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ABSTRACT 

Hydraulic fracturing is the most critical well stimulation technique used to increase well 

productivity. A successful hydraulic stimulation requires a fracture that is more conductive than 

the surrounding formation. This conductivity is achieved by adding proppants to the fracturing 

fluids to keep the walls of the fracture propped open. Many resources have been allocated to 

improve hydraulic fracturing products, especially proppants since they play an integral role in the 

fracture’s conductivity. One of these improvements is the ability to predict the expected 

conductivities over time of proppants of varying types and sizes. However, there are no publicly 

published conductivity equations that can produce such predictions considering multiple variables. 

Actual proppant conductivity test results, which were conducted for fifty hours, provided 

by Stim-Lab, Inc. (Duncan, OK) were used to develop short-term (zero to fifty hours) and long-

term (beyond fifty hours) baseline proppant conductivity equations for sand, ceramic, resin coated 

sand, and resin coated ceramic proppants of varying sizes. Multiple regression analysis was 

performed on all provided data to develop these equations taking into account the effects of 

proppant concentration, temperature, closure stress, time, proppant median diameter, and proppant 

grain density. 

Statistically, the developed short-term equations were accurate with a multiple coefficient 

of determination (R2) in the 90% range, which indicated that the developed equations results 

strongly resemble actual conductivity values. These equations were also validated by performing 

a comparison between the predicted conductivity values produced by the short-term baseline 

conductivity equations and the available actual conductivity test results. 
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 Since Stim-Lab, Inc. did not conduct any long-term conductivity tests (weeks, months, 

and years), the validity of the long-term equations was established using two methods: 

 

 Graphically, by comparing the shape of the curve of an actual nine-month test to a 

predicted long-term conductivity curve.  

 Mathematically, by comparing the conductivity decline rates using the Kozeny-

Carman equation to the decline rates developed for the long-term equations.  

 

These developed baseline conductivity equations will help identify the proppant type and 

size to use, based on the appropriate reservoir conditions, to attain optimum conductivity and 

therefore optimize the hydraulic fracture process and avoid investing in more expensive proppants 

with higher qualities that would add no value to a well’s productivity.  
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CHAPTER 1 - INTRODUCTION 

Of all the well stimulation techniques being applied in the petroleum industry, hydraulic 

fracturing is considered the most successful in increasing well productivity. Over 60% of the wells 

completed in 2010 in the United States, were hydraulically fractured. In this technique, a hydraulic 

fracture is initiated by injecting frac fluids into a specified zone in the well and overcoming the 

breakdown and extension pressures (Hyne, 2012). The fracture must be more conductive than the 

surrounding rock formation for the job to be successful (Ghalambor et al., 2009). To achieve this 

conductivity, proppants are added to frac fluids to keep the walls of the fracture propped open 

(Gidley et al., 1989) (Figure 1.1).  

 

Figure 1.1: Propped hydraulic fracture (Wintershall, 2014).  

The oil and natural gas industry has allocated substantial resources over the past fifty years 

toward gaining a greater understanding of the mechanisms of fracturing processes. To optimize 

the benefits of the hydraulic fracturing application, the industry works to continuously improve 

their products, techniques and equipment. Special attention is put on proppants, since they play an 

integral role in the hydraulic fracturing process (Jones and Britt, 2009). 

Formation 

Face 

Formation 

Face 
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The goal of this PhD dissertation is to develop baseline conductivity equations for different 

proppants under certain conditions to optimize the hydraulic fracture design. This is ultimately 

achieved by identifying which proppant type and size to use, based on reservoir conditions, to 

attain optimum conductivity and therefore optimize the hydraulic fracture process and avoid 

investing in more expensive proppants with higher qualities that would add no value to a well’s 

productivity.  

For the purpose of this research, data provided by Stim-Lab, Inc. (Duncan, OK) was 

analyzed. Baseline proppant conductivity equations for several different proppant types and sizes 

were developed. The equations take into account the effects of proppant concentration, 

temperature, closure stress, time, proppant median diameter, and proppant grain density. The data 

covers Stim-Lab’s proppant conductivity test reports between 1987 and 2013.  

It is worth mentioning that there are no conductivity equations in the literature comparable 

to the baseline conductivity equations developed in this project, in which six variables are used to 

predict conductivity for proppants of different types and sizes. 

1.1 Project Motivation 

Since conductivity plays a major role in the hydraulic fracturing process, it was important 

to be able to predict the expected conductivity of these proppants in the field. However, there are 

no publically published conductivity equations in the literature that can predict proppant 

conductivity for different types and sizes in which six variables are considered. 

Actual conductivity tests show that various types of proppants behave differently under 

changing conditions of proppant concentration, temperature, closure stress, and time. It was also 

noticed in the database that proppants of the same type act differently when different proppant 
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sizes are used. Thus, it was necessary to develop conductivity equations that can capture these 

differences. 

Stim-Lab, Inc. performed conductivity tests considering all the above-mentioned variables. 

They observed that the initial proppant conductivity continues to reduce as time passes. Therefore, 

they wanted equations that can quantify these reductions. Also, Stim-Lab, Inc. wanted to predict 

the possible long-term conductivity (beyond 50 hours) values since the majority of the performed 

tests were conducted for a maximum time of 50 hours.  

1.2 Project Objectives 

The goal of this dissertation is to develop short and long term baseline conductivity 

equations for different sizes of sand (white and brown), ceramic (lightweight, intermediate density, 

and high strength), resin coated sand (procured and curable), and resin coated ceramic 

(lightweight, intermediate density, and high strength) proppants (Figure 1.2) by analyzing an 

industry-provided database of proppant conductivity tests. To achieve this goal the following sub-

objectives were set:  

1) Determine the independent variables to be included in the baseline conductivity equations 

for each proppant type and size. These independent variables are proppant concentration, 

temperature, closure stress, time, proppant median diameter, and proppant grain density. 

2) Establish the independent variables relationship type with the dependent variable 

(conductivity) based on actual conductivity test and published data.  

3) Utilize statistical analysis methods to generate baseline conductivity correlations that 

represent actual conductivity test results.   
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Figure 1.2: Forty six equations were developed based on proppant type and size.
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CHAPTER 2 - LITERATURE REVIEW 

Since their introduction in the 1950s, proppants have been the focus of constant 

development to improve their efficiency due to their vital role in the hydraulic fracturing process. 

Increasing proppant strength for use in higher stress and temperature environments has been the 

main driver for proppant development.  River sands and ground walnut hulls were the first 

materials to be used as propping agents in fracturing treatments. These materials eventually were 

replaced with high-quality quartz sands, such as Jordan Sand, which proved to have better 

conductivity (Gidley et al., 1989). 

Hardened glass beads were the first high strength proppants to be used.  Unfortunately, 

under the high stresses and temperatures encountered in deep well fracturing, hardened glass beads 

failed to perform.  This prepared the way for the introduction of early versions of high-strength 

ceramic proppants (Gidley et al., 1989). Later years brought the development and introduction of 

many proppant types like resin-coated proppants and other types of ceramic proppants, such as 

ultra-lightweight ceramic proppants. Figure 2.1 shows the historical total proppant use for the last 

fourteen years (Yang and Economides, 2012). 

 

       

 

 

 

 

 

Figure 2.1: Historical proppant usage. (Yang and Economides, 2012). 
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  From Figure 2.1, it can be seen that the demand for proppant has grown tremendously in 

the last fourteen years, growing from 3 billion lbs in 1999 to 57 billion lbs in 2012, an increase of 

1800%.  The pie chart in the figure shows the breakdown of proppant types used in 2012, with 

sand at 80% followed by ceramic and resin coated proppants each at 10%. To understand proppant 

conductivity, which is the focus of this study, the following sections describe hydraulic fracturing, 

the role of proppants in fracturing, testing procedure, and factors affecting proppant conductivity. 

2.1 Hydraulic Fracturing 

Hydraulic fracturing is considered the most successful well stimulation technique being 

applied in the industry. In 2010, of all wells completed in the United States, over 60% were 

hydraulically fractured (Hyne, 2012). This is attributed to its ability to increase well productivity 

compared to other techniques.  

In this technique, a hydraulic fracture is initiated by injecting frac fluids under high 

pressure into a specified zone in the well, overcoming the breakdown and extension pressures 

needed to fracture the reservoir. This pressure causes tensile and shear failure and breakdown of 

the surrounding rock (Hyne, 2012).  

For the job to be successful, the fracture must be more conductive than the surrounding 

formation (Ghalambor et al., 2009). To achieve this conductivity, proppants are added to the 

fracturing fluids to keep the walls of the fracture propped open. Thus, a conductive path from the 

reservoir to the wellbore is maintained after pumping has stopped and fluid pressure has been 

reduced below that required to hold the fracture open (Gidley et al., 1989).  
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2.2 Proppant Conductivity 

Part of the hydraulic fracturing stimulation design optimization process is looking into the 

effect of proppant choice on the final fracture conductivity. For fracture stimulation to be 

successful, it is important to know how different proppants act under various stress and 

temperature conditions (Schubarth and Milton-Tayler, 2004). Proppant conductivity is defined as 

the volumetric capacity to flow reservoir fluids through porous proppant media. Mathematically, 

conductivity is the product of the permeability of the proppant pack (generally in milliDarcies) 

multiplied by the propped width (generally in feet) (Eq. 2.1) (Ghalambor et al., 2009) (Figure 2.2).  

Cf = kf  × wf           (2.1) 

Where, 

 Cf = Fracture conductivity, md-ft 

 kf = Fracture permeability, md 

 wf = Propped width, ft 

 

Propped width (wf) is the distance between the 

formation faces, taking into account width loss 

due to proppant crush, compaction and 

embedment into the formation (Vincent, 2009). 

Fracture permeability (kf) is a measure of the 

proppant’s ability to transmit fluids. 

Mathematically it can be calculated using a variety 

of models. Two common forms are Darcy’s law 

(Eq. 2.2) (Darcy, 1856) and the Kozeny-Carman 

equation (Eq. 2.3) (Carman, 1937). Figure 2.2: Proppant permeability and width. 
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∆𝑃

𝐿
=

𝜇v

k
                       (2.2)  

Where, 

 ΔP = Pressure drop per length of the fracture, atm 

 L = Lf = Fracture half length, cm 

            𝜇 = Fluid viscosity, cp 

 v = Fluid velocity, cm/sec 

 k     = Permeability, Darcy 

 

                       𝑘 =
𝑑𝑚
2

180

∅3

(1−∅)2
          (2.3) 

Where, 

∅ = Porosity of proppant, % 

dm  = Proppant grain size, micron 

 

2.2.1 Testing Procedure 

Conductivity testing shows how different proppants perform under various conditions. 

This helps in deciding which proppants should be used as a propping agent in different hydraulic 

fracturing jobs. 

The conductivity procedure in such reports should follow the International Organization 

for Standardization (ISO) for measuring conductivity of proppants, referenced as ISO 13503-5. It 

is performed by flowing distilled water with 2% KCl at pre-specified flow rates through a proppant 

pack that is placed between two Ohio Sandstone cores, under pre-determined closure stresses. The 

temperature and differential pressure are monitored through their corresponding ports, and the 
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proppant pack width is evaluated by measuring the distance between the upper and lower width 

slats (Figure 2.3) (Stim-Lab, 2011).  

 

  

Figure 2.3: Front and side view of the conductivity cell (Stim-Lab, 2011). 

To calculate conductivity, three variables need to be determined – the differential pressure, 

flow rate, and viscosity. Both differential pressure and flow rate are measured during the 

conductivity procedure through connected sensors. Viscosity is obtained using a viscosity chart, 

which gives the viscosity values for distilled water with 2% KCL at different temperatures. Once 

all variables are determined, Equation 2.4 is used to calculate the conductivity. This equation is 

another form of Darcy’s law (Eq. 2.2) (Stim-Lab, 1987-2013).  

𝑘𝑓𝑤𝑓 = 26.78
𝜇𝑄

∆𝑃
          (2.4) 
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Where, 

            𝑘𝑓𝑤𝑓  = conductivity, md-ft 

            𝜇 = Fluid viscosity, cp 

            𝑄 = Flow rate, ml/sec 

            ∆𝑃 = Deferential pressure, psi 

 26.78  = Value that takes into account all constants and conversions; 

26.78 = 
5 𝑖𝑛.(𝑐𝑒𝑙𝑙 𝑙𝑒𝑛𝑔𝑡ℎ)

3 𝑖𝑛.(𝑐𝑒𝑙𝑙 𝑤𝑖𝑑𝑡ℎ) 
𝑥

1 𝑓𝑡

30.48 𝑐𝑚
𝑥
1 𝑚𝑖𝑛

60 𝑠𝑒𝑐
𝑥
14.75 𝑝𝑠𝑖

1 𝑎𝑡𝑚
𝑥
1000 𝑚𝑑

1 𝐷𝑎𝑟𝑐𝑦
 

Table 2.1 is a conductivity test example for a 30/50 Carbolite ceramic proppant at 1.0 lb/ft2 

proppant concentration between Ohio Sandstone cores. The report gives time, closure stresses, 

temperature, conductivity, width, permeability, and median proppant diameter (Stim-Lab, 1987-

2013). Median diameter is calculated using sieve analysis, described in Section 2.2.2.1. 

2.2.2 Factors Affecting Proppant Conductivity 

 Proppant conductivity effects are categorized into three groups. These groups are proppant 

effects, formation effects, and damaging effects. The following sections discuss each of these 

groups. 

2.2.2.1 Proppant Effects 

These effects are due to the proppant’s physical and/or chemical properties. In this group 

four main factors are evaluated including proppant type, size, strength, and concentration. 
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Table 2.1: Conductivity test example (Stim-Lab, 1987-2013) 

Between Ohio Sandstone core Final width

Hrs at Closure Closure Temp Conductivity Width Permeability

& Temperature (psi) (° F) (md-ft) (in) (Darcy)

-14 1000 75 2705 0.115 282

-2 1000 250 2688 0.115 281

0 2000 250 2508 0.114 264

10 2000 250 2411 0.113 256

20 2000 250 2388 0.113 254

30 2000 250 2375 0.112 255

40 2000 250 2366 0.112 254

50 2000 250 2359 0.112 253

0 4000 250 2000 0.110 218

10 4000 250 1918 0.109 211

20 4000 250 1900 0.108 211

30 4000 250 1889 0.107 212

40 4000 250 1881 0.107 211

50 4000 250 1875 0.107 210

0 6000 250 1675 0.106 190

10 6000 250 1461 0.105 167

20 6000 250 1412 0.105 161

30 6000 250 1383 0.105 158

40 6000 250 1362 0.105 156

50 6000 250 1346 0.105 154

0 8000 250 1121 0.103 131

10 8000 250 998 0.102 117

20 8000 250 969 0.101 115

30 8000 250 953 0.100 114

40 8000 250 941 0.100 113

50 8000 250 932 0.100 112

0 10000 250 690 0.097 85

10 10000 250 621 0.095 79

20 10000 250 606 0.096 76

30 10000 250 596 0.092 78

40 10000 250 590 0.092 77

50 10000 250 585 0.092 76

0 12000 250 552 0.090 74

10 12000 250 478 0.089 64

20 12000 250 460 0.088 63

30 12000 250 450 0.087 62

40 12000 250 443 0.087 61

50 12000 250 438 0.087 60

Oct. 19 - Nov. 3, 2011 Sieve % Retained

16 0.0

18 0.0

20 0.0

25 0.0

Median Dia .= 0.499 mm 30 0.7

0.0196 inch 35 56.9

40 33.3

45 6.9

50 1.8

pan 0.1

Total 99.6

% In Size as -30+50 90.8

Submitted by Carbo Ceramics Inc. at SL on May 23, 2011

Conductivity and Permeability of

1 lb/ft² 30/50 Carbolite

Consortium No. 6083050111
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Proppant Type 

Proppants are categorized under four different types: sand, ceramic, resin-coated sand 

(RCS) and resin-coated ceramic (RCC).  Each proppant type has its own crush resistance, acid 

solubility, turbidity, particle size distribution, and roundness and sphericity. Sands, which account 

for 80% of the proppants currently being used, are irregular in size and shape with sphericity and 

roundness in the 0.5-0.7 ranges and are considered low strength. RCS’s are similar to sand but are 

considered medium strength. They have the advantage over sand by being able to reduce the 

amount of crush by distributing the load more evenly and encapsulating the fines in the resin 

coating (Kullman, 2011). Fines migration is discussed in Section 2.2.2.3. 

 Ceramics, which account for 10% of proppants being used, are generally uniform in size 

and shape with sphericity and roundness in the 0.8-0.9 ranges. They are manufactured products 

that are thermally resistant and high in strength. RCC’s are similar to ceramics, but have the added 

benefit of being able to reduce the amount of crush by distributing the load more evenly and 

encapsulating the fines in the resin coating. RCC’s are considered the strongest proppant available 

and also the most expensive followed by ceramics, then RCS, and finally sand (Kullman, 2011). 

Resin coated proppants are categorized into precured (PR) and curable (CR) proppants. 

Curable proppants have the advantage over precured due to their ability to bond together resulting 

in a larger grain-to-grain contact surface area. This reduces the amount of crush by distributing the 

load more evenly and prevents generated fines from migrating in the proppant pack (Momentive, 

2008). 

Figure 2.4 is a conductivity test comparison between these four different proppant types. 

The tests were done using 20/40 proppants between Ohio sandstone cores at 8000-psi closure 
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stress, 200 oF temperature and a proppant concentration of 2.0 lb/ft2. From the figure it can be seen 

that RCC gives the highest conductivity followed by ceramics, then RCS, and finally sand. This is 

due to RCC’s ability to retain both permeability and width compared to the other types (Stim-Lab, 

1987-2013). 

 

 

 

 

 

 

 

 

Figure 2.4: Proppant type conductivity comparison with RCC having the highest conductivity 

(Stim-Lab, 1987-2013). 

Proppant Size  

Proppants come in a variety of sizes ranging between 6 and 140 mesh (3.36 mm and 106 

𝜇m). Proppants are grouped in mesh ranges such as 20/40. Sieve analysis is done to determine the 

average diameter by finding the weight percentile of each mesh size within a given mesh range 

(CARBO, Oct. 2013). For example, a sieve analysis of a 20/40 proppant could give the following 

distribution 30% 20 mesh (0.925 mm), 20% 25 mesh (0.780 mm), 10% 30 mesh (0.655 mm), 5% 

35 mesh (0.550 mm) and 35% 40 mesh (0.463 mm), which results in an average weighted diameter 

20/40 proppants at  

8000 psi 

Proppant 

concentration 2.0 lb/ft2 

Temp. 200 oF 
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of 0.689 mm. Not all 20/40 proppants have the same average diameter; it all depends on the sieve 

distribution.  

Figure 2.5 is a conductivity test comparison between different ceramic proppant sizes. The 

tests were done at 8000-psi closure stress, 300 oF temperature and a proppant concentration of 2.0 

lb/ft2 using Ohio sandstone cores. From the figure it can be concluded that when examining 

proppant of a given type, the larger the proppant the higher its conductivity holding the width 

constant. This is due to the larger proppant’s ability to transmit more fluids and create a higher 

permeability, compared to the smaller ones (Stim-Lab, 1987-2013).  

 

 

 

 

 

 

 

Figure 2.5: Proppant size conductivity comparison with 6/12 (largest) having highest conductivity 

(Stim-Lab, 1987-2013). 
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Proppant Strength  

Proppant strength is directly proportional to conductivity due to the proppant grain’s 

ability to withstand crushing that reduces both width and permeability. The higher the strength of 

the proppant, the better the conductivity retained at high closure stresses.  

White and brown sands denote the majority of the sands being used as proppants. White 

sand brands (Badger and Jordan are common types) are monocrystalline sand that consists of 

grains that are single quartz crystals, which holds greater strength compared to other sands 

(Ghalambor et al., 2009). 

Brown sand brands (Hickory and Brady are common types) are polycrystalline sand 

consisting of grains that are multiple crystals bonded together. This results in lower sphericity and 

roundness compared to white sand, greater proppant crush, and weaker proppant strength. Both 

white and brown sands have a grain density of 2.65 g/cc (Ghalambor et al., 2009).  

Figure 2.6 is a conductivity test comparison between white and brown sand. The tests were 

done using 20/40 proppants between Ohio sandstone cores at 4000-psi closure stress, 150oF 

temperature and a proppant concentration of 2.0 lb/ft2. From the figure it can be concluded that 

white sand has a higher conductivity than brown sand due to its higher strength and lower 

angularity, which makes it able to retain more permeability and width (Stim-Lab, 1987-2013). 

Ceramics are divided into three main categories based on their grain density: lightweight 

ceramic (LWC) with density of 2.72 g/cc, intermediate density proppant (IDP) with a density of 

3.27 g/cc, and high strength proppant (HSP) with a density of 3.65 g/cc. Increasing the alumina 

(Al2O3) content is responsible for the increased grain density, which translates into higher strength 

(Ghalambor et al., 2009). 
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Figure 2.7 is a conductivity test comparison between ceramics with different densities. The 

tests were done using 20/40 proppants between Ohio sandstone cores at 8000-psi closure stress, 

300oF temperature and a proppant concentration of 2.0 lb/ft2. Figure 2.7 shows that the higher the 

 

 

 

 

 

 

 

 

Figure 2.6: White and brown sand conductivity comparison with white sand having the higher 

conductivity (Stim-Lab, 1987-2013). 

proppant density, the higher the conductivity for that proppant. Although HSP starts with lower 

proppant pack width giving lower conductivity value at lower closure stress due to its higher 

density, its ability to retain both width and permeability with higher stresses gives it that higher 

conductivity, with a crossover point around 7000 psi (Stim-Lab, 1987-2013). 

Proppant Concentration                                                                                                                 

 This refers to the amount of proppant used per unit area of fracture and is expressed in 

lb/ft2. Proppant concentration is directly related to proppant width, which greatly effects conduc-
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tivity. At lower concentrations, (0.25 lb/ft2 - 0.5 lb/ft2) most of the proppant width could be lost 

due to proppant embedment into the formation. The mechanical properties of the reservoir rock 

dictates the magnitude of loss due to embedment.  

 

 

 

 

 

 

 

 

Figure 2.7: Ceramic grain density conductivity comparison with HSP having the highest 

conductivity (Stim-Lab, 1987-2013).  

Figure 2.8 is a conductivity test comparison between different proppant concentrations. 

The tests were done using 20/40 sand proppants between Ohio sandstone cores at 4000-psi closure 

stress and 150oF temperature. From the figure it can be concluded that the higher the proppant 

concentration the higher the conductivity all other things considered equal. At higher 

concentrations, proppant packs have wider widths, which translates to higher conductivity (Stim-

Lab, 1987-2013). 
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2.2.2.2 Formation Effects 

These types of effects are due to the surrounding rock formation. To understand and 

demonstrate the effect of the reservoir’s geomechanics on the proppant conductivity, a comparison 

was completed between an Ohio Sandstone test result, which is a hard rock (Young’s modulus (E) 

 

 

 

 

 

 

 

 

 

Figure 2.8: Proppant concentration conductivity comparison with higher proppant concentrations 

having higher conductivity (Stim-Lab, 1987-2013). 

of 5x106 psi), and a Bandera Sandstone test result, which is a softer rock (Young’s modulus 

0.6x106 psi). The evaluation was done based on conductivity and width-loss as a function of time 

and stress for a 30/50 white sand at 250oF using 0.5 and 1.0 lb/ft2 proppant concentrations (Stim-

Lab, 1987-2013). 

Figure 2.9 shows the width loss of Ohio and Bandera at different stresses. Steps on the x-

axis represent time and each step is five hours with stresses increasing by 2000 psi every five steps. 

It was concluded that Ohio was better in retaining width than Bandera, regardless of the 
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concentration. The differential width between Ohio and the Bandera became greater as stress 

increased. This is a result of Bandera having a lower Young’s modulus, which made it more 

ductile. This caused deeper proppant embedment at higher stresses; thus, Bandera lost more width 

than Ohio (Stim-Lab, 1987-2013).  

Figure 2.9: Width comparison between Ohio (hard) and Bandera (soft) Sandstone with Ohio able 

to retain more width at higher stress regardless of proppant concentraion (Stim-Lab, 1987-2013). 

Figure 2.10 shows an example of conductivity comparison between Ohio and Bandera 

sandstone. Ohio sandstone has the higher conductivity with the biggest differential conductivity 

being at the lower stresses, regardless of the concentration. However, the higher the stress, the 

smaller the differential conductivity between the Ohio vs. Bandera became (Stim-Lab, 1987-

2013). This occurred as a result of Ohio having a higher Young’s modulus, which made it a harder 

rock, causing additional fines generation from both proppant crushing and formation spalling at 

higher stresses (discussed in Section 2.2.2.3). Thus, Ohio lost more conductivity than Bandera due 
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to pore throats plugging, which resulted in lower fracture permeability. Overall, the formation 

effect on the conductivity at higher stresses in some cases can be neglected, since both ductile and 

hard formations will yield similar conductivities due to losses in width (ductile formation) and 

permeability (hard formation). 

Figure 2.10: Conductivity comparisons between Ohio and Bandera sandstone (Stim-Lab, 1987-

2013). 

2.2.2.3 Damaging Effects  

Proppant conductivity does not hold and continues to reduce as time passes due to many 

possible damaging mechanisms. Closure stress effects, gel damage, non-Darcy flow effects, and 

multiphase flow effects are some of the proppant conductivity damage mechanisms that are 

discussed in this section.  
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Closure Stress Effects 

  Closure stress, which is also called closure pressure, is the minimum horizontal in-situ 

stress (𝜎𝐻𝑚𝑖𝑛) acting perpendicular (normal) to the fracture plane. The minimum horizontal in-situ 

stress is defined in Eq. 2.5. Closure stress works on closing the fracture by exerting force on and 

in the fracture, as seen in Figures 2.11 and 2.12 (Sookprasong, 2010; Vincent, 2009).   

 

 

 

 

 

Figure 2.11: Closure stress (arrows) acting on wellbore and fracture (Sookprasong, 2010). 

 

 

 

 

 

Figure 2.12: Closure stress forces acting on and within proppant pack (Vincent, 2009). 

𝜎𝐻𝑚𝑖𝑛 ≈ (
𝜈

1−𝜈
) (𝜎v − 𝛼𝑃𝑟) + 𝛼𝑃𝑟 + 𝜎𝑒𝑥𝑡          (2.5) 

Where, 

               𝜎𝐻𝑚𝑖𝑛 = Minimum horizontal in-situ stress, psi 
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              𝜈  = Poisson’s ratio  

               σv  = Total overburden (vertical) stress, psi 

               α  = Biot-Willis poroelastic constant defining effect of pore pressure,   

dimensionless 

               Pr   = Fluid pore pressure (reservoir pressure), psi 

               σext  = Externally generated stresses, psi 

Terzaghi’s effective stress equation (Eq. 2.6) has been used over the years by the petroleum 

industry to understand the effects of compaction and relaxation on the proppant pack. It has also 

been used to calculate the in-situ closure stress on proppants in the fracture (Sookprasong, 2010). 

                                    𝜎𝑒𝑓𝑓 = 𝜎𝑜𝑣𝑒𝑟𝑏𝑢𝑟𝑑𝑒𝑛 − 𝛼𝑃𝑃           (2.6) 

Where, 

               𝜎𝑒𝑓𝑓  = Effective stress, psi 

               σoverburden  = Total overburden (vertical) stress, psi 

              PP   = Fluid pore pressure (reservoir pressure), psi 

  

This equation is used in an attempt to quantify the possible closure stress effect on the 

proppant pack and thus its effect on proppant conductivity. As a response to closure stress, 

proppant in the fracture will deform elastically or non-elastically based on their type, affecting 

both permeability and width of the proppant pack (Sookprasong, 2010).  These effects include 

proppant embedment, fines migration and cyclic stress. 
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Proppant Embedment  

Embedment is the result of high compaction forces on a proppant pack due to the formation 

closure stress (Weaver et al., 2005). If proppant particles embed into the walls of the fracture, the 

conductivity will be reduced due to lost width in the proppant pack (Figure 2.13) (Vincent, 2009, 

Nguyen et al., 2005).  

 

 

 

 

 

 

 

 

 

 

Figure 2.13: Proppant embedment due to closure stress (Vincent, 2009). 

In addition, as a result of embedment, spalling will occur where fine particles will be 

generated by failure of the reservoir rock. This will lower the fracture conductivity due to 

permeability losses, which will be discussed further in the fines migration section (Figures 2.14 -

2.15) (Vincent, 2009; Terracina et al., 2010).   
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Reservoir rock Young’s modulus (Section 2.2.2.2) dictates the depth of embedment and 

the amount of reservoir generated fines.  In weakly consolidated sandstone, embedment can reduce 

the proppant fracture width by 10% to 60% (Vincent, 2009). The smaller the proppant, the less the 

embedment due to better load distribution across the fracture faces (Figure 2.13) (Vincent, 2009; 

Nguyen et al., 2005).  

Fines Migration  

Within a hydraulic fracture there are two main sources for fines: the proppant and the 

reservoir rock.  Proppant fines are produced from proppant crushing.  Not all proppants crush in 

the same way; each type and size has its own manner depending on its stress tolerance and load 

distribution. Figure 2.16 shows the difference in the amount of generated fines is both size and 

type dependent. Ceramics have greater tolerance at higher closure stresses compared to sand. 

Regardless of the proppant type, the smaller the proppant the lower the generated fines due to 

better load distribution (Sookprasong, 2010). 

  

Figure 2.14: Proppant Spalling (Vincent, 

2009).  

Figure 2.15: SEM Photo of Proppant Spalling 

(Terracina et al., 2010). 
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Figure 2.16: Generated fines for different proppant types under various closure stresses 

(Sookprasong, 2010). 

When sand proppant crushes, it shatters into many smaller pieces, just like glass. On the 

other hand, when a ceramic proppant crushes it breaks into larger pieces together with some 

smaller pieces, like a brick (Figure 2.17). This difference in crush is due to the proppant grain 

structure of each type (Palisch et al., 2007).  

Fines can also be produced due to reservoir formation spalling. Fines can be categorized 

into three sizes (Palisch et al., 2007): 

 Particles small enough to flow through the proppants pack; 

 Particles small enough to enter the proppant pack, but large enough to plug the pore throats, 

resulting in a lower permeability and fracture conductivity; and/or, 



26 
 

Figure 2.17: Cross sectional image of crush comparison between sand and ceramic proppants held 

by blue resin. Left is sand at 8000 psi crushed into small pieces and right is ceramic at 8000 psi 

crushed in larger pieces (Palisch et al., 2007). 

 Particles too large to go through the proppant pack. 

To quantify the effects of fines on conductivity, a 5% of proppant weight in fines can 

reduce proppant pack conductivity by 54% (Terracina et al., 2010). 

Cyclic Stress 

As previously mentioned, during a hydraulic fracturing treatment, the reservoir rock is 

cracked open by the fracturing fluid. After the fracture geometry is achieved, the pressure is 

released and the fracture closes on the proppant pack. A similar pressure pulse process is repeated 

every time the bottomhole flowing pressure is changed, due to shut-in and flowing back the well, 

resulting in a cyclic stress that can negatively affect the proppant conductivity. 

This fluctuation in the pack pressure will result in proppant packing rearranging that can 

cause a substantial decrease in proppant width due to proppant crushing and embedding. This will 

lead to reduced fracture flow capacity and connectivity to the wellbore. Figure 2.18 shows how, 
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as a result of compaction and relaxation on the proppant packing, micro-fractures can lose all of 

the proppant particles causing them to close (Terracina et al., 2010). 

 

 

 

 

 

 

 

Figure 2.18: Micro-fracture closure due to cyclic closure stress (Terracina et al., 2010). 

Figure 2.19 shows two proppant types, an LWC and a RCS, under cyclic stress. It can be 

seen that in spite of the proppant type, each time the proppant is cycled from 4000 to 8000 and 

back to 4000 psi, the conductivity reduces.  Even though the first cycles generated the most 

damage, the LWC lost 26% of its conductivity and the RCS lost 35% of its conductivity after 25 

stress cycles (Palisch et al., 2007). 

Gel Damage  

Gel damage has significant potential to reduce proppant fracture conductivity (Ghalambor et 

al., 2009). Generally, the conductivity loss is the result of three possible scenarios: 
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Figure 2.19: Effect of cyclic stress on conductivity of LWC and RCS (Palisch et al., 2007). 

1. Distributed residual fracture damage: in which residue is either a bulk gel plugging the 

pore space of the proppant pack or a residual gel that has adhered to the surface of the 

proppant grain, both of which can lower the permeability (Palisch et al., 2007) (Figure 

2.20). 

 

 

 

 

Figure 2.20: Proppant residual gel damage (CARBO, Nov. 2013). 

2. Loss of width due to filter cake build-up: in which filter cake build-up on the fracture face 

during fracture stimulation reduces the proppant width by proppant embedment in filter 

cake gel. Laboratory results have shown that the filter cake is very durable and can cover 

Proppant 

Gel residual 
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as much as a whole proppant grain, depending on its size. This loss of fracture width can 

have substantial effect on conductivity (Figure 2.21) (Palisch et al., 2007).  

 

 

 

 

Figure 2.21: Loss of width due to filter cake (Palisch et al., 2007). 

3. Loss of effective length due to static gel at the tip: in which unbroken gel plugs the pore 

space of the proppant packs due to inadequate energy or velocity to establish flow. More 

energy is needed to get gels moving in a porous media because it is much more viscous 

than water, which will lower overall permeability (Palisch et al., 2007). 

Non-Darcy Flow  

There are key limitations with Darcy’s equation (Eq. 2.2) as it was developed under low 

velocity conditions with the pressure drop being dominated by that velocity. However, most 

propped fractures have high velocities with the pressure drop being dominated by the square of 

the velocity. This behavior can be represented by Forchheimer’s equation (Eq. 2.7), which has 

both a Darcy term (
μν

k
) that accounts for the viscous forces and a non-Darcy term (βρν2) that 

account for the inertial forces (Vincent et al., 1999). 

                                                
Δp

L
= 

μυ

k
+  βρυ2          (2.7) 

Where, 

               𝛽 = Non-Darcy flow coefficient, 1/ft 

Faces 

Embedment of 

proppant in 

filter cake gel. 
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               𝜌 = Fluid density, lbm/ft3 

The non-Darcy inertial forces are primarily due to molecules constantly needing to change 

direction, as they accelerate through pore throats and decelerate in the larger pore spaces, when 

traveling through the tortuous flow path of the proppant pack. Within a 100 ft fracture length a 

molecule of gas or oil will travel 50,000 proppant grain diameters (Vincent et al., 1999). This will 

result in a pressure drop that is 25% to 70% higher than predicted by Darcy’s Law, which translates 

into a lower permeability and ultimately lower proppant conductivity (Palisch et al., 2007). 

To account for the proppant type effect on the tortuous path, a beta factor (β), which is 

also known as the inertial flow coefficient, can be included in the non-Darcy term of the 

Forchheimer’s equation. There are many beta factor correlations that have been developed from 

proppant testing including: Cooke (Cooke, 1973), Martins et al. (Martins et al., 1990), Pursell et 

al. (Pursell et al., 1988), and Penny and Jin (Penny and Jin, 1995). 

The beta factor has to be minimized in order to reduce the pressure drop. This is achieved 

by (Olson at el. 2004): 

 Increasing permeability of the proppant pack 

 Increasing the porosity of the proppant pack 

 Using uniform proppant size 

 Using proppants that are high in sphericity and roundness 

 

Multiphase Flow Effects 

Multiphase flow can negatively affect the conductivity of the proppant fracture by 

increasing the pressure drop, which will result in lower proppant pack permeability. This is due to 
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the complexity of the flow regime compared to single-phase flow. It is common in both gas and 

oil wells to have two to three phases during production, which includes gas-water, gas-condensate, 

oil-gas, or even oil-gas-water (Vincent et al. 1999). This complexity in the flow regime, which 

increases the pressure drop, is the result of three primary reasons: 

1. Saturation changes: The increase in saturation of one phase means the reduction in flow 

area available for the other phases. For example, in a gas-water system, if the water 

saturation increases to 25% it means that 25% of the pore volume in the proppant pack is 

occupied by water, which leaves only 75% of the original flow area available for the gas 

to flow through (Palisch et al., 2007). 

2. Relative permeability effect: Increasing the saturation of one phase will also increase its 

relative permeability. This will force the relative permeability of the other phase to 

decrease (Vincent et al., 1999). Figure 2.22 shows the imbibition process of an oil-water 

system that is water-wet; as the water saturation increases the relative permeability of the 

oil decreases. Therefore, when the proppant pack is wetted with water, the oil permeability 

will decrease (Glover, 2013). 

3. Phase interactions: Phase interaction accounts for most of the pressure drop increase 

caused by multiphase flow (Palisch et al., 2007). As two or three phases flow through the 

proppant pack they begin to hinder each other’s flow, causing a very inefficient flow 

regime. This is due to mobility differences between the phases. Gas molecules will travel 

at much higher velocity compared to water droplets in a fracture, but due to the tortuous 

flow path in the proppant pack, the two phases often stay in close contact. This results in 

gas molecules losing energy, as they carry and accelerate the water droplets in their path 

(Vincent et al., 1999).  
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Figure 2.22: Relative permeability of an oil-water system (Glover, 2013). 

In addition, every time the water droplets hit a proppant grain they deaccelerate and 

gas molecules will have to accelerate them once again. Figure 2.23 illustrates the impact 

of multiphase flow on increasing the pressure drop of a gas well produced at two flowing 

rates, 0.25 MMCFD and 0.75 MMCFD. Adding just 5% water into the system increased 

the pressure drop multiplier by 10 at the 0.25 MMCFD and by 20 at the 0.75 MMCFD 

(Palisch et al., 2007). 

  

 

 

 

 

 

Figure 2.23: Multiphase flow effect on increasing the pressure drop multiplier (Palisch et al., 

2007). 
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In a dry gas well producing at 1 MMCFD, the non-Darcy flow effects can reduce 

proppant pack’s conductivity by around 70%. Adding water into the fracture, even as low 

as 10 BWPD, can cause an incremental reduction in the conductivity of about 25%. In other 

words, the combined multiphase non-Darcy flow effects can reduce the fracture 

conductivity by 95% (Vincent et al., 1999).  

In this project, closure stress effects that include proppant embedment and fines migration 

are the only damage effects that are considered in the Stim-Lab, Inc. data. The reason for this is 

that the conductivity tests were done using only distilled water (single-phase/no gel) at a low flow 

rate (no non-Darcy) with no closure stress fluctuation (no cyclic stress) and lasting for only 50 

hours.  
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CHAPTER 3 - DATA ANALYSIS 

For the purpose of this research, data was provided by Stim-Lab, Inc. (Duncan, OK), to 

allow for analysis and development of baseline proppant conductivity equations for proppants of 

different types and sizes taking into account the following variables; proppant concentration in 

lb/ft2, temperature in oF, closure stress in psi, time in hours, proppant median diameter in mm, and 

proppant grain density in g/cc. The data covers Stim-Lab’s proppant conductivity tests reports 

between 1987 and 2013.  

3.1 Data Base 

All available conductivity tests from Stim-Lab, Inc. reports were included in this research 

except for conductivity tests that were done for proppant concentrations other than 1.00 and 2.00 

lb/ft2, or tests done using cores other than Ohio Sandstone as requested by Stim-Lab, Inc. The 

selected data was input into a Microsoft® Office Excel® data base. This was done for easy data 

access, effortless removal and addition of tests, the ability to filter data, and the capability to easily 

flag unusual observations.   

Table 3.1 is a summary of all the available tests categorized by proppant type. From the 

table, ceramic proppants had the highest number of test samples at 40.47% followed by resin 

coated sand proppant at 27.43%, sand proppants at 25.91%, and finally resin coated ceramics with 

only 6.20%. 

3.2 Analysis Tools 

To statistically evaluate the data, two main software programs were employed: Microsoft® 

Office Excel® and MINITAB®. In addition to the previously mentioned benefits, Excel® helped in 
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Table 3.1: Available conductivity tests from Stim-Lab, Inc. 

 

graphing the data, comparing actual to developed conductivity test points, and performing 

sensitivity analysis on developed baseline conductivity equations.  

MINITAB® is a renowned statistical software package that was developed at Pennsylvania 

State University in 1972.  Today in its seventeenth version, MINITAB® is used by thousands of 

organizations around the world with customers including 90% of the Fortune 100 companies. 

MINITAB® has over 200 commands to perform various statistical analyses and graphics 

(MINITAB®, 2014).  

Similar to Excel®, MINITAB® works with data in worksheets of rows and columns. 

However, unlike Excel®, MINITAB® can handle more complex statistical analysis. The software 

helped in preforming comprehensive descriptive statistics on all available conductivity test points, 

running a detailed regression analysis, and validating the correctness of the developed equation. 

The MINITAB® interface is divided into two sub-windows, a session window and a 

worksheet window (Figure 3.1). The session window displays reports from all MINITAB® 

Proppant Type Number of Test Points 
Percent by 

type

Total by 

proppant

Percent by 

proppant

White 3320 68.33%

Brown 1539 31.67%

LWC 2826 37.24%

IDP 2558 33.71%

HSP 2205 29.06%

CR 2175 42.28%

PR 2969 57.72%

LWC 829 71.34%

IDP 165 14.20%

HSP 168 14.46%

18,754 100.0%Total

Sand

Ceramic 

RCS

RCC

25.91%

40.47%

27.43%

6.20%

4859

7589

5144

1162
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commands that are being executed through the toolbar. The worksheet window holds and displays 

data values in rows and columns that can be imported/copied or manually inputted into the 

MINITAB® worksheet. The MINITAB® Help option (from the toolbar) contains lessons, 

examples, and step-by-step directions for performing analysis, and understanding generated 

results. 

 

 

 

 

 

 

 

 

 

 

Figure 3.1: MINITAB® interface. 

3.3 Analysis Methodology 

To achieve the objectives of this PhD dissertation and attain baseline conductivity equations, 

the following methodology, steps a-c, were used to analyze the data; 

a) Unusual observations assessment 

Session Window 

Worksheet Window 
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b) Short-term equations development  

o Power fit regression analysis 

o Exponential fit regression analysis 

o Natural log with Power or Exponential fit regression analysis 

c) long-term equations development 

o Time correction factor  

o 50 hour variation adjustment factor  

The following sections explain the implementation of each step in details. 

 

3.3.1 Unusual Observations Assessment 

The first step in data analysis is to improve the quality of the data by removing unusual data 

points. These points must be determined and dealt with due to their potentially extreme influence 

on the statistical results. This step was done throughout the data analysis, before and after the 

development of the correlation equations generating a revised data set. Any data point that fell 

under any or all of the following categories was removed: 

1) Conductivity tests that were done under different conditions than the standard long-term 

conductivity procedure set by ISO, discussed in Chapter 2 (Section 2.2.1). 

2) Conductivity tests that were performed where temperature was simultaneously increased 

with closure stress. Most of the conductivity tests were done at a fixed temperature. 

3) Proppant brands that gave extremely high or low conductivity results (20% above or below 

the averaged conductivity) compared to other brands of the same proppant type and size. 

The 20% limit was established with Stim-Lab, Inc. based on acceptable repeatability result 

variation of proppant conductivity tests. 
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4) Conductivity tests with no proppant sieve analysis. Tests that were missing their sieve 

analysis were excluded since the tested proppant’s median diameter, which is one of the 

variables included in the conductivity equation, is calculated using the sieve analysis. 

5) Incorrect recording of conductivity test values or improper data entry in Stim-Lab’s 

conductivity reports. 

6) Outliers, which are data points that gave high absolute average error percentage (above or 

below 35.0%) when comparing actual conductivity test point results to develop 

conductivity equation results. This category was only considered when examining resin 

coated proppants due to their unstable nature. The 35% limit was established based on the 

20% acceptable repeatability result variation of proppant conductivity tests. Since resin 

coated proppant are less stable than other proppant types, a decision was made to increase 

the acceptable limit to 35%, which lowered the absolute average error percentage for resin 

coated proppants to percentages seen in other proppant types.  

3.3.2 Short-Term Equations Development 

Short-term equations are to be used to predict baseline conductivity values between zero 

and fifty hours. The equations are developed using MINITAB®’s multiple regression analysis. 

Regression analysis is the process of constructing a mathematical equation that can be used to 

predict one variable by using other variables. The variable to be predicted is called the dependent 

variable, and is designated as ŷ. The predictors are called the independent variables and are 

designated as x (Anderson et al., 2009).  In this project the predicted dependent variable (ŷ) is the 

baseline proppant conductivity and the independent variables are proppant concentration, time, 

closure stress temperature, grain density, and proppant median diameter. 
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The following sections discuss the multiple regression model and equation and the major 

multiple regression outputs that can test the validity of the equation including the F-test, t-test, 

multiple coefficient of determination, variance inflation factor, and equation coefficients. 

3.3.2.1 Multiple Regression Model and Equation 

Multiple regression model states how the dependent variable y is related to the 

independent variables x1, x2, x3, …, xz, and takes the following general form (Eq. 3.1) (Anderson 

et al., 2009); 

                 y =  β0 + β1x1 + β2x2 + β3x3 +⋯+ βzxz +  ϵ         (3.1) 

Where, 

y = Value of the dependent variable 

𝛽0  = Regression constant 

𝛽𝑧  = Regression coefficient for each variable xz = 1, 2, 3, … z 

𝑥𝑧     = Value of each independent variable  

z   = Number of independent variables  

𝜖    = Model error, which has an expected value of zero 

To be able to predict y, the values of β0, β1, β2, β3, … , βz must be estimated first, which 

gives an estimated multiple regression equation with the form (Eq. 3.2) (Anderson et al., 2009): 

                  E (y) =  b0 + b1x1 + b2x2 + b3x3 +⋯+ bzxz         (3.2) 

Where, 
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E (y)  = Estimated value of the dependent variable 

b0, b1, b2, b3, bz are the estimates of β0, β1, β2, β3, … , βz 

The estimation is done using the least squares method (Eq. 3.3). As such, the values of bz 

are altered until the estimated multiple regression equation gives the best minimum approximation 

of a straight-line relationship between the dependent and independent variables (Anderson et al., 

2009). 

                       min∑(yi − E(y)i)
2          (3.3) 

Where,  

𝑦𝑖       = Value of the ith dependent variable 

E(y)i  = Estimated value of the ith dependent variable  

After estimating the β0, β1, β2, β3, … , βk values, the multiple regression equation will have the 

following form (Eq. 3.4) (Anderson et al., 2009): 

                    ŷ =  β0 + β1x1 + β2x2 + β3x3 +⋯+ βzxz         (3.4) 

Where, 

ŷ  = Predicted value of the dependent variable 

This multiple regression equation assumes a linear relationship between the dependent 

variable and independent variables. This type of relationship when plotted graphically forms a 

straight line expressing a direct relationship between the dependent variable and independent 

variables. A change in an independent variable will always result in a similar proportional change 

in the dependent variable.  
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However, in this project the relationship between the dependent variable (actual 

conductivity) and the independent variables is non-linear except with closure stress. This 

observation was identified by performing a matrix analysis on all variables using MINITAB®. 

The matrix analysis displays a plot for each possible YX combination, where each pair of variables 

is plotted twice (Figure 3.2). 

Linearity determination was also examined using Pearson product-moment correlation 

coefficient (r) for all the variables. This method determines if the relationship between the 

dependent variable and each independent variable is linear or non-linear (Eq. 3.5).  

 

   𝑟 =  
∑(𝑥−�̅�)(𝑦−�̅�)

√∑(𝑥−�̅�)2∑(𝑦−�̅�)2
        (3.5) 

Where, 

𝑥        = Value of independent variable 

�̅�         = Mean value of the independent variable 

y = Value of the dependent variable 

y̅ = Mean value of the dependent variable  

When the value of r is close to -1.0 and/or 1.0 it denotes a strong negative or positive linear 

correlation respectively between the dependent variable and the examined independent variable. 

When r is near zero it means there is no correlation (Black, 2010). Table 3.2 shows the r values for 
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Figure 3.2: Linearity determination matrix plot. 

the actual conductivity in correlation with the other independent variables, where the closure stress 

is the only independent variable showing a strong linear relationship with conductivity. 

 

Table 3.2: Pearson product-moment correlation coefficient values  

Variables 
Proppant 

Concentration 
Time 

Closure 

Stress 
Temperature 

Grain 

Density 

Median 

Diameter 

Actual 

Conductivity 
0.2 -0.1 -0.9 -0.2 -0.1 0.2 

 

Since the relationship between the dependent variable and all the independent variables 

collectively is non-linear, Tukey’s Transformation Ladder was used. This technique is a way of 

re-expressing x or y variables using a power or exponential transformation, which will result in 
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better fits for the data. This technique uses Tukey’s four-quadrant approach (Figure 3.3) and 

Tukey’s ladder of transformations (Figure 3.4) (Black, 2010).  

 

 

 

 

 

 

 

 

Figure 3.3: Tukey’s four-quadrant approach (Black, 2010). 

 

 

 

 

 

 

Figure 3.4: Tukey’s ladder of transformations (Black, 2010). 

Tukey’s four-quadrant approach is a graph showing the four possible non-linear relation 

curve shapes produced by any non-linear x and y correlation graph. Based on the shape of the 

curve, each quadrant has its own x or y variable transformation technique.  After deciding the 

direction of the x-and y-values, the corresponding x and y directions in Tukey’s ladder of 
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transformation shows which mathematical transformation can be used with either the x or y 

variable. 

Tukey’s Transformation Ladder technique was used to choose the appropriate 

mathematical transformation method for this project. Figure 3.5 is a representation of all the 

relationship curves seen with all conductivity tests. In this curve, the x-variable transformation 

goes “up the ladder” toward x2, x3, x4, xm, and the y-variable transformation goes “neutral” toward 

log y.  

 

 

 

 

 

 

 

 

Figure 3.5: 20/40 LWC conductivity test showing a curve shape similar to Tukey’s lower left 

quadrant curve.   

3.3.2.2 Non-Linear Multiple Regression Equations 

In the search for a multiple regression equation that best resembles actual conductivity test 

values, three different approaches where developed. These approaches are power fit regression 

analysis, exponential fit regression analysis, and natural log with power or exponential fit 

regression analysis. The following sections explain how each regression analysis was developed.  
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Power Fit Regression Analysis 

 In this approach non-linearity was accomplished by applying Tukey’s Transformation 

Ladder technique on the x-parameters, by adding a power term to the x-variables side of the 

regression equation. Technically, this was achieved using MINITAB®’s power fit regression 

model option from the toolbar menu on each proppant type and size data set. The power fit 

regression equation has the following form (Eq. 3.6) 

ŷ =  (β0 + β1x1 + β2x2 + β3x3 +⋯+ βzxz)
𝑚        (3.6) 

Where, 

𝑚  = Power term  

Exponential Fit Regression Analysis 

In this approach non-linearity was accomplished by applying Tukey’s Transformation 

Ladder technique on the y-parameter, by adding a natural log term to the y-variable side of the 

regression equation. Although Tukey’s technique recommends the use of log y to achieve non-

linearity, natural log y was used instead because it produced closer results to the actual conductivity 

values.   

When solving for the y-variable, the natural log term is transferred to the x-variables side 

as an exponential, giving this equation its name. Technically, this was achieved using 

MINITAB®’s natural log fit regression model option from the toolbar menu on each proppant type 

and size data set. The exponential fit regression equation has the following form (Eq. 3.7) 

ŷ =  𝑒(β0+β1x1+β2x2+β3x3+⋯+ βzxz)         (3.7) 

Where,  
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𝑒 = Exponential term  

Natural Log with Power or Exponential Fit Regression Analysis 

 In this approach non-linearity was accomplished by performing two steps. First, taking the 

natural log of the x-variables manually, except for the closure stress. As mentioned earlier closure 

stress has a linear relationship with conductivity, meaning no value transformation is required. 

Second, adding a power term to the x-variables or a natural log term to the y-variable. This step is 

decided by MINITAB®, in which MINITAB® compares the power fit equation with the 

exponential fit equation, choosing the equation that best resembles the actual conductivity values. 

The natural log with power fit equation has the following form (Eq. 3.8) and the natural log with 

exponential fit equation has the following form (Eq. 3.9). 

ŷ =  (β0 + β1ln (x1) + β2x2 + β3ln (x3) + ⋯+ βzln (xz))
𝑚       (3.8) 

ŷ =  𝑒(β0+β1ln (x1)+β2x2+β3ln (x3)+⋯+ βzln (xz))             (3.9)  

Where, 

𝑥2 = Closure stress value (with no natural log) 

3.3.2.3 Evaluating the Multiple Regression Equation 

After developing a multiple regression equation using MINITAB®, the results of the 

performed analysis are evaluated to confirm the validity of that equation. This is done by assessing 

five sections in the regression results report (Figure 3.6). This figure is an actual regression results 

report produced in this project. These five sections are; F-test (Box-1), t-test (Box-2), variance 

inflation factor (Box-3), multiple coefficient of determination (Box-4), and equation coefficients 

(Box-5). Each of these points is discussed in the following sections. 
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Figure 3.6: Snapshot of MINITAB® session window showing power fit regression results for 12/20 

white sand data set. 

F-Test 

The F-test is part of the Analysis of Variance (ANOVA) that determines whether a 

significant relationship exists between the dependent variable and the independent variables.  To 

check the overall significance, a null hypothesis for the F-test is used, which involves the 

coefficients in the multiple regression equation (Anderson et al., 2009). 

H0: 𝛽1 = 𝛽2 = 𝛽3 = ⋯ = 𝛽𝑧 = 0 

       Ha: One or more 𝛽𝑧 ≠ 0 
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H0 denotes no relationship between the dependent variable and the independent variables, 

which mean additional independent variables must be added to the regression equation. On the 

other hand, Ha denotes the existence of a relationship. H0 hypothesis is rejected if the p-value, 

which is the area of probability in the upper tail of the F distribution curve (Figure 3.7), is less than 

or equal to 𝛼, which is typically set at 5% (Black, 2010).  

 

 

 

Figure 3.7: F distribution curve (Navidi, 2011) 

Another way to test the null hypothesis is to compare the calculated F-test value to the F-

test value obtained from the Percentage Points of the F Distribution tables, available in the 

appendixes of most statistical books. The calculated F-test is found using the following equation 

(Eq. 3.10): 

                                           𝐹 =
𝑀𝑆𝑅

𝑀𝑆𝐸
                       (3.10) 

Where, 

MSR = Mean square due to regression = 
𝑆𝑆𝑅

𝑧
  

SSR  = Sum of squares due to regression = ∑(�̂� − �̅�)2 

z   = Number of independent variables 

MSE  = Mean square due to error = 
𝑆𝑆𝐸

𝑛−𝑧−1
 

SSE  = Sum of squares due to error = ∑(𝑦 − �̂�)2 

F 

Upper tail 
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n  = Number of samples 

 

From the Percentage Points of the F Distribution tables, the F-test value can be determined 

by using the 𝛼 = 5%, degrees of freedom due to regression (number of independent variables), and 

degrees of freedom due to residual error (number of sample points minus one minus number of 

independent variables). If the F-test calculated is bigger than the table value, the H0 hypothesis is 

rejected (Anderson et al., 2009).  

This method is explained with an example using Figure 3.8, which shows the F-test 

values section of the multiple regression analysis results. The F-test was calculated as follows: 

Figure 3.8:  Snapshot of MINITAB® session window showing F-Test results for 12/20 white sand 

data set. 

𝑀𝑆𝑅 =  
𝑆𝑆𝑅

𝑧
 

Where, 

SSR is the Adj SS with regression value = 5083.61 

z is degrees of freedom (DF) with regression value = 4 

𝑀𝑆𝑅 =  
5083.61

4
= 1270.90 (Figure 4.5 shows the same value under adj MS with 

regression) 
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𝑀𝑆𝐸 =
𝑆𝑆𝐸

𝑛 − 𝑧 − 1
 

Where, 

SSE is the Adj SS with error value = 224.84 

z  = 4 

n is the number of sample points = 420 

𝑀𝑆𝐸 =
224.84

420−4−1
= 0.54 (Figure 4.5 shows the same value under adj MS with error) 

 

F-test = 
MSR

MSE
=

1270.90

0.54
= 2345.73 (Figure 4.5 shows the same number under F-value) 

 

From the Percentage Points of the F Distribution tables, using α = 5%, 4 degrees of 

freedom due to regression, and 415 degrees of freedom due to residual error, the F-test value equals 

2.37. Since this F-test value is less than the F-test calculated (2345.73), the H0 can be rejected, 

which means there is a relationship between the dependent variable and the independent variables. 

The same conclusion is reached using the F distribution curve, where the p-value calculated by 

MINITAB® (Figure 3.8) is equal to 0.000, which is less than 0.050, so H0 can be rejected. 

t-Test 

The t-test is another part of the ANOVA that determines the significance of each of the 

independent variables in the equation. To check the individual significance, a null hypothesis for 

the t-test is used, which involves the coefficient of each independent variable (Anderson et al., 

2009). 

      H0: 𝛽𝑧 = 0 
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         Ha: 𝛽𝑧 ≠ 0 

Where, 

𝛽𝑧  = Regression coefficient for each variable xz = 1, 2, 3, … z 

H0 denotes the independent variable as insignificant and should be removed from the 

regression equation. On the other hand, Ha denotes the independent variable as significant and 

should stay in the regression equation. H0 hypothesis is rejected if the p-value, which is the area 

of probability in the upper tail of the t distribution curve (Figure 3.9), is less than or equal to 𝛼, 

which is typically set at 5% (Black, 2010).  

 

 

 

 

 

Figure 3.9: t distribution curve (Navidi, 2011). 

Another way to test the null hypothesis is to compare the calculated t-test value to the t-

test value obtained from the Upper Percentage Points for the t Distribution tables, available in the 

appendixes of most statistical books. The calculated t-test is found using the following equation 

(3.11): 

                                          𝑡 =  
𝛽𝑧

𝑠𝛽𝑧
         (3.11) 

Where, 

Upper tail 
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𝛽𝑧  = Regression coefficient for each variable xz = 1, 2, 3, … z 

𝑠𝛽𝑧 = Estimate of the standard deviation of 𝛽𝑧 

 

From the Upper Percentage Points for the t Distribution tables, the t-test value can be 

determined by using the 𝛼 = 5%, and degrees of freedom due to residual error (number of sample 

points minus one minus number of independent variables). If the t-test calculated is negative or 

less than the table value, the H0 hypothesis is rejected (Anderson et al., 2009).  

This method is explained with an example using Figure 3.10, which shows the t-test values 

section of the multiple regression analysis results. The t-test for time was calculated as follows: 

 

 

 

 

Figure 3.10: Snapshot of MINITAB® session window showing t-Test results for 12/20 white sand 

data set. 

𝑡 =  
𝛽2
𝑠𝛽2

 

Where, 

𝛽2 is the coefficient (Coef) for time = -0.01421 

𝑠𝛽2 is the estimate of the standard deviation (SE Coef) of 𝛽2 = 0.00216 

𝑡 =  
𝛽2

𝑠𝛽2
=

−0.01421

0.00216
 = - 6.59 (Figure 3.9 shows the same number under t-value) 
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From the Upper Percentage Points for the t Distribution tables, using α = 5%, and 415 

degrees of freedom due to residual error, the t-test value equals 1.645. Since the calculated t-test 

value (-6.59) is negative and less than the table value (1.645), the H0 can be rejected, which means 

that time has an impact on conductivity and should be included in the regression equation. The 

same conclusion is reached using the t distribution curve, where the p-value calculated by 

MINITAB® (Figure 3.10) is equal to 0.000, which is less than 0.050, so H0 can be rejected. 

Multiple Coefficient of Determination, R2 

The multiple coefficient of determination indicates how well the predicted values (ŷ) of 

the dependent variable fit with the actual values (y). R2 is a percentage value between 0 and 100.  If 

there is no relationship between the predicted values and the actual values, the R2 is 0% or very 

low. If the relationship is strong between the predicted values and the actual values, the R2 is 90% 

or higher. For a multiple regression equation to be acceptable, R2 should be at least 90%. R2 is 

calculated using the following equation (Eq. 3.12) (Groebner et al., 2011): 

                                        𝑅2 = 
𝑆𝑆𝑅

𝑆𝑆𝑇
        (3.12) 

Where, 

SSR  = Sum of squares due to regression 

SST  = Total sum of squares = SSR + SSE 

SSE  = Sum of squares due to error 

Another term that falls under multiple coefficient of determination is adjusted R2. This term 

takes into account the effect of the sample size and the number of independent variables on the 
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multiple regression equation. It is calculated using the following equation (Eq. 3.13) (Groebner et 

al., 2011):                               

                              R2 (adj) = 𝑅𝐴
2 = 1 − (1 − 𝑅2) (

𝑛−1

𝑛−𝑧−1
)       (3.13) 

This method is explained with an example using Figure 3.11, which shows the R2 (adj) 

values section of the multiple regression analysis results. The R2 and adjusted R2 were calculated 

as follows: 

 

 

 

 

 

 

 

 

 

Figure 3.11: Snapshot of MINITAB® session window showing R2 (adj) result for 12/20 white sand 

data set. 

𝑅2 = 
𝑆𝑆𝑅

𝑆𝑆𝑇
= 

5083.61

5308.45
 = 95.76% 

𝑅2(𝑎𝑑𝑗) = 1 − (1 − 0.9576) (
420−1

420−4−1
) = 95.72% 

Since both the R2 and R2 adjusted are above 90%, then the developed equation is 

acceptable and indicates a strong fit between predicted baseline conductivities and actual 

conductivity test values.  
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Variance Inflation Factor (VIF) 

The Variance Inflation Factor is a measure of the relationship of one independent variable 

to the remaining independent variables in a multiple regression equation. The existence of highly 

correlated two or more independent variables is known as multicollinearity.  Multicollinearity 

makes it difficult to separate the effects of individual independent variables on the dependent 

variable.  

If the VIF value (Eq. 3.14) is less than 5, then multicollinearity is not a problem for that 

independent variable. If the VIF value is equal to or more than 5, then multicollinearity exists and 

one or more of the independent variables must be removed (Groebner et al., 2011).  

                                            

          VIF =  
1

(1−Rj
2)

          (3.14) 

Where,  

Rj
2 is the R2 value obtained by performing multiple regression analysis on one of the 

independent variables (jth) using it as the dependent variable against the remaining independent 

variables. In this project, this would be like preforming a multiple regression analysis on time as 

the dependent variable against the remaining independent variables (proppant concentration, 

temperature, closure stress, grain density, and median diameter). VIF values in this project were 

calculated using MINITAB®. For example Figure 3.12 shows that VIF values for 12/20 white sand 

are below 5.0 meaning no multicollinearity is detected. 



56 
 

 

Figure 3.12: MINITAB® session window showing VIF results for 12/20 white sand data set. 

Equation coefficients  

The baseline conductivity equation produced by MINITAB® (Figure 3.13) is assessed to 

confirm that the developed equation correlations matches the expected relations between the 

dependent variable and independent variables. This means, that the sign (+/-) in front of the 

coefficients of the independent variables represents the predicted association seen in observed 

tests. For example in this project, the sign in front of the proppant concentration should be positive 

knowing that it increases conductivity. If the sign in front of any of the coefficients of the 

independent variables does not represent the expected relationship, then the equation is invalid and 

further review of the data is required. 

Figure 3.13: Snapshot of MINITAB® session window showing short-term power equation for 

12/20 white sand data set  

3.3.3 Long-Term Equations Development 

Long-term equations are to be used to predict baseline conductivity values after fifty hours. 

The equations were developed by using the natural log with power or exponential short-term 



57 
 

equations since they produced the best fit to the actual conductivity tests when compared to the 

other two short-term equation techniques.  

The equations are developed using the natural log with power or exponential short-term 

baseline conductivity equations in conjunction with time correction factor and variation adjustment 

factor. These factors are developed due to MINITAB®’s inability to account for the long-term 

(more than 50 hours) conductivity decline. The following sections discuss the corrections factors.  

Time Correction Factor (TCF) 

TCF is a correction factor that is multiplied by the time independent variable in the 

developed short-term baseline conductivity equation to adjust the decline slope of the equation to 

better predict the long-term baseline conductivity value. Figure 3.14 was done using a 20/40 LWC 

at 4000 psi to show the unrealistic results (zero conductivity after only two months) of using short-

term equation to predict long-term conductivity without adding TCF. 

TCF was developed for each proppant type, size, and closure stress. The process in which 

the time correction factor is achieved is as follows: 

1) Graph the conductivity decline curve against time (0 to 50 hours) for a specific proppant 

type, size, and closure stress data set.  

2) Add a logarithmic trend-line to the curve to get the natural log equation.  

3) Use the produced natural log equation to predict the conductivity at five years (43800 

hours) (Eq. 3.15):  

4) Calculate the 5-year decline rate by comparing the 50 hour actual conductivity and the 5 

years predicted conductivity from step 3. 
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Figure 3.14: Using short-term equations to predict long-term conductivity gives unrealistic results  

Slope*ln (43800 hr) + Initial conductivity (at 0.0 hr)     (3.15) 

 

5) Repeat steps one through four on all data sets of the same proppant types, size, and closure 

stress. 

6) Take the average of all the calculated decline rates. 

7) Use the average decline rate with the developed short-term equation for the same proppant 

type, size, and closure stress to find the TCF. This is done using the short-term equation at 

50 hours (Z) and at 43,800 hours (S). In S the time variable is multiplied by a time 

correction factor equal to X. The value of X is then determined using Excel® goal seek 

option by satisfying the below equation (Eq. 3.16).  

             Z * 5-year decline rate = S       (3.16) 
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8) Confirm that the decline rate between the 50 hour and 5-year predicted conductivity is the 

same as the average decline rate calculated in step 6. 

 

50 Hours Variation Adjustment Factor (VAF) 

VAF is a correction factor that is added to the developed long-term baseline conductivity 

equation to adjust for the 50 hour predicted conductivity values. As described in Section 3.3.2, the 

maximum perdition for the short-term conductivity is at 50 hours. After adding the time correction 

factor to long-term equation, the predicted conductivity at 50 hours showed a variation from the 

short-term 50 hour predicted conductivity (Figure 3.15). 

This difference was addressed by adding the 50 hour variation adjustment factor, to insure 

that both short and long-term equations predict the same value at 50 hours. VAF was developed 

for each proppant type, size, and closure stress. The process in which the variation adjustment 

factor is achieved is as follows: 

1) Use the long-term equation and the developed TCF of the same proppant types, size, and 

closure stress to predict conductivity at 50 hours. 

2) Compare the predicted conductivity at 50 hours produced in step 1 to the short-term 

predicted conductivity at 50 hours. 

3) Calculate the difference between the two conductivity values, which is the VAF value, and 

add it to the long-term conductivity with TCF equation. 

4) Use Excel® goal seek option on the long-term equation with both TCF and VAF to re-

predict TCF value, to achieve the average decline rate calculated in step 6 in the TCF 

development.  
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Figure 3.15: 16/30 LWC at 4000 psi showing the variation between short-term and short-term with 

TCF at 50 hours. 

5) Repeat steps one through four until the difference between the short-term and long-term 

predicted 50 hour conductivity is the least difference that could be achieved while still 

holding the correct average decline rate. 

Accordingly the long-term baseline conductivity equation is developed using three main 

parts: the short-term equation for the proppant type /size to be measured, the time correction factor 

for the same proppant type /size and closure stress to be measured, and the 50 hour variation 

adjustment value for the same proppant type /size and closure stress to be measured (Figure 3.16). 

The long-term natural log with power fit equation has the following form (Eq. 3.16)  the long-term 

natural log with exponential fit equation has the following form (Eq. 3.17)  

ŷ =  (β0 + β1ln (x1) + β2x2 + [β3ln (x3) ∗ TCF] + ⋯+ βzln (xz))
𝑚 + 𝑉𝐴𝐹    (3.16) 
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ŷ =  𝑒(β0+β1ln (x1)+β2x2+[β3ln (x3)∗TCF]+⋯+ βzln (xz)) + 𝑉𝐴𝐹     (3.17) 

Where, 

            𝑥3= Time variable 

The development of short-term and long-term baseline conductivity equations for all the 

different proppant types, sizes, and closure stresses are discussed in Chapters 4, 5, 6, and 7. 
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Figure 3.16: Flow chart of how long-term conductivity equation with TCF and VAF is developed.
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CHAPTER 4 - SAND CONDUCTIVITY CORRELATIONS 

In this chapter the development of the sand baseline conductivity equations are discussed. 

As described in Chapter 3 (Section 3.3.1), the first step of the analysis methodology, unusual 

observations assessment, was performed on all sand proppant conductivity tests. Table 4.1 is a 

summary of the revised tests categorized by proppant and proppant type. From the table, sand 

proppants represent 26.0% of the total available tests, where 69.7% is white sand and 30.3% is 

brown sand.  

Table 4.1: Number of revised conductivity test points available for initial analysis 

 

4.1 White Sand 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were performed on the white 

sand test points.  

Proppant Type Number of Test Points 
Percent by 

type

Total by 

proppant

Percent by 

proppant

White 2804 69.70%

Brown 1219 30.30%

LWC 2391 37.44%

IDP 2149 33.65%

HSP 1847 28.92%

CR 1748 44.11%

PR 2215 55.89%

LWC 775 71.56%

IDP 140 12.93%

HSP 168 15.51%

15,456 100.0%Total

Sand

Ceramic 

RCS

RCC

26.03%

41.32%

25.64%

7.01%

4023

6387

3963

1083
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4.1.1 Unusual Observations Assessment of White Sand 

After performing the unusual observations assessment on the pre-revised white sand test points, 

18.4% of the data was removed. Table 4.2 shows the number of removed data in each mesh size 

with the reason for removal. A comprehensive explanation of the reasons for removal is discussed 

in Chapter 3 (Section 3.3.1).  

Table 4.2: Unusual observations for white sand  

 

 

Mesh Size

Number of 

Test Points 

Removed
12/20 0

16/30 108

20/40 230

30/50 83

40/70 88

70/140 7

Reasons for removing data

• Inaccurate data entry. 

• Inaccurate data entry.

• Both closure stress and temperature were being increased 

simultaneously.

• Inaccurate data entry. 

• Proppant brand with abnormal conductivities (Field Sample).

• Inaccurate data entry.

• Different conductivity procedure (core setup).

• Both closure stress and temperature were being increased 

simultaneously.

• Different conductivity procedure (large scale cell).

• Different Conductivity procedure (Proppant Aged in distilled water for 30 

days).

• Different Conductivity procedure (Proppant Aged is deionized water 

(Isopar G) for 30 days).

• Proppant brand with abnormal conductivities (Badger-high cut, Badger-

normal frac production).

• Different conductivity procedure (core setup).

• Both closure stress and temperature were being increased 

simultaneously.

-



64 
 

4.1.2 Short-Term Equations Development for White Sand  

The revised data was then used to develop the short-term baseline conductivity equations 

for the white sand six mesh sizes, 12/20, 16/30, 20/40, 30/50, 40/70 and 70/140. Table 4.3 gives 

the number of revised test points under each mesh size and the associated values of each 

independent variable (proppant concentration, time, closure stress, temperature, grain density and 

median diameter). These independent variable values are important in defining the implementation 

boundaries when applying the developed baseline conductivity equations, meaning for example a 

proppant concentration of 3.00 lb/ft2 can not be used with the developed correlations as it was 

established for proppant concentrations of 1.00 and 2.00 lb/ft2. 

Table 4.3: Baseline conductivity boundaries for white sand 

 

Mesh Size Brands

Number 

of Tests 

Points

Proppant 

Concentration

, lb/ft
2

Time, hr
Closure Stress, 

psi

Temperature

, oF

Grain 

Density, 

g/cc

Median 

Diameter, mm

12/20
Badger - 

Jordan
420 1.00 - 2.00

0 - 10 - 20  30 - 

40 - 50

500 - 1000 - 2000- 

3000 4000 - 5000 - 

6000 - 8000

150 2.65

0.9910 - 1.0303 - 

1.0409 - 1.0412 - 

1.0851 - 1.0870 - 

1.0891 - 1.0900 - 

1.0905 - 1.0929 - 

1.0970

16/30
Badger - 

Jordan
432 1.00 - 2.00

0 - 10 - 20  30 - 

40 - 50

500 - 1000 - 2000- 

3000 4000 - 5000 - 

6000 - 8000

125 - 150         

200 -250
2.65

0.7497 - 0.7713 - 

0.7720 - 0.7733 - 

0.7739 - 0.7821 - 

0.8016 - 0.8028 - 

0.8113 - 0.8287 - 

0.8784 

20/40
Badger - 

Jordan
1037 1.00 - 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 - 50

500 - 1000 - 2000- 

3000 4000 - 5000 - 

6000 - 8000 - 

10000

125 - 150         

200 -250
2.65

0.5386 - 0.5454 - 

0.5463 - 0.5477 -  

0.5479 - 0.5481 -  

0.5498 - 0.5502 -  

0.5507 - 0.5510 -  

0.5554 - 0.5559 -  

0.5651 - 0.5879 -  

0.5908

30/50
Badger - 

Jordan
298 1.00 - 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 - 50

500 - 1000 - 2000- 

3000 4000 - 6000 - 

8000 - 10000

150 - 250 2.65

0.4029 - 0.4226 - 

0.4414 - 0.4420 - 

0.4576 - 0.4829

40/70
Badger - 

Jordan
462 1.00 - 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 -45 - 50

500 - 1000 - 2000- 

3000 4000 - 6000 - 

8000 - 10000 - 

12000

125 - 150 - 

250
2.65

0.2549 - 0.2594 - 

0.2778 - 0.2844 -  

0.2897 - 0.2923 - 

0.3000 - 0.3104

70/140 Badger 155 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 - 50

500 - 1000 - 2000- 

3000 4000 - 6000 - 

8000 - 10000 - 

12000

125 - 150 2.65
0.1343 - 0.1358 -  

0.1645 - 0.1708
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Using the baseline conductivity boundaries for white sand shown in Table 4.3, the three 

methods of short-term equations (power, exponential, and natural log with power  or exponential) 

were developed using MINITAB’s multiple regression analysis as described in Chapter 3 (Section 

3.3.2.2). 

 

4.1.2.1 Baseline Conductivity Power Equations for White Sand 

A different power equation was developed for each mesh size with the predefined baseline 

conductivity boundaries. As described in Chapter 3 (Section 3.3.2.2), after running the regression 

analysis on the revised data using MINITAB’s power fit regression model option, the results of 

the performed analysis were evaluated. 

 Figure 4.1 is a snapshot of the session window showing the multiple regression results for 

12/20 white sand. As described in Chapter 3 (Section 3.3.2.3), five sections are assessed to confirm 

the validity of the equation.  

First, the p-values for the F-test (Box 1) were checked to confirm that they are below 5.0%, 

which confirms that there is a significant relationship between the dependent variable and the 

independent variables. Second, the p-values for the t-test (Box 2) were checked to confirm that 

they are below 5.0%, which confirms the significance of each of the independent variables in the 

model. 

 Third, the VIF values (Box 3) were checked to confirm that they are less than 5.0, which 

shows that multicollinearity is not a problem for the used independent variables in the equation. 

Fourth, the R2 adj value (Box 4) was checked to confirm that it is above 90.0%, which indicates a 

strong relationship between the predicted and actual values.  
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Finally, the baseline conductivity equation coefficients (Box 5) were assessed to confirm 

that the developed equation correlations match the expected relations between conductivity and 

the independent variables. This means, that the sign (+/-) in front of the coefficients of the 

independent variables represents the expected association seen in observed conductivity tests.  

 

 

Figure 4.1: Snapshot of the power multiple regression results for 12/20 white sand. 

After evaluating the regression analysis results and confirming their validity, the baseline 

conductivity power equation for 12/20 white sand (Eq. 4.1) was established to be; 

Conductivity,md − ft =  (
8.74 +  2.7956 ∗ Proppant Concentration,

lb

ft2
 

− 0.01421 ∗ Time, hr −  0.001428 ∗ Closure, psi
+ 4.87 ∗ Median Diameter,mm

)

(
1

0.295949
)

                     (4.1) 

1 

2 3 
4 

5 
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4.1.2.2 Baseline Conductivity Exponential Equations for White Sand 

A different exponential equation was developed for each mesh size with the predefined 

baseline conductivity boundaries. As described in Chapter 3 (Section 3.3.2.3), after running the 

regression analysis on the revised data using MINITAB’s exponential fit regression model option, 

the results of the performed analysis were evaluated by looking into the five sections of the 

multiple regression results, which are F-test, t-test, VIF, R2, and equation coefficients. 

As an example, After evaluating the regression analysis results from Figure A.1.b – 

Appendix A, the baseline conductivity equation for 12/20 white sand (Eq. 4.2) was established to 

be; 

                                 Conductivity,md − ft =  𝑒

(
7.531+ 0.8632∗Proppant Concentration,

lb

ft2
 

− 0.003454∗Time,hr − 0.000411∗Closure,psi
+1.054∗Median Diameter,mm

)

                       (4.2) 

4.1.2.3 Baseline Conductivity Natural Log with Power or Exponential Equations for White        

Sand 

A different natural log with power or exponential equation was developed for each mesh 

size with the predefined baseline conductivity boundaries. As described in Chapter 3 (Section 

3.3.2.3), after running the regression analysis on the revised data using MINITAB’s power or 

exponential fit regression model option with the natural log values for all the independent variables 

expect for the closure stress, the results of the performed analysis are evaluated by looking into 

the five sections of the multiple regression results, which are F-test, t-test, VIF, R2, and equation 

coefficients. 

As an example, after evaluating the regression results from Figure A.1.c – Appendix A, the 

baseline conductivity equation for 12/20 white sand (Eq. 4.3) was established to be; 
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Conductivity,md − ft =  (
16.056 +  3.919 ∗ Ln (Proppant Concentration,

lb

ft2
) 

− 0.1878 ∗ Ln(Time, hr) −  0.001376 ∗ Closure, psi

+4.93 ∗ Ln(Median Diameter,mm)

)

(
1

0.292644
)

 

The power, exponential, and natural log with power or exponential multiple regression 

results and baseline short-term conductivity equations for the remaining white sand mesh sizes 

(16/30, 20/40, 30/50, 40/70 and 70/140) are available in Appendix A. 

4.1.3 Long-Term Equations Development for White Sand  

As describe in Chapter 3 (Section 3.3.3), the natural log with power or exponential short-

term baseline conductivity equations were used in conjunction with the 5-year conductivity decline 

rate (Table 4.4) to determine the time correction factor (TCF) (Table 4.5), which is then used in 

the long-term baseline conductivity equations development. In addition to the TCF, the 50 hour 

Variation Adjustment Factor (VAF) (Table 4.6) is used to develop the long-term baseline 

conductivity for the white sand six mesh sizes, 12/20, 16/30, 20/40, 30/50, 40/70 and 70/140. 

Table 4.4: White sand 5-year conductivity reduction percentage based on mesh size and stress  

 

 

2000 4000 6000 8000 10000 12000

12/20 5.4% 15.7% 28.7% 43.0% 70.7% 93.9%

16/30 5.1% 16.1% 25.4% 45.3% 70.7% 93.9%

20/40 5.2% 16.0% 33.5% 43.9% 70.7% 93.9%

30/50 5.2% 12.9% 39.9% 54.4% 73.4% 93.9%

40/70 6.4% 14.9% 30.8% 48.9% 72.5% 96.1%

70/140 6.7% 14.6% 24.5% 50.5% 66.3% 91.7%

Mesh Size
Conductivity Reduction % from 50 hrs. to 5 years

(4.3) 
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Table 4.5: White sand time correction factors based on mesh size and stress  

 

 

Table 4.6: White sand 50 hour Variation Adjustment Factor (VAF) 

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant type 

/size and closure stress. The following example illustrates how a long-term conductivity equation 

is developed for white sand 12/20 at 4000 psi closure stress. 

For this proppant type and mesh size equation, the long-term conductivity is developed 

(Eq. 4.4) by using the white sand 12/20 short-term natural log with power equation (Eq. 4.3), the 

TCF value for white sand 12/20 at a 4000 psi closure stress, which is 0.4546 (Table 4.6), and the 

VAF for white sand 12/20 at a 4000 psi closure stress, which is -677 (Table 4.7).  

2000 4000 6000 8000 10000 12000

12/20 0.1806 0.4546 0.7037 0.8282 1.1945 0.8742

16/30 0.1907 0.5302 0.6986 1.0982 1.3679 1.0967

20/40 0.1738 0.4989 1.0396 1.2719 1.5387 1.9912

30/50 0.1756 0.3886 1.2743 1.8550 1.9713 1.7003

40/70 0.2933 0.6531 1.4071 3.0552 4.4433 3.7934

70/140 0.2162 0.4616 0.7715 2.1233 2.6754 2.9261

Mesh Size
Time Correction Factor 

2000 4000 6000 8000 10000 12000

12/20 -1642 -677 -202 -54 14 0

16/30 -892 -360 -149 26 24 0

20/40 -498 -217 11 50 0 0

30/50 -252 -147 47 99 38 0

40/70 -71 -29 26 98 56 0

70/140 -34 -17 -5 14 8 0

50 Hour Conductivity Variations Adjustment Factor
Mesh Size
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Conductivity,md − ft =  

{
 
 

 
 

(

16.056 +  3.919 ∗ Ln (Proppant Concentration,
lb

ft2
) 

− 0.1878 ∗ Ln(Time, hr) ∗ 𝟎. 𝟒𝟓𝟒𝟔 −  0.001376 ∗ Closure, psi

+4.93 ∗ Ln(Median Diameter,mm)

)

(
1

0.292644
)

}
 
 

 
 

 – 677                (4.4) 

 

As an example, the long-term baseline conductivity for a 12/20 white sand at 4000 psi 

closure stress using the developed equation (Eq. 4.4) with the independent variables values listed 

in Table 4.7 is calculated as follows: 

Table 4.7: Independent variables values used for long-term example. 

Independent Variable Value 

Proppant Concentration, lb/ft2 2.0 

Time, hr 43800 

Closure Stress, psi 4000 

Median Diameter, mm 1.0625 

 

Then, 

Conductivity = {(16.056 + 3.919 ∗ 𝑙𝑛(2.0) − [0.1878 ∗ ln(43800) ∗ 0.4546] − 0.001376 ∗

4000 + 4.93 ∗ ln (1.0625))(
1

0.292644
)} – 677 

Conductivity = 5165 md-ft 

The same method is used to develop the long-term conductivity equations for the remaining 

white sand mesh sizes (12/20, 16/30, 20/40, 30/50, 40/70 and 70/140) at different closure stress. 

Using the corresponding short-term natural log power or exponential equations available in 

Appendix A and Tables 4.5 and 4.6. 
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4.2 Brown Sand 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were also performed on the 

brown sand test points.  

4.2.1 Unusual Observations Assessment of Brown Sand 

After performing the unusual observations assessment on the pre-revised brown sand test 

points, 26.3% of the data was removed. Table 4.8 shows the number of removed data in each mesh 

size with the reason for removal. A comprehensive explanation of the reasons for removal was 

discussed in Chapter 3 (Section 3.3.1).  

Table 4.8: Unusual observations for brown sand  

 

Size
Number of Test 

Points Removed

8/16 0

10/20 111

16/30 50

20/40 114

30/70 16

40/70 29

Reasons for removing data

• Inaccurate data entry.

• Unavailable sieve analysis.

• Inaccurate data entry.

• Different conductivity procedure (core setup).

• Both closure stress and temperature were being increased 

simultaneously.

• Inaccurate data entry.

• Unavailable sieve analysis.

• Different conductivity procedure (core setup).

• Both closure stress and temperature were being increased 

simultaneously.

• Inaccurate data entry.

• Different conductivity procedure (core setup).

• Unavailable sieve analysis.

• Both closure stress and temperature were being increased 

simultaneously.

• Inaccurate data entry.

-
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4.2.2 Short-Term Equations Development for Brown Sand  

The revised data was then used to develop the short-term baseline conductivity equations 

for the brown sand six mesh sizes, 8/16, 10/20, 16/30, 20/40, 30/70, and 40/70. Table 4.9 gives the 

number of revised test points under each mesh size and the associated values of each independent 

variable (proppant concentration, time, closure stress, temperature, grain density and median 

diameter). These independent variable values are important in defining the implementation 

boundaries when applying the developed baseline conductivity equations, meaning for example a 

proppant concentration of 3.00 lb/ft2 can not be used with the developed correlations as it was 

established for proppant concentrations and 2.00 lb/ft2. 

Table 4.9: Baseline conductivity boundaries for brown sand 

 

 

Mesh Size Brands
Number of 

Tests Points

Proppant 

Concentration

, lb/ft2

Time, hr Closure Stress, psi Temperature, oF

Grain 

Density, 

g/cc

Median Diameter, 

mm

8/16 Hickory 60 2.00
0 - 10 - 20  30 

- 40 - 50

500 - 1000 - 2000- 

3000 4000 - 6000 
150 2.65 1.7721 - 1.7872

10/20 (32), 

12/20 (171)

 (12/20)

Hickory - Brady 203 1.00 - 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 - 50

500 - 1000 - 2000- 

3000 4000 - 6000 - 

8000 - 10000 - 

12000

125 - 150 2.65

1.1715 - 1.1730 - 

1.1786 - 1.1828 - 

1.2159 - 1.3693

16/30 Hickory - Brady 278 1.00 - 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 - 50

500 - 1000 - 2000- 

3000 4000 - 6000 - 

8000 - 10000 - 

12000

125 - 150 2.65

0.8110 - 0.8129 - 

0.8158 - 0.8257 - 

0.8436 - 0.8700 - 

0.8760 - 0.8892

20/40 Hickory - Brady 213 1.00 - 2.00
0 - 10 - 20  30 

- 40 - 50

500 - 1000 - 2000- 

3000 4000 - 6000 - 

8000 - 10000

125 - 150 2.65

0.5583 - 0.5946 - 

0.5976 - 0.5983 - 

0.6068 - 0.6911

30/50 (45), 

30/70 (185)

 (30/70)

Brady 230 1.00 - 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 - 50

2000- 4000 - 6000 - 

8000 - 10000 - 

12000

150 2.65
0.3539 - 0.3912 - 

0.4446

40/70 Brady 235 1.00 - 2.00
0 - 5 - 10 - 15 - 

20 - 25 

2000- 4000 - 6000 - 

8000 - 10000 - 

12000

150 2.65 0.3164
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Using the baseline conductivity boundaries for brown sand shown in Table 4.9, the three 

methods of short-term equations (power, exponential, and natural log with power or exponential) 

were developed using MINITAB’s multiple regression analysis. Then, the results of the performed 

analysis were also evaluated as described in Sections 4.1.2. The power, exponential, and natural 

log with power or exponential multiple regression results and baseline short-term conductivity 

equations for all brown sand mesh sizes (8/16, 10/20, 16/30, 20/40, 30/70, and 40/70) are available 

in Appendix B. 

4.2.3 Long-Term Equations Development for Brown Sand  

The natural log with power or exponential short-term baseline conductivity equations were 

used in conjunction with the 5-year conductivity decline rate (Table 4.10) to determine the time 

correction factor (TCF) (Table 4.11), which is then used in the long-term baseline conductivity 

equations development. In addition to the TCF, the 50 hour Variation Adjustment Factor (VAF) 

(Table 4.12) was used to develop the long-term baseline conductivity for the brown sand six mesh 

sizes 8/16, 10/20, 16/30, 20/40, 30/70, and 40/70. 

Table 4.10: Brown sand 5-year conductivity reduction percentage based on mesh size and stress  

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant type 

2000 4000 6000 8000 10000 12000

8/16 6.1% 14.7% 27.9% 64.4% 85.1% 98.4%

10/20 4.7% 34.3% 41.8% 60.9% 75.9% 98.4%

16/30 4.4% 17.7% 35.9% 65.7% 93.6% 98.4%

20/40 5.0% 16.4% 29.3% 60.5% 85.1% 98.4%

30/70 8.1% 14.3% 41.1% 64.4% 86.7% 98.4%

40/70 7.8% 17.3% 31.3% 70.4% 84.2% 92.4%

Conductivity Reduction % from 50 hrs. to 5 Years
Mesh Size
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Table 4.11: Brown sand time correction factors based on mesh size and stress  

 

 

Table 4.12: Brown sand 50 hour Variation Adjustment Factor VAF 

 

/size and closure stress. The method for combining these values was discussed in Section 4.1.3. 

The same method is used to develop the long-term conductivity equations for all brown 

sand mesh sizes (8/16, 10/20, 16/30, 20/40, 30/70, and 40/70) at different closure stress. Using the 

corresponding short-term natural log power or exponential equations available in Appendix B and 

Tables 4.11 and 4.12. 

 

 

 

  

2000 4000 6000 8000 10000 12000

8/16 0.0985 0.2759 0.6686 1.9298 3.4187 7.5210

10/20 0.0530 0.6973 1.3272 1.8253 2.8804 9.9810

16/30 0.0761 0.3493 0.9464 1.8339 4.1368 6.0384

20/40 0.1437 0.4840 0.9434 2.6461 3.0115 5.1141

30/70 0.1797 0.3080 1.1437 2.2478 2.4514 3.7933

40/70 0.1912 0.4018 0.7152 2.2481 1.9375 2.0569

Time Correction Factor
Mesh Size

2000 4000 6000 8000 10000 12000

8/16 -6811 -1129 -111 0 0 0

10/20 -5800 -489 167 0 0 0

16/30 -2183 -659 -22 0 0 0

20/40 -640 -216 -12 91 0 0

30/70 -297 -155 15 41 0 0

40/70 -137 -72 -23 32 0 0

50 Hour Conductivity Variations Adjustment Factor
Mesh Size
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CHAPTER 5 - CERAMIC CONDUCTIVITY CORRELATIONS 

In this chapter the development of the ceramic baseline conductivity equations are 

discussed. As described in Chapter 3 (Section 3.3.1), the first step of the analysis methodology, 

unusual observations assessment, was performed on all ceramic proppant conductivity tests. Table 

5.1 is a summary of the revised tests categorized by proppant and proppant type. From the table, 

ceramic proppants represent 41.32% of the total available tests, where 37.44% is Lightweight 

ceramic (LWC), 33.65% is Intermediate Density Proppant (IDP), and High Strength Proppant 

(HSP).  

Table 5.1: Number of revised conductivity test points available for initial analysis 

 

5.1 Lightweight ceramic (LWC) 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were performed on the LWC test 

points.  
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5.1.1 Unusual Observations Assessment of LWC 

After performing the unusual observations assessment on the pre-revised LWC test points, 

18.2% of the data was removed. Table 5.2 shows the number of removed data in each mesh size 

with the reason for removal. A comprehensive explanation of the reasons for removal is discussed 

in Chapter 3 (Section 3.3.1).  

Table 5.2: Unusual observations for LWC  

 

5.1.2 Short-Term Equations Development for LWC  

The revised data was then used to develop the short-term baseline conductivity equations 

for the LWC seven mesh sizes, 6/10, 8/12, 12/20, 16/30, 20/40, 30/50, and 40/80. Table 5.3 gives 

the number of revised test points under each mesh size and the associated values of each 

independent variable (proppant concentration, time, closure stress, temperature, grain density and 
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median diameter). These independent variable values are important in defining the implementation 

boundaries when applying the developed baseline conductivity equations, meaning for example a 

proppant concentration of 3.00 lb/ft2 can not be used with the developed correlations as it was 

established for proppant concentrations of 1.00 and 2.00 lb/ft2. 

Table 5.3: Baseline conductivity boundaries for LWC  
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Using the baseline conductivity boundaries for LWC shown in Table 5.3, the three methods 

of short-term equations (power, exponential, and natural log with power or exponential) were 

developed using MINITAB’s multiple regression analysis as described in Chapter 3 (Section 

3.3.2.2). 

5.1.2.1 Baseline Conductivity Power Equations for LWC 

A different power equation was developed for each mesh size with the predefined baseline 

conductivity boundaries. As described in Chapter 3 (Section 3.3.2.2), after running the regression 

analysis on the revised data using MINITAB’s power fit regression model option, the results of 

the performed analysis were evaluated. 

 Figure 5.1 is a snapshot of the session window showing the multiple regression results for 

20/40 LWC. As described in Chapter 3 (Section 3.3.2.3), five sections are assessed to confirm the 

validity of the equation.  

First, the p-values for the F-test (Box 1) were checked to confirm that they are below 5.0%, 

which confirms that there is a significant relationship between the dependent variable and the 

independent variables. Second, the p-values for the t-test (Box 2) were checked to confirm that 

they are below 5.0%, which confirms the significance of each of the independent variables in the 

model. 

 Third, the VIF values (Box 3) were checked to confirm that they are less than 5.0, which 

shows that multicollinearity is not a problem for the used independent variables in the equation. 

Fourth, the R2 adj value (Box 4) was checked to confirm that it is above 90.0%, which indicates a 

strong relationship between the predicted and actual values.  
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Finally, the baseline conductivity equation coefficients (Box 5) were assessed to confirm 

that the developed equation correlations match the expected relations between conductivity and 

the independent variables. This means, that the sign (+/-) in front of the coefficients of the 

independent variables represents the expected association seen in observed conductivity tests.  

 

 

 

 

 

 

 

 

 

Figure 5.1: Snapshot of the power multiple regression results for 20/40 LWC. 

After evaluating the regression analysis results and confirming their validity, the baseline 

conductivity power equation for 20/40 LWC (Eq. 5.1) was established to be; 

              Conductivity,md − ft =  

(

 
 

7.654 +  1.4476 ∗ Proppant Concentration,
lb

ft2
 

− 0.006548 ∗ Time, hr −  0.000508 ∗ Closure, psi

−0.001598 ∗ Temp, °F − 1.519 ∗ Grain Density,
g

cc

+10.466 ∗ Median Diameter,mm )

 
 

(
1

0.278078
)

   (5.1) 

 

1 

2 4 3 

5 
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5.1.2.2 Baseline Conductivity Exponential Equations for LWC 

A different exponential equation was developed for each mesh size with the predefined 

baseline conductivity boundaries. As described in Chapter 3 (Section 3.3.2.3), after running the 

regression analysis on the revised data using MINITAB’s exponential fit regression model option, 

the results of the performed analysis were evaluated by looking into the five sections of the 

multiple regression results, which are F-test, t-test, VIF, R2, and equation coefficients. 

As an example, After evaluating the regression analysis results from Figure C.1.b – 

Appendix C, the baseline conductivity equation for 20/40 LWC (Eq. 5.2) was established to be; 

                            Conductivity,md − ft =  𝑒(

 
 

7.287 + 0.5886∗Proppant Concentration,
lb

ft2
 

− 0.002477∗Time,hr − 0.000199∗Closure,psi

−0.000211∗Temp,°F−0.5763∗Grain Density,
g

cc

+3.831∗Median Diameter,mm )

 
 

        (5.2) 

5.1.2.3 Baseline Conductivity Natural Log with Power or Exponential Equations for LWC 

A different natural log with power or exponential equation was developed for each mesh 

size with the predefined baseline conductivity boundaries. As described in Chapter 3 (Section 

3.3.2.3), after running the regression analysis on the revised data using MINITAB’s power or 

exponential fit regression model option with the natural log values for all the independent variables 

expect for the closure stress, the results of the performed analysis are evaluated by looking into 

the five sections of the multiple regression results, which are F-test, t-test, VIF, R2, and equation 

coefficients. 

As an example, after evaluating the regression analysis results from Figure C.1.c – 

Appendix C, the baseline conductivity equation for 20/40 LWC (Eq. 5.3) was established to be; 
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Conductivity,md − ft =  

(

  
 

20.698 +  2.0453 ∗ Ln (Proppant Concentration,
lb

ft2
) 

− 0.08833 ∗ Ln(Time, hr)  −  0.000504 ∗ Closure, psi

−0.405 ∗ Ln(Temp, °F) − 3.981 ∗ Ln (Grain Density,
g

cc
)

+7.148 ∗ Ln(Median Diameter,mm) )

  
 

(
1

0.277407
)

         (5.3) 

The power, exponential, and natural log with power or exponential multiple regression 

results and baseline short-term conductivity equations for the remaining LWC mesh sizes (6/10, 

8/12, 12/20, 16/30, 20/40, 30/50, and 40/80) are available in Appendix C. 

5.1.3 Long-Term Equations Development for LWC 

As describe in Chapter 3 (Section 3.3.3), the natural log with power or exponential short-

term baseline conductivity equations were used in conjunction with the 5-year conductivity decline 

rate (Table 5.4) to determine the time correction factor (TCF) (Table 5.5), which is then used in 

the long-term baseline conductivity equations development. In addition to the TCF, the 50 hour 

Variation Adjustment Factor (VAF) (Table 5.6) is used to develop the long-term baseline 

conductivity for the LWC seven mesh sizes, 6/10, 8/12, 12/20, 16/30, 20/40, 30/50, and 40/80. 

Table 5.4: LWC 5-year conductivity reduction percentage based on mesh size and stress  

 

Table 5.5: LWC time correction factors based on mesh size and stress  

 

2000 4000 6000 8000 10000 12000 14000

6/10 0.1855 0.3593 0.7257 1.2130 1.8065 3.6588 2.3424

8/12 0.0943 0.2523 0.6660 1.4305 2.8811 5.1681 7.6196

12/20 0.1702 0.3098 0.5979 0.8254 1.1252 1.3140 2.0230

16/30 0.2287 0.4449 0.7084 1.0172 0.9473 0.9645 0.9367

20/40 0.3343 0.5641 0.8918 1.2419 1.4448 2.0273 2.6766

30/50 0.3196 0.6109 1.0289 1.6654 2.1248 2.7673 3.5206

40/80 0.3302 0.4641 0.9099 1.0984 1.3741 1.6436 2.7016

Time Correction Factor 
Mesh Size
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Table 5.6: LWC 50 hour Variation Adjustment Factor (VAF) 

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant type 

/size and closure stress. The following example illustrates how a long-term conductivity equation 

is developed for LWC 20/40 at 4000 psi closure stress. 

For this proppant type and mesh size equation, the long-term conductivity is developed 

(Eq. 5.4) by using the LWC 20/40 short-term natural log with power equation (Eq. 5.3), the TCF 

value for LWC 20/40 at a 4000 psi closure stress, which is 0.5641 (Table 5.5), and the VAF for 

LWC 20/40 at a 4000 psi closure stress, which is - 276 (Table 5.6).  

    Conductivity,md − ft =  

{
  
 

  
 

(

  
 

20.698 +  2.0453 ∗ Ln (Proppant Concentration,
lb

ft2
) 

− 0.08833 ∗ Ln(Time, hr) ∗ 𝟎. 𝟓𝟔𝟒𝟏 −  0.000504 ∗ Closure, psi

−0.405 ∗ Ln(Temp, °F) − 3.981 ∗ Ln (Grain Density,
g

cc
)

+7.148 ∗ Ln(Median Diameter,mm) )

  
 

(
1

0.277407
)

}
  
 

  
 

 – 276        (5.4) 

As an example, the long-term baseline conductivity for a 20/40 LWC at 4000 psi closure 

stress using the developed equation (Eq. 5.4) with the independent variables values listed in Table 

5.7 is calculated as follows: 

 

2000 4000 6000 8000 10000 12000 14000

6/10 -19066 -5692 -904 261 365 386 0

8/12 -31559 -5661 -724 321 543 412 190

12/20 -4175 -2235 -798 -203 81 107 116

16/30 -1679 -942 -370 14 -31 -12 -11

20/40 -535 -276 -52 87 116 180 136

30/50 -210 -100 5 111 147 172 131

40/80 -107 -72 -10 9 26 34 53

50 Hour Conductivity Variations Adjustment Factor 
Mesh Size
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Table 5.7: Independent variables values used for long-term example. 

Independent Variable Value 

Proppant Concentration, lb/ft2 2.0 

Time, hr 43800 

Closure Stress, psi 4000 

Grain Density, g/cc 
2.79 

Temperature, oF 
250 

Median Diameter, mm 0.7005 

 

Then, 

Conductivity = {(20.698 + 2.0453 ∗ 𝑙𝑛(2.0) − [0.08833 ∗ ln(43800) ∗ 0.5641] − 0.00504 ∗

4000 − 0.405 ∗ 𝑙𝑛(250) − 3.981 ∗ 𝑙𝑛(2.79) + 7.148 ∗ ln (0.7705))(
1

0.277407
)} – 276 

Conductivity = 4863 md-ft 

The same method is used to develop the long-term conductivity equations for the remaining 

LWC mesh sizes (6/10, 8/12, 12/20, 16/30, 20/40, 30/50, and 40/80) at different closure stress. 

Using the corresponding short-term natural log power or exponential equations available in 

Appendix C and Tables 5.5 and 5.6. 

5.2 Intermediate Density Proppant (IDP) 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were also performed on the IDP 

test points.  
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5.2.1 Unusual Observations Assessment of IDP 

After performing the unusual observations assessment on the pre-revised IDP test points, 

19.0% of the data was removed. Table 5.8 shows the number of removed data in each mesh size 

with the reason for removal. A comprehensive explanation of the reasons for removal was 

discussed in Chapter 3 (Section 3.3.1).  

Table 5.8: Unusual observations for IDP 

 

 

5.2.2 Short-Term Equations Development for IDP 

The revised data was then used to develop the short-term baseline conductivity equations 

for the IDP seven mesh sizes, 6/10, 8/12, 12/20, 16/30, 20/40, 30/50, and 40/80. Table 5.9 gives 

the number of revised test points under each mesh size and the associated values of each 

independent variable (proppant concentration, time, closure stress, temperature, grain density and 

median diameter). These independent variable values are important in defining the implementation 
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boundaries when applying the developed baseline conductivity equations, meaning for example a 

proppant concentration of 3.00 lb/ft2 can not be used with the developed correlations as it was 

established for proppant concentrations of 1.00 and 2.00 lb/ft2. 

Table 5.9: Baseline conductivity boundaries for IDP 

 

 

Using the baseline conductivity boundaries for IDP shown in Table 5.9, the three methods 

of short-term equations (power, exponential, and natural log with power or exponential) were 

developed using MINITAB’s multiple regression analysis. Then, the results of the performed 
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analysis were also evaluated as described in Section 5.1.2. The power, exponential, and natural log 

with power or exponential multiple regression results and baseline short-term conductivity 

equations for all IDP mesh sizes (6/10, 8/12, 12/20, 16/30, 20/40, 30/50, and 40/80) are available 

in Appendix D. 

5.2.3 Long-Term Equations Development for IDP 

The natural log with power or exponential short-term baseline conductivity equations were 

used in conjunction with the 5-year conductivity decline rate (Table 5.10) to determine the time 

correction factor (TCF) (Table 5.11), which is then used in the long-term baseline conductivity 

equations development. In addition to the TCF, the 50 hour Variation Adjustment Factor (VAF) 

(Table 5.12) was used to develop the long-term baseline conductivity for the IDP seven mesh sizes 

6/10, 8/12, 12/20, 16/30, 20/40, 30/50, and 40/80 

Table 5.10: IDP 5-year conductivity reduction percentage based on mesh size and stress  

 

Table 5.11: IDP time correction factors based on mesh size and stress  

 

 

2000 4000 6000 8000 10000 12000 14000

6/10 4.2% 10.2% 14.8% 21.5% 29.3% 35.3% 41.8%

8/12 6.0% 11.2% 14.8% 21.5% 29.3% 35.3% 41.8%

12/20 4.8% 11.0% 15.7% 20.8% 26.3% 35.4% 43.0%

16/30 6.2% 9.0% 13.4% 23.1% 28.1% 34.1% 43.8%

20/40 5.3% 10.5% 14.7% 21.9% 29.1% 34.7% 41.3%

30/50 6.9% 14.6% 14.7% 20.3% 31.9% 35.6% 40.5%

40/80 6.8% 10.9% 15.5% 21.6% 31.1% 36.5% 40.2%

Conductivity Reduction % from 50 hrs. to 5 years
Mesh Size

2000 4000 6000 8000 10000 12000 14000

6/10 0.1400 0.2913 0.3435 0.3822 0.3467 0.1908 -

8/12 0.3646 0.5298 0.4977 0.4275 0.1732 - -

12/20 0.1352 0.3065 0.4281 0.5572 0.6962 0.9885 1.2852

16/30 0.2428 0.3250 0.4471 0.7403 0.8169 0.8904 1.0541

20/40 0.2354 0.4558 0.6181 0.9119 1.2118 1.4321 1.7553

30/50 0.4187 0.6275 0.7516 0.9446 1.3949 1.3485 1.2965

40/80 0.4050 0.6368 0.8963 1.2525 1.9369 2.3599 2.6563

Time Correction Factor 
Mesh Size
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Table 5.12: IDP 50 hour Variation Adjustment Factor VAF 

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant type 

/size and closure stress. The method for combining these values was discussed in Section 5.1.3. 

The same method is used to develop the long-term conductivity equations for all IDP mesh 

sizes (6/10, 8/12, 12/20, 16/30, 20/40, 30/50, and 40/80) at different closure stress. Using the 

corresponding short-term natural log power or exponential equations available in Appendix D and 

Tables 5.11 and 5.12. 

5.3 High Strength Proppant (HSP) 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were also performed on the HSP 

test points.  

5.3.1 Unusual Observations Assessment of HSP 

After performing the unusual observations assessment on the pre-revised HSP test points, 

19.4% of the data was removed. Table 5.13 shows the number of removed data in each mesh size 

with the reason for removal. A comprehensive explanation of the reasons for removal was 

discussed in Chapter 3 (Section 3.3.1).  

2000 4000 6000 8000 10000 12000 14000

6/10 -27639 -15690 -9331 -5038 -2537 -1034 0

8/12 -4127 -2903 -2906 -3015 -3620 0 0

12/20 -4986 -2688 -1463 -728 -311 -6 99

16/30 -1571 -1114 -708 -246 -126 -52 17

20/40 -690 -390 -217 -38 68 103 129

30/50 -170 -98 -58 -11 71 53 37

40/80 -84 -42 -10 19 57 65 61

50 Hour Conductivity Variations Adjustment Factor 
Mesh Size
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Table 5.13: Unusual observations for HSP 

 

5.3.2 Short-Term Equations Development for HSP 

The revised data was then used to develop the short-term baseline conductivity equations 

for the HSP six mesh sizes, 6/12, 12/20, 16/30, 20/40, 30/60, and 40/80. Table 5.14 gives the 

number of revised test points under each mesh size and the associated values of each independent 

variable (proppant concentration, time, closure stress, temperature, grain density and median 

diameter). These independent variable values are important in defining the implementation 

boundaries when applying the developed baseline conductivity equations, meaning for example a 

proppant concentration of 3.00 lb/ft2 can not be used with the developed correlations as it was 

established for proppant concentrations of 1.00 and 2.00 lb/ft2. 

Using the baseline conductivity boundaries for HSP shown in Table 5.14, the three 

methods of short-term equations (power, exponential, and natural log with power or exponential) 

were developed using MINITAB’s multiple regression analysis. Then, the results of the 

Size
Number of Test Points 

Removed
6/12 0

12/20 0

16/30 250

20/40 78

30/60 30

40/80 0

Reasons for removing data

-

• Unavailable sieve analysis.

• Unavailable sieve analysis.

• High absolute average error % (Sintered Bauxite - more than 

70%).

• Unavailable sieve analysis.

• High absolute average error % (CARBOHSP 2000- more than 

150%).

-

-
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performed analysis were also evaluated as described in Sections 5.1.2. The power, exponential, 

and natural 

Table 5.14: Baseline conductivity boundaries for HSP 

 

 

log with power or exponential multiple regression results and baseline short-term conductivity 

equations for all HSP mesh sizes (6/12, 12/20, 16/30, 20/40, 30/60, and 40/80) are available in 

Appendix E. 

5.3.3 Long-Term Equations Development for HSP 

The natural log with power or exponential short-term baseline conductivity equations were 

used in conjunction with the 5-year conductivity decline rate (Table 5.15) to determine the time 

correction factor (TCF) (Table 5.16), which is then used in the long-term baseline conductivity 

Mesh Size Brands

Number 

of Tests 

Points

Proppant 

Concentration

, lb/ft2

Time, hr Closure Stress, psi
Temperature

, oF

Grain 

Density, 

g/cc

Median 

Diameter, mm

6/12 Sintered Bauxite 54 2.00
0 - 10 - 20  30 - 

40 - 50

1000 - 2000 - 4000 - 

6000 - 8000 - 12000 - 

16000 - 20000

150 -300 3.56 2.616

12/18 (30), 

14/20 (24) 

(12/20)

SinterBall 

CarboHSP 2000
54 2.00

0 - 10 - 20  30 - 

40 - 50

6000 - 8000 - 10000 - 

12000 - 14000
250 - 300 3.50 1.2060 - 1.3026

16/20 (188), 

16/30 (522) 

(16/30)

Sintered Bauxite 

 UltraProp Plus

CarboHSP

CarboProp HSP

 Sintered Bauxite

CarboHSP 2000

710 1.00 - 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 - 50

2000- 4000 - 6000 - 

8000 - 10000 - 

12000 - 14000

250 - 300 - 

325 - 350

3.49 - 3.53 - 

3.54 - 3.56 - 

3.6

0.8696 - 0.8868 - 

0.8888 - 0.9307 - 

0.9319 - 0.9463 - 

0.9463 - 0.9463 - 

0.9485 - 0.9542 - 

0.9600 - 0.9730 - 

1.0603

18/40 (126), 

20/40 (571)

 (20/40)

UltraProp 

 CarboProp HSP

Sinterball Bauxite

CarboHSP 2000

Bauxite  

Sintered Bauxite

697 1.00 - 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 - 50

2000- 4000 - 6000 - 

8000 - 10000 - 

12000 - 14000 -

16000 - 18000 - 

20000

250 - 300 - 

350

3.50 - 3.54 - 

3.56 - 3.60 - 

3.62

0.6365 - 0.6588 - 

0.6659 - 0.6660 - 

0.6686 - 0.6757 - 

0.6758 - 0.6841 - 

0.7030 - 0.7079 - 

0.7211 - 0.7604

30/50 (218), 

30/60 (30) 

(30/60)

CarboHSP 2000

 Sinterball Bauxite

 Sintered Bauxite

248 2.00
0 - 10 - 20  30 - 

40 - 50

2000- 4000 - 6000 - 

8000 - 10000 - 

12000 - 14000 -

16000 - 18000 - 

20000

250 - 300
3.56 - 3.61 - 

3.62 - 3.67

0.4684 - 0.4747 - 

0.5009 - 0.5054

40/80 Sintered Bauxite 84 2.00
0 - 10 - 20  30 - 

40 - 50

2000- 4000 - 6000 - 

8000 - 10000 - 

12000 - 14000 

250 3.40 0.3163
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equations development. In addition to the TCF, the 50 hour Variation Adjustment Factor (VAF) 

(Table 5.17) was used to develop the long-term baseline conductivity for the HSP six mesh sizes 

6/12, 12/20, 16/30, 20/40, 30/60, and 40/80. 

Table 5.15: HSP 5-year conductivity reduction percentage based on mesh size and stress  

 

Table 5.16: HSP time correction factors based on mesh size and stress  

 

 

Table 5.17: HSP 50 hour Variation Adjustment Factor VAF 

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant type 

/size and closure stress. The method for combining these values was discussed in Section 5.1.3. 

2000 4000 6000 8000 10000 12000 14000 16000 18000

6/12 8.5% 10.9% 13.3% 17.2% 22.3% 26.5% 32.9% 42.90% 55.6%

12/20 8.5% 10.9% 13.9% 17.2% 22.0% 24.4% 32.0% 44.9% 55.6%

16/30 6.2% 10.4% 11.3% 17.9% 20.5% 27.0% 33.1% 44.9% 55.6%

20/40 7.7% 8.1% 12.7% 16.3% 19.4% 24.5% 33.4% 50.8% 55.6%

30/60 12.1% 12.8% 15.0% 18.5% 26.9% 31.7% 34.5% 41.0% 55.6%

40/80 8.1% 12.2% 13.8% 17.6% 22.5% 28.7% 31.5% 44.9% 55.6%

Mesh Size
Conductivity Reduction % from 50 hrs. to 5 years

2000 4000 6000 8000 10000 12000 14000 16000 18000

6/12 0.1671 0.2182 0.2746 0.3697 0.5101 0.6459 0.8988 1.5934 2.0711

12/20 0.1465 0.1911 0.2518 0.3230 0.4379 0.5015 0.7419 1.5382 2.2783

16/30 0.2676 0.4150 0.4037 0.5883 0.5924 0.6895 0.7202 0.8362 0.8008

20/40 0.4622 0.4402 0.6313 0.7278 0.7619 0.8363 0.9865 1.3684 1.0676

30/60 0.7170 0.7095 0.7810 0.9096 1.2924 1.4447 1.4454 1.6442 2.8068

40/80 0.6361 0.8806 0.8974 1.0232 1.1605 1.2934 1.1795 1.4207 1.3601

Mesh Size
Time Correction Factor 

2000 4000 6000 8000 10000 12000 14000 16000 18000

6/12 -23057 -13250 -7521 -3977 -1870 -818 -138 463 272

12/20 -12396 -6967 -3812 -2038 -993 -521 -155 174 156

16/30 -1217 -843 -743 -430 -352 -214 -149 -63 -52

20/40 -335 -317 -187 -122 -93 -54 -3 78 11

30/60 -75 -70 -47 -17 49 64 55 67 134

40/80 -29 -9 -7 1 10 17 9 19 14

Mesh Size
50 Hour Conductivity Variations Adjustment Factor 
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The same method is used to develop the long-term conductivity equations for all HSP mesh 

sizes (6/12, 12/20, 16/30, 20/40, 30/60, and 40/80) at different closure stress. Using the 

corresponding short-term natural log power or exponential equations available in Appendix E and 

Tables 5.16 and 5.17.  
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CHAPTER 6 - RESIN COATED SAND CONDUCTIVITY CORRELATIONS 

In this chapter the development of the Resin Coated Sand (RCS) baseline conductivity 

equations are discussed. As described in Chapter 3 (Section 3.3.1), the first step of the analysis 

methodology, unusual observations assessment, was performed on all RCS proppant conductivity 

tests. Table 6.1 is a summary of the revised tests categorized by proppant and proppant type. From 

the table, RCS proppants represent 25.64% of the total available tests, where 44.11% is RCS-

curable (CR) and 55.89% is RCS-precured (PR).  

Table 6.1: Number of revised conductivity test points available for initial analysis 

 

6.1 RCS-CR 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were performed on the RCS-CR 

test points.  

Proppant Type Number of Test Points 
Percent by 

type

Total by 

proppant

Percent by 

proppant

White 2804 69.70%

Brown 1219 30.30%

LWC 2391 37.44%

IDP 2149 33.65%

HSP 1847 28.92%

CR 1748 44.11%

PR 2215 55.89%

LWC 775 71.56%

IDP 140 12.93%

HSP 168 15.51%

15,456 100.0%Total

Sand

Ceramic 

RCS

RCC

26.03%

41.32%

25.64%

7.01%

4023

6387

3963

1083
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6.1.1 Unusual Observations Assessment of RCS-CR 

After performing the unusual observations assessment on the pre-revised RCS-CR test 

points, 24.4% of the data was removed. Table 6.2 shows the number of removed data in each mesh 

size with the reason for removal. A comprehensive explanation of the reasons for removal is 

discussed in Chapter 3 (Section 3.3.1).  

Table 6.2: Unusual observations for RCS-CR 

 

6.1.2 Short-Term Equations Development for RCS-CR 

The revised data was then used to develop the short-term baseline conductivity equations 

for the RCS-CR five mesh sizes, 12/20, 16/30, 20/40, 30/50, 40/70. Table 6.3 gives the number of 

revised test points under each mesh size and the associated values of each independent variable 

(proppant concentration, time, closure stress, temperature, grain density and median diameter). 

These independent variable values are important in defining the implementation boundaries when 

applying the developed baseline conductivity equations, meaning for example a proppant 

concentration of 3.00 lb/ft2 can not be used with the developed correlations as it was established 

for proppant concentrations of 1.00 and 2.00 lb/ft2. 

Size
Number of Test 

Points Removed
12/20 25

16/30 50

96

223

30/50 13

40/70 20

• High absolute average error % (Any brand more than 35%).

20/40

• Unavailable sieve analysis.

• Different conductivity procedure (intentional tight proppant pack).

Reasons for removing data

• High absolute average error % (Prime Plus - more than 35%).

• High absolute average error % (Atlas CRC-C - more than 35%).

• High absolute average error % (Any brand more than 35%).
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Table 6.3: Baseline conductivity boundaries for RCS-CR  

 

Using the baseline conductivity boundaries for RCS-CR shown in Table 6.3, the three 

methods of short-term equations (power, exponential, and natural log with power or exponential) 

were developed using MINITAB’s multiple regression analysis as described in Chapter 3 (Section 

3.3.2.2). 

Mesh Size Brands

Number 

of Tests 

Points

Proppant 

Concentration

, lb/ft2

Time, hr Closure Stress, psi
Temperature, 

o
F

Grain 

Density, 

g/cc

Median 

Diameter, mm

12/20

AcFrac CR 4000 

Acfrac CR

AcFrac SB Ultra 

6000

108 1.00 - 2.00
0 - 10 - 20  

30 - 40 - 50

2000- 4000 - 6000 - 

8000 
175 - 250 - 275

2.1 - 2.54 - 

2.56

1.0233 - 1.1159 - 

1.2807

16/30

Atlas CRC-C 

Acfrac CR

AcFrac SB Ultra

Super DC

AcFrac CR 4000

 AcFrac SB Ultra 

6000W

228 1.00 - 2.00
0 - 10 - 20  

30 - 40 - 50

2000- 4000 - 6000 - 

8000 - 10000 - 

12000 - 14000

175 - 250 - 275 - 

300

2.1 - 2.55 - 

2.56 - 2.57 - 

2.58

0.7769 - 0.8158 - 

0.8165 - 0.8230 - 

0.8567 - 0.8822

20/40

Temp HS 

OptiProp 

AcFrac LTC

AcFrac SB-C

AcFrac CR 

AcFrac SB Ultra 

 AcFrac SB Excel 

AcFrac SB Prime

AcFrac CR 4000

AcFrac CR 5000

AcFrac CR 5000X 

AcFrac SB Ultra 

6000

Super LC

 Super TF

 Super DC 

Atlas CRC 

Atlas CRC-C 

Atlas CRC-E

England (DC)     

1052 1.00 - 2.00

0 - 5 - 10 - 

15 - 20 - 25 -  

30 - 40 - 50

1000 - 2000 - 3000 

- 4000 - 5000 - 

6000 - 8000 - 

10000 - 12000 

150 - 175 - 200 - 

250 - 275 - 300 - 

350

2.09 - 2.52 - 

2.54 - 2.55 - 

2.56 - 2.57 - 

2.58 - 2.59 - 

2.61 - 2.65

0.5428 - 0.5477 - 

0.5508 - 0.5584 - 

0.5629 - 0.6103 - 

0.6154 - 0.6210 - 

0.6402 - 0.6645 - 

0.6454 - 0.6645 - 

0.6728 - 0.6811 - 

0.6814 - 0.6847 - 

0.6870 - 0.6945 - 

0.7034 - 0.7085 - 

0.7087 - 0.7093 - 

0.7094 - 0.7100 - 

0.7134 - 0.7145 - 

0.7152 - 0.7155 - 

0.7260 - 0.7316 - 

0.7329

30/50

AcFrac LTC 

Atlas CRC-E

Atlas CRC-C

132 2.00
0 - 10 - 20  

30 - 40 - 50

2000 - 4000 - 6000 

- 8000 - 10000 - 

12000 - 140000

150 - 250 2.54 - 2.55
0.4436 - 0.4685 - 

0.4716 - 0.5093

40/70

Atlas CRC-C 

Prime Plus

Atlas CRC-E

228 2.00
0 - 10 - 20  

30 - 40 - 50

2000- 4000 - 6000 - 

8000 - 10000 - 

12000 - 14000

250
2.49 - 2.55 - 

2.58

0.3039 - 0.3184 - 

0.3252 - 0.3255 - 

0.3283 - 0.3524 - 

0.3665
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6.1.2.1 Baseline Conductivity Power Equations for RCS-CR 

A different power equation was developed for each mesh size with the predefined baseline 

conductivity boundaries. As described in Chapter 3 (Section 3.3.2.2), after running the regression 

analysis on the revised data using MINITAB’s power fit regression model option, the results of 

the performed analysis were evaluated. 

 Figure 6.1 is a snapshot of the session window showing the multiple regression results for 

20/40 RCS-CR. As described in Chapter 3 (Section 3.3.2.3), five sections are assessed to confirm 

the validity of the equation.  

First, the p-values for the F-test (Box 1) were checked to confirm that they are below 5.0%, 

which confirms that there is a significant relationship between the dependent variable and the 

independent variables. Second, the p-values for the t-test (Box 2) were checked to confirm that 

they are below 5.0%, which confirms the significance of each of the independent variables in the 

model. 

 Third, the VIF values (Box 3) were checked to confirm that they are less than 5.0, which 

shows that multicollinearity is not a problem for the used independent variables in the equation. 

Fourth, the R2 adj value (Box 4) was checked to confirm that it is above 90.0%, which indicates a 

strong relationship between the predicted and actual values.  

Finally, the baseline conductivity equation coefficients (Box 5) were assessed to confirm 

that the developed equation correlations match the expected relations between conductivity and 

the independent variables. This means, that the sign (+/-) in front of the coefficients of the 

independent variables represents the expected association seen in observed conductivity tests.  
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Figure 6.1: Snapshot of the power multiple regression results for 20/40 RCS-CR. 

After evaluating the regression analysis results and confirming their validity, the baseline 

conductivity power equation for 20/40 RCS-CR (Eq. 6.1) was established to be; 

         Conductivity,md − ft =  

(

 
 

12.52 +  20.453 ∗ Proppant Concentration,
lb

ft2
 

− 0.1810 ∗ Time, hr −  0.007427 ∗ Closure, psi

−0.07683 ∗ Temp, °F − 14.33 ∗ Grain Density,
g

cc

+79.97 ∗ Median Diameter,mm )

 
 

(
1

0.582319
)

            (6.1) 

6.1.2.2 Baseline Conductivity Exponential Equations for RCS-CR 

A different exponential equation was developed for each mesh size with the predefined 

baseline conductivity boundaries. As described in Chapter 3 (Section 3.3.2.3), after running the 

regression analysis on the revised data using MINITAB’s exponential fit regression model option, 

the results of the performed analysis were evaluated by looking into the five sections of the 

multiple regression results, which are F-test, t-test, VIF, R2, and equation coefficients. 

1 

2 4 3 

5 
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As an example, After evaluating the regression analysis results from Figure F.1.b – 

Appendix F, the baseline conductivity equation for 20/40 RCS-CR (Eq. 6.2) was established to 

be; 

                                Conductivity,md − ft =  𝑒(

 
 

6.082 + 0.6229∗Proppant Concentration,
lb

ft2
 

− 0.004323∗Time,hr − 0.000194∗Closure,psi

−0.002112∗Temp,°F−0.2831∗Grain Density,
g

cc

+1.606∗Median Diameter,mm )

 
 

                      (6.2) 

6.1.2.3 Baseline Conductivity Natural Log with Power or Exponential Equations for RCS-CR 

A different natural log with power or exponential equation was developed for each mesh 

size with the predefined baseline conductivity boundaries. As described in Chapter 3 (Section 

3.3.2.3), after running the regression analysis on the revised data using MINITAB’s power or 

exponential fit regression model option with the natural log values for all the independent variables 

expect for the closure stress, the results of the performed analysis are evaluated by looking into 

the five sections of the multiple regression results, which are F-test, t-test, VIF, R2, and equation 

coefficients. 

As an example, after evaluating the regression analysis results from Figure F.1.c – 

Appendix F, the baseline conductivity equation for 20/40 RCS-CR (Eq. 6.3) was established to be; 

   Conductivity,md − ft =  

(

  
 

194.2 +  30.0 ∗ Ln (Proppant Concentration,
lb

ft2
) 

− 2.320 ∗ Ln(Time, hr)  −  0.007591 ∗ Closure, psi

−17.85 ∗ Ln(Temp, °F) + 34.91 ∗ Ln (Grain Density,
g

cc
)

+51.15 ∗ Ln(Median Diameter,mm) )

  
 

(
1

0.584906
)

       (6.3) 

The power, exponential, and natural log with power or exponential multiple regression 

results and baseline short-term conductivity equations for the remaining RCS-CR mesh sizes 

(12/20, 16/30, 20/40, 30/50, 40/70) are available in Appendix F. 
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6.1.3 Long-Term Equations Development for RCS-CR 

As describe in Chapter 3 (Section 3.3.3), the natural log with power or exponential short-

term baseline conductivity equations were used in conjunction with the 5-year conductivity decline 

rate (Table 6.4) to determine the time correction factor (TCF) (Table 6.5), which is then used in 

the long-term baseline conductivity equations development. In addition to the TCF, the 50 hour 

Variation Adjustment Factor (VAF) (Table 6.6) is used to develop the long-term baseline 

conductivity for the RCS-CR five mesh sizes, 12/20, 16/30, 20/40, 30/50, 40/70. 

Table 6.4: RCS-CR 5-year conductivity reduction percentage based on mesh size and stress  

 

Table 6.5: RCS-CR time correction factors based on mesh size and stress  

 

Table 6.6: RCS-CR 50 hour Variation Adjustment Factor (VAF) 

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant type 

2000 4000 6000 8000 10000 12000 14000

12/20 6% 14% 27% 37% 47% 75% 88%

16/30 4% 13% 25% 39% 47% 75% 88%

20/40 5% 13% 26% 39% 47% 75% 88%

30/50 6% 14% 23% 40% 48% 75% 88%

40/70 6% 13% 26% 37% 46% 75% 88%

Mesh Size
Conductivity Reduction % from 50 hrs. to 5 years

2000 4000 6000 8000 10000 12000 14000

12/20 0.1374 0.2945 0.4574 0.4568 0.3154 0.1148 -

16/30 0.1289 0.3731 0.6885 1.0218 1.0974 1.4212 1.4655

20/40 0.2021 0.4241 0.7223 0.9314 0.8309 0.9894 0.3702

30/50 0.5356 0.9994 1.2173 1.3478 0.9219 0.4082 -

40/70 0.2497 0.5093 0.8275 0.9230 0.8226 0.8374 0.4791

Mesh Size
Time Correction Factor 

2000 4000 6000 8000 10000 12000 14000

12/20 -1580 -903 -446 -254 -145 -47 0

16/30 -650 -360 -132 6 19 0 0

20/40 -342 -220 -92 -19 -38 -2 -69

30/50 -38 0 22 41 -11 -134 0

40/70 -72 -44 -15 -6 -13 -10 0

Mesh Size
50 Hour Conductivity Variations Adjustment Factor 
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/size and closure stress. The following example illustrates how a long-term conductivity equation 

is developed for RCS-CR 20/40 at 4000 psi closure stress. 

For this proppant type and mesh size equation, the long-term conductivity is developed 

(Eq. 6.4) by using the RCS-CR 20/40 short-term natural log with power equation (Eq. 6.3), the 

TCF value for RCS-CR 20/40 at a 4000 psi closure stress, which is 0.4241 (Table 6.5), and the 

VAF for RCS-CR 12/20 at a 4000 psi closure stress, which is -220 (Table 6.6).  

       Conductivity,md − ft =  

{
  
 

  
 

(

  
 

194.2 +  30.03 ∗ Ln (Proppant Concentration,
lb

ft2
) 

− 2.320 ∗ Ln(Time, hr) ∗ 𝟎. 𝟒𝟐𝟒𝟏 −  0.007591 ∗ Closure, psi

−17.85 ∗ Ln(Temp, °F) + 34.91 ∗ Ln (Grain Density,
g

cc
)

+51.15 ∗ Ln(Median Diameter,mm) )

  
 

(
1

0.584906
)

}
  
 

  
 

 – 200          (6.4) 

 

As an example, the long-term baseline conductivity for a 20/40 RCS-CR at 4000 psi closure 

stress using the developed equation (Eq. 6.4) with the independent variables values listed in Table 

6.7 is calculated as follows: 

Table 6.7: Independent variables values used for long-term example. 

Independent Variable Value 

Proppant Concentration, lb/ft2 2.0 

Time, hr 43800 

Closure Stress, psi 4000 

Grain Density, g/cc 
2.53 

Temperature, oF 
250 

Median Diameter, mm 0.6692 
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Then, 

Conductivity = {(194.2 + 30.03 ∗ 𝑙𝑛(2.0) − [2.320 ∗ ln(43800) ∗ 0.4241] − 0.007591 ∗

4000 − 17.85 ∗ 𝑙𝑛(250) + 34.91 ∗ 𝑙𝑛(2.53) + 51.15 ∗ ln (0.6692))(
1

0.584906
)} 

Conductivity = 1866 md-ft 

The same method is used to develop the long-term conductivity equations for the remaining 

RCS-CR mesh sizes (12/20, 16/30, 20/40, 30/50, 40/70) at different closure stress. Using the 

corresponding short-term natural log power or exponential equations available in Appendix F and 

Tables 6.5 and 6.6. 

6.2 RCS-PR 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were also performed on the RCS-

PR test points.  

6.2.1 Unusual Observations Assessment of RCS-PR 

After performing the unusual observations assessment on the pre-revised RCS-PR test 

points, 34.0% of the data was removed. Table 6.8 shows the number of removed data in each mesh 

size with the reason for removal. A comprehensive explanation of the reasons for removal was 

discussed in Chapter 3 (Section 3.3.1).  

6.2.2 Short-Term Equations Development for RCS-PR 

The revised data was then used to develop the short-term baseline conductivity equations for the 

RCS-PR five mesh sizes, 12/20, 16/30, 20/40, 30/50, and 40/70. Table 6.9 gives the number 
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Table 6.8: Unusual observations for RCS-PR 

 

of revised test points under each mesh size and the associated values of each independent variable 

(proppant concentration, time, closure stress, temperature, grain density and median diameter). 

These independent variable values are important in defining the implementation boundaries when 

applying the developed baseline conductivity equations, meaning for example a proppant 

concentration of 3.00 lb/ft2 can not be used with the developed correlations as it was established 

for proppant concentrations of 1.00 and 2.00 lb/ft2. 

Size
Number of Test 

Points Removed

97

21

79

71

285

166

8

5

3

19

• High absolute average error % (Any brand more than 35%).

20/40

• Different conductivity procedure (2% of curable resin was mixed in)

• Different conductivity procedure (core setup).

• Both closure stress and temperature were being increased 

simultaneously.

• Inaccurate data entry.

Reasons for removing data

12/20

• High absolute average error % (Atlas PRC - more than 35%).

• High absolute average error % (Atlas PRC - more than 35%).

• Different conductivity procedure (2% of curable resin was mixed in)

• Different conductivity procedure (core setup).

• High absolute average error % (Any brand more than 35%).

• Different conductivity procedure (2% of curable resin was mixed in)

• Both closure stress and temperature were being increased 

simultaneously.

• Different conductivity procedure (core setup).

16/30

• High absolute average error % (Any brand more than 35%).

30/50
• Inaccurate data entry.

40/70
• Inaccurate data entry.
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Table 6.9: Baseline conductivity boundaries for RCS-PR 

 

Using the baseline conductivity boundaries for RCS-PR shown in Table 6.9, the three 

methods of short-term equations (power, exponential, and natural log with power or exponential) 

were developed using MINITAB’s multiple regression analysis. Then, the results of the performed 

analysis were also evaluated as described in Sections 6.1.2. The power, exponential, and natural 

log with power or exponential multiple regression results and baseline short-term conductivity 

equations for all RCS-PR mesh sizes (12/20, 16/30, 20/40, 30/50, and 40/70) are available in 

Appendix G. 

Mesh Size Brands

Number 

of Tests 

Points

Proppant 

Concentration

, lb/ft2

Time, hr Closure Stress, psi Temperature, 
o
F

Grain 

Density, g/cc

Median 

Diameter, mm

12/20

Acfrac PR 

AcFrac PR 2000 

AcFrac PR 4000

AcFrac PR 6000 

AcFrac PRB

108 2.00
0 - 10 - 20  30 - 40 

- 50

2000- 4000 - 6000 - 

8000 - 10000
150 - 175 - 250

2.54 - 2.56 - 

2.58

0.9844 - 0.9899 - 

1.2178 - 1.2742 - 

1.3045

16/30

AcFrac PR 

AcFrac PR 6000

AcFrac PR 6000W

 AcFrac PR 4000

AcFrac PRB 

 Tempered DC

 Tempered HS 

Tempered LC 

Atlas PRC-P

390 1.00 - 2.00
0 - 5 - 10 - 15 - 20 - 

25 -  30 - 40 - 50

1000 - 2000 - 4000 - 

6000 - 8000 - 10000 - 

12000 

150 - 175 - 200 - 

250 - 275 - 300 

2.52 - 2.53 - 

2.54 - 2.55 - 

2.56 - 2.57 - 

2.58 - 2.60 - 

2.65

0.7080 - 0.8060 - 

0.8193 - 0.8208 - 

0.8208 - 0.8263 - 

0.8482 - 0.8698 - 

0.8804 - 0.8851 - 

0.8859 - 0.8992 - 

0.9101

20/40

AcFrac PR 

AcFrac PR 6000 

AcFrac PR 6000W

AcFrac PRB

 AcFrac PR 4000 

AcFrac PR 4000W

Tempered DC 

Tempered TF 

THS 

TLC

Atlas PRC 

Atlas PRC-P 

Atlas PRC-E

1201 1.00 - 2.00
0 - 5 - 10 - 15 - 20 - 

25 -  30 - 40 - 50

1000 - 2000 - 3000 - 

4000 - 5000 - 6000 - 

8000 - 10000 - 12000 - 

14000

150 - 175 - 200 - 

250 - 275 - 300 - 

350

2.41 - 2.52 - 

2.53 - 2.54 - 

2.55 - 2.56 - 

2.57 - 2.58 -

2.60 

0.5472 - 0.5505 - 

0.5609 - 0.6148 - 

0.6166 - 0.6312 - 

0.6369 - 0.6370 - 

0.6520 - 0.6569 - 

0.6619 - 0.6642 - 

0.6654 - 0.6680 - 

0.6746 - 0.6967 - 

0.6974 - 0.6983 - 

0.7044 - 0.7054 - 

0.7080 - 0.7081 - 

0.7116 - 0.7126 - 

0.7149

30/50
Atlas PRC  

Atlas PRC-P
214 1.00 - 2.00

0 - 5 - 10 - 15 - 20 - 

25 -  30 - 40 - 50

2000 - 4000 - 6000 - 

8000 - 10000 - 12000 
250

2.41 - 2.54 - 

2.56

0.4961 - 0.5000 - 

0.5005 - 0.5075

40/70

Atlas PRC 

Atlas PRC - P

Atlas PRC-E

302 2.00
0 - 5 - 10 - 15 - 20 - 

25 -  30 - 40 - 50

2000 - 4000 - 6000 - 

8000 - 10000 - 12000 - 

14000

250 2.41

03131 - 0.3181 - 

0.3268 - 0.3307 - 

0.3322 - 0.3342 - 

0.3446
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6.2.3 Long-Term Equations Development for RCS-PR 

The natural log with power or exponential short-term baseline conductivity equations were 

used in conjunction with the 5-year conductivity decline rate (Table 6.10) to determine the time 

correction factor (TCF) (Table 6.11), which is then used in the long-term baseline conductivity 

equations development. In addition to the TCF, the 50 hour Variation Adjustment Factor (VAF) 

(Table 6.12) was used to develop the long-term baseline conductivity for the RCS-PR five mesh 

sizes 12/20, 16/30, 20/40, 30/50, and 40/70. 

Table 6.10: RCS-PR 5-year conductivity reduction percentage based on mesh size and stress  

 

Table 6.11: RCS-PR time correction factors based on mesh size and stress  

 

Table 6.12: RCS-PR 50 hour Variation Adjustment Factor VAF 

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant  

2000 4000 6000 8000 10000 12000 14000

12/20 5.0% 12.8% 23.4% 35.5% 51.8% 72.5% 82.9%

16/30 4.9% 13.7% 24.5% 35.8% 52.4% 77.3% 82.9%

20/40 5.2% 14.3% 23.0% 37.1% 53.3% 70.4% 82.9%

30/50 5.3% 13.6% 23.1% 39.4% 57.0% 69.2% 82.9%

40/70 5.5% 13.3% 24.6% 36.3% 52.7% 73.0% 82.9%

Mesh Size
Conductivity Reduction % from 50 hrs. to 5 years

2000 4000 6000 8000 10000 12000 14000

12/20 0.1217 0.3364 0.7049 1.3587 2.7821 2.6785 3.5318

16/30 0.2501 0.6112 0.9428 1.1338 1.3372 1.4363 0.2354

20/40 0.2895 0.7324 1.0628 1.6281 2.7464 2.2824 1.5175

30/50 0.2545 0.6008 0.9404 1.5566 2.5512 2.5603 1.6124

40/70 0.2904 0.6012 0.9331 1.1011 1.2006 1.0747 0.4334

Mesh Size
Time Correction Factor 

2000 4000 6000 8000 10000 12000 14000

12/20 -2567 -952 -204 117 186 0 0

16/30 -524 -228 -26 49 87 46 -51

20/40 -245 -74 13 103 191 52 -22

30/50 -144 -68 -8 69 147 85 0

40/70 -53 -29 -5 7 12 4 -27

Mesh Size
50 Hour Conductivity Variations Adjustment Factor 



104 
 

type /size and closure stress. The method for combining these values was discussed in Section 

6.1.3. 

The same method is used to develop the long-term conductivity equations for all RCS-PR 

mesh sizes (12/20, 16/30, 20/40, 30/50, and 40/70) at different closure stress. Using the 

corresponding short-term natural log power or exponential equations available in Appendix G and 

Tables 6.11 and 6.12. 
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CHAPTER 7- RESIN COATED CERAMIC CONDUCTIVITY 

CORRELATIONS 

In this chapter the development of the Resin Coated Ceramic (RCC) baseline conductivity 

equations are discussed. As described in Chapter 3 (Section 3.3.1), the first step of the analysis 

methodology, unusual observations assessment, was performed on all RCC proppant conductivity 

tests. Table 7.1 is a summary of the revised tests categorized by proppant and proppant type. From 

the table, RCC proppants represent 7.01% of the total available tests, where 71.56% is RCC-

Lightweight Ceramic (LWC), 12.93% is RCC-Intermediate Density Proppant (IDP), and 15.51% 

is RCC-High Strength Proppant (HSP).  

Table 7.1: Number of revised conductivity test points available for initial analysis 

 

7.1 RCC-LWC 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were performed on the RCC-

LWC test points.  

Proppant Type Number of Test Points 
Percent by 

type

Total by 

proppant

Percent by 

proppant

White 2804 69.70%

Brown 1219 30.30%

LWC 2391 37.44%

IDP 2149 33.65%

HSP 1847 28.92%

CR 1748 44.11%

PR 2215 55.89%

LWC 775 71.56%

IDP 140 12.93%

HSP 168 15.51%

15,456 100.0%Total

Sand

Ceramic 

RCS

RCC

26.03%

41.32%

25.64%

7.01%

4023

6387

3963

1083
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7.1.1 Unusual Observations Assessment of RCC-LWC 

After performing the unusual observations assessment on the pre-revised RCC-LWC test 

points, 7.0% of the data was removed. Table 7.2 shows the number of removed data in each mesh 

size with the reason for removal. A comprehensive explanation of the reasons for removal is 

discussed in Chapter 3 (Section 3.3.1).  

Table 7.2: Unusual observations for RCC-LWC 

 

7.1.2 Short-Term Equations Development for RCC-LWC 

The revised data was then used to develop the short-term baseline conductivity equations 

for the RCC-LWC two mesh sizes, 16/20 and 20/40. Table 7.3 gives the number of revised test 

points under each mesh size and the associated values of each independent variable (proppant 

concentration, time, closure stress, temperature, grain density and median diameter). These 

independent variable values are important in defining the implementation boundaries when 

applying the developed baseline conductivity equations, meaning for example a proppant 

concentration of 3.00 lb/ft2 can not be used with the developed correlations as it was established 

for proppant concentrations of 1.00 and 2.00 lb/ft2. 

Using the baseline conductivity boundaries for RCC-LWC shown in Table 7.3, the three 

methods of short-term equations (power, exponential, and natural log with power or exponential) 

Size
Number of Test 

Points Removed

16/20
21

20/40 33

Reasons for removing data

• High absolute average error % (Any brand more than 35%).
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were developed using MINITAB’s multiple regression analysis as described in Chapter 3 (Section 

3.3.2.2). 

Table 7.3: Baseline conductivity boundaries for RCC-LWC  

 

7.1.2.1 Baseline Conductivity Power Equations for RCC-LWC 

A different power equation was developed for each mesh size with the predefined baseline 

conductivity boundaries. As described in Chapter 3 (Section 3.3.2.2), after running the regression 

analysis on the revised data using MINITAB’s power fit regression model option, the results of 

the performed analysis were evaluated. 

 Figure 7.1 is a snapshot of the session window showing the multiple regression results for 

20/40 RCC-LWC. As described in Chapter 3 (Section 3.3.2.3), five sections are assessed to 

confirm the validity of the equation.  

First, the p-values for the F-test (Box 1) were checked to confirm that they are below 5.0%, 

which confirms that there is a significant relationship between the dependent variable and the 

independent variables. Second, the p-values for the t-test (Box 2) were checked to confirm that 

Mesh Size Brands

Number 

of Tests 

Points

Proppant 

Concentration, 

lb/ft
2

Time, hr Closure Stress, psi Temperature, oF

Grain 

Density, 

g/cc

Median 

Diameter, mm

16/20

Prima NapLite 

Carbo-Lite SB

AcFrac SB Ultra on Carbo-lite 

 AcFrac SB-C on Carbo-Lite

Ceramax I

XRT Ceramax I

297 1.00 - 2.00
0 - 10 - 20  30 - 

40 - 50

2000 - 4000 - 6000 - 

8000 - 10000 - 12000 - 

14000

200 - 250 - 300 - 

325

2.55 - 2.59 - 

2.60 - 2.72

0.9848 - 1.0072 - 

1.0180 - 1.0186 - 

1.0460 - 1.0522 - 

1.0581 

20/40

Carbo-Lite HS 

Temp HS on EconoProp

EconoFlex

Carbo-Lite CR 

ACME Carbo-Lite SB Ultra

 AcFrac SB-C on Carbo-Lite 

AcFrac SB Ultra on Carbo-lite 

Magnaprop 

CARBOBond Lite

478 1.00 - 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 40 - 

50

2000 - 4000 - 6000 - 

8000 - 10000 - 12000 - 

14000

200 - 250 - 300 - 

350

2.48 - 2.53 - 

2.54 -2.58 - 

2.60 - 2.61 - 

2.63 - 2.66 -

2.72

0.6498 - 0.6598 - 

0.6628 - 0.6770 - 

0.7216 - 0.7248 - 

0.7445 - 0.7587 - 

0.7694 - 0.7772 - 

0.7813 - 0.7869 - 

0.7886
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they are below 5.0%, which confirms the significance of each of the independent variables in the 

model. 

 Third, the VIF values (Box 3) were checked to confirm that they are less than 5.0, which 

shows that multicollinearity is not a problem for the used independent variables in the equation. 

Fourth, the R2 adj value (Box 4) was checked to confirm that it is above 90.0%, which indicates a 

strong relationship between the predicted and actual values.  

Finally, the baseline conductivity equation coefficients (Box 5) were assessed to confirm 

that the developed equation correlations match the expected relations between conductivity and 

the independent variables. This means, that the sign (+/-) in front of the coefficients of the 

independent variables represents the expected association seen in observed conductivity tests.  

 

 

 

 

 

 

 

 

 

 

Figure 7.1: Snapshot of the power multiple regression results for 20/40 RCC-LWC. 

1 

2 
4 

3 

5 
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After evaluating the regression analysis results and confirming their validity, the baseline 

conductivity power equation for 20/40 RCC-LWC (Eq. 7.1) was established to be; 

            Conductivity,md − ft =  

(

 
 

−91.8 +  81.49 ∗ Proppant Concentration,
lb

ft2
 

− 0.3478 ∗ Time, hr −  0.020049 ∗ Closure, psi

−0.2867 ∗ Temp, °F + 53.4 ∗ Grain Density,
g

cc

+375.8 ∗ Median Diameter,mm )

 
 

(
1

0.67668
)

            (7.1) 

7.1.2.2 Baseline Conductivity Exponential Equations for RCC-LWC 

A different exponential equation was developed for each mesh size with the predefined 

baseline conductivity boundaries. As described in Chapter 3 (Section 3.3.2.3), after running the 

regression analysis on the revised data using MINITAB’s exponential fit regression model option, 

the results of the performed analysis were evaluated by looking into the five sections of the 

multiple regression results, which are F-test, t-test, VIF, R2, and equation coefficients. 

As an example, After evaluating the regression analysis results from Figure H.1.b – 

Appendix H, the baseline conductivity equation for 20/40 RCC-LWC (Eq. 7.2) was established 

to be; 

                                 Conductivity,md − ft =  𝑒(

 
 

5.573 + 0.8987∗Proppant Concentration,
lb

ft2
 

− 0.002592∗Time,hr − 0.000137∗Closure,psi

−0.002016∗Temp,°F+0.250∗Grain Density,
g

cc

+2.305∗Median Diameter,mm )

 
 

                         (7.2) 

7.1.2.3 Baseline Conductivity Natural Log with Power or Exponential Equations for RCC-LWC 

A different natural log with power or exponential equation was developed for each mesh 

size with the predefined baseline conductivity boundaries. As described in Chapter 3 (Section 

3.3.2.3), after running the regression analysis on the revised data using MINITAB’s power or 

exponential fit regression model option with the natural log values for all the independent variables 

expect for the closure stress, the results of the performed analysis are evaluated by looking into 
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the five sections of the multiple regression results, which are F-test, t-test, VIF, R2, and equation 

coefficients. 

As an example, after evaluating the regression analysis results from Figure H.1.c – 

Appendix H, the baseline conductivity equation for 20/40 RCC-LWC (Eq. 7.3) was established to 

be; 

 Conductivity,md − ft =  

(

  
 

702.0 +  110.92 ∗ Ln (Proppant Concentration,
lb

ft2
) 

− 4.569 ∗ Ln(Time, hr)  −  0.018677 ∗ Closure, psi

−73.90 ∗ Ln(Temp, °F) + 102.2 ∗ Ln (Grain Density,
g

cc
)

+244.6 ∗ Ln(Median Diameter,mm) )

  
 

(
1

0.669429
)

        (7.3) 

The power, exponential, and natural log with power or exponential multiple regression 

results and baseline short-term conductivity equations for the remaining RCC-LWC mesh sizes 

(16/20 and 20/40) are available in Appendix H. 

7.1.3 Long-Term Equations Development for RCC-LWC 

As describe in Chapter 3 (Section 3.3.3), the natural log with power or exponential short-

term baseline conductivity equations were used in conjunction with the 5-year conductivity decline 

rate (Table 7.4) to determine the time correction factor (TCF) (Table 7.5), which is then used in 

the long-term baseline conductivity equations development. In addition to the TCF, the 50 hour 

Variation Adjustment Factor (VAF) (Table 7.6) is used to develop the long-term baseline 

conductivity for the RCC-LWC two mesh sizes, 16/20 and 20/40. 

 

Table 7.4: RCC-LWC 5-year conductivity reduction percentage based on mesh size and stress  
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Table 7.5: RCC-LWC time correction factors based on mesh size and stress  

 

 

Table 7.6: RCC-LWC 50 hour Variation Adjustment Factor (VAF) 

 

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant type 

/size and closure stress. The following example illustrates how a long-term conductivity equation 

is developed for RCC-LWC 20/40 at 4000 psi closure stress. 

For this proppant type and mesh size equation, the long-term conductivity is developed 

(Eq. 7.4) by using the RCC-LWC 20/40 short-term natural log with power equation (Eq. 7.3), the 

TCF value for RCC-LWC 20/40 at a 4000 psi closure stress, which is 0.6474 (Table 7.5), and the 

VAF for RCC-LWC 20/40 at a 4000 psi closure stress, which is -152 (Table 7.6). 

2000 4000 6000 8000 10000 12000 14000

16/20 6.8% 10.0% 12.0% 21.0% 27.5% 36.8% 47.1%

20/40 4.6% 10.4% 13.6% 21.4% 27.6% 34.2% 42.2%

Mesh Size
Conductivity Reduction % from 50 hrs. to 5 years

2000 4000 6000 8000 10000 12000 14000

16/20 0.4454 0.5838 0.6114 0.9371 1.0276 1.1160 1.0714

20/40 0.3187 0.6474 0.7400 1.0092 1.0899 1.0743 0.9705

Mesh Size
Time Correction Factor 

2000 4000 6000 8000 10000 12000 14000

16/20 -580 -410 -359 -52 19 79 42

20/40 -317 -152 -105 2 30 22 -7

Mesh Size
50 Hour Conductivity Variations Adjustment Factor 
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       Conductivity,md − ft =  

{
  
 

  
 

(

  
 

702.0 +  110.92 ∗ Ln (Proppant Concentration,
lb

ft2
) 

− 4.569 ∗ Ln(Time, hr) ∗ 𝟎. 𝟔𝟒𝟕𝟒 −  0.018677 ∗ Closure, psi

−73.90 ∗ Ln(Temp, °F) + 102.2 ∗ Ln (Grain Density,
g

cc
)

+244.6 ∗ Ln(Median Diameter,mm) )

  
 

(
1

0.669429
)

}
  
 

  
 

 – 152         (7.4) 

 

As an example, the long-term baseline conductivity for a 20/40 RCC-LWC at 4000 psi 

closure stress using the developed equation (Eq. 7.4) with the independent variables values listed 

in Table 7.7 is calculated as follows: 

Table 7.7: independent variables values used for long-term example. 

Independent Variable Value 

Proppant Concentration, lb/ft2 2.0 

Time, hr 43800 

Closure Stress, psi 4000 

Grain Density, g/cc 2.60 

Temperature, oF 300 

Median Diameter, mm 0.7276 

 

Then, 

Conductivity = {(702.0 + 110.92 ∗ 𝑙𝑛(2.0) − [4.569 ∗ ln(43800) ∗ 0.6474] − 0.018677 ∗

4000 − 73.90 ∗ 𝑙𝑛(300) + 102.2 ∗ 𝑙𝑛(2.60) + 244.6 ∗ ln (0.7276))(
1

0.669429
)}-152 

Conductivity = 4159 md-ft 

The same method is used to develop the long-term conductivity equations for the remaining 

RCC-LWC mesh sizes (16/20 and 20/40) at different closure stress. Using the corresponding short-

term natural log power or exponential equations available in Appendix H and Tables 7.5 and 7.6. 
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7.2 RCC-IDP 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were also performed on the RCC-

IDP test points.  

7.2.1 Unusual Observations Assessment of RCC-IDP 

After performing the unusual observations assessment on the pre-revised RCC-IDP test 

points, 17.9% of the data was removed. Table 7.8 shows the number of removed data in each mesh 

size with the reason for removal. A comprehensive explanation of the reasons for removal was 

discussed in Chapter 3 (Section 3.3.1).  

Table 7.8: Unusual observations for RCC-IDP 

 

 

7.2.2 Short-Term Equations Development for RCC-IDP 

The revised data was then used to develop the short-term baseline conductivity equations 

for a RCC-IDP 12/40 mesh sizes. Table 7.9 gives the number of revised test points under each 

mesh size and the associated values of each independent variable (proppant concentration, time, 

closure stress, temperature, grain density and median diameter). These independent variable values 

are important in defining the implementation boundaries when applying the developed baseline 

conductivity equations, meaning for example a proppant concentration of 3.00 lb/ft2 can not be 

used with the developed correlations as it was established for proppant concentrations of 1.00 and 

2.00 lb/ft2. 

Size
Number of Test Points 

Removed

12/40 25

Reasons for removing data

• High absolute average error % (BorProp - more than 35%).



114 
 

Table 7.9: Baseline conductivity boundaries for RCC-IDP 

 

Using the baseline conductivity boundaries for RCC-IDP shown in Table 7.9, the three 

methods of short-term equations (power, exponential, and natural log with power or exponential) 

were developed using MINITAB’s multiple regression analysis. Then, the results of the performed 

analysis were also evaluated as described in Sections 7.1.2. The power, exponential, and natural 

log with power or exponential multiple regression results and baseline short-term conductivity 

equations for RCC-IDP 12/40 mesh sizes are available in Appendix I. 

7.2.3 Long-Term Equations Development for RCC-IDP 

The natural log with power or exponential short-term baseline conductivity equations were 

used in conjunction with the 5-year conductivity decline rate (Table 7.10) to determine the time 

correction factor (TCF) (Table 7.11), which is then used in the long-term baseline conductivity 

equations development. In addition to the TCF, the 50 hour Variation Adjustment Factor (VAF) 

(Table 7.12) was used to develop the long-term baseline conductivity for a RCC-IDP 12/40 mesh 

size. 

Table 7.10: RCC-IDP 5-year conductivity reduction percentage based on mesh size and stress  

 

Mesh Size Brands

Number 

of Tests 

Points

Proppant 

Concentration, 

lb/ft
2

Time, hr Closure Stress, psi Temperature, oF
Grain 

Density, g/cc

Median 

Diameter, mm

12/20 (30) 

16/20 (19) 

16/30 (26) 

20/40 (65) 

(12/40)

BorProp 

Interprop HS
140 2.00

0 - 5 - 10 - 15 - 

20 - 25 -  30 - 

40 - 50

2000 - 4000 - 6000 - 

8000 - 10000 - 12000 - 

14000

250
3.11 - 3.12 - 

3.17 

0.5740 - 0.7130 - 

0.8766 - 1.0052 - 

1.1267

2000 4000 6000 8000 10000 12000

12/40 5.8% 8.4% 10.2% 14.5% 20.6% 29.0%

Mesh Size
Conductivity Reduction % from 50 hrs. to 5 years
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Table 7.11: RCC-IDP time correction factors based on mesh size and stress  

 

Table 7.12: RCC-IDP 50 hour Variation Adjustment Factor VAF 

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant type 

/size and closure stress. The method for combining these values was discussed in Section 7.1.3. 

7.3 RCC-HSP 

The three steps of analysis methodology: 1) unusual observations assessment, 2) short-term 

equations development, and 3) long-term equations development were also performed on the RCC-

HSP test points.  

7.3.1 Unusual Observations Assessment of RCC-HSP 

After performing the unusual observations assessment on the pre-revised RCC-HSP test 

points, 0.0% of the data was removed. Table 7.13 shows the number of removed data in each mesh 

size with the reason for removal. A comprehensive explanation of the reasons for removal was 

discussed in Chapter 3 (Section 3.3.1).  

Table 7.13: Unusual observations for RCC-HSP 

2000 4000 6000 8000 10000 12000

16/40 -1094 -650 -394 -159 22 187

Mesh Size
50 Hour Conductivity Variations Adjustment Factor 

2000 4000 6000 8000 10000 12000

12/40 0.2493 0.3711 0.4612 0.6898 1.0640 1.7592

Mesh Size
Time Correction Factor 
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7.3.2 Short-Term Equations Development for RCC-HSP 

The revised data was then used to develop the short-term baseline conductivity equations 

for a RCC-HSP 16/40 mesh sizes. Table 7.14 gives the number of revised test points under each 

mesh size and the associated values of each independent variable (proppant concentration, time, 

closure stress, temperature, grain density and median diameter). These independent variable values 

are important in defining the implementation boundaries when applying the developed baseline 

conductivity equations, meaning for example a proppant concentration of 3.00 lb/ft2 can not be 

used with the developed correlations as it was established for proppant concentrations of 1.00 and 

2.00 lb/ft2. 

Table 7.14: Baseline conductivity boundaries for RCC-HSP 

 

 

Using the baseline conductivity boundaries for RCC-HSP shown in Table 7.14, the three 

methods of short-term equations (power, exponential, and natural log with power or exponential) 

were developed using MINITAB’s multiple regression analysis. Then, the results of the performed 

analysis were also evaluated as described in Sections 7.1.2. The power, exponential, and natural 

Size
Number of Test 

Points Removed

16/40 0

Reasons for removing data

-

Mesh Size Brands

Number 

of Tests 

Points

Proppant 

Concentration, 

lb/ft2

Time, hr Closure Stress, psi Temperature, oF

Grain 

Density, 

g/cc

Median 

Diameter, mm

16/30 (42) 

20/40 (126)

 (16/40)

Ceramax P

 XRT Ceramax P

Ceramax P SB-C

168 1.00 - 2.00
0 - 10 - 20  30 - 

40 - 50

2000 - 4000 - 6000 - 

8000 - 10000 - 12000 - 

14000

300 - 325
3.42 - 3.43 - 

3.65

0.7258 - 0.7313 - 

0.9275
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log with power or exponential multiple regression results and baseline short-term conductivity 

equations for all RCC-HSP 16/40 mesh sizes are available in Appendix J. 

7.3.3 Long-Term Equations Development for RCC-HSP 

The natural log with power or exponential short-term baseline conductivity equations were 

used in conjunction with the 5-year conductivity decline rate (Table 7.15) to determine the time 

correction factor (TCF) (Table 7.16), which is then used in the long-term baseline conductivity 

equations development. In addition to the TCF, the 50 hour Variation Adjustment Factor (VAF) 

(Table 7.17) was used to develop the long-term baseline conductivity for a RCC-HSP 16/40 mesh 

sizes. 

Table 7.15: RCC-HSP 5-year conductivity reduction percentage based on mesh size and stress  

 

Table 7.16: RCC-HSP time correction factors based on mesh size and stress  

 

Table 7.17: RCC-HSP 50 hour Variation Adjustment Factor VAF 

 

The long-term baseline conductivity equation is developed using three main parts: the 

short-term equation for the proppant type /size, the time correction factor for the same proppant 

type /size and closure stress, and the 50 hour variation adjustment value for the same proppant type 

/size and closure stress. The method for combining these values was discussed in Section 7.1.3. 

  

2000 4000 6000 8000 10000 12000 14000

16/40 6.60% 9.70% 13.4% 15.7% 20.00% 26.0% 32.4%

Mesh Size
Conductivity Reduction % from 50 hrs. to 5 years

2000 4000 6000 8000 10000 12000 14000

16/40 0.3794 0.5134 0.6491 0.6821 0.7760 0.8931 0.9600

Mesh Size
Time Correction Factor 

2000 4000 6000 8000 10000 12000 14000

16/40 -317 -226 -147 -118 -73 -30 -9

Mesh Size
50 Hour Conductivity Variations Adjustment Factor 
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CHAPTER 8 - DISCUSSION 

The first step in data analysis is to improve the quality of the data by removing unusual 

data points. In this research, these points were determined and dealt with due to their potentially 

extreme influence on the statistical results. This step was done throughout the data analysis, before 

and after the development of the correlation equations. These observed unusual points are listed 

for each proppant type and size in Chapters 4, 5, 6, and 7. 

The baseline conductivity equations developed in this project used multiple variables to 

predict short-term and long-term baseline conductivity for proppants of different types and sizes. 

The independent variables provided in conductivity testing by Stim-Lab, Inc. were proppant 

concentration, temperature, closure stress, time, proppant median diameter, and proppant grain 

density. Since all these variables showed significant correlation with conductivity, they were all 

used to develop the baseline conductivity equations. This significance was evaluated and 

confirmed with every multiple regression analysis performed for all proppant type and size using 

the methods discussed in Chapter 3 (Section 3.3.2.3). 

The independent variable values are important in defining the implementation boundaries 

when applying the developed baseline conductivity equations, meaning for example a proppant 

concentration of 3.00 lb/ft2 can not be used with the developed correlations as it was established 

for proppant concentrations of 1.00 and 2.00 lb/ft2. These defining boundaries are listed for each 

proppant type and size in their corresponding chapters.  

Since each variable has its unique relationship with proppant conductivity, it was essential 

to decide on a multiple regression technique that best captures the compound effect of all the 

variables. Basic multiple regression equations assume a linear relationship between the dependent 
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variable and independent variables. However, in this project the relationship between the 

dependent variable (actual conductivity) and the independent variables is non-linear except for 

closure stress. This observation was identified by performing a matrix analysis on all variables as 

illustrated in Chapter 3 (Section 3.3.2.1).  

For this reason, three different non-linear multiple regression analysis (power, exponential, 

and natural log with power or exponential) were performed on all data. From the results, three 

different short-term baseline conductivity equations were developed for each proppant type and 

size. Based on a comparison between the actual and predicted conductivity values, it was 

determined that natural log with power or exponential equations gave the best fit. In this project, 

a definition for best fit was based on the ± 20% limit that was established with the client (Stim-

Lab) based on acceptable repeatability results and variation of proppant conductivity tests. 

This process was particularly important for deciding which multiple regression short-term 

baseline conductivity equation model should be used in developing the long-term equations that 

more accurately predict conductivity. An example of this comparison is shown in Table 8.1. From 

the table, the natural log with power baseline conductivity equation gave the lowest absolute 

average % error (12.9%) compared to other multiple regression equations. The absolute average 

% error is the variation percent from the actual conductivity test. Linear equation gave the highest 

absolute average % error (29.7%). 

Table 8.1: 20/40 white sand absolute average % error conductivity method comparison  

 

Power 

Equation

Exponential 

Equation

Natural log with 

Power Equation 
Linear Equation

20/40 1192 13.8% 16.4% 12.9% 29.7%

Number of 

tests
Mesh Size

Absolute Average % Error
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8.1 Short-Term Predicted and Actual Conductivity Comparisons 

Statistically, the results of the developed short-term baseline conductivity equations are 

accurate with an R2 in the 90% range, which indicates that the developed equations’ results 

strongly resemble actual conductivity values. However, to confirm that these results are in fact 

reasonable, a comparison between the predicted conductivity values produced by the developed 

short-term baseline conductivity equation and the available actual conductivity test results was 

made. This comparison was made using actual conductivity results and the results of all the 

developed short-term baseline conductivity equations (power, exponential, and natural log with 

power or exponential) for each proppant type and size.  

To be able to present this comparison, both the average percent error and the absolute 

average percent error were calculated. The average percent error gives how far the predicted values 

are from the actual ones. However, in this measurement positive and negative percent error values 

offset each other giving a misleading conclusion. Consequently, the absolute average percent error 

(Eq. 8.1) was used to do the prediction comparison. 

𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 % 𝑒𝑟𝑟𝑜𝑟 =
1

𝑛
∑𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 (

𝐴−𝑃 

𝐴
) 𝑥 100      (8.1) 

Where, 

 n  = Number of samples 

 A = Actual conductivity test value 

 P = Predicted conductivity value 

Table 8.2 shows the average and absolute average percent error conductivity comparison 

for 20/40 white sand, using the different multiple regression techniques. A comparison between 
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these two measures shows the issue associated with using the average percent error. While the 

average percent error with the power equation is -2.2% the absolute value for the same equation is 

13.8%, which is the more accurate representation of the data.  

Table 8.2: Average and absolute average percent error for 20/40 white sand 

Mesh Size Error Type 
Power 

Equation 
Exponential 

Equation 
Natural log with 
Power Equation  

20/40 

Average % Error -2.2% -2.0% -2.0% 

Absolute Average % 
Error 

13.80% 16.40% 12.90% 

 

The following Tables (8.3 to 8.12) present actual versus predicted conductivity values 

using absolute average percent error measure for each proppant type. 

Table 8.3: Absolute average percent error conductivity comparison for white sand 

White Sand 
Number of 

Tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with 
Power/Exponential Equation  

12/20 420 15.80% 22.20% 15.6% 

16/30 432 14.90% 18.90% 14.5% 

20/40 1192 13.80% 16.40% 12.9% 

30/50 298 15.30% 23.10% 13.9% 

40/70 462 13.00% 14.60% 12.8% 

70/140 155 12.20% 12.90% 11.3% 
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Table 8.4: Absolute average percent error conductivity comparison for brown sand 

Brown Sand 
Number of 

Tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with 
Power/Exponential Equation  

8/16 60 14.3% 14.8% 14.4% 

10/20 (32),  
12/20 (171) 

 (12/20) 
203 14.9% 16.5% 14.3% 

16/30 278 15.1% 14.6% 14.5% 

20/40 213 13.4% 14.3% 13.3% 

30/50 (45),  
30/70 (185) 

 (30/70) 
230 15.1% 15.5% 14.8% 

40/70 235 9.8% 12.0% 9.0% 

 

Table 8.5: Absolute average percent error conductivity comparison for ceramic-LWC 

LWC 
Number of 

Tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with               
Power/Exponential Equation  

6/10 30 4.1% 4.1% 4.0% 

8/12 30 8.0% 10.9% 7.6% 

12/18 (108),  
12/20 (48)  

(12/20) 
156 13.7% 14.3% 13.5% 

16/20 (338), 
16/30 (72) 

(16/30) 
410 15.6% 18.4% 15.4% 

20/40 1111 13.2% 13.8% 13.0% 

30/50 281 7.3% 8.1% 7.2% 

40/80 373 10.1% 12.6% 9.9% 
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Table 8.6: Absolute average percent error conductivity comparison for ceramic-IDP 

IDP 
Number of 

Tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with 
Power/Exponential Equation  

6/10 30 5.3% 8.2% 4.3% 

8/12 30 3.2% 7.1% 2.9% 

12/18 (156),  
12/20 (56)  

(12/20) 
203 11.0% 11.7% 10.7% 

16/20 (149), 
16/30 (377) 

(16/30) 
526 14.0% 14.9% 13.6% 

20/40 416 10.2% 10.7% 10.0% 

30/50 114 6.2% 7.3% 6.1% 

40/70 (531), 
40/80 (299)  

(40/80) 
830 10.0% 11.1% 9.6% 

 

Table 8.7: Absolute average percent error conductivity comparison for ceramic-HSP 

HSP 
Number of 

Tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with 
Power/Exponential Equation  

6/12 54 11.0% 11.2% 11.3% 

12/18 (30), 
14/20 (24) 

(12/20) 
54 16.0% 12.2% 11.9% 

16/20 (188), 
16/30 (522)  

(16/30) 
710 10.8% 13.1% 10.7% 

18/40 (126),  
20/40 (571) 

 (20/40) 
697 10.8% 15.7% 10.6% 

30/50 (218), 
30/60 (30)  

(30/60) 
248 4.5% 6.6% 4.3% 

40/80 84 4.2% 5.7% 4.2% 
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Table 8.8: Absolute average percent error conductivity comparison for RCS-CR 

RCS-CR 
Number of 

Tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with 
Power/Exponential Equation  

12/20 83 12.9% 18.5% 12.7% 

16/30 178 15.9% 18.6% 15.8% 

20/40 829 14.6% 19.2% 14.9% 

30/50 119 8.2% 15.1% 8.0% 

40/70 208 12.0% 18.9% 11.9% 

 

Table 8.9: Absolute average percent error conductivity comparison for RCS-PR 

RCS-PR 
Number of 

Tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with 
Power/Exponential Equation  

12/20 87 14.0% 13.5% 13.3% 

16/30 319 11.2% 17.3% 11.2% 

20/40 999 15.1% 17.9% 14.8% 

30/50 209 9.9% 15.5% 9.3% 

40/70 283 8.3% 15.1% 8.1% 

 

Table 8.10: Absolute average percent error conductivity comparison for RCC-LWC 

RCC-LWC 
Number of 

tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with 
Power/Exponential Equation  

16/20 297 8.1% 13.2% 7.9% 

20/40 478 11.4% 14.6% 11.4% 
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Table 8.11: Absolute average percent error conductivity comparison for RCC IDP 

RCC-IDP 
Number of 

Tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with 
Power/Exponential Equation  

12/20 (30)  
16/20 (19)  
16/30 (26)  
20/40 (65)  

(12/40) 

140 13.2% 12.4% 11.8% 

 

Table 8.12: Absolute average percent error conductivity comparison for RCC HSP 

RCC-HSP 
Number of 

tests 

Absolute Average % Error 

Power 
Equation 

Exponential 
Equation 

Natural log with 
Power/Exponential Equation  

16/30 (42)  
20/40 (126) 

 (16/40) 
168 11.5% 21.7% 11.4% 

 

By reviewing all of the absolute average percent error values in each table, two conclusions 

can be reached; 

1) The short-term natural log with power or exponential equation produces the best fit in 

comparison with the power and exponential equations. 

2) All values given by the natural log with power or exponential equations have an 

absolute average error between 2.9% and 15.8%. This means that the predicted values 
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are 2.9% to 15.8% away from the actual conductivity values. This result is very 

acceptable knowing that the acceptable test repeatability variation set by Stim-Lab, Inc. 

is 20%. 

Using the developed equations with less significant coefficient digits resulted in lower 

confidence level. For example the absolute average percent error for 20/40 ceramic-LWC was 

13.0% when only the first number (other than zero) in each independent variable coefficient was 

used with the power term being untouched, the absolute average percent error increased to 19.1%. 

More notably, when one significant digit was used for the power term the absolute average percent 

error increased to 80.3%.  

Also, since MINITAB® multiple regression analysis option generates equations with 

optimum outputs to closely match the actual test results, using the equations with more significant 

coefficient digits than what was produced in each equation had no significant decrease in the 

absolute average percent error. 

8.2 Long-Term Predicted and Actual Conductivity Comparisons 

After evaluating the developed short-term baseline conductivity equations, it was clear that 

these equations had limitations when it came to accurately predicating long-term (after 50 hours) 

conductivity values. As mentioned in Chapters 4, 5, 6, and 7, these short-term equations were 

developed using predefined baseline conductivity boundaries.  

These boundaries are the independent variables values used in the conductivity tests 

performed by Stim-Lab Inc. These boundaries are important in defining the implementation 

limitations when applying the developed baseline conductivity equations.  
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One of these boundaries is the time independent variable, where all the conductivity tests 

used in this study were performed for a maximum of fifty hours. This means that it is expected 

that accurate conductivity perditions using the developed equations are optimal for evaluating 

proppants used for a maximum of fifty hours. This is especially true since it was noted that the 

majority of tested proppants conductivity values plateau at around 50 hours as seen in Figure 8.1. 

 

 

 

 

 

 

 

 

 

Figure 8.1: 20/40 white sand conductivity test showing conductivity decline over time.  

By looking at the graph, it is not surprising to explain MINITAB®’s inability to generate 

baseline conductivity equations that can accurately predict long-term (more than 50 hours) 

conductivity values, since it can not detect this unexpected change in decline that occurs around 

40 hours in the case of Figure 8.1.  
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This lead to the development of the long term baseline conductivity equations using the 

natural log with power or exponential short-term baseline conductivity equations, which as 

described above produced the best fit, in conjunction with the time correction factor and the 

variation adjustment factor.  

An important use for these long-term conductivity equations is providing the oil and gas 

industry a way to forecast a well’s conductivity, which will help in deciding if it needs refracturing. 

Determining the conductivity of the well gives some valuable information about the well’s 

productivity, and based on this information a refracturing workover could be performed once it 

has been decided that the well’s lower productivity is due to a decrease in conductivity. 

Since there are no actual conductivity tests performed for extended periods (months) in the 

data obtained from Stim-Lab, Inc., it was impossible to compare actual to predicted conductivities 

as with the short-term equations. Therefore, an external test performed under similar procedures 

to those used by Stim-Lab, Inc., was used to perform the comparison.  

This external test was done on 20/40 and 10/20 white sand for 9 months under 5000 psi 

closure pressure Figure 8.2 (Montgomery and Steanson, 1985). Since the two tests were not 

performed under the exact same conditions, the main comparison is based on the shape of the 

curve.  

As shown in Figure 8.3, the predicted conductivity curve captures the sharp decline due to 

the accelerated initial decrease in conductivity values followed by a steady slow decrease after one 

month. The same observation is concluded for the actual extended conductivity test Figure 8.2. 

This supports the validity of the developed long-term baseline conductivity equations. 
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Figure 8.2: Actual extended conductivity test for 20/40 and 10/20 white sand showing accelerated 

initial decrease in conductivity followed by a steady slow decrease after one month (Montgomery 

and Steanson, 1985). 

The above test is compared to predicted conductivities produced using long-term 

equations on 20/40 white sand at 5000 psi shown in Figure 8.3. 

 

 

 

 

 

 

Figure 8.3: Predicted extended conductivity test for 20/40 white sand showing accelerated initial 

decrease in conductivity followed by a steady slow decrease after one month. 

Another method to evaluate the developed long-term equations was by using the Kozeny-

Carman equation (Eq. 2.3). As mentioned in Chapter 3 (Section 3.3.3), long-term equations were 



130 
 

developed using TCF and VAF values. These values are based on the calculated decline rates 

between 50 hours and five years. So, one way of assessing the long-term equations was to evaluate 

these predicted decline rates to decline rates calculated by Kozeny-Carman equation.  

                        𝑘 =
𝑑𝑚
2

180

∅3

(1−∅)2
         (2.3) 

Where, 

∅ = Porosity of proppant, % 

dm  = Proppant grain size, micron 

 

As a representation of this evaluation method, calculated conductivity decline rates from 

actual conductivity tests for 20/40 white sand used in developing long-term equations discussed 

in, Chapter 3 (Section 3.3.3) (Table 8.13) and produced by Kozeny-Carman were compared.  

Kozeny-Carman was applied on a 20/40 sand with median diameter (0.55 mm) and a 

varying porosity values (38% to 1%) to calculate permeability. The evaluated porosity values were 

obtained form Stim-Lab’s porosity testing on sand. The produced permeability values were then 

multiplied by a constant width (0.0164 ft) to get the expected conductivity (Eq. 2.1). The constant 

width value chosen is the average width for sand at 2.0 lb/ft2 proppant concentration. After getting 

the expected conductivities for all the evaluated porosity values the conductivity decline rates 

using the initial porosity (38%) were calculated (Table 8.14).  

By understanding the effect of closure stress on the proppant pack porosity, it is realistic 

to compare the decline rate (5.2%) of 2000 closure stress, which is considered low stress with 

minimal effect on sand particles crushing and proppant pack rearrangement resulting in slight 
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porosity change, to the decline rate (5.0%) of 37.5% porosity, which is slight change from the 

initial 38%. 

Table 8.13: Conductivity decline rates for the developed long-term equations 

Table 8.14: Conductivity decline rates from the Kozeny-Carman equation 

Median 
Diameter, mm 

Porosity, % 
Permeability, 

Darcy 
Width, ft Conductivity, md-ft Decline Rate, % 

0.55 

38.0% 243.1 0.016417 3990.41 - 

37.5% 229.9 0.016417 3773.84 5% 

37.0% 217.3 0.016417 3567.58 11% 

36.0% 194.0 0.016417 3184.18 20% 

35.5% 183.1 0.016417 3006.19 25% 

35.0% 172.8 0.016417 2836.79 29% 

25.0% 47.3 0.016417 776.51 81% 

20.0% 21.3 0.016417 349.43 91% 

10.0% 2.1 0.016417 34.51 99% 

5.0% 0.2 0.016417 3.87 100% 

1.0% 0.0 0.016417 0.03 100% 

2000 4000 6000 8000 10000 12000

Reduction % 5.2% 16.0% 33.5% 43.9% 70.7% 93.9%

Closure Stress, psi
20/40 White Sand
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The same rule applies to the comparison between the decline rate (93.9%) of 12000 closure 

stress, which is considered high stress with extreme effect on sand particles resulting in high 

porosity change, to the decline rate (91.0%) of 20% porosity, which is significant change from the 

initial 38%. Validating the decline rates used in the long-term baseline conductivity development 

methodology. 

8.3 Independent Variables Impact on Conductivity 

 After the equations development and validation, the impact of the independent variables 

on conductivity was evaluated. This was performed using sensitivity analysis, in which the effect 

of varying one of the independent variables while holding all others constant was performed on 

selected proppant types, including white sand, LWC, RCS-PR, and RCC-LWC, at 20/40 mesh size 

and 4000 psi. These proppants were chosen since they had the highest number of actual test points 

used in developing the baseline equations.  

 For the purpose of this analysis, a one percent increase/decrease in each of the independent 

variables was chosen to evaluate the effect of this minimal change on conductivity. This one 

percent was preferred over higher percentages (5-10%) to avoid exceeding the equation boundaries 

determined by the independent variables discussed in Chapters 4, 5, 6, and 7. Figures 8.4 – 8.7 

illustrate the varying degrees of effect due to this change using the developed natural log with 

power short-term baseline conductivity equations. 

White Sand: 

After performing the sensitivity analysis on 20/40 white sand (Figure 8.4), it was clear that 

conductivity is mostly sensitive to median diameter. A 1% change in median diameter resulted in 
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a 1.36% change in conductivity. This is expected since a larger diameter means a larger pore throat 

increasing the permeability, which is directly proportional to conductivity.  

 The impact on conductivity after median diameter was followed by proppant concentration 

with 0.84%. This change is due to changes in the proppant pack, where an increase in concentration 

translates to an increase in both width and permeability channels, which are directly related to 

conductivity. Exact corresponding percentage variation in width and permeability can only be 

determined with actual lab sensitivity analysis experiments.  

Closure stress was third in the sensitivity analysis with 0.71%. Where an increase in closure 

stress causes proppant crushing and proppant pack rearrangement reducing both width and 

permeability, which is reduced due to plugged pore throats from fines migration, all resulting in 

reduced conductivity.  

Conductivity impact due to temperature was fourth with a 0.46% variation. Temperature 

variation might have an impact on both the core stability and proppant grains. An increase in 

temperature could result in increasing the ductility (softness) of the core resulting in both proppant 

embedment and spalling, which reduces width and permeability.  

Also, a temperature increase could result in a higher proppant grain softness, resulting in 

changes seen with high closure stress. Finally, the low impact of time is foreseen since a 1% 

increase in time by itself with all other variable held constant should have a very minimal impact 

on proppant conductivity. Grain density was not included as a variable because it was constant in 

the sample emulated (2.65 g/cc). 

Ceramic – LWC 

After performing the sensitivity analysis on 20/40 ceramic - LWC (Figure 8.5), the same 
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Figure 8.4: Sensitivity analysis for 20/40 white sand using short-term equation showing median 

diameter with highest impact and time with the lowest impact on conductivity. 

conclusions seen with white sand were reached. In ceramic-LWC the impact of median diameter 

change had an even greater variation (2.38%) on conductivity. This is due to the higher sphericity 

and roundness of the ceramic proppant over sand, which means even larger pore throats than seen 

in sand.  

Grain density is included in ceramics and came second after median diameter with 1.3%. 

In general, proppants with high grain density are considred stronger proppants that can withstand 

higher closure stresses giving it a better crush resistance. However, it is important to realize that 
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an increase in grain density at lower stress results in less conductivity due to lower proppant pack 

width. 

Figure 8.5: Sensitivity analysis for 20/04 ceramic-LWC using short-term equation showing median 

diameter with highest impact and time with the lowest impact on conductivity. 

RCS - PR 

Similar to sand and ceramic, after performing the sensitivity analysis on 20/40 RCS - PR 

(Figure 8.6), the same conclusion for median diameter was reached. With resin coated sands 

temperature held a higher ranking in the sensitivity list. This is expected knowing the effect of 

temperature on the chemistry of the resin coat. At low temperature, resin coated proppants bond 

loosely resulting in larger pore throats, which increases conductivity.  
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Figure 8.6: Sensitivity analysis for 20/40 RCS-PR using short-term equation showing median 

diameter with highest impact and time with the lowest impact on conductivity. 

RCC – LWC 

Similar to previous proppants, the sensitivity analysis on 20/40 RCC - LWC (Figure 8.7), 

gives the same conclusions about median diameter. With resin coated ceramic, temperature had 

the same effect as seen in RCS-PR where an increase in temperature resulted in a decrease of 

conductivity. However, unlike RCS-PR where a 1% change in temperature had an impact of 

0.66%, the RCC-LWC was only 0.38%. This is likely because unlike RSC, the shape of the RCC-

LWC is higher in sphericity and roundness giving stronger bonds to begin with even at lower 

temperature.  
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Figure 8.7: Sensitivity analysis for 20/40 RCC-LWC using short-term equation showing median 

diameter with highest impact and time with the lowest impact on conductivity. 
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CHAPTER 9 - CONCLUSIONS AND RECOMMENDATIONS 

Improving the practice of hydraulic fracturing has gained a lot of attention since it is 

considered the most critical well stimulation technique used to increase well productivity. For a 

hydraulic stimulation to be successful, the fracture must be more conductive than the surrounding 

formation. Many resources have been allocated to improve hydraulic fracturing products 

especially proppants, since they play an integral role in the fracture conductivity. One of these 

improvements is the ability to predict the expected conductivities over time of proppants of varying 

types and sizes under reservoir conditions. However, there are no publicly published conductivity 

equations that can produce such predictions considering multiple variables. 

The goal of this Ph.D. dissertation was to develop short-term and long-term baseline 

proppant conductivity equations for proppants of different types and sizes taking into account the 

effects of proppant concentration, temperature, closure stress, time, proppant median diameter, and 

proppant grain density. To allow for the analysis and development of these equations, data was 

provided by the client Stim-Lab, Inc. (Duncan, OK). The data covers their proppant conductivity 

tests reports done between 1987 and 2013.  

To statistically evaluate the data and develop these baseline conductivity equations, two 

main software programs were employed: Microsoft® Office Excel® and MINITAB®. Using these 

software tools, a three step analysis methodology was implemented: unusual observations 

assessment, short-term equations development, and long-term equations development on all 

conductivity tests available for different proppant types and sizes. 
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9.1 Research Conclusions  

All objectives set in this dissertation have been met to develop baseline conductivity 

equations for sand, ceramic, resin coated sand, and resin coated ceramic proppants. First, multiple 

regression analysis was performed on all proppant types. Second, independent variables to be 

included in the baseline conductivity equations were determined for each proppant type and size. 

Finally, short-term (0 to 50 hours) and long-term (beyond 50 hours) baseline proppant conductivity 

equations were developed for proppants of different types and sizes. Specific conclusions and 

results include: 

 Three different non-linear short-term baseline conductivity equations were 

developed (power, exponential, and natural log with power or exponential) for each 

proppant type and size using the actual provided conductivity tests. Statistically, 

these developed equations were accurate with an R2 in the 90% range, which 

indicated that the developed equations results strongly resemble actual conductivity 

values. The short-term equations were also confirmed to be accurate by performing 

a comparison between the predicted conductivity values produced by the developed 

short-term baseline conductivity equations and the available actual conductivity 

test results.  

 The short-term natural log with power or exponential equation produces the best fit 

in comparison with power and exponential equations. 

 All values given by the natural log with power or exponential equations had an 

absolute average error between 2.9% and 15.8%. This means that the predicted 

values are 2.9% to 15.8% away from the actual conductivity values.  
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 The long-term baseline conductivity equations were developed using three main 

parts: the natural log with power or exponential short-term equation for the 

proppant type /size to be measured, the time correction factor for the same proppant 

type /size and closure stress to be measured, and the 50 hour variation adjustment 

value for the same proppant type /size and closure stress to be measured.   

 Since there were no long-term conductivity tests (weeks, months, and years) 

available from Stim-lab, Inc., the validity of these equations were established using 

two alternative methods. First, graphically by comparing the shape of the curve of 

an actual nine-month test to a predicted long-term conductivity curve. Second, by 

mathematically comparing the conductivity decline rates using the Kozeny-Carman 

equation to the decline rate developed for the long-term baseline conductivity 

equations.  

 Finally, sensitivity analysis performed on all independent variables for 20/40 

proppants with the highest number of test points (white sand, LWC, RCS-PR, and 

RCC-LWC), showed that conductivity is most sensitive to median diameter, 

resulting in changes that exceeded the applied variation in diameter. A 1% change 

in median diameter resulted in a conductivity increase of 1.36% in white sand, 

2.38% in LWC, 1.17% RCS-PR, and 1.26% RCC-LWC.  

9.3 Recommendations for Future Work 

One of the first points to mention about the available data, is the high acceptable variation 

in repeated conductivity tests. Accurate data are needed to produce accurate predictions. Although 

a standard industry procedure is used to conduct these tests, there are still room for improvements. 
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Stim-Lab, Inc. has done tremendous work in this area by trying to eliminate procedural errors and 

are working with the ISO committee to better improve the conductivity testing procedure.  

One way to improve the procedure is by having a better understanding of the tested 

proppant’s sieve distribution. This is important since the sieve analysis is the only technique used 

to measure the median diameter, which has the highest impact on conductivity as seen from the 

sensitivity analysis.  

Another observation noticed with the data, is the high percent error seen with resin coated 

sand/ceramic in comparison with other propapnts. The reason for this variation in conductivity is 

the unstable nature of the resin coat and the varying size of the coated proppant. This variation was 

also unexpectedly seen in proppants from the same brand and size. A detailed look for the reason 

of variation would provide information needed to develop a better baseline conductivity equation. 

Also, evaluating the core’s Young’s modulus effect on the conductivity by analyzing actual 

conductivity tests with different cores (Ohio, Bandera, Alaskan, Dolomitic formation, Vicksburg, 

Shale, and stainless steel) and adding it as a category or as an independent variable in the 

conductivity equations. 

While not practical, it is beneficial to have an extended actual conductivity results (weeks, 

months, and years) to compare with predicted conductivities generated by the long-term baseline 

conductivity equations. This will produce reliable equations validated by actual data for a more 

accurate long-term conductivity prediction.  
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NOMENCLATURE 

 

A  = Actual conductivity test value 

α   = Biot-Willis poroelastic constant defining effect of pore pressure, dimensionless 

β  = Non-Darcy flow coefficient, 1/ft 

β0   = Regression constant 

βz   = Regression coefficient for each variable xz = 1, 2, 3, … z 

bz   = Estimated value of βz 

Cf  = kfwf = Fracture conductivity, md-ft 

CR   = Cured resin proppant 

dm   = Proppant grain size, micron 

ΔP  = Pressure drop per length of the fracture, psi or atm 

∆P

L
  = Pressure drop per length of fracture, psi/ft 

e  = Exponential term  

ϵ     = Model error, which has an expected value of zero 

F  = F-test value 

E (y)   = Estimated value of the dependent variable 

E(y)i   = Estimated value of the ith dependent variable  
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H0  = First null hypothesis to be evaluated 

Ha   = Second null hypothesis to be evaluated 

k      = Permeability, md 

kf  = Fracture permeability, md 

kro  = Relative permeability of oil 

krw  = Relative permeability of water 

L  = Lf = Fracture half length, ft 

𝑚   = Power term  

μ  = Fluid viscosity, cp 

n   = Number of samples 

𝜈  = Poisson’s ratio 

P  = Predicted conductivity value 

Pr   = PP = Fluid pore pressure (reservoir pressure), psi 

PR  = Precurable resin proppant 

∅  = Porosity of proppant pack, % 

Q  = Flow rate, ml/sec 

r  = Pearson product-moment correlation coefficient 

R2  = Multiple coefficient of determination 
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Rj
2 = Coefficient of determination when the jth independent variable is used as the 

dependent variable and is predicted by the remaining independent variables 

ρ  = Fluid density, lbm/ft3 

S  = Short-term equation at 5-years (43800 hours) 

sβz  = Estimate of the standard deviation of βz 

Sor  = Residual oil saturation, % 

Swi  = Initial water saturation, % 

𝜎𝑒𝑓𝑓  = Effective stress, psi 

σext  = Externally generated stresses, psi   

𝜎𝐻𝑚𝑖𝑛  = Minimum horizontal in-situ stress, psi 

σv  =  σoverburden = Total overburden (vertical) stress, psi 

t  = t-test value 

v  = Fluid velocity, ft/sec 

wf  = Propped width, ft 

�̅�          = Mean value of the independent variable 

𝑥𝑧      = Value of each independent variable  

y  = Value of the dependent variable 

y̅  = Mean value of the dependent variable 
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ŷ   = Predicted value of the dependent variable 

yi        = Value of the ith dependent variable 

z    = Number of independent variables 

Z  = Short-term equation at 50 hours 
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ABBREVIATIONS 

ANOVA = Analysis of variance 

BWPD     = Barrels of water per day 

HSP  = High strength proppant 

IDP  = Intermediate density proppant 

ISO  = International organization for standardization 

KCl  = Potassium chloride 

LWC  = Light weight ceramic 

MSR  = Mean square due to regression  

MSE   = Mean square due to error  

MMCFD  = Million cubic feet per day 

RCC  = Resin coated ceramic 

RCS  = Resin coated sand 

SEM  = Scanning electron microscope 

SSE   = Sum of squares due to error  

SSR   = Sum of squares due to regression  

SST   = Total sum of squares = SSR + SSE 

TCF  = Time correction factor 
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VAF  = Variation adjustment factor 

VIF  = Variance inflation factor 

 

Conversions: 

1 mm  = 1000 micron 

1 cm  = 10,000 micron 

1 Darcy = 0.9869 x 10-8 cm2 
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APPENDIX A-WHITE SAND SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

12/20 White Sand  

 

Figure A.1.a: Snapshot of the power multiple regression results for 12/20 white sand. 

 

Figure A.1.b: Snapshot of the exponential multiple regression results for 12/20 white sand. 
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Figure A.1.c: Snapshot of the natural log with power multiple regression results for 12/20 white 

sand. 

16/30 White Sand  

 

Figure A.2.a: Snapshot of the power multiple regression results for 16/30 white sand. 
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Figure A.2.b: Snapshot of the exponential multiple regression results for 16/30white sand. 

 

Figure A.2.c: Snapshot of the natural log with power multiple regression results for 16/30white 

sand. 
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20/40 White Sand  

 

Figure A.3.a: Snapshot of the power multiple regression results for 20/40 white sand. 

 

Figure A.3.b: Snapshot of the exponential multiple regression results for 20/40 white sand. 
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Figure A.3.c: Snapshot of the natural log with power multiple regression results for 20/40 white 

sand. 

30/50 White Sand  

 

Figure A.4.a: Snapshot of the power multiple regression results for 30/50 white sand. 
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Figure A.4.b: Snapshot of the exponential multiple regression results for 30/50 white sand. 

 

Figure A.4.c: Snapshot of the natural log with power multiple regression results for 30/50 white 

sand. 
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40/70 White Sand  

 

Figure A.5.a: Snapshot of the power multiple regression results for 40/70 white sand. 

 

Figure A.5.b: Snapshot of the exponential multiple regression results for 40/70 white sand. 
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Figure A.5.c: Snapshot of the natural log with power multiple regression results for 40/70 white 

sand. 

70/140 White Sand  

 

Figure A.6.a: Snapshot of the power multiple regression results for 70/140 white sand. 
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Figure A.6.b: Snapshot of the exponential multiple regression results for 70/140 white sand. 

 

 

Figure A.6.c: Snapshot of the natural log with power multiple regression results for 70/140 white 

sand. 
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APPENDIX B-BROWN SAND SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

8/16 Brown Sand  

 

Figure B.1.a: Snapshot of the power multiple regression results for 8/16 brown sand. 

 

 

Figure B.1.b: Snapshot of the exponential multiple regression results for 8/16 brown sand. 
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Figure B.1.c: Snapshot of the natural log with power multiple regression results for 8/16 brown 

sand. 

 

10/20 Brown Sand  

 

Figure B.2.a: Snapshot of the power multiple regression results for 10/20 brown sand. 
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Figure B.2.b: Snapshot of the exponential multiple regression results for 10/20 brown sand. 

 

 

Figure B.2.c: Snapshot of the natural log with power multiple regression results for 10/20 brown 

sand. 
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16/30 Brown Sand  

 

Figure B.3.a: Snapshot of the power multiple regression results for 16/30 brown sand. 

 

 

Figure B.3.b: Snapshot of the exponential multiple regression results for 16/30 brown sand. 
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Figure B.3.c: Snapshot of the natural log with exponential multiple regression results for 16/30 

brown sand. 

 

20/40 Brown Sand  

 

Figure B.4.a: Snapshot of the power multiple regression results for 20/40 brown sand. 
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Figure B.4.b: Snapshot of the exponential multiple regression results for 20/40 brown sand. 

 

 

Figure B.4.c: Snapshot of the natural log with power multiple regression results for 20/40 brown 

sand. 
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30/70 Brown Sand  

 

Figure B.5.a: Snapshot of the power multiple regression results for 30/70 brown sand. 

 

 

Figure B.5.b: Snapshot of the exponential multiple regression results for 30/70 brown sand. 
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Figure B.5.c: Snapshot of the natural log with power multiple regression results for 30/70 brown 

sand. 

 

40/70 Brown Sand  

 

Figure B.6.a: Snapshot of the power multiple regression results for 40/70 brown sand. 
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Figure B.6.b: Snapshot of the exponential multiple regression results for 40/70 brown sand. 

 

 

Figure B.6.c: Snapshot of the natural log with power multiple regression results for 40/70 brown 

sand.  
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APPENDIX C-CERAMIC-LWC SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

6/10 LWC  

 

Figure C.1.a: Snapshot of the power multiple regression results for 6/10 LWC. 

 

 

 

Figure C.1.b: Snapshot of the exponential multiple regression results for 6/10 LWC. 
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Figure C.1.c: Snapshot of the natural log with exponential multiple regression results for 6/10 

LWC. 

 

8/12 LWC 

 

 

Figure C.2.a: Snapshot of the power multiple regression results for 8/12 LWC. 

 

 

 

 



171 
 

 

 

Figure C.2.b: Snapshot of the exponential multiple regression results for 8/12 LWC. 

 

 

 

Figure C.2.c: Snapshot of the natural log with power multiple regression results for 8/12 LWC. 
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12/20 LWC  

 

Figure C.3.a: Snapshot of the power multiple regression results for 12/20 LWC. 

 

Figure C.3.b: Snapshot of the exponential multiple regression results for 12/20 LWC. 
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Figure C.3.c: Snapshot of the natural log with power multiple regression results for 12/20 LWC. 

 

16/30 LWC  

 

Figure C.4.a: Snapshot of the power multiple regression results for 16/30 LWC. 
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Figure C.4.b: Snapshot of the exponential multiple regression results for 16/30 LWC. 

 

Figure C.4.c: Snapshot of the natural log with power multiple regression results for 16/30 LWC. 
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20/40 LWC  

 

Figure C.5.a: Snapshot of the power multiple regression results for 20/40 LWC. 

 

Figure C.5.b: Snapshot of the exponential multiple regression results for 20/40 LWC. 
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Figure C.5.c: Snapshot of the natural log with power multiple regression results for 20/40 LWC. 

30/50 LWC  

 

Figure C.6.a: Snapshot of the power multiple regression results for 30/50 LWC. 
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Figure C.6.b: Snapshot of the exponential multiple regression results for 30/50 LWC. 

 

Figure C.6.c: Snapshot of the natural log with power multiple regression results for 30/50 LWC. 
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40/80 LWC  

 

Figure C.7.a: Snapshot of the power multiple regression results for 40/80 LWC. 

 

Figure C.7.b: Snapshot of the exponential multiple regression results for 40/80 LWC. 
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Figure C.7.c: Snapshot of the natural log with power multiple regression results for 40/80 LWC. 
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APPENDIX D-CERAMIC-IDP SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

6/10 IDP 

 

Figure D.1.a: Snapshot of the power multiple regression results for 6/10 IDP. 

 

Figure D.1.b: Snapshot of the exponential multiple regression results for 6/10 IDP. 
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Figure D.1.c: Snapshot of the natural log with power multiple regression results for 6/10 IDP. 

 

8/12 IDP 

 

 

Figure D.2.a: Snapshot of the power multiple regression results for 8/12 IDP. 
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Figure D.2.b: Snapshot of the exponential multiple regression results for 8/12 IDP. 

 

 

Figure D.2.c: Snapshot of the natural log with power multiple regression results for 8/12 IDP. 
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12/20 IDP 

 

Figure D.3.a: Snapshot of the power multiple regression results for 12/20 IDP. 

 

Figure D.3.b: Snapshot of the exponential multiple regression results for 12/20 IDP. 
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Figure D.3.c: Snapshot of the natural log with power multiple regression results for 12/20 IDP. 

16/30 IDP  

 

Figure D.4.a: Snapshot of the power multiple regression results for 16/30 IDP. 
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Figure D.4.b: Snapshot of the exponential multiple regression results for 16/30 IDP. 

 

Figure D.4.c: Snapshot of the natural log with power multiple regression results for 16/30 IDP. 
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20/40 IDP  

 

Figure D.5.a: Snapshot of the power multiple regression results for 20/40 IDP. 

 

Figure D.5.b: Snapshot of the exponential multiple regression results for 20/40 IDP. 



187 
 

 

 

Figure D.5.c: Snapshot of the natural log with power multiple regression results for 20/40 IDP. 

 

30/50 IDP  

 

Figure D.6.a: Snapshot of the power multiple regression results for 30/50 IDP. 
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Figure D.6.b: Snapshot of the exponential multiple regression results for 30/50 IDP. 

 

 

Figure D.6.c: Snapshot of the natural log with power multiple regression results for 30/50 IDP. 
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40/80 IDP  

 

Figure D.7.a: Snapshot of the power multiple regression results for 40/80 IDP. 

 

Figure D.7.b: Snapshot of the exponential multiple regression results for 40/80 IDP. 
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Figure D.7.c: Snapshot of the natural log with power multiple regression results for 40/80 IDP. 
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APPENDIX E-CERAMIC-HSP SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

6/12 HSP 

 

Figure E.1.a: Snapshot of the power multiple regression results for 6/12 HSP. 

 

 

Figure E.1.b: Snapshot of the exponential multiple regression results for 6/12 HSP. 
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Figure E.1.c: Snapshot of the natural log with exponential multiple regression results for 6/12 

HSP. 

 

12/20 HSP 

 

Figure E.2.a: Snapshot of the power multiple regression results for 12/20 HSP. 
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Figure E.2.b: Snapshot of the exponential multiple regression results for 12/20 HSP. 

 

 

Figure E.2.c: Snapshot of the natural log with exponential multiple regression results for 12/20 

HSP. 
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16/30 HSP  

 

Figure E.3.a: Snapshot of the power multiple regression results for 16/30 HSP. 

 

Figure E.3.b: Snapshot of the exponential multiple regression results for 16/30 HSP. 
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Figure E.3.c: Snapshot of the natural log with power multiple regression results for 16/30 HSP. 

20/40 HSP 

 

Figure E.4.a: Snapshot of the power multiple regression results for 20/40 HSP. 
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Figure E.4.b: Snapshot of the exponential multiple regression results for 20/40 HSP. 

 

Figure E.4.c: Snapshot of the natural log with power multiple regression results for 20/40 HSP. 
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30/60 HSP 

 

Figure E.5.a: Snapshot of the power multiple regression results for 30/60 HSP. 

 

Figure E.5.b: Snapshot of the exponential multiple regression results for 30/60 HSP. 
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Figure E.5.c: Snapshot of the natural log with power multiple regression results for 30/60 HSP. 

 

40/80 HSP  

 

Figure E.6.a: Snapshot of the power multiple regression results for 40/80 HSP. 
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Figure E.6.b: Snapshot of the exponential multiple regression results for 40/80 HSP. 

 

 

Figure E.6.c: Snapshot of the natural log with power multiple regression results for 40/80 HSP. 
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APPENDIX F-RCS-PR SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

12/20 RCS-PR  

 

Figure F.1.a: Snapshot of the power multiple regression results for 12/20 RCS-PR. 

 

Figure F.1.b: Snapshot of the exponential multiple regression results for 12/20 RCS-PR. 
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Figure F.1.c: Snapshot of the natural log with exponential multiple regression results for 12/20 

RCS-PR. 

 

16/30 RCS-PR 

 

Figure F.2.a: Snapshot of the power multiple regression results for 16/30 RCS-PR. 
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Figure F.2.b: Snapshot of the exponential multiple regression results for 16/30 RCS-PR. 

 

Figure F.2.c: Snapshot of the natural log with power multiple regression results for 16/30 RCS-

PR. 
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20/40 RCS-PR 

 

Figure F.3.a: Snapshot of the power multiple regression results for 20/40 RCS-PR. 

 

Figure F.3.b: Snapshot of the exponential multiple regression results for 20/40 RCS-PR. 
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Figure F.3.c: Snapshot of the natural log with power multiple regression results for 20/40 RCS-

PR. 

30/50 RCS-PR 

 

Figure F.4.a: Snapshot of the power multiple regression results for 30/50 RCS-PR. 
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Figure F.4.b: Snapshot of the exponential multiple regression results for 30/50 RCS-PR. 

 

 

Figure F.4.c: Snapshot of the natural log with power multiple regression results for 30/50 RCS-

PR. 
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40/70 RCS-PR 

 

Figure F.5.a: Snapshot of the power multiple regression results for 40/70 RCS-PR. 

 

Figure F.5.b: Snapshot of the exponential multiple regression results for 40/70 RCS-PR. 
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Figure F.5.c: Snapshot of the natural log with power multiple regression results for 40/70 RCS-

PR. 
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APPENDIX G-RCS-CR SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

12/20 RCS-CR  

 

Figure G.1.a: Snapshot of the power multiple regression results for 12/20 RCS-CR. 

 

Figure G.1.b: Snapshot of the exponential multiple regression results for 12/20 RCS-CR. 
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Figure G.1.c: Snapshot of the natural log with power multiple regression results for 12/20 RCS-

CR. 

16/30 RCS-CR 

 

Figure G.2.a: Snapshot of the power multiple regression results for 16/30 RCS-CR. 
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Figure G.2.b: Snapshot of the exponential multiple regression results for 16/30 RCS-CR. 

 

Figure G.2.c: Snapshot of the natural log with power multiple regression results for 16/30 RCS-

CR. 
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20/40 RCS-CR 

 

Figure G.3.a: Snapshot of the power multiple regression results for 20/40 RCS-CR. 

 

Figure G.3.b: Snapshot of the exponential multiple regression results for 20/40 RCS-CR. 
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Figure G.3.c: Snapshot of the natural log with power multiple regression results for 20/40 RCS-

CR. 

 

30/50 RCS-CR 

 

Figure G.4.a: Snapshot of the power multiple regression results for 30/50 RCS-CR. 
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Figure G.4.b: Snapshot of the exponential multiple regression results for 30/50 RCS-CR. 

 

Figure G.4.c: Snapshot of the natural log with power multiple regression results for 30/50 RCS-

CR. 
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40/70 RCS-CR 

 

Figure G.5.a: Snapshot of the power multiple regression results for 40/70 RCS-CR. 

 

Figure G.5.b: Snapshot of the exponential multiple regression results for 40/70 RCS-CR. 
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Figure G.5.c: Snapshot of the natural log with power multiple regression results for 40/70 RCS-

CR. 
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APPENDIX H-RCC-LWC SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

16/20 RCC-LWC 

 

Figure H.1.a: Snapshot of the power multiple regression results for 16/12 RCC-LWC. 

 

Figure H.1.b: Snapshot of the exponential multiple regression results for 16/12 RCC-LWC. 
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Figure H.1.c: Snapshot of the natural log with power multiple regression results for 16/12 RCC-

LWC. 

20/40 RCC-LWC 

 

Figure H.1.a: Snapshot of the power multiple regression results for 20/40 RCC-LWC. 



218 
 

 

Figure H.1.b: Snapshot of the exponential multiple regression results for 20/40 RCC-LWC. 

 

Figure H.1.c: Snapshot of the natural log with power multiple regression results for 20/40 RCC-

LWC. 
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APPENDIX I-RCC-IDP SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

12/40 RCC-IDP 

 

Figure I.1.a: Snapshot of the power multiple regression results for 12/40 RCC-LWC. 

 

Figure I.1.b: Snapshot of the exponential multiple regression results for 12/40 RCC-LWC. 
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Figure I.1.c: Snapshot of the natural log with exponential multiple regression results for 12/40 

RCC-LWC. 
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APPENDIX J-RCC-HSP SHORT-TERM BASELINE CONDUCTIVITY 

EQUATIONS 

16/40 RCC-HSP 

 

Figure J.1.a: Snapshot of the power multiple regression results for 16/40 RCC-HSP. 

 

Figure J.1.b: Snapshot of the exponential multiple regression results for 16/40 RCC-HSP. 
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Figure J.1.c: Snapshot of the natural log with exponential multiple regression results for 16/40 

RCC-HSP. 

 

 


