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ABSTRACT
There exist several problems which must be overcome
in the successful design of high speed rotors which are rigid
with respect to bending and compliantly supported. Radial
growth compatibility between the rotor and its supports must
be precisely calculated, in order to determine the required
static dimensions of the critical components. In the modal
analysis natural frequencies are identified by solving for the
homogeneous solution of the differential equations of motion
which describe the systen. Kinetic analysis employs the
radial growth and modal analyses, in order to accurately
calculate the particular solution or forced response of the
two-degree-of-freedom, spring-mass (2 DOF) system. The force
used in the kinetic analysis is a result of the eccentric
force generated by rotor imbalance. Numerical and analytical
methods are employed in several aspects of the analysis with
very good correlation, demonstrating that similar results can
be attained using different mathematical techniques.
Experimental data in support of the techniques presented in

this document will be acquired in future prototype testing.
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Chapter 1

INTRODUCTION

It has been proposed that an electric powered flywheel
could be designed to act as a mechanical energy storage device
in an electric vehicle. This device would be capable of con-
verting between mechanical and electrical energy at a higher
rate than any presently available battery storage system can
convert between chemical and electrical energy. Because of
this high rate of energy conversion, the energy that is
presently being dissipated as heat in the vehicle's braking
system could be stored in the flywheel as rotational kinetic
enerqgy. This energy would then be used to accelerate the
vehicle at a later time. Under certain driving conditions,
this scheme could extend the range of a conventional electric
vehicle. Although it is not clear that range will always be
extended, it has been predicted that the vehicle will be
capable of higher performance levels without decreasing
battery life (1).

In order for the system to be practical, it was deter-
mined that the rotor must be capable of angular velocities as
high as 30,000 RPM. In addition, the rotor will have
significant inertia about its axis of rotation. Therefore,
the system will be capable of storing a large amount of energy

(approximately 500 W-h). Rotating parts are common in mechan-
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ical systems. The rotor in a turbo-charger for an internal
combustion engine is capable of angular velocities much
greater than 30,000 RPM, but these devices have relatively
little inertia. The flywheels of some internal combustion
engines have significant inertia, but rotate at relatively low
speeds.

In rotors that have high inertia and rotate at high
speed, there are common phenomena that will have significant
effects on system operation. Among these phenomena are radial
growth compatibility of rotating members, system natural
frequencies (or critical speeds), and gyroscopic effects.
The definition of "high speed" is not clear because this
description is relative to each particular system. High speed
in one system could be 1,000 RPM, while in another system it
could be 100,000 RPM. High speed could be defined as opera-
tional speeds greater than the first critical speed of the
particular rotor system.

Eshleman (2) has provided a precise and descriptive
definition of critical speed. "If the frequency of any
harmonic component of a periodic forcing phenomenon is equal
to, or approximates, the frequency of any mode of rotor
vibration, a condition of resonance may exist; if resonance
exists at a specific speed, that speed is called a critical
speed." Resonant conditions can exist at natural frequencies.

It is assumed that the rotor 1is isolated from externally
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originated vibrations. Therefore, if there exists a forcing
function whose frequency varies with rotor angular velocity
(such as rotor imbalance), and it does not induce resonance at
a rotor natural frequency, then that natural frequency is not
a critical speed.

All rotor systems will exhibit these phenomena to certain
degrees. In some systems, radial growth compatibility prob-
lems can be overcome by assembling the parts with a static
interference fit, or by providing an elastic interface between
critical components. In other systems, dynamic problems can
be overcome by adjusting the stiffness of critical components,
providing appropriate damping, or by a combination of these
techniques. Gyroscopic effects tend to stabilize rotor
systems by making them resistant to angular displacement of
the principal centroidal axis. This change in resistance will
affect the system natural frequencies. A thorough knowledge
of each of these phenomena is essential to accurately
predicting rotor dynamic characteristics.

Preliminary dynamic system calculations of the initially
proposed rotor revealed that a natural frequency would exist
at approximately 30,100 RPM. It is likely that this natural
frequency would have been a critical speed. In addition, it
was found that it is not possible to maintain contact between
the rotor inner surface and the bearing outer races, without

providing an elastic interface between them. It was deter-
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mined that catastrophic failure would have been imminent for
the initially proposed configuration, within its operating
speed range.

Modifications were proposed to account for the dynamic
system and radial growth compatibility problems. It appears
as if the proposed modifications will produce a marginally
stable system (as opposed to an unstable system). In this
case, marginal stability implies that under certain operating
conditions, which could be considered to be normal, rotor
instability could be induced, followed by premature system
failure. It has become obvious that the system will be
highly sensitive to dimensional tolerances of critical
components. In order to determine the 1limits of the
dimensional tolerances, an algorithm was developed to compute
the steady-state bearing reaction forces generated by the
rotor eccentricity, as a function of rotor angular velocity.
A Fortran computer program was then written for machine
computation of solutions.

The following analysis is divided into four sections.
Chapter Two presents the analytical and numerical methods of
computing stress and radial deformation 1in axisymmetric,
rotating members. In the numerical method, the commercially
available Algor Finite Element Analysis software (Algor or
FEA) was used. Chapter Three consists of the modal analysis

of a two degree of freedom spring-mass rotor system. Prior to
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applying the techniques developed in the modal analysis
section, it is necessary to determine that the rotor being
analyzed can be considered to be rigid (it does not need to be
rigidly supported.) Chapter Four consists of the kinetic
analysis of a rotor with the proposed configuration. And
Chapter Five contains an application of the theories to two
different rotor systems. These systems possess significantly
different dynamic properties, and appropriately, they exhibit
significantly different dynamic response.

It is noteworthy that the following analysis has not been
experimentally proven. However, in several instances analy-
tical and numerical techniques were employed to find the
solution. Very good correlation was realized between the
different mathematical techniques. In addition, the results
produced appear to be accurate and 1logical, wusing the
analytical techniques presented. Several cross-checks are
presented 1in Chapter Five as evidence of proper analytical
solution techniques. These checks provide a degree of
confidence in the algorithm, by demonstrating that there are

no obvious violations of the laws of mechanics.
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Chapter 2

RADIAL GROWTH ANALYSIS

There are two reasons why radial growth analysis of the
rotor critical components is essential to a complete system
analysis. First, if the bearing outer race is rotating with
the rotor and the inner race is stationary, then at some speed
the rotor inner radius will be greater than the outer radius
of the bearing race (see Figure 2.1). Relative motion between
the rotor and bearing outer race could result in catastrophic
failure due to excessive bearing loads, if that speed is

within the proposed operating range. Second, if radial

Radial Clearance
Due to Differential

ial
Nc Radic Growth Rate —

Clearance —

74 Race

Rotor

Static Condition Rotating Condition
(non-rotating)

Figure 2.1: Rotor/Bearing Interface

clearance exists between the bearing outer race and the rotor
inner surface, and the two surfaces are separated by an
elastic interface, then in order to determine the steady-state

rotor support reaction forces, it is necessary to know how



T-4076 7

much radial clearance exists between the rotor inner surface
and bearing outer race, as a function of rotor angular
velocity.

2.1 Radial Deformation Due to
Centrifugal Force

Linear elastic, radial deformation and the state of
stress in many rotors, which are due to centrifugal loading
conditions, can be computed using generalized analytical
solutions that are based on the "axisymmetric disk" rotor
geometry. The term "analytical solution" refers to the
closed-form integration of the differential equation which
describes the respective phenomenon, including the application
of the appropriate boundary conditions. For more complex
rotor geometries, where the derivation of an analytical
solution is not convenient, a combination of numerical and
generalized analytical solution techniques constitutes a
complete radial growth analysis. Equation 2.1 defines the
radial deformation in an axisymmetric disk, as a function of
radius (3). It is important to note that if the rotor is not
disk shaped, it is not necessarily valid to use Equations 2.1
through 2.3 to describe the radial deformation and the state

of stress in the rotor.
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r ©2(3+v rér?
u= PIs ( ) (r2+r2) (1-v) + =222
8Eg 2

_u2
1-v I?
3+vV

(1+v)—(

Equation 2.1: Radial Deformation Due to
Centrifugal Loading Conditions

It is necessary to know precisely the uniaxial equi-
valent stress in the rotor. If the stress is greater than the
material yield stress, rotor failure could occur (depending on
the location and degree of yielding). It is likely that the
rotor will become significantly more unbalanced or a structur-
ally critical fatigue loading condition could result. Fatigue
failure at stress levels as high as the yield stress would
probably be characterized as low cycle fatigue. Predictions
of fatigue life are more appropriately based on a combination
of the material fatigue limit, and either ultimate or yield
strength (4). It is beyond the scope of this analysis to
actually compute the fatigue behavior of this system. To
enhance the degree of confidence in the FEA modelling,
uniaxial equivalent stress that is computed in the FEA can be
compared with the stress computed using the solutions for the
axisymmetric disk.

The uniaxial equivalent stress in an axisymmetric
rotating disk can be adequately computed using the stress
components acting in the radial and circumferential

directions. Equations 2.2 and 2.3 define the radial and
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circumferential stress in an axisymmetric disk, as functions

of radius (3).

2.2
rér
)rf+r§— 10 _r2

r?

3+v
89

o, = pwz(

Equation 2.2: Radial Stress Due to
Centrifugal Loading Conditions

3+v
8g

2.2
Iiro_(l+3V)r2

2 3+v o

- 2
Og = PW (
I;

2
)rf+ro+

Equation 2.3: Circumferential Stress Due to
Centrifugal Loading Conditions

The stress values generated using these equations can be used
with the applicable combined stress criteria (typically either
the maximum shear stress or octahedral shear stress criteria),
to develop the uniaxial equivalent stress at a particular

point of interest in the rotor (r)).

2.2 Radial Deformation Due to Assembly
Interference Fit

Any time an interference fit exists between two assembled
axisymmetric parts, a pressure will exist between the two
contact surfaces. An internal pressure will be exerted on the
external part, and an external pressure will be exerted on the
internal part. This will cause a change in the radial dimen-
sions of each. The radius of the external part will become

larger and the radius of the internal part will become smaller
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than it was in the unassembled state. The magnitude of these
changes will depend upon the material that constitutes each
part, the radial dimensions of each part, and the radial
reference point (r ) of each part (usually the inner or outer
surface.)

It is often possible to accurately model sections of a
rotor as composite cylinders, using the analytical solutions
of the linear elastic, open ended, thick wall cylinder, exper-
iencing internal and external pressure. Equation 2.4
describes the radial deformation of a thick walled cylinder,

which is exposed to an internal and/or external pressure (4).

2

r (1+v) rir?

u= ——f | (1-v) (p,ri-p,r2)+ _

(P;-D,)
E(rZ-r?) re e

Equation 2.4: Radial Deformation in a Thick Wall
Cylinder, Due to an Internal and
External Pressure

It is important to know the state of stress in the rotor
due to the pressures that may be exerted on certain parts,
which may be the result of the interference fit that exists
between two concentric axisymmetric members. Similar to the
stress generated by the rotating body, uniaxial equivalent
stress which is due to an interference fit can be computed
using the components acting in the radial and circumferential

directions (it is assumed that the cylinder is open-ended.)

Radial and circumferential stress in cylinders which are
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exposed to internal and external pressure are defined by

Equations 2.5 and 2.6 (4).

2 2 2_2
D;ri-p,Ts rirs
Or = 22 T o (PimPo)
I;-rj r;(r5-ri)

Equation 2.5: Radial Stress in a Thick Wall
Cylinder, Due to an Internal and
External Pressure

2 2 2.2
plrl poIO + IJ.IO (pl_po)

o’ =
0 2 2 2 2 _2
Is-rj r;(r;-rs)

Equation 2.6: Circumferential Stress in a
Thick Wall Cylinder, Due to an Internal
and External Pressure

Once again, similar to the stress in a rotating body, it
is possible to use the values computed using Equations 2.5 and
2.6 with the applicable combined stress criteria, in the
development of the uniaxial equivalent stress at the reference
radius (r,.). It is noteworthy that Equations 2.1 through 2.6
do not include thermal effects. If all of the parts are made
of the same material, and there are no temperature gradients
in the rotor, the uniaxial equivalent stress will not change
(5). Only the strain will be affected by thermal effects in
that case. Neither the constant temperature distribution nor
the single material assumption is necessarily valid in any
particular case. The validity of each assumption will vary

with each system.
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2.3 Remarks

The importance of the analytical equations presented in
this chapter is three-fold. First, they are tools that can be
used to confirm FEA modelling accuracy. When analyzing
complex rotor configurations, it is often possible to apply
these equations to certain portions of the rotor in order to
confirm proper trends within the FEA.

Second, it will be seen 1in Chapter Five that these
equations can be used to accurately compute the critical
radial dimensions of relatively complex rotor configurations.
This reduces the time and computing power required of multiple
FEA formulations (for various rotor operating conditions.) If
the rotor to be analyzed is of a very simple axisymmetric
geometry (such as a disk), then a FEA formulation is not
required. This would imply that FEA may not be needed at all
(in special cases.)

And finally, description of a mechanical system using two
completely different mathematical methods (numerical and
analytical) which produce similar results, reflects
responsible engineering practice.

The tools required to analytically compute radial
deformation characteristics in linear elastic, axisymmetric
rotors have been presented. It is assumed that the reader is
familiar with FEA, therefore the specific tasks of modelling

and configuring data for computation using FEA are not
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discussed. Application of the methods presented can be found
in Chapter Five. For additional information concerning the
analytical topics discussed in this chapter, the reader is

referred to (3, 4, 5).

ARTHUR LAKES LIBRARY
COLORADO SCHOOL OF MINES
GOLDEN, CO 80401
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Chapter 3

MODAL ANALYSIS

The central concepts of this document, upon which all
other dynamic system calculations are based, are the natural
frequencies and mode shapes of the subject structure, which
consists of a geometrically axisymmetric rotor and its elastic
supports (located adjacent to the bearings). During normal
operation, this rotor will spin about the bearing axis within
a speed range of 15,000 to 30,000 RPM. During start-up and
shut-down the system will also pass through the 0 to 15,000
RPM speed range. Small rotor imbalances will result in
dynamic excitation forces in the spinning rotor.

It is assumed that the system behaves in a linear fashion
throughout the normal operating speed range. Natural
frequencies and mode shapes are calculated using the
homogeneous form of the differential equations that describe
the motion of the system. Then a prediction is made of the
forced response of the system due to the imbalance force and
moment and an estimate of the structural damping in the
system.

Before beginning the modal analysis, it is important to
determine whether or not the rotor being analyzed can be
considered to be rigid with respect to bending, as rotor

bending is a potential mode shape. If the rotor is not
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essentially rigid, then the system dynamic properties of mass
and support stiffness must be treated as distributed, rather
than lumped properties. If the system dynamic properties are
treated as distributed, then solution may require numerical
techniques, because the differential equations of motion
become non-linear.

For this analysis, the determination of rigidity is based
on the frequency of the first rotor bending mode, assuming the
rotor is supported rigidly. In other words, if the first
rotor bending mode frequency is sufficiently high, then it is
unlikely that any forcing function acting on the system will
cause resonance at that frequency. Resulting stress (and
strain) which is due to bending will be small, therefore the
rotor is considered to be rigid with respect to bending.

The rigid body determination allows simplification of the
analytical modal analysis into a two-degree-of-freedom,
spring-mass (2 DOF) system. If the rotor were symmetrically
supported about its mass center and non-rotating, the modes
could be described relative to the rotor mass center as pure
translation and pure wobble (see Figure 3.1). These modes
could also be defined relative to transverse deflection at
each rotor support, but this representation would not be
convenient. Since the rotor is not necessarily symmetrically
supported the two modes are coupled (unless the rotor is not

rotating). It is therefore more precise to describe the modes
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as predominantly translation, and predominantly wobble. This
characteristic becomes obvious when the system eigenvectors
are computed (see Section 3.3). In the interest of document
readability, these modes of oscillation will subsequently be
referred to simply as translation and wobble.

Gyroscopic effects produce various degrees of coupling
between modes in different rotor systems. Depending on the
rotor mass distribution and angular velocity, gyroscopic
stiffening can significantly affect the system dynamics.
Gyroscopic effects are well known and exploited in a variety
of mechanical systems. The mathematical equation which

describes this phenomenon will be developed in Section 3.2.

i’_l e ) -
!
i

i
|
- ~

Pure Transiation Pure Wobble

(linear displacement only) (angular displacement only)

Figure 3.1: Modal Description

3.1 Natural Frequency Calculations

Natural frequencies exist in all electrical and
mechanical systems, and their effect on this machine cannot be

neglected. For example in an electrical system, Amplitude
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Modulated (AM) radio wave reception 1is based on the
superposition of a radio wave (having a specific frequency),
upon the resonant frequency of an inductance/capacitance (LC)
circuit. This type of system depends on the presence of a
natural frequency for its normal operation.

The prediction of the natural frequencies (eigenvalues)
and associated mode shapes (eigenvectors) is the first step in
any vibration analysis. In the case of rotating machinery it
is typical for a forcing function to be caused by rotor mass
eccentricity (imbalance). This leads directly to the obser-
vation that a major, ever-present forcing function found in
rotating machinery has a frequency equal to the spin velocity
of the rotor. If the frequency of this forcing function is in
the neighborhood of a system natural frequency, it will
significantly influence the system response. The result will
be excessive rotor vibrations with associated large dynamic
support reaction forces and stresses, mechanical noise,
decreased bearing life, etc. It is therefore important to
ensure that no natural frequencies exist within the normal
operating speed range of the rotor systemn. These negative
effects can be predicted subject to the accuracy of the

damping present in the system.

3.1.1: Numerical Techniques

In theory, mechanical systems are capable of exhibiting
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an infinite number of modes, or degrees of freedom. However,
if the mode is not excited by some forcing function, the
system will not be affected. It is useful (for reasons which
were discussed previously) to apply numerical techniques to
determine the system resonant characteristics which are the
result of rotor flexibility.

If the rotor has a constant cross-section, an analytical
solution can be applied to determine the frequencies of the
bending modes which are the result of rotor flexibility (6).
For a rotor which has a cross-section that is not constant, a
more sophisticated method is required. There are a number of
techniques available for determining the frequency of bending
modes associated with rotors of complex geometry. This
analysis uses the numerical techniques developed by Kim (7) to
determine the first rotor bending mode frequency (or critical
speed). Application of Kim's techniques allows treatment of
system dynamic properties as distributed. Application of
these techniques requires treatment of the rotor supports as
rigid. In other words, it 1is assumed that all system
compliance is distributed in the flexible rotor, and the rotor
supports (i.e., bearings and supporting fixtures) are assumed

to be infinitely stiff.

3.1.2: Analytical Technigques

The physical importance of the rigid body determination
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is two-fold. If the shaft is determined to be rigid with
respect to bending, it follows that there exists infinite
spring rate associated with shaft flexibility. The system
compliance can then be assumed to be concentrated in the rotor
mounting supports (i.e., bearings or other support fixtures).
Alternatively, the rigid body determination also allows treat-
ment of the entire mass of the rotor as sprung (or lumped)
mass. Since the natural frequency is then directly related to
rotor support spring rate and rotor mass (and mass distri-
bution), and these system properties can be measured, the
system natural frequencies can be reliably computed. In other
words, 1if the system can be considered to be linear, then
closed-form analytical techniques can be used to identify
resonant frequencies and mode shapes.

The most general natural frequency calculations of rigid,
2 DOF systems account for support asymmetry and gyroscopic
stiffening. Support asymmetry implies that the rotor supports
are of unequal spring rate and/or are unequally spaced from
the rotor mass center. The following modal derivation is
constructed parallel to one that can be found in a previous
study (6), with the primary difference being that this
analysis also includes the gyroscopic stiffening effect.

Mathematical development of the differential equations of
motion, which describe the rotor dynamic response, begins with

an accurate model. Figure 3.2 displays all of the factors
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that will be required to produce the equations of motion for
this system. Radial ball bearings at locations "A" and "B"
allow rotation about the "x" axis. "6," and "y" are defined
relative to the inertial reference frame described by the
locus of points which forms a straight line between the rotor
bearing centers (i.e., the axis of rotation).

If the rotor mass center (G) is not located on the axis

of rotation (0), a condition known as static imbalance will
exist (8). The degree of imbalance is denoted as a distance
(e), which is also referred to as rotor eccentricity. When

the rotor spins about the "x" axis with speed e,, an unbalance

2 results from this static imbalance. This

force equal to meo,
force acts through the mass center (G) and is perpendicular to
the axis of rotation ("x", Figure 3.2). Viewed from an
inertial (fixed) reference frame this force appears to be

sinusoidal, with amplitude of memf

and frequency of o,. The
force generated by a static imbalance causes the rotor to
vibrate in the translation mode of oscillation.

It is also possible that the rotor mass distribution
creates a couple in the "x" "y" plane about the mass center,
without generating a net centrifugal force (see Figure 3.2).
This condition is known as a couple imbalance (8). It is
possible to represent this force and couple as an equivalent

force (mew?) acting at a distance (x) from the axial position

of the rotor mass center. Although it is not actually a free-
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body diagram, by referencing Figure 3.2 it can be determined
that the summation of forces in the "y" direction yields

Equation 3.1.

mew’ = my + K (y-ab,) + K, (y+b,)

Equation 3.1: Summation of Forces

Inspection of Figure 3.2 reveals that the summation of

moments about the mass center yields Equation 3.2.

IZ(A)Z
xmew? = I.B, - Ka(y-ab,) + Kb(y+bd,) + XI 16,

z

Equation 3.2: Summation of Moments

The 1last group of terms in Equation 3.2 represents the
gyroscopic stiffening phenomenon. This effect will be
discussed in detail in Section 3.2. By regrouping terms, it
is possible to display these two simultaneous differential

equations in matrix form as:

] (K, +K,) (K,b-K,a)
¥

/ . . 5’}__{memi
I —
6. (K,b-K,a) |K,b?+K a%+ "Iw"] 6, Xmew®,

m 0

o T

Z

z

Equation 3.3

It is commonly accepted to analyze vibration problems

using the mathematics which support the classic characteristic
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value or eigenvalue problem. This approach is based on the
observation that each mode of oscillation can be described as
simple and harmonic. The resultant waveform may not appear to
be simple, but each component of the waveform will be. The
general form of the classic eigenvalue problem is demonstrated
in Equation 3.4. The derivation of Equation 3.4 1is not
included in this document, however comprehensive formulations

can be found in the literature (6).

[MIK - AI] =0
Equation 3.4

In Equation 3.4, [M] ' is the inverse mass matrix, [K] is the
stiffness matrix, A is the natural frequency squared, and [I]
is the identity matrix. In Equation 3.4 the forcing functions
are set equal to zero since the system natural frequencies are
completely defined by the inertial and stiffness properties of
the system (if damping is neglected).

From Equation 3.3, it can be seen that the mass and
stiffness matrices are:

m 0
0 I

4

) - |

Equation 3.5: Mass Matrix
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(K,+K,)  (K,b-Ka)
[K] = 202
(K,b-K,a) K2b2+Kla2+ﬂ

$4

Equation 3.6: Stiffness Matrix

It is somewhat curious that mass moment of inertia (I,
and I,) and angular velocity terms are present in the stiff-
ness matrix. Once again, that combination of terms represents
the gyroscopic stiffening phenomenon.

The next step in this process is mass matrix inversion.
It is noteworthy that the differential equations of motion

were developed such that the mass matrix consists only of

diagonal terms. This condition is referred to as dynamic
decoupling (6). By this selection of coordinate systems, the
task of mass matrix inversion has been simplified. The

inverse mass matrix is displayed in Equation 3.7.

Lo
-t =] "

. L

IZ

Equation 3.7: Inverse Mass Matrix

The dynamic matrix, which describes the dynamic
properties of the system, 1s generated by multiplying the

inverse mass matrix with the stiffness matrix.
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( K1+K2) ( bi—Kla)
m m
[M] T [K] =
2,.2
( bi-Kla) K,b*? . K a* , Lx9%
I, I, I, Iﬁ

Equation 3.8: Dynamic Matrix

Next, A is subtracted from each of the diagonal terms.
Mathematically, this 1is accomplished by subtracting the
product of A and the identity matrix, from the dynamic matrix
(Equation 3.8). Since the matrices are now in the form of
Equation 3.4, determinant computation is necessary in order to

produce the characteristic equation.

( K, +K, ) _x ( bi—Kla)

m m
|D| = . L =0
(bi—Kla) Kb® | K,a* L Ixw% Y
L, I, I, Iﬁ

Equation 3.9

The characteristic equation is second order, corresponding to
the two degrees of freedom. One of the frequencies represents
the translation mode, and the other represents wobble. The

characteristic equation is represented by Equation 3.10.
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m I I 2

ie (K1+K2J+(K2b2)+(1{1a2)+ ried ]|,
z z IZ

=0

KK )| Kb? Ka? Trw% | [ (Kb-K.a)?
m I, I, by I.m

Equation 3.10: Characteristic Equation

Because the characteristic equation 1is second order,
application of the gquadratic equation to solve for the two
roots is possible. Each root represents the square of its
respective natural frequency (in units of radians per second.)
It can be seen that the first and zero order coefficients in
Equation 3.10 are positive definite. This implies that the
roots of Equation 3.10 are also positive definite.
Consistently, all examples investigated so far have produced
positive and real roots.

Upon inspection of Equation 3.10, it can be seen that the
natural frequencies are dependent on the rotor angular
velocity. This dictates that an iterative process with
respect to angular velocity is required in order to determine
at what points the frequency of the forcing function is in the
neighborhood of the natural frequencies. Recall that it is in
the neighborhood of the natural frequency, where the forcing
function most significantly influences the system response.
This speed dependence of the natural frequencies physically

means that as the rotor angular velocity increases, so will
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the natural frequencies. Although the numerical value of the
natural frequencies themselves are of great interest, the
magnification factors and phase angles associated with rotor
spin speeds (i.e., forcing function frequencies) near each
natural frequency will be indispensable in the kinetic
analysis. As it will be seen in Sections 3.4 and 3.5,
computations of these phenomena are based on the ratio of the
forcing function frequency to the natural frequency (frequency
ratio).

Because the natural frequency is changing as a function
of rotor angular velocity, the magnification factors and phase
angles might exhibit non-standard characteristics. This is
because the natural frequencies are dependant on the rotor
operational speed. As a result, computations of magnification
factor and phase angle will reflect a non-linear change in
frequency ratio.

It is noteworthy that damping has been neglected in this
derivation. The damped natural frequencies can be computed

using the equation:

w, = o, y1-§*

Equation 3.11: Damped Natural Frequency

Since the rotor is assumed to be rigid it follows that,
similar to spring rate, any damping observed in the system

will be concentrated in the bearings or other support fix-
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tures. Equation 3.11 results in a complex value for over-
damped systems (damping ratio greater than 1.0). However, as
it will be seen in Chapter Five, the damping ratio of this
system is small, and therefore the damped natural frequency

will be approximately equal to the undamped natural frequency.

3.2 Gyroscopic Stiffening

Anyone who has ridden a bicycle or played with a toy top
has observed the phenomena associated with a gyroscope.
However, the mathematical description of these phenomena are
not necessarily obvious. Numerous derivations of gyroscopic
stiffening can be found in the literature (9,10). Gyroscopic
stiffening describes the resistance to angular displacement of
the axis of rotation of a gyroscopic element. The following
derivation is intended to enhance the presentations found in
the references, rather than replace them. Please refer to
Figure 3.3 for this derivation.

In the dynamic analysis of the gyroscopic element, it is
useful to employ the same axis systems as those found in
Figure 3.2. That is, the inertial reference frame, described
by (X, ¥, Z) 1is fixed in space. The non-inertial reference
frame described by (X', Y', Z') is rotating with the rotor, at
the rotor spin velocity (w,). This axis system does not
violate Newton's laws because the angles are defined relative

to the inertial reference frame.
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Figure 3.3: Axis System of
Gyroscopic Element

It is also important to note the assumptions made in this

derivation:

a.

Angular velocity, and therefore angular momentum,
about the "X'" axis is constant. Since the small
angle assumption is also made (Assumption "d")
angular momentum about the "X" axis is also constant.

Torque (including friction) about the "X'" (and
"X") axis 1is equal to zero.

The gyroscopic element has sufficient freedom to
allow unrestrained precession.

The angle of deflection (8,) between the "desired"
axis (X) and the "actual" axis (X') of rotation is
small.

The torque generated by gravitational force is
significantly smaller than the torque generated by
the gyroscopic effect.

The theory behind the gyroscope rests upon the theorem of

mechanics that the time rate of change of the angular momentum

vector equals the applied torque vector (9). Since the
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magnitude of angular momentum is constant (Assumption "a"), it
must be the direction of the vector which describes the
angular momentum that changes (note that acceleration need not
necessarily reflect a change in speed--it may be the result of
a change in direction.) If a torque is applied about the "2"
axis, the gyroscopic element will precess in the "Y" direc-
tion. Since the applied torque is equal to the time rate
change of angular momentum, the torque is applied about the
"Z" axis and angular momentum about the "X" (spin) axis is
constant, it must be that the resultant precessional velocity
is about the "Y" axis (the magnitude of the spin angular
velocity does not change- only the direction of the vector
changes). The mathematical representation of this phenomenon

is:

do
- %
T I(ox( It )

Equation 3.12

Newton's second law of motion as it applies to rotation

can be written as:

(d2ez
TZ = IZ
dt?

Equation 3.13

If the gyroscopic element is in equilibrium, then the sum of

moments about the "z" axis at the mass center is equal to
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zero.

(dzez) (dey)
YoM, =1, - I,w, =0
de? dat

Equation 3.14

In a subtle way, Assumption "e" has been applied to the
development of Equation 3.14. If the torque caused by gravity
were significant, it would be displayed on the right hand side
of Equation 3.14. However, if that were true, it is also
likely that the small angle assumption would no longer be
valid. Integration of the time dependent terms in Equation
3.14 yields Equation 3.15.

ao, o Iyw N
de T y

z

Equation 3.15

Referring back to Figure 3.2 it can be seen that the
springs at points "A" and "B" do restrict precession of the
rotor. However, these boundary conditions have already been
accounted for in Section 3.1. For this portion of the
derivation the effect of those springs has been neglected
(Assumption "c"). Since it is assumed that precession of the
element 1is unrestrained, the system boundary conditions
produce a constant of integration that is equal to zero. The
left hand side of Equation 3.15 represents the angular

velocity of precession of the gyroscopic element, which



T-4076 32

results from a steady state angular displacement of the
principal centroidal axis (10). Once again note that Equation
3.15 results from the equilibrium condition of the gyroscopic
element. Now if a torque is applied by say, a couple
imbalance within the element, or by a static imbalance in an
asymmetrically supported rotor, the system will resist that
torque, as its equilibrium condition is precession described
by Equation 3.15. The resistance of the gyroscopic element to
an angular change of the axis of rotation caused by an applied

torque is described by Equation 3.16 (9,10).

oo d?®e, ‘T ao ,
z = z dt2 x x dt

Equation 3.16

The first term on the right hand side of Equation 3.16 is
identical to Equation 3.13. It represents Newton's second law
of motion applied to rotation. The second term is similar to
Equation 3.12. It represents the resistance to angular
displacement of the "X'" axis. In fact, a 90 degree phase
angle separates Gy and 6,, which implies that the magnitudes
of these angles are equal, although they are not concurrent.
Taking this into account, and substituting Equation 3.12 into
the second term on the right hand side of Equation 3.16

yields:
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d2e Ilw?
Tz = Iz( dtZZ) +( T 82
z

Equation 3.17: Resistance of a Gyroscope
to an Applied Moment

The first term in Equation 3.17 has been previously
accounted for in the equations of motion developed in Section
3.1. This term is not a function of system spin velocity
(about the "X" axis.) Therefore, it is not considered to be
an actual gyroscopic term. It was included to account for all
physical factors affecting the gyroscopic element. In order
to avoid counting this inertial term twice, it is removed from
this portion of the analysis, leaving only the gyroscopic
stiffening term. Once again, it is noteworthy that Egquation
3.17 is valid only if the angle of deflection is small. This
resulting term, which is proportional to angular displacement,
can be considered to be an effective torsional spring, and can
be 1included as an angular stiffness in the equations of

motion:

Iiw?
T, = ( Z'XJBZ
z

Equation 3.18: Steady State Gyroscopic
Angular Stiffness

3.3 Eigenvector Calculations

Associated with each natural frequency 1is a set of
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coordinates that describes displacement of the rotor principal
centroidal axis, with respect to its axis of rotation. This
set of coordinates is commonly referred to as the eigenvector
or mode shape. Since this is a 2 DOF system with respect to
radial deflection, the eigenvector will contain two coordi-
nates. The first coordinate represents transverse deflection
of the mass center away from the axis of rotation (transla-
tion.) The second coordinate represents angular displacement
within the "x" "y" plane, of the rotor about its mass center
(wobble) (see Figure 3.2).

There are several commonly accepted eigenvector represen-—

tations. In this analysis, the first coordinate (translation)

is always equal to 1.0. This represents a unit displacement
of the mass center. The second coordinate (wobble) is
calculated relative to the first coordinate. In eigenvector

computations, it 1is only the natural frequency that is
coincident with the rotor angular velocity that is important.
Therefore, although the natural frequencies are computed as a
function of angular velocity, eigenvectors are computed only
once for each mode. The following is a derivation of the
equation used for computing the system eigenvectors.

Begin with a slight wvariation of the dynamic matrix
(Equation 3.8), and multiply it by the coordinate system
vector. This product is set equal to zero in order to compute

the relative displacement coordinates associated with the free
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response of the system. If the magnitude of the excitation
force and moment at resonance were known, it would be possible
to compute the absolute displacement values. However, it is
not important in the modal analysis to know these absolute
displacements. Only the coordinates describing rotor deflec-
tion during free response of the system are required to

differentiate between the modes.

K, +K, _a K,b-K,a
m m y 0
(bi—Kla) K,b*? . K,a? . Iiw?, s 0, 0
I, I, I, Ii

Equation 3.19

It can be seen in Equation 3.19 that there are two
possible equations that will result. Either of these
equations can be used for the eigenvector computation. Since
the first equation requires less computational load, it was
chosen for this analysis. It should be obvious that the term
A will already have been computed, as the square of the
natural frequency for which the eigenvector is being computed.
The product of the upper terms of the dynamic matrix and the

coordinate system vector is:

(K’1+K2 _k]y+(K2b—Kla)6 o
m zZ

Equation 3.20
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Next it is useful to group the coordinates "y" and "B" on
one side of the equation, and the system characteristic terms
on the other side. Remember that the "y" coordinate is set
equal to unity for this analysis, and therefore the "6"
coordinate is computed relative to 1.0 (representing a unit
displacement in the translation mode.) The resulting equation

after regrouping is Equation 3.21.

K+ﬁ;
T

y (@b-—&a)

m
Equation 3.21: Eigenvector Equation

Equation 3.21 is used to compute the eigenvector coordi-
nate that describes the wobble characteristics at the resonant
frequency. It is noteworthy that under certain conditions
this equation is undefined. Specifically, if the rotor is
symmetric about its mass center, the denominator will be zero.
Physically, this means that there will be no component of
vibration in the translation mode. The only mode of vibration

present will be wobble.

3.4 Forced Vibration Magnification Factor

The magnification factor represents a ratio of the
steady-state forced vibration amplitude to the static

displacement that the system would experience if the forcing
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load were applied to it slowly (6). Similar to phase angle,
computations of magnification factor are also based on the
frequency ratio and damping ratio. The equation which

describes this phenomenon is:

x| _ 1
o TR

Equation 3.22: Magnification Factor

It is important at this time to state that variation of
the system damping ratio will significantly affect the system
magnification factor only in the neighborhood of the natural
frequency. It is also important to realize that when the
angular velocity is much greater than the natural frequency,
the magnification factor is 1less than 1.0. It decreases
asymptotically toward zero with increasing angular velocity.
The importance of both of these topics will be made clear in

Chapter Five.

3.5 Forced Vibration Phase Angle

The phase angle is defined as the angle of separation
between the steady state displacement and the excitation force
(6) . Its importance to rotating machinery becomes obvious
when the rotor angular velocity (i.e., the forcing function
frequency) 1is greater than the natural frequency. This

condition will cause the phase angle to approach 180 degrees.
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Physically, this means that the rotor will tend to rotate
about its mass center. In terms of centrifugal force, this is
generally a desirable phenomenon. If the rotor is approxi-
mately rotating about its mass center, support reaction forces
are approximately zero.

Phase angle is computed based on frequency ratio (which
in this case is defined as the ratio of rotor angular velocity
to the natural frequency), and the damping ratio of the
system. The results of these computations will be used in the
kinetic analysis which 1is presented in Chapter Four. The

equation for phase angle is commonly recognized as:

2¢(2%)
(=)

wp

$ = arcta

Equation 3.23: Phase Angle

3.6 Remarks

All of the applicable dynamic fundamentals have been
presented for use in the kinetic analysis. The mathematical
development of phase angle and magnification factor were not
presented. For further study of those topics, the reader is

referred to (6).
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Chapter 4

KINETIC ANALYSIS

The previous chapters, in and of themselves, possess
significant engineering design value. However, those concepts
can be exploited to an even greater degree by incorporating
them into an analysis of the forces which act on an unbalanced
rotor. From another perspective, kinetic analysis of this
unbalanced rotor would be incomplete and inadequate without
employing the concepts covered in Chapters Two and Three.

This analysis includes steady-state centrifugal force
calculations of statically unbalanced rotors, moments generat-
ed by couple unbalanced rotors, and rotor support reaction
force characteristics (including dynamic effects, gyroscopic
stiffening and compliance within the rotor supports). The
physical relationships between these effects are so complex
that it is not intuitively obvious how variation in each
dynamic property will affect the system. However, using the
fundamental equations which describe each effect, it is
possible to numerically quantify the system kinetic character-
istics. The result of the kinetic analysis is an operational
profile of the rotor forced (or total) response.

The data generated using the algorithm developed in this
analysis do not reflect a real-time event. Iterations are

accomplished with respect to angular (spin) velocity.
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Transient conditions are ignored for three reasons. First,
this would require implementation of a dimension in time,
within the calculations. That would not be a trivial task.
Second, considering dynamic effects, the steady-state condi-
tion at the resonant frequency is the worst possible case. It
is well known that if the resonant frequency is passed through
"quickly", dynamic effects will not become fully developed.
Finally, the rotor system is designed so that it will operate
in a stable condition regardless of how quickly the resonant
frequency is passed through. For these reasons, the steady-
state analysis is the item of interest.

There are two possible states that this rotor can operate
in. The first state is described by metal-to-metal contact
between the rotor inner surface and the bearing outer race.
The second state is described by physical separation between
the rotor inner surface and bearing outer race. The interface
between these parts, while the device is in this state, is
provided by an elastic interface. In its present revision,
this algorithm does not generate valid data during operation
described as metal-to-metal contact. However, metal-to-metal
contact will be a transient condition, and it is assumed that
the system will not normally operate in this state. Valid
data are generated throughout the normal operating speed

range.
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4.1 Lever Rule

In order to compute the centrifugal force generated by an
unbalanced, compliantly supported, 2 DOF rotor, it is first

necessary to know the radial deflection of the rotor mass

center. This can be determined with Kknowledge of rotor
support deflections an simple geometric relationship:
Ay_ =
a‘A + (b-A
Ay. - ( V) ( Va)
(a+Db)

Equation 4.1: Lever Rule

Figure 4.1 is a graphic representation of the Lever Rule.
The name "Lever Rule" was adopted because of the "lever-like"
relationship that exists between the deflections at the rotor
supports and the mass center. Equation 4.1 is based on the
rigid rotor assumption. Because the rotor is rigid, a
constant, linear relationship exists between each of the
points which describes the rotor principal centroidal axis,
regardless of operating conditions.

Since an iterative analytical process (with respect to
rotor angular velocity) is used to find the steady-state rotor
kinetic characteristics, rotor support deflections from the
previous iteration are used to determine the centrifugal force
for the present iteration. This is the only obvious method
for analytically predicting the kinetic characteristics of the

unbalanced rotor. No finite difference techniques are
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employed in this analysis, so stability of calculations is not
an issue. It is noteworthy that the rotor principal centroi-
dal axis does not necessarily coincide with the axis of
rotation. Determination of the radial position of the rotor
mass center, with respect to the axis of rotation, is the
primary problem to be solved in the kinetic analysis. The
implications of this problem will be discussed in the follow-

ing section.

\ . Centroidal

S __ _— Axis

\AYQ ﬁjf ﬁ_i_rig,_‘M~——~“”“""#f'J Axis of
— - ! - - - — — —— Rotation
1;\ ‘g]
L,,/,/'J\ |

Figure 4.1: Graphic Representation of
The Lever Rule

4.2 Centrifugal Force

Centrifugal force acts on a rotating body in several
different ways. In Chapter Two it was seen that the rotor
deforms radially due to centrifugal force. In the kinetic

analysis, centrifugal force also affects the rotor unbalanced
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response. Figure 4.2 describes the radial position of the
rotor mass center with respect to the axis of rotation,
assuming the rotor supports are rigid. Note that since the
rotor supports are assumed to be rigid, there are no dynamic

effects represented in Figure 4.2.

Figure 4.2: Eccentricity of Rigidly
Supported, Rigid Rotor

In Figures 4.2 and 4.3, point "O" 1is the geometric
bearing center. Point "C" is the point on the rotor principal
centroidal axis, that is also in the plane of the rotor mass
center (points "O" and "C" are co-located in Figure 4.2).
Point "G" is the location of the rotor mass center, and "e" is
the static eccentricity. In Figure 4.2, the rotor is con-

strained to rotation about point "O", while in Figure 4.3 the
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rotor is allowed to displace, due to the compliance in the
rotor supports. The primary difference between Figures 4.2

and 4.3 is that Figure 4.3 includes system dynamic effects.

Figure 4.3: Eccentricity of Compliantly
Supported, Rigid Rotor
The equation which describes the steady-state centrifugal
force generated by eccentricity of the rigidly supported rotor

presented in Figure 4.2 is:

F = mew?

Equation 4.2: Force Generated by Rigidly
Supported, Unbalanced Rigid Rotor

Equation 4.2 1is still valid without the rigid rotor

support assumption displayed in Figure 4.2, however the
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distance separating the rotor mass center from the axis of
rotation 1is no 1longer simply static eccentricity ("e").
Dynamic effects and rotor support compliance must also be
considered in order to accurately define the total rotor
eccentricity (e.,) .

The following computation of rotor eccentricity is
similar to one found in a previous study (6), where the
analysis of a rigidly supported, flexible rotor is developed.
The following analysis is different because it assumes that
the rotor is rigid, and accounts for compliance in the rotor
supports only.

Calculation of the total rotor eccentricity begins with
a two dimensional analysis of the rotor eccentricity, includ-
ing compliance within the rotor supports and dynamic effects.
As it was previously stated, deflection of the principal
centroidal axis (which was computed on the previous iteration
of the algorithm) is used with the Lever Rule to compute the
distance described by OC (Ay.) in Figure 4.3. This distance
reflects the eccentricity resulting from compliance within the
bearings or rotor support fixtures.

Since the rotor supports are compliant, there is a spring
rate associated with each support. The natural frequency, and
therefore phase angle, can be computed for this system (as
described in Sections 3.1.2 and 3.5). The phase angle is

represented in Figure 4.3 by the angle "¢". It can be seen in
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Figure 4.3, that if the phase angle is approximately 180
degrees (corresponding to operation in the super-critical
speed range with little damping), then the total eccentricity
will be decreased significantly.

In order to compute the total eccentricity, it is useful
to first compute the "Y" and "Z" components separately. In
Figure 4.3 it can be seen that the "Y" component of eccentric-

ity is defined as:

e, = ay. + e-cos (¢)

Equation 4.3: "Y" Component of Total
Rotor Eccentricity
In Figure 4.3 it can also be seen that the "2Z" component of

eccentricity is defined as:

e_ = e'sin(¢)

z

Equation 4.4: "Z" Component of Total
Rotor Eccentricity
The resultant total rotor eccentricity can be found by

computing the vector sum of these orthogonal components:

2

_ 2
€rot = ey t &,

Equation 4.5: Total Rotor Eccentricity

The result of Equation 4.5 (e,,), is input into the eccentric
term in Equation 4.2. The result of this process is the

centrifugal force generated by a static imbalance in a rotor
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which is mounted in compliant supports.

Although the centrifugal force has been computed, its
real significance is how the rotor responds to the dynamic
application of the force. 1In order to determine its effect,
the centrifugal force must first be multiplied by the magnifi-
cation factor which corresponds with the translation mode of
oscillation (MF,). (Note that the magnification factor is a
scalar quantity.) Recall that a 2 DOF system will have two
natural frequencies, and therefore two magnification factors.

Forr = (MF) F

Equation 4.6: Effective Centrifugal Force

F. 1s the effective force that is transmitted through
the rotor support fixtures (ie; bearings, etc). This is the
central force of the kinetic analysis. Steady-state rotor

support reaction forces and moments generated by couple

imbalance are both based on the results of Equation 4.6,

4.3 Moments Generated by
Centrifugal Force

Referring back to Figure 3.1, it can be seen that if the
axial position of the imbalance is not located at the same
axial position as the mass center, then a moment about the
rotor mass center will be generated by the imbalance. The
force will be F,. (developed above). The moment arm will be

X, representing the axial distance between the rotor centroid
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and the location of the imbalance. Once again, it is the
physical effect that this moment has on the system that is
important to the kinetic characteristics. Therefore, the
moment must be multiplied by the magnification factor that
corresponds with the wobble mode of oscillation (MF,)). The
effective moment that will cause wobble oscillation in the

rotor is defined as:

Meff = F

e

e X (MF)

Equation 4.7: Effective Moment Due to
Couple Imbalance

There are two interesting points that can be made
concerning Equation 4.7. First, if the resonant frequency
associated with the wobble mode is not numerically close to
the resonant frequency associated with the translation mode of
oscillation, there will be very little effective eccentric
force generated (for use in the moment equation). The reason
for the relatively small effective eccentric force is, if the
frequency of the forcing function is not greater than about
60% or less than about 130% of the translational natural
frequency, then the magnification factor will not be greater
than about 1.5. Consequently, there will be a relatively
small moment acting on the system.

Second, if a significant moment is generated, the system

will oscillate in both the translation and wobble modes, at a
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frequency equal to the rotor angular velocity. The fact that
both of these forcing functions operate at the same frequency
could make it difficult to discriminate between the effects of
a static and a couple imbalance. This could complicate the

task of rotor balancing.

4.4 Gyroscopic Stabilization

The fundamental dynamic eguation which describes the
concept of gyroscopic stiffening (3.18) was developed 1in
Section 3.2. It is useful to begin this portion of the
analysis by re-introducing Equation 3.18:

Iiw?®
T, =[ ’} ")-ez

z

Equation 4.8: Gyroscopic Stiffening Effect

Upon inspection of Equation 4.8, it can be seen that the
effect of this phenomenon on the rotor kinetic characteristics
is described as a resistance to angular displacement of the
rotor spin axis ("X'" in Figure 3.3). Once again by making a
small angle approximation, this resistance can be adequately
modelled as proportional to angular displacement of the
instantaneous spin axis, relative to the support bearing axis.
It is therefore necessary to determine the angular displace-
ment of the instantaneous spin axis (6,) that would exist if

gyroscopic stiffening were not considered.
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Determination of the angular deflection of the principal
centroidal axis begins with a static model, including the
centrifugal force and moment developed in Sections 4.2 and
4.3. It can be seen in Figure 4.4 that by summing forces in
the "Y" direction, and moments about the mass center, that the
rotor support reaction forces can be determined for any given

eccentricity "e" and wobble angle "6, ".

F
a ecc

Figure 4.4: Free Body Diagram of Rotor

With knowledge of the force transmitted through each
rotor support, and the spring rate of each rotor support,
deflection of the principal centroidal axis at the axial
position corresponding with each rotor support can be deter-

mined using Equation 4.9.

F
Ay = -~
i
Equation 4.9: Deflection of a Compliant
Rotor Support
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In typical rotor systems, which are not fully unre-
strained, a more complete deflection analysis is necessary.
This 1is because, as stated in Chapter Two, if the bearing
outer race is rotating with the rotor, then there will be a
differential radial deformation rate between the rotor and the
bearing. In addition, if the dimensions of the rotor are
different at each bearing location, then the clearance that
exists between the rotor and bearing will not be equal at each
location. The result is that there are 1limits of rotor
deflection which are defined by the radial clearance that
exists between the bearing outer race and the inner surface of
the rotor.

In a rotor of this configuration, it is assumed that the
compliance will be concentrated in an elastic interface, which
exhibits linear force-to-displacement characteristics, and is
located in the clearance that exists between the bearing outer
race and the inner surface of the rotor. There is also some
compliance within the bearing, however the spring rate of the
bearing is typically at least one order of magnitude greater
than the spring rate of the device that is placed in the
clearance region. Therefore, it is assumed that no deflection
occurs within the bearing.

The previous statements reveal that there are limits of
deflection that exist at each rotor support. The rotor

deflection is limited by the radial clearance that exists
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between the bearing and rotor inner surface at each support
location. It was previously believed that there are 12
possible sets of boundary conditions that can be applied to
this system. Figures 4.5a and 4.5b illustrate those possible
boundary conditions. Calculations of support reaction forces
in Chapter Five included all of these boundary conditions. It
was subsequently determined that Cases 1, 2 (Figure 4.5a), 7
and 8 (Figure 4.5b) are invalid. This does not present a
problem for this analysis because those particular cases can
only arise when metal-to-metal contact is occurring between
the bearing outer race and rotor inner surface (first state).
It was previously stated that these calculations are not valid
if metal-to-metal contact is occurring between these parts.
However, in the normal operating speed range, this phenomenon
will not be observed. One of Cases 3 to 6, or 9 to 12 will
apply within the normal operating range.

After the rotor support deflections have been computed
for the condition which does not include gyroscopic stiffen-
ing, the angle between the axis of rotation and the principal
centroidal axis must be computed. Equation 4.10 analytically
describes this angle:

0 - Ay, -Ay,
z a+b
Equation 4.10: Angle of Deflection of the

Rotor Centroidal Axis, Neglecting
Gyroscopic Stabilization
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Equation 4.10 is a simple geometric relationship that
assumes a small angular deflection of the centroidal axis.
Figure 4.1 illustrates the basis of Equation 4.10. The angle
6, is multiplied by the other values in Equation 4.8, to yield
the resisting moment that 1is generated by the gyroscopic
stiffening effect of the rotor. This moment is converted into
an effective resisting force by dividing by the distance
separating the rotor supports. The application of these
resisting forces will tend to cause the principal centroidal
axis to be parallel to the axis of rotation.

The logical nature of the possible boundary conditions
defined by Figures 4.5a and 4.5b, 1lends itself nicely to
digital manipulation of the conditions. In other words, "if-
then" conditional statements can be easily implemented in a
computer program to apply any of the possible boundary
conditions that can occur during the operation of this rotor

system.

4.5 Remarks

All of the concepts required for the kinetic analysis of
this system have been presented. When producing a computer
program to compute the kinetic characteristics of a rotor with
this configuration, Newton's laws of motion must be satisfied.
In other words, the sum of rotor support reaction forces must
