transform of (2.1) we obtain the Helmholtz equation

V2P(t,x) 1 d2P(t,x) (2.1)

P(t,x) = e i<dtP(x) (2.2)

and use the following Fourier transform

dt (2.3)
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V2p(<i>,x) +
2til (2.4)

The medium for propagation of this pressure wave is essentially 

one-dimensional; i.e. the variation of sound speed with depth is usually 

three orders of magnitude greater than the variation in the other two 

directions. We then make the assumption that the sound speed varies 

only in depth without much loss of generality.

In this section, we will derive the Parabolic equation which 

approximates the Helmholtz equation, and show how the numerical 

implementation of a marching solution is achieved. The method, called 

the split-step algorithm, was first presented by Tappert and Hardin [5], 

We consider the problem expressed in the frequency domain, and for 

cylindrical propagation we can write the Helmholtz equation for the 

acoustic pressure p(w,r,z)

d2p 1 dp d2p 2
(2.5)

We express the sound speed as the relative index of refraction

(2.6)

where c0 is a reference sound speed. Although n(z) varies only with 

depth, it will later be possible to allow a slow range variability.
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We will therefore write n(z) or n(r,z) implicitly as n, and introduce

the wavenumber k, and reference wavenumber k0 :

Rewriting the Helmholtz equation we obtain

1 Z  + 1»E.+ k V p  = 0 . (2.8)
dr1 r dr 3z2 °

We seek to separate this equation, and so postulate a product solution 

for p

p(ti),r,z) = $(r,z) Q(r) (2.9)

where $ contains all the depth dependence of the solution but is only

weakly range dependent, and where Q represents the highly range

dependent part of the solution ( both 4 and Q are implicit functions of

b) ). Substituting into (2.5) we obtain

2Q
(jfo "**—- C t l + Q  + $ (—  + —~— ) + $ + k n $ ] = 0 (2.10)L rr r rj L rr r r Q zz o J

where the subscripted variable denotes partial differentiation. 

Dividing through by $Q we obtain the set of separable differential 

equations
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Q + 1  Q + k2Q = 0 (2.11)rr r r 0

1 20 a *$ + <6 (—  + —-pr— ) + $ + k (n — 1 )(B = 0 (2.12)rr r r Q zz o

having taken k* as the separation constant.

The equation for Q is Bessel's equation of order zero. We will 

pick the Hankel function solution representing an outgoing wave :

Q - H (l)(kr) . (2.13)

Since our interest is for propagation which is "long-range" the 

values of r used in subsequent calculations will be greater than a few 

wavelengths. Thus we are justified in using the large argument (far 

field) asymptotic expression for Q:

-J* i(k r - n/4)
e for k r > 3 (2.14)o

For a reference sound speed of 1500 m/s and frequency f (Hz), this 

approximation requires a minimum range of rm£n given by

750r . > meters . (2.15)m m  i

We see that this is not a severe limitation for propagation of over a 

few hundred meters. Evaluating the first order derivative for Q
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Q

and

2Q

, = Q [ - à + ik. ] (2-16)
— 1 = - 1  + 2ik (2.17)Q r »

Equation (2.12) becomes :

Ç + 2ik f + $ + k (n -1)$ = 0 . (2.18)rr o r zz 0

Now, making the "paraxial" approximation:

I *rrl «  I 2M rl (2-19)

we obtain the Parabolic Equation:

$ + 2ik $ + k (n —1)(B — 0 (2.20)zz o r  o

The paraxial approximation restricts the angles of rays to be close 

to the horizontal. Tappert [5] shows this analytically using ray 

equations derived from the Helmholtz and Parabolic equations. We can 

also justify this step by recalling that the rapid range variation is 

included in Q, while $ varies much more slowly in range. Finally, 

numerical results show that the aperture of well approximated propagated 

energy is about 30° ( + 15° about the horizontal ).

We note that the first order range dependence fundamentally changes
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the nature of the numerical solution of the acoustic equation. We 

proceed to solve for the range dependent part of the solution by Fourier 

transforming the equation in depth

where K is the vertical wavenumber. In performing this transform, we 

have assumed that the index of refraction n does not vary in depth when 

it is this very feature which creates the oceanic waveguide. 

Nevertheless, it has been shown by Jensen and Krol [16] that the error 

made by this assumption can be made arbitrarily small by reducing the 

step size Ar in the marching solution we derive.

By the transformation we obtain a first order ordinary differential 

equation in range

(2.21)

to obtain

- K2$ + 2iko$r + k*(n*-l)$ = 0 , (2.22)

(2.23)

with solution

î(r,K) = $(ro,K) e-a(r-r ) (2.24)o

where the complex exponent a is given by

/#arrKU%  EKEES rmaABY
PQLORADO SCHOOL of MINES 
' GOLDEN, COLORADO 80401
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k2(n2-l) - K2 0
a  =  —

(2.25)

The solution we seek is the inverse Fourier transform of H

$(r,z) = | $ e 1iKzdK

“ n r L  • ■ a(r“r*) eiiKz dK

' ii-}
-k'fn1-!) K*
2ik Al Ilk" Ar

e e <E(r ,K) elKz dK . (2.26)0

We notice that the first term in the integrand has no K dependence and 

remove it from the integral:

ik (n2-l) -iK2
° Ar — —  Ar2 « 2k

$(r,z) = ~  e f e $(r0,K) elKz dK . (2.27)

If we write <|(r0,K) as the Fourier transform of $ (r0»z) we obtain:
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iko(n2-1) . -iK2Ar
. 2 r f +” 2k iKz f +” -iKz

5(r0+Ar,z) = © l e e  dK I K r ^ , z) e dz (2.28)
— CO — CO

This is the expression for the wsplit-step" marching algorithm, which 

computes the field <6(r+Ar,z) given the field $(r,z). The simplicity of 

the expression is further brought out by the use of operator notation

F : Forward Fourier transform (from z to K)

F 1: Inverse Fourier transform (from K to z)

U M )  Ar . Z M I  k1
2

?(r+Ar,z) = e F 2k.e | @(r,z) J (2.29)

Finally, the product p = $Q of (2.9) is the solution for the 

acoustic pressure field at every range and depth.

The split-step algorithm expresses the field at one range (for all 

depths) as a function of the field at a preceding range. Given a 

starting field at some range r0, one "marches" the solution out to any 

range r in increments of Ar. Each step is achieved by the application 

of a Fourier transform in depth, multiplication by a complex function of 

vertical wavenumber K, applying the inverse transform, and finally 

multiplying by a complex function of the index of refraction of the 

medium.
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The marching nature of this approach makes it very easy to 

introduce range variability to the sound speed, thus providing a simple 

solution for laterally heterogeneous media.

2.1.2 Practical Considerations in Implementing the Split-step Algorithm

a) Boundary Conditions

The surface of the ocean can be well approximated by a smooth 

"pressure release" surface. The density ratio between water and air is 

so large that the pressure at the surface is very nearly zero, which 

results in a reflection coefficient of -1 for all angles of incidence. 

We can implement this boundary by creating a negative image ocean above 

the real one. This is accomplished by taking a Fourier transform over 

twice the ocean depth, while specifying an antisymmetric initial 

condition.

Modeling the solid bottom is a difficult problem for the parabolic 

formulation because elastic effects become important. The difficulties 

inherent in including yet another discontinuous interface have led to 

the simplification of the perfectly attenuating bottom, achieved by 

allowing the sound speed to become complex. This necessarily limits the 

model to propagating energy refracted by the water column or reflected 

by the ocean surface, a valid assumption for moderately long range 

propagation in deep water because of energy loss at every bottom 

reflection. The index of refraction term is made complex:
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n2(z) - l = u +  iv (2.30)

and the imaginary part is constructed as follows:

v = 0 z < Bottom depth = zo

or (2.31)

v = a (z-z ) + a (z-z )* , z > zti b 2 b b

Two sets of values were empirically found to be suitable :

a1 = 8.0 x 10 5 a1 = 0
or

a — 0 a, = 5 x 10 72 2

These attenuation coefficients are non-physical in that they are not 

frequency dependent. Nevertheless, they act to attenuate all energy 

entering the bottom without perturbing the sound field in the water 

column. A bottom depth of 500 meters is generally sufficient to allow 

the field to decay enough before the "end of the FFT" is reached.

b) Discretization of the algorithm.

The surface boundary condition is implemented by doubling the size 

of the FFT. If the total number of FFT points is N,
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(2.32)

where Az and As are the sampling intervals in each domain. The even 

function

where m is the depth index.

The number of points used in the FFT, hence the discretization in 

depth Az, and the range step Ar are both determined empirically by using 

ever finer grids until a consistent solution is obtained. Generally, 

the sampling density must increase with greater sound speed gradient and 

higher frequency [16]. Commonly used values are:

e

becomes in the discrete representation

for m = 1 N/2 (2.33)

N.FFT 512

Ar £ 1 km (2.34)

for f < 25 Hz
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c) Transmission Loss

The acoustic field varies over a wide range of amplitude. It is 

common practice to use Transmission Loss (TL) to describe the amplitude 

of the pressure field. The value is quoted in decibels (dB) as

TL = 20 log1( I p(r,z) | (2.35)

where p0 is the pressure at 1 meter from the source. This normalization 

factor is best included in the initial field.

d) Initial Field Algorithms

The Parabolic equation method (PE) requires an initial field to 

start off the solution and concurrently satisfy the constraints of the 

approximations. One of the approximations in the PE is that the minimum 

range be at least 3 wavelengths from the source. It is also 

advantageous to be able to limit the angular aperture of the source in 

order to meet the narrow angle approximation requirements. (It turns 

out that high angle energy is eventually attenuated in the bottom, but 

this typically requires at least 20 kilometers of propagation).
There are two basic approaches used in generating an initial field: 

use of a normal mode program to calculate the field of a point source at 

a short range, or the simulation of a point source using an analytical 

expression for a field at r = 0, which is designed to approach the 

spherical wave solution of the Helmholtz equation at some range a few
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wavelengths away. The latter approach is adopted in this work.

The expression for such a field was introduced by Thomson [17], and 

is given by:

where zs is the source depth, B = 4.2978 for 60 dB attenuation outside 

the window of angle a, and I0 is the modified Bessel function. Also

This source is properly normalized, includes angular filtering and also 

includes the free surface boundary condition. One can readily see that 

the expression has the form of a boxcar filter in the vertical 

wavenumber domain. If one wishes to tilt the source away from the 

horizontal one multiplies (2.36) by:

c
sin (z-z$) tan a I. (BO

n (z-z ) I,(B) (2.36)
s

f°r zs < -y-

C = 0

c
Tilt = exp i T-— (z-z ) sin f3 &n s (2.37)

where p is the tilt angle.
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2.1.3 Corrections to the Parabolic Equation

In addition to errors made in neglecting bottom interaction, the 

approximations used in reducing the Helmholtz equation to the Parabolic 

equation result in errors in the calculated field. The paraxial 

approximation and the introduction of a single reference wavenumber k0 
both cause cumulative phase errors which ultimately change the character 

of the acoustic interference pattern. Correction techniques were 

explored to extend the angular range or improve the phase of the 

solution.

The choice of a single reference speed, and hence wavenumber, is a 

cause for cumulative error with range in phases of the different modes 

propagating in the waveguide. This is shown by McDaniel [18] and 

Fitzgerald [19] who point out that the ideal choice for kQ for any given 

mode is that mode's horizontal wavenumber

k = —  (2.38)n cn

where cn is the mode's horizontal phase velocity. In a situation where 

there are several propagating modes a compromise must be made, and the 

ideal choice for k0 depends on the situation.
Pierce [20] proposes a choice for k0, which he calls the "natural" 

reference wavenumber, consistent with an energetic formulation first 

observed by Rayleigh which states that for waves progressing in one 

direction, the time-averaged potential and kinetic energies are equal.
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Applied to the Parabolic equation this condition results in a unique 

definition for k0 » which turns out to be an average of the horizontal 

wavenumbers of propagating modes weighted by the square of their 

respective amplitudes. However, it is not necessary to have a modal 

decomposition of the wavefield in order to find the "natural" k0. Using 

the modal expressions for pressure and components of velocity, and 

substituting them into Rayleigh's energy equality, he obtains for k*

where G is related to the pressure by |p| = |G |/r. The denominator of

(2.39) represents the total energy propagating in the waveguide. The 

numerator couples the propagating energy to the modes of the wave guide. 

This expression can in principle be evaluated at any range, provided 

that all of the energy represented by G is trapped by the waveguide and 

does not include bottom absorbed energy or nearfield energy that won't 

propagate far. Numerical verification shows that when such high angle 

energy is present, the computed value of k0 is smaller than it should 

be. This "natural" k0 can be adequately computed at the initial range 

if care is taken to insure that the source is limited to those angles 

which will propagate to longer range.

Thomson and Chapman [17] proposed a different factorization of the 

Helmholtz operator leading to the following expression for the split-

ko
2 (2.39)
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step algorithm (to be compared with (2.29))

$(r+Ar,z) = eik.(a-l) _iF exp i Ar s F[@(r,z)] (2.41)

Numerical evaluation has shown this version to have approximately 

doubled the useful angular range (to about ± 30*).

Tolstoy et al [21] have provided a simple sound speed profile 

transformation which corrects some of the PE phase errors. The 

transformation was developed by comparing the usual Helmholtz ray 

equations with the equivalent ray equations for the PE.

Hill [22] also widens the angular range by approximating the second 

derivative term neglected in the paraxial approximation.

DeSanto [23] relates the solutions of the Helmholtz equation and 

the Parabolic equation by an integral transform.

ü r l
i(R,z) 
R

ikQ(r2+R2) 
2R dR (2.42)

The stationary phase evaluation of the integral (at r = R) leads to a 

simple correction to the PE split-step of the form

p(r,z) = Q(r) [ @(r. z) + IF" 0 ] •
(2.43)

This solution somewhat improved the amplitude of p, but showed
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significant improvement in the phase.

Thomson and Wood [24] further explored DeSanto's integral 

relationship and have developed a numerical method of transforming the 

standard Parabolic equation solution to the Helmholtz solution. The 

technique, exact for range independent media, uses the Hankel transform 

of the integral in (2.42) to simplify this relationship

l— T  @p(s,z)
V 1- 1 - f a r (2-44)

where

Py(k,z) is the Hankel transform of pHR(r,z)

3>p(s,z) is the Fourier transform of $(r,z)

and the horizontal wavenumbers k and s are related as follows

k — k I 1 + ——  . (2.45)k.
The solution we seek is therefore the inverse Hankel transform of pg

PHE(r'z) =
@p(s,z)

  J0(kr) k dk (2.46)
o
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2.2 Ray Theory

In the development of the equations describing ray trajectories we

again start out with the Helmholtz equation (2.8) for the pressure in a

cylindrically symmetrical medium of index of refraction n(r,z)

E. + Jl 52. + f-JL + k2n2(r,z)p = 0 . (2.47)
dr2 r dr dz2 °

We postulate a wave solution for the pressure field with amplitude 

A(r,z) and phase 0(r,z)

ikd
p(r,z) = A e (2.48)

where k0 is the wavenumber associated with frequency w and a reference

velocity c0

k = —  (2.49)
0 co

Differentiation of p with respect to range and depth yields

X  [ Arr + 7  Ar + Azz ] + > ~ *z~ K ]

+ it [ *rr + 7 + *zz ] + 4 ^  [ Az*z + Ar<*r J = °

which can be written more compactly as

+

(2.50)
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[ s*(r,z) - |V0|2 ] + ^  [ V20 + 2V^ -^ ]
2

+ —  = 0 (2.51)* A

A and f are both real functions so we equate real and imaginary parts of

(2.51) to zero

£ n2(r,z) - |V0|2 J (2.52)

J = 0 (2.53)

Equation (2.53) is called the "transport" equation and its solution [2] 
provides an expression for the wave amplitude

where B is a constant determined from conditions near the source and J 

is the Jacobian of the transformation from cartesian coordinates of any 

point along the ray to the spherical ray coordinates at the source.

Equation (2.52) is generally simplified by making the "high 

frequency" approximation in which the term in k~*2 is neglected. This 

leads to the Eikonal equation

which determines the geometry of ray trajectories. The gradient of the

A = B(n(r, z) J) lŷ 2 (2.54)

n*(r,z) = | V0 |2 (2.55)
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phase is a vector pointing in the direction of greatest phase change; 

this is clearly along the ray itself, which is defined as the direction 

perpendicular to the wavefront, a surface of constant phase. Let us 

define a ray whose trajectory is the curve S, and a position along the 

ray as r(r,z), illustrated in Figure 3a. The unit vector along the ray 

path is

dr (2.56)

Therefore, using (2.55) we write the gradient of the phase as

V# = |Vp| s = n s (2.57)

Because the gradient of f is along the ray, we see that

(2.58)

Differentiation of (2.57) with respect to arc length yields

_d_
ds (2.59)
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r range

z- -------
X.Ray Trajectory

X _ s

1r
depth

3a. Ray position vector and trajectory.

dr
\ ° c  y i

d s \  i

Ray Path

3b. Horizontal angle of a ray.

Figure 3. Ray Geometry.
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Finally,

(ns) = Vn (2.60)

This basic ray differential equation can be simplified if the 

medium varies only with depth. Writing out (2.60) for each component

T  [ * < * > £ ] - T T 1 ,,'“ 1

•h  [ nU) i? ]  0 • (1'621

Integrating (2.62) with respect to s

n(z) -^ = constant (2.63)ds

At any point along the ray, dr/ds is given by the cosine of the 

horizontal angle a of the ray, as illustrated in Figure 3b. In

particular, if o0 is the takeoff angle at the source

n cos or = n(z) cos a = constant (2.64)

This is just Snell's law for continuous media. The takeoff angle for 

which a ray will turn around at depth zt is the one for which a = 0

cos a_ =
n(z ) c

* - (2.65)• no c(zt)
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Equation (2.64) provides a way of computing the ray angle a for any 

part of the medium. However, near the turning point it becomes

necessary to use an expression for the curvature of the ray. Rewriting

(2.64) as a function of velocity we obtain

co cos a = c(z) cos ao (2.66)

Differentiating with respect to depth z this becomes

-c sin a —  = cos a . (2.67)o dz o d z

Since

da _ da ds_ _ d<x 1
dz ds dz ds sin a (2.68)

then

da cos ao dc(z)
ds c dz0

(2.69)

and

R - il . (2.70)curv | da |

It is clear that if the medium is homogeneous, the ray paths are 

straight lines, and, if the sound speed gradient is constant, then the 

radius of curvature is constant and the ray trajectories are circles. 

Equations (2.64) and (2.69) are used to compute the ray paths, while 

(2.54) defines the ray amplitude. In practice, the Jacobian is found by 

tracing a second ray at a neighboring takeoff angle a0 + da since we can 
then compute ds/da.



T-3347 31

2.3 Making a Pressure Seismogram Using Ray Theory and the Parabolic 

Equation Method

2.3.1 Ray Model

A pressure seismogram can be generated for any receiver location 

using rays. The time domain response to an impulsive (bandlimited) 

source can be viewed as the sum of impulsive arrivals, each due to a 

different ray path between source and receiver, weighted by the 

amplitude of each ray. The travel time of a particular ray depends on 

the sound speed of the part of the medium it has traversed, and is 

simply the sum of elemental travel times along the ray path

at = —  = ' dzc I c sin a

Receiver

(2.71)

= f _ cTrTz)= | d z
c (z) sin a(z)

Source " zs

Naturally, the z integral is performed between turning points of the 

ray. Interestingly, for a source and receiver on the channel axis, the 

slowest ray is the one which travels along the axis, and the fastest 

totally refracting ray has the greatest takeoff angle [2] and travels 

over a greater geometrical distance.

An algorithm which finds all rays that reach a receiver at (r,z) 

from a source at (r0,z0), is shown in Figure 4. Rays are found by
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INITIALIZE

Source and Receiver Location 
Sound Speed Profile 
Fresnel Zone = Wavelength/2 of some 

Chosen Frequency 
Angle Decrement Delta

c(zs)
Find Bottom Grazing Ray Angle: 6b = ,C(zb )

9 = + |e.
A9 = Delta
 ~ T ~

Trace Ray (8) dzi zrcv ~ zray

e = e - A6

if 8 < - |e| then-----------^  |

else

DONE

Trace Ray (8) dzi = zrcv - zrev ‘ray

Check Whether Rays 1 and 2 are on Same Side of Receiver:

if(dZi • dz,) > 0

else
=3C

then *  dz, = dz.

still same side

Receiver is Straddled by Rays Find Best Angle by Linear Interpolation

d8/dz = A8/(dz. -dz,) : Derivative

A8 = d8/dz • dz. : New A8

8 = 8 + A8

Trace Ray (8) 'ray

if zerror > Fresnel Zone j thenj

el se

dz, = dz,
dzi = Z,r,

Found a Ray ! !

A8 = Delta Calculate Amplitude
and then Search for Next Ray9 = 8 - A8

Try Again

Figure 4. Ray finding algorithm for a refracting waveguide.
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sweeping through the angular aperture defined by the bottom grazing ray 

and comparing the receiver depth with the ray depth at the given 

receiver range. If the ray passes to the other side of the receiver, 

then a search for the exact ray (within a half-wavelength of some chosen 

frequency) is conducted using iterative linear interpolation; the new 

takeoff angle will be 9 + A0 where

A6 = 55. (z - z ) (2.72)dz rev ray

In this manner, all rays which directly reach the receiver, with angular 

resolution defined by the sweep increment, will be found.

The travel time is found using (2.71), and the amplitude is found 

by shooting an extra ray to compute the Jacobian. In Figure 5, two rays 

are shown arriving near the receiver. Ray A is the first ray traced 

which has arrived to within a half-wavelength of the receiver. Ray B is 

the previous ray whose takeoff angle is 9^ ~ A9. Ray A is assumed to 

arrive at the receiver and its travel time is tabulated. To find the 

cross-sectional area of the ray tube spanned by A9, we must find the 

point C on ray B which corresponds to travel time then geometrically 

compute dl

dl = | Zg - zA | cos a (2.73)

where a is the horizontal angle. The total spreading of energy occurs 

over a cylindrical surface of revolution, the area of which is
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Receiver 
(r,z) '

d9 at sourcee+de
cx

AZ

Figure 5. Geometry of two rays used in computing the ray amplitude.
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S = dl 2nr (2.74)

The intensity of the ray is given by the differential power dW in the 

solid angle defined by 0 and d0 leaving the source, divided by the area 

it is spread over at the receiver. The power in the area S is the ratio 

of solid angle at the source 2n cos0 d0 to the total solid angle 4n. 

For a normalized omnidirectional source

dW = -0S-=-d d-- . (2.75)

Finally the intensity I is to power dW divided by the area S:

I = o os_6.de (2.76)
4nr dl

Having tabulated in this way a series of weighted ray arrivals one can 

generate an intensity time-domain trace by convolving this series of 

impulses with a bandlimited wavelet. An example of this procedure will 

be shown in Section 2.3.3.

2.3.2 Parabolic Equation Model

It is also of interest to construct a time domain pressure field 

using the Parabolic equation method in order to compare it with single 

receiver broadband data. This can be done by producing the spectrum 

p(to,r,z) for a band of frequencies and taking the Fourier transform in
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frequency to obtain P(t,r,z). This procedure is expensive, and other 

techniques, such as normal mode programs or the Fast Field Program (FFP)

[4], are perhaps better suited to the task. Nevertheless, the full wave

nature of the PE calculation includes dispersive effects and provides a 

realistic solution. To compute the Fourier transform of the pressure 

spectrum we must address the questions of sampling and bandwidth.

As we have seen in Section 2.3.1, the signal received at a given

range from the source is causal, and the time interval over which

essentially all the energy is received is bounded by the arrivals of the 

fastest and the slowest possible rays. Usually this interval T is much 

shorter than the total travel time of either ray (Figure 6a). It is 

advantageous to consider the pressure signal as a convolution of the 

energy bearing waveform F(t) and a shifted Dirac impulse function with 

time shift equal to the fastest ray travel time tm£n (Figure 6b)

P(t) = F(t) * 6(t-t . ) (2.77)m m

Taking the Fourier transform of P(t)

i<i>t . m m (2.78)

For a large travel time, the exponential will oscillate rapidly (much 

more rapidly than f(w)). To do a proper reconstruction of P(t) would 

then require a very fine sampling of p(w)
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Amplitude of 
Acoustic Pressure

mm max

6a. Sketch of a typical time domain "seismogram" 
in an ocean waveguide.

time

*  T
Co

T 0 m in
time

6b. Splitting the signal into its causal shift and energetic interval

Figure 6. Typical ocean seismogram.
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Aü) i -7—■t . m m
(2.79)

However, if we know tm£n we can easily obtain f(w) from p(to)

f(to) = p(m ) • e
-i(ot . m m (2.80)

and sample p(w) at the much coarser interval

Aw < Y  >> ïr
min

(2.81)

In practice t^^^ can be taken as the arrival time to the receiver range

of the fastest grazing ray, even though it doesn't generally actually

reach the receiver; "low frequency" energy not accounted for in basic 

ray theory may still contribute to the solution. Likewise, the interval 

time T should be taken such that arrival times even slower than the 

slowest ray are included. This is very important in a dispersive 

waveguide. Illustrated in Figure 7 is a typical sketch of a group 

velocity dispersion curve for a low velocity layer between two faster 

half spaces (Figure 2a). It illustrates that, for a source inside the 

slow layer, the group velocities can vary from the velocity of the 

fastest medium at low frequency to a velocity at the Airy minimum, which

is slower than any velocity of the medium.
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Group 
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Figure 7. Typical group velocity dispersion curve for a propagating mode 
in the layered medium of Figure 2a.



T-3347 40

2.3.3 Time Domain Example - Source Near the Axis of a Bi-Linear

Waveguide

Let us consider the problem of generating a time trace of the 

pressure measured at a range of 50 km from a source placed in a fluid 

medium which has a Bi-Linear sound speed profile as illustrated in 

Figure 8. The source is 10 meters above the channel axis and the 

receiver is about 8 meters above the source. Twenty-eight rays were

found using the ray tracing algorithm and their raypaths are depicted in

Figure 9. Their travel times, takeoff angles and amplitudes are listed 

in Table 1. We observe that the fastest ray arrives noticeably later 

than the grazing rays. We also notice that the group of rays with near 

horizontal takeoff angles are numerous and have similar arrival times; 

they will contribute to a large energy pulse at that time. These rays 

have also been refracted many times because the effective width of the 

waveguide is relatively small compared to the range travelled; we 

expect this energy to be dispersed.

Assuming a bandwidth of 256 Hz, we obtain the pressure trace in 

Figure 10.

To generate the same figures using the Parabolic method we pick the 

following parameters:

‘min = 33.25 s and tBax = 33.75 s

yielding

T = 0.5 s and Af = 1 Hz.
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Parabolic models.
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Time (sec) 33.7533.25

a. Time domain trace of the pressure amplitude

b. Time domain trace of the physical pressure 

Figure 10. Pressure seismograms using the Ray model.
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Running the standard Parabolic program from 5 Hz to 256 Hz 

generated the reduced spectrum in Figure 11a for the function f(w) (from 

(2.80). The Fourier transform of f (<i>) implemented by Fast Fourier 

Transform yields the time domain complex pressure F(t); the amplitude of 

which is plotted in Figure lib; the physical pressure is simply the 

real part of F(t), presented in Figure 11c.

In comparing the two models we notice that the seismogram obtained 

using the ray method is much more impulsive, as expected since all 

waveguide dispersion is neglected, and energy from "near" rays is not 

included. Dispersion accounts for much of the smoothing of the energy 

at later times in the Parabolic result. However, unless corrected by 

the method of Thomson and Wood (section 2.1.3), the Parabolic equation 

will be subject to phase errors for all modes whose horizontal 

wavenumber is not exactly k0 » and this effect will also cause smearing 

of energy in the time-domain. The Parabolic trace also exhibits 

different phase character in some of the impulsive arrivals, and shows 

impulsive energy at times where nothing appears on the ray record. 

These effects are due to caustics along many of the raypaths, and the 

existence of "near" rays which narrowly missed the receiver, but which 

still would contribute energy in a more complete description of the 

field.



Frequency (Hz) 256.D
a. Spectrum of the complex pressure generated by the 

Parabolic model

Time (sec)
33.25 33.75

b. Time domain trace of the pressure amplitude

p(t)
i

c. Time domain trace of the physical pressure

Figure 11. Pressure seismograms using the Parabolic model
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3. QUALITATIVE CHARACTERIZATION OF THE ACOUSTIC FIELD IN THE OCEANIC

WAVEGUIDE

3.1 Introduction

In this chapter we seek to show, by use of the mathematical models 

described in the preceding chapter, the nature of the sound field in the 

oceanic waveguide. By varying the source depth and frequency, and the 

parameters of the sound speed depth profile, we shall observe the inter

relationship between full-wave and ray representations of the field and 

gain greater insight into waveguide propagation. The phenomena observed 

here are consequences of the wave nature of sound propagating in a 

waveguide, and are analogous to light propagation in an optical fiber, 

electromagnetic fields in a coaxial cable, or seismic propagation in the 

earth's crust. One of the advantages of the Parabolic equation method 

is that it computes the field over a fine two dimensional grid. The 

images presented are color contours of the transmission loss (2.34). 

The cylindrical part of the solution (Q) has generally been left out for 

purposes of illustration; on those images marked "Solution = 

Parabolic", the depicted field is only the solution $ to the Parabolic 

equation. The ray model is a traditional tool for ocean acoustic 

modeling and is used for comparison with the PE. The parameters used in 

making the various images are listed in Table 2.
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Figure/ Title
Source

Computed
Function

Range (kn.’)
Sound Speed 
Profilezs(m) f(Hz) a/2(e ) AR Rjnax

12. Homogeneous 1500. 25. 11 P .25 100.
ca = 1500. 
za = 0.
8U = °-
gL = o.

13. Arctic 600. 30. 14 P .25 100.
ca = 1500.
za = 0.
6U = °' 
gL = 0.02

14a. Bi-Linear 
14b. Munk

400. 25. 11 
400. 25. 11

P
P

.75 300. 

.75 300.
TAPPERT 
MUNK DSC

15. Source
Position

100. 25. 15 
600. 11 

1220. 15 
2500. 1 
3500.
4500. ▼  i

$

▼

.375 150.
160.
150.1 1 TAPPERT

▼

16. Source
Frequency

650. 10. 13I 30' 1t  100. i

$1 .375 150.

i  1 TAPPERT1
NOTES:

1. The ”standard” P.E. derived in Chapter 2 is nsed throughout.
2. The initial field was calculated using Thompson and Chapman's source [17].
3. k0 'is calculated at range r = 0 according to Pierce [20].
4. The profile correction of Tolstoy et al [21] is used in all P.E. runs.
5. NFFT = 512 (includes reflected ocean).
6. Attenuating bottom: h = 680 m, ax = 4. x 10- 7 , a2 = 0.

Tabic 2. Parameters used in generating the images of Figures 12, 13, 
14, 15, and 16.



T-3347 49

3.2 Homogeneous Ocean

The first set of figures illustrates the two model solutions for 

the homogeneous ocean. The rays are straight lines, and the ocean 

surface clearly acts as a perfect reflector. The energy hitting the 

bottom is attenuated within 500 meters; in this example we would 

normally expect significant amounts of bottom reflected and refracted 

energy in the water.

3.3 Arctic Profile

The results for an arctic profile like the one illustrated in 

Figure Id are presented in Figure 13. In the arctic regions in which 

the water has little temperature variation, this profile is typical. A 

waveguide is formed by the upward refracting water column and the 

reflecting ocean surface. The raypaths are all circular arcs for a 

constant gradient medium such as this one, but appear ellipsoidal 

because of the compressed horizontal scale.

3.4 Underwater Sound Channel

The Underwater Sound Channel (USC) is responsible for long range 

acoustic propagation in the ocean. Examples of propagation over 300 km 

are shown in Figure 14 for two commonly used parameterizations of the
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m the Ocean
« HOMOGENEOUS OCEAN  
Source* 14  deg /  1 5 0 0  m

Sea Bottom

0.0 4 0  6 0

RANGE (Km)
100

Figure 12. Acoustic field in a Homogeneous Ocean.
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____ . - ficoustic Field m the Ocean
*«« ARCTIC PROFILE » «

Profile» B -U N EP R  Source' 3Q.Hr /  14.0 deg SoMon» PE»Hankel

»» A R C T IC  Profile ‘ 
Source» 14  deg /  6 0 0

Sea Bottom

8 00.0 4 0  6 0

RANGE (Km)

100

Figure 13. Acoustic field for an Arctic profile.
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sound speed. The Bi-linear profile is used as a theoretical tool and 

the Munk parameterization more closely resembles a true ocean profile. 

The parameterizations are described in section 5.1.1. The examples of 

Figure 14 include the cylindrical decay with range and show how 

effective the waveguide is at preserving energy.

Several characteric features of the guided acoustic field are 

visible in these examples. The field exhibits a marked zonal structure; 

it has an alternating series of insonified and "shadow* zones. The 

insonified zones, called convergence zones, are places where trapped 

rays converge and form complex interference patterns. As the field is 

observed from near to far range its appearance makes a transition from 

that of a focused beam to a standing wave pattern. Indeed, this

behavior has been explored at length by Felsen [25] and is summarized by

the fact that the near field is well described by a few eigenrays, but

would require many eigenmodes to acheive the same result, and conversely

the far field is well represented by a sum of just a few eigenmodes but 

would require many rays to achieve a good representation. The Parabolic 

model is an excellent tool for observing this transition. We also note 

that the number of convergent zones required to make this transition is 

about 3, the number of "wavelengths" often used as the high/low 

frequency regime boundary.

We now wish to illustrate in Figure 15 the effects of source 

position on the insonification pattern in the USC. The source is first 

placed near the surface, and progressively moved down to near the
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bottom. We observe that at both extremes the convergence zones are 

marked, and persist far out in range. When the source is nearer the 

axis, the convergence zones get smeared out quickly, and the modal

asymptotic region is close to the source. When the source is very near

the channel, the energy is very intensely focused, and if a receiver is 

also placed near the axis the measured sound field will exhibit a

dispersed arrival pattern characteristic of multipath propagation, as 

seen in Section 2.3.3.

The frequency also has an important impact on the appearance of the 

field. While many of the large scale features such as convergence zones 

persist, their character is changed because of the wavelength of the 

pressure field. These examples illustrate the classical problem of the 

high frequency approximation in ray theory. At 100 Hz the images of the 

ocean using the Parabolic resembles the ray picture, clearly showing 

caustics and some preferred wider angle propagation paths. At low 

frequency however, the field looks distinctly modal. In this case, 

dispersion and boundary effects are important parts of the field

description and are not included in the simple ray theory presented in 

Chapter 2.
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3.5 Summary

The acoustic field in the ocean waveguide can be very complex. As 

the preceding models have shown, the geometry of the field depends on 

the location and frequency of the source as well as the characteristics 

of the medium. In trying to probe the ocean and determine its structure 

by remote sensing, the challenge is to design an experiment which will 

allow the determination of the medium characteristics from a necessarily 

incomplete sample of the field. In this study we will compare two 

acquisition geometries at a single temporal frequency: sampling in

range for constant depth, and sampling in depth for constant range. We 

will use the inverse technique described in the next chapter because of 

its generality in accepting many different forms of data.
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4. INVERSION BY DAMPED LEAST SQUARES

4.1. Introduction

4.1.1 The Forward and Inverse Problems

The simultaneous evolution of mathematics and observations of 

physical phenomena led to the formulation of physical laws. These laws 

are generally stated as equations which express the physical field as a 

function of its sources and the surrounding medium. Maxwell’s equations 

for electromagnetic fields and Newton’s law of gravitational attraction 

are two important examples of such a formulation. Given the source 

distribution and medium characteristics, it is relatively 

straightforward to calculate the resulting field at any point in space 

and time. This procedure is often referred to as solving the ’’forward" 

problem, which we represent symbolically as

Field(x,t) = F  ̂Sources(x,t),Medium(x,t) J (4.1)

where F is the "forward" functional operator.

However, many physical problems are posed in a different manner. 

One is often able to measure the field (in some region of space) and 

seeks to determine the characteristics of the medium or perhaps the 

source distribution, or both (in another region of space). Equation 

(4.1) can be written as
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Me d i um(x,t) = G | Field(x.t),Sources(x,t) J (4.2)

or

Sources(x,t) = H £ Field(x,t),Medium(x,t) J. (4.3)

Equations (4.2) and (4.3) express the "inverse" problem, the solution of 

which is of enormous practical importance. In particular, almost all 

problems in Geophysics are posed in this way. To learn about the 

earth's interior, geophysicists are forced to make measurements on the 

surface of the earth (or on occasion in a borehole) which are 

necessarily at some distance from the sources of the measured field. 

The examples in Section 4.1.4 hint at the frequency with which the 

inverse problem is encountered, in a wide variety of applications. The 

examples also illustrate the fact that the inverse problem is often far 

more difficult to solve than its forward expression. For this reason, 

many different approaches to inversion have been devised, and we shall 

examine one of them in some detail.

4.1.2 Two Fundamental Approaches to Inversion

A- Direct or Analytical Inversion

For some specific problems, the functional F in (4.1) can be 

expressed explicitly. Occasionally, one can exploit various properties 

of F in order to invert (4.1) and cast it into forms (4.2) or
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(4.3),solving for functionals G or H, respectively. For example, 

certain physical symmetries may lead to simplifications and 

reformulation of equation (4.1). One can often take advantage of

special mathematical properties of F* certain integral transforms, such 

as the Fourier transform, are easily inverted. Or, one can make

simplifying assumptions or asymptotic approximations which reduce the 

problem to one which is invertible. This analytical solution, if it can

be found, will naturally be specific to the problem considered. A more

general approach to inversion will be examined in this work, and 

although not necessarily the most efficient for any given problem, its 

wide range of applicability makes the following algorithm very useful 

indeed.

B- Iteration of Forward Calculations

Given that a field can be calculated as in (4.1), one can guess a 

source distribution and medium geometry, and compare the computed field 

with a measured field. By successive iterations the estimates of source 

and medium parameters can be refined until a good match is obtained.

4.1.3 The Marquardt-Levenberg Algorithm

The inversion algorithm presented here is an efficient way of 

automating the iteration of forward calculations. The objective is to 

find the source distribution and/or medium geometry which, when used in 

an equation of the form (4.1), provide a calculated field which best



T-3347 63

matches a given measured field.

We can depict the forward model and its inverse, as processes which 

operate on similar sets or spaces, having the schematic representation 

shown in Figure 17. We now refer to the sources and medium as input 

parameters to the mathematical model, and refer to the field as output 

data.

The algorithm's general approach can be outlined as follows:

a) Pick a first guess set of input parameters and 
calculate the corresponding set of synthetic data 
and its difference with the observed data.

b) Find how these results vary with changes in 
parameters.

c) Modify the parameters accordingly using linear 
extrapolation and calculate a new set of data.

d) Compare the new synthetic data to measured data.

e) Iterate steps b,c and d until the match between 
synthetic and observed data is satisfactory.

Key points in this process are the pick of a first guess and the

need for linearization. These issues will be addressed in detail in the

next chapter. First, a few applications of generalized inversion are

listed in the following section.
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PARAMETER DATA
SPACE SPACE

Forward 
Model J

SYNTHETIC
DATA

INPUT
PARAMETERS

‘BEST FIT* 
PARAMETERS

MEASURED
DATA

Inversion

Figure 17. Schematic Representation of the Forward and Inverse processes
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4.1.4 Application Examples

There are many applications in science requiring solution by 

inversion. A few selected from geophysics are presented in Figure 18. 

The inverse problem is stated for each case, and the forward model is 

placed opposite the data to fit. This layout should help clarify the 

different natures of the parameter space representation and the data 

space representation of each problem. Note that in each case, the 

evaluation of the forward calculation is far more straightforward than 

solving its inverse.



T-3347 6 6

Parameter Data
Gravity: Given a p ro f i le  o f  v e r t ic a l  a t t r a c t io n  d a ta ,  f ind  th e  density  

d is tr ib u t io n  of th e  su bsu rface

A A

Inp u t P a ra m e te rs :  d ens ity  c o n tras t P o s it io n
■body v e r t ic e s

Electrical Sounding: Given m easurem en ts  o f a p p a re n t  re s is t iv i ty ,
de te rm in e  the g e o - e le c t r ic a l  s ec t ion

(3̂ f
V H **1 Pi i/ y 
\ y>2 P2
1
\ ’>3 ( <

AB
E l e c t r o d e  S p a c i n g

In p u t  P a ra m e te rs :  laye r  th ic k n e s s
la y e r  re s is t iv i t ie s

Parameterization: Given a d is tr ib u t io n  of p o in ts , f ind  th e  c o e f f ic ie n ts
of th e  po lynom ia l w hose curve m inim izes  th e  d is ta n c e  
to  a ll poin ts

y = a0 + a1x + a2x2+ a3x3

In pu t P a ra m e te rs :  a0, a.,, a2, a3 > X

Figure 18. Examples of Inverse Problems and their Associated Forward 
Model s.
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4.2. Formalism

4.2.1 Assumptions

Inversion by iteration of forward models naturally requires that

certain constraints be placed on the model. First, the model must

adequately describe the phenomenon for which data has been obtained. 

Clearly, applying a crude model to a complex problem will give, at best, 

a simplistic answer. More commonly, the solution will be complete 

nonsense. Second, the model must be differentiable. The algorithm 

involves expressing changes in output with respect to changes in input; 

this process of differentiating data with respect to parameters can be 

accomplished numerically or, if the model equation allows, analytically. 

Nevertheless, the model can be highly non-linear; the algorithm will 

generally be robust enough to converge in spite of a high degree of non- 

linearity. In such cases the initial guess will probably need to be 

fairly close to the desired solution in order for the algorithm to 

provide a meaningful answer. Finally, there must be enough data of

sufficient quality to make the inversion possible. How much is enough

depends very much on the problem at hand.

4.2.2 Notation

We shall develop an algorithm which will be applied to a wide 

variety of problems. Our notation then, will be quite general. Let us 

set :
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NP: number of parameters

NO: number of data points (observations)

p = (Pi.P... Set of input parameters or parameter 
vector

0 = (o^,o%,. ••» °N0)* Observed data vector

M = (mjL ,ma,. Model data vector

X = (x1,x1,. Points at which observations are 
made or, synthetic data is calculated.

We also write M(X,P) to indicate the model evaluated using input 

parameters, P, at all X points. We now note that the model can be 

viewed as a forward process which effects a transformation from an NP- 

dimensional space to an NO-dimensional space, where in general NO 2 NP. 

This process is well determined. The inverse process, however, is not 

necessarily as well determined, and is perhaps not unique. Adding noise 

to the data further complicates matters, and the development of a 

technique which enables us to find the "best" solution and evaluate the 

validity of this solution is the heart of inverse theory.

4.2.3 The Linearized Inverse Algorithm

Let us begin with an initial parameter vector P°, one which we 

assume to be an a priori reasonable start. We then calculate the 

initial model vector M° by evaluating the forward model at each 

observation point
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P --- —————---->M° = M (X, P° ) (4.4)

Now we calculate the difference vector D° which is obtained by taking 

the difference between observed data 0 and calculated data M° at each 

point X£

D° = 0 - M° (4.5)
or

dj = Oj - mi» for i = 1, ... ,NO (4.6)

We can depict this process in data space as illustrated in Figure 19.

Our objective is to minimize the difference between the calculated 

model and the measured data. We seek then to modify the parameter set 

in such a way as to decrease the length of D°. Let us perform a Taylor 

expansion of the model about the current parameter set P°

dM(X,P°) a2M(x,p°) a p2
M(X,P°+AP) = M(X,P°) + --------  • AP-+----------  - ---  + ... (4.7)

ap ap* 2

Note that each derivative is actually a matrix# for example, the first 

order derivative has NP x NO terms
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Mbest

O(X)

o;--

> X

@  - observed data point

Figure 19. Example showing the relationship between the observed data, 
the initial model and the components of the difference 
vector.
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A =
3M.

aPj ,P
for

9pi
dM(x2)

i = 1, ... ,N0 
j = 1, ... » NP

dM(Xl) 3M(x1) 3M(Xl)

dpi 
3M(x2 )

3Pi 3P:

dpNP

3M(xN0) 

dpNP .

(4.8)

We now make two important approximations :

1) We assume that we can write

0 = M ( X, P+AP ) (4.9)

In other words, we assume that we can perturb P by AP to obtain the 
desired data values.

2) We linearize the model; i.e. we drop all but first order 
terms in the Taylor series.

Doing so, we arrive at the following system of equations

3M(X,P°)
0 = M(X,P°) + --------  . AP

3P
(4.10)

or more explicitly, we have at every observation point xj

NP
d.i = °i ~ mi(xi,P°) = ^

j=l

3M(xi,P°)

dp;
Ap«] (4.11)

and finally in matrix form
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di
d2

3M(x1) 3M(x1) 9M(x1)

dpi • dpi

3M(xNo )

dpNP 

. 9M(x^q )

dN0 dPx dPNP

APi

.

Apa

ApNp

(4.12)

or equivalently

APNP (4.13)

We wish to find AP, which represents the change in parameters which, 

when added to the current vector P°, will provide the desired output: 

M(P+AP) = 0(X). So, inverting (4.13), i.e. multiplying both sides by 

the inverse of A, we obtain the following expression for AP

AP = A 1 • D (4.14)

However, in general NO f NP and the inverse of A does not exist in the 

usual sense. There are several different approaches to solving such 

equationss in this study (see Section 4.4) we will investigate the use 

of Singular Value Decomposition (SVD) [10,11], a technique which is 

numerically robust and also provides some insight into the way in which 

the parameter estimates depend on the data.
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4.3. Damped Least Squares

4.3.1 The Linearized Least Squares Expression for AP 

We begin with the linearized equation

dN0 = C  • apnp (4-1$)

Since the difficulty of inverting A arose because of the rectangular

form of A (i.e. NO # NP ) we square A by multiplying by its transpose

AT. D = ATA • AP (4.16)

Now inverting and multiplying, we obtain the Least Squares solution

AP = (ATA)-1' ATD (4.17)

The fact that this equation actually represents the least squares 

solution can be shown by recalling that equation (15) is only a linear 

approximation to a non-linear model. The error in this expression is

e = D - A.AP (4.18)

The squared error is given by

eTe = (D-A-AP)T(D-A-AP)

= (DT-APTAT )(D-A-AP) (4.19)
t  T T T T T= D D + AP A A AP - AP A D - D A  AP .
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In order to find the estimate of AP which minimizes the squared error, 

we differentiate (4.19) with respect to AP and set to zero:

= ATA AP + apt at a - at d - dt adA r

(ATA ap - ATD) + (ATA ap - ATD)T = 0

(4.20)

which is satisfied when AP meets the condition of (4.17).

The Least Squares solution is still plagued with two potential 

problems which can lead to instability in the solution:

1) If A^A is singular or nearly so, its inverse will 
not exist or will be impossible to compute.

2) If the forward model is non-linear and the 
difference D is large, then AP as calculated 
by the linear approximation will be far from
the desired value and could catapult the solution 
away from convergence. This idea is illustrated 
in a simple one-dimensional case in Figure 20.
Notice that 0% is greater than D0 because the 
linear approximation is clearly inadequate, and 
the solution diverges.

We recall that if B is nearly singular det(B) % 0. Also, the elements 

of B_1 are given by

cofactor b;:
b %  —  - (4.21)
1J det(B)
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Model

Non Linear 
Model y

Linear
Approximation

obs

M(P°)--
Parameter

best

A-ù. P—desired

linear

Figure 20. A one-dimensional example illustrating the problems of using 
a linear approximation in a non-linear transformation.
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4.3.2 The Marquardt Parameter

In order to restrict the size of AP to within some bound APmax, and 

still improve the error e^e, we seek to minimize a function L of AP and 

a new quantity 0:

L(AP,p) = eTe + p( APTAP - AP* ) (4.22)

Differentiation of L with respect to AP leads to the following

modification to the Least Squares solution, first introduced by

Levenberg [6], and later described in detail by Marquardt [7],

We replace A^A with (A^A + pi), where

P: Marquardt parameter or damping factor (p > 0)
I: Identity matrix of size NP x NP

to obtain

AP = [ ATA + pi ] • ATD (4.23)

There are two immediately observable benefits resulting from this

modif ication:

1) Any singularity of A^A is removed. Since A^A is 
positive definite (all of its eigenvalues are 
positive), adding a positive number to all diagonal 
elements effectively "DC shifts" the eigenvalues 
away from zero. Indeed, the determinant becomes 
for large p

r t 1 NPdet| A A + pi J = Order(p ).

The inversion of (A^A) is now much more stable.
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2) The length of AP is constrained. From (4.23) 
we see that

1 Y
AP = ----------  • AD.

Order(pNP)
Then as 0 approaches infinity, AP approaches zero. 
By judicious choice of 0 we can ensure that the 
size of AP remains small enough to validate the 
truncation of the Taylor series after the first 
term. Using the analogy in Figure 20, we constrain 
the size of AP in such a way as to follow the non
linear model curve in small linear steps. The 
inverse solution now becomes an iterative procedure 
which will converge toward a region of minimum D, 
the difference in measured and synthetic data.

The question of how to pick a value for 0 at each iteration is discussed 

below.

4.3.3 The Determination of the Marquardt Parameter

Viewed as a damping factor, 0 should be chosen in such a way as to 

ensure that all higher order derivatives are negligible with respect to 

the first order term. Unfortunately, the cost of calculating even just 

the second order terms for commonly sized problems is prohibitive. 

Recall that at each observation point the number of second derivative 

terms behaves as NP2

(NP)2- NP 1
# = NP + ---------  = -  (NP + NP2) (4.24)

2 2

if symmetry is assumed. If these derivatives are to be calculated 

numerically, the number of forward model calculations becomes
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unreasonably large.

A simpler choice can be made based on the behavior of the mean 

squared error <D*> with respect to p. We have observed that as P ->0, 

AP tends toward the least squares solution, and as P AP —> 0. If

the initial difference vector is D°, then we can expect <D2> to behave 

as illustrated in Figure 21. Here, we assume that the undamped least 

squares solution is unstable and would cause the procedure to

diverge. We see that the curve has a minimum, corresponding to an

optimal value of p. We can not expect the minimum to go to zero until

we approach the linear region around the desired solution, and even

then, only for an ideal case.

We can find the optimal region for p by an iterative search which 

exploits the monotonicity of the curve. Given the possible instability 

of the inversion for the region p < Poptimal' we should start at some

value of p > Poptimal-

Adding p to each diagonal term in A^A shifts all the eigenvalues of 

the problem by p. If this shift was of the order of the largest 

eigenvalue, we would expect that a further increase in the size of P 

would not dramatically affect the results; i.e. p is approaching its 

asymptotic behavior at infinity.

Even if we did not have a straightforward way of evaluating the 

eigenvalues of the matrix A^A (i.e. SVD), we could easily compute an 

upper bound for the largest eigenvalue by taking the "trace" of A^A. 

The trace is the sum of the elements along the diagonal, and is equal to
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Figure 21. Simplified dependence of the Mean Squared Error on P for a 
non-linear problem.
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the sum of the eigenvalues of the matrix regardless of the coordinate 

system in which it is expressed. Since all eigenvalues are positive, 

the trace of A^A is an upper bound for the value of the largest

eigenvalue, and provides a reasonable starting value for p.

By comparing successive values of <Da> obtained for decreasing 

values of p, we select the "best" one. We note that the region near the 

minimum is often quite broad and flat, making the choice of Poptimal not 

very critical.

Shifting the eigenvalues by a positive amount p biases the

calculation of AP. The larger p is, the less effect the information

contained in A^A has on the solution for AP. The next section discusses 

the trade-offs inherent in adding the bias.

4.3.4 Remarks on Biased Estimation

Each step in the inversion process requires a starting set of

parameters P° from which the current values of A and D are determined. 

In finding the next set of parameters, P1 = P° + AP, we may consider the 

process of determining AP using the least squares expression of (4.17)

T  —1 T  AP = (A A) • A D

to be normally distributed, centered on the desired value of AP, and

with standard deviation related to the distance D from the solution in

data space. Assuming the search converges, the error <Da> decreases

with each iteration, as does the standard deviation (Figure 22). As we 

have seen, without damping the solution may take a large number of
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iterations to converge, or, may not converge at all due to non-linearity 

of the model. If we include damping, we include a bias in the solution 

for AP. At any single iteration the distribution of AP's may look like 

those illustrated in Figure 23 for different values of p.

We observe that increasing P moves the mean of the distribution 

closer to zero (and away from AP^es^), but also narrows the peak. As 

the bias term becomes dominant, the standard deviation of the 

distribution of AP must tend toward zero. What is lost by moving away 

from the ideal mean is more than compensated for by the narrowing of the 

choices for AP. Thus, the introduction of the bias term stabilizes the 

inversion of A^A as we have seen, but also tends to reduce the number of 

iterations. With each iteration the size of P is decreased and the 

final solution is approached in a constrained yet well directed manner.

A choice of large damping factor p tends to allow only the largest 

eigenvalues to influence the solution because the effects of the smaller 

ones are swamped out. When the error associated with the coarser model 

features is small, decreasing the value of p allows "finer tuning" by 

the smaller eigenvalues.

Finally, it may be possible to come up with a priori reasonable 

bounds for p, based on the problem at hand. Using SVD to calculate the 

value of the largest eigenvalue will quicken the search for an optimal p 

at each step in the inversion. The lower bound for P could be thought 

of as related to the noise level in the data, and attempting a solution 

for a still smaller value of P would be unproductive.
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4.3.5 A Geometrical Interpretation of the Inversion Process

Valuable insight into how the damped least squares algorithm works 

can be gained by thinking of the search for the best solution as a 

journey through "parameter space". Indeed, one can imagine an NP- 

dimensional space spanned by the parameters of the model, in which at 

every point P(p!,pa,...,PNp)' the value of the associated mean square 

error <D*> is mapped.

The surfaces defined by equal values of <D2> form equipotential 

contours and the main features of interest are NP-dimensional minima, or 

"bowls". The objective of the inversion process is to find the deepest 

bowl in the space of possible solutions* one of the principal questions 

in this approach is whether the algorithm found the right minimum. 

Marquardt [7] showed that the surfaces described above took on certain 

characteristic shapes depending on the nature of the model.

A- Linear Model

The contours of constant <D*> are ellipsoidal. The degree of 

eccentricity depends on the stability of the problem. A problem is said 

to be stable if for all neighboring points in parameter space, the model 

results are also close. In geometrical terms, a stable problem is one 

whose contours are never very steep. A highly eccentric ellipse would 

correspond to an "ill-posed" or "ill-conditioned" problem: in this case 

the matrix A^A would be nearly singular.
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B- Non-Linear Model

The contours of constant <D2> are deformed ellipsoids, perhaps even 

closing to form local minima which are not necessarily near the desired 

solution. Near the desired solution these deformed ellipsoids would 

approach true ellipsoids as the linear approximation becomes valid.

Finally, the direction of the Marquardt-Levenberg solution is 

bounded by the undamped least-squares and the steepest-descent, or 

gradient, solutions. In many cases this results in a more efficient 

path to the ultimate solution. An example of such contours for a two 

dimensional case is illustrated in Figure 24.

This geometrical view is very instructive and helps emphasize the 

need to start the process off within the bowl which corresponds to the 

global minimum. Unless some other constraint acts on the search, the 

algorithm will converge to the local minimum* i.e. the minimum of the 

bowl in which the initial guess P° was placed. The existence of these 

undesired traps is entirely dependent on the problem, and a study of the 

behavior of the model is advised prior to attempting inversions.

KRTHUa LAKES LI3H&RT 
C O L O R A D O  SCHOOL of MÏNHS 
BOLDEN, COLORADO 8040%
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Contours of 
Constant<D2>

best

LeastSquares

Damped
Least

Squares
Steepest
Descent

> pbest

Figure 24. A two-dimensional fictional example of a parameter space 
error contour map for a non-linear problem.
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4.3.6 Basic Flow of the Marquardt-Levenberg Algorithm

A flow chart of the algorithm is presented in Figure 25. In

summary, the objective is to fit the measured data 0(X) using a model

M(X,P), evaluated using parameters P at all observation locations X. We 

wish to find the set of parameters P^est ***ich lead to a mean squared

error ^best which is less than some epsilon of our choice. The main 

loop involves calculating AP from the inversion formula and moving to 

each new operating point P + AP until the mean squared error is 

satisfactorily small. Within each main loop the iterative search for 0 

is performed. Each specific application of the inverse algorithm 

requires the prior determination of the parameter step sizes used in

evaluating the matrix of partial derivatives A, and of the factor used 

to decrement the value of (3 in the p search loop.
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Beta 4i Search Loop

AP

= Model (P + AP, )

MAIN
ITERATION
LOOP

YES

NOiV+1opt imal £ epsilon

Calculate Matrix of Partial Derivatives A

Calculate AP, it's associated Model and M.S.E

Move to New Parameter Point

P” + AP1optimal

Make Initial Guess P1 
Set Current Parameter: Pn

Decrement Beta

Check for passing the optimal p:

Else use previous value

Calculate Initial: Model
Difference D
Mean Squared Error <Dei>

Use AP1

opt imal

opt imal

has been found

opt imal

YES

I^ IW E B S I^C O M P LE t c J

Figure 25. Damped Least Squares Inversion Algorithm Flow Chart.
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4.4 Singular Value Decomposition

4.4.1 Development of the Transformation Equations

In section 4.2, we linearized the model and expressed the forward 

problem as

D = A AP.

In an effort to minimize the squared error, we arrived at

AP = (ATA)~1ATD.

In section 4.3, with the introduction of the Marquardt parameter, p, we 

developed an iterative scheme which stabilized the inversion process and 

insured convergence to the local minimum squared error. The equation 

for AP at each iteration was

AP = (ATA + pI)"1ATD.

This approach, though remarkably robust, gives little information 

regarding the relative importance of individual parameters, nor does it 

estimate effects of errors in the data on accuracy of determination of 

the solution parameters. In order to address these issues, we make use 

of the following transformation,

A = ÜSVT (4.25)

introduced by Lanczos [10] and applied to Least Squares problems by 

Hanson and Lawson [11] , where
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A is the NO x NP matrix of first order partial 
derivatives.

U is an NO x NO orthogonal matrix made up of "data" 
eigenvectors satisfying AA^u = Xzu.

V is a NP x NP orthogonal matrix made up of "para
meter” eigenvectors satisfying A^Av = X2v.

S is an NO x NP diagonal matrix made up of positive 
roots of eigenvalues of A^A. Note that if s is the 
NP x NP diagonal matrix

s = [ 0 ]•
We can now express A^A as

ATA = (USVT)T (ÜSVT) = VSTUTUSVT = VS*VT . (4.26)

Rewriting (4.23) in terms of U, S and V, we obtain

(ATA + PDAP = ATD

<=> (VS2VT + PDAP = VSTUTD

<=> V(S2 + pi)VTAP = VSTUTD

<=> (S2 + pi)VTAP = STUTD

IIV/ T a —i T T V AP = (S + pi) S U D .

If we define AP* = VTAP, D* = UTD and A = (S2 + pi)"1ST then (4.27) 

becomes

AP* = A D*. (4.28)

Equation (4.28) is particularly simple because A is diagonal. We see



T-3347 91

then that each element of vector AP* is related to a single element of

vector D* by

Ap* = NP . (4.29)

The solution AP can now be expressed as

AP = V AP* = V/D* = V/N0TD = A~1D (4.30)

where is the "pseudoinverse” of A.

In summary, the inversion process using SVD proceeds as follows:

At each iteration:

1) Calculate the partial derivatives and assemble A.

2) Compute the matrices U,S and V using singular value 
decomposition.

3) The starting value for p is the largest eigenvalue of A^A.

4) Find optimal p (and hence AP) using the SVD equation 
for AP

AP = VA (UTD) (4.31)

where A = (S2 + pi)~2Ŝ .

5) Modify the current parameter vector by the optimal AP.

In this manner, the least squares solution is determined using SVD 

to perform the matrix inversion. Although the inversion step, that is 

the calculation of A, is far easier than using Gaussian elimination, the 

determination of the eigenvectors of A is a significant computational
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chore. The results using SVD are shown empirically to be more accurate

than other solutions [9,11]. Other benefits of using SVD are embedded

in the simplicity of (4.30). We shall now examine the consequences of 

this formulation.

4.4.2 Advantages of the Singular Value Decomposition

The transformation of A, or more particularly A^A, employed above 

is one which effectively rotates the matrix into its principal

coordinate system. This results in the observed diagonalization. The 

same transformations can be applied to the parameter vectors and 

observation vectors as follows:

"Principal Coordinates" "Physical Coordinates*

AP* = VT AP <--> AP = V AP*

D* = UTD <--> D = ÜD* (4.32)

S = UTAV---------------- <--> A = ÜSVT.

The symmetry results from the orthogonality of U and V

UTU = ÜUT = I = VTV = W T. (4.33)

The mathematical relationships between parameter and data vectors 

are very simple in the principal coordinate system because the 

transformation matrix is diagonalized (all principal basis vectors are 

independent and orthogonal).

Unfortunately, the relationship between principal coordinates and
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physical coordinates is not always simple, but it is this relationship 

which indicates the degree of déterminacy of the initial formulation.

The columns of the matrix A contain all the information about the 

sensitivity of model output to changes in each parameter. SVD performs 

an orthogonal decomposition of these column vectors; these orthogonal 

eigenvectors form the columns of U (rows of U^). We note that are only 

NP such eigenvectors, and that the NO-NP remaining columns of Ü are 

taken from the identity matrix. The diagonal matrix S is made up of the 

singular values associated with this orthogonalization, and the relative 

sizes of these singular values reflect the degree of independence and 

sensitivity of the original physical parameters. Finally, the vectors 

of V contain the coefficients of the linear combinations of physical 

parameters that make up the orthogonalized set.

The transformed data (difference) D* is a projection of the real 

data (difference) D on each of the eigenvectors of U^. These 

projections are scaled by the elements of A# and reconstructed by V to 

form the vector AP. We now interpret the use of the Marquardt parameter 

P as a déterminacy filter, because the relative sizes of the singular 

values indicate the degree of determinacy of the associated principal 

parameter. Starting out with a large allows fitting of only the well 

determined principal (orthogonal) parameters first. Later, as the 

desired solution is approached, (3 is decreased to allow the lesser 

determined D* data to be effective in directing the choice of AP.

The question of how errors in measurement of a given data point may



T-3347 94

affect the determination of any parameter may easily be examined. 

Equation (4.30) lends itself very well to the expression of the

parameter changes as linear combinations of data differences:

NO
Apj = ^ d.. (4.34)

i=l

By examining the coefficients of A”1 = V^J^, we may notice a

particular weighting that would indicate the relative importance of the 

accuracy of some measurements versus others. Of course, if the

measurement error bounds are known, a very good estimate of the

confidence interval for Apj can be made. In the same way, we note that 

any parameter can be expressed as a linear combination of principal 

parameters

Apj = V  AP‘ + V  ÀPÎ + ••• + VjNP ApNP (4-35)

and in turn as a linear combination of principal difference values

Apj = vji
' '

d *  4- 4- V XNP
. + p . di * + jNP

‘ XNP + P '
NP' (4.36)

If it should happen that only a few of the coefficients of dj are large 

with respect to the others in the sum, then to a good approximation, 

only those terms need be examined to understand the mechanics of the 

model.
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4.4.3 Inversion Quality Indicators

A- Condition Number.

The spread in singular values indicates the spread in determinacy 

of the orthogonalized parameters. The condition number K defined as

reflects the determinacy of the system, i.e., the overall degree of 

independence and sensitivity of the model with respect to parameters.

B- Resolution Matrices.

The "parameter" resolution matrix Rp illustrates the determinacy of 

each physical parameter by incorporating the chosen value of p into the 

decomposition provided by SVD.

X
K = max (4.37)

= V(S2+pi)"'1SÜTÜSVT

1
= V diag i V,T (4.38)

The "data" resolution matrix Rj) illustrates the interdependence of 

the values observed in the data. It is also known as the covariance 

matrix when multiplied by the variance of the data.
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RD = AADLS = ü diag
i (4.39)

C- Spread Function.

When P is small with respect to the smallest eigenvalue, the 

resolution matrices will approach the identity matrix. A quantity which 

characterizes the similarity of a resolution matrix to the identity 

matrix is the Spread function. For an N-dimensional matrix R, the 

Spread function is the L% norm

D- Parameter Independence.

It is often difficult to interpret the information contained in 

matrix V, particularly for large numbers of parameters. However, some 

insight into parameter independence may be gained by looking at the 

geometrical angle between any two columns of matrix A. If the angle is 

90°, then the two parameters associated with the chosen columns are 

orthogonal. If they are not orthogonal, then the inverse solution may

N
SPR = | R - I j* = ^ spri

i=l

where (4.40)

N

j=l
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not be unique. We recall that the inner product (dot product) of two 

vectors is

and find all angles between any two vectors by dividing each element of 

B by the norms of the columns.

This analysis allows one to make quantitative comparisons of the 

relative qualities of two different models. For example, the effect of 

doubling the spatial density of measurements in a survey may or may not 

affect the accuracy of determination of a given parameter. By comparing 

the sensitivity and resolution of Apj for two different models, the 

question can be answered. Issues such as sensitivity to noise, the 

effect of measuring different quantities, and the use of different 

arrays can all be investigated quantitatively using SVD.

a • b = |a | |b | cosa (4.41)

and that the elements of matrix A^A contain all the inner products 

between the columns of A. We reconstruct A^A from V

B = ATA = VS1VT (4.42)

a.. = cos ij
bij (4.43)
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5. STUDYING MODEL BEHAVIOR IN PARAMETER SPACE

5.1 Introduction

5.1.1 Parameterization of the Sound Speed Profile

Damped Least Squares inversion relies on the use of a forward model

which, for any given set of input parameters, produces synthetic data

over a grid of observation points. In the case of sound propagation in

the ocean, we will use the Parabolic equation as a forward model, and 

use the Transmission Loss as data, sampled either in range or in depth. 

We seek to invert for the sound speed profile which is a continuous 

function of depth. In order to make the problem tractable we are 

required to parameterize the sound speed using simple algebraic

functions, and invert for these parameters rather than the many values 

taken on by the sound speed itself. Two parameterizations are used in 

this study : the Bi-Linear profile, and the Munk profile.

A- Bi-Linear profile.

The sound speed is parameterized as two linear pieces, as

illustrated in Figure 26a. The sound speed is given by

c(z) = cA + g(z-zA) (5.1)

where g is the sound speed gradient (slope). This parameterization is

used in many theoretical studies, and parameter values published by
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Sound Speed (m /s)
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Figure 26a. Bi-Linear profile - Tappert's parameters.
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Tappert [5] are used in this work. They are as follows :

A

«U
6L

Axis Velocity 
Axis Depth 
Upper Slope 
Lower Slope 
Water Depth

1500 m/s 
1220 m 
-.04 s"1 
.02 s_1 

4820 m

B- Munk parameterization.

In an effort to provide a parameterization that would more closely 

resemble the ocean waveguide, yet still retain algebraic simplicity, 

Munk [26] proposed his "canonical" Underwater Sound Channel :

c(z) = CA K  * 2(z-z^) 2
exp(-2(z-z^)/W) + --------+

W h„ W J
(5.2)

with parameter values :

c^: Axis Velocity 
z^: Axis Depth 
W : Channel Width
hg: Hydrostatic Gradient Coefficient

1492 m/s 
1300 m 
1300 m
1.14 x 10“a

This parameterization asymptotically approaches the velocity due to 

the hydrostatic gradient for large depths, and exponentially increases 

toward the surface from some minimum at the channel axis. The Munk 

canonical USC is plotted in Figure 26b.

5.1.2 Synthetically Generating the Data to be Inverted

In order to test the DLS algorithm we will first invert 

synthetically generated data, using the parameters of Tappert and Munk 

for the canonical cases. The plots of the data obtained using the

Parabolic equation model for the Bi-Linear range and depth dependent
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Sound Speed (m /s)
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4 _
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Figure 26b. Munk Canonical DSC profile.
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cases appear in Figures 27a,b and the Munk parameterization data appear 

in Figures 27c,d. In each of the figures we present the computational 

parameters used in generating this data and used in all subsequent 

inversions. The data is the Transmission Loss defined in (2.35).

5.2 Determination of the Derivative Step-Size

5.2.1 Ideal Model Behavior

Damped Least Squares inversion relies on finding successive 

parameter sets which lead to better and better fits to the Mean Squared 

Error (MSB). However, the MSB is not the quantity which directs the 

search; the full difference vector is involved in the estimation of AP. 

The process of finding AP starts by evaluating the local sensitivity of 

the model to small changes in parameters. How small is determined by 

the step size taken in the computation of partial derivatives* this 

choice has a major impact on the solution. As we observed in Section

4.3 a non-linear multi-parameter problem is likely to have local error 

minima, away from the desired solution in parameter space, which can 

trap the search. Some prior study of the model behavior is a necessary 

requirement for the success of the method. In particular we seek to 

determine the optimal step size for the evaluation of partial 

derivatives, based on the characteristics of the mean squared error 

observed in the range of possible parameter values.
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27a. Tappert Bi-Linear range dependent Transmission Loss.
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27b. Tappert Bi-Linear depth dependent Transmission Loss. 

Figure 27. Synthetic data used in all inversions.
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27c. Munk range dependent Transmission Loss.
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27d. Munk depth dependent Transmission Loss.
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For each parameter in this study we will generate a curve of the 

MSB versus parameter value. The parameter values are picked so as to 

span a reasonable region around the canonical expected value, and the 

MSB is the L2 norm of the difference between the specific model M(X,P) 

and the canonical model M(X,P0). In other words, the error curve is 

obtained by running the PE model, thereby obtaining the Transmission 

Loss for the required ranges (or depths), and computing the MSB; this 

process is repeated for a wide range of parameters values. Although 

each curve will be a one-dimensional slice through an N-dimensional 

surface, it is hoped that it will be representative of the general 

behavior in parameter space. We hope to find that the MSB will reach a 

minimum at the canonical value of PQ (it will be zero by definition) and 

that the error will steadily increase as the parameter moves further 

away from the desired value.

An ideal error curve is presented in Figure 28a. The rate at which 

the error increases, and the degree of monotonicity of this trend are 

both important: the first will determine the resolving power for that

parameter, the second will be related to the robustness of the search.

In order to determine the derivative step size, we will apply first 

derivative operators of varying lengths to each error curve. Figure 28b 

illustrates an ideal differentiated error curve. The derivative reaches 

approximately constant asymptotes away from P0 and has only one zero 

crossing at P0. A change of sign in the derivative anywhere but at P0 

would lead the search in the wrong direction. The optimal value of step
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Figure 28. Ideal one-dimensional error curves.
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size would be the shortest operator (because of the single-sided

derivative) which still reproduced the general form of the ideal curve.

Because of the cost in computing each forward model the single

sided derivative is used in the inversion program:

M(X,P+DP) - M(X,P)
D =-------------------  (5.3)
S DP

This operator has an intrinsic phase error of DP/2; the zero crossing

is at Pg-DP/2, and not at P0. In contrast, the centered derivative is

given by

M(X,P+DP/2) - M(X,P-DP/2)
D =--------------------------  (5.4)
c DP

and we use Dc in our study in order to best span the region around P0;

the resulting choice for DP will not change.

5.2.2 Error Curves for the Acoustic Field in the Ocean

Error curves are presented for the two acquisition geometries, and 

for the four parameters in both the Bi-Linear and Munk profile 

parameterization in Figures 29 through 32. We observe that all curves 

have a general trend like the ideal curve of Figure 28a, but that all 

exhibit some degree of "noise" as well. For some parameters, such as 

Axis Velocity in Figure 29a, these noise spikes will decidedly cause 

problems in the determination of AP, and impede the progress of the 

inversion.
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Figure 29. Error Curves for the Bi—Linear parameters using range
dependent Transmission Loss.
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Figure 30. Error Curves for the Munk parameters using range dependent
Transmission Loss.
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Figure 31. Error Curves for the Bi-Linear parameters using depth
dependent Transmission Loss.
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Figure 32. Error Curves for the Munk parameters using depth dependent
Transmission Loss.
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5.2.3 Differentiated Error Curves

Centered first order derivative operators of lengths 4, 10, 20, 40 

and 60 times the parameter sampling interval were applied to all the 

error curves of the preceding section. For the sake of simplicity we 

will only show three illustrative examples which demonstrate how the 

optimal derivative step size DP is determined. The cases we examine are 

representative of a parameter which has a typically good "signal-to- 

noise" ratio, a noisy parameter for which the spikes are comparable in 

size with the trend, and a parameter which has a large local minimum 

nearby.

Figure 33 shows the family of differentiated error curves for the 

Munk Axis Width in the depth dependent geometry. We see that even a 

naive guess of 8 meters would be acceptable; though a little noisy, the 

curve has only one zero crossing. A choice of 20 meters gives us a 

little more confidence, but there is no advantage in taking an even 

larger step size.

Figure 34 shows the curves for the Bi-Linear Axis Velocity in the 

range sampling case. We see that a step size of 40 m/s is just barely 

adequate, and still hasn't removed the effect of the large spikes around 

P0 = 1500 m/s.

Figure 35 shows the curves for the Bi-Linear Lower Slope in the 

depth acquisition geometry. We can see from the error curve itself that 

those local minima are broad and deep, and close to P It is difficult 

to imagine a good choice for the step size outside the marked region.
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Fortunately this parameter, the hydrostatic gradient, is well known and 

very nearly fixed. Nevertheless, this case illustrates the limitations 

of the method of Damped Least Squares, and the importance of preliminary 

model evaluation.

5.2.4 Derivative Step Size

The step sizes picked in this manner are tabulated in Table 3 for 

all parameters in this study. These values are based on the one

dimensional curves generated about the canonical solution. The 

assumption that these curves are representative of the N-dimensional 

space will likely break down somewhere, and where should become apparent 

as inversions are attempted.

Parameter

T-Loss vs. Range T-Loss vs. Depth

Bi-Linear Munk Bi-Linear Munk

1. Axis Velocity 40 50 20 20
2. Axis Depth 40 20 20 8
3. Upper Slope/ .004 .004

Channel Width 120 8
4. Lower Slope/ .002 .002

Hydrostatic Grad. 5.6 x IO"? 1.5 x 10"?

Table 3. Derivative step sizes determined from analysis of error 
curves.
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6. INVERSION EXAMPLES AND RESULTS

6.1 Single Parameter Inversion

6.1.1 Overview

Inversion for each parameter was conducted using the canonical 

values of Tappert and Munk, for the Bi-Linear and Munk parameterizations 

respectively. Each free parameter was given an initial value as far 

from the canonical value as possible, based on the behavior observed in 

the error curves of Chapter 5. The fixed parameters were all at their 

canonical values.

The preliminary study of model behavior was indeed necessary: the

anticipated problems with convergence to the wrong value were confirmed 

to exist for step sizes which were taken too small, but were overcome 

for the most part when the optimal values were used. The range of 

parameter "initial guess" values, which resulted in convergence to the 

desired minimum, was generally narrower than what was expected based on 

the error curves. This indicates that the step size should be chosen 

larger than the minimum required for a single crossover derivative 

curve* the minimum step size should be one which creates asymptotically 

constant differentiated error curves.

Using large step sizes for noisy parameters statistically helped 

the inversions converge, but the problem of large spikes in the error 

curve still hampered the search for the damping factor p within each
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iteration. In many cases, {3 was never decreased sufficiently to become 

negligibly small with respect to the eigenvalues. This condition was 

reflected in the poor resolution numbers obtained for some of the 

parameters. In these cases, the values of AP were small at each 

iteration and the inversion, if it was successful at all, took many 

iterations to converge.

6.1.2 Transmission Loss Versus Range

The data for this geometry was characterized by the presence of 

high and low spatial frequency components (see Figure 27), due to the 

small nulls in the interference pattern and larger convergence zones 

respectively. Generally the inversions proceeded well if the large 

features in the data were sensitive to changes in the parameter. The 

smaller features were very useful if the solution was already goods 

otherwise these effects contributed conflicting information to the 

overall search for AP.

An example of a very successful inversion illustrating these points 

is given in Figure 36. The frames show the state of the fit at each 

iteration, beginning with the initial guess. In each frame we present 

two sets of curves. The data to be fit (see Section 5.1.2) are plotted 

as '+' symbols, while the model output for the current value(s) of the 

free parameter(s) (Transmission Loss computed using the PE) is plotted 

as a continuous line. The lower plot, marked error, is the difference 

between the data and the current model output. The data, model output
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Figure 36. Example of a successful inversion for a single parameter 
using range dependent data.
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and difference plotted in these frames are referred to as 0(X) , M(X,P) 

and D(X), respectively, in Section 4.2. The iteration number and value 

of the free parameter (s) are listed at the top of each frame. The

Relative Mean Squared Error (RMSE=MSE divided by the root mean square 

(RMS) value of the data) is indicated within the bounds of the error 

plot.

The estimate of the Lower Slope improves by approximately an order 

of magnitude with each iteration, as does the MSB. This behavior was 

expected from the favorable error curve in Figure 29d. The error curves 

of Figure 36 illustrate the manner in which the low spatial frequency 

features are fit first. Also visible is a commonly occurring feature 

which was associated with many of the inversion problems with other 

parameters, namely the relatively large residual errors in the shadow 

zones. These areas were highly sensitive to small variations in

parameter value, in a characteristically random manner. While the 

information from these areas generally did not contribute coherently to 

the determination of AP, the large error contribution often swamped out 

any improvement due to the coherent information in other parts of the 

data. These low signal areas were the cause for the large spikes in the 

error curves for Axis Velocity, Axis Depth and Axis Width, because the 

relative effect these parameters have on the large scale features of the 

data is small with respect to the changes observed in the shadow zones.

A possible solution to this problem would be weighting the

contribution from different parts of the data by some function related
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to the signal strength, since the latter is correlated with incoherent 

information. This modification to the algorithm would be required if it 

were to be applied to real (noisy) data.

Fitting the slowly varying parts of the solution first by using the 

Fourier transform to filter out the higher spatial frequencies was 

attempted, but was ineffective because the shadow zones contributed 

significantly at all frequencies. In fact, low pass filtering worsened 

the useful signal to noise ratio as illustrated by the error curves for 

Axis Velocity in Figure 37.

6.1.3 Transmission Loss Versus Depth

The character of the depth dependent data is different from the

range dependent data primarily because at a range of 100 km the energy 

is spread over almost all depths. The difference between

parameterizations is explained by the greater focusing of rays in the 

Munk profile, and it is of interest to observe the character of the

inverse process for a focused beam pattern and a modal pattern.

The five frames of the inversion for the Bi-Linear Axis Velocity 

appear in Figure 38. We observe that the modal structure contributes 

rapidly oscillating error. Nevertheless, the correct solution is

reached in only three or four iterations. The largest remaining error 

is again in low-power portions of the data and this case would appear to 

benefit from weighting the residual error as well. Additionally, the
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Figure 37. Effect of low-pass filtering on error curve of Bi-Linear Axis 
Velocity for range dependent data.
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non-oscillatory part of the data might be used more effectively with 

weighting to assist the inversion in the case of an initial guess which 

was far from the desired solution.

An example of inversion using the Munk parameterization is 

presented in Figure 39. The initial guess appears to be very poor, but 

nevertheless the correct parameter value is obtained after six 

iterations. In both cases shown, the error curves in the model study 

indicated the likelihood of this favorable result.

6.1.4 Single Parameter Inversion Summary

The inversion results for all 16 cases are indicated in Table 4. 

The initial value for the free parameter, as well as the derivative step 

size are tabulated as P0 and DP respectively. Many inversion cases were 

run in order to determine the extreme values for P0 that still provided 

a converging solution.

The efficiency, or overall cost of each inversion is related to the 

number of iterations (which each require the calculation of the matrix 

of partial derivatives) and the total number of forward model 

computations.

The improvement in MSB reflects the sensitivity of the data to 

large changes in parameters. The values illustrate the need to be quite 

familiar with a problem before arbitrarily assigning an error criterion 

for a fit.
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Geometry/
Parameterization

Parameter P. DP No. of 
Iterations

No. of
Forward
Models

Relative 
Mean Squared Error P/\max Resolution

I
Desired
Value

Final
Value

Estimation 
Error %

No. Name Initial Final

1 Axis Velocity 1460. 50. 3 19 6.0 x IQ-' 9.6 x 10"4 .34 .763 1500. 1500.1 .007

T-Loss vs. Range 2 Axis Depth 1120. 50. 4 20 2.2 x IO"* 1.4 x 10"4 .07 .935 1220. 1218.8 .117

Bi-Linear 3 Upper Slope -.02 -.004 15 65 6.2 x 10"* 4.1 x IO”4 .68 .597 — .04 -.03988 .390

4 Lower Slope .015 .004 3 22 1.2 x 10-1 2.4 x 10-4 .02 .981 .02 .02002 .075

1 Axis Velocity 1465. 20. 4 24 1.3 x IO"* 8.1 x 10-4 .025 .974 1500. 1499.70 .021

T-Loss vs. Depth 2 Axis Depth 1120. 80. 3 22 2.1 x IO-* 6.7 x IO-4 .039 .979 1220. 1219.97 .003

Bi-Linear 3 Upper Slope -.043 .008 5 23 7.8 x 10"3 2.6 x IO”4 1.0 .670 — .04 -0.04001 .040

4 Lower Slope .013 .002 9 44 1.4 x 10"1 1.2 x 10™4 .0064 .997
I

.02 0.02003 .085

1 Axis Velocity 1470. 50. 20 84 3.9 x IO-3 1.9 x 10™3 1.0
1

.580
j

1492. 1508.00 1.1

T-Loss vs. Range 2 Axis Depth 1200. 30. 10 43 1.4 x 10'* 2.9 x 10™3 .95
1

.500 j 1300. 1315.00 1.5

Munk 3 Channel Width 1200. 120. 5 26 5.5 x IO"3 7.3 x 10™4 .70 .745 |
!

1300. 1291.00 .853

4 Hydrostatic
Gradient 1.1 x 10~$ 5.6 x 10"7 5 23 4.8 x IO"3 3.2 x IO-4 .98 .735 j

i
1.14 x 10™* 1.34 x IO-* .550

1 Axis Velocity 1450. 25. 2 14 9.2 x 10"4 3.6 x IO"1 .70
!

.940 1492. 1488.00 .230

T-Loss vs. Depth 2 Axis Depth 1200. 20. 6 32 2.9 x IO-* 2.0 x 10“* .037 .983 1300. 1299.50 .052

Munk 3 Channel Width 1200. 20. 3 20 8.0 x IO-3 5.7 x IO-4 .092 .973 1300. 1280.00 1.97

4 Hydrostatic
Gradient 1.1 x 10"* 1.5 x IO"7 2 16 5.6 x 10 3 4.2 x IO"1 .058 .972 1.14 x 10™$ 1.138 x 10~$ .116

Table 4: Single parameter inversion results
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The parameter resolution number is related to how small p became 

with respect to the singular value of the problem. Indeed, if p/X is 

close to 1, then the resolution is close to 1/2. Poor resolution does 

not imply a wrong estimate, but it does mean that confidence in the 

estimate is low.

The last three columns compare the parameter estimates with their 

desired values. The estimation error is the difference between desired 

and estimated values, normalized by the same factor used in the 

inversion to normalize each parameter. The values illustrate how 

demanding the requirements are for a good inversion* a satisfactory 

estimation error is less than one percent.

Overall, the range data was more difficult to invert than the depth 

dependent data. Significant inprovements in the range dependent case 

are expected if a residual error weighting scheme were used. Only the 

Munk Axis Velocity for range dependent data, and the Bi-Linear Upper 

Slope for depth dependent data seemed particularly difficult to invert.

6.2 Multi-Parameter Inversions

6.2.1 Two Parameter Inversion

The difficulties encountered with the single parameter inversions 

prove to be even more limiting in the multi-parameter case. Although 

every inversion converges, the parameter estimates obtained are often 

far from the desired ones as we demonstrate in the following two
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parameter example.

An inversion for the Bi-Linear Axis Velocity and Axis Depth was 

performed using range dependent data. Both parameters had been

successfully inverted as single free parameters for a broad range of 

initial values, and with good final resolution.

The inversion proceeded as indicated in Figure 40. We observe that 

the data was fit as expected by reducing the low spatial frequency

components of the error first. Unfortunately the combination of 

parameters which reduced this large scale error to zero was not the 

desired set; the search got stuck in a broad error minimum away from the 

global minimum. The correct value for Axis Velocity was passed on the 

second iteration, while the estimate for Axis Depth always remained less 

than its target.

One of the difficulties with this case is the interdependence of

the two parameters. If we look at the matrix of partial derivatives for 

this problem, plotted in Figure 41, we see that the two vector

components of the matrix look very similar, i.e. a change in either 

parameter effects the same change in the data. There are some areas 

which do look independent, but they appear in the low-power part of the 

data, at a range of about 30 km. The angle between the vectors is 67*, 

which appears not to be large enough for effective independence. We 

remark that the top trace represents the error which remains to be fit, 

and only the regions where it correlates with the partial derivatives 

will contribute to the estimate of AP.
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The SVD decomposes the matrix of partial derivatives into 

orthogonal components, which form the rows of U^, depicted in Figure 42. 

These vectors are orthogonal only over the entire interval, and small 

portions can be perfectly correlated. The residual error, D, is 

projected onto each vector, and these inner products are the components 

of the transformed data D*, listed in Table 5 along with other SVD 

results. These numbers are then scaled by the damped eigenvalues of 

this problem, listed as the elements of LAMBDA in Table 5. Since the 

eigenvalues are of similar size, the condition number is close to one, 

indicating the problem is well determined for all parameters. Finally, 

the reconstruction of AP is done by multiplying by matrix V.

We can see that the solution has converged to a stable minimum. It 

is not the desired minimum because, along the search, the data depended 

in similar manners on the two parameters. The poor resolution numbers 

are due to the large damping factor of the last iteration.
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PARAMETERS FOR 3 c ST FIT

Inv Profil Param Name
Ax is_ VelocityAxis_Depth

Value

h i 8S 1 2 1 î 8i  -,2: î ?! 3 Ü : 8 i
[PAR

i:S8£88i:« 1:88888^,
Normalization

)E + G3

Average Relative Error in Estimating Parameters: 1.5C10 X 
Average Relative Error in Initial Values: 6.0000 %

INVERSION ITERATION STEPS

Iteration 

?
I
5

L-Steps

8
f
22

KAPPA
O.QOE+OO
2.63E+00
2.65E+0C2.44E+002.77E+00
1.73E+00

3ETA 3E T A Z S I N G M X A 2 Relative MSE Delta-P

1 1  I !  1 1  1 1 1

SINGULAR VALUE DEC OMPOSITION RESULTS

VALUES for vector S-Singular:

I WiSftSi
Condition #: 1.729

Values for matrix V-oarametr:

-0.7352 0.6192
-0.6192 -0.7852

Values for matrix Par-Angles:

,S:9?§2

Par# LAMBDA
5.223855E-Û4
7.5555135-04

VALUES for vector Dstar.npar:
3.1375-01 -4.5815+00

Values for matrix RESOLUTION:

C . 8445 
0.0720 0.0720 0.5100

Table 5. SVD results for the two parameter inversion example: Bi-Linear 
Axis Velocity and Axis Depth for range dependent data
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6.2.2 Four Parameter Inversion

This result shows the current limitations of the method. Three and 

four parameter inversions were performed to investigate the 

interdependence relationships between the four parameters taken 

together. The results for the four element inversion are presented in 

Figures 43 and 44 and in Table 6. We can see that once again, a 

reasonable fit to the low frequency component of the data was obtained, 

but the estimated parameters are still wrong, evidenced by a large

residual high frequency error which is unable to steer the solution in a 

coherent manner. At the last iteration, the rows of the partial

derivative matrix appear quite different from each other, and the angles 

between them show their relative independence, taken two at a time. The 

matrix V is sparsely populated which also indicates that the 

orthogonalization. performed by the SVD was close to a simple rotation, 

in which the parameters were placed in order of decreasing determinacy. 

In this case, the relative sizes of the eigenvalues represent the degree 

of determinacy for each physical parameter. Their order is:

1. Axis Velocity
2. Lower Slope
3. Axis Depth
4. Upper Slope

as seen in both the ordering of the rows of V and the diagonal elements

of the resolution matrix. Nevertheless, even though the initial

parameter values were chosen close to the target solution, the inversion 

has converged to a local minimum away from the desired one, probably 

because of the specific shape of the error surface in parameter space.
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P A R A M E T E R S  FOR B EST FIT

Inv Profil P aram Name
1 Axis V el o ci t y < Axis_Ceoth
3 Uooer_Slooe
4 Louier_Slope

Value

-3 .35 495E-02
1.95204E-02

Error

-1.450535-Q3
4 . 796C5E-04

OP AR

■1 .6CC00E-02 
2.Q0C00E-03

N o r m a l i z a t i o n

1:SS555E:833.C00005-C2
3.C00CCE-02

Average Relative Error in Estimating Parameters: 2.1320 X 
Average Relative Error in Initial Values: 3.1250 X

INVERSION ITERATION STEPS

I teration

?
2
34
5

L-Steos

2

19a

KAPPA

8§#:8?295+31

94E+01

BETA
g . c o E + o o2.37E+Û7i:3ïiî8ï5.51E+04
4.94E+06

BETA/SINGMX*2 Relative MSE Oelta-P
g . o c E + c q  3.00E+C0 
1.005+00 9.36E-C1 
7.53E-01 
2.015-03

1 .545-02 1.39E-02 
3.33E-03 
2.58E-03

5.92E-02
4.23E-03

SINGULAR VALUE DECOMPOSITION RESULTS

VALUES for vector S-Singular:
5.4195+032.661E+03
1.251E+03
1.343E+02

Par# LAMBDA
1 . 579696E-04 

3 . 7C7307E-05

Condition M: 29.411

Values for matrix V - p a r a m e t r :

-8.09 33 0.8351 0.9359 8.1306
0.0203 -0.0005 -0.1293 0.9914

-0.0 255 -0.9991 0.0325 0.0043

Values for matrix Par-Angles:

0.0626
67.9092
66.590237.6704

67.90920.000045.2183
33.0153

66.5902
45.21380.0766
38.5214

87.6704
33.015388.52140.0000

VALUES for vector D s t ar . np a r:
- 1 . 626E+01 -9.046 E + 00 -8.3515-01 
1.545E+00

Values for matrix RESOLUTION:

8:S!8S 3:̂ 1 :8:8m -8:835!-0.0141 -0.0315 0.0111 -0.0012
0.0079 - 0.0 108  -0.0012 0.5390

Table 6. SVD results for the four parameter inversion example : Bi-Linear 
parameters for depth dependent data.
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Finally, we present the data resolution matrix in Figure 45. This 

quantity shows the dependence of the data value at one observation point 

on the value at another. The totally independent case would be 

represented by a diagonal matrix, and some parts of the data are clearly 

closer to this case than others. The oscillatory region between .5 and 

2.5 km has off-diagonal components which indicate that the data is

determined to within a modal wavelength; any solution shifting the data 

pattern one wavelength would also be associated with a low error. The 

broad patch between 2.5 and 4 km represents data which is strongly

coupled with its closest neighbors, but less so with more distant ones.

The general behavior shown in the resolution matrix could have been

anticipated from the shape of the data itself, but the resolution matrix 

quantifies this dependence.
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Figure 45. Data resolution matrix for the four parameter inversion.
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6.3 Evaluation of the Damped Least Squares Method

In summary, the Damped Least Squares inverse method as presented 

above is not well suited for inverting range dependent or depth 

dependent single frequency data for more than one parameter at a time. 

Although some specific multi-parameter cases were inverted successfully, 

there were many examples of failed inversions. However, the method can 

be improved by adding weighting of the residual error, and perhaps by 

exploiting the low spatial frequency information in this weighted 

difference by inverting in the Fourier transform domain.

The evaluation of the quality of a successful inversion and the 

determination of the cause of failure were made possible by the use of 

the Singular Value Decomposition. Two quantities were particularly 

useful: the parameter resolution matrix quantified the relative

determinacy of parameters, and the data resolution matrix identified 

interdependence of different portions of the data respectively. The 

geometrical angle between the columns of the matrix of partial 

derivatives was useful at identifying dependencies between any two 

parameters; it was found that angles less than 80° indicated a potential 

problem. The condition number was a better indication of the overall 

interdependence of the system* but the detailed information of parameter 

determinacy was best provided by the parameter resolution matrix. The 

resolution matrices depend on the damping factor p, and on its size 

relative to the eigenvalues; computing the ratio of p to the largest
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eigenvalue was helpful in picking the best iteration.

The rows of U^, which contain the data eigenvectors, were not 

visually helpful because they were generally too complex in appearance. 

However, the rows of V were of interest because they showed what linear 

combinations of parameters were well determined, and would be most 

helpful in designing new parameterizations. Finally, the eigenvalues of 

the problem directly indicated the relative degree of determinacy of the 

transformed parameters P*. If the transformation (i.e. V) was simple, 

then the determinacy was directly interpretable in terms of the physical 

parameters of the sound speed profile.
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7. SUMMARY AND CONCLUSIONS

The deep ocean is an acoustic medium which is characterized by 

extremely low attenuation and the frequent presence of a very effective 

waveguide. These conditions allow sound to propagate in the sea for 

thousands of kilometers. The waveguide is a result of two primary 

factors: the variation of temperature and of pressure with depth. The

sound speed generally varies continuously with position, and the 

solution of the acoustic wave equation for this situation is 

accomplished in many ways, two of which were discussed in the thesis.

The first technique approximates the elliptic Helmholtz Equation 

(HE) with a Parabolic Equation (PE) which lends itself to an efficient 

numerical implementation via one-dimensional Fourier transforms. The 

Parabolic method has a number of attractive features* it solves the 

range dependent (two-dimensional) problem, and it produces a full two- 

dimensional slice of the acoustic field in the ocean at no additional 

cost. The full wave nature of the solution includes dispersive effects 

as well. The water-air interface is modelled as a perfect pressure- 

release surface, and bottom interaction is neglected by attenuating any 

energy which enters it. The approximations made do restrict the 

effective angular aperture of the propagating field, but this is not a 

problem for long range cases. Several corrections have been proposed to 

improve the Parabolic model, and for range independent media, an exact 

post-processing method now exists.



T-3347 143

The second model used in this work is a basic ray theoretic 

approach. Under the high frequency approximation, the equations for the 

ray trajectories and amplitudes provide an illustrative though inexact 

representation of the field. The shortcomings of neglecting low 

frequencies, dispersion and the effects of passing through caustics are 

brought out in an example using the Parabolic method and ray theory to 

generate a pressure seismogram for a multipath problem. Investigation 

of the inversion of point to point broadband data would require the use 

of a different forward model.

The underwater sound channel (USC) exhibits many of the features

characteristic of waveguides. These are illustrated using the two 

models to image the sound field for a suite of source positions and 

frequencies, and two different sound speed profile parameterizations. 

The field is found to be well represented by a ray bundle for short

ranges, and by a standing wave or modal pattern in the far field. When 

the source is away from the channel axis, the rays create an alternating 

series of insonified convergence zones and shadow zones which are spaced 

at intervals of about 30 km in range. When the source is near the axis, 

the energy mostly remains in the center of the channel and within a few 

tens of kilometers becomes dispersed in time.

The desire to probe the ocean acoustically in order to determine

its sound speed structure leads to the inverse problem. The technique

of Damped Least Squares (DLS) is a general inverse approach, which 

automates the iteration of forward models in an attempt to fit a
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measured sample of the field with synthetic data. The technique 

required a parameterization of the sound speed profile, and it is these 

parameters which were estimated by the inverse procedure. The algorithm 

is based on a linearization of the forward problem which maps a 

parameter set to the corresponding synthetic data. The linearization

leads to a simple expression relating the difference between observed 

and synthetic data, to the change of parameters required to bring that

difference to zero. This simple expression is generally unstable for

truly non-linear problems and a damping factor is added to prevent the 

solution from diverging.

Although the Damped Least Squares technique is guaranteed to

converge, the non-uniqueness of solutions in a particular problem can 

lead to erroneous results. In an effort to make the search more robust, 

a study of the forward model was made to optimize the algorithm to this 

application. By observing the behavior of the model with respect to 

variations in parameters over their expected range, optimal step-sizes 

used in the calculation of the local derivatives were obtained. 

Nevertheless, the parameters investigated present a wide spectrum of 

properties, some of which were confirmed to impede their successful 

inversion.

Some of the desirable qualities of an inversion are rapidity of 

convergence, the ability to converge to the right answer in spite of a 

bad initial guess, the ability to resolve a parameter singly, or in the 

presence of other parameters which augment the degrees of freedom of the
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problem. These issues were addressed for each parameter and quantified 

using the number of iterations, the parameter resolution matrix and 

other information from the Singular Value Decomposition (SVD), which 

proved to be particularly helpful in multi-parameter inversions.

SVD is a technique which decomposes a linear transformation

(matrix) into a product of three matrices made up of the eigenvectors

and singular values of the transformation. Looking at the relationship 

between data and parameters in this way enabled us to organize the 

parameters in order of their degree of determinacy. The data resolution 

matrix also provided a quantitative method of determining the

interdependency of data values.

The multi-parameter inversions were generally not successful in

converging to the desired solution, even using noise free synthetic data

generated by the same forward model used in the inversion. The

principal cause for this failure was the complexity of the error surface 

in parameter space. The data used in the inversions was often highly 

oscillatory, requiring the initial parameter values to be very close to 

the desired solution.

The DLS technique would be improved by weighting the residual error

by a function of signal strength. This refinement would condition the

data in such a way as to smooth the error surface in parameter space. 

Having made that modification, it may be beneficial to invert the 

Fourier transform of the data, and take advantage of the importance of 

fitting the large scale (low spatial frequency) part of the data first.



T-3347 146

In order to evaluate the usefulness of the DLS inverse technique in 

characterizing acquisition geometries, further work is required to first 

implement the improvements listed above, and then empirically determine 

the bounds on the initial guess parameter vector which ensure 

convergence to the desired value. If these bounds are reasonably large 

(approximately 10% away from the desired value), then the inversion 

quality indicators can successfully be used to perform a quantitative 

analysis of the relative merits of using Damped Least Squares to invert 

different samples of the acoustic field in the oceanic waveguide.
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