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ABSTRACT

In statistical quality control, a methodology known as 
process capability analysis is used to quantify the quality 
level of a product or process. Current process capability 
methods relate the mean and variance of a product 
characteristic to its design specifications. A process is 
capable when its variance is minimized and it is robust with 
regard to random fluctuations in the mean of this 
characteristic. A manufacturing process consists of many 
individual processes logically connected by product flow and 
resource allocation constraints. These constraints are not 
considered by current process capability methods, even 
though they relate directly to product cost. Therefore, a 
manufacturing process can have capable individual processes 
and be operating at a suboptimal cost. This thesis extends 
current process capability methods by considering the 
manufacturing process cost constraints in addition to the 
design specifications. A manufacturing process can be 
modeled using linear programming, and sensitivity analysis 
can then be used to establish process specifications for 
product characteristics. A robust manufacturing process is 
then achieved by ensuring that mean shifts in product 
characteristics are capable with respect to both design and
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process specifications. Further, the manufacturing process 
will operate at optimal cost while meeting or exceeding 
current quality levels. This revised methodology will be 
applied to the manufacturing process of a complex electronic 
system.
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Chapter 1 
INTRODUCTION

America has led the world in manufacturing and quality 
control from the latter part of the Industrial Revolution 
until recent times. Now, in a highly competitive world 
market, foreign competitors are often able to manufacture a 
higher quality product at a lower cost. The advent of 
America *s diminished domination of manufacturing on a global 
scale has brought about a cultural change in many domestic 
companies. These companies are implementing new concepts 
such as statistical quality control, just-in-time (JIT) 
inventory control, and design for manufacturability in order 
to maintain a competitive stance. Consequently, it is 
important that an original equipment manufacturer quantify 
the quality level of its manufacturing processes as well as 
those of its suppliers.

The traditional approach to manufacturing has been a 
two step process: production personnel manufacture product
while quality control personnel inspect and eliminate non- 
conforming product. This approach is wasteful and expensive 
since it allows time and materials to be invested in 
products that are not always usable. It is also unreliable 
since even 100% inspection fails to separate all non
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conforming product. The second world war was the catalyst 
for a far superior approach to quality - statistical quality 
control.t!]

Valuable statistical tools were developed in the 1920's 
by Dr. Walter Shewhart and refined in the 1940's by Dr. W. 
Edwards Deming.E21 These statistical tools, such as pareto 
charts, control charts, and process capability indices, are 
still utilized to measure and control the variability of 
process parameters. For purposes of this thesis, a process 
is defined as the measure of a product characteristic at an 
individual operation in the manufacturing process. A 
manufacturing process is defined as a logical relationship 
between all of its individual operations and processes.

Pareto charts, Ishikawa diagrams, control charts and 
sampling inspection plans are some of the techniques that 
are used to measure and reduce the variability in the mean 
and variance of the distribution of a process parameter. 
Once the variability is controlled, a process capability 
study is performed to determine the ability of a process 
parameter, as approximated by a normal distribution, to meet 
the product's design specification(s).E31 The assumption of 
normality is adequate in the majority of processes due to 
the Central Limit Theorem. The study will also determine 
the ability of the process to withstand a shift in the mean
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of the parameter's distribution by one and a half standard 
deviations.[4] An example of a process with constant 
variance that is experiencing a mean shift is shown in 
Figure 1.1. If no significant portion of the distribution 
falls outside either specification after the mean shift 
occurs, the process is said to be capable.

Direction of mean shift

Design Characteristic

Figure 1.1 
A Process Experiencing a Mean Shift

Current methods in process capability analysis consider 
the relationship between variability in a process parameter 
and the product's design specification(s). The effect of
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this variability on the cost and efficiency of the 
manufacturing process itself is not considered. An 
important consideration is that the manufacturing process 
may not operate in an optimal manner with respect to 
production cost, even when its individual processes are 
capable. In a world where production costs are critical to 
competitive pricing and quality levels are critical to 
consumer perceptions, we must find a methodology that 
considers both factors.

It is the intent of this thesis to extend current 
process capability methods such that quality levels and 
production costs are optimized. Product flow, cost
constraints, and quality levels for a manufacturing process 
can be modeled using linear programming. Sensitivity 
analysis is utilized to place process specifications on the 
coefficients which represent quality levels for different 
product characteristics. We then have a process
specification which may or may not be tighter than its 
respective design specification. The variance of a 
parameter must be controlled with respect to the tighter of 
the two types of specifications. This will ensure that 
quality levels are at least as good as past practices would 
dictate, and it will ensure that variability in product
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characteristics will rarely shift the system to a suboptimal 
cost basis.

Chapter 2 lays the statistical foundation for process 
capability analysis. Chapter 3 details how linear
programming can be used to model an example manufacturing
process for a complex electronic system. Chapter 4 then
explains how sensitivity analysis on the parameters of the
model is used to establish process specifications on these 
parameters. This revised process capability methodology is 
then applied to the example manufacturing process discussed 
in Chapter 3.
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[1] 1987. Datamvte Handbook. Minnetonka, MN:
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Chapter 2 
A STATISTICAL FOUNDATION

It is not possible to discuss an improvement to process 
capability methodology without a firm understanding of how 
current methods work. The underlying statistics and 
assumptions must be explained in order to facilitate the 
extended method that follows. This chapter explains current 
process capability methods and lays the foundation for an 
improved methodology.

The most fundamental concept that must be grasped is 
the nature of variability in a manufacturing process. 
Variability is either due to random or assignable causes. 
Random variation occurs naturally within processes from 
uncontrollable causes. This form of variation may never 
truly be eliminated from a manufacturing process. Hence, 
the variance of a process distribution can never be reduced 
below this minimum. However, variability due to assignable 
causes can be directly linked to process parameters. When 
assignable causes are properly controlled or eliminated, the 
variability associated with these causes is reduced or 
eliminated.

Since the inherent variability of a process due to 
random causes can usually be described by a normal
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distribution due to the Central Limit Theorem, process 
capability can then be described in terms of the properties 
of this distribution. Variability can cause changes in the 
mean and variance of the process distribution, but when 
assignable causes have been eliminated, it will manifest 
itself in the form of shifts in the mean of the 
distribution.

THE STATISTICS OF A PROCESS

Throughout this thesis we will denote the sample mean 
of a process as ^ and the standard deviation of the sample 
as a. Although this is a deviation from statistical 
convention, we will wish to remain consistent with current 
quality and statistical process control literature. 
Estimation of a process mean from a sample is accomplished 
using the standard equation for the arithmetic average,

n xiM = 2  If (2.1)
i=l

We will estimate the standard deviation of a sample, a, as 
follows.
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a
i=l
2  <xi " ^)2
n

n - 1 (2 .2)

There has been discussion in current quality control
literature as to whether the latter estimator for the 
standard deviation or R/dg is more appropriate for process

capability, where R represents the range of the sample and 
d2 is a constant that depends on the sample size. Both

estimators are valid only if the samples are taken at random 
from a stable population.E21 This implies that assignable 
causes of variability have been eliminated from the process 
under scrutiny and that a state of statistical control has 
been achieved. It is common practice to take subgroups 
periodically rather than at random. We must then be aware 
that periodic sampling may align itself with some unknown 
source of variability and produce a distorted estimate of 
the standard deviation of the process. For purposes of this 
thesis, these issues will not be dealt with, and we will use 
equation 2.2.
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THE POISSON DISTRIBUTION

In many processes, the criterion for conformance will 
be on a defects per opportunity basis. This attribute data 
must be handled in a special manner. Several assumptions 
are commonly accepted: C31

1) The outcome of a process consists of counting 
the number of times a defect occurs for a 
given number of opportunities. An example 
from current practices would be defects per 
million operations.

2) The probability that a defect occurs on a 
given opportunity is the same for all 
opportunities. An example of this would be 
that the probability of a bad solder joint is 
the same for all solder joints on a printed 
circuit board.

3) The number of defects that occur in one unit 
of product is independent of the number that 
occur in other units.

4) A mean (or expected) number of defects per 
opportunity exists and will be denoted by X.

These assumptions for the probability of a defect per 
opportunity are similar in nature to the characteristics of 
the Poisson random variable if the probability of a defect 
is less than 0.1.E41 The Poisson distribution is
approximately normal for large sample sizes, and analysis is 
simplified since the mean and variance of the Poisson
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distribution are both equal to X. E5! For purposes of this 
thesis, defects per unit, or DPU, will be used as the 
measure of conformance for a process. Since there are 
numerous opportunities for defects in a complex electronic 
system and the probability of a bad part, solder joint, etc. 
is smaller than 0 .1 , we can convert DPU to defects per 
opportunity by the following:

Defects
Defects _  Unit  _  DPU___

Opportunity " Opportunities “ Opportunities (2 *3)
( Unit ) ( Unit '

Given this relationship, we can track DPU on the production 
floor and readily obtain an estimate of the defects per 
opportunity by dividing by appropriate opportunities per 
unit (a constant).

THE Z TRANSFORM

Once a sample mean and standard deviation have been 
ascertained for a distribution that represents a product 
characteristic, we will want to calculate the probability of 
non-conformance to the appropriate design specification(s). 
A tool known as the standard Z transform is used to
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accomplish this. The Z transform changes the sample data to 
a dimensionless measurement scale in which the mean of the 
distribution is zero and the standard deviation is equal to 
o n e . [7] The equation for the Z transform is as follows.

where ^ is the sample mean, a is the sample standard 
deviation, and SL is the specification limit. A calculated 
Z value of k will be denoted as k<r. Using a standard normal 
table, this Z value is readily translated into a percentage 
of the distribution that falls above or below the 
specification limit as shown in Figure 2.1.
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K

68.26 %

95.46%

99.73 %

99.9937 %

99.999943 %

99.9999998 %

Figure 2.1 
Areas Under the Normal Distribution

CAPABILITY INDICES

We are now ready to define capability indices. These 
indices allow us to compare the quality level of any two 
processes since they are unitless. The first capability 
index, known as Cp, is a dimensionless ratio that compares a 
percentage of the process distribution to the width of the 
specification l i m i t s . i f  a characteristic has both an
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upper specification limit (USL) and a lower specification 
limit (LSL), Cp is defined as,

If the characteristic has only an upper specification limit 
Cp is defined as.

Cp = U S ^ J £  (2.6)

or, if it only has a lower specification limit,

C p = i L ^ S L  (2.7)

Because Cp is a dimensionless ratio, it is useful as a 
performance index. Characteristics that affect quality can 
be compared to one another regardless of the complexity of 
the process involved. Cp is most useful if the distribution 
is centered on the nominal design condition.

We also need to consider the percentage of the 
distribution within the design specifications when the 
distribution is not centered on the nominal condition. This 
is accomplished using an index known as Cpk which is defined 
as.
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Cpk = Cp (1 - k) (2.8)

where

_ JNominal - H  
JC “ USL - LSL ^  -y)( 9 )

Again, we must adjust this equation if only one
specification limit exists. For a lower specification
limit,

= (T ~3(TLSL) • (1 - IV j l ) (2.10)

or, for an upper specification limit,

Cpk = (US-3-- - -) - (1 - jysL'-^T) (2.11)

T is the expected value of fi and may or may not be the same 
as the nominal specification. When /z is the same as the
nominal specification, or T, then Cp = Cpk. Given a 
constant variance, as p departs from the nominal 
specification, Cpk is decreased in value. Figure 2.2
further illustrates the concepts of Cp and Cpk.
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c o n d it io n  Condition 2:
CAPABILITY Distribution Average 

Shifted 1, 5 a  From The 
Nominal Specification2.0 2.0cP = -e-

2.0
Condition 1: 
Distribution Average 
Centered on Nominal 
Specification ^

-3a -2a -la *2<

Lower
Specification
Limit

Upper
Specification
Limit

Nominal
(orT)

Figure 2.2 
Concepts Underlying Cp and Cpk

It should be noted from Figure 2.2 that Cp = Cpk = 2.0 is 
the desired condition if the specification limits are 6a 
from the nominal specification. We can obtain this 
condition by ensuring that the distribution is centered on 
the nominal specification and by reducing a to one sixth of 
the specification width. This assumes symmetry about the 
nominal specification with regard to the upper and lower 
specifications.
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A DEFINITION OF SIX SIGMA CAPABILITY

We are now ready to define a concept known as six sigma 
capability. We will denote this as 6(7. In essence, 6a 

capability means that a process distribution is centered at 
least six standard deviations from its tightest 
specification limit. This implies that Cp and Cpk are 
greater than or equal to 2.0.

We wish to achieve 6a capability in all processes to 
ensure that a 1 .5(7 shift in the mean of the distribution 
does not cause a significant number of non-conformances. 
For process parameters that are not associated with non
conformances, such as productivity, we will ensure that the 
confidence interval for the mean is at least 1. 5a from the 
process specifications. Without a great deal of
mathematical detail, it is generally accepted that the 
distribution of a controlled process will experience mean 
shifts on the order of 1.5(7. As shown in Figure 2.3, if
we were running a 4(7 process and a 1.5(7 mean shift in either 
direction occurred, we would see a significant number of 
defects.
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Four Sigma Capability

Numerous Defects 
(6210 ppm) Numerous Defects 

(6210 ppm)

-6<t -5a -4a -3a -2a -la 0 +la +2a +3a +4a +5a +6a
L _________±  Four Sigma Design J

____________' Specification Width ~  '____________

Cp = Cpk = 2.1Cp = 2.0Cpk = 1.5

Six Sigma Capability

Virtually 
ZERO  DEFECTS  

(3.4 ppm)

Virtually 
ZERO DEFECTS  

(3.4 ppm)

-6a -5a -4a -3a -2a -la 0 +la +2a +3a +4a +5a +6a
U — —-...........................- ±S ix  Sigma Design  .................. J

Specification Width

Figure 2.3 
Capability Comparisons

On the other hand, if we were running a 6a process and 
a 1.5a mean shift occurred, we would see virtually zero 
defects. Obviously, we want to achieve 6a processes so that



T-3792 19

the variability inherent to every process does not cause 
defects. The important point here is that we wish to 
control the variability of the process distribution so that 
when a mean shift occurs, no portion of the distribution 
falls out of specification.

With the statistical tools and concepts outlined in 
this chapter, we are now ready to proceed with the revised 
capability analysis. We will now show that a manufacturing 
process places specifications on its individual processes 
similar in nature to design specifications. These process 
specifications may or may not be tighter than the design 
specifications. If we control the variability of a 
distribution with respect to the tightest specifications, we 
will be assured that the process operates at 6a and that the 
entire manufacturing process operates at optimal cost.
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Chapter 3 
MODELING A MANUFACTURING PROCESS

In this chapter we will show that an example 
manufacturing process can be modeled using linear 
programming. In Chapter 4, we will then develop a method to 
perturb the coefficients of the constraints for the model in 
order to place an upper and lower bound on each coefficient.

The coefficients that experience variability such as 
quality and productivity levels can be related to these 
bounds using process capability techniques. Let us assume 
that we can control the variance of the product 
characteristics represented by these coefficients to 6a 

capability. Then, the basis of the linear program will 
rarely shift away from optimality with respect to production 
cost. Further, the coefficient bounds can be related 
directly to the design specifications of individual product 
characteristics using DPU-based statistics. We then have a 
yardstick to measure and control the variance of the 
individual process distributions in order to maintain 
constant optimality with respect to cost. For purposes of 
this thesis, we will refer to this as making the 
manufacturing process immune to noise.
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THE XYZ MANUFACTURING PROCESS

A company, which we will refer to as XYZ Corporation, 
manufactures a complex electronic receiver. The production 
flow diagram shown in Figure 3.1 represents the final test 
portion of the total manufacturing process.

XYZ Production Flow
DPU2

1-DPU2 DPU5 DP 119

DPU7

OPM 6:ELECTRICALREWORK

OPM 3: BURN-IN

OPM 2: INSPECTION

OPM 1 = UNBOXING

OPM 4:COMBINEDTEST

OPM 10: BOXING
OPM 7:FINALTEST

OPM R:COSMETICREWORK

OPM 9: INSPECTIONOPM 5: CLOSING
1-DPU5 1-DPU7 1-DPU9

Figure 3.1 
XYZ Corporation Production Flow

This portion of manufacturing process is performed in 
Englewood, Colorado, whereas the receivers are actually
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manufactured in Hong Kong. For purposes of this thesis, we 
will refer to this final test portion as the manufacturing 
process. Even so, the techniques that we develop can be 
applied to a manufacturing process in its entirety.

Receivers arrive at the Englewood facility in large 
shipping containers and must be unboxed at operation one 
(Unboxing). Each unit is then inspected for cosmetic 
defects at operation two (Inspection 1) . If the receiver 
passes the inspection, it is power cycled for 24 hours at 
operation three (Burn-in). Once the burn-in period is 
complete, each unit is then put through various electronic 
tests at operation four (Combined Test). Units that pass 
combined test are sent to operation five (Closing) where the 
lid and back cover are fastened and another inspection for 
cosmetic defects is performed. Passed units must then be 
tested for compliance with UL specifications at operation 
seven (Final Test). After final test, the last cosmetic 
inspection is performed at operation nine (Inspection 2) . 
Passed units are boxed for shipping at operation ten 
(Boxing). The above sequence of operations assumes that no 
electrical or cosmetic defects were found.

A unit that is found to have an electrical defect at 
either the combined or final test operations must be 
reworked at operation six, known as Electrical Rework. A
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unit found to have a cosmetic defect at operations two, 
five, or nine must be reworked at operation eight (Cosmetic 
Rework). After the appropriate rework has been completed 
for either rework operation, the unit is sent to operation 
two to re-attempt the process.

Temporary labor is utilized for all operations except 
combined test and electrical rework. Therefore, there is 
insignificant cost associated with hiring, firing, training, 
or reassigning temporary help for these operations. There 
are a limited number of trained electronic technicians - 
only 2 1  workers have sufficient training to work at combined 
test and electrical rework.

A flat rate of $7 per hour may be assumed for all
production workers. We will represent the labor cost per 8 - 
hour day for one worker at operation i as 1^. Hence, all L-̂

= $56. Additionally, the labor budget imposed by upper
management allows for a maximum of 61 workers for the entire 
production operation.

An individual operator can produce a certain number of 
units in one day according to the following productivity 
schedule. These values represent the mean productivity in 
units per worker per day for the six weeks immediately 
preceding this analysis. We will denote the number of units
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that a worker stationed at operation i can produce in one 
day as . The K^'s are detailed in Table 3.1.

Table 3.1: XYZ Corporation Productivity Schedule
Operation Productivity Std. Deviation
Unboxing: Kl = 48.1 fkl = 16.5
Inspection 1: k2 = 135.3 °k2 = 47.0
Burn-In: k3 = 539.8 ak3 = 101.7
Combined Test: k4 = 33.7 ^k4 = 6.4
Closing: k5 = 76.0 ak5 = 15.8
Electrical Rework: k6 = 21.4 <?k6 = 1 0 . 6
Final Test: k7 = 107.7 G\a = 23 . 3
Cosmetic Rework: k8 = 26.2 ^k8 = 2 2 . 1
Inspection 2 : k9 = 69.2 ak9 = 14 . 6
Boxing: K 1 0 = 67.8 ffkl0 = 14.3

We will denote the probability that a unit will fail 
operation i as DPUi. The DPU^'s for the six week period

under investigation are listed in Table 3.2.

Table 3.2: XYZ Corporation Defects Per Unit Schedule
Operation DPU
Inspection 1: DPU2 = 0.03
Combined Test: DPU4 = 0.12
Closing: DPU5 = 0.02
Final Test: DPU? = 0.05
Inspection 2 : DPUg = 0.02
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According to the XYZ Corporation accounting department,
each receiver that is left overnight at an operation in the
process incurs a holding cost of $2. We will denote the
holding cost at each operation i as C^. Therefore, all

= $2. We will denote the number of receivers left overnight 
from the previous day at each operation i as B0 i.

Also according to the accounting department, each unit 
shipped generates a gross profit of $287, which will we 
denote as $P. All operations but one take only a short time 
so that time spent at an operation is minimal. As mentioned 
earlier, the burn-in operation requires that the receivers 
be power-cycled for 24 hours, and at least 600 units must
begin this operation each day.

We have just identified the known constants in order to 
formulate a linear program to model this manufacturing 
process. We must now define the variables that will be 
applicable to the linear program.

FORMULATING THE MODEL

We will define the number of workers to be assigned at 
operation i as W^, which will be a non-negative variable for

operations one through ten. Next we will denote the number 
of receivers to be generated by each operation i as Pj_,
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which will also be a non-negative variable for operations 
one through ten. We will define to be non-negative and

to represent the number of units to be left at each
operation i overnight after the current day. will be

applicable to operations two through ten.
In order to properly formulate a linear program we must

make certain assumptions about these variables. The number 
of workers at an operation, Wj_, is a real variable, so we

must assume that workers can be assigned to operations in
portions of hours. We must further assume that the
difference between a non-integer value for any W^ and the

next higher integer is the equivalent in man-hours of unpaid 
idle time. The decimal portion of any receiver for P-̂  or B^

must be assumed to be a unit that was not completed at
quitting time. This is known as work-in-progress or WIP.

We are now ready to define our objective function.
Since we wish to maximize the potential profit of the 
production operation, the objective function must consider 
labor and inventory costs as well as the profit generated by 
units that complete operation ten,

10MAX $ = ($P) P1 0 - £  H  Wi
i=l

which simplifies to

10
“ E  ci Bi (3.1)

i=2
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10 10MAX $ = 287 PiQ - 56 £  Wi - 2 £  Bj. (3.2)
i=l i= 2

The first applicable constraints are for the 
restrictions on the size of the labor force. We know that 
management has decreed that there will not be more than 61 
workers on the production floor. Also, we only have 21
technicians who are technically capable of working at the
combined test and electronic rework operations. Hence,

10E  Wi <  61 (3.3)
i=l

and
W 6 + W 4 <  21 (3.4)

We now have constraints on the number of units that can 
be generated by each operation in a day. It was determined 
that the number of units produced is a linear function of 
the productivity constants given previously and the number 
of workers assigned at each operation,

Pi = Ki Wi (3.5)
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The last type of constraint we must be concerned with 
will ensure conservation of product through the flow of the 
manufacturing process. In general, units left at the end of 
the day must equal the number of units at the operation at 
the beginning of the day plus what comes in during the day 
minus what goes out during the day. First, we know that 
units entering operation two must come from operation one, 
six, or eight, and we know that units leaving operation two 
must flow to operations three or eight. Therefore,

B2 = Bo 2 + [Pi+P6 +P8] - [(1-DPU2 )P2 + (DPU2 )P2] (3.6)

We will rewrite this in the standard form of an LP 
constraint.

At least 600 units must enter the burn-in operation each 
day, so we know the following.

“  P 1  +  p 2  ”  p 6  "  p 8  +  B 2  =  b o 2 (3.7)

(1 - DPU2) P2 >  600 (3.8)

and
(1 - DPU2 ) P2 - Bg (3.9)
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We can only take what was put into burn-in yesterday, so

p3 <  b o 3 (3.10)

We can now write the constraints for product flow at the 
rest of the operations. Maintaining our previous
conventions, we obtain the following constraints for product 
flow at operations four through ten:

B 4 - p 3 + p 4 = Bo 4  (3.11)
b5 ” (DPU4) P4 + P5 = Bo 5  (3.12)

B6 - (DPU4) P4 + P 6 - (DPU?) P 7 = Bo 6  (3.13)
b7 " (l-DPUg) P5 + P7 = Bo 7  (3.14)

B8 - (DPU2) P2 “ (DPU5 ) P5 + Pg - (DPUg) Pg = Bo 8  (3 .1 5 )
Bg - (l-DPUy) P7 + Pg = B0g (3.16)
B 1 0 - (l-DPUg) Pg + P1 0  = Bo l 0  (3.17)

Lastly, we will want to ensure that any units that go 
to the rework operations are reworked the next day. 
Therefore, we have

and
p4 ^  bo4 

p 6  ^  b o 6

(3.18)

(3.19)
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We have now formulated the variables, objective 
function, and constraints for a linear program that will 
model the manufacturing process. There are 29 variables and 
25 constraints in total. A bedsheet for the model and 
output generated by the STORM LP\IP software are listed in 
Appendix A.

RESULTS OF THE MODEL

Comparison of the results of this model to past 
schedules for product output are somewhat nebulous since the 
past schedules were mainly guesswork and were subject to 
wide variation. It is more useful to compare the model to 
the average past performance since day to day variance will 
be eliminated.

We must first note that the model will converge to the
results tabulated below after as few as three days if all
the coefficients of the constraints are held constant. This 
is accomplished by replacing the Bo:[ 1 s with the B^'s and re

running the model until a solution is reached that is the
same as the previous day's solution. This implies that if 
we could hold the quality and productivity parameters 
constant, the model will reach an optimal basis in a matter 
of days and remain there. We will wish to utilize this
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condition for the sensitivity analysis in Chapter 4 since it 
represents a stable, optimal basis. When we compare the 
historical performance of XYZ Corporation to the stable 
solution for the linear program we obtain the results listed 
in Table 3.3.

Table 3.3: Results for the XYZ Corporation LP Model
XYZ 6 Week Averacre LP Model

Opération Output Workers Output Workers
Unboxing 1 432 . 5 9.0 492.9 1 0 . 2
Inspection 2 541.3 4.0 618.6 4 .6
Burn-in 3 539.8 1 . 0 543.2 1 . 0
Comb. Test 4 539.8 16.0 543 . 2 16.1
Closing 5 456.1 6 . 0 478.0 6.3
Elec. Rwk 6 106.8 5.0 8 8 . 6 4 .1
Final Test 7 430.8 4.0 468.4 4 . 3
Cosm. Rwk 8 104.7 4.0 37.0 1.4
Inspection 9 415.2 6 . 0 445.0 6.4
Boxing 1 0 406.6 6 . 0 436.1 6.4
DAILY PROFIT $ 108, 434.5 $ 1 2 0 ,299.1

This table shows that the model agrees reasonably well 
with the historical performance of the production operation. 
Further, $11,865 of additional profit can be generated each 
day (on average) by adjusting the number of workers assigned 
to each operation according to the model. Assuming that 
there are 250 work days in a year, the above result 
translates to an annual profit increase of $2.94 million.
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This is equivalent to 1.2% of XYZ Corporation's current 
annual revenue of $250 million. The above results are 
illustrated in Figure 3.2.
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120000
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o
Average Daily Profit

Time in Days

Figure 3.2 
XYZ Profit vs. Model Prediction

We have now provided XYZ Corporation with a linear 
programming model that will, if run before each work day, 
provide the floor managers with a method to assign workers 
and to set production quotas at operations in order to 
optimize the profit generated by the production floor. The 
model will provide an optimal solution that takes into
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account the variation of the quality and productivity 
parameters, assuming they are updated each time the model is 
run.

We are now ready to define a methodology that will 
attempt to keep the configuration of workers and quotas at 
the stable, optimal solution found above. We can accomplish 
this by establishing process dependent tolerances through 
sensitivity analysis for the quality and productivity 
parameters.
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Chapter 4 
REVISED PROCESS CAPABILITY ANALYSIS

Thus far, we have developed a means to optimize the 
configuration of XYZ1s production operation. When
productivity, quality levels, or even cost levels change, 
the model given in Chapter 3 can be adjusted in order to 
calculate a new optimal solution on a daily basis. Hence, 
we have an analytical tool to optimize the production
operation that accounts for day to day variability in the 
process. Providing optimal production configurations under 
conditions of wide variability is useful in the short term, 
but providing stable, optimal solutions is far more
beneficial. In short, we want to control the variability of 
the process so that our profit is consistently maximized.
We do not want to allow the variability of the process to
control the maximum profit that we can attain.

In Chapter 3, we formulated the objective function for 
our linear program in the form,

max z = cT x
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We will rewrite this in the form of a minimization problem 
so that we can use a simplex algorithm, written for MATLAB, 
later in this chapter.

min z 1 = - z = - cT x

With the addition of appropriate slack vectors, the 
objective function was subject to constraints of the form,

A x = b 
x >  0

We will now wish to rewrite the original problem in
terms of its basic and non-basic components for clarity of 
discussion. We will denote the basic components of the LP 
by B and the non-basic components by D. Using this
convention, our original problem becomes

T Tm m  z' = - çB xB - çD xD (4 .1 )
subject to

B XB + D XD = b (4.2)
XB >  0 

XD >  0
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Using this notation, we have partitioned the cost vector, 
the variables vector, and the A matrix into their respective 
basic and non-basic components.

Most linear programming texts contain methods of
sensitivity analysis for çT , D, and b. However, a method
for perturbing B, the columns of A for the basic variables, 
is conspicuously absent. You should note that the and

variables, as detailed by the STORM output in Appendix A, 
are all basic variables. Since we wish to perturb the 
quality and productivity coefficients which are in the 
columns of B, we must develop our own methodology. In order 
to accomplish this we will make use of the Sherman-Morrison- 
Woodbury formula.

THE SHERMAN-MORRISON-WOODBURY FORMULA

The Sherman-Morrison-Woodbury formula, which will refer 
to as SMW, states that a rank k perturbation to a matrix 
results in a rank k perturbation to its inverse.Ei] The SMW 
formula for a rank one perturbation is

(B + u vT ) - 1  = B- 1  - j  (B- 1  u vT B-1) (4.3)

where



T-3792 38

e = 1 + vT B"-lu
uT = [0 . . 0 ôij
y t = [0 . . 0 1 0

B e 3£mxiri 

u,v are mxl

(4.4)
. .0] ô in position i 
.0] 1 in position j

We will represent the perturbation to the coefficient of row 
i and column j in the matrix B as j . Before we proceed,

we will wish to simplify the SMW formula in order to make it 
easier to solve for First, we will simplify equation

4.4,
0 = 1 +  vT B- 1  u

= 1 + [0...0 1 0 ..0][ B-1] [0...0 ôij 0...0]T
= 1 + ôij[0...0 1 0...0][B^i . . . B~i]T

= 1 + ôij Bji

Next, we will simplify (B- 1  u vT B-1) in equation 4.3,

(B- 1  u VT B"1) = B- 1  [0...0 ô ü  0. . .0]T [0. . .0 1 0...0] B"”1ID

[0...0 ôij 0 . . . 0 ] ■*■ [ B j ̂  « Bj^]= B-l - - " - --m - " 1 - ” 1

- ôij [Bli . . . Bmi]T [Bj 1 . . . Bjin]
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1 -1 * 1  Here, B ,. ^  is the ith column of B- 1  and 3,+ .\ is the jth 

row of B"1 . Combining our simplifications, we arrive at the 
following equation for the SMW formula for a rank one 
perturbation to B,

This form of the SMW formula will be useful in the 
derivations that follow.

If we wish to perturb the columns of the basic 
variables, we must consider several factors. Winston states 
". . . changing the column for a basic variable may change
both B (and hence B”1) and cgy and thus the entire row 0 and

the entire right hand side of the optimal tableau. As 
always, the current basis would remain optimal if and only 
if each variable has a non-negative coefficient in the 
optimal tableau's row 0 and each constraint in the optimal 
tableau has a non-negative right hand side".E21 More 
simply, we must ensure that the reduced costs for the non- 
basic variables and the values for the right hand side 
remain non-negative. For purposes of this thesis, we will

(B + u yT)-l = B- 1  - ------ 1
1 + 5ij

(4.5)
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wish to carry these restrictions on the allowable
perturbation one step further. We will also wish to ensure
that the total profit, the production quotas, and the
assignment of workers do not change significantly from their
optimal values.

From this point forward we will denote the right hand
side as RHS. We will now solve for the allowable
perturbation, j , for the reduced costs using the SMW

formula. This will tell us how far each coefficient of B
can be perturbed without changing the optimal basis. We
have the following relation for the reduced costs,

T T TrD = çD - çB B-l D > 0

Rewriting the cost terms,

T T
B 1 D —  —D

Perturbing B, we obtain,

ÇB (B + M v T ) ™ 1 D <  Çq

Now, substituting equation 4.5 for the perturbation,

T , 1 - 1 - 1  . T
—B (B~ Î 7^1 B (:,1) B (j,:)) D -  SD

ô77 j i
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Simplifying,

[—B B 1 D] ” ( i -i) [^B B(:,i) B(j,:) — —D
577 + Bji

1 T -1 -1 ^ T , T
( 1 ^l) B ( : , i) B ( j , : ) D ] —  B ° ~ —D-̂
ôij + Bji

We can see that the right side of the inequality is the
Tnegative of the current reduced cost vector, rD . Therefore,

( ! -n.) B ( : , i) B (j , : )
*ij +

Let
v =

1 + b: 1ôij 31

Now, where k+ represents an index for the array position 
when the denominator is positive,

r T,
- [£ü^k+

yk+ —  t 1% (4.6)
tfiB B (:,i) B (j ,:) D^k+

and if k- is the index for the array position when the
denominator is negative.
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yk- <
T[£D^k-

T -1 - 1 (4.7)
£sB B (:,i) B (j,:) B]k-

Now, let
v+ = max ^^4. 
y_ = min

We can now solve for the most restrictive ôjj 1s .

ôij+ = 1 — 1 _i (4.8)
^  " Bji

and
^ij- = I  ZY (4.9)

Z  - Bji

We must note several restrictions on the above
computations. If the numerator is equal to zero in either 
equation 4.6 or 4.7, then the appropriate and 5ij± are

also equal to zero. If the denominator is equal to zero in
either 4.6 or 4.7, then p ^  is equal to -oo and the

- 1  -resulting ô^j± is equal to -(Bj^)“ .

We now have the ability to compute a set of 1 s that

tell us a range for which the coefficients of B may vary 
without changing the optimal basis. However, we must also
ensure that the RHS remains non-negative before we can be
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sure that the optimal basis will remain the same. We have 
the following relation for the right hand side of the 
optimal tableau's constraints,

xB = B-lb > 0

Perturbing B, we obtain,

(B + u vT ) “ 1 b >  0 

Substituting equation 4.5 for the perturbation,

( B " 1 - _ 1 _ ^ . - 1  B (:,i) B (j,:)> - —  —
*ij ji

or

B"lfe " ' * - 1  B (:,i) B (j,:) ^  2
*ij ji

If the above relation remains non-negative, we are assured 
that the optimal basis will not become suboptimal. We will 
also wish to ensure that the values for our basic variables
do not decrease by more than 1 0 % in order to maintain the
stable, optimal basis from Chapter 3. Since 90% of a non
negative number is still a non-negative number, we can



T-3792 44

achieve both objectives by modifying the above relation as 
follows,

B-1— - 1 -l B^,i) b >  0.9 B-lb
«ij + ji

We can now simplify this in order to solve for ,

—B - " 1  B 0 ,i) B (j, :) fe ^  ° - 9 XB
«ij + B ü

B (t,i) B(j, ;) fe <  0 . 1  xg
1 + b" 1«ij 31

Now, let

1 + b: 1«ij 31

Where k+ represents an index for the array position and the 
denominator is positive.

^ [0.1 xB]k+
yk+ —  -i -i (4.10)

[B(:,i) B (j,:) - ]k+

and if k- is the index for the array position when the
denominator is negative.
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^ [0 . 1  XBÜk- .....
^k- —  -i -i (4.11)

[B(:,i) B (j,:) -]%-

Now, let
y+ = min 
V- = max

We can now solve for the most restrictive ô^j's.

ôij+ = Zï (4.12)
^  " Bji

and
ôij_ = "Y (4.13)

Z  " Bji

The restrictions are the same as mentioned for the reduced 
cost calculations. If we select these ô^j's, we will ensure

that the the right hand side remains non-negative and that 
the values of the basic variables do not decrease by more 
than 1 0 %.

We will now use the SMW formula to perturb the optimal 
cost for the stable, optimal basis from Chapter 3. We will 
do this to ensure that the profit of the operation cannot 
decrease by more than 10%. We have the following relation 
for the cost for an optimal basis,
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z* = - £ b  B-l b

If we perturb B,

z* = - Sg (B + u vT) 1 b

«ij + 8:11

At this point, we will wish to ensure that the optimal cost, 
z*, does not decrease by more than 10%. Since we are 
minimizing the negative of the objective function, we will 
accomplish this by ensuring that the negative of the optimal 
cost does not increase by more than 1 0 %.

-0.9 (Cg B" 1 b) >  -Sg B-l b + - rj Cg (i) B (j :) b
«ij + Bji

-0.9 z* >  - z* + !  ̂ Sg B ( j , : ) &

0 - 1  z* -  1 -1 -B B (:,i) B (j,:) fe
«ij +

Now, let
v =

1 +  B."1«ij ^



T-3792 47

Now, where + implies that the denominator is positive.

0 . 1  z*
p+ —  t -i -i (4.14)

[SB B (:,i) B (j, :)

and - implies that the denominator is negative.

^  ________ 0 . 1  z*________
p— —  t — 1 — 1 (4.15)

[SB B ( :, i) B (j, :) b]

We can now solve for the most restrictive ô- ĵ's.

5ij+ = 1  Zï (4.16)
^  ' Bji

or

8ij- = -J  ~ï' (4.17)
71 " Bji

Again, we can select the most restrictive to ensure that

the optimal cost (profit) of the model does not decrease by 
more than 1 0 %.

In summary, by utilizing the reduced cost formula, we 
can perturb B to ensure that the optimal basis does not 
become suboptimal. By perturbing B in the equation for the 
RHS, we are ensured that the optimal basis remains optimal 
and that the values for the basic variables cannot decrease
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by more than 10% from their optimal values. Lastly, by 
perturbing B in the cost equation, we can ensure that the 
cost (profit) of the LP will not decrease by more than 10% 
of its optimal value.

The important point from this analysis is that we are 
able to establish tolerances, or process specifications, for 
any coefficient in the B matrix. If we can then control the 
variability of the quality and productivity coefficients to 
within these specifications, the process will remain stable 
and optimal.

THE XYZ PROCESS CAPABILITY ANALYSIS

In Chapter 3, we generated an LP in order to optimize 
the XYZ production operation. We have also developed a 
method to set tolerances for the coefficients of the B 
matrix. The next logical step is to calculate these 
tolerances for the quality and productivity coefficients. 
We will then compare the tolerances to the capability of the 
actual process represented by each coefficient. The MATLAB 
program used for this analysis as well as its flowchart are 
listed in Appendix B. Its results were verified manually 
using the STORM LP/IP program.
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First, we will consider the productivity coefficients 
which were given in TABLE 3.1. The calculated tolerance, or 
process specification, for each productivity coefficient is 
listed in TABLE 4.1. The 95% confidence intervals for the 
mean of the productivity coefficients are also included for 
comparison purposes. The confidence intervals were
generated using the relation for small sample confidence 
intervals for the mean of a normal distribution,

In the following table, we will represent the left side of 
the inequality as Low Cl and the right side as High Cl.

TABLE 4.1:
Productivity Specifications and 95% Confidence Intervals

SMW Analysis 95% Cl

Oon-Coefficient Low Spec High Spec Mean Low Cl High Cl
Unboxing K1 34.8 49.0 48.1 42.9 53.3
Inspection k2 72.9 141.1 135.3 120.6 150.0
Burn-in K3 101.8 601.3 539.8 507.9 571.8
Comb. Test k4 33.4 34.6 33.7 31.7 35.7
Closing <5 45.0 78.3 76.0 71.1 81.0
Elec. Rwk k6 20.8 23.8 21.4 18.0 24.7
Final Test K7 54.0 112.5 107.7 100.4 115.0
Cosm. Rwk K8 7.0 29.1 26.2 19.2 33.1
Inspection <9 41.4 71.3 69.2 64.6 73.8
Boxing K10 40.5 69.8 67.8 63.3 72.3
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It should be clear from this table that, at all operations 
but one, the confidence intervals for the mean productivity 
cover or almost cover the process specification widths. 
This implies that the variation in productivity at each 
operation exceeds what we would consider as acceptable from 
a process capability standpoint. The only operation that 
exhibits some level of capability is the Burn-in operation. 
The upper end of the confidence interval for the mean is 
0.29a from the SMW process specification as illustrated in 
Figure 4.1.
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Figure 4.1 
Burn-in Productivity Histogram
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We want to ensure that the variability in productivity 
does not significantly affect the profitability of the 
entire operation. We can accomplish this by reducing the 
variation in productivity at each operation such that the 
confidence interval for the mean is at least 1.5a from the 
process specifications.

We must now consider the process specifications for the 
quality levels at the various operations. The process 
dependent specifications for appropriate defects per units 
are listed in TABLE 4.2.

TABLE 4.2: Process Specifications for DPU Coefficients
Operation DPU Current Lower Bound Upper Bound

Inspection 1 dpu2 0.03 0.0240 0.1270
Combined Test dpu4 0.12 0.1037 0.1271
Closing dpu5 0.02 0.0123 0.0306
Final Test dpu7 0.05 0.0311 0.0637
Inspection 2 DPUç 0.02 0.0117 0.0483

We will now wish to relate the process specifications
for the DPU *s to the original design specifications. We can
then control actual variability in product characteristics 
in order to optimize the unit cost of the product.

First, operations two, five, and nine are cosmetic 
inspections. Since there are no design specifications for
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defects like scratches, gouges, etc., we must simply take 
steps to ensure that these types of defects are minimized. 
However, we can realize some benefit from the DPU 
specifications. DPU is monitored at these operations, so we 
can establish guidelines for re-running the model if the DPU 
falls out of its respective process specifications.

A more useful benefit can be obtained from the DPU 
process specifications at operations four and seven. We 
will first consider operation seven - Final Test.

The Final Test operation consists of a single test. A 
large voltage is connected to the chassis of the receiver to 
ensure that the unit has sufficient ground in order to 
satisfy UL requirements. For this operation, the voltage 
required for chassis ground failure has been measured over a 
period of time. The mean failure voltage is 1.920 kV, the 
standard deviation is 72.9 V, the design specification is 
1.80 kV, and the opportunity count for the operation is 115 
opportunities per unit. We know from previous analysis that 
the test has been running a DPU of 0.05 and that the process 
specification for this operation is,

0.0311 <  DPUy < 0.0637
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Since DPU7 and the probability that the failure voltage is

less than the design specification both represent the 
probability that a unit will fail the test, we know that

DPU7 = P(V < 1.80 kV)

Therefore, we can establish a tolerance for the probability 
of failure for a unit at this test,

0.0311 <  P(V < 1.80 kV) <  0.0637

We can now convert these tolerances to their respective Z 
values. From the equation for the probability density 
function for a standardized normal random variable, we know 
that,

(0.5 - P) =
Z

— f=  e "0.5t2 dt (4.18)V2ir
0

Although we cannot obtain a closed form solution for Z in 
equation 4.18, we can use a numerical solution which is 
based on Newton's method. This solution is used in the 
statistical analysis package SPSS/PC+ Version 3.0.[3] Let,
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T V (4.19)

then.

2.515517 + 0.802853T + 0.010328T2 (4.20)1 + 1.432788T + 0.189269T2 + 0.001308T3

Using equations 4.19 and 4.20, we obtain the following range 
for the Z value of the test.

Since we know p, a, and Z for the test, we can now solve for 
the new process dependent specification using equation 2.4. 
The calculated process specifications are 1.783 kV and 1.809 
kV. We should now try to control the variability of the 
process such that 6o capability is achieved with respect to 
the tightest specification, 1.809 kV. The analysis for the 
Final Test operation is illustrated in Figure 4.2.

1.5247 <  Z <  1.8653
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Process Specification -  
Design Specification ,

<r = 72 .9 V

Z  = 1.524

1920 V1800 V J 
1809 V -

Figure 4.2 
Process Specification for Final Test

At operation four, Combined Test, we must carry the 
analysis one step further. The operation actually consists 
of four tests. Therefore, we must know /z, o, the
specification limit(s), and the DPU applicable to each 
parametric test. We will make use of the fact that
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independent normal distributions are additive to partition 
the total range for the DPU given by the SMW analysis. We 
know that the DPU for operation four has the following 
range,

0.1037 <  DPU4 < 0.1271

As before, we know that the probability that a unit will 
fail the operation is equal to DPU4 . We also know the

following for the probability of failure at each of the four 
tests,

4DPU4 = £ P( failure at test i)
i=l

We can now weight the tail area tolerance that we assign to 
each test,

^ P(failure at test i) (DPU Tolerance)P' (failure at i) <  - i--------------- g p ü ^ --------------

Therefore, when we calculate the process dependent Z, it 
will be slightly tighter than the design specification. Of 
course, how much tighter depends on the DPU tolerance width. 
We can then calculate process specification(s) as before.
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The result of this analysis for the Combined Test 
operation showed no significant difference between the 
process and design specifications. This is because the DPU 
tolerance width was relatively small, and we partitioned it 
four times.

Throughout this thesis we have argued that we can 
achieve a stable, optimal manufacturing process by 
controlling the productivity and quality parameters to 6a 

capability. Although no attempt is made to detail the 
methods for achieving 6a capability, we must at least 
mention them in order to properly evaluate the XYZ analysis.

Harry states that there are four general classes of 
diagnostic methods used to reduce the variability of 
processes.[4] These methods are illustrated in Figure 4.3. 
Acceptance sampling would normally be the first approach to 
an uncontrolled process. As the variability of the process 
is decreased, the methodology used must eventually graduate 
to response surface analysis.
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Figure 4.3
Diagnostic Methods for Statistical Process Control

Prior to the analysis at XYZ Corporation, a formal quality 
control department did not exist. Although sampling 
techniques were being utilized on some processes, 1 0 0 % 
inspection/test was being performed on most processes. As 
you can see from Figure 4.3, the next step toward capable 
processes would be to utilize process control charts to
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track and display the performance of each process. Simply 
displaying charts for the productivity at each operation 
would go a long way toward reducing the variability in the 
processes. The important point here is that XYZ 1 s
production control program is in its infancy, and much room 
for improvement exists. We can make significant progress
toward reducing the variability in the processes by 
utilizing some very simple statistical process control 
techniques.

CONCLUSION

There are several consequences of this thesis that are 
meaningful to XYZ Corporation. First, a production tracking 
system was developed for DOS-based personal computers. This 
system is currently being used to input and compile data for 
productivity, quality, and management reports. It gives a
complete record of the manufacturing process for each 
serialized receiver, and it is useful in trouble-shooting 
quality problems.

Based on the data collected by the production tracking 
system, a linear program was developed that modelled the 
manufacturing process. This model is useful in that it will 
provide the optimal allocation of resources under conditions
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of wide variability in the process. As mentioned in Chapter 
3, use of this model will generate an average profit 
increase of $ 2.94 million per year.

The method for sensitivity analysis outlined in Chapter 
4 will provide XYZ management with a quantifiable means to 
set process dependent specifications on all processes. 
Meeting these specifications will ensure that profit is 
optimized and that unit cost of product is minimized. 
Further, meeting these process dependent specifications will 
improve the quality of each unit produced and will ensure 
that the LP model does not change significantly.

This thesis also had implications that reach beyond XYZ 
Corporation. The method for sensitivity analysis for the 
coefficients of the B matrix can be applied to any linear 
program. Therefore, we can apply these techniques to any 
application that can be modelled using linear programming. 
This analysis is particularly useful in setting ranges on 
the coefficients in the B matrix in order to quantify their 
effect on the total cost of the LP.

An additional point that is not quite so intuitive is 
that if we decrease the DPU beyond its lower process 
specification, we will decrease our profit. This is because 
improving the quality level of an operation changes the 
throughput of the entire manufacturing process. If we do
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not take this increased quality into account when assigning 
resources, we will decrease our profit. We must re-analyze 
the operation to find its new optimal configuration. If we 
don't, we have increased the quality as well as the unit 
cost of the product.

This aspect of the analysis has important ramifications 
for companies with 'zero defect1 quality initiatives. Some 
of the major companies currently pursuing such policies are 
Ford, Motorola, Signetics, Xerox, and Westinghouse. Many 
more companies are likely to institute similar policies in 
the near future in pursuit of the Malcolm Baldrige National 
Quality Award and the Deming Prize. If the configuration of 
the manufacturing process is not re-evaluated after a 
quality improvement, the improvement itself may have a 
negative impact on the unit cost of the product. Hence, JIT 
philosophies, cycle time management, design for 
manufacturability, and production optimization techniques 
should be a fundamental part of any zero defects program. 
Otherwise, the result of a defect-free product may be a 
significant increase in the product's unit cost.

If there is one point that should be made clear in this 
thesis, it is that we can manufacture a high quality, low 
cost product by considering production cost and quality 
simultaneously. We have already shown that considering
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quality alone is likely to increase the product's cost. 
But, by utilizing mathematical programming techniques to 
consider quality and cost together, we can achieve both 
objectives. In short, if we are armed with the right tools 
and insight, high quality and low unit cost are not mutually 
exclusive. As evidence of this, consider the fact that, 
according to CNN News, Honda Motor Company sold more 
automobiles than Chrysler did in the U.S. in 1989. This was 
the first year that a foreign competitor has ever outsold 
one of the 1 Big 3 1 in the U.S. One doesn't have to read too 
many consumer reports to ascertain that Honda has an 
excellent reputation for quality and produces affordable 
cars.
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APPENDIX A
Linear Program Bedsheet for XYZ Corporation Model
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STORM SOLUTION - XYZ Production Problem

XYZ Production Flow Problem 
OPTIMAL SOLUTION - DETAILED REPORT

Variable Value Cost Red. cost Status
1 W1 10.2481 -56.0000 0.0000 Basic
2 W2 4.5717 -56.0000 0.0000 Basic
3 W3 1.0063 -56.0000 0.0000 Basic
4 U4 16.1182 -56.0000 0.0000 Basic
5 W5 6.2895 -56.0000 0.0000 Basic
6 W6 4.1404 -56.0000 0.0000 Basic
7 W7 4.3495 -56.0000 0.0000 Basic
8 W8 1.4129 -56.0000 0.0000 Basic
9 U9 6.4309 -56.0000 0.0000 Basic
10 W10 6.4324 -56.0000 0.0000 Basic
11 PI 492.9352 0.0000 0.0000 Basic
12 P2 618.5567 0.0000 0.0000 Basic
13 P3 543.1842 0.0000 0.0000 Basic
14 P4 543.1842 0.0000 0.0000 Basic
15 P5 478.0021 0.0000 0.0000 Basic
16 P6 88.6043 0.0000 0.0000 Basic
17 P7 468.4420 0.0000 0.0000 Basic
18 PB 37.0172 0.0000 0.0000 Basic
19 P9 445.0199 0.0000 0.0000 Bas i c
20 P10 436.1195 287.0000 0.0000 Basic
21 B2 0.0000 -2.0000 -65.9419 Lower bound
22 B3 600.0000 -2.0000 0.0000 Basic
23 B4 0.0000 -2.0000 -7.6977 Lower bound
24 B5 0.0000 -2.0000 -112.4567 Lower bound
25 B6 88.6042 -2.0000 0.0000 Basic
26 B7 0.0000 -2.0000 -156.0461 Lower bound
27 B8 37.0171 -2.0000 0.0000 Bas i c
28 B9 0.0000 -2.0000 -194.3192 Lower bound
29 BIO 0.0000 -2.0000 -243.6371 Lower bound

Slack Variables
30 LABOR 0.0000 0.0000 -3019.6040 Lower bound
31 REWORK2 0.7414 0.0000 0.0000 Basic
43 FLOWS IN 0.0000 0.0000 -91.4161 Lower bound
44 FLOWS OUT 56.8158 0.0000 0.0000 Basic
53 MINERWK 0.0000 0.0000 -77.7780 Lower bound
54 MINCRWK 0.0000 0.0000 -51.4476 Lower bound

Objective Function Value = 120299.1

Press any key when ready; Esc to quit
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STORM SOLUTION - XYZ Production Problem (continued)
XYZ Production Flow Problem 

OPTIMAL SOLUTION - DETAILED REPORT

Constraint Type RHS Slack Shadow pri
1 LABOR <= 61.0000 0.0000 3019.6040
2 REW0RK2 <= 21.0000 0.7414 0.0000
3 PROD1 = 0.0000 0.0000 63.9419
4 PR0D2 = 0.0000 0.0000 22.7317
5 PRODS = 0.0000 0.0000 5.6977
6 PROD4 = 0.0000 0.0000 91.2642
7 PRODS = 0.0000 0.0000 • 40.4658
8 PR0D6 = 0.0000 0.0000 143.7198
9 PROD7 = 0.0000 0.0000 28.5571
10 PRODS = 0.0000 0.0000 117.3895
11 PROD9 = 0.0000 0.0000 44.4452
12 PROD10 = 0.0000 0.0000 45.3629
13 FLOW2 = 0.0000 0.0000 63.9419
14 FLOWS IN >= 600.0000 0.0000 -91.4161
15 FLOWS OUT <= 600.0000 56.8158 0.0000
16 FLOWS END = 0.0000 0.0000 2.0000
17 FLOW4 = 0.0000 0.0000 5.6977
18 FLOWS = 0.0000 0.0000 110.4567
19 FL0W6 = 88.6043 0.0000 -2.0000
20 FL0W7 = 0.0000 0.0000 154.0461
21 FLOWS = 37.0172 0.0000 -2.0000
22 FLOW9 = 0.0000 0.0000 192.3192
23 FLOWIO = 0.0000 0.0000 241.6371
24 MINERWK >= 88.6043 0.0000 -77.7780
25 MINCRWK >= 37.0172 0.0000 -51.4476

Objective Function Value = 120299.1

Press any key when ready; Esc to quit
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APPENDIX B 
MATLAB Program Flowchart
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MATLAB Program

THESIS.M 
Doug Mader
This subroutine solves a linear program 
using the two-phase revised simplex 
method. It then repeatedly solves the 
LP until a stable solution is found with 
respect to variation in the coefficients 
of the constraints. A method based on 
Sherman and Morrison is then used to 
perform sensitivity analysis on the 
constraint coefficients for the 
stabilized solution.
February 1990 
MATLAB 
None

Ids;
if ((isempty(oldB) == 1) | (isempty(newB) == 1))

disp ( 1 One of the inventory matrices is empty . . .') 
pause ? 
return;

end
iteration = 0 ;
while 1 % continue until stable

! els;
iteration = iteration + 1

tempA = A; % temp
tempRHS = RHS; % "
tempCD = CD; % "
tempBY = BY; % "
tempARV = ARV; % "

% Begin PHASE I
D = A; % non-basic vars
[m,n] = size(A); % get size of A
temp = ones(1,length(RHS));
INVB = diag(temp); % identity for B inverse
b = RHS 1 ; % transpose of RHS
CB = ones(1,length(RHS)); % phase I basic costs

storage for A
" " RHS
" " nonbasis cost
11 " basic vars
" " arti vars

Filename: 
Author:
Description:

Date:
Environment: 
Son programs
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CD = zeros(l,n); % phase I nonbasic costs
CPhasel = [CD,CB]; % phase I costs
BV = n+l:n+length(RHS); % phase I BV list
NBV = l:n; % phase I NBV list
BV = B V  ;
RHS = RHS';
tableau = [A,INVB]; % initial tableau
lambda = CB * INVB; % lambda
RD = CD - lambda * D; % relative costs
[Rmin,j] = min(RD); % min cost and index
1 = j ; % 1 will become a BV
j represents the column vector and i represents the row
while Rmin < 0

Y = INVB * D(:,j)? % compute vector to enter
RHS = INVB * b; % new RHS
if max(RHS) < 0

disp( 1 Phase I is unbounded . . 
return;

end
Z = zeros(1,length(RHS));
for k = 1:length(RHS) % compute ratios 

if Y (k) > 0
Z (k) = RHS (k) / Y (k) ;

else
Z(k) = 1 0 0 0 0 0 0 ;

end
end
[zmin,i] = min(Z) ; % max ratio and index
E diag(temp); % update inverse of B
E(:,i) = - Y / Y (i) ; % using product form
E(i,i) = 1 / Y(i)? % for the inverse
INVB E * INVB;
NBV(j) = BV(i); % update BV1s and NBV's
NBV sort(NBV);
BV ( i) = 1 ;
CB = CPhasel(BV); % related costs of B V  s
CD CPhasel(NBV); % related costs of N B V  s
lambda = CB * INVB; % update lambda
D tableau(:,NBV) ; % non-basic matrix
RD CD - lambda * D; % related costs
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[Rmin,j] = min(RD); % negative cost coefficient
1 = NBV(j); % 1 becomes a basic variable

end
Get PHASE I solution
RHSc = INVB * b; % values for x
RHSr = RHSc 1 ? % transpose of x values
BVr = B V ; % transpose of basic vars
S = zeros(1,length(NBV))?
sx = [BVr,NBV];
[sx,index] = sort(sx); % sort
x = [RHSr,S]; % optimal values
x = x(index); % number of variables
len = 1 :length(index); % index final solution
Phase_I_Values = [len;x]? % PHASE I values
Phase I Cost = CPhasel * x'; % PHASE I cost
if Phase_I_Cost > 0

disp('No PHASE I solution . . .');
pause; 
return;

elseif Phase I Cost = = 0  % no arti vars are basic
for k = 1:length(tempBV),

if (find(NBV == tempBV(k)) == 1)
disp(1Redundant constraint(s) . . .');
pause; 
return;

end
end

end

PHASE II
CPhasell = tempCD;
tempNBV = NBV;
indexNBV = find(NBV <= n);
NBV = zeros(1,length(indexNBV))
CD = zeros(1,length(NBV))?
CB = zeros(1,length(BV));
D = zeros(m,length(NBV));

initialize matrices

for k = 1:length(NBV)
NBV(k) = tempNBV(indexNBV(k)) 
CD(k) = CPhasell(NBV(k));
D(:,k) = A(:,(NBV(k)));

resize NBV 
NB costs
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end
for k = 1:length(BV)

CB(k) = CPhasell(BV(k));
end

% put basic costs

lambda = CB * INVB;
RD = CD - lambda * D;
[Rmin,j] = min(RD);
1 = NBV(j) ;
while Rmin < 0 % until all related costs >= 0

Y = INVB * D (:,j); 
RHS = INVB * b;

% compute vector to enter 
% new RHS

Z = zeros(1,length(RHS));
for k = 1:length(RHS) % compute ratios 

if Y (k) > 0
Z (k) = RHS (k) / Y (k) ;

else
Z(k) = 1 0 0 0 0 0 0 ;

end
end
[zmin,i] = min(Z); % max ratio and index
E = diag(temp); % update inverse of B
E ( : , i) = - Y / Y (i) ;
E(i,i) = 1 / Y(i);
INVB = E * INVB;
NBV(j) = BV(i) ; % update NBV's
NBV = sort(NBV);
BV ( i) = 1 ; % update BV's
CB = CPhasell(BV); % costs of BV's
CD = CPhasell(NBV); % costs of NBV's
lambda = CB * INVB; % update lambda
D = tableau(:,NBV); % update NB matrix
RD = CD - lambda * D; % related costs
[Rmin,j] = min(RD); % most neg cost
1 = NBV(j) ; % 1 becomes a BV

end
Get PHASE II solution
RHSc = INVB * b; % values for x
RHSr = RHSc'; % transpose
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BVr = B V  ; % transpose of basic vars
S = zeros(1,length(NBV));
sx = [BVr,NBV];
[sx,index] = sort(sx);
x = [RHSr,S]; % optimal values
x = x(index);
len = 1 :length(index); % index final solution
Optimal_Values = [len;x]; % display optimal values
Optimal Cost = CPhasell * x 1; % optimal cost
Inventory variables 2 0-29 must be within 1% of the last 
iteration. This implies a day to day stability for the 
LP model.
quit flags = zeros(1,length(oldB)); 
for k = 1:9,

newB(k) = x(k+20);
if abs(newB(k) - oldB(k)) <= (0.01 * oldB(k)) 

quit flags(k) = 1 ;
end

end
if (quit flags == ones(1,length(oldB)))

disp(' Ready to display optimal solution.'); 
disp(1');
disp(' Press any key to continue . . .'); 
pause ;
Ids;
Optimal Values 
Optimal Cost 
pause ; 
break;

else
A = tempA; % restore matrices
CD = tempCD;
BV = tempBV;
ARV = tempARV;
RHS = tempRHS;
RHS(13) = x(21); % inventory variables
RHS(15) = x (22); % for "tommorrow's"
for k = 17:23, % solution.

RHS(k) = x(k+6 );
end
RHS(24) = x (25);
RHS(25) = x (27); 
tempRHS = RHS;
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for k = 1:9,
oldB(k) = x(k+20);

end
end

end
Have stable solution and B inverse 
Perform Sherman/Morrison method
! 1

Ids;
disp ( 1 Enter a row and column for perturbation.1); 
disp ( 1 Enter 0 to quit . . 
disp(1');
i = input( 1 Enter ROW of B matrix => 1);
j = input( 1 Enter COLUMN of B matrix => '); 
if (i == 0 ) | (j == 0 )

break;
end

check reduced costs
0 means (inequality is >= as in 4.6)
1 means ( " is <= as in 4.7)

- 1  means (denominator = 0 )
inequality! = zeros(1,length(RD));
denoml = CB * (INVB(:,i) * (INVB(j,:) * D));
determine ratios (equations 4.6 and 4.7)
for k = 1 :length(denoml), 

if denoml(k) == 0
inequalityl(k) = -1 ; 
ratiol(k) = NaN; 

elseif denoml(k) > 0% equation 4.6 
inequalityl(k) = 0 ; 
ratiol(k) = -RD(k)/denoml(k); 

elseif denoml(k) < 0% equation 4.7 
inequalityl(k) = 1 ; 
ratiol(k) = -RD(k)/denoml(k);

end
end
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max where inequality = 0 and min where inequality = 1

numinusl = inf;
nuplusl = - inf;
for k = 1 :length(ratiol)

if inequalityl(k) == 0
if ratiol(k) > nuplusl

nuplusl = ratiol(k);
end

elseif inequalityl(k) == 1
if ratiol(k) < numinusl

numinusl = ratiol(k);
end

end
end
maxdelta(l) = 1 / (1 / nuplusl - INVB(j,i)); 
mindelta(l) = 1 / (1 / numinusl - INVB(j,i));

% check RHS
0 means (inequality is >= as in 4.11)
1 means ( " is <= as in 4.10)

- 1  means (denom = 0 )
numerator = 0.1 * (INVB * b); 
denom2 = (INVB(:,i) * (INVB(j,:) * b)); 
inequality2 = zeros(1 ,length(denom2 ));
determine ratios (equations 4.10 and 4.11)
for k = 1 :length(denom2 ), 

if denom2 (k) = = 0
inequality2 (k) = -1 ; 
ratio2(k) = NaN; 

elseif denom2 (k) < 0
inequality2 (k) = 0 ;
ratio2 (k) = numerator(k)/denom2 (k); 

elseif denom2 (k) > 0
inequality2 (k) = 1 ;
ratio2 (k) = numerator(k)/denom2 (k);

end
end
min when inequality = 1 and max when inequality = 0 

nuplus2 = inf;
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nuitiinus2 = - inf;
for k = 1:length(ratio2)

if inequality2(k) == 0
if ratio2(k) > numinus2

numinus2 = ratio2(k);
end

elseif inequality2 (k) == 1 
if ratio2(k) < nuplus2

nuplus2 = ratio2(k);
end

end
end
mindelta(2) = 1 / (1 / nuplus2 - INVB(j,i)); 
maxdelta(2) = 1 / (1 / numinus2 - INVB(j,i))?
check optimal cost
0 means (inequality is <= as in 4.14)
1 means ( " is >= as in 4.15)

-1 means (denom = 0)
numerator = 0 . 1 *  Optimal_Cost;
denominator = CB * (INVB(:,i) * (INVB(j,:) * b));
if denominator > 0

numinusl = inf;
nuplusl = numerator / denominator; 

elseif denominator < 0
numinusl = numerator / denominator; 
nuplusl = - inf;

else
numinusl = NaN; 
nuplusl = NaN;

end
maxdelta(l) = 1 / (1 / nuplusl - INVB(j,i)); 
mindelta(l) = 1 / (1 / numinusl - INVB(j,i));
calculate most restrictive deltas
Lower_Bound = - inf;
UpperBound = inf; 
for k = 1:3

if maxdelta(k) > Lower_Bound & maxdelta(k) <= 0 
LowerBound = maxdelta(k);

end
if mindelta(k) < Upper_Bound & mindelta(k) >= 0
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UpperBound = mindelta(k);
end

end
disp(1');
disp(1 Bounds on perturbation are as follows:1); 
disp(11);
LowerBound
UpperBound
disp
disp('Press any key to continue . . .1)? 
pause;

end
A = tempA; % restore original matrices
CD = tempCD;
BV = tempBV;
ARV = tempARV;
RHS = tempRHS;
return; % EOF


