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ABSTRACT

A comprehensive study was made of rapid pile driving 
into permafrost. This work was limited to thin hollow 
cylindrical piles penetrating permafrost under the influence 
of their impact kinetic energy alone„ The experimental 
work was done in the laboratory using model piles and 
artificial permafrost. The piles were launched into the 
permafrost with a 50-caliber gun, and their impact velocity 
was measured with a breaking-wire system.

The penetration of the piles into permafrost was 
investigated as a function of four parameters. These 
parameters are the impact velocity, the mass, and the 
external and the internal diameters of the piles. The 
domain explored for each parameter was limited to the 
following values : 50 to 500 fps for the velocity, 0.050
to 0.597 lb for the mass, 0.31 to 1.0 in. for the external 
diameters and 0.19 to 0.83 in. for the internal diameters. 
The maximum ratio of thickness to external diameter of the
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piles investigated was 0.2. The range of the penetration 
was limited to values of the ratio penetration to external 
diameter smaller than 20. The artificial permafrost was 
made of graded Ottawa Sand, type Wausau 3/0, saturated 
with water by capillarity and frozen at -6°C. The permafrost 
had an average density of 111 lb per cu ft and a water 
content of 23 percent.

From the first phase of the experimental work, the 
penetration of hollow cylindrical piles into the permafrost
was found to follow closely the empirical relation:

p = K M°°8 yl.5 (1)
(D2 - D2 ) 0 ° 4 1 2

where P is the penetration of the pile, K is a constant,
M is the mass of the pile, V is the impact velocity, and 

and are the external and internal diameters of the 
pile.

The results obtained during a field-test program in 
the vicinity of Fairbanks, Alaska, have been correlated 
with Eq 1 o

In order to give a physical meaning to Eq 1, more 
fundamental experimental data were needed concerning the 
penetration of the piles into the permafrost. These were 
obtained during the second phase of the experimental work.
An optical technique, capable of resolving small displacements
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of the piles during the penetration process, was 
developed. This technique, using a photo-multiplier cell 
and an oscilloscope, can resolve linear displacements of
0.05 in. at 500 fps. It was then possible to measure the 
penetration of the piles at any instant of the penetration 
process and obtain from those measurements penetration
time curves of the piles penetrating permafrost. It was 
therefore possible to calculate from the pénétrâtion-time 
curves the velocity and the deceleration of the piles at 
any instant of the penetration.

The study of the pénétrâtion-time curves showed that 
the total force resisting the movement of the piles 
penetrating the permafrost under the influence of their 
kinetic energy alone can be resolved into three simple 
forces : a crushing force, a drag force, and a friction
force. The crushing force, which is assumed to be 
constant, acts at the tip of the piles. It may be 
considered as the minimum force required to destroy the 
structure of the permafrost and allows the piles to 
penetrate. The second force, the drag force, also acting 
at the tip of the piles, is similar to the forces 
experienced by a solid body moving through a fluid medium. 
In this case the drag force is simply the necessary force 
to accelerate out of the way the particles of crushed
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permafrost. This second force is assumed to be
proportional to v^, where v is the instantaneous velocity
of the piles. The third force, the friction force, acting
along the walls of the pile, may be closely related to
friction forces associated with fluid flow in a pipe. On
the assumption that the friction force may be written as
C(v) p, where C (v) is a friction factor varying with the
velocity of the piles and p the instantaneous penetration,
the following differential equation has been shown to be
in good agreement with the experimental results :

d (My£) = (C + C V 2 + C n e"kv) dp 
2

or
Mvdv = (C^ + CgV2 + CgP e-kv) dp, (2)

where M is the mass of the pile, v is the instantaneous
2velocity, is the crushing force, CgV is the drag 

force, Cg p e-kv is the friction force, p is the 
instantaneous penetration, and C^, Cg, Cg, and k are 
experimental constants=

The differential Eq 2, integrated numerically with 
the proper values of C^, C g , Cg, and k found experimentally, 
leads to the following results :

1. It reproduces very well the experimental data 
from which it was derived.
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It explains the 1,5-velocity power dependence 
and the 0„8-mass power dependence of the 
penetration of relation (1).
It predicts the penetration within the range of 
the penetration explored when the mass of the pile 
is changed.
It predicts a mass power dependence of the 
penetration close to 1.0 at low penetration, a 
fact which was observed experimentally.

vii



T 950

ACKNOWLEDGEMENTS

The author of this work wishes to express his 
gratitude to the following people and organizations :

Dr. John S. Rinehart, Director of Mining Research 
Laboratory, Colorado School of Mines, Golden, Colorado, 
for his constant attention and advice during the experi
mental investigation and the preparation of this 
dissertation. Dr. Rinehart was the principal investigator 
of the contract, DA-ll-190-Eng. 92, accorded to the 
Colorado School of Mines Research Foundation by the 
U. S. Army Cold Regions Research and Engineering 
Laboratory, Corps of Engineers. This contract permitted 
the development of this work by its financial support.

Dr. John V. Kline, Professor Raymond R. Gutzman,
Dr. James Merrin, Dr. John J. Reed, and Dr. John T. 
Williams, members of the committee for this dissertation. 
These professors collaborated during the development of 
this work.

viii



T 950

Professors Frank S. Mathews and Hilbert E . Fletcher, 
who contributed to the development of electronic 
instrumentation used during the experimental work.

Messrs. E . H. Crabtree and F . L . Smith of the Colorado 
School of Mines Research Foundation for their close 
attention to the project. A special thanks to the Colorado 
School of Mines Research Foundation for the grants and 
technical assistance accorded to the author.

Physics and Metallurgy Departments for the use of 
their tool facilities.

ix



T 950

CONTENTS

Page
Introduction . . . . . . . . . . . . . . . . .  1
Experimental phase I . . . . . .  .   5

Piles     . 5
Hollow cylinder...............   6
Adapter.............   6
Driving head . . . . . . . . . . . .  8

Gr u n 13 . . . o . . @  @. . . . . . . . . . .  1.1.
50-caliber g u n ......................  11
1 1/4-in. gun. . . . . . . . . . . .  14

Velocity measurement system . . . . . . .  17
Permafrost. . . . . . . . . . . . . . . .  19

Ottawa Sand.............   21
Container. . . . . . . . . . . . . .  22
Preparation. .     . 22

Procedure . . . . . . . . . .  ...........  24
Development of an empirical equation . . . . .  27

Impact velocity dependence. . . . . . . .  28

x



T 950

Page
Mass dependence . . . . . . . . . . . . .  33
Cross-section factor dependence . . . . .  36

Experimental phase II. . . . . . . . . . . . .  . 52
Pénétrâtion-time measurement technique. . 53
P"j "I q c  CZ C

Jm -i- *3 o o o o » o o o # o o o o * o * * *  tV

Instrumentation . . . . . . . . . . . . .  59
Light source . . . . . . . . . . . .  59
Lens combination . . . . . . . . . .  59
Photo-multiplier . . . . . . . . . .  60

Advantages and limitations of the technique 62 
Procedure . . . . . . . . . . . . . . . .  63
Pénétrâtion-time curve . . . . . . . . . .  63

Final penetration. . . . . . . . . .  64
Beginning of the penetration . . . .  64
Time extrapolation . . . . . . . . .  65

Theoretical considerations . . . . . . . . . .  67
Constant force model. . . . . . . . . . .  68
Variable force model. . . . . . . . . . .  69
Combined force model. . . . . . . . . . .  72

Pénétrâtion-time curves . . . . . . . . . . . .  76
Determination of A, B, C . . . . . . . .  . 77
Deceleration-penetration curve. . . . . .  78

xi



T 950

Page
Semi-empirical model ..........................  80

Impact deceleration . . . . . . . . . . .  80
Crushing force . . . . . . . . . . .  82
Drag force . . . . . . . . . . . . .  84

Total deceleration: Friction force . . . 86
Semi-empirical equation . . . . . . . . .  92

Discussion . . . . . . . . . . . . . . . . . . .  97
Summary and conclusion . . . . . . . .  . . .  . 107
Suggestions and recommendations . . . . . . . .  113
Appendix I. Symbols . . . . . . . . . . . . .  116
Appendix II. Experimental data of phase I . . 118
Appendix III. Experimental data of phase II . 129
Appendix IV. Calculations of a penetration

time curve . . . . . . . . . . .  139
Appendix V. Derivation of a deceleration-

penetration curve . . . . . . . .  143
Appendix VI. Example of numerical integration 147
Bibliography . . . . . . . . . . . . . . . . .  151

xii



T 950

FIGURES

Page
1 Assembly of a model pile used in the

laboratory   . . . . .  7
2 Pile-rocket assembly used for field tests. 9
3 The two types of piles used for laboratory

I* 0 . » o o . . . o . . . o o o o . . a  1
4 50-caliber gun assembly.    12
5 50-caliber gun as a conventional gun . . . 13
6 50-caliber gun as an air gun . . . . . . .  15
7 Arrangement of the 1 1/4-in. gun . . . . .  16
8 Breaking-wire system . . . . . . . . . . .  18
9 Electrical diagram of the breaking-wire

system . . . . .  . . . . . .  . . . . . .  . 20
10 Aluminum container assembly   . 23
11 Laboratory experimental arrangement. . . .  26
12 Penetration of 7/16-in. pile vs impact

velocity . . . . . . . . . . .    29
13 Penetration of 7/16-in. pile vs impact

velocity   . . . . . . . . .  30
14 Penetration of 1.0-in. pile vs impact

1 o (v i "t y . . . . .  . . . .  . . . . . . .  3 2

xiii



T 950

Page
15 Penetration of 6/16-in„ piles vs impact

velocity for piles having various masses . 34
16 Penetration of 6/16-in. piles vs mass at

3̂ 3̂ -f k—i e e o o o e e o o e e e o ^ o o e e  3̂
17 Reduced penetration of 6/16-in. piles vs 

impact velocity for piles having various
m £3 £3 S o e e e o e e e e o e c e e e e e e  3̂

18 Reduced penetration of 1„0-in. piles vs 
impact velocity for piles having various
masses .   . . .  . . .  . 38

19 Penetration vs impact velocity for piles
having various cross-section factors „ . . 40

20 Penetration vs impact velocity for piles
having various cross-section factors . . .  41

21 Penetration vs impact velocity for piles
having various cross-section factors . . .  42

22 Penetration vs impact velocity for piles
having various cross-section factors . . .  43

23 Penetration vs impact velocity for piles
having various cross-section factors . . . 44

24 Penetration vs cross-section factor at
200 fps for piles having the same mass . . 45

25 Reduced penetration vs impact velocity for
piles having various cross-section factors 48

26 Reduced penetration vs impact velocity for 
piles having various masses and cross-
section factors .   c . . . . . .  49

27 Reduced penetration vs impact velocity for
field-test results . . . . . . . . . . . .  51

28 Principle of the pénétrâtion-time measurement
t e c h n i q u e . . . . . . . . . . . . . o . . .  5 4

xiv



T 950

29 Typical record of the penetration-time 
measurement technique. . . . . . . . . . .

30 Special lathe used for painting the white 
stripes on the piles . . . . . . . . . . .

31 Electrical diagram of the penetration-time 
measurement technique,     . . .

32 Determination of pénétrâtion-time curve. .
33 Friction force-developed between a pile 

and a pre-existing hole. . . . . . . . . .
34 Instantaneous deceleration vs instantaneous 

penetration for various impact velocities.
35 Impact deceleration vs impact velocity . .
36 Total deceleration as the sum of three 

individual decelerations . . . . . . . .
37 Frictional deceleration region . . . . . .
38 Frictional deceleration vs instantaneous 

penetration. . . . . . . . . . . . . . . .
39 Friction factor vs instantaneous velocity.
40 Experimental and calculated values of 

penetration for two masses . . . . . . . .
41 Penetration vs impact velocity for piles 

of different materials . . . . . . . . . .
42 Normal pile and wall-reduced pile. . . . .
43 Penetration vs impact velocity for piles 

having different wall characteristics. . .
44 Reduced penetration vs impact velocity for 

piles having various masses. . . . . . . .
45 Reduced penetration vs impact velocity for 

piles having various masses. . . . . . . .

Page

56

58

61
66

70

81
83

87
90

91 
93

96

100
101

102

105

106

xv



T 950

Page
46 Calculated and experimental penetration

time curve for the data of Table 12. . . . 140
47 Graphical determination of deceleration-

penetration curve for the data on Table 12 144

xv i



T 950

TABLES

Page
1 Piles used during the laboratory tests . . 8
2 Screen analysis of Wausau Sand 3/0 . „ , 21
3 Some mechanical properties of the permafrost 24
4 Penetration vs impact velocity, 7/16,

6/16-in. piles . . . . . . . . . . . . . 119
5 Penetration vs impact velocity, 7/16,

5/16-ino piles . . . . . . . . . . . . . 121
6 Penetration vs impact velocity, 7/16,

4/16 and 7/16, 0-in. piles . . . . . . .  124
7 Penetration vs impact velocity, 6/16,

5/16 and 6/16, 4/16-in. piles, . . . . . 125
8 Penetration vs impact velocity, 5/16,

4/16 and 5/16, 3/16-in. piles. . . . . . .  127
9 Penetration vs time, penetration 5.00 in.. 130

10 Penetration vs time, penetration 4.00 in.. 131
11 Penetration vs time, penetration 3.22 in.. 132
12 Penetration vs time, penetration 3.15 in.. 133
13 Penetration vs time, penetration 3.03 in.. 134
14 Penetration vs time, penetration 1.97 in.. 135

xv ii



T 950

Page
15 Penetration vs time, penetration 1*78 in « » 136
16 Penetration vs time, penetration 1,78 in.. 137
17 Penetration vs time, penetration 1.22 in.. 138
18 Calculated values of A, B, C for the data

of appendix 111. , . . . . . = . . . . . . 142
19 Calculated values of p , v , o( after

p - 2.21t - 0.32 tr- 0.02213, . , . . . . . 146
20 Example of numerical integration . . . . .  149
21 Calculated penetration 150

xviii



T 950

INTRODUCTION

Since the recent; military and research developments 
in the regions of Alaska and Northern Canada, problems 
relative to building construction have been encountered. 
The freezing and thawing of the ground’s surface, which 
occur every year in those cold regions, are a serious 
handicap for the conventional techniques of construction, 
However, this difficulty can be overcome by driving piles 
into the permanently frozen layer of the ground, the 
permafrost layer, and using them as foundation supports, 
Permafrost consists essentially of a frozen mixture of 
soil and water. It generally possesses good mechanical 
properties, which in some respects are very similar to 
concrete properties (Tsytovich and Sumgin, 1938). The 
depth and the thickness of the permafrost layer vary with 
the latitude and the location.

The proper use of the permafrost for pile anchorage 
is accomplished under two conditions. First, the piles
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must be driven deeply enough into the permafrost so that 
they can support the desired load and can also resist 
thé heaving of the upper active layer of the ground. 
Second, the driving of the piles must be made with a 
minimum of thawing of the permafrost which surrounds the 
piles. This second condition is especially important 
when the piles are to be loaded shortly after the driving 
process.

An unusual pile-driving technique was proposed for 
rapid pile driving into permafrost. A fast-burning 
rocket could be fixed to the end of a pile, a steel tube 
for example, and launched vertically in the direction 
of the ground, letting the pile penetrate under the 
influence of its kinetic energy alone. This technique 
of rapid pile driving would be valuable in remote areas 
where conventional pile-driving equipment is not avail
able . Experimental results showed that this technique 
consumes little time and conforms to the conditions 
mentioned previously.

The purpose of this work was to make a comprehensive 
study of the penetration of thin hollow cylindrical piles 
into artificial permafrost under the influence of their 
initial kinetic energy alone. After an open literature 
survey, it was believed that studies close to this



T 950 3

subject had never been done before, despite the fact that 
much work has been done in connection with the conven
tional technique of pile driving (Rinehart and Smith,
1960).

This comprehensive study of rapid pile driving into 
permafrost was approached experimentally in the 
laboratory, using model piles and artificial permafrost. 
The data collected during the first phase of the 
laboratory program are correlated into an empirical 
relation giving the penetration as a function of the 
following parameters c, the impact velocity, the mass, 
and the external and the internal diameters of the piles. 
An attempt is made to correlate this empirical relation 
with the results obtained during a field trip in the 
vicinity of Fairbanks, Alaska (Charest and Rinehart,
1961).

The second phase of the laboratory program was 
devoted to getting more fundamental information on the 
penetration of the piles into permafrost. This was 
accomplished by developing a special optical technique 
which can measure the penetration of the piles at any 
instant of the penetration process. From this informa
tion it is thus possible to calculate the total 
deceleration of the piles during the penetration.
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Knowing the total deceleration, one can describe, on 
the basis of experimental observations and a few 
reasonable assumptions 9 the mechanics of penetration of 
piles penetrating permafrost under the influence of their 
impact kinetic energy alone
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EXPERIMENTAL PHASE I

Because no previous studies have been made of rapid 
pile driving into permafrost, the first phase of the 
experimental program was devoted to collecting data and 
deriving an empirical equation giving the penetration as 
a function of the following parameters : the impact
velocity, the mass, and the external and the internal 
diameters of the piles » During this series of tests, 
the experiments consisted of measuring the impact 
velocity of the piles and the penetration achieved into 
permafrost under the conditions mentioned earlier.
These experiments were repeated with piles of different 
masses and different external and internal diameters.

Piles
The type of pile used for this comprehensive study 

was chosen after practical consideration. A penetration 
of 6 to 8 feet into natural permafrost with full-scale
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piles was desired, and it was believed that the hollow 
cylindrical piles would have good mechanical qualities 
for the field operations. The model piles used for the 
laboratory tests were designed to permit easy changes in 
their physical characteristics and to establish a scale 
factor with the full-size piles to be used for field 
work. Figure 1 shows the arrangement of the piles used 
for the laboratory tests. It consists essentially of 
three parts : a steel hollow cylinder, an adapter, and
a driving head.

Hollow Cylinder. The hollow cylinder was made of 
cold-drawn seamless steel tubing. The length of the 
cylinder was 12 in. for pile diameters smaller than 
7/16 in., and 24 in. for pile diameters of 1 in. In 
all the cases the tip of the piles was flat. Table 1 
gives the various external and internal diameters of 
the piles used during this study. Brass piles were also 
used for special tests.

Adapter. The adapter^ made of cold-rolled steel, 
was used to hold together the steel tube and the driving 
head. The adapter, 1 1/2 in. long,was a push-fit type 
at one end and a screw-fit type at the other. A hole
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Driving
head

Adapter

Air exhauster

Steel
tube

Pile
components Pile

assembly

Fig. 1. Assembly of a model pile used in the laboratory.
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made on the side of the push-fit end permitted the air to 
escape from the interior of the piles during the penetra
tion.

Driving Head. The driving head, made of cold-rolled 
steel or of aluminum alloy, was used for a double purpose. 
Being of the same dimension as the internal diameter of 
the gun, the driving head permitted the acceleration of 
the pile assembly into the permafrost. Its second use 
was to permit changes of the total mass of the pile when 
desired. This pile arrangement was found to be very 
flexible for laboratory work. Figure 2 shows the pile 
and rocket assembly used during the field tests in Alaska. 
A picture of two piles used in the laboratory is shown in 
Fig. 3.

Table 1. Piles used during the laboratory tests.__________
Ext. 
diam
in. 1.00 7/16 7/16 7/16 7/16 6/16 6/16 5/16 5/16
Int « 
diam
in. 0.83 6/16 5/16 4/16 0 5/16 4/16 4/16 3/16
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Fig. 2, Pile-rocket assembly used for field tests.
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Guns
The easiest way to launch the model piles into the 

permafrost in the laboratory was by using a. gun. Being 
safe and simple to operate, a gun permitted obtaining 
many experimental results with a minimum of equipment.
Two gun sizes, a 50-caliber and a 1 1/4-in., were used 
during the first phase of the experimental program„ In 
both cases the guns were mounted vertically.

50-Caliber Gun. The 50-caliber gun assembly is 
shown in Fig. 4„ It consists of a 5-foot long barrel,
3 in. in diameter, mounted vertically. This gun was 
operated either as a conventional gun, using 50—caliber 
shell cases and duPont gun powder No. 310, or as an air
gun, using compressed air. For pile velocity greater

/than 150 fps the 50-caliber gun was used with gun powder„ 
For lower velocity, the gun was used as an air gun, a 
greater reliability in the reproduction of the velocity 
being obtained for this low range of velocity.

Figure 5 shows the arrangement of the 50-caliber 
gun when used as a conventional gun. The charge of powder 
was contained in a 50-caliber shell case and the driving 
head of the pile assembly was simply put in the place of 
the bullet. A screw-type breech was used which adapted
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Firing hammer

Electro
magnetic
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Breech

Gun
mount

Gun

Velocity
measurement

system

Permafrost
Floor

Fig. 4» 50-caliber gun assembly.
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Firing pin

Gun
powder

7
Breech

50-caliber 
shell case

assembly

Fig„ 5o 50-caliber gun as a conventional gun.
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to the barrel of the gun by external threads made on the 
barrel itself. As shown in Fig. 4, a hammer5 released by 
an electro-magnetic device, was used to fire the gun.I

Figure 6 shows the mechanical arrangement of the gun 
when used as an air g un. A 25-in.-long copper tube,
1 1/2 in. in diameter, was connected to a commercial air 
bottle. The copper tube was used as a high-pressure air 
reservoir and was capable of holding securely a pressure 
of 600 p s i . The upper part of the high pressure reservoir 
was provided with a fast-opening valve (valve 2) followed 
by a flexible tube and terminated by a 50-caliber shell 
case. The operation of the gun as an air gun was made by 
pushing the driving head inside the 50-caliber shell case, 
inserting the shell and the pile assembly in the gun 
chamber, and clamping the whole with the system shown at 
the right of F i g . 6. After the reservoir was filled to 
the desired pressure, the gun was fired by a quick opening 
of valve 2 .

1 1/4-in. G u n . The 1 1/4-in. gun was used to launch 
the 1-in.-diam piles. This gun, used as a conventional 
gun, was mounted exactly in the same way as the 50-caliber 
g un. It was designed to permit the use of 50-caliber shell 
cases which contained the charge of powder„ Figure 7 shows
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Valve 2 Manometer Flexible 
high pressure 

tube

Air
reservoir Rotating

steel
beam
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Pile
assembly
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Fig » 6 . 50-caliber gun as an air gun.
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50-caliber 
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Driving
head

Pile

Fig. 7. Arrangement of the 1 1/4-in. gun.
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the adaptation of the 50-caliber shell case to the 
1 1/4-in. gun with an insert and the use of a shear disk 
to prevent the pile assembly from falling under the 
influence of gravity.

Velocity measurement system
The velocity of the piles before impacting with the 

permafrost was measured with a breaking-wire system, The 
main part of the system consisted of tiny wires stretched 
across the trajectory line of the piles. When these wires 
were ruptured by the passage of the piles, electrical 
impulses were obtained. Using an electronic device, such 
as a counter or an oscilloscope, one could record in time 
those electrical impulses, measure the time interval 
between each of them, and therefore calculate the velocity 
of the piles =

Figure 8 is a sketch of the breaking-wire system 
used with the 50-caliber and the 1 1/4-in. guns = The 
distance between the wires was 4 in. The reason for the 
guides shown on the sketch of Fig = 8 was to reduce the 
sag of the wires at the instant of rupture, and thus to 
reduce the errors in time measurements, The wire used 
during the experiments was 0.003-in. nichrome wire, and 
the time intervals were measured with Hewlett-Packard
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Gun muzzle

Electrical
connectors

Guides

1st wire

2nd wire

3rd wire

Fig. 8. Breaking-wire system.
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counters, type 523-B„ This technique for measuring the 
velocity of the piles was checked with the penetration
time technique, which is described later in this paper. 
Experimental confirmations have shown an accuracy of 
3 per cent or better in the velocity measurements, which 
was acceptable for the present work. Figure 9 is a 
diagram of the electrical circuit used with the velocity 
measurement system.

Permafrost
By definition, permafrost is a frozen mixture of 

water and soil which never undergoes thawing. To avoid 
any confusion, the term "permafrost" is used in this work 
to designate either permafrost such as defined above, or 
any artificial frozen mixture of soil and water made and 
used for laboratory experiments. In order to minimize the 
difficulties of experimentation, two qualities of perma
frost were desirable. First, it had to be homogeneous. 
Second, it had to be easy to reproduce. A standard method 
of permafrost preparation was established and used during 
the experimental work. Ottawa Sand, type Wausau 3/0, 
was selected from many other materials as the basic 
material.
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Ottawa Sand. Ottawa Sand, type Wausau 3/0, was found 
to be an excellent material for the preparation of the 
permafrost in the laboratory„ This fine sand consists 
essentially of quartz. A representative screen analysis 
is given in Table 2. When properly dried, this sand showed 
a great ability to flow and a great affinity for water 
absorption by capillarity. These two characteristics are 
very important when trapped air is to be avoided and 
homogeneous permafrost is desired. Other materials such 
as pure ice, bauxite and different grades of Ottawa sand 
were also used, but less attention was paid to them since 
the penetration differed only by a constant.

Table 2, Screen analysis of Wausau Sand 3/0 .__________

Aperture (p-)
Mesh

Direct % 
Weight 

Tyler # Retained
Cumulative % 
Weight Finer

177
105
74
62
53
43

+ 80 100
- 80 +150 
-150 +200 
-200 +250 
-250 +300 
-300 +325 
-325

3.5
23.3 
8.7

17.7
17.7
28.4

99.2 
95.6 
72.5 
63 .8 
46.8 
28.4
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Container. It was found during preliminary experi
ments that a minimum size of the permafrost sample had to 
be used. Crack formation during the tests had to be 
avoided, and easy manipulation of the samples was desirable. 
The consideration of these factors played an important part 
in the choice of the size of the container that was used 
in preparing the samples. Figure 10 illustrates the type 
of container used, The container, made of aluminum, was 
arranged so that it could be easily taken apart, This 
arrangement permitted the rapid demolition of the samples 
for water content and specific gravity determination, and 
the drying of the sand. Figure 10 shows the perforated 
bottom of the container which permitted water absorption 
during the preparation procedure as well as the manner in 
which the container could be taken apart.

Preparation. The preparation of the permafrost sample 
was made by placing a layer of porous paper in the bottom 
of the container to prevent the dry sand from escaping 
through the holes„ The sand was then poured into the 
container and shaken until no appreciable settling was 
observed. The container was put into a large pan of water 
for fifteen hours at room temperature to allow the complete 
saturation of the sand. The saturation was accomplished
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16

Fig. 10. Aluminum container assembly.
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only by the capillary action of the water and the sand.
The container of the saturated sand was then put into a 
freezing unit for at least two days before being used. 
Thermocouples were put at different points in the samples 
and indicated that a uniform temperature was obtained after 
this period of time. Results of average water content 
showed a maximum variation of only 2 per cent from one sample 
to another. Some of the properties of the permafrost 
obtained by this technique of preparation are listed in 
Table 3. Unless mentioned, all the data reported in this 
work refer to this permafrost described above.

Table 3. Some mechanical properties of the permafrost.
Density :
Water content :
Dilatational wave velocity : 
Young’s modulus :

111 lb per cu ft (average) 
23 % (average)
12,700 fps
2.9 X 10^ psi (calculated)

Procedure
In order to prevent the permafrost from undergoing 

temperature changes, the following experimental procedure 
was followed : the samples of permafrost were not taken
out of the freezer before the gun and the instrumentation
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were ready to operate ; the maximum time lapse from the 
instant the samples were taken out of the freezer for 
firing until they were brought back did not exceed 45 
seconds ; the measurement of the penetration was made 
inside the freezing unit. The rate of firings was 
limited to a minimum interval of 15 minutes and was made 
according to an increasing order of penetration. The 
penetration of the piles and their measured impacting 
velocities are recorded in Appendix II of this work. 
Figure 11 shows a picture of the laboratory experimental 
arrangement.
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DEVELOPMENT OF AN EMPIRICAL EQUATION

At an early stage of the development of phase I, an 
empirical equation was derived from the experimental 
results, (Charest, Duler, and Rinehart, 1961)„

where P is the penetration, M is the mass of the pile, V 
is the impact velocity, and Dg are the external and the 
internal diameters, K is a constant.

At this time, there was no distinction made between 
thin and thick piles and Eq 3 was derived from the results 
obtained with thin and thick hollow cylindrical piles 
including solid cylindrical piles. Since the study of 
the influence of the pile shape was investigated as a 
special project, (Duler and Rinehart, 1962), the extent 
of this work was limited to thin hollow cylindrical piles. 
The definition of thin hollow cylindrical piles was made 
from experimental observations which are described later

27
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in this text. Thin hollow cylindrical piles refer to 
piles for which the thickness to external diameter ratio
fp is smaller than or equal to 0 .2 ,
Di

The derivation of an empirical equation giving the 
penetration of thin hollow cylindrical piles as a function 
of the parameters of the piles was made in the following 
order : the impact-velocity dependence, the mass depend
ence, and the cross-section factor dependence. The 
experimental results were plotted on log-log scales 
instead of linear scales because one is primarily inter
ested in knowing the law dependence of the penetration 
as a function of the parameters of the piles. It was 
found in this case that the logarithmic scales provided 
a rapid way to achieve this purpose.

Impact velocity dependence
The penetration of the piles into permafrost was 

first studied as a function of the impact velocity. Impact 
velocity means the velocity at which the piles hit the 
surface of the permafrost. One must recall that the 
penetration takes place only under the influence of the 
kinetic energy of the piles corresponding to the impact 
velocity. Figures 12 and 13 show the penetration of a 
7/16-in.-diam pile as a function of the impact velocity
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Steel pile
Ext - diam 7/16 in.
Int. diam 5/16 in..0
Mass 0.5 lb

.0

t)0

,0 •H

•H

Wausau Sand 3/0
Fine sand

Impact velocity, fps

400300100 200
Fig. 12. Penetration of 7/16-in. pile vs impact velocity
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Steel pile
Ext. diam 7/16 in.
Int. diam 5/16 in.
Mass 0.5 lb6 . 0 - —

3 . 0 —

•H

•H-P

Pure ice
Saturated
bauxite
Unsaturated 
Wausau Sand 3/0

V , Impact velocity, fps

3 0020050 100

Fig. 13. Penetration of 7/16-in. pile vs impact velocity.



T 950 31

into various types of permafrost, including pure ice„ The 
mass of the pile was kept constant. It is found that the 
slope of these curves is very close to 1.5, For some 
materials, ice for instance, the slope is slightly higher. 
For others, such as fine Ottawa Sand, the slope is slightly 
less. The difference of the penetration of the curves at a 
given velocity is due to the difference in the physical 
properties of the materials involved. Figure 14 shows the 
penetration of a larger model pile, 1.0 in. in diameter, 
into permafrost made with local soil. The slope of this 
curve is also close to 1.5. It is then possible to write 
an engineering expression giving the penetration of a 
given pile as a function of the impact velocity :

P = K1 V1 -5 (4)
where P is the penetration, is a constant, and V is 
the impact velocity. Most of the experimental results 
obtained from this work agree very closely with Eq 4 within 
the range of the penetration studied. Because a scale 
factor between the field and the laboratory work was 
desirable, the range of the penetration studied in the

plaboratory was limited to values of the ratio - between
D1

2.0 and 20.0 .
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1.0

1 I I
Steel pile
Ext. diam 1.0 in.
Int. diam 0.83 in.
Mass 3.1 lb

•H

•H4->

Golden soil

V, Impact velocity, fps

50 100 200 300 500

Fig. 14. Penetration of 1.0-in. pile vs impact velocity.
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Mass dependence
The second parameter investigated during ^hase I was 

the mass of the piles. Figure 15 shows the penetration of 
6/16-in.-diam piles as a function of the impact velocity, 

the piles having various masses„ All these curves show a 
velocity power dependence close to 1.5, If the penetra
tion, given by each one of these curves at 300 fps, is 
plotted as a function of the mass of the pile corresponding 
to each curve, one obtains the curve shown in Fig. 16.
This curve, giving the penetration as a function of the 
mass of the piles at 300 fps, shows a slope of approxi
mately 0.78. Thus one may write the following equation :

where Kg is a constant and M is the mass of the piles.
Since the curves of Fig. 15 are almost parallel, the 

combination of Egg 4 and 5 gives

where is the reduced penetration, M0 is a reference 
mass and K4 is a constant.

P = k2 m0 -78 (5)

p = k3 m0 -78 V 1•5 (6)
where Kg is a constant.

Multiplying both one
obtains

(7)
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A

3 .

2 .

1 .

Steel piles0
0 Ext. diam 6/16
0 Int. diam 5/16
0

H
& o.

0.50 1b 
0.38 1b

28 1b
19 1b

0.10 1b
0.05 1b

Impact

500 600200 300 400

Fig. 15. Penetration of 6/16-in. piles vs impact velocity 
for piles having various masses.



T 950

8.0
7.0
6.0
5.0
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3.0

2.0
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Steel piles 
Ext. diam 6/16 ij
Int. diam 5/16 in.

a•H
GO•H-P
ciP-pCDG0A

M ? Mass, 1b

0.05 0.1 0.2 0.3 0.4 0.5
Fig. 16. Penetration of 6/16-in. piles vs mass at 300 fps
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Reducing the experimental results of Fig. 15 by the
factor Mg\ 0.78 

M and making M0 equal to 0.38 lb, one
obtains the curve of Fig. 17 giving the reduced penetra
tion Pm as a function of the impact velocity. The slope 
of this curve is very close to 1.5, thus indicating a good 
agreement with Eq 7.

Using the same procedure as above, one obtains the 
reduced-penetration curve of 1 .0-in.-diam piles shown on 
Fig. 18. The experimental results show this time a better 
agreement with the following equation :

The mass of the piles has been expressed in pound mass to

32*12 — j:̂ .-mass .x ..-t ( See Comings, 1940, for extendedlb-force x sec^ \

discussion .J

Cross-section factor dependence
Following an analog procedure as the one used for the 

determination of the mass dependence of the penetration, 
the cross-section factor dependence of the penetration was 
also investigated. Defining the cross-section factor by

0.75 (8)

conform to the four-unit engineering system F = -MfL, where
F is lb-force, M is lb-mass, a is ft per sec^ and g^ is

the number (D^ - d |), one sees immediately that this
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10.0
Steel piles

•H Ext. diam 6/16 in.
Int. diam 5/16 in.

0 o 38 1b

0.50 1b
0.38 1b
0.28 1b
0 19 1b
0.10 1b

t> 0.05 1b

V , Impact velocity, fps

400200 300 500
Fig. 17. Reduced penetration of 6/16-in. piles vs impact 

velocity for piles having various masses.
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V, Impact velocity, fps
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Fig. 18. Reduced penetration of 1.0-in. piles vs impact 
velocity for piles having various masses.
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number is directly proportional to the area of the cross 
section of the piles. This cross-section factor is not 
necessarily the best parameter to be investigated, but it 
is very significant for the study of bodies moving rapidly 
through deformable media.

Referring to Figs. 19, 20, 21, and 22, one can see 
the curves showing the penetration of 0.5-lb piles having 
different cross-section factors. These curves are in 
good agreement with the 1.5 power-velocity dependence of 
the penetration. In order to show more clearly the 
influence of the cross-section factor upon the penetration, 
the best curve for each set of data shown in Figs, 19, 20, 
21, and 22 is reported in Fig. 23. If now the penetration 
given by each curve at 200 fps is plotted versus the 
cross-section factor, (D^ - d|), corresponding to each 
pile, one obtains the curves of Fig. 24. These curves 
give the penetration as a function of the cross-section 
factor at 200 fps for 0.5-lb piles.

One sees that two curves were passed through the 
experimental values shown in Fig. 24. As was pointed out 
at the beginning of this section, an equation, Eq 3, was 
derived at an early stage of phase I. At the time, no 
distinction was made between thin and thick piles. The 
dotted curve of Fig. 24, showing an approximate slope of
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Steel piles
Ext » diam 5/16
Into diam 4/16
Ext » diam 6/16
Tnt» diam 4/16
Mass 0 « 5 1b

•H

•H

i « o —

V , Impact velocity, fps

400300200100

Fig. 19. Penetration vs impact velocity for piles
having various cross-section factors.
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Fig. 20» Penetration vs impact velocity for piles having

various cross-section factors.
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Steel piles8 .0
Ext„ diam 7/16 in.
Int. diam 6/16 in «
Exto diam 7/16 in.
Int. diam 4/16 in.
Mass 0.5 lb

•H

V, Impact velocity, fps

100 200 400300

Fig. 21. Penetration vs impact velocity for piles having
various cross-section factors.
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Fig. 22. Penetration vs impact velocity for piles having
various cross-section factors.
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Fig. 23. Penetration vs impact velocity for piles having
various cross-section factors.
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Steel piles
Various external and internal diameters
Mass 0.5 lb

6.0 —

5.0

Thin piles
3.0 —

Thin and thick 
piles•H

+->

1. c —

Cross-section factor (D-, - D9) , arbitrary scale

10 20 30 40 50 60
Fig. 24. Penetration vs cross-section factor at 200 fps 

for piles having the same mass.
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-0.5, represents the above situation, that is the average 
effect of the cross-section factor of the piles considering 
both thin and thick piles together. This is the explana
tion of the factor, (D^ - 0^)0 .5 appearing in the 
denominator of the right-hand side of Eq 3.

If one refers to the solid curve passed through the 
experimental points of Fig. 24, he sees that this curve 
represents the experimental data obtained with piles for
which the ratio 3__ is equal or smaller than 0.2. It was

D1
found in Duler1s work (Duler, 1962) that changes in the law 
dependence of the cross-section factor occur in passing 
from thin to thick piles. The change observed in this 
study corresponds very closely to Duler’s observation.
The slope of the solid curve of Fig. 24 being approximately 
-0.4, one may write:

P = K5 (Dj - d|)“0 -4 (9)
The curves of Fig. 23 being parallel, one may write on

the basis of Eqs 9 and 4
v-l-5

-6P = Kr --  (10)(D2 - D|)0.4
where D^ is the external diameter, Dg is the internal
diameter, and Kg is a constant. Multiplying both sides of

2 \o  4Eq 10 by 2__ * one obtains



where is the reduced penetration; (D^q - d |q ) is a
reference cross-section factor, and Ky is a constant.

Reducing the experimental data of Figs. 19, 20, 21

showing the reduced penetration as a function of the impact 
velocity. The slope of this curve is close to 1.5, which 
indicates a good agreement with Eq 11. Since the various 
diameters of the piles used in this work are expressed in 
sixteenths of an inch, the arbitrary scale of Fig. 24 is 
found in the following manner. If a pile has an external 
and an internal diameter of 7/16 and 5/16 in. respectively, 
the cross-section factor becomes (7 - 5 ) = 24.

On the basis of equations similar to Eq 11 and Eq 7, 
letting M0 equal to 0.5 lb and (Dj0 - d|o) equal to 24, 
the experimental data used in this chapter were found to 
give the best dispersion with the following equation :

where P* is the reduced penetration and Kg is a constant. 
Figure 26 gives the curve of the experimental data reduced

and 22 by the factor letting

2 2(D^q - D9q) equal 24, one obtains the curve of Fig. 25

V 1 *5 (12)
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•H
Steel piles
Mass 0.5 1b
Dl0 7/16 in.<N CM

20 5/16 in.
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•H

Impact velocity, fps
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Fig. 25. Reduced penetration vs impact velocity for piles
having various cross-section factors.
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Steel piles
0. 5 1b
7/16 inCNCN

5/16 in

V , Impact velocity, fps

200 3 00 400 500

Fig. 26. Reduced penetration vs impact velocity for
piles having various masses and cross-section
factors.
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by Eq 12. The data given by the lower curve of Fig. 21 
and by the lower curve of Fig, 22 are not used in Fig. 26, 
since they do not correspond to the definition of thin 
piles defined previously. The good agreement of the reduced 
experimental results is seen in Fig. 26, since the best 
curve passed through the experimental points is almost the 
same as the curve passed through the experimental point of 
the upper part of Fig. 12. The experimental results of 
the upper part of Fig„ 12 were obtained with the pile which 
was used as the reference pile for the results presented 
in Fig. 26. Equation 12 can be rewritten into the form

P - K M°-8 Y1 -5___  (13)(D2 - d|)0.4
and represents very closely a possible empirical equation 
giving the penetration of thin hollow cylindrical piles 
into artificial permafrost, under the conditions of the 
actual work.

Figure 27 shows the field-test results obtained in 
Alaska (Charest and Rinehart, 1961 ) and reduced by Eq 12.



T 950 51
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•H 00
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V , Impact velocity, fps
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Fig. 27. Reduced penetration vs impact velocity for 
field-test results.
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EXPERIMENTAL PHASE II

The derivation of an empirical equation, such as 
was developed during phase I , does not tell much about 
the mechanics of penetration into permafrost by thin 
hollow cylindrical piles. Moreover, this empirical 
derivation led to very striking power dependence of the 
parameters studies. The 1.5-velocity power dependence 
and the 0 .8-mass power dependence of the penetration need 
a physical interpretation, and it is the purpose of this 
second phase to develop one. It is out of the scope of 
this dissertation to explain the cross-section-factor 
power dependence of the penetration.

In order to give a physical interpretation of the 
equation

- s
more fundamental information was required. This informa
tion was obtained by developing a special technique

5 2
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capable of giving the penetration of the piles at any 
instant of the penetration process. From those measure
ments, one could obtain pénétration-time curves from which 
the instantaneous velocity and deceleration of the piles 
could be calculated.

To avoid any interference with the piles during the 
experimental measurements, an optical technique was 
necessary. Various optical techniques could possibly 
be used to obtain the desired results, for instance high 
speed photography, but few of them would give satisfactory 
results unless complex and time-consuming devices were 
used. After much theoretical and practical consideration, 
the following penetration-time technique measurement was 
developed.

Penetration-time measurement technique
Figure 28 is a schematic representation of the 

principle of this penetration-time measurement technique. 
An arrangement of a small bright light source, S, and a 
lens system, and , gives a stationary spot of light, 
S^, focused above the surface of the permafrost on the 
trajectory line of the piles. A photo-multiplier tube is 
located behind a masking arrangement inside a camera C. 
The camera is focused in such a way that the image of S^
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coincides with a small hole made in the mask = This 
arrangement permits that only the light reflected from an 
object located at can reach the cathode of the photo
multiplier tube. If a pile, painted on its upper-half 
with equally-spaced white stripes, passes in front of the 
luminous spot, impulses of light reflected from the white 
stripes of the pile will emerge onto the photo-multiplier. 
These impulses of light, being converted into electrical 
impulses by an electrical circuit, can be fed into an 
oscilloscope. If the oscilloscope is triggered an instant 
before the pile impacts with the permafrost, one can obtain 
a recorded signal similar to the one shown in the lower 
part of the picture, Fig. 29. Each successive peak of
the recorded signal corresponds to the time each successive

1stripe passes in front of the luminous spot, S . Using a 
time-base signal, 1 msec, the upper part of the picture 
of Fig. 29, and a traveling microscope, it is then possible 
to obtain the penetration of the piles at very short inter
vals of time of the penetration process.

Piles
To obtain a well-defined signal on the oscilloscope, 

spacial piles were needed for the pénétrâtion-time 
measurement technique. These piles were made in the 
following way.
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u U J U t U M j i i l i lH ’J v  V

Fig. 29. Typical record of the penetration-time 
measurement technique.
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With a conventional lathe, shallow grooves, equally 
spaced, were cut along half the length of the piles with a 
flat-head cutting tool„ Equally spaced grooves were 
easily obtained with the micromatic adjustment of the 
top slide of the lathe by holding the main carriage fixed 
and displacing the cutting tool along the principal axis 
of the pile. After a black paint coating was applied to 
the grooved section of the piles, the black paint was 
removed from the outer surface of the piles with a lathe 
and a fine file This operation left on the piles a 
succession of alternate black and metallic stripes, with 
the black paint remaining only in the grooves. The piles 
were turned slowly on a special lathe and a thin band of 
white paint was applied with a drafting pen to the 
metallic stripes„ The piles then had alternating black 
and white stripes along half the length.

This procedure of painting equally spaced white 
stripes on the piles was found experimentally to be very 
reliable for several reasons » The constant distance 
between the white stripes could be controlled with great 
precision. The demarcation lines between white and 
black stripes were very sharp. The operation of repainting 
the stripes when necessary was very easy. Figure 30 is a 
picture of the lathe which was specially designed for the
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operation. Made of plexiglass, it used a small synchronous 
motor which had an output revolution of 4 rpm. After each 
complete revolution the drafting pen was simply shifted 
by hand to the next stripe for application of the white 
paint. Figure 3 shows a pile such as was used for the 
experiments. The distance between each white stripe was 
0.100 + 0.003 in.

Instrumentation
As shown in Fig. 28, the experimental arrangement of 

the penetration-time technique consisted of the following 
components.

Light Source. The light source, S, was an automobile 
headlight bulb, Westinghouse, type 2330, 6-8 volts. This 
bulb, of relatively small filament, gave a strong intensity 
light. The combination of those two characteristics were 
highly desirable in the optical system. The bulb was 
operated with direct current in order to avoid the 60-cycle 
fluctuations, which could have been easily recorded by the 
photo-multiplier tube.

Lens Combination. The lens combination consisted of 
two lenses, L^ and L g . The lens, L^, was a photo-aerial
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type having a 24 in. focal length at f/4.0. The use of 
such a large focal length lens minimized the effect of 
the size of the filament bulb with respect to the focal 
length of the lens. For these experiments, the ratio of 
filament size to focal length was 3/610. The lens, Lg, 
was a simple converging lens, 2.4 in. in focal length.
The luminous spot, 8 ,̂ focused on the trajectory line of 
the piles was 0.04 in. in diameter. The distances SL^,
L^Lg and were respectively 39, 91 and 2 in.

Photo-multiplier. The camera and the photo-multiplier 
cell assembly was exactly as shown in Fig. 28. The camera, 
C , a photo-aerial camera, using a 7 in. focal length lens, 
was provided with a very small field aperture and focused 
so that only the light reflected from the white stripes 
at the point S* could emerge onto the cathode of the 
photo-multiplier tube, which was a R.C.A. type 931A.
Figure 31 shows the electrical circuit which was used 
with the pénétrâtion-time measurement technique. The 
oscilloscope, a Hewlett-Packard model 123-A, was triggered 
by the output signal of the third wire of the velocity 
measurement system described in the instrumentation section 
of phase I .



T 950 61

u
<DfaJObo•H
a

rH

O  Q

-O

o
rH

rH, H

rH

CQ
H

Fi
go
 
31
. 

El
ec

tr
ic

al
 

di
ag
ra
m 

of 
the

 
pe

ne
tr

at
io

n-
ti

me
 

me
as

ur
em

en
t



T 950 62

Advantages and limitations of the technique
This technique of measuring the penetration at short 

time intervals of the penetration process has shown many 
practical advantages. Being a discontinuous method in 
itself, this technique requires a minimum pre-calibration 
of the instruments used during the experimental work.
This can be partly attributed to the fact that the 
measured variables have been reduced to one, that being 
the distance along the oscilloscope record„ Also the 
technique was found to be very attractive since it was not 
time consuming. Quite often it is important to obtain 
immediate results of the experiments performed, because 
the results can then be used as a guide for subsequent 
work. This was particularly true for this series of 
experiments. Finally, the required tool for the analysis 
of the results was a simple traveling microscope.

However, the technique has an inherent weakness 
concerning the measurement of penetration as a function 
of time. Because it is a discontinuous technique, rela
tively large uncertainty in the time measurement occurs 
during the end of the penetration process. This uncertainty 
of time measurement had to be considered during the 
analysis of the penetration-time curves.
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Procedure
The procedure followed during these measurements was 

almost identical with the procedure followed during the 
firings of phase I . The only supplementary measurements 
done on the site of the experiments were the operation 
of the oscilloscope and the count of the number of white 
stripes which had passed in front of the luminous spot 
during the penetration. Since the distance between the 
third wire of the velocity measurement system and the 
surface of the permafrost varied slightly from one firing 
to another, the count of the white stripes was a necessary 
point of reference to determine the beginning of the 
penetration process„ The measurements of the total 
penetration and the impact velocity of the piles were made 
in the same way as in phase I .

Penetration-time curve
Using a traveling microscope and the picture shown 

in Fig. 29, one can obtain the relative time of each 
successive peak of the signal, taking the left peak of 
the picture as reference. Since the distance between 
each white stripe was 0.1 in., a relative curve showing 
the displacement of the piles as a function of the time 
can be obtained. This relative curve does not represent,
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however, the pénétrâtion-time curve. A correction and an 
extrapolation must be made so that the pénétrâtion-time 
curve is obtained. See Fig. 32.

Final Penetration. Immediately after the firing of 
the piles into the permafrost, a count of the number of 
white stripes which had passed over the luminous spot 
was made. Also the position of the luminous spot on the 
pile, once at rest, had to be determined with the greatest 
precision possible. As indicated in Fig. 32, a certain 
quantity had to be added to the last right upper point of 
the graph, pointed by the arrow "last white stripe". This 
point corresponds to the last white stripe which passed 
over the luminous spot, but does not necessarily represent 
the final penetration. The final position of the luminous 
spot might be as well between this last white stripe and 
the next one. Therefore, adding this correction to the 
last right upper point of Fig. 32 gives the position of 
the final penetration which is given by the horizontal 
line passing through point C . This correction could not 
be made with a greater accuracy than 0.05 in.

Beginning of Penetration. If the total penetration 
of the pile into the permafrost such as measured in phase I
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is known, this value can be subtracted from the final 
position of the penetration shown on Fig„ 32„ One there
fore obtains the position of the beginning of the 
penetration, determined by the point B . Giving the point 
B the coordinates (0, O) on the pénétrâtion-time scale, 
and making the proper shift for the rest of the experimen
tal points, one obtains the penetration-time curve. The 
experimental curve of Fig, 32 then consists of two sections. 
The section AB corresponds to the free flight of the pile 
before striking with the permafrost. The slope of a 
straight line passed through the experimental points of 
the section AB provided an accurate way of determining the 
impact velocity of the piles. As pointed out in the 
Instrumentation Section of phase I , this was the way used 
to determine the accuracy of the velocity measurement 
system.

Time Extrapolation. Returning to Fig„ 32, one sees 
that the time corresponding to the final penetration 
remains to be determined. This is done by making an 
extrapolation of the curve to the horizontal line shown 
at the right upper part of the graph„ The point C 
determines the time of the end of the penetration. The 
section BC corresponds to the pénétrâtion-time curve of a 
pile penetrating the permafrost under the influence of the 
kinetic energy alone,
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THEORETICAL CONSIDERATIONS

The derivation of empirical equations containing 
nonrational fractional exponents often bothers the 
physicist-experimenter„ Sometimes, instead of looking 
for a reasonable explanation, he will blame the inaccuracy 
of the experiments or the analysis of the results.
However, this way of justification may lead to a serious 
misunderstanding of the problem of his research, 
particularly when the results produce mathematical 
formulations which look at first meaningless, It is, 
then, the purpose of this chapter to justify on a 
physical basis the validity of Eq 3 or Eq 13.

An empirical equation, as derived previously, may 
have a physical meaning as well as the simple equation 
giving the kinetic energy of a moving body as a function 
of its mass and its velocity :

Ek = 1/2 MV2 (14)

67
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where E is the kinetic energy, M is the mass and V isIY
the velocity.

It is known that many physical phenomena are not 
simple in the sense that they are the combination of two 
or more basic phenomena different in their nature. Very 
often the differential equations describing those 
phenomena have no finite explicit or implicit mathematical 
solutions showing immediately the dependence of the 
parameters involved„ In order to make a comparison and 
justify the empirical equations obtained previously, the 
following hypothetical models are discussed.

Constant force model
A hollow cylindrical pile is launched in the direction 

of a visco-solid material, such as permafrost, and the 
penetration is allowed to take place under the influence 
of the kinetic energy of the pile alone. For the purpose 
of simplicity, it is assumed that the only force acting 
against the pile during the penetration into the permafrost 
is a constant crushing force. The other possible forces 
are neglected. Under those conditions, one may write a 
differential equation of the movement of the pile, based 
on the principle of the equivalence of the loss of kinetic 
energy and the work done :
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C 1 dp - -d (Mzf) (15)
where C% is the constant crushing force, p is the
instantaneous penetration, M is the mass and v is the
instantaneous velocity,

Equation 15 becomes
C jl dp = -Mvdv (16)
Integrating Eq 16 between the proper limits and 

letting the penetration go to completion one obtains :
rP fo

C-i dp ^ - I M v dv .0 JV

2 C1
where P is the total penetration and V is the impact 
velocity.

Equation 17 shows that the penetration of the pile 
under the above conditions is directly proportional to 
its mass and proportional to the square of its impact 
velocity.

Variable force model
Figure 33 shows now the same hollow cylindrical 

pile being launched in the direction of a hole previously 
made in the permafrost. The thickness of the pile is 
slightly bigger than the thickness of the hole so that
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Pile

Hole

Permafrost

Fig. 33 » Friction force-developed between a pile and 
a pre-existing hole.
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friction forces will develop between the walls of the 
pile and the walls of the hole„ Assuming this time that 
only friction forces will act against the pile and assuming 
the total force to be directly proportional to the 
instantaneous area of the pile in contact with the 
permafrost, the following differential equation can be 
written :

where is a proportionality constant of friction 
between the pile and the permafrost, p is the instantaneous 
penetration, M is the mass and v the instantaneous 
velocity.

Equation 18 becomes

Integrating Eq 19 between the proper limits and 
letting the penetration go to completion, one obtains:

where P is the total penetration and V is the impact 
velocity.

Equation 20 shows that the penetration of the pile 
under those conditions is proportional to the square root

2 (18)

P dp = -Mvdv (19)

or (20)
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of its mass and proportional to its impact velocity.
By comparing Eq 17 and Eq 20, one sees that both 

these simple hypothetical models lead to well defined 
mathematical formulations, each having a clear physical 
meaning. The different structure of Eq 17 and Eq 20 is 
the result of the different nature of the forces involved 
in each case. The following question now comes to the 
mind: What would happen to the mathematical formulation
if the pile experiences at the same time both a crushing 
force and a friction force during the penetration? This 
is discussed next.

Combined force model
One considers again the same hollow cylindrical pile 

being launched into the permafrost. It is assumed now 
that the two previously discussed forces, the crushing 
force and the friction force, will act against the pile 
during the penetration. One can write the following 
differential equation :

Integrating Eq 22 between the proper limits and 
letting the penetration go to completion, one obtains :

(21)
Equation 21 becomes
(C^ + Cg p) dp - Mvdv (22)



Rearranging Eq 23 and solving for P , one obtains

2 + MV2 (24)

where P , , Cg, M, and V have been defined previously.
Equation 24 does not show immediately as well as 

Eq 17 or Eq 20 what would be the influence of doubling the 
mass of the pile, for example, while keeping constant 
the impact velocity. This is done, however, by the 
following calculations. For the purpose of simplicity, 
an arbitrary value of unity is given to , C g , M , and V 
appearing in Eq 24. Before doubling the mass of the pile, 
Eq 24 gives

After doubling the mass, Eq 24 gives

The results of these calculations show immediately 
that doubling the mass increases the penetration by a 
factor

P2 -)^ + —— — - - 0.731 units of penetration.1 1
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?2 = 0 » 731 -I yy
07414

By inspection of Eq 17, it is clear that doubling 
the mass increases the penetration by a factor 2. For 
the same reason, Eq 20 shows that the penetration would 
be increased by \/lT or 1.414. Comparing the results of  

Eq 24 with the results of Eq 17 and Eq 20, one sees 
immediately that Eq 24 is an intermediate situation 
between Eq 17 and Eq 20. Moreover, it can be shown by 
other simple calculations that any other intermediate 
situation between Eq 17 and Eq 20 is also possible 
depending upon the relative importance of the two forces 
involved in Eq 24.

Anticipating the results presented in the next 
chapters, it is no longer surprising to derive empirical 
equations containing nonrational fractional exponents.
The forces acting against the piles during the penetration 
process are mainly of three types: a crushing force, a
drag force, and a friction force Since the laboratory 
experiments consisted of measuring the total penetration, 
which is controlled by three forces of different nature, 
it becomes clear that the 0 75 or the 0.8-mass power 
dependence of Eq 3 or Eq 13 may have a true physical 
meaning, The same arguments can be used for the
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explanation of the velocity power dependence and the 
cross-section factor power dependence of those empirical 
equations.
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PENETRATION-TIME CURVES

Before going into the development of a semi-empirical 
model of penetration, one must get the necessary informa
tion from the pénétrâtion-time curves. By comparison of 
those pénétrâtion-time curves with various polynomials, 
it was found that those curves could fit for almost of 
their lenght, within 1% of deviation, a third order time- 
dependent equation of the type

p = At + Bt2+ Ct3 (25)
where p is the instantaneous penetration, t is the time, 
and A, B, C, are constants for a given penetration-time 
curve.

No time-independent term appears in Eq 25, since by 
defenition the penetration is zero at time zero„ Knowing 
the values of the coefficients A, B, C, it is then 
possible to calculate the velocity and the deceleration 
of the piles at any instant of the penetration, by 
evaluating the first and the second derivatives of Eq 25.
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From Eq 25 one thus obtains the two following equations : 
- ^  = V = A + 2Bt + 3Ct2 (26)

where v is the instantaneous velocity,
- 2B + 6Ct (27)

dt2
where (K is the instantaneous deceleration„

It then becomes possible by means of Eq 25, Eq 26, 
and Eq 27 to correlate the numerical values of p , v and

once A, B, C have been determined numerically.

Determination of A, B, C
The determination of A, B, C from the experimental 

results obtained during phase II, can be made in the
following way. From Eq 26 it is seen that the coefficient
A corresponds to the impact velocity V, which is measured 
experimentally. This is seen by evaluating Eq 26 at time 
zero .

(52) = A = Vdt t = 0
where V is the impact velocity. Choosing properly two 
points along the experimental pénétrâtion-time curves, 
the problem of calculating B and C reduces in solving a 
system of two unknown linear equations. Using Eq 25 one 
then obtains
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I>1 = Vt1 + Bt^2 + Ctl3

^2 = Vt2 + Bt2 + Ct2

where and tg are the measured times of penetration 
corresponding to the measured penetration p^ and p g . From 
each set of experimental data given in appendix III one 
can calculate the values of À, B , C in following this 
above procedure. Since the values of p and t were 
measured in inches and t in milliseconds, the coefficients 
A, B , C have the following dimensions :

A is in» per msec 
B is in. per msec^
C is in » per msec^

An example of calculation of A, B, C is given in 
appendix IV. The values of A, B , C corresponding to each 
set of data of appendix III are given in Table 18 in 
appendix IV.

Deceleration-penetration curves
It was pointed out previously that more fundamental 

information was necessary in order to give a physical 
interpretation of Eq 13. Since the penetration is 
essentially limited by the forces acting against the 
piles during the penetration process, it is natural to
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study at first the deceleration of the piles as a function 
of the instantaneous penetration « The study of the 
deceleration-penetration curves leads to very important 
clues, which are important for the development of a semi- 
empirical model of penetration. The development of a 
semi-empirical model of penetration, which is made in the 
next chapter, relies entirely on the study of those 
curves. A sample of the determination of a deceleration- 
penetration curve is given in appendix V.
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SEMI-EMPIRICAL MODEL

From a series of tests made at different velocities 
in the same sample of permafrost with a 0 .5-lb pile,
7/16 in. external diameter and 6/16 in. internal diameter, 
a set of deceleration-penetration curves were obtained. 
These deceleration-penetration curves were derived from 
the data given in appendix III. As sketched in Fig. 34, 
all these curves show two characteristics. First, a well 
defined impact deceleration o( q at penetration zero, and 
an increase of the impact deceleration for curves having 
larger impact velocity V. Second, an increase in the 
deceleration o( with the instantaneous penetration p »
These two characteristics suggest the following model of 
penetration.

Impact deceleration
Referring to the series of tests mentioned above, if 

one plots on linear scales the absolute value of the impact

8 0
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deceleration q as a function of each corresponding 
impact velocity V, one obtains the graph of Fig, 35. In 
other words, this graph is the plot of the absolute value 
2B as a function of the corresponding value A defined 
in Eq 25. The calculated values of A and B for different 
firings are given in Table 18 for this series of tests.
One recalls that

(SB) = a -  v
dt t = 0

and

, .  —  °<°
An examination of the curve shown in Fig. 35, clearly 

indicates a non-linear increase of the impact deceleration 
with the impact velocity, Moreover, a curve passed through 
the experimental values definitely crosses the o(^ axis 
at a positive value °((y These two observations of the 
impact deceleration-impact velocity curve suggest that the 
two following phenomena occur at the beginning of the 
penetration and, by extension, during the penetration 
process.

Crushing Force. In order for the piles to penetrate 
into the permafrost, a minimum force is required. This 
force, which could be called a crushing force, would be
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the necessary force to destroy the structure of the 
permafrost and permits the piles to penetrate. Since this 
crush;, g force acts at the tip of the pile, it must 
necessarily be present during the total duration of the 
penetration process. The deceleration of the piles being 
directly proportional to the resisting force, the value 
of ç in Fig. 35 would then correspond to this crushing 
force. This crushing force is assumed to be constant or 
independent of the velocity.

Drag Force. The increase of the impact deceleration 
q with the increase of the impact velocity V, suggests 

that, beside a crushing force, a dynamical force must also 
be present during the penetration process. By analogy 
with fluid dynamics, this second force would be the drag 
force experienced by a solid body moving through a fluid 
medium. It might be regarded as the force necessary to 
accelerate out of the way the particles of crushed perma
frost. On the basis of theoretical considerations and of 
the non-linear increase of the observed impact deceleration, 
one can pass through the experimental data of Fig. 35 a 
curve of the following type:

°(o + °^D0
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where ^ is the impact deceleration, c?̂ ^ is the crushing 
deceleration and ^  Dq is an impact drag deceleration, a 
function of the impact velocity„

Rewriting Eq 28 in a more proper form and assuming 
the drag force to be proportional to the square of the 
velocity, one obtains :

°^0 “ < c + C2v2 (29)
where Cg is a drag coefficient and V is the impact 
velocity » The drag deceleration Dq or would then
correspond to the drag force which is also acting at the 
tip of the pile. Since the drag deceleration is a function 
of the velocity, it must be therefore present during the 
complete penetration process„ Its value at any instant of 
the penetration then becomes :

o( D = C2v2 (30)
where o( -q is the instantaneous drag deceleration and v 
the instantaneous velocity.

Using the data of Fig. 35, by Eq 29 one finds the 
following values of o( q  and Cg 

ç = 0.47 in o per msec^ 
c2 = 0.029 in.-1 

These values of cX, ç and are for the 7/16-inexternal 
diameter and 6/16-ininternal diameter pile used in the 
series of tests mentioned at the beginning of this chapter.
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Total deceleration: Friction force
As was pointed out previously, all the deceleration- 

penetration curves show an increase of the deceleration 
with the increase of the penetration p . This observation 
then suggests the existence of a third type of force 
participating in the penetration process„ This force can 
be visualized as a friction force acting along the walls 
of the piles in contact with the permafrost. If one of 
the deceleration-penetration curves is considered, it is 
seen that the area under the curve can be divided into 
three regions. Figure 36 is an illustration of these 
regions. The lower region simply corresponds to the 
fraction of the total deceleration which is due to the 
constant crushing force. The middle region corresponds 
to the fraction of the total deceleration which is due 
to the drag force. One can see that the height of this 
second region is maximum at penetration zero, since the 
maximum velocity of the pile is at the beginning of the 
penetration. The upper region would then correspond to 
the friction force mentioned above. The total deceleration 
can therefore be written

°< = °<c + "Id + =<F ( 3 D
where is the total deceleration, o( ^ is the crushing 
deceleration, q is the drag deceleration and p is



T 950 87

•H

i—H

•H
a “HO bJO •H •H

•H

-P

•H

+->

H

° ai'Bos
uoTq.'BJcaiaoap snoauEq-UBq,sux

Fi
g.
 
36
. 

To
ta
l 

de
ce

le
ra

ti
on

 
as 

the
 

sum
 

of 
th
re
e 

in
di
vi
du
al
 

de
ce

le
ra

ti
on

s.



T 950 88

the frictional deceleration. Solving for ^ in Eq 31, 
one can see that -p corresponds to the height of the
upper region of the curve shown in Fig. 36.

K  p = °( - ( °(c + D ) (32)

By inspection of the upper region of the deceleration- 
penetration curve, it is seen that the frictional 
deceleration increases non-linearly with the penetration. 
One may then write:

p = f1(p,v) (33)
where f^ (p,v) is a function of the instantaneous penetra
tion and the instantaneous velocity.

Since, by the nature of the experiments, there were 
no particular indications of the behavior of the friction 
force, the following assumption was made. Using again 
the analogy of fluid dynamics (Rouse, 1946) the friction 
force was assumed to be proportional to the surface of the 
pile in contact with the permafrost, therefore proportional 
to the instantaneous penetration. Equation 33 may be 
written as follows :

c< p = pf2 (p,v) (34)
where p is the instantaneous penetration and f^ (p,v ) is 
a friction factor which is a function of the instantaneous 
penetration and the instantaneous velocity. It was found
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by numerical calculations that the value of fg (p,v ) was 
to a good extent independent of the instantaneous penetra
tion . Equation 34: then reduces to:

where fg (v) is a friction factor function of the 
instantaneous velocity.

Using the deceleration-penetration curve derived as 
an example in appendix V, one obtains Fig. 37, which shows 
the numerical values of the frictional deceleration region. 
This deceleration-penetration curve corresponds to the 
set of data of Table 12 in appendix III. The numerical 
values of the two curves shown in Fig. 37 can be obtained 
from the values given in Table 19 of appendix V. The 
upper curve of Fig. 37 is the deceleration-penetration 
curve mentioned above and the lower curve is calculated 
after

a function of the penetration p. This frictional 
deceleration-penetration curve is shown in Fig. 38. If 
one now plots on semi-log scales the numerical values

(35)

( °( C + CgV^)
where = 0.512 in. per msec^ and Cg = 0.029 in. ^ .

Taking the numerical difference of the two curves in 
Fig. 37, one obtains the frictional deceleration p as

as a function of the corresponding velocity of the
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pile, one obtains the graph of Fig. 39. Since a straight 
line of negative slope satisfies very well the numerical 
values of °(f /p versus v on semi-log scales one can
write :

i r  - c3 e- "  <36)
or

0<F = c3 p e-kv (37)
where ^ is the frictional deceleration, is a friction 
constant and k is a constant.

From Fig. 39, Eq 37 becomes 
c(F = 0.156 pe-0 '24v

Equation 37 means that the frictional deceleration, or
the friction force, is proportional to the instantaneous 
penetration and proportional to a friction factor 
decreasing exponentially with the velocity. The decrease 
of the friction force with the velocity is a common 
phenomenon (Palmer, 1949).

Semi-empirical equation
From the study of the deceleration-penetration curves, 

it was found that the total resisting force acting against 
the pile during penetration can be resolved into three 
individual forces : A crushing force, a drag force and a
friction force. In terms of deceleration this is expressed
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Steel pile
Ext, diam 7/16 in.
Int. diam 6/16 in.
Mass 0.5 lb0.50 —

0.40

0.30

0.20

4 40.15

0.10 •H
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Instantaneous velocity, in. per msec, linear

2.01.60.80.4 1.2
Fig. 39. Friction factor vs instantaneous velocity.
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by Eq 31 which becomes after the combination with Eqs 30 
and Eq 37

<K = <K c + C2v2 + C3 p e-kv (38)
where is the total instantaneous deceleration, q is
the deceleration due to the crushing force, is the drag 
coefficient, v is the instantaneous velocity, p is the 
instantaneous penetration and Cg a constant of friction.

Inserting in Eq 38 the experimental values of o( ç,
C g , C3 and k derived from the series of tests mentioned 
at the beginning of this chapter, one obtains

»<, = 0.47 + 0.029 v2 + 0.156 p e-0'24v (39)
where o\ is in in. per msec2 , v is in in. per msec, and p 
is in in. Multiplying both sides of Eq 39 by M , one 
obtains :

M = M (0.47 + 0.029 v2 + 0.156 p e-0 ‘24v) (40)
where M is the mass of the pile. Since Eq 40 has the 
dimensions of force, using the principle of equivalence 
of lost kinetic energy and work done, one can write:

-d (Mx^) = (Mo(, ) dp (41)2
or

2
-d (Hx_) = M (0.47 + 0.029 v2 + 0.156 p e-°-24v) dp 2 (42)

Eq 42 becomes after simplification
-vdv = (0.47 + 0.029 v2 + 0.156 p e"°-24v) dp (43)
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Integrating numerically Eq 43 and comparing the calculated 
results with the experimental results, one obtains the 
graph of Fig. 40.

The upper curve is the calculated curve for a 7/16-in. 
external diameter and 6/16-in,-internal diameter pile 
having a mass of 0„5 lb. The lower calculated curve is 
for the same type of pile having a mass of 0.287 lb.
Both the calculated curves show a good agreement with the 
experimental data obtained during the laboratory work.
An example of numerical integration is made in appendix V I . 
The numerical values of Fig. 37 were used to calculate 
Cg and k of Eq 43 since they correspond to a firing which 
represents closely the middle range of the penetration 
explored for this series of tests. Moreover, the 
pénétrâtion-time equation, Eq 45, of this particular 
firing reproduces very closely the numerical data of 
Table 12 from which it was derived.
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DISCUSSION

Although the semi-empirical model developed in the 
previous section does not give a complete description of 
the mechanics of penetration into permafrost, it does 
give a good picture of the phenomena involved. The model 
resolves the total deceleration force, acting against the 
pile during the penetration process, into three fundamental 
forces which are : the crushing force, the drag force, and
the friction force„ These types of forces are frequently 
encountered in physical phenomena„

The semi-empirical model. mathematically represented 
by Eq 43, is in very good agreement with the experimental 
results from which it was derived. Within the range of the 
penetration studied, it reproduces very well an average 
1 .5-velocity power dependence of the penetration given by 
Eq 13. As it was pointed out previously, it is no longer 
surprising to obtain the 1.5-velocity power dependence, 
since it is known now that three forces each of a different
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nature are participating in the penetration process . Any 
other value of the velocity power dependence would have 
equally a physical meaning, since the velocity power 
dependence is affected by the relative importance of each 
of the forces present in the process « It can be shown, 
by using the same type of argument used in the chapter of 
theoretical considerations, that an increase of the 
friction force, keeping the crushing force and the drag 
force constant, will decrease the value of the velocity 
power dependence of the penetration. By the same argument, 
a decrease of the friction force will increase the value 
of the velocity power dependence of the penetration. This 
fact was confirmed by simple experimental observations and 
special experiments performed for that purpose.

During the series of firings made in pure ice, it 
was found to be much easier to withdraw the piles from the 
ice than from the permafrost. This observation could be 
an indication that the friction force developed between 
the pile and the ice is less than the friction force 
developed between the pile and the permafrost. Referring 
to Fig. 13, one can see the curve corresponding to the 
penetration into the ice is of greater slope than the 
curves corresponding to the penetration into permafrost. 
This is, however, a relative explanation having only a
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qualitative aspect. In order to give a quantitative con
firmation of the effect caused by lowering the friction 
between the piles and the permafrost, the following two 
series of tests were made.

The first set of experiments consisted of firing into 
the same sample of permafrost two piles having the same 
mass and the same cross-section area, one being of steel 
and the other being of brass. As the coefficient of 
friction between brass and the permafrost is less than 
the coefficient of friction between steel and the perma
frost, a greater slope of the penetration curve of the 
brass pile was expected. Figure 41 gives the penetration 
curves obtained with the brass and the steel piles, 
showing a greater slope for the brass pile. Moreover, 
during this series of tests, it was found much easier to 
withdraw the brass pile from the permafrost than the steel 
pile.

The second set of experiments consisted of firing 
two steel piles having the same mass but different wall 
characteristics. The sketch of Fig. 42 illustrates the 
different wall characteristics of the piles. The wall 
reduction of one pile was made to reduce the friction 
between the pile and the permafrost. As expected,
Fig. 43 shows a greater slope for the penetration curve
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Fig. 41. Penetration vs impact velocity for piles of
different materials.
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Fig. 43. Penetration vs impact velocity for piles
having different wall characteristics.



T 950 103

corresponding to the pile having a wall reduction.
The semi-empirical model of penetration is also in 

close agreement with the 0 .8-mass power dependence of the 
penetration given by Eq 13 « Moreover it predicts a better 
agreement with a 1 .0-mass power dependence for small 
penetrations.

Using the calculated values of the penetration given in 
Table 20 of appendix VI, one obtains, at 200 fps, 3.78 in. 
of penetration for a pile having a 0.5-lb mass and a 2.41 
in. of penetration for a pile having a 0.287—lb mass.
Those values of the penetration represent a good average 
of the range covered by the experiments. In order to find 
the mass power dependence of the penetration at 200 fps, 
one simply uses

where |JL is the mass power dependence of the penetration. 
Inserting the above numerical values in Eq 44 one obtains

[X = 0.812
This calculated value of the mass power dependence of 
the penetration is close to the average mass power 
dependence given by Eq 13.

(44)

Solving now for IX , one obtains
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If these calculations are repeated at 100 fps with 
the calculated values given in Table 20 in appendix VI, 
one obtains

)-L = 0.925
At this velocity, the penetration is close to the low 
range of penetration„ One would then expect a good 
agreement with a 1 .0-mass power dependence at low penetra
tion. Using the data obtained during a series of tests 
with piles of different masses, one obtains the two 
graphs shown respectively on Fig. 44 and Fig. 45. The 
graph of Fig. 44 is a plot of reduced penetration

there is a better agreement of the experimental data with

same time a better distribution of the experimental data 
at high penetration with the results reduced by

and the graph of Fig. 45 is a plot of reduced
/ Mo\ 0.8jyj = P 1 — I . As shown on those graphs,

One sees at the

0.8
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Fig. 44. Reduced penetration vs impact velocity for
piles having various masses.
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Fig. 45. Reduced penetration vs impact velocity for
piles having various masses.
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SUMMARY AND CONCLUSION

The pénétrâtion-time measurement technique revealed 
itself to be a powerful tool for the study of rapid pile 
driving into permafrost. The deceleration-penetration 
curves, which were derived from the penetration-time 
curves, have shown the existence of three forces acting 
against the piles during the penetration process. On the 
basis of experimental observations and a few logical 
assumptions, it was possible to write a differential 
equation in terms of these three existing forces and 
establish a semi-empirical model of penetration. In this 
particular case the semi-empirical model, developed for 
thin hollow cylindrical piles penetrating permafrost under 
the influence of the impact kinetic energy alone, led to 
the following results.

a) It reproduces very well the results 
from which it was derived, and gives on the 
average a 1.5-velocity power dependence of the
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penetration within the range of the penetration 
studied.

b) It predicts the penetration when a 
change in the mass of the piles is made. It also 
reproduces closely the 0 .8-mass power dependence 
of the penetration obtained experimentally for 
thin hollow cylindrical piles.

c) It predicts a mass power dependence of 
the penetration close to 1.0 at low penetration, 
a fact that was observed experimentally.
As pointed out at the beginning of the previous 

chapter, the semi-empirical model of penetration does not 
give a complete description of the mechanics of penetra
tion into permafrost. There is in fact much work left to 
be done in connection with the behavior of each of the 
three forces present during the penetration process. The 
next important step to be made in connection with this 
comprehensive study of pile driving would be the study 
of the influence of the piles external and internal 
diameters upon the three forces mentioned above. This 
study would lead to the explanation of the factor 
(d | - 4 appearing in Eq 13» This work should be
done by making series of experiments with piles of 
different external and internal diameters using the
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pénétrâtion-time measurement technique. The work could 
be also extended to piles having different shapes.

Beside the data obtained with the pénétrâtion-time 
measurement technique, other basic data would also be 
important for a better understanding of the mechanics of 
penetration into permafrost. Some fundamental experiments 
have to be done concerning the? influence of the penetration 
and the velocity upon the friction forces developed between 
the piles and the permafrost. In the derivation of the 
semi-empirical model of penetration, the frictional force 
was assumed to be proportional to the penetration.
Although this assumption is not illogical, there is still 
no evidence that it is essentially true, since no 
experimental confirmations were available from the tests. 
The exponential decay of the friction coefficient with the 
velocity, such as found from the experimental results, does 
not necessarily represent the exact situation. A great 
deal of work was done in the past in connection with the 
variation of friction coefficient with the velocity. It 
was found that the solid-solid coefficient of friction 
generally decreases with the velocity. (Rabinovitz,
1951). The study of dynamic friction forces between 
metals and permafrost is in itself a large field of 
research which remains open for the searcher. This
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subject would involve the study of heat transfer phenomena, 
the study of the viscosity of semi-fluid films, and the 
study of the abrasion of metals moving through a highly 
abrasive medium.

It was pointed out in the introduction of this 
comprehensive study of rapid pile driving into permafrost, 
that despite the fact that much work was done in connection 
with pile driving into the soil, no work closely related 
to the work presented here was done in the past. Civil 
engineers have been for a long time driving piles into 
the ground. However, the techniques used to achieve their 
work differed widely in nature with the technique used 
in this work. The most common technique used in civil 
engineering application which could be compared with this 
work would be the hammer driving method. This method can 
be regarded from two points of view. First, it may be 
regarded as a static method in the sense that the piles 
penetrate the soil rather slowly, involving no drag 
forces. Second, the method might be regarded as dynamic 
in the sense that the energy used to drive the piles is 
communicated in the form of transient waves. As reported 
in the literature (Smith, 1960), more than 500 empirical 
equations have been proposed in connection with the hammer 
pile driving technique. However, each proposed equation
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is limited to a certain type of length of the piles. 
Moreover, the hammer pile driving technique cannot be 
studied on the basis of a continuous process as it is in 
the case for the rapid pile driving technique studied 
in this dissertion.

Other people (Allen, Mayfield,and Morrison, 1957) 
have studied the dynamics of projectiles penetrating 
sand. They found that the deceleration of their projectiles 
was directly proportional to the square of the instanta
neous velocity of the penetration. However their work 
was limited to penetrations much greater than the length 
of the projectiles. Also the velocities involved in their 
studies were much higher than the range of velocity 
explored in this work„

As is shown by these few previous examples, it is 
rather difficult to compare the work presented in this 
paper with other works of different nature, or works made 
under entirely different conditions, Many other cases 
of penetration study have been reported in the literature, 
but it is out of the scope of this dissertation to make 
a survey of those works, most of the time the situation 
being entirely different. It belongs then to future 
studies of rapid pile driving into permafrost to criticize 
this actual work. The technique of rapid pile driving
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either into permafrost or in non-frozen ground may find 
practical applications some day. The fantastic development 
of the actual technology requires every day new engineering 
techniques, which in the past would have been considered 
exorbitant o Who knows? Perhaps piles will be used as 
shock absorbers for space ships landing on other planets.
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SUGGESTIONS AND RECOMMENDATIONS

This comprehensive study of rapid pile driving into 
permafrost has revealed many interesting problems which 
could be the subject of future works. Investigations 
could be made into :

(1) The study of the effect of the cross-section 
factor upon the three forces acting against 
the piles during the penetration process.
This would lead to the explanation of
(D^ - D^)^*4 appearing in Eq 13. This study 
should be done by using the penetration-time 
measurement technique.

(2) The study of the friction forces as a function 
of the penetration of the piles. This investi
gation would necessitate the development of 
special techniques of measurement, which in 
turn would bring the study of energy transfer 
between metals and semi-fluid abrasive media.
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(3) The study of the friction forces as a function
of the velocity of the piles. This investigation 
would also necessitate the development of special 
techniques of measurement. These two previous 
investigations would lead to a better knowledge 
of the friction forces involved in the mechanics 
of penetration of piles into permafrost.

(4) The study of the three forces mentioned in (1) 
for different types of permafrost and for 
different temperatures.

(5) The study of rapid pile driving into other 
types of deformable media, such as packed 
non-frozen soil and other soft materials.

(6) The study of the use of piles as shock 
absorbers. Piles could be used for instance 
as a landing system for space ships going to 
other planets.

It would be advisable for those who plan to do some 
work with the permafrost, to perform their experiments 
entirely inside a large freezing unit. A large freezing 
unit would permit the use of larger samples of permafrost 
which in turn would make possible a greater number of 
firings in the same sample. It was observed in some 
circumstances that two samples of permafrost which were



T 950 115

prepared at the same time and in the same manner did not 
give the same results. This fact made difficult the 
experiments when a comparison was desired between two 
types of piles. Also the transportation of the permafrost 
samples outside the freezer for the firing operation 
can cause slight temperature changes which are to be 
avoided. The problem of transportation of the permafrost 
samples would be at the same time eliminated.

For the use of the pénétrâtion-time measurement
technique, the following improvement in the triggering 
system is proposed. Mylar foil could be placed in contact 
with the surface of the permafrost and, by the means of
a simple electrical circuit, this would provide a precise
triggering system, indicating the beginning of the 
penetration process. Due to its thinness the Mylar foil 
would not interfere appreciably with the penetration.
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APPENDIX I

Symbols

A , B and C = constants of the third degree penetration
time curves

C2 = crushing force
Cg = drag coefficient
Cg = constant of friction

- external diameter of the piles
Dio = external diameter of reference
I>2 =' internal diameter of the piles
Dgo = internal diameter of reference
Ek = kinetic energy

cross-section reduction factor

0 R = mass reduction factor

f* = f^ = total reduction factor
K, Ki, Kg, Kg, K4 , Kg, K6 , Krj, Kg = experimental constants 
k = exponential decrement of the velocity
M = mass of the piles
M0 = mass of reference
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P = penetration 
p = instantaneous penetration 
T = thickness of the piles 
t = time
V = impact velocity 
v = instantaneous velocity

= instantaneous deceleration 
o4 q =  impact deceleration 
C3̂ c " crushing deceleration 

D = drag deceleration 
^  Dq ^ impact drag deceleration 

p = frictional deceleration
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APPENDIX II 

Experimental data of phase I

This appendix contains the experimental data which 
were used for the development of the empirical Equation 13. 
The results were obtained with steel piles of various 
external and internal diameters and of various masses„
The piles were fired into the same type of permafrost, 
which was made of Wausau Sand 3/0 and frozen at -6°C - 
The density of the permafrost was 111 lb per cu ft and 
its water content was approximately 23 percent.
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Table 4
Steel pile, ext- diam 7/16 in., int. diam 6/16 in.

Mass
M
lb

0.500

Penetration 
P 

in.
90 
00 
00
75 
20 
15 
10 
98 
43 
12 
18 
00
76 
38 
32

0.64
0.50

Impact
Velocity

V
fps
290 
245 
200 
218 
191 
185 
179 
170 
150 
140 
13 5 
13 0 
125 
110 
103 
66 
56

"M

1.000 0.780 0.780

0.430

0.362

7.25 
2.82 
2.75
2.13
5.38 
2.63
1.38
1.25

366
193
190
161
348
213
128
123

1.127

1.294

0.780 0.880

0.780 1.010

0.347 8.00
5.25
4
4
3
2
1
1

75
00
81
50
63
19

0.63
0.44

433
347
300
238
247
175
138
110
75
62

1.398 0.780 1.090
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Mass
M
lb

0.287

0.214

Table 4 (Continued)
Impact 

Penetration Velocity
P V fM fA f*

 in._______  fps ____  __  ___
5.63 350 1.558 0.780 1.210
4.63 332
4.09 316
3.90 277
3.38 233 " "
3.13 230
2.82 223 " " "
2.38 207
2.31 181
2.45 206 " ”
2 .14 187
2.13 174
2.06 183
2 . 00 176
1.81 169
1.75 166
1.69 150 " ,T
1.50 141
1.13 125
1.09 123
0.88 109
0.78 990 7i 97 " "
0.61 85
3.96 290 1.970 0.780 1.530
3.44 263
3.25 256
3.25 328
2 69 224
2.06 190
2.00 183 " "
1.88 198
1.63 188 ,r M "
1.00 122
0.69 90 " M
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Table 5
Steel pile, ext. diam 7/16 in., int. diam 5/16

Impact
Mass Penetration Velocity
M P V fM fAlb in. fps
0.597 4.78 260 0 o 865 1.000

4.03 236 M f t

3.97 212 M f t

3.57 217 f  T f t

2.78 166 M f t

0.32 46 f î f t

0.550 4.34 240 0 o 928 1.000
3.27 191 T T TT

0.40 46 t î TT

0.500 6.90 368 1.000 1.000
6.00 340 f r t t

5.95 332 f  » f t

5.85 330 f t t t

5.25 300 r t t t

5.05 315 f t f t

5.00 300 f t f t

4.89 305 f  f t t

4.87 280 f t f t

4.45 268 f t f t

4.16 282 f t t t

4.00 260 f t t t

4 00 256 f t t t

3.97 241 f t t t

4.00 237 f t t t

4.00 229 f t t t

3.95 258 f t t t

3.85 252 f t t t

3.75 255 t t t t

3.75 239 f t t t

3.68 240 f t f t

3.63 247 f t f t

3.50 23 0 f t t t

3.38 212 f t t t

3.32 215 f t f t

3.25 207 f t t t

3.19 226 f t t t

( » 865

.928
M  

f  f

.000
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Table 5 (Continued)
Impact

Mass Penetration Velocity
M P V fM fA f*
lb in. fps
500 3 « 05 210 1.000 1.000 1.0TT 2.96 205 f r tt ft
TT 2.80 209 rr It ft
TT 2 75 195 if ft ft
TT 2.72 190 H ft 11
TT 2.63 188 ft ft ft
TT 2.60 197 f f ft ft
TT 2.57 183 r t ft tt

2.52 188 f t ft ft
TT 2.51 198 f f ft ft
TT 2.39 184 ft ft ft
TT 2.36 170 f f tt ft
TT 2.31 169 ti ft ft
T T 2.13 164 rt ft ft
TT 2.00 156 ft ft ft
TT 1.95 150 ft ft ft
TT 1.97 152 ft tt ft
TT 1.92 143 »» ft ft
T T 1.87 150 ft ft ft
T T 1.75 141 tt ft ft
T T 1.67 140 tt ft ft
T T 1.56 136 ft ft ft
T T 1.57 133 ft ft ft
T T 1.50 13 0 ft ft ft
T T 1.43 129 ft ft ft
T T 1.32 126 ft ft ft
T T 1.21 109 ft ft ft
T T 1.13 117 ft ft ft
T T 1.12 108 ft ft ft
T T 1.13 103 ft ft ft
T T 1.07 102 tt ft ft
T T 0.89 100 ft ft ft
TT 0.86 90 ft ft ft
T T 0.85 86 ft ft 11
T T 0.87 82 ft ft ft
TT 0.75 76 ft ft ft
TT 0.74 84 tt ft ft
TT 0.60 69 ft ft ft
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Mass
M
lb

0.460

0.370

0.205

Table 5 (Continued)

itration 
P 

in .

Impact
Velocity

V
fps

4.37 307
3.23 220
2.15 168
2.34 202
1 84 160
1.49 147
1.03 103
.96 115
.78 78

5.75 350
4.70 325
4.50 307
3.96 313
3.41 296
2.25 220
2.16 202
2.13 197
2.06 184
1.84 183
1.71 179
1.49 158
1.25 135
1.21 144
1.19 143
0.96 118
0.60 87
0.41 70
0.41 61
2.94 327
2.97 340
1.57 204
1.38 196
1.34 200
1.13 172
0.88 139
0.60 120
0.50 100

M

1.071 1.000 1.071

1.271 1.000 1.271

2.040 1.000 2.040
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Table 6
Steel pile, ext. diam 7/16 in., int. diam 4/16 in.

Impact
Mass Penetration Velocitv
M P V
1b  in ._______  fps

0.500 5.00 350
4.35 305

" 4.00 290
3.90 320
3.20 282

" 3.00 270
2 50 242

" 2.50 220
2.08 200
2.05 192
1.93 183
1.88 190
1.77 191
1.38 145
1.37 138
1.31 141
1.20 142
1.14 138
1,07 127
1.00 133
1.00 128
0.89 116

" 0.75 100
Steel pile, ext. diam 7/16 in., int. diam 0 in.
0.500 1.33 151

2.25 250
" 3.70 310
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Table 7
Steel pile, ext. diam 6/16 in., int. diam 5/16 in.

Mass
M
lb

0.500

Penetration 
P 

in.
7
5
5
5
5
4
3
3
3
2
2
1
1
1
1

00
56
35
10
00
45
70
55
38
83
19
75
75
61
50

Impact
Velocity

V
fps
3 02
263
264 
248
241
228
205
191
186
167
138
125
120
114
113

M

1,000 0.734 (

0.380 5
5
4
3
3
3
2
2
2
2
2
1
1
1

50
31
25
65
25
00
45
40
25
06
04
74
75 
44

295
289
250
220
200
205
174
179
162
152
157
141
136
123

1.250 0.734 (

0.280 5
3
2
2
2
1
1

90
00
75
27
16
88
46

366
257
233
210
190
176
138

1.595 0.734

.734

.918

. 170
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Table 7 (Continued)

Mass Penetration
Impact

Velocity
M
lb

P
in.

V
fps fM fA

0.192 4.75 375 2.150 0.734
t t 2.74 289 t f f t

t t 2.30 244 t t t f

t t 2.18 250 t t f t

t t 1.72 195 t t t f

t t 1.66 201 t t f t

0.102 3 .00 436 3560 0.734
1T 1 - 82 3 00 t t t t

T T l 72 289 t t t t

T T 1.68 284 t t t t

TT 1.59 274 t t t t

TT 1.58 266 t t t t

T T 1.09 209 t t t t

0.050 1.90 403 6*300 0.734
t t 1.23 302 t t t t

Steel pile, ext » diam 6/16 in. , int. diam 4/16 in
0.500 5.20 290 1.000 0.91

t t 3 50 23 0 t t f t

t t 3.00 200 f t f t

t t 2.30 160 f t f t

t t 1.51 120 f t f t

t t 0.83 93 t t t f

t t 0.58 62 t t f t

1.580
T f

2.620ft
tt
tt

4.610
t t

0.91
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Table 8
Steel pile, ext. diam 5/16 in., int. diam 4/16 in.

Mass
M
1b

0.500

Penetration 
P 

in.
6
5
3
3
2
2
1
1
1

50
00
90
00
70
12
93
75
03

0.92
0.69

Impact
Velocity

V
fps
265
225
193
153
148
131
118
110
82
73
70

“M

1.000
t t

îf
t t

t t

t t

t t

t t

0.665 0.665

0.395 25
78
25
69

242
188
165
128

1.210 0.665 0.805t »

0.310 00
70
25
87
38

214
212
179
154
138

463
t t

0.665
tt
t t

t t

tt

0.975

0.225 3
2
2
2
1

45
62
63
06
70

286
234 
23 5 
192 
165

1.890 0.665
tt

260
tt

0.161 3.00 
2.82
2.00 
1.50 
0.87

300
299
240
186
123

2.470
t t

t t

t t

t t

0.665
t t

1.640
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Table 8 (Continued)
Steel pile, ext. diam 5/16 in., int. diam 3/16 in

Mass Penetration
M P
lb ____ in »

0.500 6.20
4 10 
3.80
3.45 
2.63 
1.55 
1.50
1.46

Impact
Velocity

V
fps
285
225
210
207
175
120
115
108

"A

1.000 0.850 0.850
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APPENDIX III

Experimental data of phase II

This appendix contains the experimental results 
which were used for the development of the semi-empirical 
Equation 43. The results were obtained with a steel 
pile 7/16 in, and 6/16 in. in external and internal 
diameters, the mass being 0.5 lb. The permafrost used for 
this series of experiments was exactly the same type as 
the one used in appendix II.
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Table 9
Firing 1. Max„ penetration 5.0 in., impact velocity 
240 fps.
Steel pile, ext. diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

Penetration Time
p t

in - msec
0.000 0.0
0.278 0.1
0.557 0.2
0.320 0.3
1.080 0.4
1.340 0.5
1.585 0.6
1.825 0.7
2.060 0.8
2.285 0.9
2.490 1.0
2.690 1.1
2.885 1.2
3.075 1.3
3.245 1.4
3.420 1.5
3.575 1.6
3.725 1.7
3.870 1.8
4.005 1.9
4.140 2.0
4.260 2.1
4.370 2.2
4.465 2.3
4.565 2.4
4.650 2.5
4.730 2.6
4.790 2.7
4.845 2.8
4.890 2.9
4.930 3.0
4.960 3.1
4.980 3.2
4.990 3.3
5.000 3.4
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Table 10
Firing 2. Max. penetration 4.0 in., impact velocity 
198 fps.
Steel pile, ext. diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

Penetration Time
P t

in. msec
0.000 0.0
0.230 0.1
0.455 0.2
0.680 0,3
0.900 0.4
1.105 0.5
1.300 0.6
1.505 0.7
1.695 0.8
1.870 0.9
2.045 1.0
2.200 1.1
2.360 1.2
2.505 1.3
2.650 1.4
2.780 1.5
2.910 1.6
3.030 1.7
3.140 1.8
3.240 1.9
3.340 2.0
3.425 2.1
3.505 2.2
3.575 2.3
3.640 2.4
3.703 2. 5
3.760 2.6
3.810 2.7
3.855 2.8
3.895 2.9
3.925 3.0
3.955 3.1
3.975 3.2
3.995 3.3
4.000 3.4
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Table 11
Firing 3„ Max. penetration 3 22 in., impact velocity 
188 fps»
Steel pile, ext. diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

Penetration Time
P t

in o msec
0.000 0.0
0.225 0.1
0.440 0.2
0,(350 0-3
0.855 0.4
1.055 0.5
1.250 0.6
1.425 0.7
1.600 0.8
1.760 0.9
1.920 1.0
2.065 1.1
2.205 1.2
2.335 1.3
2.455 1.4
2.565 1.5
2.670 1.6
2.765 1.7
2.855 1.8
2.930 1.9
3.000 2.0
3.060 2.1
3.115 2.2
3.150 2.3
3.185 2.4
3.205 2.5
3.220 2.6
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Table 12
Firing 4. Max. penetration 3.15 in., impact velocity 
184 fps.
Steel pile, ext. diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

Penetration Time
P t

in. msec
0.000 0.0
0.220 0.1
0.420 0.2
0.620 0 3
0.820 0.4
1.010 0.5
1.200 0.6
1.375 0.7
1.540 0.8
1.705 0.9
1.861 1.0
2.000 1.1
2.140 1.2
2.265 1.3
2.380 1.4
2.495 1.5
2.600 1.6
2.690 1.7
2.775 1.8
2.855 1.9
2.936 2.0
2.990 2.1
3.040 2.2
3.085 2.3
3.115 2.4
3.140 2.5
3.150 2.6
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Table 13
Firing 5. Max. penetration 3.03 in., impact velocity 
167 fps.
Steel pile, ext„ diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

Penetration Time
P t

in. msec
0.000 0.0
0.193 0.1
0.385 0.2
0.570 0.3
0.750 0.4
0.925 0.5
1.096 0.6
1.256 0.7
1.416 0.8
1.561 0.9
1.710 1.0
1.840 1.1
1.970 1.2
2.090 1.3
2.200 1.4
2.305 1.5
2.404 1.6
2.496 1.7
2.580 1.8
2.650 1.9
2.730 2.0
2.785 2.1
2.840 2.2
2.890 2.3
2.930 2.4
2.970 2.5
2.995 2.6
3.018 2.7
3.028 2.8
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Table 14
Firing 6. Max„ penetration 1.97 in., impact velocity 
128 fps.
Steel pile, ext. diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

Penetration Time
P t

in. msec
0.000 0.0
0.150 0.1
0.300 0.2
0.441 0.3
0.580 0.4
0.710 0.5
0.840 0.6
0.960 0.7
1.065 0.8
1.170 0.9
1.270 1.0
1.365 1.1
1.450 1.2
1. 530 1.3
1 600 1.4
1.670 1.5
1.725 1.6
1.780 1.7
1.825 1.8
1.865 1.9
1.900 2.0
1.925 2.1
1.945 2.2
1.965 2.3
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Table 15

Firing 7. Max. penetration 1=78 in., impact velocity 
126 fps.
Steel pile, ext. diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

Penetration Time
P t

in. msec
0.000 0.0
0.155 0.1
0 ,300 0.2
0.435 0.3
0.565 0.4
0.690 0.5
0.810 0.6
0.925 0.7
1.030 0.8
1.130 0.9
1.225 1.0
1.305 1.1
1.380 1.2
1.450 1.3
1.515 1.4
1.570 1.5
1.620 1.6
1.663 1.7
1.703 1.8
1.735 1.9
1.760 2.0
1.775 2.1
1.780 2.2
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Table 16
Firing 8. Max. penetration 1.78 in., impact velocity 
122 fps.
Slteel pile, ext. diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

etration Time
P t

in. msec
0.000 0.0
0.142 0.1
0.280 0.2
0.415 0.3
0.545 0.4
0.670 0.5
0.788 0.6
0.892 0.7
1.000 0.8
1.095 0.9
1.185 1.0
1.270 1.1
1.345 1.2
1.420 1.3
1.480 1.4
1.540 1.5
1.590 1.6
1.635 1.7
1.670 1.8
1.703 1.9
1.735 2.0
1.760 2.1
1.770 2.2
1.780 2.3
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Table 17
Firing 9. Max. penetration 1.22 in., impact velocity 
98 fps.
Steep pile, ext. diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

Penetration Time
P t

in. msec
0.000 0.0
0.120 0.1
0.230 0.2
0.335 0.3
0.435 0.4
0.520 0.5
0.610 0.6
0.690 0.7
0.765 0.8
0.830 0.9
0.893 1.0
0.955 1.1
1.000 1.2
1.045 1.3
1.080 1.4
1.115 1.5
1.140 1.6
1.165 1.7
1.185 1.8
1.200 1.9
1.210 2.0
1.215 2.1
1.220 2.2
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APPENDIX IV 

Calculation of a penetration-time curve

From the data given in Table 12 one obtains the 
graph shown in Fig 0 46. The impact velocity for this 
particular set of data was 2 21 in„ per msec. Taking the
penetrations at t]_ = 1 msec, and tg at 2 msec, one obtains
from Table 12

P^ = 1.861 in. for t^ = 1.0 msec
?2 = 2.936 in. for tg “ 2 = 0 msec
Inserting these values in E q . 25 and letting A = 2.21, 

one obtains :
1.861 - 2.21 x l + B x l + C x l  

2.936 = 2.21 x 2 + B x 4 + C x 8  

which reduces to :
B + C ~ -0.349 
B + 2C = -0.371 

and gives
B = -0.327 C - -0.022

Those numerical values of A, B, and C are then the
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3 .
Steel piles
Ext - diam 7/16

3 . Int. diam 6/16
•H

Mass 0.5 1b

•H
2 .

2 .

Experimental
1. Calculated after

0 o 022t2 .21t 0.327t

0.

t, Penetration time, msec, linear scale

0.5 2. 51.0 1.5 2.0

Fig. 46. Calculated and experimental pénétrâtion-time 
curve for the data of Table 12.
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coefficient of a possible curve passing through the 
experimental data of Table 12,

A = 2.21 in. per msec 
B = -0.327 in. per msec^
C - -0.022 in. per msec^

Figure 46 shows the good agreement of the experimental 
data with the calculated penetration obtained by using 

p = 2.21t - 0.327t2 - 0 o 022t3 (45)
The other values of A, B , and C for the other sets of 
data given in appendix III were calculated by this procedure 
and are given in Table 18. In these other calculations 
of A, B, and C the choice of points of reference was not 
always as simple as the previous example. It required 
in some instances many trials before getting the curve to 
fit within 1 percent deviation.
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Table 18
Calculated values of A , B, C for the data of appendix III„
Steel pile, ext, diam 7/16 in., int. diam 6/16 in., 
mass 0.5 lb

p = At + Bt^ + Ct^
Data A B C
of in. per in. per in. per

Table msec msec^ msec^

9 2.87 -0.360 -0.016
10 2.37 -0 330 -0.008
11 2.26 -0.310 -0.033
12 2.21 -0.327 -0.022
13 2.00 -0.282 -0.018
14 1.54 -0.245 -0.025
15 1.51 -0.260 -0.027
16 1.47 -0.260 -0.020
17 1.18 -0.270 -0.010
* 0.80 -0.255 -0.000
* 0,68 -0.235 -0.000

*Penetration-time data not given in appendix III.
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APPENDIX V

Derivation of a deceleration-penetration curve

The derivation of a deceleration-penetration curve
can be made graphically in the following manner. By
evaluating the second derivative of Eq=45 given in
appendix IV

p = 2 o 21t - 0 0327t2 - 0.022t3
one obtains 

2
^-P = -0.654 - 0.132t. 
dt^

Changing signs on both sides and calling - the
dt2

deceleration o{ , one can write :
- 0.654 + 0.132t (46)

Referring to Fig. 47, one can plot on linear scales the 
value of the deceleration as a function of the time, 
using first the horizontal scale as a time scale. This 
gives the straight line, Using now the horizontal scale 
of Fig, 47 as the penetration scale, one can shift the 
value of the deceleration at a given time to the
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corresponding penetration f ound in Table 12 « This simple 
operation is indicated by the arrow in Fig « 47, Using 
this procedure at different times, one obtains the 
deceleration-penetration curve shown in lower part of 
Fig, 47. Table 19 gives the numerical values of p , v, 
and calculated after Eq. 45 at different times of 
penetration.
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Table 19 
Values of p , v , after

2 3p = 2.21t - 0.327t - 0.022t
and after Table 12.
Penetration Velocity Deceleration Time

p v o( t
in. in. per in. per msec

msec msec^

0.000 2.210 0.654 0.0
0.820 1.948 0.710 0.4
1. 540 1.645 0.760 0.8
2. 140 1.330 0.812 1.2
2.600 0.995 0.865 1.6
2.936 0.638 0.918 2.0
3.040 0.450 0.944 2.2
3.115 0.260 0.971 2.4
3. 150 0.000 1.000 2.6
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APPENDIX VI 

Example of numerical integration

The numerical integration of E q , 43 was made in the
following manner. Equation 43 is

-vdv = (0.47 + 0.029 v2 + 0.156 p e~°-24v) dp
Since finite increments of p are used in the procedure of
numerical integration, Eq, 43 becomes :

_ A  v = (0.47 + 0.029V2 + 0.156 p e~°-24v) A  p (4?
V

where - Av indicates a finite decrement of the velocity 
for a finite increment of the penetration A p , at a given 
velocity.

Starting with an impact velocity of 1,2 in, per msec 
and giving p an increment of 0,1 in, for every step of 
calculation, one obtains from Eq. 47 for the first step 
of calculations :

- A v = (0.47 + 0.0425) ^ 0.0427 in. per msec 
Subtracting this decrement of the velocity from the impact 
velocity, one obtains the velocity after 0.1 in. of
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penetration. Notice that p was made equal to zero for this 
first step of calculations. The error made by doing so 
is practically negligible. This process of numerical 
integration is carried on by steps of 0.1 in. and is shown 
on Table 20. Table 21 gives the calculated penetration at 
different velocities for two masses of piles.
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Table 21 
Calculated penetration,

Steel pile, ext. diam 7/16 in., int diam 6/16 in.

M
Mass 
lb

P
Calculated V
penetration Impact velocity

in. in. per msec

0.52 0,72 0.500
1,27 1.20 0.500
3.78 2,40 0.500
6.61 3 60 0.500

0.76
2,41
4.33

1.20 
2,40 
3 .60

0.287
0.287
0.287
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